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Abstract

In this paper, we investigate the mean squared derivative cost functions that arise
in various applications such as in motor control, biometrics and optimal transport
theory. We provide qualitative properties, explicit analytical formulas and computa-
tional algorithms for the cost functions. We also perform numerical simulations to
illustrate the analytical results. In addition, as a by-product of our analysis, we ob-
tain an explicit formula for the inverse of a Wronskian matrix that is of independent
interest in linear algebra and differential equations theory.

1 Introduction

1.1 The mean squared derivative cost function

This paper is concerned with the analysis of the mean squared derivative cost function
defined as follows:

h
Cn,h(m()axla--'7xn71;y07y17"'>yn71) = Hflf/() ’f(n)(t)Pdtv (1)

where x = (2g,...,7,_1) € Ry = (%0,...,Yn_1) € R the infimum is taken over all
curves £ € C™([0, h], RY) that satisfy the boundary conditions

&¢,. .. ,5("*1))(0) = (zg,x1,...,0,1) and (&, ... ,5("*1))(h) = (Yo, Y1, - - - ,ynlz.)
2



Throughout this paper, h is a constant representing the final time.
This cost function plays a central role in various practical applications and theoretical
research. For the motivation of this paper, we now review some important literature here.

1.2 Literature review and motivation of the present paper

Applications in engineering and applied sciences. In the literature, the minimization prob-
lem (1) for n = 2, 3,4, 5,6 is respectively called the principle of minimum acceleration, jerk,
snap, crackle, and pop; see for instance [25]. The minimal jerk principle was initially used
to model velocity profiles generated by elbow movements [20] and later extended to trajec-
tory prediction for reaching movements between visual targets in the horizontal plane and
to curved and obstacle-avoidance movements [16]. Since then the minimal jerk principle
and other mean squared derivative cost functions (1) have been found to be useful in the
modelling and design of various real-world systems. Examples of such applications include
motor control [15], biometrics and online-signatures [4, 5] and robotics [17], just to name a
few. We refer to the mentioned papers and references therein for more information. Since
the cost function has applications in many different contexts, a thorough analysis and com-
putational method for the general case, i.e. with arbitrary n and boundary values x and y,
would be useful. For instance, it can be pre-computed and embedded in a larger algorithm.
However, in the literature there exist neither analytic formulas nor computational methods
for the general case.

Question 1. Can one establish an explicit formula and an algorithm to compute the cost
function C,,, for the general case?

Usage in theoretical research. The mean squared derivative cost functions also appear
in theoretical research such as in partial differential equations theory and optimal transport
theory. When n = 1, the function

1 Cri(z,y
Qi (t,x,y) = ey &P <—1t(4)>

is the fundamental solution of the diffusion/heat equation d;u = Au. When n = 2, the

function ) , |
@2(t,$7;p’;y’y/) _ @exp (_ Zt(xai Y, Y )) 7

T f2d
where 4 is a normalising constant, is the fundamental solution of the following ultra-
parabolic equation

Ou+y-Vyu = Ayu. (3)

where subscripts in V, and A, indicate that these differential operators act only on those
variables. This equation was first studied by Kolmogorov [24] and then was Hormander’s
starting point to develop the hypo-elliptic theory [21].



The diffusion/heat equation and the above ultra-parabolic equation are special cases of
the following hypo-elliptic equation

n—1

oy + Z Tit1 - Va,u= Ay u. (4)
i=1

Equations of this type have been studied from various points of view such as trends to equi-
librium [14], Gaussian-estimates for the fundamental solution [8], connections to particle
systems and coarse-graining [10, 12, 7].

A natural question arises

Question 2. [s

: Ch (X,
CDn(tha Y) = fé exp ( - :tixy>

), for some normalising constant (4,  (5)
2

the fundamental solution of (4)?

In the optimal transport theory, the cost function C,; between two points x and y
in the Euclidean space R can be used to define a Monge-Kantorovich optimal transport
cost function between two probability measures u(dx) and v(dy) on R as follows

Wi(p,v) = inf Con(x;y) 7(dxdy), (6)

Y€ (p,v) JRAn x Rn

where T'(u1, ) denotes the set of all probability measures on R x R having p and v
as first and second marginals. The Monge-Kantorovich cost function is the central object
in optimal transport theory with many applications in other fields of mathematics and
economics; see for instance [26, 27| for nice expositions on optimal transport theory and its
applications. In particular, for n =1, Cy 4(z0, %) = %|y0 — x0/? and W), is the well-known
Wasserstein distance. Wasserstein gradient flows, i.e., gradient flows of energy functionals
with respect to the Wasserstein metric, form an important class of dissipative evolution

equations, see for instance [23, 2]. When n = 2, Cyu(zo,21;%0,¥1) = }L{lyl — yo|* +

2
12|50 — w and W, is the minimal acceleration cost function. This cost function

has been used to construct variational formulation for the Kramers equation (Equation (3)
above with additional terms coming from external and frictional forces) showing that the
Kramer equation is a (generalised) gradient flow of the Boltzmann entropy with respect
to the Monge-Kantorovich transport cost W, [22, 11]. In addition, W, has also been used
in constructing variational schemes for other evolution equations such as the system of
isentropic Euler equations [18, 28] and the compressible Euler equations [6].

Question 3. Is FEquation (4) a (generalised) gradient flow of the Boltzmann entropy
with respect to the Monge-Kantorovich transport cost W, ¢

We provide further discussions on the motivation of the present paper in Section 2.2.



1.3 The aim of the present paper

The aim of this paper is to address Question 1. We develop analytic and computational
aspects. We show some qualitative properties of C,, j, in Theorem 1.1; we provide an explicit
analytical formula for C,, ; in Theorem 1.2; and we present a computational method for
Cy.n in Theorem 1.3 and in Algorithm 5.1.

Questions 2 and 3 will be answered in a companion paper [13] where, using analytical
formulas in Theorem 1.2 and Theorem 1.3 of the present paper, we will prove that the
function ® defined in (5) is the fundamental solution of Equation (4) and show that this
equation is indeed a (generalised) gradient flow of the Boltzmann entropy with respect to
the Monge-Kantorovich transport cost W, via a variational approximation scheme.

1.4 Main results of the present paper

We now describe our main results. The detailed statements will be given in the subsequent
sections. Our first result concerns the qualitative behaviour of the cost function as function
of h and n.

Theorem 1.1. The cost function C, is scalable with respect to h and monotonically
increasing with respect to n.

The full description and proof of this theorem are given in Theorem 2.1 in Section 2.
Moreover, we also provide an interpretation of the cost function based on the theory of
large deviations.

Our second theorem is an explicit analytical formula for the cost function.

Theorem 1.2. The cost function C,,j, has an explicit formula given by

Coun(@o, -, Tu13¥0, -+, Y1) = bu(h)" B(l)[An(R)] " s (R), (7)

where the vector b, (h) and the two matrices B, (h) and A, (h) are given explicitly in (20),
(24) and (19) respectively.

The proof of this theorem is given in Section 3.
The last theorem provides explicit formulas for the LU decomposition of A, and for
AL

Theorem 1.3. The matriz A,(h) has an LU-decomposition as in (31)-(32). The inverses
of the matrices L and U are given explicitly in (33)-(34).

We prove this theorem in Section 4 (cf. Theorem 4.1). As we show there, the ma-
trix A, (h) is a Wronskian matrix, which plays an important role in linear algebra and
differential equations; hence, this theorem is of independent interest.



1.5 Organisation of the paper

The rest of this paper is structured as follows. In Section 2, we study some qualitative
properties of the cost function C), ;. In Section 3 we provide an explicit formula for C, 5.
The LU-decomposition of the matrix A is presented in Section 4. In Section 5 we provide
an algorithm to compute the cost function and compute the expressions obtained for small
n explicitly.

2 Qualitative properties of the cost functions

In this section, we provide the full description and proof of Theorem 1.1 on qualitative
properties of the cost function, which characterises its behaviour as functions of n and h.

2.1 Behaviour of (), as a function of n and h

Theorem 2.1 (Qualitative properties of the cost function).

1. (Scaling property of the cost functions). It holds that
Cn,h(l'o, L1y Tp-1:Y0,Y1,5- - - 7yn—1> =hl" irgf /01 |f(n)(t)‘2 dt, (8)
where the infimum is taken over the curves & € C™([0,1],R?) such that
(&€, 8"7)(0) = (o, hy, - B ), (66 €7T)() = (yo by, B ).
2. (Monotonicity of the cost function). It holds that
Cooin(@1, - T390, - Un—1) < Con(To, 1, - o, Tpe159Y0, Yty - -+ s Yne1)- (9)
Note the difference between the right-hand sides of (1) and (8). In the former, the

dependence on h appears in the interval of the integral, while in the latter, the dependence
is moved to the boundary conditions. The pre-factor is also rescaled accordingly.

Proof. We first prove the first part. The assertion is simply followed from the change of
variables: t — ¢ := £. Define {(¥) := £(t) = £(ht). Then for any 0 < k < n we have

N () = hteM (1),

Substituting this into the integral, we obtain

[Mlem@par=nn [FEnmp
0 0



and the boundary conditions become
(ga 5/7 ce ’é(n—l))(o) = (57 h’fla SRR hn—lg(n—l))(o) = (:L‘O’ hxl? SR h’n_lxn—l)a
(5? 5/7 A 7€(n_1))(1) = (57 hf’? ct hn_lf(n_l))(h) = (y07 hyl? ct hn_lyn—l)‘

The assertion (8) then follows from these computations.
Next we prove the second statement (9). The minimizing problem (1) is of the form

h
ngf/ L€, .. €M) ar,
0

where L : [0, h] x RY™D 5 R L(t,2,p1,...,0n) = |pa|?. Since L depends only on p, and
Pn +— L(t,z,p1,...,p,) is positive, continuous and convex; the existence and uniqueness
of a minimizer follows from the direct method in the calculus of variations. Let &, €
C™([0, k], RY) be the optimal curve in the definition of C,, (2o, 1, ., T Yo, Y1y - - - > Yn—1)-
We define 7(t) := &,,,. Since n € C"~1([0, h], R?) and

(777 cee 777(n_1))(0> = (xlv S 7xn—1)7 (na s 777(n_1)>(h> - (?Jl? s 7yn—1)7

it follows that 7 is an admissible curve in the definition of Cp,_1 5 (1, ..., Tn1; Y1, -+ s Yn-1)-
It implies that

h
Croan(T1, -y T3 Y1, - o Yna1) < /0 |77(n_1)<15)|2 dt

") g2
= [ kP a
= n,h(x()axla'"7xn—1;y0ay17"'7yn—1)'
This finishes the proof of the theorem. ]

The next lemma shows that among all the cost functions, only /C}, is a distance in
the Euclidean space R,

Lemma 2.2. C, ,(zo,...,Zn-1;Y0, -, Yn—1) is always non-negative and it equals 0 if and
only if
I
n hi—i
Y; = i (10)
! i=j (i —Jj)!

forj =0,...,n—1. In particular, for any = € R™ we have C,, ;,(0,z) > 0 and C,, 1,(0,2) =0
iff z=0.

Proof. This Lemma is a direct consequence of the definition of (), . Obviously C,; > 0
and it is equal to 0 if and only if the optimal curve satisfies

() =0, (11)
i.e., it is a polynomial of order n — 1. This together with the boundary conditions imply
(10). ]



Remark 2.3. Lemma 2.2 shows that /C, 1 : R™ x R — [0,00) is not a distance when

n > 2. It is not symmetric and does not satisfy the condition ¢Cn7h(xo, T 13 Y0y ey Yna1) =
0 Zﬁ (x07 s 73:71—1) = (907 s 7yn—1)-

2.2 Interpretation of the cost function based on large-deviation
principles and further discussions

In this section, we provide an interpretation of the cost function based on a small-noise
large-deviation principle for a special system of stochastic differential equations (SDEs) and
further discussion. We consider a system of n coupled oscillators, each of them moving
vertically and being connected to their nearest neighbours, the last oscillator being forced
by a random noise. Mathematically, the system is given by the following system of SDEs
with ¢ € [0, A,

d§ =& dt
dés = &3 dt

: (12)
dén_1 =&, dt

dgn = \/g dW(t),

where W (t) is a d-dimensional Wiener process. The parameter ¢ represents the amplitude
of the noise. This system can be formally written as

£(1) = VES (1), (13)

where the subscript indicates the dependence on €. Suppose further that initial and ter-
minal points are imposed as in (2). Now we consider the small-noise limit of (13). By the
Freidlin-Wentzell theory and the contraction principle (see e.g. [9, Theorem 5.6.3]), the
process (&:).~o satisfies a large-deviation principle with a rate functional I given by

I(hix, ) = inf {; /0 "l @Rt : € € C™((0, B, R) satistying (2)}. (14)

Up to a multiplicative constant, this rate functional is exactly the cost function C,, ,(x,y)
defined in (1).

In [8] the authors considered a more general system where the right-hand sides are



general functions of variables

df = Fl(t7£7 §2) dt
d€2 = FQ(t7§7£27£3) dt

: (15)
dé-z = E(t7 éa 627 R 7£i+1) dt

g, = Fo(t,&, ..., &) dt +o(t, &, ..., &) dW ().

Equation (12) is a special (linear/Gaussian) case of (15) with F; = &, fori=1,...,n—1,
F, =0 and 0 = /e. The reference [8, Theorem 1.1] provides two sided Gaussian bounds
for the fundamental the solution of the forward Kolmogorov equation associated to (15),
thus generalizes Aronson’s estimate for uniformly elliptic diffusion processes [1] to a general
hypo-elliptic setting. The rate functional I above (and hence the cost function C,, j of the
present paper) plays a key role in [8] because of two reasons:

(1) Itisrelated to the fundamental solution of the forward Kolmogorov equation associated
to the Gaussian system which is proved using Fleming’s logarithmic transform and
control theory [8, Proposition 3.1].

(2) [8, Theorem 1.1] is first proved for the Gaussian case using (1) then extended to the
nonlinear case by linearizing.

In addition, in the case n = 2 the cost function Cy, (particularly its explicit formulation)
has also been used to construct variational approximation schemes for the Kramer equation
[22, 11], the system of isentropic Euler equations [18, 28] and the compressible Euler
equations [6].

Based on the representation obtained in Theorem 1.2 of the present paper, in a compan-
ion paper [13] we provide an elementary proof for [8, Proposition 3.1] and extend [22, 11]
to the forward Kolmogorov equation associated to (12) of which the Kramers equation is
a special case.

3 Analytical formula of the cost functions

In this section, we prove Theorem 1.2 on the explicit formula for the cost function.
Throughout the rest of the paper, all indices are numbered starting with zero.

Proof. of Theorem 1.2. We first recall the definition of a Wronskian matrix that will
be used at several places later on. The Wronskian matrix W (f1,..., f,) associated to n



functions fi, ..., f, of a single real variable (say time) in the class C™ is defined by!

fi A

T 4
Wihd) = ]

fr ey

so that the (4, j)"-entry of this matrix is f](l) , which is the i""-order derivative of f;.
The optimal curve { in the definition of the cost function C,j satisfies the Euler-
Lagrange equation

@M (t) = 0. (16)
Therefore, it is a polynomial of order 2n — 1
2n—1 )
£(t) = ait. (17)
i=0

The coefficients {a;}7";* will be determined from the boundary conditions. The &™-order
derivative of ¢ can be easily computed as

2n—1 .
(k) (4] — (), ik
€M (t) ;Ck <k> a;t

. ao
1\ i n—1
| ... ! =k k) n—1-Fk a
(oo owe w)er ap), 1
(k—1)th entry —_—
ith entry, k<i<n—1
ap—1
a
n i\ 2n — 1 "
| n—k . I i~k .. | 2n—1-k a
L <k>t . (k>t k( h )t
(i—n+1)th entry, n<i<2n—1
QA2n—1
Writing these equations for £ = 0,...,n — 1 in matrix form, we obtain
g(t) Qo Qp,
£'(t) ay n+1
¢n=(t) (p—1 A2n—1
!'Note that other authors sometimes denote by W (fi, ..., fn) the determinant of the Wronskian matrix

defined here.



where the matrices V,, and A,, depend on ¢ and are given by

| 2 3 2 k k—1 n—1 n—2
: <0> t <0> t <0> t E
3 k n—1
| | 1 .. | k=1 | n—3
0 1! 1! <1> t 1! <1> t 1! 1 t
0 O 2! : Y n;l n—4
Vn(t) =
n—1
! | n—1—k
L O
00 0 0 (n—1)! |
and
[ t" gl - $2n—1 T

n ,n_l n+1 n . 271—1 27’L—2
We e ()

An(t) = 1 [ ok R +1 n+1—k | 2n—1 2n—1—k . (19)
k! (k)) t k! I t -kl 2 t

L 8 A e

Note that V,,(t) and A, (t) can be written in compact forms using the notation of the
Wronskians

Vo) = W(L,t,....t" "), and A,(t) = W({",... "),

In particular, when ¢ = 0, V,,(0) = diag(1,1!,2!,...,(n — 1)!) is the diagonal matrix,
and A, (0) = 0. It follows that

ag £(0) £(0)
N R W
an;l f(n—i)(o) (n_ll)!g(.nfl)(o)
Similarly, when ¢ = h, we obtain
¢(h) o (n
| M A |
€0 (h)



Therefore, we have the following equation to define a,, ..., as,_1,
Qp,
Ap+1
Auhy| T | =b,

A2p—1

where the vector b,, on the right-hand side is given by

§(h) £(0)
) — | ° {h) — Vi (h) “51(0)
=1 (p) (n_ll)!g(nfl)(())

The i-component of b, (h) can be computed explicitly using the definition of V,,(h) as
follows

bu()i] = €0k Zz'()hﬂ L e0)

1.
= &9 Zz‘ g e
Oy~ S L i)
= ¢9(h) - K=o
£ (h) ]Z:: TEDLR (0)
n—1 1 -
- yi—;(j_i)!hﬂ ;. (20)

To proceed, we use the following lemma, whose proof is given below.

Lemma 3.1. The matriz A, (h) is invertible.

Therefore, we can compute the coefficients a,, . .., as,_; from the matrix A, (h) and the
vector b,,.
Qn

An+1

= A, (h) " "bu(h).

A2n—1

11



On the other hand, by integrating by parts successively, we obtain
[epar = /h£<”>t2
= [ ag 1<>
= w0 - [Mer i de
= e - [N e a
= e )| - [Men o a2
( h+ / " =2 (4) getn ) (1)
S GRUSIO ROl \ + [ e ) ar

BT — B

3
A

h

= T 1Eme 0w+ [ enet @ ar

0

3 -
[l
- o

= Y1y gt

0

: (21)

@
Il
=)

where we have used the fact that ¢2"(t) = 0 to obtain the last equality. Next we will
compute the last expression using the relation (18). It follows from (18) that

g(n) () a,
g(nﬂ) (t) An41
oy | = AVO|
£(2n—. 1) (t) a27;_1

where A () is the matrix obtained from A, (t) by taking n'"-order derivative of each entry
of A,(t). The (k,i)™-element, i = 1,...,n,k=1,...,n,i >k, of A (t) is given by

((k: _ 1) (” o 1) t”*i_k> —(k—1)! <” o 1) n) ( fj{' ”) okt

:(n+i—1)!

k.
(i — k)

12



Other elements of A™(t) are equal to 0. Therefore, we have

M ()1 (1) in
D (1) e=2)(¢) An+1
5(n+k) (t)‘é(;z—k—l)(t) =D, (t) a:k )
£ (1)E 1)

A2n—1

where the (k,7)"M-element, i = 1,...,n,k =1,...,n,i > k, of D,(t) is given by "J” )1)'tl kem=k) (1),
Other elements of D,,(t) are equal to 0. It follows that

SO ) € () ()
" (h)E D () £ (0)2)(0)

oo |~ | g

£Cn D (h)g(h) £en1(0)¢(0)

where the matrix E,,(h) = D, (h) — D,(0) is given by
((Z'i‘izl))"g n—iy— 1)( )h_il+i2, 7:2 > 7:17
<. n+iz)! n—i;— n—ig— .
E’ﬂ(hﬂlb 22] = (12+121))l [5( Y ( ) 5( 1)<O)]7 2 =11,
O, Z'Q < ila

for all i1,i5 = 0,...,n. Therefore, substituting this back to (21), we obtain

Co= [[EP@Pd= (1 1 1 =1 ) BAM b0, (2)

The right-hand side of (22) can be transformed further using the following lemma, whose
proof is presented below.

Lemma 3.2. It holds that
where the matriz By(h) is defined as follows

_qyr—ii—1__(nti)!  pistiz—ntl - B
( 1) ' (i1+’i27iL+1)!h 2 ) 12 + 11 2 n ]_7 (24)

0 i2+i1<n—1,

By (h)[i1, 2] :{
foralliy,io=0,...,n — 1.

13



Substituting (23) into (22), we obtain

Ch = /Oh(i(")(t))zdt = [bu(R)]" Bu(h)[Au(h)] ™ b (h),

with b, (h), A,(h) and B, (h) defined in (20), (19) and (24) respectively. This establishes
the statement of Theorem 1.2. O

For completion, we now prove Lemma 3.1 and Lemma 3.2.
Proof. of Lemma 3.1. We recall that A, (h) can be written in terms of the Wronskian
An(h) = W(h™, ... h*"7h).

Therefore
det A,,(h) =det W(f1,..., fn)

According to [3, Lemma 1], we have

det Ap(h) =V(n,....2n—1Dhi= \2) =V(n,....2n—1)h =
where V(n,...,2n — 1) is the Vandermonde determinant
1 .. 1
noo... 2n —1
V(n,....2n—1)=| | , _ = I G-9.
: : : 1<i<j<n
nt .. (2n—1)"t

Hence, we obtain

det A (h) =™ [ (-1, (25)
1<i<j<n
which is non-zero. This completes the proof of the lemma. O

Proof. of Lemma 3.2. The equality (23) is interesting on its own. Below we will prove
it using purely combinatorial techniques.
The k™" element on the left hand side of (23) is

2(—1)1‘1%(}1) [i, k] = (n+ k)!(—l)k(g(nfkfl)(h) — g(nfkfl)([))) 4 2(_1)1 ((Zt];))!!f(nil)(h)h”k.

The (iy,i2) element of B, (h) is

1 i0)! 1 1 . .
(_1>n72171%h12+117n+17 iy iy >n— 1’

0 9+1 <n-—1.

By(h)[iy,12] = {

14



So that the k™ element on the right hand side of (23) is

n—1 n—1 ) (TL + ]{?)'

: . _ N 1\n—i—1 k+i—n+1
;} b, (1) By,li, k] = izo’i%én_l b, (i)(—1) iti—n+ 1)!/1
O ~ nic1__ (n+ k) kti—nt1
— i:nz_:l_kbn(z)(—l) (k+z‘—n+1)!h +i—nt
n—1 -
_ ic()(Q n—i—1 (n+k)! k+i—n+1
= X e g e
To establish (23), we need to show that
n—1 -
j i¢(4) _1\n—i—1 (n + k)' k+i—n+1
i:n;_k Z §7(0)](-1) (k+i—n+1)!h
k—1
_ (n + k‘)!(—l)k(f(n_k_l)(h) _ 5(”_’“_1)(0)) + Z(_l)i (n + k)!g(n_i_l)(h)h_i—i_k. (26)

= (k—1)!

We will show this by transforming the left-hand side . First we write it as follows

n—1 ) n—1 1 - ' (n+ k?)' .
(2) h) — R~ () Ml(—1 n—i—1 hk+zfn+1
i:rg—k[é ") ;(j_i)! O (k+i—n+1)
n—1 ) ) 1 .
— O () (=1)"—11 pfti—nt1
i:;_kg (M=) (k+i—mn-+1)
SEk S 1 j—i ¢ () i—1 1 k+i—n+1
_ h]*l J O -1 n—i— 1—n
i:n—l—ka::i (j—)! O (k+i—n+1)!
= (I)— (I1).
Now we transform further (I) and (/7). We have
= 0 i1 1 kti—nt1
)= D (h)(—1) i-n
0 z:n71fk5 (M (k+i—n+1)!
n—1 ) ) 1 '
= D (h)(—1)n Griongt 1)'hk+z_”+1 (now we change variable: i = —j +n — 1)
i=n—1—k .
0 i) 1 i
= "7 (h)(-1) —h*™7
; (h)(=1) =)
k1 - 1 Y
= €I B D)+ T O ) 1) @
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The term (II) can be transformed as follows.

[t S ot S | L , 1 '
UD;:_ﬁE;%;;U—4ﬂwﬂéﬁmx_DW%nk+i—n+1ﬂMHﬂH1
n—1 n—1
- i=n—1—k jz::z (-7 i i)!h]_zg(])“))(_l)n_z (k + 1 —1n + 1)' e
> S i : (1) ! (forj=n—1—k.n—1)

j=n—1-k i=n—1—k (j —)! (k+i—n+1)!
o+ S oty g .
ek i x (U — 1) (k+i—n+1)!

(28)

We now show that the second term of (28) vanishes by showing that

Ej: Ly ! =0
i=n—1—k (7 —a)! (k+i—n+1)!
for each j =n —k,...,n — 1. In fact, we have
J ) 1
Z (_1)“—2(._.' . |
i=n—1—k j—i)l(k+i—n+1)
1 J (Gt k—n+1)
= — ' Z (_1)n—z : (]—:_ n+ ) '
(‘7+k_n+1)'i:n 1-k (J—i)l(k+i—n+1)

(=)~ Ej: (—1)- (j +k—n+ 1)

TGtk -n ) A, j—i

—1)nJ 0 ; —
= G —|—<k—)n+1)' > (1) <j+k ) n+1> (now we change variable: [ = j —i,i=j —1)
" i=j—(n—1—k)

(= j_g:prk(_l)l j+k—m+1

(G+Ek—n+1)! = [
—1)yrJ -

0 +<k; —)n L A

=0.

As a consequence, (I1) = —£#=D(0)(—1)*. Therefore, the left-hand side of (26) is equal
to

n—k—1 n—k—1 = n—j—1 j o1 —j
(€00 0) €O+ S €T T

which is exactly its right-hand side. This finishes the proof of Lemma 3.2. ]
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Remark 3.3. We recall that the cost function C,,j, is given by
Chp = by (h)" B, (h) A,  (h)b,(h). (29)

We can show that the matriz B,(h)A;1(h) is positive definite. Indeed, let = € R be
arbitrary. Then by definition of C,, 1, and from (29), we have

ZTBn(h)A;1 (h)z = Chn(0, 2).

Then the positive definiteness of B, (h)A; (h) follows from Lemma 2.2. Note further that
we have the following property, for any matriz M then

M+ MT
Mz =M ="Mz = zT—gz. (30)

Therefore we can write
Cop = bn(h)" Hy(h)by(h),
where H,(h) = [Bn.(h)A; (h) + (Bn(h) A, L (h)T] is a symmetric positive matriz.

2 n n

Remark 3.4 (Alternative computations). We can compute the cost function C, more
directly as follows.

/0 ' 1M ()2 dt = /O " <2§:1n! (;) aiti_”>2 dt
=) Y (:l) <le> a0, /Oh fi+i=2n gy

n<i,j<2n—1

: - pitit1=2n
= (n!)2 Z <Z> <]> ;0.
n<ij<en—1 \'YJ \I* 1+5+1—-2n

Define the matriz K,(h) = (K)3"Z)

7,J=n

o o (1) (7)
“ S\n)\n)i+ji+1-2n

Clearly K, (h) is symmetric. Then C,} can be written as

with entries

Cun = a' Kn(h)a = by (Au(h) ™) K (h) An(h) ™"y (R),

where a = (ay, .. .,as,-1)" and b,(h) and A,(h) are defined in (24) and (19) respectively.
The advantage of the formula derived in the previous section is that it involves A
only one time and the matriz B,, is triangular.

Remark 3.5 (Alternative representation using the scaling property). Using the scaling
property in Theorem 2.1, the cost function can be written as follows

Cu = W72 [by(R))T Bu(1)[Au(1)] b (h),

17



where

£(1) £(0)
he'(1) he'(0)
Bn(h) = hkg(;c)(l) - V,(1) hkg(;c)(())
petgen ) pe1gob (o)

By analogous computations to (20), the i-component of this vector is

@mmywﬁ—ﬁigiwm%—mmmwy

4 LU decomposition of A, and A !

The analytical formulas for the cost functions obtained in the previous section involve the
inverse of the matrix A,,, which is a matrix of order n. In this section, we provide an explicit
formula for the LU decomposition of A,, and for A;'. For simplicity of notation, we leave
out the dependence on h of A, (and hence L,U). We recall that A = W (h",..., h*"1) is
the Wronskian matrix associated to the polynomials {h™, ..., h?"~'} therefore the analysis
of this section is of independent interest since the Wronskian matrix plays an important

role in linear algebra and differential equations.

The main result of this section is the following theorem, which is summarised as The-

orem 1.3 in the introduction.

Theorem 4.1. 1. A, = LU where U and L are defined as follows

GDlpitn=i  gf j >
U[z;j]z{w Ji=t

0 otherwise,

and

(k=1
B S if i<k,
Llk,j] = (r%)“*ﬂ” =

0 otherwise.

2. The inverse of A, is given by the product of the following two matrices:

(=1 .
Ui, j] = { G DUG=)HR=TFn if § >,
| 0 otherwise,

18
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and

(34)

i1 1) n+i—i—1)! P .
I A T ey iz
7 0 otherwise,

] —1
0 otherwise.

SOMN Sv (n+]- ; ) ifj =i

Proof. We first prove the first statement about the LU decomposition of the matrix A,
We will show that U~! can be computed as follows:

Ui, j) = (U—lﬂﬁ—%nh—fu+n if 7 > 1,
| 0 otherwise.

IIl fact, we have

SULENUTGR) = X Ul U K]

J>ik>j

=D (< 1)+
= =) (5 — DYk — g))hn—hti

; . . . . - &
If k =1, then %jU[z,]}U 1j,k] = (_l)k(kii)!% .

If k£ # 7, then we have

Pl (—=1) 1 k (k — 0)! J
jzz(]—l)'(k‘—j)' o (k_i)!j:i (j—Z)'(k‘—j)'( 1)
= (kii)!(—l)z Z_Z “(ék__ﬁ.l)!(_l)uﬂ (change variable: | = j — 1)
- (kiz-).(—l)’(u(—n)k—z
= 0.
Therefore,



In other words, U~! can be defined as in Eq. (33).
Now we establish the formula for L. By definition A = LU, so that L[k, j] can be
written as follows

o~ (n+i—1)! —1)"t
Lik. 5] :;An[/f,i]U‘l[M] = hj_kzlgnj:i_llg;!((i —(1)1!2]'—@')!)‘

We now simplify the expression above. Consider the function f(z) = 2"(1 —z)’~'. On
the one hand, we have

=0
7j—1 .
=> <j ; > (—1)'a"™
=0
j ) — . .
_ Z <Z _ ]]:> (_1)z—lxn+z—l‘
=1

Therefore,

k—1) _ L (i1 i1 (n+i—1)! ntie1—(k—1
f@) )_.26—1)(_1) Grici—gon

_ : (j_l)! _ iflwxn+iflf(kfl)
=X G- Y i

It follows that . |
j (—1) (nti-1nt -1 o)
;(i—l)!(j—z')!(nw—k)! (j_l)!f(l) ,

and by multiplying both sides of this equality with A/, we get

N Gt ) LA U et O L SN o ) EA
LD DY ey T3 ey A A A

On the other hand, according to Leibniz formula, we have

f(x)(k—l) = [2"(1 — x)j—l](k—l)
= kil (k? ; 1) [;p"}(k_l_i)[(l _ x)j—l](z‘)'

If k—1<j—1, then f(1)*~Y =0, which implies that 3;<; A,[k, U ~"[4, j] = 0.
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If £ > j, then we have

k—1
f(x)(kfl)‘:b:1 _ > (k? ; 1) [xn](kflfl)[(l — x)j*l](i)’le
N L 1 e A
S (5 o

.
| ™
=) |
—_ =

(k—J)"

£}
|

>
|

Il

N N N
oL
I

e Y

N—— ~— N——
S
8
3
L
N
4
~
—
<.
|
—_
~—
~
|
—_
~—
<
-
8
Il
Juy

—~
S
|
—~
o
|
<
~—
~—

.
|

Therefore,

ik J (=)™ (iDL i gy (B n!
LD DY e 175 T ey A A (9‘—1><n—<kz—j>)!‘

It then follows that

, N1 o ik (k=1 n!
L(k,j) = > An(k, ) U (i,5) = k(j—l) =kt

(]

which is the desired formula. This completes the proof of the first statement of the theorem.
Now we will prove the second statement of the theorem. We will show that L' has

the form as defined in (34).
The element (k, ) of the product of L and L™ is given by > L[k, j]L~'[j,1].
j=1

If kK <1, then
Lk, 1170, = 3 Lk, 1L i) = . (35)

1 j=1

n

J
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If £ > i, then we have

nL[k:,j]L‘l[j,z’]: zn: LIk, jIL7 4, 1]

1 J=Lj=zi,j<k

J

Sk (k1 n! iy G=DY (ntg—i— 1)
=20 k<j—1>(n—k+j)!( 7 h G—)GE—-1)! (n—1)

) B 1 (n+j—i—1)
A T T R

—t (k=) (n+j—1)! }
i ki

j=i

Gk
L k)

(k — 1)ln!
(k— )l — 1)l(n—1)! ¢

E

— hi—k

where to obtain the last equality we have changed variable j := j 4+ 7. Next, we will show
that the summation in the above expression is equal to 0.
Let @ = k — i and consider g(z) = 2" !(z — 1)®. On the on hand, we have

In particular, we obtain

) = (1%

On the other hand, we have

g(a—l)(l,) — :L‘n_l(x . 1>a](a—1)

so gl (1) = 0.
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Therefore,

> Lk, L i = 0 (36)
j=1
Finally when k£ = i, we have
Llk, jIL~ [, i) = > Llk, JIL7 [, k] + D~ LIk, 1L 5, K]
j=1 j=1 j=i+1

: (37)

where in the last step we have used that L[k, k] = L7'[k,k] = 1. From (35), (36), and
(37), we conclude that (34) is indeed the formula for the inverse of L.
This finishes the proof of the theorem. ]

5 Numerical investigations

In this section, we provide an algorithm to compute C),;, using results from the previous
section and compute the expressions obtained for small n explicitly.

Algorithm 5.1. Algorithm to compute Cy, p(X,y):
Input: n,h,x = (zg,...,7n_1) ER™ andy = (yo,...,Yn_1) € R,
Output: Cp p(x,y).
The algorithm consists of 5 steps.
Step 1: Compute B, (h)

—i1—1__ (n+i2)! io+i1—n+1 . :
(—1)" " (i1+i27n+l)!h7’2 UL dgti 2 n = 17

B, (h)iy,ia] = {

0 o+1 <n-—1.
Step 2: Compute by, (h)
”z—:l IR
b (h)[i] = yi T
j=i (j—1)!

Step 3: Compute L' (h) and U (h)
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) ) — Z
0 otherwise, J _
0 otherwi.

(—1)iti o . i i—q (G—1)! n+j—i—1 o ‘
Ui, j] = {((i—l)!(j—i)!)h—j+i+n ifj =1, LY, 4] (=1 (]i—l)! ( ifj =
Step 4: Compute At = U, 1L, "
Step 5: Compute C using Theorem 1.2

Cr (05 - -+ Tno13Y0, -+ Yn1) = bn(h)TBn<h) [An(h)]_lbn(h)-
Below we show B, (h), An(h), L,(h),U,(h), L, (h), U, (h) and C, for n = 1,2,3,4

computed using Algorithm 5.1. For simplicity of notation, we leave out the dependence on

h of the matrices.

For n = 1.
B=(1),
A=(n) At =(5),
L=(1), v=(n),
rr=(1), vt=(1).
Cualwo, ) = 3 (~20 -+ 3o
For n = 2
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For n =3

and

For n=4

0 O 120

0 —24 —120h |,

6 24h  60h?

h3 h4 h5 % _%
3n* 4h® 5ht |, ATl = _h;g hl];
6h 12h% 20K £ -3

0 0 he ht R
1o, U= 0 n 21 |,
6 1 0 0 23

6 (y1 — o1 — hxs) 12(90—1'0—}&1—%
+5 (Y2 — 22— A %
0 0 0 —5040
0 0 720 5040h
0 —120 —720h —2520Rh% |’
24 120k 360h*>  840h°
R g -8 & 4%
4h32 5h43 6h54 7h65 ATt = _72%SL ’3%4 s T}Iﬁ
12242 2822 13200@3 24120};;4 TR A
h7 h6 ho 6h4
1 0 00 ht WS K8 AT
1 00 g | 0 hto2n 3nd
= 2 L 0o 7 | 0 0 2 6n° |
4 % 129 0 0 0 6hn
B N
2 h 2h4 2h3
oy -2 00 0 gk
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and

C4,h($0, T1,T2,T3;Y0, Y1, Y2, Z/s)

-2l - i)

h h
2
0 6 (yo — wo — haz) 12 (yl_ml—hl‘Q—%)
+ | Ys — T3 — +
h h =
7 12(92_$2—hx3) 60 (yl—l'l_hlé_%)
+ Ys — T3 — +
h h =
2
120 (yo — w0 — hay — M2 — 203
a h3 .

We observe that these cost functions satisfy a property that

Con(To, T1y ooy Tne13Y05s Yo - - -3 Un—1) = Cr1n(T1y oo, T 13 Y15 -+ o Yno1)

+ __[y - TNy z:| )
= hn 1—j5 |9 = (l _])'
for some {a; ?;&, which is in accordance with Lemma 2.1.
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