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1 Introduction

In this article, a second order evolution equation with additive and multiplic-
ative “noise” is considered. Such equations were first studied by Pardoux [24].
The corresponding initial value problem may be written as

i+ At + Bu = f 4+ C(u,a)W in (0,T), u(0) = vy, u(0) = ug, (1.1)

where W is the “noise” and T > 0 is given. A variety of phenomena in physical
sciences and engineering can be modelled using equations of the form (|1.1)).
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If K is the integral operator with (Kw) fo s)ds for some function w
then the above problem is (with 4 = v) formally equlvalent to

O+ Av + B (ug + Kv) = f + C (ug + Kv,v) W in (0,T), v(0) = vo. (1.2)

To give a more precise meaning to the above problem, let (H, (-,-),| - |)
be a real Hilbert space identified with its dual H* and let (Va,| - ||v,) and
(VB, |l - lvy) be real, reflexive, separable Banach spaces that are densely and
continuously embedded in H. The main result will require, in addition, that
V4 is densely and continuously embedded in Vp and so

Vi Vs H=H" <Vi—>V}

with < denoting dense and continuous embeddings. We will use (-,-) to
denote the duality pairing between elements of some Banach space and its
dual. Moreover, let (£2,F, (Ft)iefo0,1),P) be a stochastic basis and let W =
(W(t))tejo,r) be an infinite dimensional Wiener process adapted to the filtra-
tion (Ft)sefo,r] and such that for any ¢,/ > 0 the increment W (¢t + h) — W (t)
is independent of F;.

The exact assumptions will be stated in Section [2| For now it suffices to
say that B : Vg x {2 = V} is a linear, bounded, symmetric and strongly pos-
itive operator. The operator A : V4 x 2 — V and, for j € N, the operators
Cj : VB x V4 x 2 — H are nonlinear, jointly satisfying appropriate coercivity
and monotonicity-like conditions. Furthermore, we assume that A is hemicon-
tinuous and satisfies a growth condition. We write C' = (C}),en and assume
that C maps Vg x V4 x £2 into [2(H). We consider the stochastic evolution
equation

v(t) + / [Av(s) + B(ug + (Kv)(s))]ds
0 (1.3)

=g +/O f(s)ds + /0 C (uo + (Kv)(s),v(s))dW (s)

for t € [0, T], where ug and vy are given Fp-measurable random variables that
are Vp and H-valued, respectively. The Vj-valued process f is adapted to
(Fi)e>0 and the stochastic integral is the It6 integral with

/ Ou(s) v(s) Z / o(5))dW (s).

Stochastic partial differential equations of second order in time are an
active area of research. Broadly speaking, difficulties arise from nonlinear op-
erators, lack of damping, multiplicative noise and noise terms that are not
continuous martingales as well as from regularity issues inherent to second or-
der evolution equations. Nonlinear operators are a particular issue if they are
nonlinear in the “highest order” term rather than a nonlinear perturbation of
a linear principal part. We briefly point the reader to various papers exploring
some of the above issues.
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Peszat and Zabczyk [25] give necessary and sufficient conditions for the ex-
istence of solutions to a stochastic wave equation without damping, linear in
the highest order term with nonlinear zero order term and nonlinear multiplic-
ative noise. Marinelli and Quer-Sardanyons [2I] prove existence of solutions
for a class of semilinear stochastic wave equations driven by an additive noise
term given by a possibly discontinuous square integrable martingale. Kim [17]
proved existence and uniqueness of a solution to a semilinear stochastic wave
equation with damping and additive noise. Carmona and Nualart [4] investig-
ate the smoothness properties of the solutions of one-dimensional wave equa-
tions with nonlinear random forcing. Further work has been done regarding
the smoothness of solutions, we refer the reader to Millet and Morien [22] as
well as Millet and Sanz-Solé [23] and the references therein.

In the deterministic case, second order evolution equations similar to
have been investigated in the seminal paper of Lions and Strauss [20]. This has
been extended to the stochastic case by Pardoux [24]. Indeed, Pardoux [24]
has shown existence of solutions via a Galerkin approximation and unique-
ness to under the assumption that the operators are deterministic and
Lipschitz continuous on bounded subsets but allowing time-dependent oper-
ators. Finally, we note that Pardoux [24] also covers the case of first-order-in-
time stochastic evolution equations. For first-order-in-time stochastic evolution
equations, we also refer the reader to Krylov and Rozovskii [19)].

Our aim is twofold: We wish to prove convergence of a fully discrete ap-
proximation of including a time discretization. As far as the authors are
aware, this paper is the first to prove convergence of a full discretization of
stochastic evolution equations of second order with a damping that has nonlin-
ear principal part and a rather general multiplicative noise. Moreover, we wish
to extend Pardoux’s result to random operators removing the Lipschitz-type
condition. See Example for a situation where the assumption of Lipschitz
continuity on bounded subsets does not hold but the assumptions of this paper
are satisfied. We show existence of solutions to by proving appropriate
convergence of solutions to a full discretization. Unfortunately, the randomness
of the operators finally requires the assumption that V4 is continuously em-
bedded in Vp (see also Remark 2.5, which is not the case with Pardoux [24].
The reason is the use of the standard It6 formula for the square of the norm,
see, e.g., Krylov and Rozovskil [19], Gyongy and Krylov [14] or Prévdt and
Rockner [26]. It is left for future work whether the It formula can be adapted
to the general case where neither is V4 embedded into Vp nor is Vg embed-
ded into V4. This is a rather delicate problem already for the integration by
parts in the deterministic case (see again Lions and Strauss [20] as well as
Emmrich and Thalhammer [I1]). Finally, we will show that two solutions are
indistinguishable.

Let us now describe the full discretization. A Galerkin scheme (V};,)men for
V4 will provide the internal approximation. For the temporal discretization,
we choose an explicit scheme for approximating the stochastic integral but
otherwise we use an implicit scheme. Finally, we have to truncate the infinite
dimensional noise term.
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Fix m,r,N € N. Let 7 := T/N. For n = 0,1,..., N, let ¢, := nr. Define
C" = (C})jen with C] := Cj for j=1,...,r, C; =0 for j > and let

AW™ — {W(tn) —Wi(tn—1) for n=2,..., N,
0, for n=1.

For g € I?>(H), we define gW (t) := > jen 9xWi(t). Clearly, 7, t, and AW™
all depend on N. This dependence will always be omitted in our notation.
The reason for taking AW?! = 0 will become clear during the proof of the a
priori estimate for the discrete problem. It allows one to assume that vg is
an H-valued Fp-measurable random variable (rather than a Vjs-valued one).
This is consistent with the case of deterministic second-order-in-time evolution
equations, see Lions and Strauss [20], and the stochastic second-order-in-time
evolution equations, see Pardoux [24].

We now define (u™))_, and (v")"_, which will be approximations of u
and v, respectively, such that u(t,) =~ u™ and v(t,) = v™. Assume that the
Fo-measurable random variables u° and v° take values in V,, and are some
given approximations of the initial values uo and vg, respectively. Let (f™)_;
be an approximation of f with f™ being an F; -measurable V}-valued random
variable for n =1,..., N.

Now we can fully discretize . We do this by approximating the in-
tegrands in by piecewise constant processes on the time grid (¢,)Y_.
Effectively, the value on the right-hand side of each interval is taken when
approximating the non-stochastic integrals and the value on the left-hand side
of each interval is taken when approximating the It0 stochastic integral. We

define (v™)M_, with v™ being V,,-valued for n = 1,..., N as the solution of

(", ) +Ti<Avk+B(u0+T§:vj>,g0>

k=1 j=1
n n k—1

= (1%, ) + TZ(fk, @) + Z (CT (uo +7 Zvj, vk_l)AWk7 gp)
k=1 k=1 j=1

for all p € V,,, and n = 1,..., N. We can immediately see that (1.4)) corres-

(1.4)

ponds to
Un_vn—l N An+B 0+ i:k
E— v u 4T v
- 2 2 ) P
L - 1.5)
(S AW™
_ n r 0 kE n—1
_<f790>+(c <u +TZ’U,'U ) T a‘p)
k=1
for all ¢ € V,;, and for n = 1,..., N. This is exactly the numerical scheme one

could obtain directly from (1.2). In the case C' = 0 (i.e., the non-stochastic
case) this would be an implicit Euler scheme in the “velocity”, with the integral
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operator replaced by a simple quadrature. With " := u® + TZZZI vk, we
further see that ([1.4) is also equivalent to

u® — 2un—1 + un—2 u® — un—l
(e ) (Y

) ol — w2\ AW

T T

for all ¢ € V,, and for n =1,..., N, where u’ and ' := u® — 700 are given.

One could obtain this scheme directly from .

Numerical schemes for deterministic evolution equations of the above type
have been investigated mostly for the particular case that V4 = V. Emmrich
and Thalhammer [I0] have proved weak convergence of time discretizations
under the assumption that V4 is continuously embedded in Vz. In Emm-
rich and Thalhammer [I1], weak convergence of fully discrete approximations
is proved in the case when strongly continuous perturbations are added to
the nonlinear principal part A and the linear principal part B even if Vj is
not embedded in Vp. This also generalizes the existence result of Lions and
Strauss [20]. The convergence results have subsequently been extended in Em-
mrich and Siska [8]. The situation for linear principal part A but nonlinear,
non-monotone B requires a different analysis and is studied in Emmrich and
Sigka [9].

Numerical solutions of second-order-in-time stochastic partial differential
equations have also been studied but for semilinear problems. Kovacs, Saed-
panach and Larsson [18] considered a finite element approximation of the linear
stochastic wave equation with additive noise using semigroup theory. Hausen-
blas [16] demonstrated weak convergence (weak in the probabilistic sense) of
numerical approximations to semilinear stochastic wave equations with addit-
ive noise. De Naurois, Jentzen and Welti prove weak convergence rates for
spatial spectral approximations for an equation with multiplicative noise [5].
For results on full-discretization, see also Anton, Cohen, Larsson and Wang [2].
Semigroup theory is also used by Tessitore and Zabczyk [28] to prove weak
convergence of the laws for Wong—Zakai approximations to semilinear strongly
damped evolution equations of second order with multiplicative noise acting
on the zero-order-in-time term. Error estimates and estimates of the rate of
convergence can be found, e.g., in Walsh [29] and Quer-Sardanyons and Sanz-
Solé [27] for particular examples governed by a linear principal part.

This paper is organized as follows. Section [2| contains all the assumptions
and the statement of the main results of the paper. In Section (3] we study the
full discretization, prove that the fully discrete problem has a unique solution
and establish a priori estimates. We use the a priori estimates and compactness
arguments in Section (] to obtain a stochastic process that is the weak limit
of piecewise-constant-in-time prolongations of the solutions to the discrete
problem. In Section [p| it is shown that the weak limits satisfy the stochastic
evolution equation. This finally proves convergence as well as existence of a
solution. Uniqueness is then proved in Section [6]
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2 Statement of assumptions and results

In this section, we state the precise assumptions on the operators, we define
what is meant by a solution to and we give the statement of the main
result of this paper. Let us start with explaining the notation.

Throughout this paper, let ¢ > 0 denote a generic constant that is inde-
pendent of the discretization parameters. We set Zgzl zj = 0 for arbitrary z;.
Recall that T' > 0 is given and that (2, F, (F¢)¢cjo,7], P) is a stochastic basis.
By this, we mean that the probability space (2, F,P) is complete, (F):eo,7]
is a filtration such that any set of probability zero that is in F also belongs to
Fo and such that 7, = (1, F; for all s € [0, T). Moreover, W = (W (t)):c[0,1]
is an infinite dimensional Wiener process adapted to (F¢):e[o,7) and such that
for any ¢,h > 0 the increment W (¢ + h) — W (t) is independent of F;.

For a Banach space (X, | - ||x), we denote its dual by (X*, || - || x+) and we
use (g, w) to denote the duality pairing between g € X* and w € X. We will
use the symbol — to denote weak convergence. Let p € [2,00) be given and let
q= % be the conjugate exponent of p. For a separable and reflexive Banach
space X, we denote by LP((2; X) and L?((0,T) x §2; X) the standard Bochner—
Lebesgue spaces (with respect to F) and refer to Diestel and Uhl [6] for more
details. In particular, we recall that the concepts of strong measurability, weak
measurability and measurability coincide since X is separable (see also Amann
and Escher [1]). The norms are given by

T 1/1’
1
lwllLeo;x) == (Ellwl%) /P and lwl L 0,7y x 2:x) = (E/o w(t)|§(dt>

The duals of LP(§2; X) and LP((0,T) x £2; X) are identified with L9(£2; X™)
and L2((0,T) x 2; X*), respectively. Let LP(X) be the linear subspace of
LP((0,T) x §2; X) consisting of equivalence classes of X-valued stochastic pro-
cesses that are measurable with respect to the progressive g-algebra. Note that
LP(X) is closed.

We say that an operator D : X x {2 — X* is weakly measurable with
respect to some o-algebra G C F if the real-valued random variable (Dw, z)
is G-measurable for any w and z in X, ie., Dw : 2 — X* is weakly* G-
measurable for all w € X.

Recall that (H,(-,-),|-|) is a real, separable Hilbert space, identified with
its dual. By h € I>(H), we mean that h = (h;)jen with h; € H for j € N
and ) ey |hj|> < co. We define the inner product in (2(H) by (g, h)p2my =
> jenl9j, hj), where g, h € [?(H). This induces a norm on [?(H) by |h;2(g) =

(h, h)lli’/(il)' Further recall that (Va, || - ||v,) and (Va, || - |lvy) are real, reflexive
and separable Banach spaces that are densely and continuously embedded in
H and that the main result will require, in addition, that V4 is densely and

continuously embedded in Vz and so

Vi Vp—>H=H"<>Vy =V} (2.1)
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with < denoting dense and continuous embeddings. Our notation does not
distinguish whether the duality pairing (-, -) is the duality pairing between V4
and V} or Vg and V} since in situations when both would be well defined
they coincide due to .

Finally, we need a Galerkin scheme for V4 which we denote by (Vi;)men-
That is, we assume that for all m € N we have V,,, C V,,11 C V4 and that
Unmen Vin is dense in V4. We assume further, without loss of generality, that
the dimension of V,,, is m.

Assumption B. Let B : Vg x 2 = V be weakly Fp-measurable. Assume
moreover that B is, almost surely, linear, symmetric and let there be ug > 0
and cp > 0 such that, almost surely,

(Bw,w) > pp|wl|l}, and |Bwlv; < cpllwllv, Vw € V.
This means that B is, almost surely, strongly positive and bounded.

Note that with this assumption we can define, for P-almost all w € 2, an
inner product on Vg by (w, 2)p := (Bw, z) for any w, z € V. We will denote
the norm associated with the inner product by |- |p := (-, -)}3/2. This norm is

equivalent to || - [|v,.

Assumption AC. The operators A : V4 x 2 — V} and C : Vg x V4 X
2 — 12(H) are weakly Fp-measurable. Moreover, we assume that A, is almost
surely, hemicontinuous, i.e., there is {2y € Fo with P(£2y) = 0 and for every
w € N2\ 2 the function € — (A(w + ez,w),v) : [0,1] — R is continuous for
any v,w, z € Vyu.

There is ¢4 > 0 such that, almost surely, the growth condition

[Awllv: < ca(l+ lwllv,)P™" Yw e Va

is satisfied.
There are g > 0, Aq4 >0, Ap > 0 and x > 0 such that, almost surely, the
operators A and C satisfy the monotonicity-like condition

1
(Aw — Az, w—2) + Aa|w—2|* > §|C’(u7 w) —C(v, z)|122(H) —Aplu—v|% (2.2)
for any w, z € V4 and u,v € Vg and the coercivity-like condition

1
(Aw, w) + Aafwl* = pallw][y, + 510w = Aslulz = (23)

for any w € V4 and u € Vp.

The almost sure hemicontinuity of A : V4 x 2 — V together with the
almost sure monotonicity of A+ Aal : V4 x 2 — V5 (see (2.2)) imply that A
is in fact, almost surely, demicontinuous (see also Krylov and Rozovskii [19]).

The growth condition and coercivity from Assumption AC imply that for
any u € Vg and w € Vy,

1w, 0) [y < e(1+ [ul + [w]* + [lw]lF,)- (2.4)
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The monotonicity-like condition implies that C' is Lipschitz continuous in its
first argument uniformly with respect to its second argument. Indeed for all
w € V4 and all u,v € Vg we get

|C(u,w) — C(v,w)|2(ay < V2AB|u —v|B.

If the coercivity and monotonicity-like conditions are satisfied then we obtain
with A := 2max(\a, A\, k)

2({Aw — Az, w — 2) + Nw — 2)* + Nu — v|% > |C(u, w) — C(v, z)|122(H) (2.5)
and
2(Aw, w) + MJwl? + |uff + 1) = 2pallwll}, +|C(w,w) 7). (2.6)

In many applications, the operators A and C' would arise separately from
various modelling considerations. In such a situation, it may be useful to see
under what assumptions on A and C, stated independently, would and
hold. To that end, assume that there are uq > 0 and A;, A2 > 0 such
that, almost surely, for all w,z € V4

(Aw— Az, w—2) + M|w— 2] >0 and (Aw,w) + Xo|w|? > pallwlly, . (2.7)

Assume further that there are Az, Ay > 0 such that, almost surely, for all
u,v € Vg and w,z € Vy

|C'(u, w) — C(v, z)|122(H) < Mslu— vl 4+ Ag|w — 22
With v =z = 0 and £ = |C(0,0)[% ), we obtain

1C(u,w) 3 gy < 2(Asluld + Ma|w]? + k).

Then and follow with a suitable choice of the constants.

Examples of operators satisfying the above assumptions and the corres-
ponding stochastic partial differential equations can be found in Pardoux [24]
Part ITI, Ch. 3]. Let us present an example where the condition on Lipschitz
continuity on bounded sets as required by Pardoux is not satisfied but the
assumptions of this paper hold.

Example 2.1. We consider a bounded domain D in R? with smooth boundary
and take V4 = Vg = H}(D), the standard Sobolev space, and H = L*(D).
Following Emmrich [7], we consider p : R? — R given by

0 if |z]=0,
p(z) = { A" 12z i || € (0,1),
z otherwise.

It is then easy to check that A : V4 — V} given by

(Av,w) = /Dp(Vv) -Vwdz
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satisfies the hemicontinuity and growth condition of Assumption AC as well as
the monotonicity and coercivity condition . Moreover it is possible to show
that this operator A does not satisfy the assumption of Lipschitz continuity
on bounded subsets of Pardoux [24].

We say that Z is a modification of z € L7(X) (y € [1,00)) if 2(t,w) = 2(¢, w)
for (dt x dP)-almost all (t,w). If X < H then we say that Z is an H-valued
continuous modification of z € £LY(X) if t — 2(t,w) : [0,T] — H is continuous
for almost all w € {2 and Z is a modification of z.

We will use the following notation for stochastic integrals: Given x € £2(H)
and y € L2(I12(H)), we write

/0 (2(5), y(5)dW () = 3 / ((5), 3 ()W (s).

jEN

Definition 2.2 (Solution). Let uy € L?(2; V) and vy € L%(2; H) be Fo-
measurable and let f € £7(V4"). Let there be v € £P(V4) such that ug+ Kv €
£2(Vg) and moreover let there be an H-valued continuous modification @ of v.
Then v is said to be a solution to if P-almost everywhere, for all ¢ € [0, 7]
and for all z € Vy

(3(1), 2) + / (Au(s) + B (uo + (Kv)(s)), 2) ds

= (v, 2) —|—/0 (f(s), z)ds +/O (z,C(uo + (Kv)(s),v(s))dW(s)).

We will typically not distinguish between v and v, denoting both by v, to
simplify notation. The following result on the uniqueness of solutions to (1.3)
will be proved in Section [6]

Theorem 2.3 (Uniqueness of solution). Let Assumptions AC and B and let

hold. Let vi and vo be two solutions to (1.3)) in the sense of Deﬁnition.
Then

P ( max |v1 () — va(t)] = o) =1,

t€[0,T)

i.e., v1 and vy are indistinguishable. Moreover, if we let
up =ug+ Kve  and ug = ug+ Kvy
then
P (o i (0) - wa(0lvy =0) =1
i.e., u1 and us are also indistinguishable.

Consider a sequence (myg,r¢, N¢)een such that my — oo, 7y — oo and
Ny — 00 as £ — oo and let 7, = T/Ny. Let (ul)ren be a sequence of Fo-
measurable random variables with values in V;,, such that u) € L*(§2; V) and
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ud — ug in L?(§2;Vp) as £ — oo. Moreover, let (v))sen be a sequence of Fo-
measurable random variables with values in V,,, such that v§ € L?(§2; H) and
v) — vg in L2(2; H) as £ — oc. For f € £9(V4*), we use the approximation

1 tn
m ::—/ f@®)dt, m=1,...,Ng, (2.8)
TZ tn—l
where we recall that ¢, = n7y for n = 0,..., Ny. Note that for readability we

drop the dependence of ¢,, and f™ on Ny.

For each (myg, r¢, Ny), we take (f”)ﬁ[il and the solution to the scheme
and use this to define stochastic processes f¢, v, and uy, which will be approx-
imations of f, v and w, as follows: for n = 1,..., Ny, let

fe(®) = 7, ve(t) := 0™, wp(t) :=u™ if t € (tp—1,tn]- (2.9)

We may set f,(0) = f1, v,(0) = v!, us(0) = u'. Note that u™ and v™ indeed
depend on my and Ny.

We see that even if v™ and u™ are F;_ -measurable for each n =0,1,..., N,
then the processes vy and uy are not (F;)¢cjo,7) adapted. Thus we will not be
able to directly use compactness-based arguments to get weak limits that are

adapted. To overcome this, we will also use the following approximations: for
7’L=2,...,Ng, let

v, (t) == 0" uy () = u" T A EE [ty t) (2.10)

and let v, (t) = 0 and u, (t) = u® if t € [0,7,). We may set v, (T') = v,
up (T) = ue,

We note that ve(t,) = v, (tn) = v"™ and w(t,) = u, (t,) = u” for n =
1,...,Ng. If v™ and u™ are F;, -measurable for each n = 0,1,..., N then the
processes v, and u, are (Ft)epo,r] adapted. For v, (and u, ) we will then be
able to obtain weak limits that are themselves adapted processes. Later, we
will show that the weak limits of v, and v, as well as of u, and u, coincide.

We now rewrite in an integral form. To that end, define 6, (0) := 0
and 0 (t) == t, if t € (tn—1,ts) and n = 1,..., Ny. Then saying (v"))_;
satisfies with m = my and 7 = 74 is equivalent to

07 (t)
(ve(t), ) + < | o)+ Bunts) — s, <p>
o (2.11)
0, (t)
— (o) + ( [ e <u@<s>,vf<s>>dw<s>,w)

4

for all ¢ € V,,, and for all ¢t € (0,7].
The following theorem is the main result of the paper. Recall that \ arises
from Assumptions AC as A = 2max(Aa, Ap, k).
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Theorem 2.4 (Existence and convergence). Let Assumptions AC and B and
let hold. Let ug € L?(§2;Vg) and vo € L?(82; H) be Fo-measurable and let
f € LY(V4"). Then the stochastic evolution equation possesses a solution
v € LP(Vy) according to Definition with u = ug + Kv € L%(Vp).

Furthermore, consider (myg, N¢)gen with me — 00 and Ny — o0 as £ — oo
such that supgey ATy < 1. Let (ud)een C L2(2;VE), (v))een C L*(£2;H) be
sequences of Fo-measurable random variables with values in V,,, such that
ud) — ug in L2(£2; V) and v) — vo in L*(2; H) as £ — oo. Let (fe)e € N be
given by (@ and (@) The numerical scheme then admits a unique
solution with

ug — w in L*((0,T) x 2;Vg) and vy — v in LP((0,T) x £2;Va)
ug(T) — w(T) in L*(2; V) and vg(T) — v(T) in L*(2; H) as £ — oo.

The proof can be briefly summarized as follows: We first need to show
that the fully discretized problem has a unique solution, which is covered by
Theorem [3.3] Then we obtain a priori estimates for the fully discrete problem
(Theorem , so that we can extract weakly convergent subsequences using
compactness arguments (Lemma. At this point, the only step left to do is
to identify the weak limits from the nonlinear terms. Convergence of the full
sequence of approximations (and not just of a subsequence) follows because of
the uniqueness result.

Remark 2.5. Our results require the assumption that V4 < Vg. The need
for this assumption arises from the use of the standard It6 formula for the
square of the norm, which also provides existence of a continuous modification.
However, if A, B and C are deterministic then Pardoux [24] Part III, Chapter 2,
Theorem 3.1] proves the energy equality and sufficient regularity without
the need to assume V4 — Vp. It remains open whether this approach can be
extended to the situation of random and time-dependent operators.

3 Full discretization: existence, uniqueness and a priori estimates

In this section, we show that the full discretization has a unique solution,
adapted to the filtration given, and prove an a priori estimate. The a priori
estimate is essential for the proof of the main result of the paper as this allows
us to use compactness arguments to extract weakly convergent subsequences
from the sequence of approximate solutions.

Existence of solutions to the discrete problem will be proved by applying
the following lemma.

Lemma 3.1. Let h : R™ — R™ be continuous. If there is R > 0 such that
h(v) - v > 0 whenever |v||gm = R then there exists © satisfying ||||g» < R
and h(v) = 0.

Proof. The lemma is proved by contradiction from Brouwer’s fixed point the-
orem (see, e.g., [I2 Ch. 3, Lemma 2.1]). O
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To obtain the appropriate measurability of the solution to the discrete
problem we need the following lemma, which is a modification of Gyongy [13]
Lemma 3.8].

Lemma 3.2. Let (S,X) be a measure space. Let f : S x R™ — R™ be a
function that is X -measurable in its first argument for every @ € R™, that is
continuous in its second argument for every a € S and moreover such that for
every a € S the equation f(a,x) = 0 has a unique solution * = g(«). Then
g: S — R™ is X-measurable.

Proof. Let F be a closed set in R™. Then
g(F)i= {5 gte) € FY = {ae S i f(o o) 0

since F' is closed. But since f = f(«, ) is continuous in the second argument
for every a € S and Y-measurable in the first argument for every € R™, we
see that g7 1(F) € X. O

Let W' := (W])jen and AW := (AW™") en with

AWl forj=1,...,r,

Wi = 0  forj>r

{Wj forj=1,...,r,
J

0 forj>r and m@’:{

We are now ready to prove existence of solutions to the full discretization.

Theorem 3.3 (Existence and uniqueness for full discretization). Let m, N,r €
N be fixed and let Assumptions AC and B hold. Moreover, let A\t < 1. Then,
given Vip-valued and Fo-measurable random variables u®,v° and right-hand
side f € LI(V}), the fully discrete problem has a unique solution (v™*)N_,
in the sense that if (v)_, and (v3)N_, both satisfy then

n=1
P -l =0) =1
(o ot =31 =0)

Furthermore, for allm = 1,...,N, the V,,-valued random wvariables v™ are
Fi, -measurable.

Proof. We prove existence and uniqueness step by step. Assume that the
Vi-valued random variables v°, v, ..., v" ! already satisfy (for all su-
perscripts up to n — 1). Moreover, assume that vk s Fi,-measurable for
k=1,...,n—1. We will show that there is an V,,-valued and F; -measurable
v™ satisfying .

First recall that u* = u® + TZ?Zl v7. So (uF)}Z; is also known. Recall
that we are assuming that the dimension of V,, is m. Let (y;)7; be a basis
for V,,,. Then there is a one-to-one correspondence between any w € V,,, and
w = (wi,...,wy,)T € R™ given by w = 31" w;p;. We use this to define a
norm on R™ by |w||gm := ||Jw||v,-
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Let 2 € Fy be such that P(2') = 1 and such that, for all w € 2,
t— (A(w + tz,w),v) is continuous for any w, z € V4, the joint monotonicity-
like condition and the coercivity condition on A and C' are satisfied and B is
linear, symmetric and strongly positive. This is possible due to Assumptions
AC and B. For an arbitrary w € £’ and an arbitrary v € V,, and hence for
some v = (vq,...,v,)T € R™, define h : 2" x R™ — R™, component-wise, for
l=1,...,m, as

h(w, o)1 = 2 (0 — 0" W), 1) + (Aw,w), @) + (B @) + 70,w), 1)

@) — (c%u"1<w>,v“<w>,w>>w,w) .

The first step in showing that (1.4) has a solution is to show that for each
w € {2 there is some v such that h(w,v) = 0. To that end, we would like to
apply Lemma We see that

h(w,v) v = %(v - v"il(w),v) + (A(v,w),v) + (Bu""Y(w) + Tv,w),v)
AWT™ (W) v).

T

) - (c<u"—1<w>, " (w),w)

Now we wish to find large R(w) > 0, which also depends on m, such that if
|[v]lv, = R(w) then h(w,v)-v > 0. Note that since V4 — H, we get

(v = 0" (w),v) 2 [v]* = " (W)[[v]lva-
The coercivity in Assumption AC together with Assumption B imply
Lo n—1 1 2
h(w,v) v 2 —(jof]” = el (@)l[vllva) + pallvlly, + 51C0,v,w)[2
= Aalol? =& = | Bu""H(w),w)]

— [/ (w)]

UHVB + T<B(Ua W)7 U>
AW () ‘

T

Vi

villvllva = 10" (W), v" 7 (w), )iz ]

Note that V;, is finite dimensional and so there is ¢, > 0 such that ||¢|v, <
emllellv, for all ¢ € V;,,. Thus, noting also that 2A47 < At < 1, we find that

Ve

AW (w) D L

h(w,v) v = |v]lv, (xmllvlli’/};1 = cp" TN w)] = em | B (w), w)]

—[/*(w)]

Vi = el 00" ) )| S

Now choose R(w) large such that R(w) > & and also

paR(@)PH = el Hw)] = eI B (w), W)
AW (w)

T

vy — I (@)llv;

—c|C(u"_1(w),v"_l(w),w)hz(m‘ ’ > 1.
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Then, if ||v|ly, = R(w), we have h(w,v) -v > 0.

Note that w € 2’ and on this set we have linearity and boundedness of B
and demicontinuity of A (this follows from the monotonicity-like assumption
on A and the hemicontinuity assumption on A). Thus the function h(w,-) is
continuous and Lemma guarantees existence of v such that h(w,v) = 0.

Next we show that the zero of h(w, -) is unique. Assume that there are two
distinct v1 and vg such that h(w,v1) = 0 and h(w,v2) = 0. Then

0 =7 (h(w,v1) — h(w,v2),v1 — v2) = [v1 — v2]?
+ 7(A(v1,w) — A(vg,w),v1 — v2) + 72(B(v1,w) — B(va,w),v1 — v2).
We recall that (2.2) implies the monotonicity of A+l and that B is strongly
positive. This yields
0> vy — va)® = AaTlvr — va|* + pp7?|jvr — v2|\%/B7

which shows that v; and vy cannot be distinct since A 47 < 1/2. Hence the zero
to h(w,-) is unique. Let v"*(w) := v for w € 2" and v™*(w) = 0 for w € 2\ 2.
By Lemma we see that v™ is Fy, -measurable. O

Now we need to obtain the a priori estimate.

Theorem 3.4 (Discrete a priori estimates). Let m, N,r € N be fived and let
Assumptions AC and B hold. Moreover, for f € LY(V}) let (f.)N_; be given
by (@ and let u¥ and v° be V,,-valued and Fo-measurable and such that
u® € L*(2; H) and v° € L?(2; V). Then for alln =1,...,N

E[W S uﬂ“lFB]
j=1

< E[v0|2 B +2r > (f7 = Avd 7)) |CT (), vj)?zm)} :
j=1 j=1

(3.1)

Moreover, if AT < 1 then

n n
|1+ 10l +ar IR, + D~
j=1 j=1

(3.2)
< cXTA=A)7! <]E {|U0|2 4 23] + ||f||qu((o,T)xn;v;) +T> )
Proof. By taking ¢ = v™ in and using the relation
(0~ b,a) = 3 (al? ~ 2 + |o — B,
we get, for j=1,..., N,
i(\1}j|2 — T2 4 ol — vj71|2) + (Av? 4 Bu? | 07)

2T
i (3.3)
= (o) + (O ),
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We note that (Bu?,v?) = (u’,v’)p and so
n

n n
21y (w,0)p=2) (o) =g = u"F G+ )l — W
j=1 j=1

Jj=1

Thus, after multiplying by 27 and summing up from j = 1 to n in (3.3]), we
find

n n n
[v™|? + Z [ e Z lu/ —u! G + 2TZ<A’L)j,Uj>
j=1 j=1 j=1

(3.4)

= [ 4 [0 + 27 ) (7, 07) +2) (Cw? ™ v T AW o),
j=1 j=1

Using Cauchy—Schwarz’s and Young’s inequalities, we obtain that
(C(w 107 ) AW™ v7)
= (C(W v HAW™ 71 4 (C(u? 1 I ™) AW 0T — I~ 1)
< (Cu? =t I AW™I 71 4 %|C’(uj_17vj_l)AW"’j|2 + %|vj T
By the assumption on (F;) and W, AW™/ is independent of Fi;_, and hence
E(Cw v AW™ i~ = 0.
Furthermore, a straightforward calculation shows that

0 if j =1,

j—1 ,5—1 mj12 _ . )
E|C(uw™" 0?77 ) AW ™| _{T]E|CT('LLJ1,'UJ1)|122(H) ifj=2,...,N.

Using this and taking expectation in (3.4)) leads to

E[W Y uj-lf}
j=1

< E|:UO|2 + % + 27 Z(fj — Avl 07y + TZ |CT'(uj_17vj_1)|l22(H)
j=1 j=2
At this point, we only have to observe that

n

Z O (W~ 0T ) oy < Z 1C7 (7))
=1

=2

to obtain the first claim of the theorem.
Now we apply the coercivity condition in Assumption AC and (2.6) to get,
forany j=1,..., N,

—2(Av7 7)) < =2uallV |}, — |C(W!,07) Fe gy + AP+ Al | B + A
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Thus, again with Young’s inequality, we find

n n
E[W S =t par S W”@A}

j=1 j=1

n n
< E[@OP 1 e DN AT Y P+ uJPB)]

j=1 j=1

Then, since A7 < 1,

n n
E[| P+ S w4 par S |vj||@A}
j=1 j=1

1 n ) n—1 ) .
< 1 )\TIE[|UO|2 + [ul|% + CTZ ||f]||q; + AT Z(\v”z + W/ |B) + AT'|.
j=1 j=1

Since f € L£%(V4), we have

N T
i 119 q _ q
E[TZ;nfM <& [ IO = W oy
]:

Finally, we can apply a discrete Gronwall lemma to obtain the second claim
of the theorem and thus conclude the proof. O

4 Weak limits from compactness

In this section, we consider a sequence of approximate problems (2.11]) and
use compactness arguments and the a priori estimate of Theorem [3.4] to show
that weak limits of the piecewise-constant-in-time prolongations of the fully
discrete approximate solutions exist and that they satisfy an equation closely

resembling (|1.3)).

Recall that we have constructed v, ,vy and wu, ,u¢ in (2.9) and (2.10)) by
interpolating the solution of the fully discrete problem ([1.4). The following

corollary is a direct consequence of the a priori estimates of Theorem [3.4]
Corollary 4.1. Let the assumptions of Theorem[2-] be fulfilled. Then

T
sup Elv; ()]* <¢, sup Elu, (t)|[5 <c and E/ vy @IF,dt <c,
t€[0,T) t€[0,T) 0

T
sup I[-E|vg(t)|2 <e¢, sup E|u5(t)|23 <c and E/ ||vg(t)|\"’/Adt <ec.
t€[0,T] t€[0,T] 0

(4.1)
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Furthermore,

T T
B[ vl de e B[ lanl; o<

T
]E/ [ Bue(t)[3s dt <, (4.2)
0
T T
EA Oz (£)), v (Bl dt < EA|aw@»mm@mﬁSa
Finally,
T
E/ lug(t) — uy (t)|% dt < cry. (4.3)
0

Proof. In view of the assumptions, the right-hand side of is uniformly
bounded with respect to . This immediately implies . The assumptions
on the growth of A and B together with and the first part of the corollary
imply . Finally, (4.3) is a consequence of and the observation that

T Ny
]E/ ue(t) — uy (O3 dt = HE S [uF — [
0 k=1

O

We will need the following lemma to match the limits of the approximations
ve of v with their “delayed” and progressively measurable counterparts v, , see
also Gyongy and Millet [I5].

Lemma 4.2. Let X be a separable and reflexive Banach space and let p €
(1,00). Consider ((x?)N‘Z ) with € LP($2;X) for alln = 0,1,..., N,
eN

n=0
and ¢ € N. Consider the piecewise-constant-in-time processes xy and x, with
xe(tn) = x; (t,) = x} and

zo(t) =a" if t € (tno1,tn) and z, (t) =2""" if t € (tn-1,tn)

forn =1,...,Ny, £ € N. Assume that (z¢)een and (x, )een are bounded in
LP((0,T) x £2;X). Then there is a subsequence denoted by ¢ and z,x~ €
LP((0,T) x 2, X) such that xp — x and x, — x~ in LP((0,T) x £2;X) as
0 — oo withx =x~.

Proof. The existence of a subsequence and of z,z~ € LP((0,T) X 2; X) such
that 2o — z and z, — z~ in LP((0,T) x £2;X) as ¢’ — oo follows from
standard compactness arguments since LP((0, 7)) x £2; X ) is reflexive. It remains
to show that v =z~

To that end, we will employ the averaging operator S, : LI((0,T) x
2; X*) — LY(0,T) x £2;X*) (1/p+1/g = 1) defined by

1 [0 (o)
il ds if t€0,T — 7,
(Sey)(t) := 4 7 /9? " y(s)ds i [ -

0 otherwise.
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It can be shown for all y € LI((0,T) x £2; X*), using standard arguments, that
Sey — y in LI((0,T) x £2; X*) as £ — co.
Let y € LI((0,T) x £2; X*). A short calculation then reveals that

T T
/0 (Sey)(8), ze(t))dt = / (), 7 (1))t (4.4)

Te

and hence

T T
E / (w(t), x(t) — (1)) dt = E / (), x(t) — o () dt
T T
+E / (1), 23 (1) — 2o () dt + E / w(t), zo (1) — 2 (1)) dt.

The first and last integral on the right-hand side converge to 0 as £/ — co. We
observe that due to (4.4)

Te

T
E / wlt), x5 (t) — oo (1)) dt = E / (y(t), 27 (1)) dt

+E / (Se)() — y(t), 2o (1)) dt.

The first integral on the right-hand side converges to 0 since 7, — 0 and since
(z)een is bounded in LP((0,7) x £2; X). The second integral on the right-
hand side converges to 0 since Spry — y in LI((0,T) x £2; X*) as £ — oo and
since (z¢)een is bounded in LP((0,T) x §2; X ). This finally shows that z = z~
in LP((0,7T) x §2; X). O

Lemma 4.3. Let the assumptions of Theorem [2.]] be fulfilled. Then there is a
subsequence denoted by ¢’ such that:

(i) Thereisv € LP(V4) such that v, — v and vy — v in LP((0,T) x £2;Va4).

There is & € L*(£2; H) such that v, (T) = ve(T) — & in L*(2;H) as
0 — oco.

(ii) There isu € L*(Vp) such that u;, — u and upy — w in L*((0,T)x £2; V)
as ¢! — oo. Furthermore, u—ug = Kv in LP(Vy) and the paths of u— ug
are absolutely continuous. Finally, uy (T) = ue (T) — w(T) in L*(£2; V)
and u(0) = up.

(i1i) There is a € LI(VF) such that Ave — a in L1((0,T) x £2; V). There
is ¢ € L2(I*(H)) such that C™ (ug, v, ), C(ue,ve) and C™ (up,ve) all
converge weakly to ¢ in L?((0,T) x 2;1>(H)) as ¢! — oco.

Proof. We begin by observing that LP((0,T) x £2;Va), £L(Va) and L?(£2; H)
are reflexive. Then, due to Corollary and due to e.g. Brézis [3| Theorem
3.18], there are v € LP((0,T) x £2;V4) v~ € L(V4) and £ € L*(2; H) and a
subsequence denoted by ¢’ such that v, — v~ and vy — vin LP((0,7)x£2; Va)
as well as vy (T) — & in L?(2; H) as ' — oo. To complete the proof of the
first statement, we simply need to apply Lemma to see that v = v™.
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Using the same argument as in the first part of the proof, we obtain u,, — u
and up — win L2((0,T) x £2; Vi) with u € £2(Vg) as well as uy (T) — n with
n € L%(£2,Vp) as £’ — oo. By the way, (4.3 implies that

HUg — UZHLZ((O,T)XQ;VB) —0as ¥l — o0,

which also shows that the weak limits of u and u, coincide.
Now we would like to show that u—ug = Kwv. A straightforward calculation
shows that

67 (1)
ug —u) = Kvg + e, where e;(t) := / ve(s)ds.
t

Another straightforward calculation also shows that Kvy — Kv in LP((0,T) x
£2;V4) since vp — v in LP((0,T) X £2;V4) as ¢/ — oo. Due to Theorem [3.4
dt

we have
T 6/ ()
leellZ, o =E / / ve(s)ds
LP((0,T)x 2;Va) 0 ] v

Ny tj .
:]EZ/ (t; — )P || |3, dt
j=17ti-1

Ny
< Tf]ETgZ [07[},, < erf — 0 as £ — oo.
j=1

P

It follows that
Upr — ugl = Kvpy +ep — Kv

in LP((0,T) x §2;V4) as £’ — oo, which shows that v — ug = Kv in view of
up — win L2((0,T) x £2;Vg) as £/ — oo and u — ug in L?(2; V) as £ — oo.
Hence almost all paths of u — ug are absolutely continuous as functions
mapping [0,7] into V4. Moreover, u(0) = ug since (Kv)(0) = 0.
To complete the proof of the second statement of the lemma, we have
to show that n = w«(T). Again, a straightforward calculation shows that
(Kve )(T) — (Kv)(T) in LP(£2;V4) as £ — oo since for all g € L1(£2; V)

E (g, (Kup)(T) — (Ko)(T)) = E / (g, 00/ () — v(t))dt

and since vy — v in LP((0,T) x 2;V4) as £’ — oo. Therefore, we find that
n—up = (Kv)(T) = u(T) — ug.

The second part of Corollary (see (£.2)) implies (iii) with the same
arguments as before. In particular, the weak limits of Av,, and of C"* (u,, v, )
are progressively measurable and thus a € £9(V}) as well as ¢ € L2(I?(H)).
Indeed, implies that

o0

T
3 E/ 1, (ugr, v )2t — 0
0

j:Tl’
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as ¢/ — oo. This in turn implies that

|C™ (wgr, ver) — Clugr,ver )| 20,7y x 252 (7)) — O-
Using this observation allows us to show that the weak limits of C"¢ (ug, ve)
and C(ug, ve) coincide in L2((0, T) x £2;12(H)). Moreover, due to Lemma[4.2]

the weak limits of C"¢' (ug,ver) and C" (u,,, v, ) also coincide. O

At this point, we are ready to take the limit in (2.11)) along ¢ — co.

Lemma 4.4. Let the assumptions of Theorem be fulfilled. Then for (dt x
dP)-almost all (t,w) € (0,T) x 2

’U(t)+/0ta,(5)d3+/0t Bu(s)ds = 110—|—/0t f(s)ds—!—/ot c(s)dW (s) in V), (4.5)

and there is an H-valued continuous modification of v (which we denote by v
again) such that for all t € [0,T]

t
[o(®)* + [u(t)[3 = [vol® + |uolB +/0 [2(f(s) — als), v(s)) + [e(s)[?]ds
. (4.6)
+2/ (v(s),c(s)dW (s)).
0
Finally, £ = v(T) and thus vy (T) — v(T) in L?>(2; H) as ¢’ — oo.
Proof. In what follows, we only write £ instead of ¢'. Let us fix m < my, and

take ¢ = ¥(t)@ in (2.11) with ¢ € V,,, and ¢ € LP((0,T) x £2;R). Integrating
from 0 to T and taking the expectation then leads to

[ ' [(mt), o)+ ( [ " o) + Buls)ds, ¢<t>>} dt

=] ' atovtn + (| " poyis, o)

[4

We subsequently see that
T
E [ [w(tx (1)) + (K Ave)(t), (1)) + (K Bug)(1), @(t)>] i
T
=3 [w?,so(t))+<<ng><t>,so<t>> (4.7)

+(f t €74 (ug ()07 (NaW (o),0(0) ) |ar + R+ 2 + R
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where

R [ ' (/ " u(s) — Avels) — Bun(s)is, ) ),
E [ ' ( | et . @naws), so<t>>dt,

e [ ' (/ " o (5107 ()W), ) ).

R

>N

R

~SW

We will now show that R}, R?, R} — 0 as { — oo.
Because of

Ny ty tj ) ) .
R} = EZ/t </t (f — Av? — Bu])ds,go(t)>dt
FT
~E / (67 (1) — ) (fot) — Av(t) — Bua(t), o(0)) dt,

we obtain, using Holder’s inequality and Corollary

T
IR}| < mE / (felt) — Ave(t) — Bug(t), o(t))] dt

< me((lfellaqo,myx vy + 1Avel Lagoryx v ) 1€l Lo (0,1 x 25v4)

+ | Bu|| 20,1y x v 12| L2 (0,1 x 2:v)) = O

as { — oo. Using Holder’s inequality and It6’s isometry (see, e.g., Prévot and
Rockner [26] Section 2.3]), we find with u, (t) = vl and v, (t) = 0 if t € [0, 7)

that
T Te
RI<E [ | [ Cwr o) ()aws)
0 0
T
<(E /
0
T T@ 1/2
=<E / / |c<u2,o>|%2(mdsdt> loll 22 (o

1/2
= (TeT)1/2 (E|C(ug70)\522(11)) ||<P\|L2((0,T)xQ;H) -0

l(t)|dt

/0” C(ug, 0)dW ™ (s)

2 /
dt) el L2 (0,7 x ;1)
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as ¢ — oo. Similarly, using also Corollary we see that

|R| < <E /
1/2
det> el 0,1y x ;1)
(H)

T 0f(t)
(E/O /te C 12(H
- (IE /O T(eg(t) - t)’C(u;(t),vZ (t)

T 2
<71/2 E/
0

as £ — oo.

We would now like to let £ — oo in . A simple calculation shows that
KAvy — Ka in LI((0,T) x 2;V}) as £ — oo since Av; — a in L((0,T) x
2;V3) as £ — oo. Analogously, we observe that K Buy — K Bu in L?((0,T) x
2;VE) as £ — oo since up — u in L2((0,T) x £2;Vp) and thus Bu, — Bu
in L2((0,T) x 2;V3) as £ — oo (note that B is linear bounded and thus
weakly-weakly continuous).

The stochastic integral is a linear bounded operator mapping £2(I?(H))
into £2(H). Indeed, by Itd’s isometry (see again Prévot and Rockner [26]
Section 2.3]), we have for any g € L2(12(H))

\ | s@aws)

Hence the stochastic integral maps weakly convergent sequences in £2(I12(H))
into weakly convergent sequences in £?(H). With Lemma we thus obtain

E [ T( [ et o7 onaws o))t 5 | T( [ e, o))

as £ — o0.

So, taking the limit in as ¢ — oo and using also vy — v in L2((0,T) x
2;H), v) = vo in L2(2; H) and f; — f in LI((0,T) x 2;V}) as £ — oo (the
latter can be shown by standard arguments), we arrive at

E/OT[(Tv(t)’w(t))+</t a(s)ds, ot > </ Bu(s)ds, o Nd
- /0 [”0’ </f s, (t > (/ c(s)dW (s), <))]dt,

0 (®)

2 /2
Cuy (8),v, (8)dW™(s) dt) llell 22 0,7y x 2: 1)

2
(ug (s), vy (s))

2

1/2
dt) el 22 0,7y x 2: 1)
12 ()

Cug (t),v (1))

1/2
dt) el L2 0,7y x ;i) — 0
12(H)

2 T t
:E/ / 19(5) 2z dsdlt
L2((0,T) x 2;H) o Jo

< T||9||%2((0,T)xn;z2(H))~
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which holds for all ¢ = @ with ¢ € LP((0,T) x {;R) and ¢ € V,,. As
(Vin)men is a Galerkin scheme for V4, the above equation indeed holds for
¢ =@ with any ¢ € V4 — Vp. This proves .

Now we need to use V4 — Vp. With this assumption, we can apply the
It6 formula for the square of the norm (see, e.g., Krylov and Rozovskii [19]
Theorem 3.1 and Section 2] or Prévét and Rockner [26, Theorem 4.2.5]). Thus
we conclude that v has an H-valued continuous modification (which we label
v again) such that holds for all ¢ € [0,T] and

lo()[* = |vol* = /0 [2(f(s) — a(s) = Bu(s),v(s)) + |c(s)|*]ds
2 /O (v(s), c(s)dW (s)).

With

/ (Bu(s), v(s))ds = / (Blup + (Kv)(5)), v(s))ds
0

= (Buyg, (Kv)( // (Bu(o ))dods
= (Buyg, (Kv)( // (Bv(o ))dsdo

= (Buo, (K0)(0) + (B0, (Ko)(0) - / (Bo(o), (Kv)(o)do
= (B(ult) + uo),(u(t) — w) ~ | (Bu(s),v(s))ds
0

and thus
t
2 [ (Bu(s).o(s))ds = (o)} = fuolp, (48)
we arrive at (4.6)).

Recall that £ is the weak limit of v,(T") in L?(£2; H). Using a similar limiting
argument as above, we obtain that

f-i—/OTa(s)ds—i—/OTBu(s)ds:vo—i—/OTf(s)ds—&-/oTc(s)dW(s)

with the equality holding almost surely in H. This, together with the know-
ledge that v has an H-valued continuous modification and with (4.5)), implies
that & = v(T). O
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5 Identifying the limits in the nonlinear terms. Proof of
convergence and existence

In this section, we continue the considerations of the previous section and we
will use a variant of a well known monotonicity argument to identify a with

Av and ¢ with C(u,v). This will conclude the proof of the main theorem of
the paper. We will need the following observation.

Lemma 5.1. Let a and b be real-valued integrable functions such that for all
te0,7T)

t
a(t) < a(0) +/ b(s)ds. (5.1)
0
Then for all k > 0 and for all t € [0,T]
¢ t
e "ta(t) + H/ e "a(s)ds < a(0) +/ e~ "b(s)ds. (5.2)
0 0
Moreover, if equality holds in (5.1)) then equality also holds in (5.2)).
Proof. Using the assumption and integrating by parts, we find

¢ ¢
e "al(t) Jr/ ke "a(s)ds < e "a(0) + efm/ b(s)ds
0 0

t s t
+/ ke " [a(O) +/ b(u)du] ds = a(0) —|—/ e~ "b(s)ds.
0 0 0
This proves the assertion. O
Proof of Theorem[2.]} Let

(0o [ B0eOF + ue®)lf) if e ©.7)
A E(lvg|* + |uf|B) if t=0.

Then from Theorem in particular (3.1]), we find for all t € [0, 7]
¢

pu(t) < W(OHE/ [2(fe(s)— Ave(s), ve(s)) +IC™ (ue(s), ve(s)) |72 1) ds+Re(t),

0
where

o (t) _ )
R@(t) = E/ [2<fg(8) - AU@(S),U@(8)> + ‘C"Z(UZ(S)’Ue(S))llz(H)]ds-
¢

Note that R¢(0) = Ry(T) = 0. From Lemma [5.1] we see that

D) < 0ul0) =2 [ e Mpuls)ds
0 (5.3)

T
+ E/Oe*“ [2(fe(s) — Ave(s),ve(s)) + [C™ (ue(s), ve(s)) |72z | ds + R,
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where R; := A fOT e~ | Ry(s)|ds. We will show that Ry — 0 as £ — oo. Indeed,

~ T 0] (t)
R, < )\E/O /t 12(fe(s) — Ave(s),ve(s)) + |C(u£(8),ve(s))|l22(H)|dsdt
T

< CTZE/O 2 (lfe@) vy + [ Ave(®)lv;) lve@) v + |C (ue(t), ve(t))]iE oy ) dt

< CTy,

since the integrand is piecewise constant in time and since we can apply
Young’s inequality and Corollary

Now we are ready to apply the monotonicity-like assumption . Let
w € LP(V4) and let z € L2(Vg). We see that

T T
E/O e (Avg(s), ve(s))ds = E/O e (Avg(s) — Aw(s), ve(s) — w(s))ds

+E [ e M[(Aw(s), vi(s) — w(s)) + (Ave(s), w(s))]ds

T
> %E / e [|C(ue(s), vels)) = Clz(s), w(s)) By
Aoe(s) — w(s)[2 = Nue(s) — 2(s)|% ] ds
T
\E / e [(Aw(s), ve(s) — w(s)) + (Ave(s), w(s))]ds.
Then from , we can deduce that
e TE(|og(T) + ue(T)[3)
<E(J00? + ul3) — A / B (Jue(3)]? + () 3 ) ds
T
+E / e [2(fols) — Avg(s), ve(s)) + [C(ue(s), ve(s)) 2 ds + Re
<E(uf? + [u8l3) + 2B | e fuls),vls))ds
0
T
B [ e 2(Cun(s) (), O, (o)) o

—1C(z(s), w(s))li2 () — 2Mwe(s), w(s)) + Aw(s)|*

—2X\(ue(s), 2(s)) B + Al2(s) 5] ds
T
—E ; 2 [(Aw(s),ve(s) — w(s)) + (Ave(s),w(s))]ds + Ry.
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We can now take the limit inferior along the subsequence #'. Due to Lemma [4.3]
and due to the weak sequential lower-semicontinuity of the norm, we see that

ePTE(Jo(T) + u(T) ) < liminf e T E(Jup ()2 + up (T)[3)

T

< E(jool? + [uol3) + 2E / (1 (5), v(s))ds

+E / e [2(e(s), C(2(s).w(s))) o gy — (), w() Py (5-5)
— 27 (v(s), w(s)) + Alw(s)[> — 2A(u(s), =(s)) 5 + Ml=(s) 3] ds

~E / 2e7[(Aw(s), v(s) — w(s)) + (als), w(s))]ds.
0

We now need the limit equation obtained in Lemma 4] to proceed. Taking
expectation in (4.6) and using Lemma we get

e TE (o)D) = E(Juol? + uol3)
r —As 2 2
,)\IE/O e M |o(s)]? + |u(s)|B]ds (5.6)
T
+1E/0 e [2(F(5) — als), v(s)) + e(5)[ (] .
Subtracting from leads to
0 < timin e TE (jop () + fue (D)) — e TE(o(D) + [u(T)[3)
T
<E / e[ = [e(s) — C(2(5),w(s))
+ Alo(s) — w(s)|* + Au(s) — z(s)|B + 2{a(s),v(s) — w(s))]ds
T

—ZIE/O e (Aw(s), v(s) — w(s))ds.

(5.7)

This implies

Te_/\s w(s),v(s) —w(s))ds
2E/0 (Aw(s), v(s) — w(s))d
T
<E / e[ = Ja(s) — Ca(s), () B
+ AJu(s) — ()2 + Aus) — 2()[% + 2a(s), v(s) — w(s))]ds

T
< IE/O e [/\|v(s) —w(s)|* + Mu(s) — z(s)|% + 2(a(s),v(s) — w(s))]ds
(5.8)
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Now we are ready to identify the limits. First we take w = v and z = u. The
first inequality in (5.8) leads to

T
0< _E/o e %|é(s) — C(u(s),v(s))|122(H)ds

which can only be true if ¢ = C(u,v). Next we take an arbitrary w € LP(V),
set Z = ug + Kw and let € € (0,1). Then with w = v — ew and 2z = u — €Z, the
second inequality in (5.8) leads to

T
e M (A(v(s) — ew(s)), ew(s))ds
2 [ e (Aw() - en(s)).ein(s)d
SEA e IS ([(s)[? + |2(s)[%) + 2(a(s), ew(s))] ds.

We divide by € > 0. Due to the hemicontinuity and growth assumptions on A
and since € < 1, we can apply Lebesgue’s theorem on dominated convergence
and let ¢ — 0. Hence, we arrive at

T T
—As — —)\s _
]E/O e~ (Av(s), w(s))ds < ]E/O e {a(s),w(s))ds,

which can only hold true for all w € £P(V) if a = Av. Finally, we note that the
uniqueness of the solution to equation implies that the whole sequence
converges to the limit and not only the subsequence.

We will now show that v,(T) — v(T) in L*(£2; H) and ue(T) — u(T) in
L?(£2;Vp) as £ — oo. We first take the limit superior in with w = v and
z = u to obtain

limsup e T E (|ve(T)|* + |ue(T)|%)
£—00
T

< B(Joof + wf3) +E [ e [2((5) = a(e).o(s)
£ 2(e(5), Culs).0() ) — 1Cu(5). 05

= 2X\(v(s), v(s)) + Av(s)[* = 2A(u(s), u(s)) 5 + Alu(s)[5 | ds.
Since a = Av and ¢ = C(u,v) and due to (5.6), we get
lim sup e E(Jun (T)? + ue(T)3)

{— 00
T

< B(loof + uoff) + B [ e [24£(5) = Aofs) ()

+1C(uls), v()) ) — Alv(s)]* — /\|U(5)|2B} ds
= e ME(Jo(T) + [u(D)]3).

(5.9)
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Finally, due to weak sequential lower-semicontinuity of the norm and with ([5.9)),
we see that

eTE(Jo(T) + [u(T)[E) < limint e TE(jon(T)? + ue(T)3)
—00
< limsup e M E(|ve(T)| + |ue(T)[3)
{— 00
< e ME(Jo(T)]? + [u(T)[3)-

Hence E(Jve(T)* + [ue(T)|%) — E([o(T)* + [u(T)|%) as £ — oo. The space
L?(2;(H,Vg)) with the natural inner product is a Hilbert space. This is be-
cause the space Vg, under the conditions imposed on B, is a Hilbert space.

We can now use this together with the weak convergence v¢(T)) — v(T) in
L2(02; H) and ug(T) — u(T) in L?(£2; V) to complete the proof.

Remark 5.2. It is possible to show that if A and C jointly satisfy some
appropriate stronger monotonicity assumption then v, — v in LP((0,T) X
£2;Vy) as £ — oco. For example, if there is p > 0 such that, almost surely, for
any w,z € V4 and u,v € Vg

(Aw — Az, w — 2) + Aa|w — 2z|?
, 1 ) ) (5.10)
2 pllw = 2y, + 510w, w) = C(v, 2)lia(r) — Aplu — vl

then vy — v in LP((0,T) x £2;V4) as £ — oo.
Indeed with (5.10)), we obtain, instead of (5.4)), the following (we have taken

w=v and z = u):
T
KE [ e us) = o) ds -+ e TE(u(DP + fue(T)f)
0

T
<E([o)]* + [uf|%) +E/O e [2(fe(s), ve(s))ds

T
+E/O e M [2(C7 (ug(s), ve(s)), C™ (U(S)av(s)))ﬂ(m
—|C7 (u(s), v($)) 172 ary — 2M(ve(s), v(s)) + Alv(s)]* = 2A(we(s), u(s)) s
T
+ Au(s)|3]ds — ]E/O 2 [(Av(s), ve(s) — v(s)) + (Ave(s), v(s))]ds + Ry.

Taking the limit as ¢ — oo and using Lemma [£.3] together with the fact,
established earlier, that a« = Av and ¢ = C(u,v), we obtain

T
plim B[ os) = (o) ds+ e TEQUT) + u(Df)
T
< E((unf? + fuof3) = A [ e [lo(s) P + u(s) ]ds
0

T
+E/O e [2(f(s) = Av(s), v(s)) + |Culs), v(s)) o) ds.
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If we subtract ((5.6) then we obtain

T
plim B [ e os) = o(a) I ds < 0

From this, we conclude that vy — v in LP((0,T") x £2; V4) and thus also uy — u
in L2((0,T) x 2;Vg) as £ — oco.

6 Proof of uniqueness

In this short section, we will prove that the solution to (|1.3) is unique in the
sense specified in Theorem [2.3]

Proof of Theorem[2.3 Let v := vy — vy and u := u; — us. Then P-almost
everywhere and for all ¢ € [0, 7]

v(t) = — /0 [Avi(s) — Ava(s) + Bu(s)|ds

+/ [Cui(s), v1(s)) = Clua(s), va(s))] dW (s)
0

holds in V. With the assumption V4 — Vg, we may apply It6’s formula for
the square of the norm (see, e.g., Prévot and Rockner [26] Theorem 4.2.5])
and obtain

lv(t)]? = — 2/ (Av1(s) — Ava(s) + Bu(s),v(s))ds
0
+2 / (0(5), C(ur (), 01(5)) — Clun(s), v2(5))dVV ()
+ / 1C (s (5), 11(5)) — Clun(5), v2(5)) ogar -
0

Since u(0) = 0, we obtain with (4.8])

t

(Avi(s) — Ava(s),v(s))ds

t

(v(5), [C(ur(s), v1(s)) = C(uz(s), va(s))|dW (s))

@) + Ju(®)]f = —2

2

S— >

+
0
+ / 1C (), 02(8)) — Cluun(s), v3(5)) Pogar s,
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Now we apply It6’s formula for real-valued processes (similar to Lemma [5.1)
to obtain

e M (lo(®) P+ u()B) = —A/ e ([o(s)* + lu(s)|B)ds
0

— te_>‘5 v1(s) — Avg(s),v(s))ds
2/0 (s (5) — Ava(s), v(s))d

+ / e |C s (5), v1(s)) — Clua(s), v2(5))Paaryds + mit),

where

m(t) = 2/0 e N (U(s), [C(u1(s),v1(s)) — C(Uz(S),’Ug(S))]dW(S)).
This together with yields
0 < e (ju(t) 2 + [u(t) ) < m().

Hence the process m(t) is non-negative for all ¢ € [0, T]. We also can see that it
is a continuous local martingale starting from 0. Thus, almost surely, m(t) = 0
for all ¢ € [0,7]. But this in turn means that, almost surely, vy (t) — v2(¢)]? =
[o(t)]> = 0 as well as |u1(t) — ua(t)|3 = |u(t)|3 = 0 for all ¢t € [0,7]. Thus
solutions to must be indistinguishable. O
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