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Abstract

The first problem we address concerns Hamilton cycles. Suppose G is a large digraph in
which every vertex has in- and outdegree at least |G|/2. We show that G contains every
orientation of a Hamilton cycle except, possibly, the antidirected one. The antidirected
case was settled by DeBiasio and Molla. Our result is best possible and improves on an
approximate result by Haggkvist and Thomason.

We then investigate the random greedy F-free process which was initially studied
by Erdés, Suen and Winkler and by Spencer. This process greedily adds edges without
creating a copy of F', terminating in a maximal F'-free graph. We provide an upper bound
on the number of hyperedges at the end of this process for a large class of hypergraphs.

The remainder of this thesis focuses on F-decompositions, i.e., whether the edge set
of a graph can be partitioned into copies of F'. We obtain the best known bounds on the
minimum degree which ensures a K,-decomposition of an r-partite graph, with applica-
tions to Latin squares. Lastly, we find exact bounds on the minimum degree for a large
graph to have a Cy-decomposition where k # 3. In both cases, we assume necessary

divisibility conditions are satisfied.
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CHAPTER 1

INTRODUCTION

1.1 Extremal graph theory

What conditions guarantee that a graph contains a triangle? When we can be sure that a
graph contains a perfect matching? These questions are typical of those asked in extremal
graph theory. Indeed, Mantel [59] showed that having more than |G|?/4 edges suffices
for a graph G to contain a triangle. In a similar spirit, Tutte [79] described all graphs
which have a perfect matching. Extremal results demonstrate how global parameters such
as the total number of edges or the chromatic number of a graph can have considerable
influence on its local structure. Take Turdn’s theorem [78], for example, which determines
the maximum number of edges in any graph which contains no clique of size r.

Often, the subgraph of interest will be a Hamilton cycle, that is, a cycle which visits
every vertex of the graph exactly once. The problem of finding a Hamilton cycle is
exactly that faced in the famous Travelling Salesman Problem which has long fascinated
mathematicians. Imagine a salesman has been given a list of cities. He must visit each
city exactly once before returning to his starting point. Clearly he wants to minimise
the time spent travelling, so the question we are asked is: can we find a Hamilton cycle
of minimum length? Problems of this type are faced daily by those working in logistics,
transport and telecommunications.

Karp [45] showed that the problem of finding a Hamilton cycle in a graph is NP-



complete and so it is unlikely that we can find a complete classification of those graphs
that are Hamiltonian. Instead, we seek sufficient conditions that will ensure a graph
contains a Hamilton cycle. These conditions often involve the minimum degree or the
degree sequence of the graph.

A classical result is Dirac’s theorem [26] which states that if G is a graph on n > 3
vertices with minimum degree 6(G) > n/2, then G contains a Hamilton cycle. This result
is best possible in that there are graphs with minimum degree [n/2] — 1 which do not
contain a Hamilton cycle. Indeed, if n is even, consider the graph consisting of two disjoint
cliques each on n/2 vertices and if n is odd consider the complete bipartite graph with
vertex classes of size (n —1)/2 and (n + 1)/2.

It is also natural to consider conditions on the degree sequence of a graph. We define
the degree sequence of G to be the sequence dy,ds, ..., d,, which lists the degrees of the
vertices in GG such that d; < dy, < ... < d,. In 1962, Pésa showed that if d; > i + 1 for
all i < (n—1)/2 and, if n is odd, df,/21 > [n/2], then G contains a Hamilton cycle. This
result is much stronger than Dirac’s theorem since we allow the graph to contain vertices
with degree much smaller than n/2. Chvétal [22] generalised Pésa’s theorem further still
by describing those degree sequences which ensure that a graph is Hamiltonian. His result
states that if G is a graph on n at least three vertices and d; > i+ 1 or d,_; > n — 1 for
all i < n/2, then G has a Hamilton cycle. What is more, if we fix n and 1 <r < n/2, we
can find a graph G with degree sequence d, ..., d, which satisfies this condition, apart
from at ¢ = r in which case d, = r and d,,_, = n — r — 1, such that G does not contain a
Hamilton cycle. This shows that Chvatal’s theorem is best possible.

Hamiltonicity has also been intensively studied in the digraph setting. Many results
involve the minimum semidegree §°(G) of a digraph G, the minimum of all the in- and
outdegrees of the vertices in G. For instance, Ghouila-Houri [37] proved an analogue of
Dirac’s theorem for digraphs which guarantees that any digraph of minimum semidegree
§°(G) > n/2 contains a consistently oriented Hamilton cycle. (By consistently oriented we

mean that all edges of the cycle are oriented in the same direction.) To see that Ghouila-



Houri’s result is best possible, take the extremal graphs for Dirac’s theorem and orient
the edges in both directions. Whether an analogue of Chvatal’s theorem, conjectured by
Nash-Williams [63] in 1975, holds for digraphs remains an open problem.

An oriented graph is a special type of digraph which can be obtained by orienting
the edges of a graph. So, whilst in a digraph we allow two edges of opposite orientations
between a pair of vertices, in an oriented graph at most one edge is allowed between any
pair of vertices. Keevash, Kithn and Osthus [47] proved a version of Dirac’s theorem
for oriented graphs. Here the minimum semidegree threshold turns out to be §°(G) >
(3n —4)/8.

A notion that has proved very useful in the search for Hamilton cycles is that of robust
expansion, first introduced by Kiihn, Osthus and Treglown in [57]. Roughly speaking, a
digraph is a robust outexpander if every set of vertices of reasonable size has an out-
neighbourhood at least a little larger than itself and this property should hold, even if we
delete a small proportion of edges from the graph. Kiihn, Osthus and Treglown showed
that if a sufficiently large digraph is a robust expander then a linear minimum semidegree
condition §°(G) > nn guarantees a consistently oriented Hamilton cycle. Their proof uses
Szemerédi’s regularity lemma [73]. This powerful tool allows us to approximate any large
graph by a random one and is particularly useful in embedding problems.

So far, we have always assumed that in a digraph, the edges of a Hamilton cycle should
be oriented consistently around the cycle. But it is natural to seek minimum semidegree
conditions which guarantee a Hamilton cycle whose edges have any prescribed orientation.
Perhaps we desire a Hamilton cycle whose edges are oriented alternately forwards and
backwards around the cycle (we call such a cycle antidirected). In Chapter 2, we provide
an exact bound on the minimum semidegree for a (sufficiently large) digraph to contain

any given orientation of a Hamilton cycle.



1.2 Probabilistic graph theory

We are surrounded by a vast collection of networks: social networks, transport infras-
tructures and the internet to name but a few. Random graphs have attracted significant
attention because of their potential to model these large networks. There is also a keen
interest in generating random graphs for the purpose of algorithm testing. Running an
algorithm on a random graph allows us to analyse how well the algorithm performs on
average.

Another motivation for the study of random graphs is the following. Sometimes it can
be difficult to find a graph satisfying a certain property P and this is when probabilistic
methods come into their own. Instead of trying to design the required graph, we construct
one at random. If we are able to show that this random graph satisfies P with positive
probability, we have proved the existence of a graph with property P without ever finding
it explicitly. A surprising result obtained using probabilistic techniques, due to Erdés [31],
proves the existence of graphs with large girth (i.e. graphs containing no short cycles)
and large chromatic number.

Ramsey theory, the search for structure in large graphs, provided Erdds with the initial
motivation for developing probabilistic techniques. Ramsey’s theorem [69] tells us that,
given any sufficiently large graph, we are guaranteed to find a large complete graph or
a large independent set. The Ramsey number R(s,t) is the smallest positive integer n
such that any graph on n vertices contains a clique of size s or an independent set of size
t. Ramsey numbers are notoriously difficult to calculate and, as a result, very few are
known. In 1947, Erdds [30] considered a random two-colouring to give a lower bound on
the diagonal Ramsey number R(k, k).

The binomial random graph G, , is the probability space consisting of all graphs G
with n vertices and an edge between each pair of vertices independently with probability
p. For example, we could construct the random graph G, ;2 by tossing a coin for each
pair of vertices in turn and drawing an edge if the coin shows heads. Random graphs

have been studied extensively and questions asked include:
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(i) for what values of p do we expect Gy, ,, to be connected and

(ii) how large does p have to be before G, , will almost certainly contain a Hamilton

cycle?

The first of these was answered by Erdés and Rényi [32]. Bollobds [15] and Ajtai, Komlds
and Szemerédi [1] solved the second. The G,,, model continues to captivate mathemati-
cians and forms the basis of a huge body of research.

Random graph processes are used to gain an insight into how the random graph
develops over time. We start by assigning a birthtime which is uniformly distributed
in [0, 1] to each edge of the complete graph on n vertices. Initially the graph is empty
and we gradually increase p, adding in new edges as they are born. At time p in this
process, the graph is G,, ,. This process is well understood but the analysis becomes more
complicated if we add extra rules. For example, we can produce a graph with bounded
maximum degree by adding the condition that an edge can only be added if it does
not create a vertex of degree greater than d. This process was studied by Rucinski and
Wormald [70].

We are particularly interested in how local constraints can influence the global evo-
lution of a random process. Studying these processes allows us to obtain probabilistic
analogues of classical extremal problems. Recall Mantel’s theorem which says that any
graph which does not contain a triangle has at most |G|?/4 edges. The complete bipartite
graph K, /3,,/2 attains this bound. We can also study a random graph process which cre-
ates maximal triangle-free graphs. At each step of the triangle-free process, we only add
in the new edge if it does not create a triangle. By counting the average number of edges
at the end of this process, we obtain a lower bound on the number of edges permitted in a
triangle-free graph. This greedy process falls significantly short of n?/4 edges, so studying
random processes can be thought of as analysing an average case.

The triangle-free process was suggested as a means to study the off-diagonal Ramsey
number R(3,k) and was first investigated by Erdés, Suen and Winkler [33] and Spencer
[72]. Bohman and Keevash [13] and Fiz Pontiveros, Griffiths and Morris [35] studied

b}



this process using the differential equation method introduced by Wormald [84]. Inde-
pendently, they obtained a lower bound of R(3,k) > (1/4 — o(1))k?/logk, improving
on previous results in [50] and [11]. The power of random techniques is highlighted by
the fact that the best explicit construction (i.e. the largest known concrete example of
a graph with no triangles and no independent set of size k) gives a lower bound of only
QK3 %), see [2]. The natural variant of the triangle-free process, the F-free process where
F is any fixed graph, is discussed further in Chapter 3.

It is logical to start asking similar questions of hypergraphs. A k-uniform hypergraph
is made up of hyperedges, each of which contains exactly k vertices (so a 2-uniform
hypergraph is a graph). We can define a random k-uniform hypergraph H, , in exactly
the same way as (5, , and we can now consider random hypergraph processes. However,
much less is known about these processes for hypergraphs than graphs. We investigate

the F-free hypergraph process in Chapter 3.

1.3 Graph decompositions

Given graphs F' and G, is it possible to cover the edges of G completely using edge-disjoint
copies of F'?7 If the answer to this question is yes, we say that G has an F'-decomposition.
One of the first results of this kind was proved by Kirkman [51] in 1847. He showed that
the complete graph on n vertices can be decomposed into triangles if and only if n =1, 3
mod 6. In order for a graph G to have a triangle decomposition, it is clearly necessary
that the number of edges in G must be divisible by three and that every vertex in G
must have even degree (these conditions are guaranteed for K, precisely when n = 1,3
mod 6). We say that a graph which satisfies these edge and degree divisibility conditions
is K3-divisible. But these conditions alone are not sufficient; there are graphs which are
K3-divisible but which do not have a Kj-decomposition, take GG to be a cycle of length
six for example.

In 1850, Kirkman [52] set the following puzzle in the Lady’s and Gentleman’s Diary:



Fifteen schoolgirls must go for a walk three abreast each day for seven days.

Find an arrangement so that no pair of girls must walk in the same row as

each other more than once.
With a little thought, we can translate this problem into a graph setting. FEach girl
becomes a vertex and we add all edges between. Any row of three girls defines a triangle
so, on any day, the arrangement defines five disjoint triangles in this graph. An answer
to the puzzle gives a triangle decomposition of the graph since each edge (or pair of girls)
appears in a triangle (or row) exactly once. In fact, what we have just seen is an example
of a Steiner triple system. A Steiner triple system is a family of triples S C {1,...,n}
such that every pair {i,j} C {1,...,n} lies in exactly one set S € S. This system is none
other than a Kj3-decomposition of K,. So an equivalent statement of Kirkman’s theorem
would be: Steiner triple systems exist if and only if n = 1,3 mod 6. A famous example
of a Steiner triple system is the Fano plane.

In a similar fashion, Steiner systems can be defined for larger sets. In general, a Steiner
system S(t,k,n) is a family of k-sets S C {1,...,n} such that every t-set is contained
in exactly one S € §. A key objective in design theory is to determine for which values
of t, k and n Steiner systems exist. When t = 2, Steiner systems S(2, k,n) correspond
directly to Kj-decompositions of K, and, for higher values of ¢, Steiner systems relate
to hypergraph decompositions, see Keevash [46]. This means that decompositions are
particularly prevalent in design theory.

But let us return once again to 1847 when Kirkman determined exactly which cliques
have triangle decompositions. It would be more than 100 years before anyone generalised
Kirkman’s result and the person in question was Wilson [82]. Wilson proved an analogue
for arbitrary F-decompositions of large cliques. He showed that any sufficiently large
clique which satisfies the necessary divisibility conditions can be decomposed into copies
of F. But when G is not a clique, deciding whether G is F-decomposable is a very
difficult problem. In fact, it is NP-complete when F' has a connected component with at
least three edges, see [27]. For this reason, we seek sufficient conditions which guarantee

an F-decomposition and these often focus on the minimum degree. For triangles, Nash-
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Williams [62] conjectured that every K3-divisible graph G with minimum degree at least
3|G|/4 has a Kj-decomposition. Recently, there has been much progress in the study of
F-decompositions. For example, Barber, Kiihn, Lo and Osthus [7], showed how to turn
an approximate F-decomposition (one which covers almost all of the edges in GG) into a
perfect one. This reduces the problem of finding a decomposition to instead bounding
the so-called fractional decomposition threshold. Currently, the best known minimum
degree bound for triangles is 0.9|G| (see [28]), still some way away from Nash-Williams’
conjectured bound.

We can even extend the Hamiltonicity problem discussed in Section 1.1 into a de-
composition setting. Here, we are interested in whether a graph G has a Hamilton-
decomposition, that is, whether we can partition the edges of G into edge-disjoint Hamil-
ton cycles. In 1892, Walecki showed that every clique on an odd number of vertices
has a Hamilton-decomposition (see [4], for example). Tillson [77] considered the directed
analogue, determining when a complete digraph has a Hamilton-decomposition. Kelly
conjectured in 1962 that every regular tournament (an orientation of the complete graph
K,) should also have a decomposition into Hamilton cycles. This was recently verified
for large n by Kiithn and Osthus [55]. A surprising application of their result is to the
Asymmetric Travelling Salesman Problem (a weighted directed version of the problem
discussed in Section 1.1).

In this thesis, we will investigate two distinct decomposition problems. The first of
which is explored in Chapter 4 and concerns clique decompositions of graphs in a mul-
tipartite setting. For instance, we bound the minimum degree for a tripartite graph to
have a decomposition into triangles. The direct correspondence between such decompo-
sitions and Latin squares makes these results particularly meaningful. Latin squares are
n X n grids which are filled with entries from {1,...,n} in such a way that each number
appears exactly once in each row and column. They were notably investigated by Euler.
These grids appear in many branches of mathematics, studied not only for their own sake

(they form the basis of the popular Sudoku puzzle), but because of their applications to



experiment design, group theory and error-correcting codes. In Chapter 4, we address the
question: given a partially completed Latin square, when are we able to fill in the rest of
the boxes?

Finally, in Chapter 5 we investigate Cy,-decompositions, that is, decompositions of
graphs into cycles of even length. We determine exact minimum degree bounds for a
graph G (which is large and satisfies the necessary divisibility conditions) to have such a

decomposition for all lengths apart from six.

Chapter 2 is based on work with DeBiasio, Kihn, Molla and Osthus [2/].
Chapter 3 is based on work with Kihn and Osthus [56]. Chapter 4 is based
on work with Barber, Kihn, Lo and Osthus [8]. Chapter 5 is based on [75].
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CHAPTER 2

ARBITRARY ORIENTATIONS OF HAMILTON
CYCLES IN DIGRAPHS

2.1 Introduction

A classical result on Hamilton cycles is Dirac’s theorem [26] which states that if G is a
graph on n > 3 vertices with minimum degree 6(G) > n/2, then G contains a Hamilton
cycle. Ghouila-Houri [37] proved an analogue of Dirac’s theorem for digraphs which
guarantees that any digraph of minimum semidegree at least n/2 contains a consistently
oriented Hamilton cycle (where the minimum semidegree 0°(G) of a digraph G is the
minimum of all the in- and outdegrees of the vertices in G). In [47], Keevash, Kiihn
and Osthus proved a version of this theorem for oriented graphs. Here the minimum
semidegree threshold turns out to be §°(G) > (3n — 4)/8. (In a digraph we allow two
edges of opposite orientations between a pair or vertices, in an oriented graph at most
one edge is allowed between any pair of vertices.)

Instead of asking for consistently oriented Hamilton cycles in an oriented graph or
digraph, it is natural to consider different orientations of a Hamilton cycle. For exam-
ple, Thomason [76] showed that every sufficiently large strongly connected tournament
contains every orientation of a Hamilton cycle. Haggkvist and Thomason [42] proved an
approximate version of Ghouila-Houri’s theorem for arbitrary orientations of Hamilton

5/6

cycles. They showed that a minimum semidegree of n/2+n/® ensures the existence of an

11



arbitrary orientation of a Hamilton cycle in a digraph. This improved a result of Grant
[39] for antidirected Hamilton cycles. The exact threshold in the antidirected case was
obtained by DeBiasio and Molla [25], here the threshold is 6°(G) > n/2 + 1, i.e., larger
than in Ghouila-Houri’s theorem. In Figure 2.1, we give two digraphs G on 2m vertices
which satisfy §°(G) = m and have no antidirected Hamilton cycle, showing that this

bound is best possible. (The first of these examples is already due to Cai [18].)

AN N
Rushcs

Figure 2.1: In digraphs F} and F; , A and B are independent sets of size m — 1 and

bold arrows indicate that all possible edges are present in the directions shown.

Theorem 2.1.1 (DeBiasio & Molla, [25]). There exists an integer mqy such that the
following hold for all m > my. Let G be a digraph on 2m vertices. If 6°(G) > m, then
G contains an antidirected Hamilton cycle, unless G is isomorphic to Fy or Fy,. . In

particular, if 0°(G) > m + 1, then G contains an antidirected Hamilton cycle.

In this thesis, we settle the problem by completely determining the exact threshold
for arbitrary orientations. We show that a minimum semidegree of n/2 suffices if the
Hamilton cycle is not antidirected. This bound is best possible by the extremal examples
for Ghouila-Houri’s theorem, i.e., if n is even, the digraph consisting of two disjoint
complete digraphs on n/2 vertices and, if n is odd, the complete bipartite digraph with

vertex classes of size (n —1)/2 and (n 4+ 1)/2.

Theorem 2.1.2. There exists an integer ng such that the following holds. Let G be a
digraph on n > ng vertices with 6°(G) > n/2. If C is any orientation of a cycle on n

vertices which is not antidirected, then G contains a copy of C.
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Kelly [49] proved an approximate version of Theorem 2.1.2 for oriented graphs. He
showed that the semidegree threshold for an arbitrary orientation of a Hamilton cycle in
an oriented graph is 3n/8 + o(n). It would be interesting to obtain an exact version of

this result.

2.2 Proof sketch

The proof of Theorem 2.1.2 utilizes the notion of robust expansion which has been very
useful in several settings recently. Roughly speaking, a digraph G is a robust outexpander
if every vertex set S of reasonable size has an outneighbourhood which is at least a little
larger than S itself, even if we delete a small proportion of the edges of G. A formal
definition of robust outexpansion is given in Section 2.4. In Lemma 2.4.4, we observe
that any graph satisfying the conditions of Theorem 2.1.2 must be a robust outexpander
or have a large set which does not expand, in which case we say that G is e-extremal.
Theorem 2.1.2 was verified for the case when G is a robust outexpander by Taylor in
[74] based on the approach of Kelly [49]. This allows us to restrict our attention to the
e-extremal case. We introduce three refinements of the notion of e-extremality: ST-
extremal, AB-extremal and ABST-extremal. These are illustrated in Figure 2.2, the
arrows indicate that GG is almost complete in the directions shown. In each of these cases,
we have that |A| ~ |B| and |S| ~ |T|. If G is ST-extremal, then the sets A and B are
almost empty and so G is close to the digraph consisting of two disjoint complete digraphs
on n/2 vertices. If G is AB-extremal, then the sets S and T are almost empty and so in
this case G is close to the complete bipartite digraph with vertex classes of size n/2 (thus
both digraphs in Figure 2.1 are AB-extremal). Within each of these cases, we further
subdivide the proof depending on how many changes of direction the desired Hamilton
cycle has. Note that in the directed setting the set of extremal structures is much less
restricted than in the undirected setting (in the undirected case, it is well known that the

extremal graphs are close to the complete bipartite graph K, /5 ,,/2 or two disjoint cliques
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on n/2 vertices).

S
/! )
—
N 'Y
T

Figure 2.2: An ABST-extremal graph. When G is AB-extremal, the sets S and T are
almost empty and when G is ST-extremal the sets A and B are almost empty.

The main difficulty in each of the cases is covering the exceptional vertices, i.e., those
vertices with low in- or outdegree in the vertex classes where we would expect most of
their neighbours to lie. When G is AB-extremal, we also consider the vertices in S UT
to be exceptional and, when G is ST-extremal, we consider the vertices in A U B to
be exceptional. In each case we find a short path P in G which covers all of these
exceptional vertices. When the cycle C' is close to being consistently oriented, we cover
these exceptional vertices by short consistently oriented paths and when C' has many
changes of direction, we will map sink or source vertices in C' to these exceptional vertices
(here a sink vertex is a vertex of indegree two and a source vertex is a vertex of outdegree
two).

An additional difficulty is that in the AB- and ABST-extremal cases we must ensure
that the path P leaves a balanced number of vertices in A and B uncovered. Once we
have found P in G, the remaining vertices of G (i.e., those not covered by P) induce a
balanced almost complete bipartite digraph and one can easily embed the remainder of
C using a bipartite version of Dirac’s theorem. When G is ST-extremal, our aim will be
to split the cycle C' into two paths Ps and Pr and embed Ps into the digraph G[S] and
Pr into G[T]. So a further complication in this case is that we need to link together Pg
and Pr as well as covering all vertices in AU B.

This chapter is organised as follows. Sections 2.3 and 2.4 introduce the notation and
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tools which will be used throughout this chapter. In Section 2.4.3 we describe the structure
of an e-extremal digraph and formally define what it means to be ST-, AB- or ABST-
extremal. The remaining sections prove Theorem 2.1.2 in each of these three cases: we
consider the ST-extremal case in Section 2.5, the AB-extremal case in Section 2.6 and

the ABST-extremal case in Section 2.7.

2.3 Notation

Let G be a digraph on n vertices. We will write 2y € E(G) to indicate that G con-
tains an edge oriented from z to y. If G is a digraph and = € V(G), we will write
N{ (x) for the outneighbourhood of x and N (z) for the inneighbourhood of x. We define
d5(z) == |N(z)| and dg(x) := |Ng(z)|. We will write, for example, dg(z) > a to mean
di(z),dg(x) > a. We sometimes omit the subscript G if this is unambiguous. We let
6%(G) == min{d"(z),d (z) : x € V(G)}. If A C V(G), we let d}i(z) := |NZ(x) N A] and
define d, (x) and d5(z) similarly. We say that x € V(G) is a sink vertez if d*(x) = 0 and
a source vertez if d~(z) = 0.

Let A,BCV(G) and zy € E(G). If z € A and y € B we say that xy is an AB-edge.
We write E(A, B) for the set of all AB-edges and we write E(A) for E(A, A). We let
e(A,B) := |E(A, B)| and e(A) := |E(A)|. We write G[A, B] for the digraph with vertex
set AU B and edge set E(A, B)U E(B, A) and we write G[A] for the digraph with vertex
set A and edge set E(A). We say that a path P = z125 ... 7, is an AB-path if x; € A and
zy € B. lf 1,2, € A, we say that P is an A-path. If A C V(P), we say that P covers A.
If P is a collection of paths, we write V/(P) for (Jp.p V(P).

Let P = x125...7, be a path. The length of P is the number of its edges. Given sets
Xy, ..., X, CV(G), we say that P has form X1 Xs... X, if z; € X; fori =1,2,...,¢.

We will use the following abbreviation

(X' =XX...X.

k times
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We will say that P is a forward path of the form XX, ... X, if P has form X;X,... X,
and z;x;,1 € E(P) for all i = 1,2,...,¢ — 1. Similarly, P is a backward path of the form
X1 Xy... X, if P has form X;X,... X, and z;4,2; € E(P) foralli =1,2,...,¢— 1.

A digraph G is oriented if it is an orientation of a simple graph (i.e., if there are no
z,y € V(G) such that zy,yr € E(G)). Suppose that C' = (ujusy...u,) is an oriented
cycle. We let o(C) denote the number of sink vertices in C. We will write (w41 ... u;)
or (u;Cu;) to denote the subpath of C' from w; to u;. In particular, (u;u,41) may represent
the edge w;u;y1 or u;1u;. Given edges e = (u;, ui+1) and f = (uj, uji1), we write (eC'f)
for the path (u;Cu;4q1). We say that an edge (u;ui11) is a forward edge if (u;u;+1) = witisq
and a backward edge if (u;u;y1) = u;qu;. We say that a cycle is consistently oriented
if all of its edges are oriented in the same direction (forward or backward). We define
a consistently oriented subpath P of C' in the same way. We say that P is forward if
it consists of only forward edges and backward if it consists of only backward edges. A
collection of subpaths of C' is consistent if they are all forward paths or if they are all
backward paths. We say that a path or cycle is antidirected if it contains no consistently
oriented subpath of length two.

Given C' as above, we define d¢(u;, u;) to be the length of the path (u;Cu;) (so, for
example, do(ug,u,) = n — 1 and de(uy,,u;) = 1). For a subpath P = (wjuiyq ... ug)
of C, we call u; the initial vertex of P and wy the final vertex. We write (u;P) :=
(ujtjpr ... uy) and (Pu;) == (utitq ... u;). If P; and P, are subpaths of C, we define
dc(Py, Py) := do(v1,v2), where v; is the initial vertex P;. In particular, we will use this
definition when one or both of P, P, are edges. Suppose P, P, ..., P, are internally
disjoint subpaths of C' such that the final vertex of P; is the initial vertex of P, ; for
it =1,...,k—1. Let x denote the initial vertex of P, and y denote the final vertex of Pj.
If x # y, we write (P, P, ... P) for the subpath of C' from x to y. If x = y, we sometimes
write C'= (PP, ... Py).

Throughout this thesis we will use hierarchies, for example 1/n < a < b < 1, where

constants are chosen from right to left. The notation a < b means that there exists an
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increasing function f for which the result holds whenever a < f(b). In order to simplify

the presentation, we will not determine these functions explicitly.

2.4 Tools

2.4.1 Hamilton cycles in dense graphs and digraphs

We will use the following standard results concerning Hamilton paths and cycles. Theo-
rem 2.4.1 is a bipartite version of Dirac’s theorem. Proposition 2.4.2 is a simple conse-

quence of Dirac’s theorem and this bipartite version.

Theorem 2.4.1 (Moon & Moser, [61]). Let G = (A, B) be a bipartite graph with |A| =

|B| =n. If 0(G) > n/2+ 1, then G contains a Hamilton cycle.

Proposition 2.4.2. (i) Let G be a digraph on n vertices with 6°(G) > Tn/8. Let
z,y € V(Q) be distinct. Then G contains a Hamilton path of any orientation between

x and y.

(ii) Let m > 10 and G = (A, B) be a bipartite digraph with |A| = m + 1 and |B| = m.
Suppose that 8°(G) > (Tm +2)/8. Let x,y € A. Then G contains a Hamilton path

of any orientation between x and y.

Proof. To prove (i), we define an undirected graph G’ on the vertex set V(G) where
ww € E(G') if and only if wv,vu € E(G). Let G” be the graph obtained from G’ by
contracting the vertices x and y to a single vertex ' with Ngv(2') := Ng(z) N Ner (y).
Note that

0(G") =z (n=1)/2 = |G"|/2.

Hence G” has a Hamilton cycle by Dirac’s theorem. This corresponds to a Hamilton path
of any orientation between z and y in G.

For (ii), we proceed in the same way, using Theorem 2.4.1 instead of Dirac’s theorem.

O
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2.4.2 Robust expanders

Let 0 < v <7 < 1, let G be a digraph on n vertices and let S C V(G). The v-robust
outneighbourhood RN, (S) of S is the set of all those vertices € V(G) which have at
least vn inneighbours in S. G'is called a robust (v, 7)-outezpander if |[RN, (S)| > |S|+vn
for all S C V(G) with Tn < |S] < (1 — 7)n.

Recall from Section 2.1 that Kelly [49] showed that any sufficiently large oriented graph
with minimum semidegree at least (3/84«)n contains any orientation of a Hamilton cycle.
It is not hard to show that any such oriented graph is a robust outexpander (see [55]). In
fact, in [49], Kelly observed that his arguments carry over to robustly expanding digraphs
of linear degree. Taylor [74] has verified that this is indeed the case, proving the following

result.

Theorem 2.4.3 ([74]). Suppose 1/n < v <17 <K n<1. Let G be a digraph on n vertices
with 0°(G) > nn and suppose G is a robust (v, T)-outexpander. If C is any orientation of

a cycle on n vertices, then G contains a copy of C.

2.4.3 Structure

Let ¢ > 0 and G be a digraph on n vertices. We say that G is e-extremal if there is a
partition A, B, S, T of its vertices into sets of sizes a, b, s,t such that |a — b|,|s —t| < 1
and e(AUS,AUT) < en?.

The following lemma describes the structure of a graph which satisfies the conditions

of Theorem 2.1.2.

Lemma 2.4.4. Suppose 0 < 1/n < v < 1,6 < 1 and let G be a digraph on n vertices
with °(G) > n/2. Then G satisfies one of the following:

(i) G is e-extremal;

(ii) G is a robust (v, T)-outexpander.
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Proof. Suppose that G is not a robust (v, 7)-outexpander. Then there is aset X C V(G)
with 7n < |X| < (1 — 7)n and |[RN(X)| < |X|+ vn. Define RN := RN, ;(X). We
consider the following cases:
Case 1: ™ < |X| < (1/2—/v)n.

Note that any vertex in RN+ has fewer than vn inneighbours in X so e(X, RN*) <

vn?. Together with the fact that 6°(G) > n/2, this implies
X[n/2 < e(X, RN*) + e(X, BNT) < | X||RN*| + vn® < | X|([RN*| + vn/7).

So |[RN*| > (1/2 —v/7)n > | X| + vn, which gives a contradiction.

Case 2: (1/24+v)n<|X| < (1 —171)n.
For any v € V(G) we note that dy(v) > vn. Hence |RNT| = |G| > |X| + vn, a

contradiction.

Case 3: (1/2—v)n < |X| < (1/2+v)n.
Suppose that |[RNT| < (1/2 — 3v)n. Since 6°(G) > n/2, each vertex in X has more
than 3vn outneighbours in RN+. Thus, there is a vertex v ¢ RN™' with more than

3vn|X|/n > vn inneighbours in X, which is a contradiction. Therefore,
(1/2 = 3v)n < |RNT| < |X|+vn < (1/2+ 2v)n. (2.1)

Write Ag := X \ RN*, By := RNT\ X, S := XN RN" and Ty := X NRN+. Let
ao, bo, So, to, respectively, denote their sizes. Note that |X| = ag+ s, [RN 1| = by + s and

ap + by + so + to = n. It follows from (2.1) and the conditions of Case 3 that
(1/2 — /v)n < ag + o, by + to, bo + 80, a0 +to < (1/2 4+ /v)n
and so |ag — bol, |so — to] < 24/vn. Note that

B(Ao U S(), A() U T()) = G(X, RN+) < I/TL2.
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By moving at most \/vn vertices between the sets Ay and By and /vn between the sets
So and Tp, we obtain new sets A, B, S, T of sizes a, b, s, t satisfying |a — b|,|s — t| < 1 and

e(AUS,AUT) <en? So G is e-extremal. O

2.4.4 Refining the notion of c-extremality

Let n € N and ¢, e, €9, €3, 4,11, M2, T be positive constants satisfying

In<KeKea KN <1< <Ke <N < 1.

We now introduce three refinements of e-extremality. (The constants 5 and ¢4 do not
appear in these definitions but will be used at a later stage in the proof so we include
them here for clarity.) Let G be a digraph on n vertices.

Firstly, we say that G is ST -extremal if there is a partition A, B, S, T of V(G) into

sets of sizes a, b, s,t such that:

(P1) a <b, s <t

(P2) [n/2] —esn < s,t < [n/2] +e3n;

(P3) 0°(G[S)),0°(GIT]) = mon;

P4) di(x) > n/2 — esn for all but at most e3n vertices z € S;

( S

P5) dE(z) > n/2 — egn for all but at most e3n vertices z € T

( ) T )

<P6) a+b< E3N;

P7) d.(z),d5(x) > n/2 — 3non and dg(z),d}(z) < 3nan for all € A;
T S s T

P8) dy(x),d () > n/2 — 3non and d (), dL(z) < 3nan for all z € B.
s T T s

Secondly, we say that G is AB-extremal if there is a partition A, B, S, T of V(G) into

sets of sizes a, b, s,t such that:
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(Ql) a <b, s <t

(Q2) [n/2] —esn < a,b< [n/2] +e3n;

(Q3) (GIA, B)) = n/50:

(Q4) di(x) > n/2 — egn for all but at most e3n vertices x € A;
(Q5) d(x) > n/2 — esn for all but at most esn vertices x € B;
(Q6) s+t <e3n;

(Q7) dy(z),df(z) > n/50 for all z € S;

(Q8) dg(x),d}(x) > n/50 for all z € T;

(Q9) if a < b, d5(z) < n/20 for all € B; dg(z) < n/20 for all z € S and dj(x) < n/20

forall z € T.

Thirdly, we say that G is ABST -extremal if there is a partition A, B, S,T of V(G)

into sets of sizes a, b, s,t such that:

(R1) a <b, s <t;

(R2) a,b,s,t > 1n;

(R3) [a =], |s —t] < em;

(R4) 0°(G[A, B]) = mn;

(R5) d} s(x),dy g(x) > mn for all z € S;

(R6) df r(z),dg p(x) > mn for all x € T}

(R7) d5(z) > b—e'/3n for all but at most g;n vertices r € A;

(R8) d%(z) > a — £'/3n for all but at most ;n vertices x € B;
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(R9) dj, g(x) > b+s—e3n and dy g(z) > a+ s —e'/*n for all but at most ;n vertices

x €S,

(R10) di_ (z) > a+t—e'*n and dj () > b+t —c'/3n for all but at most e,n vertices

zelT.

Proposition 2.4.5. Suppose
In<KeKeag<<mKT<LeLnp <Kl

and G is an e-extremal digraph on n vertices with 6°(G) > n/2. Then there is a partition
of V(G) into sets A, B, S, T of sizes a,b,s,t satisfying (P2)—(P8), (Q2)—(Q9) or (R2)-
(R10). Moreover, if A, B, S, T satisfies (Q2)—(Q9), we also have that a < b.

Proof. Consider a partition Ag, By, Sp, Ty of V(G) into sets of sizes ay, by, So, to such

that |CLO — bo‘, |SO — to’ <1 and G(AO U So, AO U To) < en?. Define

Xy ={reAyUSy:df g (x) <n/2—+/en},
Xy ={r € AyUTy : dg q (x) <n/2—+/en},
Xg:={zx € ByUTy: d}j g, () <n/2—+/en},

Xy:={x € ByU S, : dy g, (x) <n/2 —/en}

and let X := U?Zl X;. We now compute an upper bound for | X|. Each vertex x € X has
A} un () > Ven, so |Xy| < en?/y/en = \/en. Also, each vertex z € X; has d g () >

Vven, so | Xs| < /en. Observe that

|A0 @) T0|TL/2 - 5n2 S €(BO U 7107 AO U T(])

< (n/2 = Ven)| Xz + [Ag U To|(|1Bo U To| — [X3)
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which gives
| X3|(|Ag UTy| —n/2 4+ ven) < |Ag U Ty|(|Bo U Tyl — n/2) +en? < 2en’.

So | X3| < 2en?/(\/en/2) = 4y/en. Similarly, we find that |X,| < 4y/en. Therefore,
| X| < 10y/en.

Case 1: ag, by < 27n.

Let Z := X UAyUBy. Choose disjoint Z;, Zy C Z so that dﬁ() (x) > 2mgn for all x € Z;
and d7, (z) > 2mn for all # € Z; and |Z; U Zo| is maximal. Let S := (S \ X) U Z; and
T := (Tp \ X) U Zy. The vertices in Z \ (Z; U Zy) can be partitioned into two sets A and
B so that d&(z),d7(x) > n/2 — 3nen for all z € A and dg (), df(x) > n/2 — 3nen for all

x € B. The partition A, B, S, T satisfies (P2)—(P8).

Case 2: sg,ty < 21n.

Partition X into four sets Z,, Zy, Z3, Z4 so that dﬁo(x) >n/5 for all z € Z; dio (x) >
n/5 for all x € Zy; df, (x),d, () > n/5 for all z € Zs and dy (x),d} (x) > n/5 for all
x € Zy. Then set Ay := (Ag\ X)U Zy, By := (By \ X) U Zs.

Assume, without loss of generality, that |A;| < |Bj|. To ensure that the vertices in
B satisty (Q9), choose disjoint sets B', B” C Bj so that |B’ U B”| is maximal subject to:
|B'UB"| < |By| —|A4|, df, (x) > n/20 for all z € B" and dj (x) > n/20 for all z € B”.
Set B:= B\ (B'UB"), S; := (So\X)UZ3UB and T} := (T \ X)U Z, U B”. To ensure
that the vertices in S U T satisfy (Q9), choose sets S" C S1,7” C T} which are maximal
subject to: || 4+ |T'| < |B| — |A4|, d5(z) > n/20 for all z € S’ and df(x) > n/20 for
all x € T'. We define A := A, US'UT", S:=5\5 and T :=T,\T". Then a < b and
(Q2)—(Q9) hold.

Case 3: aqg, by, sg,tg > 2mn — 1.

The case conditions imply ag, bg, So,to < n/2 — 7n. Then, since 6°(G) > n/2, each

vertex must have at least 2n;n inneighbours in at least two of the sets Ay, By, Sp, Tp. The

same holds when we consider outneighbours instead. So we can partition the vertices in X
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into sets Z,, Zy, Z3, Z, so that: dﬁo(x) > 2mn for all x € Z; djo(x) > 2mn for all x € Zy;
dfus, (%), da s, () = 2mn for all © € Zs and df g, (@), dg,p, (2) = 2mn for all 2 € Zy.
Let A:=(Ag\ X)UZy, B:= (Bo\ X)UZy, S :=(So\ X)UZsand T := (Tp \ X) U Z,.
This partition satisfies (R2)—(R10). O

The above result implies that to prove Theorem 2.1.2 for e-extremal graphs it will suf-
fice to consider only graphs which are ST-extremal, AB-extremal or ABST-extremal. In-
deed, to see that we may assume that a < b and s < ¢, suppose that G is e-extremal. Then
G has a partition satistying (P2)-(P8), (Q2)-(Q9) or (R2)-(R10) by Proposition 2.4.5.
Note that relabelling the sets of the partition (A, B,S,T) by (B, A,T,S) if necessary
allows us to assume that a < b. If s < ¢, then we are done. If s > ¢, reverse the orien-
tation of every edge in G to obtain the new graph G’. Relabel the sets (A, B,S,T) by
(A, B,T,S). Under this new labelling, the graph G’ satisfies all of the original properties
as well as @ < b and s < t. Obtain C’ from the cycle C' by reversing the orientation of
every edge in C'. The problem of finding a copy of C'in G is equivalent to finding a copy
of C"in G'.

2.5 G i1s ST-extremal

The aim of this section is to prove the following lemma which settles Theorem 2.1.2 in

the case when (G is ST-extremal.

Lemma 2.5.1. Suppose that 1/n < g3 K g4 K 1y K 1. Let G be a digraph on n vertices
such that 0°(G) > n/2 and G is ST-extremal. If C' is any orientation of a cycle on n

vertices, then G contains a copy of C'.

We will split the proof of Lemma 2.5.1 into two cases based on how close the cycle C'
is to being consistently oriented. Recall that o(C') denotes the number of sink vertices in
C'. Observe that in any oriented cycle, the number of sink vertices is equal to the number

of source vertices.
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2.5.1 C has many sink vertices, o(C) > eyn

The rough strategy in this case is as follows. We would like to embed half of the cycle
C into G[S] and half into G[T], making use of the fact that these graphs are nearly
complete. At this stage, we also suitably assign the vertices in AU B to G[S] or G[T].
We will partition C' into two disjoint paths, Ps and Pr, each containing at least o(C')/8
sink vertices, which will be embedded into G[S] and G[T]. The main challenge we will

face is finding appropriate edges to connect the two halves of the embedding.

Lemma 2.5.2. Suppose that 1/n < e3 K g4 K 1o K 1. Let G be a digraph on n vertices
with 8°(G) > n/2. Suppose A, B, S,T is a partition of V(G) satisfying (P1)-(P8). Let C
be an oriented cycle on n vertices with o(C) > eqn. Then there exists a partition S*,T* of
the vertices of G and internally disjoint paths Ry, Ry, Ps, Pr such that C' = (PsRyPrRs)
and the following hold:

(i) SCS*and T C T*;
(ii) [Pr|=[T"|;
(iii) Ps and Pr each contain at least e4n/8 sink vertices;

(iv) |Ri| <3 and G contains disjoint copies RS of R; such that RS is an ST-path, RS

is a T'S-path and all interior vertices of RS lie in S*.
In the proof of Lemma 2.5.2 we will need the following proposition.

Proposition 2.5.3. Suppose that 1/n < e3 € ¢4 < n < 1. Let G be a digraph on n
vertices with 6°(G) > n/2. Suppose A, B, S, T is a partition of V(G) satisfying (P1)—(P8).

(i) If a = b € {0,1} then there are two disjoint edges between S and T of any given

direction.
(i) If A =0 then there are two disjoint T'S-edges.

(iii) If a =1 and b > 2 then there are two disjoint T'S-edges.
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(iv) There are two disjoint edges in E(S,TUA)U E(T,SU B).

Proof. Let

S'={rxeS:Nj(z),Ng(x) =0} and T" := {x € T : Nf(x), N (x) = 0}.

First we prove (i). If a = b € {0, 1} then it follows from (P7), (P8) that |S’|,|T"| > n/4.
Since s < t, it is either the case that s < (n—1)/2—bors =t =n/2—b. If s < (n—1)/2—0b
choose any x # y € S’. Both z and y have at least [n/2 — (n —1)/2—-b—14+b)] =
2 inneighbours and outneighbours in 7', so we find the desired edges. Otherwise s =
t =n/2 — b and each vertex in S’ must have at least one inneighbour and at least one
outneighbour in 7" and each vertex in 7" must have at least one inneighbour and at least
one outneighbour in S. It is now easy to check that (i) holds. Indeed, Konig’s theorem
gives the two required disjoint edges provided they have the same direction. Using this,
it is also easy to find two edges in opposite directions.

We now prove (ii). Suppose that A = (). We have already seen that the result holds
when B = (). So assume that b > 1. Since s < (n — b)/2, each vertex in S must have at
least b/2+1 inneighbours in TUB. Assume for contradiction that there are no two disjoint
T'S-edges. Then all but at most one vertex in S must have at least b/2 inneighbours in
B. So (B, S) > bn/8 which implies that there is a vertex v € B with d¥(v) > n/8. But
this contradicts (P8). So there must be two disjoint T'S-edges.

For (iii), suppose that a = 1 and b > 2. Since s < (n — b — 1)/2, each vertex in S
must have at least (b4 1)/2 inneighbours in 7'U B. Assume that there are no two disjoint
T'S-edges. Then all but at most one vertex in S have at least (b — 1)/2 inneighbours in
B. So e(B,S) > nb/12 which implies that there is a vertex v € B with df(v) > n/12
which contradicts (P8). Hence (iii) holds.

For (iv), we observe that min{s + b,t +a} < (n—1)/20or s+b=t+a =n/2. If
s+ b < (n—1)/2 then each vertex in S has at least two outneighbours in 7"U A, giving

the desired edges. A similar argument works if t +a < (n—1)/2. If s+b=t+a=n/2
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then each vertex in S has at least one outneighbour in 7°"U A and each vertex in 7" has at

least one outneighbour in S'U B. It is easy to see that there must be two disjoint edges

in £(S,TUA)UE(T,SUB). O

Proof of Lemma 2.5.2. Observe that C' must have a subpath P, of length n/3
containing at least e4n/3 sink vertices. Let v € P be a sink vertex such that the subpaths
(Pyv) and (vP;) of P, each contain at least e4n/7 sink vertices. Write C' = (vqvy...v,)

where v, := v and write £’ :=n — t.

Case 1l: a<1

Ifa=0bset S*:=SUAUB, T" =T, R := (vpvpy1) and Ry := (v,01) = v,01.
By Proposition 2.5.3(i), G contains a pair of disjoint edges between S and T' of any given
orientation. So we can map v,v; to a T'S-edge and (vpvp11) to an edge between S and
T of the correct orientation such that the two edges are disjoint.

Suppose now that b > a + 1. By Proposition 2.5.3(ii)—(iii), we can find two disjoint
T S-edges e; and ey. If vy is not a source vertex, set S* .= SUAUB, T* := T,
Ry = (vp_1vpvp 1) and Ry := v,v1. Map v,vp to e, If ooy € E(C), map Ry to a
path of the form SST which uses e5. Otherwise, since vy is not a source vertex, R; is a
forward path. Using (P8), we find a forward path of the form SBT for RY.

So let us suppose that vy is a source vertex. Let b; € B and set S* := SUAUB\ {b;}
and T := T U {b1}. Let Ry := (vp_10p) = vpvp_1 and Ry := v,v;. We know that
V1, U1 € E(C), so we can map these edges to e; and es.

In each of the above, we define Ps and Pr to be the paths, which are internally disjoint
from R; and R,, such that C' = (PsR;PrRs). Note that (i)—(iv) are satisfied.

Case 2: a>2

Apply Proposition 2.5.3(iv) to find two disjoint edges ey, e5 € E(S, TUA)UE(T, SUB).
Choose any distinct x,y € AU B such that x and y are disjoint from e; and es.

First let us suppose that vy is a sink vertex. If ey, es € E(S,A) U E(T,S U B), set

S* .= SUAUB, T* :=T, Ry := (vp_10pvp 1) and Ry := (v,0109). Ife; € E(T,SUB), use
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(P3) and (P8) to find a path of the form S(SU B)T which uses e; for RY. If e; € E(S, A),
we use (P7) to find a path of the form SAT using e; for RY. In the same way, we find a
copy RS of Ry. If exactly one of e;, ey say, lies in E(S,T), set S* := (SU AU B) \ {x},
T := TU{x}, Ry = (vw_1vpvpy1) and Ry := (vivy). Then wvyv; can be mapped
to ey and we use e; to find a copy RY of R; as before. If both ey, ey € E(S,T), set
S* = (SUAUB) \{z,y}, T* := T U {x,y}, Ry := (vw_1vp) and Ry := (v1v2). Then
map v9v; and v _1vp to the edges e; and e,.

Suppose now that (vg_jup vk 1) is a consistently oriented path. If eo & E(S,T), let
S*:=SUAUB, T*:=T, Ry := (v _10pvpy1) and Ry := (v,v1v9) and, if eo € E(S,T),
let S*:= (SUAUB)\ {a}, T* :=TU{z}, R := (vg_10pvr+1) and Ry := (v1v,). Then
use the edge ey to find a copy RS of Ry as above. We use (P7) or (P8) to map R; to a
backward path of the form SAT or a forward path of the form SBT as appropriate.

We let Ps and Pr be paths which are internally disjoint from R; and Ry such that
C' = (PsRyPrR;). Then (i)—(iv) are satisfied.

It remains to consider the case when v, is a source vertex. We now consider the vertex
vp_1 instead of vy. Note that C' cannot contain two adjacent source vertices, so either
U1 1S a sink vertex or (vp_ovr_1vy) is a backward path. We proceed as previously.
Note that when we define the path Pr it will have one additional vertex and so we must

allocate an additional vertex from AUB to T™, we are able to do this since a+b > 3. O

Apply Lemma 2.5.2 to G and C' to obtain internally disjoint subpaths Ry, Ry, Ps and
Pr of C as well as a partition S*,T* of V(G). Let RY be copies of R; in G satisfying
the properties of the lemma. Write R’ for the set of interior vertices of the RY. Define
Gg := G[S*\ R'| and Gr := G[T*]. Let 7 and zg be the images of the final vertices of R;
and Ry and let yg and y; be the images of the initial vertices of R and Rs, respectively.
Also, let Vg :=S*N(AUB) and Vp:=T*N (AU B).

The following proposition allows us to embed copies of Ps and Pr in Gg and Gp. The
idea is to greedily find a short path which will contain all of the vertices in Vs and V and

any vertices of “low degree”. We then use that the remaining graph is nearly complete to
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complete the embedding.
Proposition 2.5.4. Let Gs, Py, Pr, xs, ys, 7 and yr be as defined above.

(i) There is a copy of Ps in Gg such that the initial vertex of Ps is mapped to s and

the final vertex is mapped to ys.

(ii) There is a copy of Pr in Gp such that the initial vertex of Pr is mapped to xp and

the final vertex is mapped to yr.

Proof. We prove (i), the proof of (ii) is identical. Write Ps = (ujus ... ug). An averaging
argument shows that there exists a subpath P of Pg of order at most ¢4n containing at
least |/esn sink vertices.

Let X :={z € S:di(x) <n/2—esnor dg(x) <n/2—e3n}. By (P4), |X| < ezn and
so, using (P3), we see that every vertex x € X is adjacent to at least nyn/2 vertices in
S\ X. So we can assume that xg,ys € S\ X since otherwise we can embed the second
and penultimate vertices on Ps to vertices in S\ X and consider these vertices instead.

Let u) be the initial vertex of P and u}, be the final vertex. Define my := dpg(uy, u})+1
and my := dp,(u},u) + 1. Suppose first that my, my > nin. We greedily find a copy P¢
of P in Gg which covers all vertices in Vg U X such that v} and u}, are mapped to vertices
s1, 82 € S\ X. This is possible since any two vertices in X can be joined by a path of length
at most three of any given orientation, by (P3) and (P4), and we can use each vertex in
Vs as the image of a sink or source vertex of P. Partition (V(Gs) \ V(P%)) U {s1, sa},
arbitrarily, into two sets L; and Lo of size m; and msy respectively so that s;,zg € L4
and s9,ys € Lo. Consider the graphs G; := Gg[L;] for i = 1,2. Then (P4) implies that
d(G;) > m; —esn —eqn > Tm; /8. Applying Proposition 2.4.2(i), we find suitably oriented
Hamilton paths from s; to xg in GG; and ss to yg in G5 which, when combined with P,
form a copy of Ps in G (with endvertices g and yg).

It remains to consider the case when m; < n3n or my < nan. Suppose that the former
holds (the latter is similar). Let P’ be the subpath of Pg between u; and u). So P C P'.

Similarly as before, we first greedily find a copy of P’ in Gg which covers all vertices of
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X U Vs and then extend this to an embedding of Pgs. O

Proposition 2.5.4 allows us to find copies of Ps and Pr in Gg and G with the desired
endvertices. Combining these with RY and RS found in Lemma 2.5.2, we obtain a copy

of C'in G. This proves Lemma 2.5.1 when o(C) > gyn.

2.5.2 (C has few sink vertices, o(C) < g4n

Our approach will closely follow the argument when C' had many sink vertices. The
main difference will be how we cover the exceptional vertices. We will call a consistently
oriented subpath of C' which has length 20 a long run. If C' contains few sink vertices, it
must contain many of these long runs. So, whereas previously we used sink and source

vertices, we will now use long runs to cover the vertices in AU B.

Proposition 2.5.5. Suppose that 1/n < ¢ < 1 and n/4 < k < 3n/4. Let C be an
oriented cycle with o(C) < en. Then we can write C as (uyus ... u,) such that there

exist:
(i) Long runs Py, Py such that Py is a forward path and dc(Py, Py) = k,

(ii) Long runs Pi, Py, P, P; such that dc(P}, P/, ;) = |n/4] fori=1,2,3.

Proof. Let P be a subpath of C of length n/8. Let Q be a consistent collection of
vertex disjoint long runs in P of maximum size. Then |Q| > 2en, with room to spare.
We can write C' as (ujus . .. u,) so that the long runs in Q are forward paths.

Suppose that (i) does not hold. For each Q; € Q, let @ be the path of length 20 such
that do(Q;, Q%) = k. Since )} is not a long run, (), must contain at least one sink or source
vertex. The paths @} are disjoint so, in total, C' must contain at least |Q|/2 > en > o(C)
sink vertices, a contradiction. Hence (i) holds.

We call a collection of four disjoint long runs Py, P, P3, P, good if P, € O and
de(P;, Pit1) = |n/4] for all i = 1,2,3. Suppose C does not contain a good collection

of long runs. In particular, this means that each long run in @ does not lie in a good
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collection. For each path Q; € Q, let Q;1, Qi 2, Q;3 be subpaths of C' of length 20 such
that de(Qi, Qi) = jln/4]. Since {Q;, Qi1, Qi2, Qis} does not form a good collection, at
least one of the @); ; must contain a sink or source vertex. The paths ); ; where Q; € Q
and j = 1,2,3 are disjoint so, in total, C' must contain at least |Q|/2 > en > o(C') sink

vertices, which is a contradiction. This proves (ii). O

The following proposition finds a collection of edges oriented in an atypical direction
for an e-extremal graph. We will use these edges to find consistently oriented S- and
T-paths covering all of the vertices in A U B. This proposition will be used again in

Section 2.7.1, where it allows us to correct an imbalance in the sizes of A and B.

Proposition 2.5.6. Let G be a digraph on n vertices with 6°(G) > n/2. Let d > 0 and
suppose A, B, S, T is a partition of V(G) into sets of size a,b,s,t witht > s> d+2 and
b=a-+d Then G contains a collection M of d + 1 edges in E(T,S U B)U E(B,S)
satisfying the following. The endvertices of M outside B are distinct and each vertex in
B is the endvertex of at most one T B-edge and at most one BS-edge in M. Moreover, if
e(T,S) > 0, then M contains a T'S-edge.

Proof. Let k:=t — s. We define a bipartite graph G’ with vertex classes S’ := SU B
and 7" := T'U B together with all edges zy such that x € S’y € T" and yx € E(T,S U
B) U E(B,S). We claim that G' has a matching of size d + 2. To prove the claim,
suppose that G" has a vertex cover X of size | X| <d+2. Then [ X NS'| < (d—Fk)/2+1
or [ XNT'| < (d+k)/2+ 1. Suppose that the former holds and consider any vertex
ty € T\ X. Since 67(G) >n/2 and a+t = (n —d+ k)/2, t; has at least (d — k)/2 + 1
outneighbours in S’. But these vertices cannot all be covered by X. So we must have
that [ X NT"| < (d+ k)/2+ 1. Consider any vertex s; € S\ X. Now 6§~ (G) > n/2 and
a+s=(n—d—k)/2, so s; must have at least (d+ k)/2 + 1 inneighbours in 7”. But not
all of these vertices can be covered by X. Hence, any vertex cover of G’ must have size
at least d + 2 and so Konig’s theorem implies that GG’ has a matching of size d + 2.

If e(T,S) > 0, either the matching contains a T'S-edge, or we can choose any T'S-edge

31



e and at least d of the edges in the matching will be disjoint from e. This corresponds to

a set of d+ 1 edges in E(T,SU B) U E(B,S) in G with the required properties. O

We define a good path system P to be a collection of disjoint S- and T-paths such that
each path P € P is consistently oriented, has length at most six and covers at least one
vertex in AUB. Each good path system P gives rise to a modified partition Ap, Bp, Sp, Tp
of the vertices of G (we allow Ap, Bp to be empty) as follows. Let Intg(P) be the set of
all interior vertices on the S-paths in P and Intr(P) be the set of all interior vertices on
the T-paths. We set Ap := A\ V(P), Bp := B\V(P), Sp := (SUIntg(P)) \ Intr(P) and
Tp = (T'UIntr(P)) \ Intg(P) and say that Ap, Bp, Sp, Tp is the P-partition of V(G).

Lemma 2.5.7. Suppose that 1/n < g3 K g4 K 1y K 1. Let G be a digraph on n vertices
with 6°(G) > n/2. Suppose A, B,S,T is a partition of V(G) satisfying (P1)—(P8). Let
C' be a cycle on n vertices with o(C') < egn. Then there exists t* such that one of the

following holds:
e There exist internally disjoint paths Ps, Pr, Ry, Ry such that:
(1) C == (PsRlpTRQ),'
(ii) |Pr| =t*;
(iii) Ry, and Ry are paths of length two and G contains disjoint copies RS of R;

whose interior vertices lie in V(G)\ T. Moreover, RS is an ST-path and RS

1s a T'S-path.
o There exist internally disjoint paths Ps, P§, Pr, Pp, Ry, Ry, Rs, Ry such that:
(i) C = (PsRiPrRyP{RsPRy);
(i) |Pr|+ |Pr| =t and |Ps|, |Psl, |Prl, |Pp| = n/8;

(iii) Ry, Ro, Rs, Ry are paths of length two and G contains disjoint copies RS of R;
whose interior vertices lie in V(G) \ T. Moreover, RY and RS are ST-paths

and RS and R§ are T'S-paths.
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Furthermore, G has a good path system P such that the paths in P are disjoint from each
RS, P covers (AU B)\ UV (RY) and the P-partition Ap, Bp,Sp,Tp of V(G) satisfies

Tp| = t.

Proof. Letd:=b—aand k:=1—s.

We first obtain a good path system Py covering A U B as follows. Apply Proposi-
tion 2.5.6 to obtain a collection M, of d + 1 edges as described in the proposition. Let
M C M, of size d such that M contains a T'S-edge if d > 1 and (T, S) > 0. We use each
edge e € M together with properties (P3), (P5) and (P8) to cover one vertex in B by a
consistently oriented path of length at most six as follows. If e € E(T, B) and e is disjoint
from all other edges in M, find a consistently oriented path of the form T'BT using e. If
e € E(B,S) and e is disjoint from all other edges in M, find a consistently oriented path
of the form SBS using e. If e € E(T,5), we note that (P3), (P5) and (P8) allows us to
find a consistently oriented path of length three between any vertex in B and any vertex
in T. So we can find a consistently oriented path of the form SB(T)?S which uses e.
Finally, if e € E(T, B) and shares an endvertex with another edge ¢/ € M N E(B, S) we
find a consistently oriented path of the form SB(T)3BS using e and ¢’. This path uses
two edges in M but covers two vertices in B. Since we have many choices for each such
path, we can choose them to be disjoint, so M allows us to find a good path system P;
covering d vertices in B.

Label the vertices in A by aq, as, ..., a, and the remaining vertices in B by by, b, ..., b,.
We now use (P6)—(P8) to find a consistently oriented S- or T-path L; covering each pair
a;,b;. If 1 < i < [(4da + k)/8], cover the pair a;,b; by a path of the form SBTAS. If
[(4a+k)/8] < i < a cover the pair a;, b; by a path of the form TASBT. Let Py := |J;_, Li.

We are able to choose all of these paths so that they are disjoint and thus obtain a
good path system Py := Py UPs covering AUB. Let Ap,, Bp,, Sp,, I'p, be the Py-partition
of V(G) and let t' := |Tp,|, 8" := |Sp,|.

By Proposition 2.5.5(i), we can enumerate the vertices of C' so that there are long

runs Pj, P, such that P is a forward path and de(Py, P,) = t'. We will find consistently
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oriented ST- and T'S-paths for R{ and RS which depend on the orientation of P,. The
paths R; and Ry will be consistently oriented subpaths of P, and P, respectively, whose

position will be chosen later.

Case 1l: b>a-+2.

Suppose first that P, is a backward path. If P; contains a path of the form SB(T)3BS,
let by and b, be the two vertices in B on this path. Otherwise, let by and bf, be arbitrary
vertices in B which are covered by P;. Use (P8) to find a forward path for R which is of
the form S{bo}T. We also find a backward path of the form T{b,}S for RS'. We choose
the paths RY and RS to be disjoint from all paths in Py which do not contain by or b).

Suppose now that P, is a forward path. If a > 1, consider the path L; € P, covering
a; € A and by € B. Find forward paths of the form S{b;}T for RY and T{a;}S for RY,
using (P7) and (P8), which are disjoint from all paths in Py \ {L;}. Finally, we consider
the case when a = 0. Recall that e(7,.S) > 0 by Proposition 2.5.3(ii) and so M contains
a T'S-edge. Hence there is a path P’ in P; of the form SB(T)3S, covering a vertex by € B
and an edge t1s51 € E(T, S), say. We use (P3) and (P8) to find forward paths of the form
S{bo}T for RY and {t;}{s1}S for RS which are disjoint from all paths in Py \ {P'}.

Obtain the good path system P from P, by removing all paths meeting RS or RS.
Let Ap, Bp, Sp, Tp be the P-partition of V(G) and t* := |Tp|. The only vertices which
could have moved to obtain Tp from Tp, are interior vertices on the paths in Py \ P, so
|t —t'| <2-5=10. Thus we can choose R; and Ry to be subpaths of length two of Py
and Py so that |Pr| = t*, where Py and Pr are defined by C' = (PsR1 PrRy).

Case 2: b<a-+1.
Case 2.1: a<1.

If @ = b, by Proposition 2.5.3(1) we can find disjoint e;,es € E(S,T) and disjoint
es € E(S,T), eq € E(T,S). Note that Py = P, since a = b, so we may assume that all
paths in Py are disjoint from ey, eq, €3, e4. If P is a forward path, find a forward path of
the form SST for RY using e; and a forward path of the form T'SS for RS using ey. If P,

is a backward path, find a forward path of the form SST for R{ using e; and a backward
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path of the form T'SS for RS using e,. In both cases, we choose R{ and RY to be disjoint
from all paths in P,.

If b = a + 1, note that there exist e; € E(S,T) and e, € E(T,S). (To see this, use
that 6°(G) > n/2 and the fact that (P7) and (P8) imply that [{z € S: Ni(z), N5(z) =
0} > n/4.) We may assume that all paths in P, are disjoint from ey, es. Let by € B be
the vertex covered by the single path in P;. Find a forward path of the form S{by}7" for
R, using (P8). Find a consistently oriented path of the form T'SS for RS which uses e;
if P, is a backward path and e, if P is a forward path. Choose the paths R and RY to
be disjoint from the paths in Py \ Py = Ps.

In both cases, we obtain the good path system P from P, by removing at most one
path which meets RY or R§. Let Ap, Bp,Sp,Tp be the P-partition of V(G) and let
t* := |Tp|. The only vertices which could have moved to obtain Tp from Tp, are interior
vertices on the path in Py \ P if Py # P, so [t* —t'| < 5. So we can choose subpaths R;

of P; so that |Pr| = t*, where Ps and Pr are defined by C' = (PsR; PrRs).

Case 2.2: 2<a<k.

If P, is a forward path, consider a; € A and b; € B which were covered by the path
Ly € Py. Use (P7) and (P8) to find forward paths, disjoint from all paths in Py \ {L1},
of the form S{b;}T and T{a;}S for RY and RS respectively.

Suppose now that P, is a backward path. We claim that G contains 2 — d disjoint
ST-edges. Indeed, suppose not. Then df(z) < 1 — d for all but at most one vertex in S.
Note that b+ s = (n — k+d)/2, so d}y () > (k—d)/2+ 1 for all z € S. So

e(8,A) > (s— 1)((k—d)/2+1—(1—d)) = (s — 1)(k +d)/2 > nk/8 > na/s.

Hence, there is a vertex z € A with dg(z) > n/8, contradicting (P7). Let £ = {e; : 1 <
i <2—d} be aset of 2—d disjoint ST-edges. We may assume that P, is disjoint from E.
If a = b, use (P3) to find a forward path of the form SST using e; for R and a

backward path of the form T'S'S using e; for Ry. If b = a + 1, let by € B be the vertex
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covered by the single path in P;. Use (P3) and (P8) to find a forward path of the form
S{bo}T for RS and a backward path of the form T'SS using e; for RY. We choose the
paths R and RY to be disjoint from all paths in P.

In both cases, we obtain the good path system P from Py by removing at most one path
which meets RY or RY. Let Ap, Bp, Sp, Tp be the P-partition of V(G) and t* := |Tp|.
The only vertices which could have moved to obtain T from T, are interior vertices on
the path in Py \ P if Py # P, so [t* — /| < 5. Thus we can choose R; and R, to be
subpaths of length two of P, and P, so that |Pr| = t*, where Pg and Pr are defined by
C' = (PsRiPrR,).

Case 2.3: a > 2,k.

We note that

t/ — S/ = |(T U IntT(PO)) \Ints(Po)’ - ‘(S U Ints<7)0)) \ IHtT(PO)|
= |(T U IntT(PQ)) \Ints(lpz)’ - ‘(S U Int5<7)2)) \ IHtT(P2)| +c
=(t+3a—4[(4a+k)/8]) — (s+4[(4a+ k)/8] —a) + ¢

=4da+k—8[(4a+k)/8] + ¢

where —7 < ¢ < 1 is a constant representing the contribution of interior vertices on the
path in P; if b =a + 1 and ¢ = 0 if b = a. In particular, this implies that |[t' — §'| < 15
and

(n—15)/2 < st < (n+15)/2.

Apply Proposition 2.5.5(ii) to find long runs Pj, Pj, P;, P; such that do(P/, P/, ;) =
|n/4] for i = 1,2,3. Let x; be the initial vertex of each P;. If {F/, P/.,} is consistent for
some i € {1,2}, consider a; € A, by € B which which were covered by the path Ly € Py. If
P/, P/, are both forward paths, let R and RS be forward paths of the form S{b;}7" and
T{a1}S respectively. If P/, P/ , are both backward paths, let Ry and RS be backward

paths of the form S{a;}T and T{b;}S respectively. Choose the paths RS and RS to be
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disjoint from the paths in P := Py \ {L1}. Let Ap, Bp, Sp, T be the P-partition of V(G)
and let t* = |Tp|. The only vertices which could have been added or removed to obtain
Tp from Tp, are interior vertices on Ly so (n — 15)/2 =3 < t* < (n+ 15)/2 + 3. Then
we can choose R; and R, to be subpaths of length two of P/ and P/, so that |Pp| = t*,
where Pg, Pr are defined so that C' = (PsR; PrRs).

So let us assume that {P/, P/ ,} is not consistent for ¢ = 1,2. We may assume that
the paths P| and P; are both forward paths, by relabelling if necessary, and we illustrate

the situation in Figure 2.3.

Py

P A Ar,

-

Py T

Figure 2.3: A good collection of long runs.

Consider the vertices a; € A and b; € B covered by the paths L; € Py for : = 1,2. Let
P :=Po\{L1, Lo} and let Ap, Bp, Sp, Tp be the P-partition of V(G). Let t* := |Tp|. The
only vertices which can have been added or removed to obtain Tp from T’p, are interior
vertices on the paths L; and Lo, so (n —15)/2 —6 < t* < (n+ 15)/2+ 6. Find a forward
path of the form S{b;}T for RY. Then find backward paths of the form T{by}S and
S{a1}T for RS and RS respectively. Finally, find a forward path of the form T{as}S
for RY. We can choose the paths RY to be disjoint from all paths in P. Since P| and
P} are of length 20 we are able to find subpaths Ry, Rs, Rs, Ry of P|, Py, P;, Py so that
|Pr| + | Py| = t*, where Ps, P§, Pr, Py are defined so that C' = (PsRy PrRe PR3Py Ry).
U

In order to prove Lemma 2.5.1 in the case when o(C') < g4n, we first apply Lemma 2.5.7

to G. We now proceed similarly as in the case when C' has many sink vertices (see
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Proposition 2.5.4) and so we only provide a sketch of the argument. We first observe that

any subpath of the cycle of length 100e4n must contain at least

|100e4n/21] — 2e4m > 2e3n > a+ b > |P| (2.2)

disjoint long runs. Let s; be the image of the initial vertex of Pg. Let P§ be the subpath
of Pg formed by the first 100e4n edges of Ps. We can cover all S-paths in P and all
vertices € S which satisfy df (z) < n/2 —esn or dg(z) < n/2 — e3n greedily by a path
in G starting from s; which is isomorphic to P§. Note that (2.2) ensures that P§ contains
|P| disjoint long runs. So we can map the S-paths in P to subpaths of these long runs.
Let Pg be the path formed by removing from Ps all edges in P§.

If Lemma 2.5.7(i) holds and thus Ps is the only path to be embedded in G[S], we
apply Proposition 2.4.2(i) to find a copy of P in G[S], with the desired endvertices. If
Lemma 2.5.7(ii) holds, we must find copies of both Pg and P§ in G[S]. So we split the
graph into two subgraphs of the appropriate size before applying Proposition 2.4.2(i) to
each. We do the same to find copies of Pr (or Pr and Py) in G[T]. Thus, we obtain a

copy of C'in G. This completes the proof of Lemma 2.5.1.

2.6 ( is AB-extremal

The aim of this section is to prove the following lemma which shows that Theorem 2.1.2
is satisfied when G is AB-extremal. Recall that an AB-extremal graph closely resembles
a complete bipartite graph. We will proceed as follows. First we will find a short path
which covers all of the exceptional vertices (the vertices in S UT). It is important that
this path leaves a balanced number of vertices uncovered in A and B. We will then apply
Proposition 2.4.2 to the remaining, almost complete, balanced bipartite graph to embed

the remainder of the cycle.

Lemma 2.6.1. Suppose that 1/n < e3 < 1. Let G be a digraph on n wvertices with
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8°(G) > n/2 and assume that G is AB-extremal. If C' is any orientation of a cycle on n

vertices which is not antidirected, then G contains a copy of C'.

If b > a, the next lemma implies that E(BUT, B) contains a matching of size b—a+2.
We can use b — a of these edges to pass between vertices in B whilst avoiding A allowing

us to correct the imbalance in the sizes of A and B.

Proposition 2.6.2. Suppose 1/n < e3 < 1. Let G be a digraph on n vertices with
8°(G) > n/2. Suppose A, B, S, T is a partition of V(G) satisfying (Q1)—(Q9) and b = a+d

for some d > 0. Then there is a matching of size d+ 2 in E(BUT, B).

Proof. Consider a maximal matching M in E(BUT, B) and suppose that |M| < d+ 1.
Since a + s < (n — d)/2, each vertex in B has at least d/2 inneighbours in BUT. In
particular, since M was maximal, each vertex in B\ V(M) has at least d/2 inneighbours

in V(M). Then thereis a v € V(M) C BUT with

contradicting (Q9). Therefore |M| > d + 2. O

We say that P is an exceptional cover of G if P C (G is a copy of a subpath of C' and
(EC1) P covers SUT;
(EC2) both endvertices of P are in A;
(EC3) |[A\V(P)|+1=|B\V(P).

We will use the following notation when describing the form of a path. If X,Y €
{A, B} then we write X Y for any path which alternates between A and B whose initial
vertex lies in X and final vertex lies in Y. For example, A * A(ST)? indicates any path
of the form ABAB ... ASTST.

Suppose P is of the form 7,7, ... Z,,, where Z; € {A,B,S,T}. Let Zy,, Z,, ..., Z;
be the appearances of A and B, where i; <i;.,. If Z;, = A= 7, we say that Z;. ., is

2j+17 J+1

39



a repeated A. We define a repeated B similarly. Let rep(A) and rep(B) be the numbers
of repeated As and repeated Bs, respectively. Suppose that P has both endvertices in A
and P uses ¢ 4 rep(B) vertices from B. Then P will use ¢ + rep(A) + 1 vertices from A

(we add one because both endvertices of P lie in A). So we have that

|IB\V(P)|—|A\V(P)|=b—a—rep(B) +rep(A) + 1. (2.3)

Given a set of edges M C FE(G) we define the graph Gy C G whose vertex set is
V(G) and whose edge set is E(A, BUS)UE(B,AUT)UE(T,A)UE(S,B)UM C E(G).
Informally, in addition to the edges of M, GG, has edges between two vertex classes when
the bipartite graph they induce in G is dense.

We will again split our argument into two cases depending on the number of sink

vertices in C.

2.6.1 Finding an exceptional cover when (' has few sink vertices,
o(C) < eqn

It is relatively easy to find an exceptional cover when C' has few sink vertices by observing

that C' must contain many disjoint consistently oriented paths of length three. We can

use these consistently oriented paths to cover the vertices in S U T by forward paths of

the form ASB or BT A, for example.

Proposition 2.6.3. Suppose 1/n < g3 < ¢4 < 1. Let G be a digraph on n vertices
with 8°(G) > n/2. Suppose A, B,S,T is a partition of V(G) satisfying (Q1)—(Q9). If
o(C) < eyn, then there is an exceptional cover of G of length at most 21e4n.

Proof. Let d:=b—a. Let P be any subpath of C of length 20e4n. Let Q be a maximum
consistent collection of disjoint paths of length three in P, such that do(Q, Q') > 7 for all
distinct @, Q" € Q. Then

Q| > ([20e4n /7| — 2e4n)/2 > 4esn > d + s + L.
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If necessary, reverse the order of all vertices in C' so that the paths in Q are forward
paths. Apply Proposition 2.6.2 to find a matching M C E(BUT, B) of size d and write
M = {ey,....em, fms1,---, fa}, where e; € E(B) and f; € E(T,B). Map the initial
vertex of P to any vertex in A. We will greedily find a copy of P in G, which covers M
and S UT as follows.

Note that, by (Q8), we can cover each edge f; € M by a forward path of the form
BTB. By (QT), each of the vertices in S can be covered by a forward path of the form
ASB. Similarly, (Q8) allows us to find a forward path of the form BT A covering each
vertex in T. Moreover, note that (Q2)—(Q5) allow us to find a path of length three of
any orientation between any pair of vertices x € A and y € B using only edges from
E(A,B)UE(B, A). So we can find a copy of P which covers every edge in M (first the e;
and then the f;) and every vertex in (SUT) \ V(M) by a copy of a path in Q and which

has the form

(A% BB)™(A% BTB)"™(Ax ASB)*(A* BT)" ™A x X,

where X € {A, B}. We may assume that X = A by extending the path P by one vertex
if necessary. Let P denote this copy of P in G.

Now (EC1) and (EC2) hold. It remains to check (EC3). Observe that P“ contains
no repeated As and exactly d repeated Bs, these occur in the subpath of P¢ of the form
(Ax BB)™(Ax BTB)¥™. By (2.3), we see that

[B\V(P)| = [A\V(P®)| =1,

so (EC3) is satisfied. Hence P forms an exceptional cover. O
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2.6.2 Finding an exceptional cover when C' has many sink ver-
tices, o(C) > eyn

When C is far from being consistently oriented, we use sink and source vertices to cover
the vertices in S UT. A natural approach would be to try to cover the vertices in SUT
by paths of the form ASA and BT B whose central vertex is a sink or by paths of the
form AT A and BSB whose central vertex is a source. In essence, this is what we will
do, but there are some technical issues we will need to address. The most obvious is
that each time we cover a vertex in S or T' by a path of one of the above forms, we will
introduce a repeated A or a repeated B, so we will need to cover the exceptional vertices
in a “balanced” way.

Let P be a subpath of C' and let m be the number of sink vertices in P. Suppose that
Py, Py, Py is a partition of P into internally disjoint paths such that P = (P, P,Ps). We

say that Py, P, P3 is a useful tripartition of P if there exist Q; C V(F;) such that:
e P, and P, have even length;
e |Q;| > |m/12] fori=1,2,3;
e all vertices in Q7 U Q3 are sink vertices and are an even distance apart;
e all vertices in Q5 are source vertices and are an even distance apart.

Note that a useful tripartition always exists. We say that Q1, Qs, Q3 are sink/source/sink
sets for the tripartition P;, P, P3. We say that a subpath L C P, is a link if L has even
length and, if, writing x for the initial vertex and y for the final vertex of L, the paths

(Pox) and (yPs) each contain at least |Qs|/3 elements of Q.

Proposition 2.6.4. Let 1/n < e < n < 7 < 1. Let G be a digraph on n vertices and
let A,B,S,T be a partition of V(G). Let Sa,Sp be disjoint subsets of S and T, Tp be
disjoint subsets of T'. Let a := |A|, b := |B|, sa :=|5al, sp := |Ss|, ta :=|T4l|, ts := |15
and let a; € A. Suppose that:

(i) a,b > 1n;

42



(i) sa,sp,ta,tp <en;
(iii) 0°(G[A, B]) > nn;
(iv) d5(z) > b—en for all but at most en vertices v € A;
(v) d%(x) > a —en for all but at most en vertices x € B;

(vi) dy(x) > nn for all x € Sa, d5(x) > nn for all x € Sp, d}(z) > nn for all x € Ty

and dg(z) > nn for all x € Tp.

Suppose that P is a path of length at most n*n which contains at least 200en sink vertices.
Let Py, Py, P3 be a useful tripartition of P with sink/source/sink sets Qq,Qs, Q3. Let
L C P, be a link. Suppose that G\ (SaU SpUT4UTg) contains a copy LY of L which
is an AB-path if do(P, L) is even and a BA-path otherwise. Let ry be the number of
repeated As in LS and rp be the number of repeated Bs in L¢. Let G be the graph with

vertex set V(G) and edges

E(A,BUS,)UE(B,AUTg)UE(Tx, A) U E(Sp, B) U E(L®).

Then G' contains a copy PC of P such that:
o 16 C PG,
o PY covers Su,Sp,Ta,Tg;
e a, is the initial vertex of PC;
o The final vertex of PC lies in B if P has even length and A if P has odd length;
o PG has sy 4ty + 14 repeated As and s + tp + rp repeated Bs.

Proof. We may assume, without loss of generality, that the initial vertex of P lies in Q.
If not, let = be the first vertex on P lying in Q; and greedily embed the initial segment
(Px) of P starting at a; using edges in F(A, B)U E(B, A). Let a} be the image of z. We
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can then use symmetry to relabel the sets A, B, Sy, S, T4, Ty, if necessary, to assume
that a} € A.

We will use (vi) to find a copy of P which covers the vertices in S4 U T by sink
vertices in @1 U Q3 and the vertices in Sg U T4 by source vertices in Q,. We will use
that |Q;] > 15en for all i and also that (iii)—(v) together imply that G’ contains a path
of length three of any orientation between any pair of vertices in x € A and y € B.
Consider any ¢; € Q1 and ¢ € Qs. The order in which we cover the vertices will depend
on whether dc(qq, ¢2) is even or odd (note that the parity of do(qi,q2) does not depend
on the choice of ¢; and ¢,).

Suppose first that do(q1,q2) is even. We find a copy of P in G’ as follows. Map the
initial vertex of P to a;. Then greedily cover all vertices in Tz so that they are the
images of sink vertices in Q; using a path P& which is isomorphic to P; and has the form
(A* BTpB)'® Ax A. Let 1, be the initial vertex of L and yy, be the final vertex. Let 2% and
y% be the images of z, and yz, in LY. Cover all vertices in Sp so that they are the images
of source vertices in Qy using a path isomorphic to (Pexy) which starts from the final
vertex of PF and ends at 2%. This path has the form (A x BSpB)*# A% X, where X := A
if do(P, L) is even and X := B if do(P, L) is odd. Now use the path Lg. Next cover all
vertices in T4 so that they are the images of source vertices in Q5 using a path isomorphic
to (yrP,) whose initial vertex is y¥. This path has the form Y % A(B * AT4A)4B x B,
where Y := B if do(P, L) is even and Y := A if do(P, L) is odd. Let P{ denote the copy
of P, obtained in this way. Finally, starting from the final vertex of P{*, find a copy of Ps
which covers all vertices in Sy by sink vertices in Q3 and has the form (Bx AS,A)*4Bx B
if P (and thus also P3) has even length and (B x ASsA)*AB x A if P (and thus also P3)
has odd length. If dc(qy, ¢2) is odd, we find a copy of P which covers T, Ta, V(LY), Sg,
Sy4 (in this order) in the same way. Observe that PC% has s4 + ta + 74 repeated As and

sp +tg + rp repeated Bs, as required. ([l

We are now in a position to find an exceptional cover. The proof splits into a number

of cases and we will require the assumption that C' is not antidirected. We will need a
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matching found using Proposition 2.6.2 and a careful assignment of the remaining vertices
in SUT to sets Sa,Sg, T4 and Tg to ensure that the path found by Proposition 2.6.4

leaves a balanced number of vertices in A and B uncovered.

Lemma 2.6.5. Suppose 1/n < e3 < ¢4 < 1. Let G be a digraph on n vertices with
8°(G) > n/2. Suppose A, B,S,T is a partition of V(G) satisfying (Q1)—(Q9). If C is
an oriented cycle on n vertices, C is not antidirected and o(C) > eyn, then there is an

exceptional cover P of G of length at most 2e4n.

Proof. Letd:=b—a, k:=t—sand r := s+t Since o(C) > g4n, we can use an
averaging argument to guarantee a subpath @ of C' of length at most e4n such that ¢’
contains at least 2,/e3n sink vertices. Let @ be an initial subpath of Q" which has odd

length and contains ,/e3n sink vertices.

Case 1: a<bors<t.
We will find disjoint sets of vertices Sa, Sg,Ta, s, of sizes sa, sg,ta,tp respectively,

and a matching M’ = E'U E’ (where E and E’ are disjoint) such that the following hold:
(E1) SaUSp=Sand TaUTg =T\ V(E);

(E2) E C E(B), |E| < d;

(E3) E' C E(BUT,B)UE(A,AUT) and 1 < |E'| < 2;

(E4) If p:= |E'NE(B)| — |[E'NE(A)|, then sy +ts+d=sg+tg+p+|E|

We find sets satistying (E1)-(E4) as follows. Suppose first that n is odd. Note that
we can find a matching M C E(BUT,B) of size d + 1. Indeed, if a < b then M
exists by Proposition 2.6.2 and if @ = b, and so s < ¢, we use that a + s < n/2 and
8°(G) > n/2 to find M of size d+1 = 1. Fix one edge ¢ € M and let E' := {e}. There are
r’:=r—|V(E")NT| vertices in SUT which are not covered by E’. Set d' := min{r’, d—p}

and let £ C (M \ E') N E(B) have size d —p — d'.
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Suppose that n is even. If a < b, by Proposition 2.6.2, we find a matching M of size
d+2in E(BUT, B). Fix two edges e1,e3 € M and let E' := {e1,es2}. Choose 7', d’ and
E as above.

If niseven and a = b, thena+s=b+s=(n—k)/2 <n/2—1. So d} r(x) > k/2
for each z € A and dg () > k/2 for each # € B. Either we can find a matching A
of size two in E(BUT,B)U E(A,AUT) or t = s+ 2 and there is a vertex v € T such
that A C N~ (v) and B C N*(v). In the latter case, move v to S to get a new partition
satisfying (Q1)—(Q9) and the conditions of Case 2. So we will assume that the former
holds. Let E' := M, E:=0, 7" :=r — |[V(E')NT| and d' := —p.

In each of the above cases, note that =" mod 2 and |d'| < 7’. So we can choose
disjoint subsets Sa, Sg, T4, T satisfying (E1) such that sx+t4 = (r'—d')/2 and sp+itp =
(r' +d')/2. Then (E4) is also satisfied.

We construct an exceptional cover as follows. Let L; denote the oriented path of
length two whose second vertex is a sink and let Ly denote the oriented path of length
two whose second vertex is a source. For each e € E’, we find a copy L(e) of Ly or Lo
covering e. If e € E(A) let L(e) be a copy of L; of the form AAB, if e € E(B) let L(e)
be a copy of Ly of the form ABB, if e € E(A,T) let L(e) be a copy of Ly of the form
ATB and if e € E(T, B) let L(e) be a copy of Ly of the form AT B. Note that for each
e € E', the orientation of L(e) is the same regardless of whether it is traversed from its
initial vertex to final vertex or vice versa. This means that we can embed it either as an
AB-path or a BA-path.

Let a; be any vertex in A and let e; € E'. Let r4 and rg be the number of repeated
As and Bs, respectively, in L(e;). So r4 = 1 if and only if e; € E(A), otherwise r4 = 0.
Also, rg = 1 if and only if e; € E(B), otherwise rg = 0. Consider a useful tripartition
Py, Py, P; of Q. Let L C P, be a link which is isomorphic to L(e;). Let x denote the
final vertex of ). Using Proposition 2.6.4 (with 2e3,¢4,1/4 playing the roles of €,7, 1),
we find a copy QF of @ covering Sa, Sg, T, T whose initial vertex is a;. Moreover,

L(e;) € QY C Gie;y €© G, the final vertex 2@ of Q¢ lies in A, Q° has sy +ta+ 74
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repeated As and sp+tp+1p repeated Bs. If |E'| =2, let eo € F'\{e1}. Let Q" := (zQ").
Let y be the second source vertex in Q" if eo € E(T, B) and the second sink vertex in )"
otherwise. Let y~ be the vertex preceding y on C, let y* be the vertex following y on C'
and let ¢ := do(z,y~). Find a path in G whose initial vertex is % which is isomorphic to
(Q"y~) and is of the form Ax A if ¢ is even and A« B if ¢ is odd, such that the final vertex
of this path is an endvertex of L(es). Then use the path L(eg) itself. Let Z := B if ¢ is
even and Z := A if ¢ is odd. Finally, extend the path to cover all edges in E using a path
of the form Z x B(A* ABB)Fl A which is isomorphic to an initial segment of (y*Q"). Let
P denote the resulting extended subpath of C', so Q C P C Q'. Let P be the copy of P
in Gyy.

Note that (EC1) and (EC2) hold. Each repeated A in P¢ is either a repeated A in
QC or it occurs when P¢ uses L(e;) in the case when e, € E(A). Similarly, each repeated
B in P¢ is either a repeated B in QY or it occurs when P uses L(e;) in the case when

es € E(B) or when PY uses an edge in E. Substituting into (2.3) and recalling (E4) gives

|IB\ V(P9)| = |A\V(P%)| =b—a— (sg+tp+ |E| +|E' N E(B)|)
+(sa+ta+|E'NEA)])+1

Id—(SB—i-tB—i-‘ED—p—i-(SA—i—tA)—i—lZ1.

So (EC3) is satisfied and PY is an exceptional cover.

Case 2: a=0bands=t.
If s =t = 0 then any path consisting of one vertex in A is an exceptional cover. So
we will assume that s,t > 1. We say that C is close to antidirected if it contains an

antidirected subpath of length 500e3n.

Case 2.1: C' is close to antidirected.
If thereis an edge e € E(T, B)JUE(B,S)UE(S, A)UE(A,T) then we are able to find an
exceptional cover in the graph G.y. We illustrate how to do this when e = t,0, € E(T, B),

the other cases are similar. Since C' is close to but not antidirected, it follows that C'
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contains a path P of length 500e3n which is antidirected except for the initial two edges
which are oriented consistently. Let s; € S. If the initial edge of P is a forward edge, let
P’ be the subpath of P consisting of the first three edges of P and find a copy (P')¢ of
P’ in G of the form A{s,}BA. If the initial edge of P is a backward edge, let P’ consist
of the first two edges of P and let (P')“ be a backward path of the form B{s;}A. Let
P" be the subpath of P formed by removing from P all edges in P’. Let 2 € A be the
final vertex of (P")¢. Set Sy := S\ {s1}, T := T \ {t1} and Sp,Tx := 0. Let P\, P, Ps
be a useful tripartition of P”. Asin Case 1, let Ly denote the oriented path of length two
whose second vertex is a source. Let L C P, be a link which is isomorphic to Ly and map
L to a path LE of the form BT A which uses the edge t;b;. We use Proposition 2.6.4 to
find a copy (P")¢ of P” which uses LY, covers S4UTp and whose initial vertex is mapped
to 2%. Moreover, the final vertex of P” is mapped to AU B and (P”)¢ has sy = s — 1
repeated As and tp =t — 1 repeated Bs. Let P¢ be the path (P')¢ U (P”)¢. Then P¢
satisfies (EC1) and we may assume that (EC2) holds, by adding a vertex in A as a new
initial vertex and/or final vertex if necessary. The repeated As and Bs in PY are precisely
the repeated As and Bs in (P”)“. Therefore, (2.3) implies that (EC3) holds and P¢ forms
an exceptional cover.

Let us suppose then that E(T,B) U E(B,S)U E(S,A) U E(A,T) is empty. If S =
{s1}, T = {t;} then, since 6°(G) > n/2, G must contain the edge s1¢; and edges a;s1, b1t
for some a; € A,b; € B. Since C is not antidirected but has many sink vertices we may
assume that C' contains a subpath P = (uvxyz) where uwv,vz,yx € E(C). We use the
edges a,51, s1t1, bit1, as well as an additional AB- or BA-edge, to find a copy P¢ of P in
G of the form ASTBA. The path PY forms an exceptional cover.

If s=t=2and e(S) =e(T) = 2, we find an exceptional cover as follows. Write
S = {s1,s2}, T = {t1,t2}. We have that s;s;,t;t; € E(G) for all i # j. Note that C
is not antidirected, so C' must contain a path of length six which is antidirected except
for its initial two edges which are consistently oriented. Suppose first that the initial two

edges of P are forward edges. Let a; € A be an inneighbour of s;. Note that s, has an
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inneighbour in 7', without loss of generality ¢;. Let by € B be an inneighbour of t, and
as € A be an outneighbour of b;. We find a copy PY of P which has the form ASSTTBA
and uses the edges a1, 5152, 1159, t1ta, bits, byas, in this order. If the initial two edges of
P are backward, we instead find a path of the form ATTSSBA. Note that in both cases,
PC satisfies (EC1) and (EC2). PY has no repeated As and Bs and (2.3) implies that
(EC3) holds. So P¢ forms an exceptional cover.

So let us assume that s,¢ > 2 and, additionally, e(S) + e(7) < 4 if s = 2. There
must exist two disjoint edges e; = 181, €3 = Soty where s1,50 € S and t1,ty € T (since
8°(G) > n/2 and E(T,B)UE(B,S)UE(S,A)UE(A,T) = (). We use these edges to find
an exceptional cover as follows. We let Sq := S\ {s1,82}, Tp := T\ {t1,t2}, 54 := [Sa|
and tp := |Tg|. We use e; and ey to find an antidirected path P which starts with a

backward edge and is of the form

A{ti Hs1}A(B * AS4A)*A B * B{so}{t2} B(A « BT B)*? A.

The length of P is less than 500e3n. So, as C'is close to antidirected, C' must contain a
subpath isomorphic to P%. We claim that P is an exceptional cover. Clearly, P% satisfies
(EC1) and (EC2). For (EC3), note that P“ contains an equal number of repeated As and

repeated Bs. Then (2.3) implies that |B NV (PY)| = |[ANV(P%)| + 1.

Case 2.2: C' is far from antidirected.

Recall that @) is a subpath of C' of length at most e4n containing at least |/e3n sink
vertices. Let @ be a maximum collection of sink vertices in () such that all vertices in Q
are an even distance apart, then |Q| > |/ezn/2. Partition the path @ into 11 internally
disjoint subpaths so that Q = (PP PP, ... P;P;Ps) and each subpath contains at least
300e3n elements of Q. Note that each P/ has length greater than 500e3n and so is not
antidirected, that is, each P/ must contain a consistently oriented subpath P! of length
two. At least three of the P must form a consistent set. Thus there must exist i < j

such that dc (P, Py') is even and {P;’, P/'} is consistent. We may assume, without loss of
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generality, that P’, P/’ are forward paths and that the second vertex of P is in Q. Let P
be the subpath of () whose initial vertex is the initial vertex of P, and whose final vertex
is the final vertex of Py’

We will find an exceptional cover isomorphic to P as follows. Choose s; € S and
ty € T arbitrarily. Set Sy := S\ {s1} and T := T\ {t1}. Map the initial vertex of P
to A. We find a copy of P which maps each vertex in S4 to a sink vertex in P; and each
vertex in T to a sink vertex in P;. If do(P;, P/") is even, P/ is mapped to a path L’ of
the form A{s;}B and P} is mapped to a path L” of the form B{t;}A. If dc(F;, P') is
odd, P/ is mapped to a path L' of the form B{t;}A and P} is mapped to a path L” of
the form A{s;}B. Thus, if do(P;, P/') is even, we obtain a copy P® which starts with a
path of the form A(B x AS4A)*4B * A, then uses L’ and continues with a path of the
form B * B(A x BTpB)'"® A x B. Finally, the path uses L”. The case when d¢(FP;, P/) is
odd is similar. (EC1) holds and we may assume that (EC2) holds by adding one vertex to

P if necessary. Note that P“ contains an equal number of repeated As and Bs, so (2.3)

implies that (EC3) holds and P¢ is an exceptional cover. 0

2.6.3 Finding a copy of C

Proposition 2.6.3 and Lemma 2.6.5 allow us to find a short exceptional cover for any
cycle which is not antidirected. We complete the proof of Lemma 2.6.1 by extending this
path to cover the small number of vertices of low degree remaining in A and B and then

applying Proposition 2.4.2.

Proof of Lemma 2.6.1. Let P be an exceptional cover of G of length at most 21e4n,

guaranteed by Proposition 2.6.3 or Lemma 2.6.5. Let

X:={veA:d5w) <n/2—e3nordgz(v) <n/2—esn} and

Y :={veB:dij(v) <n/2—esnord,(v) <n/2—esn}.
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(Q4) and (Q5) together imply that | X UY| < 2e3n. Together with (Q3), this allows us to
cover the vertices in X UY by any orientation of a path of length at most e4n. So we can
extend P to cover the remaining vertices in X UY (by a path which alternates between
A and B). Let P’ denote this extended path. Thus |P’| < 22e4n. Let x and y be the
endvertices of P’. We may assume that z,y € A\ X. Let A" := (A\ V(P"))U{z,y} and
B’ := B\ V(P') and consider G' := G[A’, B']. Note that |A’| = |B’| + 1 by (EC3) and

(G > n/2 — e3n — 22e4n > (7|B'| +2)/8.

Thus, by Proposition 2.4.2(ii), G’ has a Hamilton path of any orientation between z and

y in G. We combine this path with P’, to obtain a copy of C. O

2.7 G is ABST-extremal

In this section we prove that Theorem 2.1.2 holds for all ABST-extremal graphs. When
G is ABST-extremal, the sets A, B, S and T are all of significant size; G[S] and G[T'] look
like cliques and G[A, B] resembles a complete bipartite graph. The proof will combine

ideas from Sections 2.5 and 2.6.

Lemma 2.7.1. Suppose that 1/n € ¢ € 1 < m1 € 7 K 1. Let G be a digraph on n
vertices with 6°(G) > n/2 and assume that G is ABST-extremal. If C is any orientation

of a cycle on n vertices which is not antidirected, then G contains a copy of C.

We will again split the proof into two cases, depending on how many changes of
direction C' contains. In both cases, the first step is to find an exceptional cover (defined

in Section 2.6) which uses only a small number of vertices from AU B.
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2.7.1 Finding an exceptional cover when (' has few sink vertices,
o(C) < ean
The following lemma allows us to find an exceptional cover when C' is close to being
consistently oriented. The two main components of the exceptional cover are a path
Ps C GI[S] covering most of the vertices in S and another path Pr C G[T] covering
most of the vertices in 7. We are able to find Ps and Pr because G[S]| and G[T] are
almost complete. A shorter path follows which uses long runs (recall that a long run is
a consistently oriented path of length 20) and a small number of vertices from AU B to
cover any remaining vertices in SUT. We use edges found by Proposition 2.5.6 to control

the number of repeated As and Bs on this path.

Lemma 2.7.2. Suppose 1/n € ¢ € e1 € 63 K m K 7 K 1. Let G be a digraph on
n vertices with 0°(G) > n/2. Suppose A, B, S, T is a partition of V(G) satisfying (R1)—
(R10). Let C be an oriented cycle on n vertices. If o(C') < eon, then G has an exceptional

cover P such that |[V(P)N (AU B)| < 2nin.

Proof. Let s* :=s—[eon] and d := b—a. Define S” C S to consist of all vertices z € S
with df ¢(z) > b+s—e/*n and d ¢(7) > a+ s —e'/?n. Define T' C T similarly. Note
that [S'\ S|, |T\ T"| < ein by (R9) and (R10).

We may assume that the vertices of C' are labelled so that the number of forward
edges is at least the number of backward edges. Let () C C be a forward path of length
two, this exists since o(C') < egn. If C' is not consistently oriented, we may assume
that @ is immediately followed by a backward edge. Define ey, eq,e3 € E(C') such that
de(er, Q) = s*, do(Q,e3) = s* + 1, do(Q, e3) = 2. Let By := (e1Cley).

If at least one of ey, ey is a forward edge, define paths Pr and Ps of order s* so that
Py = (e1PrQPsey). In this case, map Q to a path Q% in G of the form T'AS’. If e; and
ey are both backward edges, our choice of () implies that es is also a backward edge. Let
Pr and Ps be defined so that Py = (e; PrQesPsey). So |Pr| = s* and |Ps| = s* — 1. In
this case, map (Qes) to a path Q¢ of the form T'ABS’.

Let pr := |Pr| and pg := |Ps|. Our aim is to find a copy P of Py which maps Ps to
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G[S] and Pr to G[T]. We will find P{ of the form F as given in Table 2.1. Let M be a set

e forward forward backward backward
€9 forward backward forward backward
F | B(T)YtA(S)PsB | B(T)PTA(S)*sA | A(T)PA(S)*sB | A(T)»TAB(S)Ps A

Table 2.1: Proof of Lemma 2.7.2: POG has form F'.

of d+ 1 edges in E(T,BUS)U E(B, S) guaranteed by Proposition 2.5.6. We also define
a subset M’ of M which we will use to extend P to an exceptional cover. If e, e, are
both forward edges, choose M’ C M of size d. Otherwise let M’ := M. Let d' := |M’|.
Let M be the set of all edges in M’ which are disjoint from all other edges in M’ and let
d) = |M{|. So M'\ M consists of (d' — d})/2 =: d,, disjoint consistently oriented paths
of the form T'BS.

We now fix copies e{ and e§ of e; and e,. If e; is a forward edge, let € be a BT"-edge,
otherwise let e{ be a T"A-edge. If e, is a forward edge, let €5 be a S’B-edge, otherwise
let €5 be an AS’-edge. Let t; be the endpoint of e in 17, s5 be the endpoint of e§ in S’
and let t, € T and s; € S’ be the endpoints of QY. Let v be the final vertex of ¢§ and
let X € {A, B} be such that v € X.

We now use (R5), (R6), (R9) and (R10) to find a collection P of at most 3e1n + 1
disjoint, consistently oriented paths which cover the edges in M’ and the vertices in S\ .S’
and T\ T'. P uses each edge e € M] in a forward path P, of the form B(SUT)’B for
some 1 < j < 4 and P uses each path in M\ M} in a forward path of the form BT BS/' B
for some 1 < j,j < 4. The remaining vertices in S\ S’, T\ T" are covered by forward
paths in P of the form A(S)/B or B(T)’ A, for some 1 < j < 3.

Let S” C S\ (V(P)U{s1,s2}) and T" C T\ (V(P) U{ty,ta}) be sets of size at most
2e9n so that |[S”| +ps =[S\ V(P)| and |T"| + pr = |T\ V(P)|. Note that S” C S’ and
T" CT'. So we can cover the vertices in S” by forward paths of the form ASB and we
can cover the vertices in 7" by forward paths of the form BT A. Let P’ be a collection of
disjoint paths thus obtained. Let P; be the subpath of order nin following Py on C'. Note

that P, contains at least ,/ean disjoint long runs. Each path in P U P’ will be contained
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in the image of such a long run. (Each forward path in P U P’ might be traversed by PZ
in a forward or backward direction, for example, a forward path of the form BT'BS/' B
could appear in PE as a forward path of the form BT7BS’ B or a backward path of the
form BSY BT7B.) So we can find a copy P& of P, starting from v which uses P UP’ and
has the form

X% AXiXo. . . XgYiYa.. Yy Z1Zs. .. ZiB*Y

for some ¢ > 0 and Y € {4, B}, where X; € {B(SUT)BxA:1<j <4} Y, €
{B(SUTYB(SUT)'BxA:1<j,j <4} and

Z; € {BA(SUT)YBx A, B(SUTYAxA:1<j <3}

Let S* be the set of uncovered vertices in S together with the vertices si, s, and let
T* be the set of uncovered vertices in T' together with ¢; and t5. Write Gg := G[S*]
and Gr := G[T*]. Now 0°(Gr) >t — \/ean > T|Gr|/8 and so Gr has a Hamilton path
from t; to to which is isomorphic to Pr, by Proposition 2.4.2(i). Similarly, we find a path
isomorphic to Ps from s; to sy in Gg. Altogether, this gives us the desired copy PE of P
in G. Let PY := PYPF.

We now check that P forms an exceptional cover. Clearly (EC1) holds and we may
assume that P¢ has both endvertices in A (by extending the path if necessary) so that
(EC2) is also satisfied. For (EC3), observe that P contains exactly d} +2d, = d’ repeated
Bs, these occur in the subpath of the form X;X5.. .XdIIY1Y2 .. .Yd/2 covering the edges in
M'. 1f e; and ey are both forward edges, then, consulting Table 2.1, we see that P has
no repeated As and that there are no other repeated As or Bs in PY. Recall that in this
case d' = d, so (2.3) gives |B\ V(PY)| —|A\ V(P%)|=d—d + 1 = 1. If at least one of
e1, es is a backward edge, using Table 2.1, we see that there is one repeated A in P and
there are no other repeated As or Bs in PY. In this case, we have d’ = d + 1, so (2.3)
gives | B\ V(P%)|—|A\V(P%)| =d—d +1+1=1. Hence PY satisfies (EC3) and forms

an exceptional cover. Furthermore, |V (P%) N (AU B)| < 2n?n. O
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2.7.2 Finding an exceptional cover when C' has many sink ver-
tices, o(C) > e9n

In Lemma 2.7.4, we find an exceptional cover when C' contains many sink vertices. The

proof will use the following result which allows us to find short AB- and BA-paths of

even length. We will say that an AB- or BA-path P in G is useful if it has no repeated

As or Bs and uses an odd number of vertices from S UT.

Proposition 2.7.3. Suppose 1/n € ¢ € &1 < 1 < 7 K 1. Let G be a digraph on n
vertices with 6°(G) > n/2. Suppose A, B,S,T is a partition of V(G) satisfying (R1)-
(R10). Let Ly and Ly be oriented paths of length eight. Then G contains disjoint copies
LY and LS of Ly and Ly such that each LS is a useful path. Furthermore, we can specify

whether LS is an AB-path or a BA-path.

Proof. Define S’ C S to be the set consisting of all vertices x € S with d3(x) > nn/2.
Define 7" C T similarly. Note that |S\ S|, |7\ 7’| < e1n by (R9) and (R10). We claim
that G contains disjoint edges e, f € E(BUT,S")UE(AUS,T"). Indeed, if a+s < n/2 it
is easy to find disjoint e, f € E(BUT,S’), since 6°(G) > n/2. Otherwise, we must have
a+s=>b+t=mn/2and so each vertex in S’ has at least one inneighbour in B U T and
each vertex in 7" has at least one inneighbour in AU S. Let G’ be the bipartite digraph
with vertex classes AU S and BUT and all edges in E(BUT,S") U E(AUS,T'). The
claim follows from applying Konig’s theorem to the underlying undirected graph of G’.

We demonstrate how to find a copy L{ of L; in G which is an AB-path. The argument
when LY is a BA-path is very similar. LY will have the form A x B(T)!(S)/(T)*A x B or
Ax A(T)(S)(T)*B * B, for some i,j,k > 0 such that i + j + k is odd. Note then that
LY will have no repeated As or Bs.

First suppose that L; is not antidirected, so L; has a consistently oriented subpath L’
of length two. We will find a copy of L, using (R9)—(R10) to map L’ to a forward path
of the form ASB or BT A or a backward path of the form BSA or AT B. More precisely,
if L' is a forward path, let L{ be a path of the form A x ASB * B if do(Ly, L) is even
and a path of the form A * BT A % B if do(Ly, L') is odd. If L' is backward, let L{ be a
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path of the form A% ATB x B if do(Ly,L') is even and a path of the form A« BSA x B
if do(Ly, L) is odd.

Suppose now that L; is antidirected. We will find a copy L of L; which contains e.
If e € E(B,S’), we use (R9) and the definition of S’ to find a copy of L; of the following
form. If the initial edge of L, is a forward edge, we find L of the form A(S)3B  B. If
the initial edge is a backward edge, we find L§ of the form AB(S)3Ax* B. If e € E(A,T")
we will use (R10) and the definition of 7" to find a copy of L; of the following form. If
the initial edge of L; is a forward edge, we find L of the form A(T)3B * B. If the initial
edge is a backward edge, we find L{ of the form AB(T)3A x B.

If Ly is antidirected and e € E(T,S"), we will use (R4), (R6), (R9), (R10) and the
definition of S’ to find a copy of L; containing e. If the initial edge of L is a forward
edge, find LY of the form AB(S)?(T)*"~'A % B, where 1 < h < 2. If the initial edge is
a backward edge, find L¢ of the form A(T)*1(S)?B * B, where 1 < h < 2. Finally, we
consider the case when e € E(S,T"). If the initial edge of L; is a forward edge, we find L
of the form AB(S)*"~Y(T)2A* B, where 1 < h < 2. If the initial edge of L; is a backward
edge, we find L{ of the form A(T)?(S)?""'B x B, where 1 < h < 2.

We find a copy L§ of Ly (which is disjoint from L{) in the same way, using the edge

fif Lo is an antidirected path. ([l

As when there were few sink vertices, we will map long paths to G[S] and G[T]. It will
require considerable work to choose these paths so that GG contains edges which can be
used to link these paths together and so that we are able to cover the remaining vertices
in S UT using sink and source vertices in a “balanced” way. In many ways, the proof is
similar to the proof of Lemma 2.6.5. In particular, we will use Proposition 2.6.4 to map

sink and source vertices to some vertices in S UT.

Lemma 2.7.4. Suppose 1/n € ¢ € g1 € g9 Ky < 7 K 1. Let G be a digraph on
n vertices with 0°(G) > n/2. Suppose A, B, S, T is a partition of V(G) satisfying (R1)—
(R10). Let C be an oriented cycle on n vertices which is not antidirected. If o(C') > ea9n,

then G has an exceptional cover P such that |V (P) N (AU B)| < 5ean.
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Proof. Let d:=b— a. Define S" C S to be the set consisting of all vertices x € S with
d$(x) > mn/2 and define 7' C T similarly. Let S” := S\ S’ and T" := T'\ T". Note that
|S”],|T"] < eyn by (R9) and (R10). By (R5), all vertices x € S” satisfy d;(z) > mn/2 or
db(x) > mn/2 and, by (R6), all z € T” satisfy d(x) > mn/2 or dz(z) > mn/2. In our
proof below, we will find disjoint sets S4,Sg C S and Tx4,Tp C T of suitable size such

that

dy(x) >mn/2 for all x € Sy and df(x) > mn/2 for all x € Sp; (2.4)

dg(z) > mn/2 for all z € Tp and dij(x) > mn/2 for all x € Thy. (2.5)

Note that (R9) implies that all but at most eyn vertices from S could be added to S4 or
Sp and satisfy the conditions of (2.4). Similarly, (R10) implies that all but at most 1n
vertices in T are potential candidates for adding to T4 or T so as to satisfy (2.5). We
will write s4 := |S4l|, sp := |SB|, ta := |Ta| and tp := |T5]|.

Let s* := s —[\/e1n] and let £ := 2[egn] — 1. If C contains an antidirected subpath of
length ¢, let Q5 denote such a path. We may assume that the initial edge of ()5 is a forward
edge by reordering the vertices of C' if necessary. Otherwise, choose (> to be any subpath
of C of length ¢ such that ()2 contains at least 51/ ’n sink vertices and the second vertex
of @, is a sink. Let @1 be the subpath of C' of length ¢ such that do(Q1,Q2) = 2s* + L.
Note that if )1 is antidirected then )5 must also be antidirected. Let eq, e5 be the final
two edges of @1 and let f1, fo be the initial two edges of Q3 (where the edges are listed in
the order they appear in @)1 and @9, i.e., (e1e2) € @y and (fif2) C @Q2). Note that f; is
a forward edge and f5 is a backward edge.

Let @' be the subpath of C' of length 14 such that d(Q’, Q2) = s*. If Q' is antidirected,
let @@ be the subpath of @’ of length 13 whose initial edge is a forward edge. Otherwise
let @ C @' be a consistently oriented path of length two. We will consider the three cases

stated below.

Case 1: Q1 and Q2 are antidirected. Moreover, {es, f1} is consistent if and only if n is
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even.

We will assume that the initial edge of @) is a forward edge, the case when @ is a
backward path of length two is very similar. We will find a copy Q¢ of @ which is a
T'S-path. If Q is a forward path of length two, map Q to a forward path Q¢ of the
form T'AS’. If @Q is antidirected, we find a copy QY of @ as follows. Let Q" be the
subpath of @ of length eight such that do(Q, Q") = 3. Recall that a path in G is useful
if it has no repeated As or Bs and uses an odd number of vertices from S UT. Using
Proposition 2.7.3, we find a copy (Q")¢ of Q" in G which is a useful AB-path. We find
Q% which starts with a path of the form T"ABA, uses (Q”)“ and then ends with a path
of the form BAS’. Let ¢g and gy be the numbers of interior vertices of Q¢ in S and T,
respectively.

If n is even, let e := ey and, if n is odd, let e := e;. In both cases, let f := f;. The
assumptions of this case imply that e and f are both forward edges. Let P := (Q:CQ2)
and let Pr and Ps be subpaths of C' which are internally disjoint from e, f and () and are
such that (eC'f) = (ePr@QPsf). Our plan is to find a copy of Pr in G[T]| and a copy of
Ps in G[S]. Let pr := |Pr| and pg := |Pg|. If @ is a consistently oriented path we have
that gs,qr = 0 and ps + pr = de(e, f) — 1. If @ is antidirected, then gs + ¢r is odd and

ps + pr = deo(e, f) — 12. So in both cases we observe that

ps+pr+qs+aqr =dcle, f)—1=n mod 2. (2.6)

Choose Sa, Sp, Ta, Ts to satisfy (2.4) and (2.5) so that S”\ V(Q%) C S, U Sp, T"\
V(QY) CTaUTg, s=sa+sp+ps+qs,t =ta+tp+pr+qrand sa+ts+d=sp+tp.
To see that this can be done, first note that the choice of s* implies that s — ps — qg >
Ven/2 > |S"|+dand t—pr—qr > \/ein/2 > |T"|+d. Let r := s+t—(ps+pr+aqs+aqr).
So r is the number of vertices in S UT" which will not be covered by the copies of Pr, Pg

or Q. Then (2.6) implies that

r=s+t—n=d mod 2.
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Thus we can choose the required subsets Sa, Sp, T4, T so that s4 +t4 = (r —d)/2 and
s+t = (r+d)/2. Note that (R3) and the choice of s* also imply that s4+sp,ts+tp <
2\/e1n.

Recall that @, is antidirected. So we can find a path (Q.e)“ isomorphic to (Qie)
which covers the vertices in T4 by source vertices and the vertices in Ts by sink vertices.

We choose this path to have the form

X x A(BAT A x A)'4(BTgB * A)"* B x BT',

where X € {A, B}. Observe that (Q1e)” has t4 repeated As and tp repeated Bs. Find a

path QF isomorphic to @y of the form

S'B x A(BAS4A * A)*A(BSpB * A)**B x B

which covers all vertices in S4 by sink vertices and all vertices in Sg by source vertices.
QY has s, repeated As and sp repeated Bs. So far, we have been working under the
assumption that @) starts with a forward edge. If () is a backward path, the main difference
is that we let e := e if n is even and let e := ey if n is odd. We let f := f5 so that e and
f are both backward edges and we map Q to a backward path Q¢ of the form T'BS’.
Then (2.6) holds and we can proceed similarly as in the case when @ is a forward path.
We find copies of Pr in G[T"] and Ps in G[S'] as follows. Greedily embed the first
VEn vertices of Pr to cover all uncovered vertices © € T" with df(z) < t — &'/3n or
dp(z) <t —e'/®n. Note that, by (R10), there are at most ;n such vertices. Write
P C Pr for the subpath still to be embedded and let t; and t; be the images of its
endvertices in 1. Let T™ denote the sets of so far uncovered vertices in T together with
t1 and t, and define G := G[T*]. We have that §°(Gr) >t — e'/3n — 3,/z1n > 7|G|/8,
using (R2), and so we can apply Proposition 2.4.2(i) to find a copy of Pj in Gy with the
desired endpoints. In the same way, we find a copy of Ps in G[S]. Together with Q¢
(Q1e)% and QY this gives a copy P¢ of P in G such that |V (P%) N (AU B)| < 5ean.
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The path PY satisfies (EC1) and we may assume that (EC2) holds, by extending the
path by one or two vertices, if necessary, so that both of its endvertices lie in A. Let us
now verify (EC3). All repeated As and Bs in P% are repeated As and Bs in the paths
(Q1e)% and QY. So in total, PY has s4 +t4 repeated As and sp +tp repeated Bs. Then

(2.3) gives that PY satisfies

|IB\V(P®)| = |A\V(PY)| =d— (sg+tg) + (sa+1ta) +1=1.

So (EC3) is satisfied and P¢ is an exceptional cover.

Case 2: There exists e € {ey,ea} and f € {fi1, fa} such that {e, f} is consistent and
n—dc(e, f) is even.

Let v be the final vertex of f. Recall the definitions of a useful tripartition and a link
from Section 2.6. Consider a useful tripartition Py, Py, Ps of (vQ2) and let Qy, Qs, Q3 be
sink /source/sink sets. Let L C P, be a link of length eight such that do(v, L) is even. If
@ is a consistently oriented path, use Proposition 2.7.3 to find a copy LY of L which is a
useful BA-path if e is forward and a useful AB-path if e is backward. Map () to a path
QY of the form T'AS" if Q is a forward path and T"BS’ if Q is a backward path. If Q is
antidirected, let Q" be the subpath of @ of length eight such that de(Q, Q") = 3. Using
Proposition 2.7.3, we find disjoint copies (Q")¢ of Q" and L® of L in G such that (Q")¢
is a useful AB-path and L¢ is as described above. We find Q¢ which starts with a path
of the form T'ABA, uses (Q")¢ and then ends with a path of the form BAS’. Let gg be
the number of interior vertices of Q¢ and L% in S and let ¢r be the number of interior
vertices of Q¢ and L in T. Note that in all cases, Q¢ is a T'S’-path with no repeated
As or Bs.

Let P := (eCQs) and let Py := (eCf). Define subpaths Pr and Ps of C' which are
internally disjoint from @, e, f and are such that Py = (ePrQPsf). Let pr := |Pr| and
ps := | Ps|. Our aim will be to find a copy PE of Py which uses Q% and maps Pr to G|[T]

and Ps to G[S]. P§ will have the form F given in Table 2.2. We fix edges ¢“ and f¢
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for e and f. If e is a forward edge, then choose e“ to be a BT'-edge and f¢ to be an
S’'B-edge. If e is a backward edge, let e“ be a T’ A-edge and f¢ be an AS’-edge. We also
define a constant d’ in Table 2.2 which will be used to ensure that the final assignment is

balanced. So, if 74 and rp are the numbers of repeated As and Bs in F{’ respectively, we

Initial edge of @ forward forward backward backward
e forward backward forward backward
F BTPr ASPSB | ATPT ASPSA | BIPTBSPSB | ATPTBSPs A
d d d—+2 d—2 d

Table 2.2: Proof of Lemma 2.7.4, Cases 2 and 3: P¢ has form F, where A denotes an
A-path with no repeated As or Bs.

will have ry —rg =d — d.
Note that

pr+ps+qr+qs =do(e, f) =n mod 2. (2.7)

The number of vertices in S U T which will not be covered by P or LY is equal to

r:=s+t— (pr+ps+qr+qs) and (2.7) implies that

r=s+t—-n=d=d mod 2.

Also note that the choice of s* implies that s — pg — g5 > /ein/2 > |S”| + d' and
t —pr —qr > y/en/2 > |T"| + d. Thus we can choose sets S, Sp,Ta,Tp satisfying
(2.4) and (2.5) so that S”\ V(QY U L%) C S, U Sg, T"\ V(Q® U LY) C T4 U Tg,
S=Sa+sp+ps+qs,t=ta+tg+pr+qrand sy +ts+d =sp+tp. (R3)and the
choice of s* imply that sy + sp,t4 +tp < 24/e1n. Recall that v denotes the final vertex
of f and let v“ be the image of v in G. If v¥ € A (i.e., if e is backward), let v := v and
(v ;=0 If v¥ € B, let v’ denote the successor of v on C. If vv’ € E(C), map v’ to
an outneighbour of v in A and, if v'v € E(C), map v’ to an inneighbour of v in A. Let
(v')¢ be the image of v/. Then we can apply Proposition 2.6.4, with 2./z1,11/2,7/2, (v/)¢
playing the roles of €, 7, 7, a;, to find a copy (v'Q2)% of (v/Q,) which starts at (v/)%, covers

Sa,Sp, T4, Tp and contains LY. Note that we make use of (2.4) and (2.5) here. We obtain
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a copy (vQ9)% of (vQs) (by combining v¥(v")¥ with (v'Q)% if v/ # v) which has sa +t4
repeated As and sp + tp repeated Bs.

We find copies of Pr in G[T] and Ps in G[S] as in Case 1. Combining these paths with
(vQ2)%, €%, Q% and f¢, we obtain a copy P of P in G such that |V (P%)N(AUB)| < 3ean.
The path P¢ satisfies (EC1) and we may assume that (EC2) holds, by extending the path
if necessary to have both endvertices in A. All repeated As and Bs in P occur as repeated

As and Bs in the paths PE and (vQ5)¢ so we can use (2.3) to see that

IB\ V(PY)| = |A\V(P)|=d—(sg+tg)+ (d —d)+ (sg+ts) +1=1.

Therefore, (EC3) is satisfied and P% is an exceptional cover.

Case 3: The assumptions of Cases 1 and 2 do not hold.

Recall that f; is a forward edge and f5 is a backward edge. Since Case 2 does not
hold, this implies that ey is a forward edge if n is even (otherwise e := ey and f := fo
would satisfy the conditions of Case 2) and es is a backward edge if n is odd (otherwise
e := ey and f := f; would satisfy the conditions of Case 2). In particular, since Case 1
does not hold, this in turn implies that @); is not antidirected. We claim that @, \ {ea}
is not antidirected. Suppose not. Then it must be the case that {ej,es} is consistent.
If e; and ey are forward edges (and so n is even), then e := e; and f := f; satisfy the
conditions of Case 2. If e; and ey are both backward edges (and so n is odd), then e := e;
and f := fy satisfy the conditions of Case 2. Therefore, Q1 \ {e2} is not antidirected and
must contain a consistently oriented path @)} of length two.

Let e := ey. If n is even, let f := f; and, if n is odd, let f := f5. In both cases,
we have that {e, f} is consistent. Let P := (Q,CQ2) and Py := (ePf). Let Pr and Pg
be subpaths of C' defined such that Py = (ePrQPsf). Set pr := |Pr| and pg := |Ps|.
Our aim is to find a copy PS¢ which is of the form given in Table 2.2. We also define a
constant d’ as in Table 2.2. So if r4 and rp are the numbers of repeated As and Bs in

P§ respectively, then again 74 —rp = d' — d.
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Let v be the final vertex of f. Consider a tripartition P;, P, Py of (v(Q)3) and a link
L C P, of length eight such that d¢(v, L) is even. Proceed exactly as in Case 2 to find
copies QY and LY of Q and L. Use (R4), (R9) and (R10) to fix a copy (Q;Ce)% of (QCe)

which is disjoint from Q¢ and L® and is of the form given in Table 2.3. Note that the

Q' forward forward backward backward
de(Q,e) odd even odd even
Form of (Q)Ce)% if eis | BTAx BT' | ASB x BT' | BSA BT'" | ATB x BT"
forward
Form of (QCe)% if eis | ASBx AT' | BTAx AT' | ATB x AT' | BSA x AT’
backward

Table 2.3: Form of (Q}Ce)% in Case 3.

interior of (Q]Ce)% uses exactly one vertex from SUT and (Q}Ce)® has no repeated As
or Bs. Write (Q})¢ for the image of Q). We also fix an edge f¢ for the image of f which
is disjoint from Q¢, L% and (Q,Ce)“ and is an S’'B-edge if e is forward and an AS’-edge
if e is backward. Let gs be the number of interior vertices of Q¢, LY and (Q})“ in S and
let g7 be the number of interior vertices of Q¢, L% and (Q})% in T.

Note that ps 4+ pr + qs + ¢r = de(e, f) — 1 = n mod 2. Using the same reasoning
as in Case 2, we find sets Sa, Sp, T, T satisfying (2.4) and (2.5) such that S”\ V(Q% U
LEU(Q)%) € SaUSp, T"\V(QCULYU(Q)) CTaUTh, s =54+ sp+ps+4s,
t=ta+tp+pr+qrand sqx+ts+d =sp+tg. (R3) and the choice of s* imply that
sa,ta,sp,tp < 2y/21n. Recall that v denotes the final vertex of f. Similarly as in Case 2,
we now use Proposition 2.6.4 to find a copy (vQ2)% of (vQ3) which covers Sy, Sg, Ta, Ts,
contains L and has s4 + t4 repeated As and sp + tp repeated Bs.

We find copies of Pr in G[T] and Ps in G[S] as in Case 1. Together with (QCe)%, Q°,
f€ and (vQ9)%, these paths give a copy P of P in G such that |V (P)N(AUB)| < begn.
The path PY satisfies (EC1) and we may assume that (EC2) holds, by extending the path
so that both endvertices lie in A if necessary. All repeated As and Bs in P¢ occur as

repeated As and Bs in the paths PE and (vQ9)%, so we can use (2.3) to see that

|IB\V(P)| - |A\V(P%)| =d—(sp —tg) — (d—d)+ (sg+ta) +1=1.
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So (EC3) is satisfied and PY is an exceptional cover. O

2.7.3 Finding a copy of C

As we did in the AB-extremal case, we will now use an exceptional cover to find a copy

of C'in G.

Proof of Lemma 2.7.1. Apply Lemma 2.7.2 or Lemma 2.7.4 to find an exceptional
cover P of G which uses at most 2n?n vertices from AU B. Let P’ be the path of length
Ve following P on C. Extend P by a path isomorphic to P, using this path to cover
all x € A such that dj(x) < b—¢'3n or dz(x) < b—¢'3n and all z € B such that
di(z) < a—enor dj(r) < a—e'/?n, using only edges in E(A, B) U E(B, A). Let P*
denote the resulting extended path.

We may assume that both endvertices aq,as of P* are in A and also that dﬁ(ai) >
b —'/3n (by extending the path if necessary). Let A*, B* denote those vertices in A and
B which have not already been covered by P* together with a; and as and let G* :=
G[A*, B*]. We have that |A*| = |B*|+1 and 0°(G*) > a—3nin > (7|B*| +2)/8. Then G*
has a Hamilton path of any orientation with the desired endpoints by Proposition 2.4.2(ii).

Together with P*, this gives a copy of C' in G. U
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CHAPTER 3

ON THE RANDOM GREEDY F-FREE
HYPERGRAPH PROCESS

3.1 Introduction

3.1.1 Results

Fix a k-uniform hypergraph F'. In this thesis, we study the following random greedy pro-
cess, which constructs a maximal F-free k-uniform hypergraph. Assign a birthtime which
is uniformly distributed in [0, 1] to each hyperedge of the complete k-uniform hypergraph
K on n vertices. Start with the empty hypergraph on n vertices at time p = 0. Increase
p and each time that a new hyperedge is born, add it to the hypergraph provided that it
does not create a copy of F' (edges with equal birthtime are added in any order). Denote
the resulting hypergraph at time p by R, .

The random greedy graph process (i.e. the case when k£ = 2) has been studied for
many graphs. The initial motivation (see for example [33]) was to study the Ramsey
number R(3,t). Indeed, the best current lower bounds on R(3,t) were obtained via the
study of the triangle-free process ([13], [35]). Osthus and Taraz [64] gave an upper bound
on the number of edges in the graph R, ; when F is strictly 2-balanced (this condition
is defined formally on the next page but, roughly speaking, guarantees that I’ does not

contain particularly dense subgraphs). They showed that a.a.s. R,; has maximum de-
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gree O(n!~(FI=2/((M)=1)(Jog )1/ (AUE=1)) " (Here a.a.s. stands for ‘asymptotically almost
surely’, i.e. for the property that an event occurs with probability tending to one as n tends
to infinity.) Results for the cases when F' = Cy and F' = K, were obtained independently
by Bollobds and Riordan [16]. Bohman and Keevash [12] showed that a.a.s. R, ; has min-
imum degree Q(n!~UF1=2/F)=1) (1og )1/ (F)=1)) whenever F is strictly 2-balanced and
conjectured that this gives the correct order of magnitude. Improved upper bounds have
been obtained for some graphs. For instance, the number of edges has been determined
asymptotically when F'is a cycle ([11], [13], [35], [65], [80]) and when F' = K, ([81],
[83]). Picollelli [66] determined asymptotically the number of edges when F' is a diamond,
i.e. the graph obtained by removing one edge from K. Note that this graph is not strictly
2-balanced.

Much less is known about the process when F' is a k-uniform hypergraph and k& > 3.
The only known upper bound is due to Bohman, Mubayi and Picollelli [14], who studied
the F-free process when F' is a k-uniform generalisation of a graph triangle (with an
application to certain Ramsey numbers). In this thesis, we obtain a generalisation of the
upper bound in [64] to strictly k-balanced hypergraphs. Here we say that a k-uniform
hypergraph F'is strictly k-balanced if |F| > k + 1 and for all proper subgraphs F’ C F

with [F'| > k + 1 we have
e(F)—1 - e(F")—1
[Fl =k~ |l =k

We also need the following definition. Given a hypergraph H and i € N, we define the

mazimum i-degree of H by

A;(H) :=max{dg(U): U CV(H),|U| =i},

where dg(U) is the number of hyperedges in H containing U. For any k-uniform hyper-

graph, the mazimum co-degree, Ay_1(H) refers to the maximum (k — 1)-degree.

Theorem 3.1.1. Let k € N be such that k > 2. Let F' be a strictly k-balanced k-uniform

hypergraph which has v vertices and h > v — k + 1 hyperedges. Suppose Ap_1(F) > 2.
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Then there exists a constant ¢ such that a.a.s.

1

- N R
Ap_1(Rnp) <t where t:= cnl_hf?(log n)Sk—1 =1 Rt (3.1)

In particular, a.a.s. R, has at most tn*~1 hyperedges.

Note that Theorem 3.1.1 applies, for example, to all k-uniform cliques K* on v > k+1
vertices and more generally to all balanced complete ¢-partite k-uniform hypergraphs with
¢ > k and more than k vertices.

Bennett and Bohman [10] studied a random greedy independent set algorithm in
certain quasi-random hypergraphs. This algorithm finds a maximal independent set by
choosing vertices uniformly at random and adding them to the existing set provided they
do not create a hyperedge. Note that we can define an e(F')-regular hypergraph H whose
set of vertices is E(K¥) and whose hyperedges correspond to all copies of F in K*. In this
case, the random greedy independent set process on H is exactly the F-free process. Their
result can be applied in the context of the F-free process to show that if F'is a strictly
k-balanced k-uniform hypergraph and every vertex of F lies in at least two hyperedges,
then a.a.s. R, has Q(n*=(FI=R/(E)=1) (Jog n)1/(F)=1) hyperedges. Up to logarithmic

factors, this matches the upper bound given in Theorem 3.1.1.

3.1.2 Open questions

There are many natural open questions related to the random greedy F'-free process.
First, we discuss bounds on the number of edges in R,,; when F'is an /-cycle. The-
orem 3.1.1 applies in the case when F' is a k-uniform tight cycle. However, there are
other natural notions of a hypergraph cycle: Given ¢ € N with ¢ < k, we say that a
k-uniform hypergraph Cyj, is an f-cycle of length h if there is a cyclic ordering of its
vertices z1,...,Zpk—¢ and a corresponding ordering on its hyperedges e, ..., e,—1 such
that e; = {Zik—p)+1,- .- Tik—o)+x . So consecutive hyperedges on the cycle intersect in

exactly ¢ vertices. The case when ¢ = k — 1 corresponds to Cy), being a tight cycle of
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length h. It is easy to check that all /-cycles are strictly k-balanced, but only tight cycles
satisfy the co-degree condition in Theorem 3.1.1. In the case when ¢ > k/2, {-cycles meet
the conditions in [10]. We conjecture that the bound on the number of hyperedges in [10]

is of the correct magnitude for any /.

Conjecture 3.1.2. Let {,k € N be such that k > 2 and k > { and let F' := Cy, be the

l-cycle of length h. Then a.a.s. R, has @(n%(log n)ﬁ) hyperedges.

One motivation for Conjecture 3.1.2 is that p = n/("=D=F(logn)/"=1 is the thresh-
old for the property that every hyperedge in H, , lies in an ¢-cycle of length h.

Another open problem would be to generalise Theorem 3.1.1 by finding an upper
bound on the number of steps in the random greedy independent set process studied in
[10].

The random greedy independent set process can also be applied to study arithmetic
progression free sets. Suppose k,n € N. The kAP-free process generates a subset I of
7., which does not contain an arithmetic progression of length k as follows. The elements
of Z, are ordered uniformly at random. FEach is then, in turn, added to the set I if
it does not create a k term arithmetic progression. So this is another instance of the
random greedy independent set algorithm, this time on the hypergraph with vertex set
Z., whose hyperedges are all arithmetic progressions of length £. When n is prime, Bennett
and Bohman [10] showed that a.a.s. the kAP-free process generates a kAP-free set I of
size Q(n*=2/¢=1(log n)/*#=1). It would be interesting to obtain a corresponding upper
bound on /. (Note that an upper bound on the number of steps in the random greedy

independent set process would imply an upper bound for the kAP-free process.)

3.1.3 Sketch of the argument

Rather than studying the random greedy process itself, we are able to prove Theorem 3.1.1
by obtaining precise information about the random binomial hypergraph H,, ,. (This idea

was first used in [64].) More precisely, write H,,, for the random binomial k-uniform
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hypergraph on n vertices with hyperedge probability p, i.e., each hyperedge is included
in H,, with probability p, independently of all other hyperedges. We write H, , for the
hypergraph formed by removing all (hyperedges in) copies of F' from H,, ,. Note that H,,
can also be viewed as the random hypergraph consisting of all hyperedges with birthtime

at most p. Thus, for all p € [0, 1] we have
H;p g Rn,p g Rn,l-

We will always assume that K, H,,, H, , and R, use the vertex set [n].

In Section 3.2, we collect some large deviation inequalities. The proof of Theorem 3.1.1
is given in Section 3.3, the strategy is as follows. We first identify the largest point p where
we can still use H,, to approximate the behaviour of H, , (i.e. for this p, only a small
proportion of edges of H,,, lie in a copy of F'). Now let U be a set of k — 1 vertices in F
such that dg(U) = Ay_1(F). Let I be the subgraph of F obtained by deleting all those
hyperedges which contain U. Let ¢ be as in (3.1). Suppose for a contradiction that there
exists a (k—1)-set V of degree t in R,,; and let T be the neighbourhood of V' in R, ;. We
will show that in this case we would almost certainly find a copy a of F in H [TUV]
which maps U to V. Since H, , C R, 1, a would also be a copy of Fin R, 1[T U V] which
maps U to V. But this actually yields a copy of F' in R, ;, a contradiction. So a.a.s.
Ap_1(Rn1) < t. It is perhaps surprising that for our analysis the order of hyperedges

added after this critical point p is irrelevant.

3.2 Tools

Let S be a collection of subsets of E(K¥). For each a € S, let I, denote the indicator

variable which equals one if all hyperedges in « lie in H,, , and zero otherwise. Set

X:=> 1, and = E[X].

a€S
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Let Y be the size of a largest hyperedge-disjoint collection of elements of & in H,,,
(i.e. the maximum size of a set S’ C S such that I, =1 for all « € &’ and aNa’ =0 for

all distinct o, @ € §’). Erdés and Tetali [34] proved the following upper tail bound on Y.
Theorem 3.2.1. [34]. For every a € N, we have P[Y > a] < (eu/a)®.

We also require a lower tail bound on Y. For all o,/ € § with a # o/, we write

a~ o if ana # 0. Define

A=) E[LI],

o'~

where the sum is over all ordered pairs o’ ~ « in S. Also, let

n = Iggg{E[[a] and v = max Z E[I.].
The following bound follows from Lemma 4.2 in Chapter 8 and Theorem A.15 in [3], see
[64].

52;1,

Theorem 3.2.2. Lete > 0. Then P[Y < (1 —¢e)u| < e =l

3.3 Proof of Theorem 3.1.1

3.3.1 Basic parameters

Let F' be a strictly k-balanced k-uniform hypergraph which has v vertices, h hyperedges

and d := Ag_1(F') > 2. Choose positive constants ¢y, co satisfying
/ey < 1/cy < 1/v,1/h.

Given functions f and g, we will write f = O(g) if there exists a constant ¢ such that
f(n) < (logn)°g(n) for all sufficiently large n.

Set

- and t .= 3/(d—
' : /(d=1)
' CQ(?’LU k IOg n)l/(h 1) . clnp(log TL) .
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Here p is chosen to be as large as possible subject to the constraint that a.a.s. only a small

proportion of the hyperedges of H,,, lie in a copy of F. For each k+1 <14 < v, we define
h; == max{e(F') : F' C F,|F'| =i}.

Since F' is strictly k-balanced, we have

h—1>hi—1
v—k  i—k

So for each k+ 1 <7 <wv we can define a positive constant

v—£k
h—1

§ii=i—k— (h—1) > 0. (3.2)

Let

§:=min{d; : k+1 <i<v}.
We will often use that for k+1 <7 <o

nP=iphh < =i 7=k (h=ha) (32) i iy (1=

i—k—3;

vk (D) — o <l (3.3)

Note that this bounds the expected number of extensions of a fixed subgraph of F' on ¢

vertices into copies of F'in H,, .

3.3.2 Many copies of F' containing a fixed hyperedge

For a given hyperedge f € E(KF), an (r, f)-cluster is a collection F, Iy, ..., F, of r copies
of F' such that each F; contains f and for each 1 < i < r, there exists f; € E(F}) such
that f; ¢ E(F}) for any j < i. Define A to be the event that H, , has no (logn, f)-cluster
for any hyperedge f. We will bound the probability of A°, i.e., the probability that H,,

has a (logn, f)-cluster for some hyperedge f.

71



Lemma 3.3.1. We have P[A°] < n~*.

Proof. Fix some f € E(KF). Write Z, ; for the number of (r, f)-clusters in H,,,, so Z;
counts copies of F' which contain the hyperedge f. There are h hyperedges in F' which

could be mapped to f, so

]E[Zl,f] S hnvfkph S 672]6

with room to spare. Let r < logn and consider a fixed (7, f)-cluster C' in H,,,. Let Z¢
be the number of (1, f)-clusters in H,,, which contain at least one hyperedge which does
not lie in C, so each of these (1, f)-clusters together with C' forms an (r + 1, f)-cluster.
Suppose that « is a (1, f)-cluster sharing k + 1 < ¢ < v vertices with C. The set of
hyperedges shared by a and C forms a proper subgraph of F' on i vertices, so a and C'

can have at most h; common hyperedges. This allows us to estimate E[Z¢] as

(33) ~
< e O <e

E[Zc} S hnv—kph—l + Z ,Ui(rv)i—knv—iph—hi
i=k+1

If we sum over all (r, f)-clusters in K*, we find that
E[Zys1,f) S E[Z, ] < e D
and hence E[Zjogn ] < n™%*. By summing over all f € E(K¥), we obtain
PlAS] < <Z> n~2 < pk

as required. O

3.3.3 Estimating the number of extensions of a fixed set

Recall that d = Ap_1(F). Let U = {uy,ug,...,ux_1} € V(F) be such that dp(U) = d.
Let Np(U) denote the neighbourhood of U in F, i.e. Np(U) :={x € V(F) : UU{z} €
E(F)}. Define F' C F which has vertex set V(F) and all hyperedges f € E(F) such that
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|fNU| < k—2. Fix T C [n] of size t and an ordered sequence V' = (v, va,...,v5_1) of
distinct vertices, where v; € [n] \ T for each 1 <i < k — 1. Given a hypergraph H C K*,

let S(H) = S(H, T, V) be the set of all copies of ' in H such that the following hold:
e for each 1 <7 <k —1, u; is mapped to v;;
e Np(U) is mapped into 7" and
e V(F)\ Np(U) is mapped into [n] \ T.

We let X := |S(H,,)| and X~ := |S(H, ,)|. Note that X~ < X since H, , C H, .
Note that if T C Npg, ,(V), then S(R, 1) = 0, as otherwise we could find a copy of F
in R, ;. Since H, , C R, 1, it follows that X~ = 0. So, in order to prove Theorem 3.1.1,

it will suffice to prove that a.a.s. we have X~ > 0 for any choice of T', V.

Lemma 3.3.2. Given T C [n| of size t and an ordered sequence V = (vy,va,...,v5_1) of

distinct vertices, where v; € [n|\ T for each 1 <i <k — 1, define X~ as above. Then

P[(X~ =0)NnA] <2n .

Proof. Write S := S(KF). Note that

t\ (n—t—k+1 pd—1yu—d—k+1h—d
= E X > h—d >
i =Kl ]_<d)(v—d—k+1>p < e
tcd—lnvfkphfl(log TL)3 Cd_l
== ddyv = ddvich_lt(log n)? > 24h*t(logn)?. (3.4)
2

Let S’(H,,) be a hyperedge-disjoint collection of elements of S(H,,;,) of maximum size
and let Yy := |S'(H,,,)|- In order to apply Theorem 3.2.2, we will estimate v, A and 7.
First we estimate v. Define
V¥ := max Z E[l, | I, =1]

a€S
o' €S:al ~a

and note that v < v*. We count the expected number of elements o € S(H,,) \ {a}

sharing at least one hyperedge with some fixed element o € S. Note that o and o/ must
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share at least two vertices outside V' by the definition of F. Welet k+1 < i+ 7 < v denote
the number of shared vertices, where ¢ is the number of vertices shared in T'. Consider
any o € §\ {a} sharing i + j vertices with .. Let K be the hypergraph on i + j vertices
formed by the set of hyperedges shared by a and o’. Let K’ be the hypergraph on i + j
vertices obtained from K by adding all hyperedges of the form V U x for each of the ¢
vertices « € T shared by a and o/. Since K’ C F, e(K') < h;y; and so o and ' can have

at most h;;; — ¢ common hyperedges. Then

(2

U< < Z Ui—l—jtd—inv—d—jph—d—(hiﬂ-—z‘)

itj=k+1

= > v allogn)Tr) e B2 O 0) = o(1).
i+j=k+1

Since A counts the expected number of ordered pairs of elements in S(H,,,) which share

at least one hyperedge, we have
A < v = o).

Finally, the probability of a fixed element in S being present in H,, , is given by

So we can apply Theorem 3.2.2 to see that

(3.4)
PY; < p11/2] < e7M/10 <=2t (3.5)

We define a couple (o, F') to be the union of an element o € S'(H,,,,) and a copy F’
of Fin H,, , which share at least one hyperedge. Note that deleting F” from H,, , to form
H, , will destroy a.

We define an auxiliary graph G as follows. For each element of S’(H,, ) which lies in

a couple, choose one. These couples form the vertices of G. Draw an edge between two
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vertices in G if the corresponding couples share a hyperedge. We will use that
G < (A(G) + Del(G), (3.6)

where «(G) denotes the size of the largest independent set in G. We will use this inequality
(which holds for all graphs) to bound the number of vertices in G and show that with
sufficiently high probability |G| < Y;. (This in turn implies that at least one element of
S'(Hyp,p) will remain in H -, ie. X~ >0.)

First, we bound «(G). Let X3 be the number of couples in H,,,. We estimate po :=
E[X5], breaking the sum into parts depending on the number i of vertices shared by «
and F’ in each couple (o, F'). For k+ 1 < i < v, we use that a and F’ intersect in a
proper subgraph of F' (this is true even when ¢ = v) and thus can have at most h; common

hyperedges. The first term in our bound on ps corresponds to those couples (a, F’) where

a and I’ share exactly one hyperedge:

i=k+1

(3.3)
< PP Fph Tt 4 O(pn™0) < i/ (12e%h* log n). (3.7)

Let Y, be the size of a largest hyperedge-disjoint collection of couples in H,, ,. We note

that a(G) < Y; and use Theorem 3.2.1 to bound Y5:

eps12h? logn 11/ (12h% log )
P [a(G) > p1 /(1207 logn)] <P [V > p1/(12h%logn)] < (—>
H1
(357) g1/ (12h% logn) (?) n~2. (3.8)

We now bound A(G). Assume that A holds, that is, H,, , does not contain a (logn, f)-
cluster for any hyperedge f. Fix some hyperedge f € E(H,,). Let F be a collection of
couples (ay, F;) such that f € E((w, F;)) for each ¢ and o, # «; if i # j. Suppose, for

contradiction, that |F| > hlogn + 1. For each couple (o, F;) in F, let e; be a hyperedge
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shared by «a; and F;. The «; are hyperedge-disjoint by the definition of S'(H,,), so
f € E(F;) for all but at most one couple (o, F;) € F where f € E(«a;). If F contains
such a couple, delete it from F. Then, starting with i = 1, if (o, F;) has not already been
deleted, delete from F any couples («a;, F;) with j > i such that e; lies in (a4, F;). Do
this for each ¢ in turn. Since the a; are hyperedge-disjoint, at each step we delete at most
h —1 couples from F. So a collection F' C F of at least logn couples remains. Note that
for any i < j such that (o, F}), (o, F;) € F', we have e; € E(F};) but e; ¢ E(F;). But
then, the set of all F; such that (o, F;) € F’ contains a (logn, f)-cluster in H,, , which is a
contradiction to \A. Thus the assumption that |F| > hlogn + 1 was incorrect. Therefore,

|F| < hlogn + 1. Since every couple has fewer than 2h hyperedges, we must have
A(G) < 2h*logn. (3.9)

So, if A holds, if a(G) < u1/(12h?logn) and if |Y;| > uy/2, then

(3.6),(3.9)
Gl < (2hlogn + 1)1 /(12h° logn) < puy /4 < Y.

Thus,

B[(X~ = 0) N.A] = B[(|G] = Yi) N A]

3.
<PY) < m /2] +Pla(G) > i /(12h*logn)] < 2n7%,

as desired. O

3.3.4 Combining the bounds

We now use Lemmas 3.3.1 and 3.3.2 to prove Theorem 3.1.1.

Proof of Theorem 3.1.1. Define B to be the event that there exist T' C [n] of size t

and an ordered sequence V' = (vq,vs,...,v,_1) of distinct vertices such that v; € [n] \ T
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for each 1 < i < k—1and X~ = 0. As remarked before Lemma 3.3.2, Ay_1(R,;) >t

implies B. So we can apply Lemmas 3.3.1 and 3.3.2 to see that

P[A, 1(Ra1) > t] < P[B] < P[AY] + PIANB] < n ™% + n™ 1 (2n72") = 0(1),

This completes the proof of Theorem 3.1.1. U
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CHAPTER 4

CLIQUE DECOMPOSITIONS OF MULTIPARTITE
GRAPHS AND COMPLETION OF LATIN
SQUARES

4.1 Introduction

A K,.-decomposition of a graph G is a partition of its edge set E(G) into cliques of order
r. If G has a K,-decomposition, then certainly e(G) is divisible by (;) and the degree of
every vertex is divisible by r — 1. A classical result of Kirkman [51] asserts that, when
r = 3, these two conditions ensure that K, has a triangle decomposition (i.e. Steiner
triple systems exist). This was generalized to arbitrary r (for large n) by Wilson [82] and
to hypergraphs by Keevash [46]. Recently, there has been much progress in extending
this from decompositions of complete host graphs to decompositions of graphs which are
allowed to be far from complete. In this chapter, we investigate this question in the r-
partite setting. This is of particular interest as it implies results on the completion of

partial Latin squares and more generally partial mutually orthogonal Latin squares.

4.1.1 Clique decompositions of r-partite graphs

Our main result (Theorem 4.1.1) states that if G is (i) balanced r-partite, (ii) satisfies

the necessary divisibility conditions and (iii) its minimum degree is at least a little larger
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than the minimum degree which guarantees an approximate decomposition into r-cliques,
then G in fact has a decomposition into r-cliques. (Here an approximate decomposition
is a set of edge-disjoint copies of K, which cover almost all edges of G.) To state this
result precisely, we need the following definitions.

We say that a graph or multigraph G on (Vi,...,V,) is K,-divisible if G is r-partite

with vertex classes V4,...,V, and for all 1 < j;,j2 <r and every v € V(G) \ (V;, UV},),
d(v7 le) = d(v7 ‘/}2)'

Note that in this case, for all 1 < 7y, j2, J3, Ja < 7 with j; # jo, J3 # js, we automatically
have e(V;,,V;,) = e(Vj,, Vj,). In particular, e(G) is divisible by e(K,) = (}).

19 V)2 37 74 2

Let G be an r-partite graph on (Vi,...,V,) with |Vi| =--- = |V;| = n. Let
0(G) == min{d(v,V;) : 1 <j<r veV(G)\V,}

An n-approximate K,-decomposition of GG is a set of edge-disjoint copies of K, covering
all but at most nn? edges of G. We define 5%(71) to be the infimum over all § such that
every K,-divisible graph G on (V4,...,V;) with |[Vi| = --- = [V,| = n and §(G) > én has
an n-approximate K,-decomposition. Let 5% = limsup,,_, 5% (n). Soif e > 0 and G is
sufficiently large, K,-divisible and §(G) > (5% + e)n, then G has an n-approximate K-
decomposition. Note that it is important here that G is K,-divisible. Take, for example,
the complete r-partite graph with vertex classes of size n and remove [nn] edge-disjoint
perfect matchings between one pair of vertex classes. The resulting graph G satisfies

B (G) = n — [nn], yet has no n-approximate K,-decomposition whenever r > 3.

Theorem 4.1.1. For every r > 3 and every € > 0 there exists an ng € N and an
n > 0 such that the following holds for all n > ng. Suppose G is a K,-divisible graph
on (Vi,...,V,) with [Vi| = -+ = |V,| = n. If §(G) > (5;79 + e)n, then G has a K,-

decomposition.
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By a result of Haxell and Rodl [43], the existence of an approximate decomposition
follows from that of a fractional decomposition. So together with very recent results of
Bowditch and Dukes [17] as well as Montgomery [60] on fractional decompositions into
triangles and cliques respectively, Theorem 4.1.1 implies the following explicit bounds.

We discuss this derivation in Section 4.1.3.

Theorem 4.1.2. For every r > 3 and every € > 0 there exists an ng € N such that the
following holds for all n > ng. Suppose G is a K,-divisible graph on (Vi,...,V,) with
Wl=--=[Gl=n.

(i) If r = 3 and 6(G) > (163 4 €) n, then G has a Ks-decomposition.

(i) If r > 4 and 6(G) > (1 — &5 +¢)n, then G has a K,-decomposition.

If G is the complete r-partite graph, this corresponds to a theorem of Chowla, Erdés
and Straus [21]. A bound of (1 — 1/(10'%72%))n was claimed by Gustavsson [40]. The

following conjecture seems natural (and is implicit in [40]).

Conjecture 4.1.3. For every r > 3 there exists an ng € N such that the following holds
for all n > ngy. Suppose G is a K,.-divisible graph on (V1,...,V,) with |Vi| =---=|V,| =
n. If §(G) > (1 = 1/(r + 1))n, then G has a K,-decomposition.

A construction which matches the lower bound in Conjecture 4.1.3 is described in
Section 4.3.1 (this construction also gives a similar lower bound on 5%) In the non-
partite setting, the triangle case is a long-standing conjecture by Nash-Williams [62]
that every graph G on n vertices with minimum degree at least 3n/4 has a triangle
decomposition (subject to divisibility conditions). Barber, Kiihn, Lo and Osthus [7]
recently reduced its asymptotic version to proving an approximate or fractional version.
Corresponding results on fractional triangle decompositions were proved by Yuster [86],
Dukes [29], Garaschuk [36] and Dross [28].

More generally [7] also gives results for arbitrary graphs, and corresponding frac-

tional decomposition results have been obtained by Yuster [86], Dukes [29] as well as
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Barber, Kiihn, Lo, Montgomery and Osthus [6]. Further results on F-decompositions of
non-partite graphs (leading on from [7]) have been obtained by Glock, Kiithn, Lo, Mont-
gomery and Osthus [38]. Amongst others, for any bipartite graph F', they asymptotically

determine the minimum degree threshold which guarantees an F-decomposition.

4.1.2 Mutually orthogonal Latin squares and K,-decompositions
of r-partite graphs

A Latin square T of order n is an n x n grid of cells, each containing a symbol from

[n], such that no symbol appears twice in any row or column. It is easy to see that T

corresponds to a Ks-decomposition of the complete tripartite graph K, , , with vertex

classes consisting of the rows, columns and symbols.

Now suppose that we have a partial Latin square; that is, a partially filled in grid of
cells satisfying the conditions defining a Latin square. When can it be completed to a
Latin square? This natural question has received much attention. For example, a classical
theorem of Smetaniuk [71] as well as Anderson and Hilton [5] states that this is always
possible if at most n — 1 entries have been made (this bound is best possible). The case
r = 3 of Conjecture 4.1.3 implies that, provided we have used each row, column and
symbol at most n/4 times, it should also still be possible to complete a partial Latin
square. This was conjectured by Daykin and Haggkvist [23]. (Note that this conjecture
corresponds to the special case of Conjecture 4.1.3 when r = 3 and the condition of
G being K,-divisible is replaced by that of G being obtained from K, ,, by deleting
edge-disjoint triangles.)

More generally, we say that two Latin squares R (red) and B (blue) drawn in the
same n X n grid of cells are orthogonal if no blue symbol appears twice next to the same
red symbol. In the same way that a Latin square corresponds to a Kj3-decomposition of
K, n.n, a pair of orthogonal Latin squares corresponds to a Ks-decomposition of K, 5, ,.p
where the vertex classes are rows, columns, red symbols and blue symbols. More generally,

there is a natural bijection between sequences of r — 2 mutually orthogonal Latin squares
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(where every pair from the sequence are orthogonal) and K,-decompositions of complete
r-partite graphs with vertex classes of equal size. Sequences of mutually orthogonal Latin
squares are also known as transversal designs. Theorem 4.1.2 can be used to show the

following (see Section 4.3.2 for details).

Theorem 4.1.4. For every r > 3 and every € > 0 there exists an ng € N such that the

following holds for all n > ng. Let

ﬁ if r =3,
Cp =
s fr >4
Let Ti, ..., T,—2 be a sequence of mutually orthogonal partial n x n Latin squares (drawn

in the same n x n grid). Suppose that each row and column of the grid contains at most
(¢, — e)n non-empty cells and each coloured symbol is used at most (¢, —e)n times. Then

Ti,...,Tr—o can be completed to a sequence of mutually orthogonal Latin squares.

The best previous bound for the triangle case r = 3 is due to Bartlett [9], who obtained
a minimum degree bound of (1 — 107*)n. This improved an earlier bound of Chetwynd

and Héggkvist [20] as well as the one claimed by Gustavsson [40].

4.1.3 Fractional and approximate decompositions

A fractional K,-decomposition of a graph G is a non-negative weighting of the copies of
K, in G such that the total weight of all the copies of K, containing any fixed edge of
G is exactly 1. Fractional decompositions are of particular interest to us because of the

following result of Haxell and Rodl, of which we state only a very special case.

Theorem 4.1.5 (Haxell and Rédl [43]). For every r > 3 and every n > 0 there ezists
an ng € N such that the following holds. Let G be a graph on n > ng vertices that has a

fractional K,.-decomposition. Then G has an n-approximate K,-decomposition.
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We define 5% (n) to be the infimum over all ¢ such that every K,-divisible graph G on
(Vi,...,V,) with [Vi| = --- = |V;| = n and 6(G) > dn has a fractional K,-decomposition.
Let 5}‘9 = limsup,,_, 5}(T(n) Theorem 4.1.5 implies that, for every n > 0, 5% < 5%.

Together with Theorem 4.1.1, this yields the following.

Corollary 4.1.6. For every r > 3 and every € > 0 there exists an ny € N such that the
following holds for all n > ng. Suppose G is a K,-divisible graph on (Vi,...,V,) with

Vil == V)| =n. If6(G) > (5}}T +¢)n, then G has a K,-decomposition.

In particular, to prove Conjecture 4.1.3 asymptotically, it suffices to show that S}Q <
1 —1/(r+1). For triangles, the best bound on the ‘fractional decomposition threshold’
is due to Bowditch and Dukes [17].

Theorem 4.1.7 (Bowditch and Dukes [17]). 0%, < 15

For arbitrary cliques, Montgomery obtained the following bound. Somewhat weaker

bounds (obtained by different methods) are also proved in [17].

Theorem 4.1.8 (Montgomery [60]). For every r > 3, 5’;@ <1-

10673

Note that together with Corollary 4.1.6, these results immediately imply Theorem 4.1.2.

This chapter is organised as follows. In Section 4.2 we introduce some notation and
tools which will be used throughout this chapter. In Section 4.3 we give extremal con-
structions which support the bounds in Conjecture 4.1.3 and we provide a proof of Theo-
rem 4.1.4. Section 4.4 outlines the proof of Theorem 4.1.1 and guides the reader through

the remaining sections in this chapter.

4.2 Notation and tools

Let G be a graph and let P = {U',...,U*} be a partition of V(G). We write G[U?] for
the subgraph of G induced by U' and G[U",U?] for the bipartite subgraph of G induced

by the vertex classes U and U?. We will also sometimes write G[U', U] for G[U?]. We
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write G[P] := G[U?, ..., U*] for the k-partite subgraph of GG induced by the partition P.
We write U<! for Ut U ---U U . We say the partition P is equitable if its parts differ in
size by at most one. Given a set U C V(G), we write P[U] for the restriction of P to U.

Let G be a graph and let U,V C V(G). We write Ng(U,V) := {v € V : av €
E(Q) for all x € U} and dg(U,V) := |Ng(U,V)|. For v € V(G), we write Ng(v, V) for
Ne({v}, V) and dg(v,V) for dg({v},V). If U and V are disjoint, we let eq(U,V) =
e(G[U, V).

Let G and H be graphs. We write G — H for the graph with vertex set V(G) and
edge set E(G) \ E(H). We write G \ H for the subgraph of G induced by the vertex set
V(G)\ V(H). We call a vertex-disjoint collection of copies of H in G an H-matching. If
the H-matching covers all vertices in G, we say that it is perfect.

Throughout this chapter, we consider a partition Vi, ..., V, of a vertex set V such that

|[Vil=nforall 1 <j<r. GivenasetU CV, we write

Uj Z:Uﬁ‘/}.

We write K, (k) for the complete r-partite graph with vertex classes of size k. We say
that an r-partite graph G on (V4,...,V;) is balanced if |Vi| =--- = |V,|.

Let m,n, N € N with m,n < N. The hypergeometric distribution with parameters
N, n and m is the distribution of the random variable X defined as follows. Let S be
a random subset of {1,2,..., N} of size n and let X = [SN{L,2,...,m}|. We will

frequently use the following bounds, which are simple forms of Hoeffding’s inequality.

Lemma 4.2.1 (see [44, Remark 2.5 and Theorem 2.10]). Let X ~ B(n,p) or let X have a

hypergeometric distribution with parameters N,n,m. Then P(|X —E(X)| > t) < 2e2°/7,

Lemma 4.2.2 (see [44, Corollary 2.3 and Theorem 2.10]). Suppose that X has binomial

or hypergeometric distribution and 0 < a < 3/2. Then P(|X — E(X)| > dE(X)) <

267a2E(X)/3 ]

85



4.3 Extremal graphs and completion of Latin squares

4.3.1 Extremal graphs

The following proposition shows that the minimum degree bound conjectured in Conjec-
ture 4.1.3 would be best possible. It also provides a lower bound on the approximate

decomposition threshold S?ﬂ (and thus on the fractional decomposition threshold S}T)

Proposition 4.3.1. Let r € N with r > 3 and let n > 0. For infinitely many n, there
exists a K,-divisible graph G on (Vi,..., V) with |Vi| = --- = |V,| = n and §(G) = [(1 —

1/(r+1))n]—1 which does not have a K,.-decomposition. Moreover, 5% >1-1/(r+1)—n.

Proof. Let m € N with 1/m < n and let n := (r — 1)m. Let {U',..., U "'} be a
partition of V3 U---UV,. such that, foreach 1 <7 <r—1landeach1 <j <r, U;f = Uiﬂ‘/j
has size m.

Let Gy be the intersection of the complete r-partite graph on (Vi,...,V,) and the
complete (r — 1)-partite graph on (U',..., U™ !). For each 1 < ¢ < m and each 1 < i <
r—1, let H; be a graph formed by starting with the empty graph on U® and including

a g-regular bipartite graph with vertex classes (U

UL for each 1 < ji < jo < 7. Let

Hy = H;U---UH;" and let G, := Gy U H,. Observe that G, is regular, K,-divisible

and

~

(G, =(r—2)m+q.

Now Gy is (r — 1)-partite, so every copy of K, in G, contains at least one edge of H,.

Therefore, any collection of edge-disjoint copies of K, in G will leave at least

G = elG) ettt () = (= 2m = (5)a) (3)m
~ =+ /2=

edges of G, uncovered. Let gy := [2m/(r +1)] — 1. Then ¢(G,,) > 0, so G,, does not
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have a K,-decomposition. Also,
0(Gy) = (r—2)m+[2m/(r +1)] —1=[(1—1/(r+1))n] — 1.
Now let ¢, := [2m/(r + 1) — nn]. We have 3(an) >(1—=1/(r+1)—mn)n and

G, = (m = (2 1) =gt D+ /2 = 2) (3 )

=(mm—1)(r+1)(r—2)r(r —1)n/4 > 6(nn — 1)n > .

Thus, 5%21—1/(7“%—1)—77. O

4.3.2 Completion of mutually orthogonal Latin squares

In this section, we give a proof of Theorem 4.1.4. Note that better bounds on the fractional
decomposition threshold would immediately lead to better bounds on ¢,. For any r-partite

graph H on (V4,...,V,), we let H denote the r-partite complement of H on (Vi,...,V,).

Proof of Theorem 4.1.4. By making ¢ smaller if necessary, we may assume that ¢ < 1.
Let ng € N be such that 1/ny < €,1/r. Use Ty, ..., T,—2 to construct a balanced r-partite
graph G with vertex classes V; = [n] for 1 < j < r as follows. For each 1 <i,5,k <mn
and each 1 < m < r — 2, if in 7, the cell (i,j) contains the symbol k, include a Kj
on the vertices i € V,_1, j € V. and k € V,. (If the cell (i,7) is filled in different 7,
this leads to multiple edges between i € V,._; and j € V., which we disregard.) For each
1 <i,j,k, k' <nandeach 1 <m < m' <r—2such that the cell (¢,7) contains symbol
k in 7,, and symbol " in 7, add an edge between the vertices k € V,,, and k' € V..

If r = 3, then G is an edge-disjoint union of copies of K3, so G is K3-divisible. Then
G is also Ks-divisible and 6(G) > (101/104 4 ¢)n. So we can apply Theorem 4.1.2 to find
a Ks-decomposition of G which we can then use to complete 7; to a Latin square.

Suppose now that r > 4. Observe that GG consists of an edge-disjoint union of cliques
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H,,..., H,; such that, for each 1 < i < ¢, H; contains an edge of the form zy where
r € V,_y and y € V,. We have ¢ < (¢, — €)n®>. We now show that we can extend G
to a graph which has a K,-decomposition. We will do this by greedily extending each
H; in turn to a copy H] of K,. Suppose that 1 < p < ¢ and we have already found
edge-disjoint Hj,..., H) ;. Given v € V(G), let s(v,p — 1) be the number of graphs in
{H{,...,H, \}U{H,,..., H;} which contain v. Suppose that s(v,p—1) < 10(c, —£*)n/9

for all v € V(G). Foreach 1 < j <r, let B; :={v eV, :s(v,p—1) > 10(c, — ¢)n/9}.

We have
q In
Bl<—1 <" 4.1
| ]’_10(cr—€)n/9_ 10 (4.1)
Let G, 1 := GU'_/ (H! — H;). Note that
0(Gp_1) > (1= 10(c, —2)/9)n. (4.2)

We will extend H, to a copy of K, as follows. Let {j1,...,jm} = {j : 1 < j <
rand V(H,) NV; = 0}. For each j; in turn, starting with j;, choose one vertex x;
from the set Ng  (V(H,) U{z;,....2; .}, V) \ Bj;). This is possible since (4.1) and

(4.2) imply
dép,1<V<Hp) U {lev s 7xj¢71}7 ij \ Bji) > (1/10 - (T - 1)10(CT - 82)/9)n > 0.

Let H), be the copy of K, with vertex set V(H,)U{z; :1<j <rand V(H,) NV; =0}.
By construction, for every v € V(G), the number s(v,p) of graphs in {Hj,..., H)} U
{H,11,...,H,} which contain v satisfies s(v,p) < 10(c, — £*)n/9.

Continue in this way to find edge-disjoint Hi, ..., H; such that s(v, ¢) < 10(c,—&®)n/9.
Let Gy = U, i, Hi- We have 0(G,) > (1 — 10(c, — £2)/9)n = (1 — 1/10%% + 10e2/9)n
and, since G|, is an edge-disjoint union of copies of K, we know that G, is K,-divisible.
So we can apply Theorem 4.1.2 to find a K,-decomposition F of Eq. Note that F’' :=

F U U1§z‘§q H! is a K,-decomposition of the complete r-partite graph. Since H; C H/
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for each 1 < i < ¢, we can use F’ to complete T1,...,7,_» to a sequence of mutually

orthogonal Latin squares. 0

4.4 Proof sketch

Our proof of Theorem 4.1.1 builds on the proof of the main results of [7], but requires
significant new ideas. In particular, the r-partite setting involves a stronger notion of
divisibility (the non-partite setting simply requires that r — 1 divides the degree of each
vertex of G and that (1) divides ¢(G)) and we have to work much harder to preserve it
during our proof. This necessitates a delicate ‘balancing’ argument (see Section 4.10).
In addition, we use a new construction for our absorbers, which allows us to obtain
the best possible version of Theorem 4.1.1. (The construction of [7] would only achieve
1—1/3(r—1) in place of 1 —1/(r +1).)

The idea behind the proof is as follows. We are assuming that we have access to
a black box approximate decomposition result: given a K,.-divisible graph G on vertex
classes of size n with §(G) > (5}70 + &)n we can obtain an approximate K,-decomposition
that leaves only nn? edges uncovered. We would like to obtain an exact decomposition by
‘absorbing’ this small remainder. By an absorber for a K,.-divisible graph H we mean a
graph Ay such that both Ay and Ay U H have a K,-decomposition. For any fixed H we
can construct an absorber Ay. But there are far too many possibilities for the remainder
H to allow us to reserve individual absorbers for each in advance.

To bridge the gap between the output of the approximate result and the capabili-
ties of our absorbers, we use an iterative absorption approach (see also [7] and [53]).
Our guiding principle is that, since we have no control on the remainder if we apply
the approximate decomposition result all in one go, we should apply it more carefully.
More precisely, we begin by partitioning V(G) at random into a large number of parts
Ul,...,U*. Since k is large, G[U',... , U*] still has high minimum degree, and, since

the partition is random, each G[U’] also has high minimum degree. We first reserve a

89



sparse and well structured subgraph J of G[U!, ..., U*], then we obtain an approximate
decomposition of G[U?, ... U*] — J leaving a sparse remainder H. We then use a small
number of edges from the G[U?] to cover all edges of H U J by copies of K,. Let G’ be the
subgraph of GG consisting of those edges not yet used in the approximate decomposition.
Then all edges of G’ lie in some G'[U’], and each G'[U"] has high minimum degree, so we
can repeat this argument on each G'[U?]. Suppose that we can iterate in this way until
we obtain a partition Wy U --- U W,, of V(G) such that each W; has size at most some
constant M and all edges of G have been used in the approximate decomposition except
for those contained entirely within some W;. Then the remainder is a vertex-disjoint union
of graphs Hi, ..., H,,, with each H; contained within W,. At this point we have already
achieved that the total leftover H; U---U H,, has only O(n) edges. More importantly, the
set of all possibilities for the graphs H; has size at most 2M°m = O(n), which is a small
enough number that we are able to reserve special purpose absorbers for each of them in
advance (i.e. right at the start of the proof).

The above sketch passes over one genuine difficulty. Recall that H C G[U!, ..., U¥]
denotes the sparse remainder obtained from the approximate decomposition, which we
aim to ‘clean up’ using a well structured graph J set aside at the beginning of the proof,
i.e. we aim to cover all edges of H U J with copies of K, by using a few additional edges
from the G[U’]. So consider any vertex v € U} (recall that U} = U* N'Vj). In order to
cover the edges in HU.J between v and U?, we would like to find a perfect K,_;-matching
in N(v) N U% However, for this to work, the number of neighbours of v inside each of
Uz,...,U? must be the same, and the analogue must hold with U? replaced by any of
U3,...,U*. (This is in contrast to [7], where one only needs that the number of leftover
edges between v and any of the parts U’ is divisible by 7, which is much easier to achieve.)
We ensure this balancedness condition by constructing a ‘balancing graph’ which can be
used to transfer a surplus of edges or degrees from one part to another. This ‘balancing
graph’ will be the main ingredient of J. Another difficulty is that whenever we apply the

approximate decomposition result, we need to ensure that the graph is K,-divisible. This
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means that we need to ‘preprocess’ the graph at each step of the iteration.

The rest of this chapter is organised as follows. In Section 4.5, we present general pur-
pose embedding lemmas that allow us to find a wide range of desirable structures within
our graph. In Section 4.6, we detail the construction of our absorbers. In Section 4.7, we
prove some basic properties of random subgraphs and partitions. In Section 4.8, we show
how we can assume that our approximate decomposition result produces a remainder with
low maximum degree rather than simply a small number of edges. In Section 4.9, we clean
up the edges in the remainder using a few additional edges from inside each part of the
current partition. However, we assume in this section that our remainder is balanced in
the sense described above. In Section 4.10, we describe the balancing operation which
ensures that we can make this assumption. Finally, in Section 4.11 we put everything

together to prove Theorem 4.1.1.

4.5 Embedding lemmas

Let G be an r-partite graph on (V4,...,V,) and let P = {U', U? ..., U*} be a partition
of V(G). Recall that U;f :=U'NVj for each 1 <i <k and each 1 < j < r. We say that a

graph (or multigraph) H is P-labelled if:

(a) every vertex of H is labelled by one of: {v} for some v € V/(G); U for some 1 < i < k,

1<j<rorVforsomel<j<r;

(b) the vertices labelled by singletons (called root vertices) form an independent set in

H, and each v € V(G) appears as a label {v} at most once;

(c) for each 1 < j < r, the set of vertices v € V(H) such that v is labelled L for some

L C V; forms an independent set in H.

Any vertex which is not a root vertex is called a free vertex.
Let H be a P-labelled graph and let H' be a copy of H in G. We say that H' is

compatible with its labelling if each vertex of H gets mapped to a vertex in its label.
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Given a graph H and U C V(H) with e(H[U]) = 0, we define the degeneracy of H

rooted at U to be the least d for which there is an ordering vy, ..., v, of the vertices of H
such that
e there is an a such that U = {vy,...,v,} (the ordering of U is unimportant);

o for a < j <, v; is adjacent to at most d of the v; with 1 <7 < j.

The degeneracy of a P-labelled graph H is the degeneracy of H rooted at U, where U is
the set of root vertices of H.

In the proof of Lemma 4.10.9, we use the following special case of Lemma 5.1 from
[7] to find copies of labelled graphs inside a graph G, provided their degeneracy is small.
Moreover, this lemma allows us to assume that the subgraph of G used to embed these

graphs has low maximum degree.

Lemma 4.5.1. Let 1/n < n < €,1/d,1/b < 1 and let G be a graph on n wvertices.

Suppose that:
(i) for each S C V(G) with |S| < d, dg(S,V(G)) > en.

Let m < nn? and let Hy, ..., H,, be labelled graphs such that, for every 1 <i < m, every
vertez of H; is labelled {v} for some v € V(G) or labelled by V(G) and that property (b)

above holds for H;. Moreover, suppose that:
(i) for each 1 <i <m, |H;| < b;

(iii) for each 1 < i < m, the degeneracy of H; (rooted at the set of vertices labelled by

singletons) is at most d;
(iv) for each v € V(G), there are at most nn graphs H; with some vertex labelled {v}.

Then there ezist edge-disjoint embeddings ¢(Hy),...,¢(Hy) of Hy,...,H, compatible
with their labellings such that the subgraph H = J;-, ¢(H;) of G satisfies A(H) < en.
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We will also use the following partite version of the lemma to find copies of P-labelled
graphs in an r-partite graph GG. We omit the proof since it is very similar to the proof of

Lemma 5.1 in [7] (for details, see Appendix A).

Lemma 4.5.2. Let 1/n < n < e,1/d,1/b,1/k,1/r < 1 and let G be an r-partite graph
on (Vi,...,V,) where |Vi| = -+« = |V,| = n. Let P = {U%,...,U*} be a k-partition of
V(G). Suppose that:

(i) for each 1 < i < k and each 1 < j < r, if S C V(G)\ V; with |S| < d then
d6(8,US) > €|V

Let m < nn? and let Hy, ..., H,, be P-labelled graphs such that the following hold:
(i) for each 1 <i <m, |H;| < b;
(iii) for each 1 <1 < m, the degeneracy of H; is at most d;
(iv) for each v € V(G), there are at most nn graphs H; with some vertex labelled {v}.

Then there exist edge-disjoint embeddings ¢p(Hy), ..., o(Hy,) of Hy, ..., Hy in G which

are compatible with their labellings such that H := J,,,, ¢(H;) satisfies A(H) < en.

4.6 Absorbers

Let H be any r-partite graph on the vertex set V = (V1,...,V,). An absorber for H is a
graph A such that both A and AU H have K,-decompositions.

Our aim is to find an absorber for each small K,.-divisible graph H on V. The con-
struction develops ideas in [7]. In particular, we will build the absorber in stages using
transformers, introduced below, to move between K,-divisible graphs.

Let H and H’' be vertex-disjoint graphs. An (H, H'),.-transformer is a graph T which
is edge-disjoint from H and H' and is such that both T"U H and T'U H' have K-
decompositions. Note that if H' has a K,-decomposition, then T"U H’ is an absorber

for H. So the idea is that we can use a transformer to transform a given H into a
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new graph H’, then into H” and so on, until finally we arrive at a graph which has a
K ,-decomposition.

Let V = (W4,...,V,). Throughout this section, given two r-partite graphs H and
H' on V', we say that H' is a partition-respecting copy of H if there is an isomorphism
f+ H — H’' such that f(v) € V; for every vertex v € V(H)N V.

Given r-partite graphs H and H' on V', we say that H' is obtained from H by identifying
vertices if there exists a sequence of r-partite graphs Hy, ..., H; on V such that Hy = H,
H, = H' and the following holds. For each 0 < i < s, there exists 1 < j; < r and vertices

z;,y; € V(H;) NV}, satistying the following:
(i) Nu, (i) O N, (ys) = 0.

(ii) H;yq is the graph which has vertex set V' (H;)\ {v;} and edge set E(H;\ {vy;})U{vz; :

vy; € E(H;)} (i.e., Hiyq is obtained from H; by identifying the vertices x; and ;).

Condition (i) ensures that the identifications do not produce multiple edges. Note that
if H and H' are r-partite graphs on V' and H’ is a partition-respecting copy of a graph
obtained from H by identifying vertices then there exists a graph homomorphism ¢ : H —
H' that is edge-bijective and maps vertices in V; to vertices in V; for each 1 < j <.

In the following lemma, we find a transformer between a pair of K,.-divisible graphs

H and H' whenever H’' can be obtained from H by identifying vertices.

Lemma 4.6.1. Let r > 3 and 1/n < n < 1/s < ¢,1/b,1/r < 1. Let G be an r-
partite graph on V.= (Vi,...,V,) with |[Vi| = --- = |V,| = n. Suppose that 5(G) >
(1—-1/(r+1)+¢e)n. Let H and H' be vertez-disjoint K,-divisible graphs on V with
|H| <b. Suppose further that H' is a partition-respecting copy of a graph obtained from
H by identifying vertices. Let B C V be a set of at most nn vertices. Then G contains
an (H, H').-transformer T such that V(T)N B C V(H U H') and |T| < s*.

In our proof of Lemma 4.6.1, we will use the following multipartite asymptotic version

of the Hajnal-Szemerédi theorem.
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Theorem 4.6.2 ([48] and [58]). Let r > 2 and let 1/n < e,1/r. Suppose that G is an
r-partite graph on (Vi,...,V,) with |[Vi| = --- = |V;| = n and §(G) > (1 — 1/r + ¢)n.

Then G contains a perfect K,.-matching.

Proof of Lemma 4.6.1. Let ¢ : H — H' be a graph homomorphism from H to H’
that is edge-bijective and maps vertices in Vj to V; for each 1 < j <.

Let T be any graph defined as follows:

(a) For each zy € E(H), Z™ := {2} : 1< j <rand x,y ¢ V;} is a set of 7 — 2 vertices.

For each x € V(H), let Z* := Z.

yENH(ac)

(b) For each z € V(H), S” is a set of (r — 1)s vertices.

(¢) For all distinct e, e’ € E(H) and all distinct 2,2’ € V(H), the sets Z¢, Z¢, 5%, S
and V(H U H') are disjoint.

(d) V(T):==V(H)UV(H)UU.ecpm Z2°UYUevm S

(e) By :={zz:x€V(H)and z € Z"}.

(f) Eg:={¢(x)z:x € V(H) and z € Z*}.

(g) Bz :={wz:e€ E(H) and w,z € Z°}.

(h) Eg:={av:2x € V(H) and v € S*}.

(i) By :={¢(x)v:z e V(H)and v e S*}.

(j) For each x € V(H), F is a perfect K,_j-matching on S* U Z*.
(k) For each x € V(H), Fy is a perfect K,_;-matching on S*.

(1) For each z € V(H), F} and Fy are edge-disjoint.

(m) For each z € V(H), Z* is independent in FY.

(n) B(T) = EyUEy UE;UEsUE;U U,y E(FFUFY).
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Z

Figure 4.1: Left: Subgraph of T} associated with xy € E(H). Right: Subgraph of T
associated with x € V(H) in the case when r = 4.

Then

T = [H|+|H|+ Y 2+ Y |S" = [H|+|H|+(r=2)e(H) + (r = 1)s|H| < 5.
e€E(H) zeV(H)
Let T7 be the subgraph of T" with edge set Fy U Eg U Ey and let T, := T — T;. So
E(Ty) = Es U Eg U U, ey E(FT U Fy). In what follows, we will often identify certain
subsets of the edge set of T" with the subgraphs of T" consisting of these edges. For example,
we will write Eg[{z}, S*] for the subgraph of T" consisting of all the edges in Eg between
x and S”. Note that there are several possibilities for 7" as we have several choices for the
perfect K,_j-matchings in (j) and (k).

Lemma 4.6.1 will follow from Claims 1 and 2 below.

Claim 1: If T satisfies (a)—(n), then T is an (H, H'),-transformer.

Proof of Claim 1. Note that H U Ey U Ez can be decomposed into e(H) copies of K,
where each copy of K, has vertex set {z,y} U Z*¥ for some edge zy € E(H). Similarly,
H' U Eyp U Ey can be decomposed into e(H) copies of K.

For each « € V(H), note that (Eg U ES)[{#(x)}, S U Z*|U F¥ and Egl[{z}, S*]U Fy
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are edge-disjoint and have K,-decompositions. Since

BUEr= |J ((BwuEy){e@)}sTuzrurn)u | (Esls} STUF),
zeV(H) zeV(H)
it follows that 75 U Ey has a K,-decomposition. Similarly, for each vertex = € V(H),
(Eg U Eg)[{x},S* U Z*] U FY and E§[{o(x)}, S| U Fy are edge-disjoint and have K-
decompositions, so 15 U Ey has a K,.-decomposition.
To summarise, H U Eg U Eyz, H U Eg U Ez, Ty U Eyg and Ty, U Eg all have K-
decompositions. Therefore, TUH = (HUEyUEZ)U (T2 U Ey) has a K,-decomposition,

asdoes TUH' = (H'UEp UEZ)U (T, U Eg). Hence T is an (H, H'),-transformer.

Claim 2: G contains a graph T satisfying (a)—(n) such that V(T)NB C V(H U H').

Proof of Claim 2. We begin by finding a copy of T; in G. It will be useful to note that,
for any graph 7" which satisfies (a)—(n), T3 is r-partite with vertex classes (V(H U H') N
Vi)U{zj" oy € E(H) and @,y ¢ V;} where 1 < j <r. Also, T[V(H U H')] is empty and

every vertex z € V(1) \ V(H U H') satisfies
dr,(z) =24+ (r—3)+2=r+1. (4.3)

So T; has degeneracy r+ 1 rooted at V(HUH'). Since 6(G) > (1—1/(r+1)+¢/2)n+|B|,
we can find a copy of T} in G such that V(T3) N B C V(H U H').

We now show that, after fixing T}, we can extend T} to T' by finding a copy of T5.
Consider any ordering 1, ...,y on the vertices of H. Suppose we have already chosen
Sev o 8% R R and B, ... Fy 9 and we are currently embedding S%.
Let B' := BUV(Ty) UL, S¥; that is, B’ is the set of vertices that are unavailable for
S*a, either because they have been used previously or they lie in B. Note that |B’'| <
|T| + |B| < 2nn. We will choose suitable vertices for S*¢ in the common neighbourhood
of z, and ¢(x,).

To simplify notation, we write x := z, and assume that z € V; (the argument is
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identical in the other cases). Choose a set V' C (Ng(x) N Ng(¢(x)))\ B’ which is maximal

T

subject to [Vy| = --- = [V]| (recall that V] = V' N V). Note that for each 2 < j <7, we

have
Vilz (A =1/r+1) +e)n—(1/(r+1) —e)n— B[ = (1 =2/(r + 1))n.
Let n’ := |V;|. For every 2 < j <r and every v € V(G) \ V;, we have
do(v, Vj)>2n' = (1/(r4+1)—e)n> 1 —=1/(r = 1) +e)n’. (4.4)

Roughly speaking, we will choose S* as a random subset of V’. For each 2 < j < r,
choose each vertex of V} independently with probability p := (1 +¢/8)s/n’ and let S be
the set of chosen vertices. Note that, for each j, E(|S}|) = n'p = (1+¢/8)s. We can apply

Lemma 4.2.2 to see that

P([|Si] — (1 +¢/8)s| > es/8) < P(||S;] — (14 ¢/8)s| > eE(]S;])/10)

< 26759/ < 1 /A(r — 1), (4.5)

Given a vertex v € V(G) and 2 < j < r such that v ¢ Vj, note that

(4.4)

E(da(v,S}) > (1=1/(r=1)+e)n'p> (1 =1/(r — 1) +¢)s.

We will say that a vertex v € V(G) is bad if there exists 2 < j < r such that v ¢ V; and
da(v, ;) < (1—1/(r — 1) + 3¢/4)s, that is, the degree of v in S} is lower than expected.

We can again apply Lemma 4.2.2 to see that

P(dg(v,S5) < (1 —=1/(r — 1) 4 3¢/4)s) < P(ldg(v, S;) — E(da(v, S))| > es/4)

< P(|do(v, ) ~ Eda(v, S)| > E(de(v, 5}))/10)

9 6—525/600

IN
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So P(v is bad) < 2(r — 1)e=="5/600 < o= et & = U, Sj. We say that the set S is

bad if S’ U Z* contains a bad vertex. We have

P(S" is bad) < Z P(v € S’ and v is bad) + Z P(v is bad)

veV’! vEZLT
= Z P(v € S")P(v is bad) + Z P(v is bad)
veV’ vEZL®
< (n'p+ (b=1)(r—2)e " <25 < 1/4. (4.6)

We apply (4.5) and (4.6) to see that with probability at least 1/2, the set S’ chosen
in this way is not bad and, for each 2 < j < r, we have s < [S}| < (1 +¢/4)s. Choose
one such set S’. Delete at most es/4 vertices from each S} to obtain sets ST satisfying
S5| = -~ =|S7| = s. Let §7 :=J;_, 57. Since " was not bad, for each 2 < j < r and

each vertex v € (S*U Z*%)\ V},

dg(v,87) > (1 =1/(r—1)+3¢/4)s —es/d=(1-1/(r — 1) +¢/2)s. (4.7)

We now show that we can find Fy and Fy satisfying (j)—(m). Let G* := G[Z* U S*] —
G[Z*]. Note that G* is a balanced (r — 1)-partite graph with vertex classes of size n,

where s <n, <s+ (r—2)(b—1)/(r —1) < s+ b. Using (4.7), we see that

~

5(G™) > (1—1/(r—1) +2/2)s > (1—1/(r — 1) + £/3)n.

So, using Theorem 4.6.2, we can find a perfect K,_j-matching F}° in G*. Finally, let
G’ := G — I} and use (4.7) to see that

5(G'[S) = (1 —1/(r — 1) +¢/3)s.

So we can again apply Theorem 4.6.2, to find a perfect K,_;-matching Fy in G'[S*]. In
this way, we find a copy of T satisfying (a)—(n) such that V()N B C V(H U H'). O
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We now construct our absorber by combining several suitable transformers.

Let H be an r-partite multigraph on V' = (V4,...,V,) and let zy € E(H). A K,-
ezpansion of xy is defined as follows. Consider a copy F}, of K, on vertex set {uy,...,u,}
such that u; € V; \ V(H) for all 1 < j <r. Let ji,jo be such that z € V;, and y € V},.
Delete zy from H and u;, u;, from F,, and add edges joining x to u;, and joining y to
uj,. Let Heyp, be the graph obtained by K,-expanding every edge of H, where the F}, are

chosen to be vertex-disjoint for different edges zy € F(H).

Fact 4.6.3. Suppose that the graph H' is obtained from a graph H by K,.-expanding the
edge xy € E(H) as above. Then the graph obtained from H' by identifying x and w;, is

H with a copy of K, attached to x.

Let h € N. We define a graph M, as follows. Take a copy of K, on V (consisting of
one vertex in each V;) and replace each edge by h multiedges. Let M denote the resulting
multigraph. Let Mj := M, be the graph obtained by K,-expanding every edge of M.
We have | M| = r+hr (;) Note that M) has degeneracy r — 1. To see this, list all vertices
in V(M) (in any order) followed by the vertices in V/(Mj \ M) (in any order).

We will now apply Lemma 4.6.1 twice in order to find an (H, My),-transformer in G.

Lemma 4.6.4. Let r > 3 and 1/n < n < 1/s < ¢,1/b,1/r < 1. Let G be an r-
partite graph on V. = (Vi,...,V,) with |Vi| = --- = |V.| = n. Suppose that S(G) >
(1—=1/(r+1)+e)n. Let H be a K, -divisible graph on V with |H| < b. Let h:=e(H)/(}).
Let M; be a partition-respecting copy of My, on V' which is vertex-disjoint from H. Let

B CV be a set of at most nn vertices. Then G contains an (H, M]),-transformer T such

that V(T)N B CV(HUM),) and |T| < 35>

Proof. We construct a graph H,; as follows. Start with the graph H. For each
edge of H, arbitrarily choose one of it endpoints = and attach a copy of K, (found in
G\ ((V(HUM;)UB)\{x})) to x. The copies of K, should be chosen to be vertex-disjoint
outside V' (H). Write Hyy for the resulting graph. Let H;_, be a partition-respecting copy
of Hexp in G\ (V(Hae UM} ) U B). Note that we are able to find these graphs since both
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have degeneracy r — 1 and 6(G) > (1 —1/(r +1) + &)n.

By Fact 4.6.3, Ha is a partition-respecting copy of a graph obtained from H;_, by
identifying vertices, and this is also the case for M;. To see the latter, for each 1 < j <,
identify all vertices of H;_, lying in V;. (We are able to do this since these vertices are
non-adjacent with disjoint neighbourhoods.)

Apply Lemma 4.6.1 to find an (H. ., Ha)-transformer 77 in G — M; such that

exp’

V(T")NB C V(H) and |T"| < s*. Then apply Lemma 4.6.1 again to find an (H(,, M}),-

transformer 7" in G — (H,y UT") such that V(T”) N B C V(M;}) and |T"| < 5%
Let T :=T'UT"UH. U (Ha — H). Then T is edge-disjoint from H U M;. Note that

exp

TUH = (T"UH,)U(T"UH._) and

exp

TUM, =(T"UH._)U(T"UM)U (Hy — H),

exp

both of which have K,-decompositions. Therefore 1" is an (H, M} ),-transformer. More-
over, |T| < 3s%. Finally, observe that V(T)N B =V(T"UT" U H,) N B C V(H U M;j).
O

We now have all of the necessary tools to find an absorber for H in G.

Lemma 4.6.5. Let r > 3 and let 1/n < n < 1/s < ¢,1/b,1/r < 1. Let G be an
r-partite graph on' V.= (Vi,...,V,) with |Vi| = --- = |Vi| = n. Suppose that 6(G) >
(1-1/(r+1)4¢e)n. Let H be a K,-divisible graph on V with |H| <b. Let B C 'V be a set
of at most nn vertices. Then G contains an absorber A for H such that V(A)NB C V(H)

and |A] < s3.

Proof. Let h := e(H)/(}). Let G’ := G\ (V(H) U B). Write hK, for the graph
consisting of h vertex-disjoint copies of K,. Since 6(G’) > (1 —1/(r+1) +¢/2)n, we can
choose vertex-disjoint (partition-respecting) copies of Mj and hK, in G’ (and call these

M), and hK, again). Use Lemma 4.6.4 to find an (H, Mj),-transformer 77 in G — hK,
such that V(T") N B C V(H) and |T'| < 3s?. Apply Lemma 4.6.4 again to find an
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(hK,, M},),-transformer T” in G — (H UT") which avoids B and satisfies |T"] < 3s?. Tt is
easy to see that T :=T"UT"” U My, is an (H, hK,),-transformer.

Let A := T'U hK,. Note that both A and AU H = (T'U H) U hK, have K,-
decompositions. So A is an absorber for H. Moreover, V(A)NB C V(T')N B C V(H)
and |A] < s3. O

4.6.1 Absorbing sets

Let H be a collection of graphs on the vertex set V = (V4,...,V,). We say that A is
an absorbing set for H if A is a collection of edge-disjoint graphs and, for every H € H
and every K, -divisible subgraph H' C H, there is a distinct Ay € A such that Ay is an

absorber for H'.

Lemma 4.6.6. Let r >3 and 1/n < n << e,1/b,1/r < 1. Let G be an r-partite graph on
V = (Vi,....V,) with |Vi| = --- = V| = n. Suppose that §(G) > (1 —1/(r +1) +¢)n.
Let m < nn? and let H be a collection of m edge-disjoint graphs on' V = (Vi,...,V;) such
that each vertex v € V' appears in at most nn of the elements of H and |H| < b for each
H € H. Then G contains an absorbing set A for H such that A(|JA) < en.

We repeatedly use Lemma 4.6.5 and aim to avoid any vertices which have been used

too often.

Proof. Enumerate the K, -divisible subgraphs of all H € ‘H as Hy,..., H,,. Note that
each H € H can have at most 2¢(7) < 2(3) K,-divisible subgraphs so m’ < 2(g>nn2. For
each v € V(G) and each 0 < j < m, let s(v,7) be the number of indices 1 < ¢ < j such
that v € V(H;). Note that s(v, j) < 2(3)7771.

Let s € N be such that n < 1/s < ¢,1/b,1/r. Suppose that we have already
found absorbers Ai, ..., A;_; for Hy,..., H;_; respectively such that |4;] < s*, for all

1 <i<j—1,and, for every v € V(G),

dg,,(v) < n'Pn+ (s(v,j — 1) +1)s°, (4.8)
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where Gj_1 1= J;<;<; | Ai- We show that we can find an absorber A; for H; in G —G;_;
which satisfies (4.8) with j replacing j — 1.
Let B :={v € V(G) : dg,_,(v) > n*/*n}. We have

83 b
< 2 ) o

nn = plZp = n'/2n

We have

. (4.8)
0(G—=Gj1) > (1=1/(r+1)+e)n—n"*n—(s(v,j — 1)+ 1)s°

> (1 -1/ +1)+e)n—1"n—20pm +1)s* > (1 - 1/(r +1) +¢/2)n.

So we can apply Lemma 4.6.5 (with £/2, n'/3, G — Gj_1 and H; playing the roles of €, 7,
G and H) to find an absorber A; for H; in G — G,_; such that V(A;) N B C V(H,) and
|45 < s°.

We now check that (4.8) holds with j replacing j — 1. If v € V(G) \ B, this is clear.
Suppose then that v € B. If v € V(4;), then v € V(H;) and s(v,j) = s(v,j — 1)+ 1. So
in all cases,

de, (v) < '+ (s(v, ) + 1),

Continue in this way until we have found an absorber A; for each H;. Then A := {A; :

1 <i < m'} is an absorbing set. Using (4.8),
A(UA) =A(Gp) < nt?n + (2(3)77n +1)s* < en,

as required. O
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4.7 Partitions and random subgraphs

In this section we consider a sequence Py, ..., P, of successively finer partitions which will
underlie our iterative absorption process. We will also construct corresponding sparse
quasirandom subgraphs R; which will be used to ‘smooth out’ the leftover from the ap-
proximate decomposition in each step of the process.

Let G be an r-partite graph on (Vi,...,V,). An (o, k, §)-partition for G on (Vi,..., V)
is a partition P = {U%,...,U*} of V(G) such that the following hold:

(Pal) for each 1 < j <, {U; : 1 <i < k} is an equitable partition of V; (recall that
Ui = U Y);
(Pa2) foreach 1 <i <k, |Ui|=---=|Ul;

(Pa3) for each v € V(G), each 1 <i <k and each 1 <j <r,

|de (v, Uj) — da(v, V;)/k| < a|Uj];

(Pad4) for each 1 <i <k, each 1 < j <7 and each v ¢ Vj, dg(v,U;) > 0|Uj|.

We say that P = {U?,...,U*} is a k-partition if it satisfies (Pal) and (Pa2).

The following proposition guarantees a (n='/3/2, k,§ —n~'/3/2)-partition of any suffi-
ciently large balanced r-partite graph G with B (G) > dn. To prove this result, it suffices
to consider an equitable partition U}, U7, ..., U} of V; chosen uniformly at random (with

|Uj1| << |Ujlf‘)_

Proposition 4.7.1. Let k,r € N. There exists nyg such that if n > ng and G is any
r-partite graph on (Vi,...,V,) with |Vi| = -+ = |Vi| = n and 6(G) > én, then G has a

(v, k, 6 — v)-partition, where v := n~'/3 /2.

We say that Py, Ps, ..., P is an («, k, 0, m)-partition sequence for G on (Vy, ..., V,.) if,

writing Py := {V(G)},
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(S1) for each 1 < i </, P; refines P;_y;
(S2) for each 1 <i < ¢ and each W € P;_y, P;[W] is an («, k, §)-partition for G[W];

(S3) for each 1 < ¢ < £, all 1 < jy,742,j3 < r with j; # Jja,Jjs, each W € P;_4, each
U € P;[W] and each v € W,

|dG<U’ sz) - dG('Uv Uj3)| < a’Uj1|;

(S4) for each U € Py and each 1 < j <r, |U;| =m or m — 1.

Note that (S2) and (Pa2) together imply that |U;,| = |Uj,| for each 1 <1i < ¢, each U € P;
and all 1 Sjl,jQST.
By successive applications of Proposition 4.7.1, we immediately obtain the following

result which guarantees the existence of a suitable partition sequence (for details see

Appendix A).

Lemma 4.7.2. Let k,r € N with k > 2 and let 0 < o < 1. There exists mqg such that, for
all m' > my, any K,-dwisible graph G on (Vi,...,V,) with |Vi| = --- = |V,| =n > km/

and 5(G) > on has an (o, k,0 — a, m)-partition sequence for some m' < m < km/.

Suppose that we are given a k-partition P of GG. The following proposition finds a
quasirandom spanning subgraph R of GG so that each vertex in R has roughly the expected

number of neighbours in each set U € P. The proof is an easy application of Lemma 4.2.1.

Proposition 4.7.3. Let 1/n < «a,p,1/k,1/r < 1. Let G be an r-partite graph on
(Vi,..., Vo) with |Vi| = -+ = |V.| = n. Suppose that P is a k-partition for G. Let
S be a collection of at most n? subsets of V(G). Then there exists R C G[P] such that

for all 1 < j <vr, all distinct x,y € V(G), allU € P and all S € S:

o |dg(z,U;) — pdgp)(z,U;)| < o|Ujl;
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o [dr({z,y},Uj) — p*dem({z, v}, Uj)| < o|Uj|;
o |da(y, Nr(z,U;)) — pda(y, Nawp)(z,U;))| < o|Usl;
e [dr(y, S;) — pdap)(y, S;)| < an.

We need to reserve some quasirandom subgraphs R; of G at the start of our proof,
whilst the graph G is still almost balanced with respect to the partition sequence. We will
add the edges of R; back after finding an approximate decomposition of G[P;] in order
to assume the leftover from this approximate decomposition is quasirandom. The next

lemma gives us suitable subgraphs for R;.

Lemma 4.7.4. Let 1/m < o < p,1/k,1/r < 1. Let G be an r-partite graph on
Vi, ..., V.) with |Vi| = -+ = |V,|. Suppose that P1,...,P; is a (1,k,0,m)-partition
sequence for G. Let Py := {V(G)} and, for each 0 < q < (, let G, := G[P,|. Then
there exists a sequence of graphs Ry, ..., Ry such that R, C G, — G,_1 for each q and the
following holds. For all1 < q </, all1 <j<vr, all W € Py_y, all distinct x,y € W and
allU € Py [W]:

(i) |dr,(x,U;) = pdg,(x, Uj)| < a|Uj];
(11> ‘dRq({x7y}7 UJ) - pZdGq({x7y}7 UJ)‘ < a|Uj‘;

(i) der, (y, Nr,(z,U;)) = pde,., (y, Ne,(z,U;)) — 3p°|Uj|, where Gy, ) := Gqp1 — Rgs1
ifq<l—1, Gy =G and Gy =G

Proof. For 1 < ¢ < ¢, we say that the sequence of graphs Ry,..., R, is good if
R, CG;,—G;iandforall 1 <i<gq,alll1 <j<r all W e P;_q, all distinct x,y € W
and all U € P;[W]:

(a) (i) and (ii) hold (with ¢ replaced by 7);
(b) ’dGiJrl (y? NRi(x7 UJ)) - pdGi+1 (yv Ng, (.1', UJ))’ < a’Uj’§
(C) ifi<q—1, dRi+1(y’ NRZ’<:C7 Uj)) < pdG¢+1(y> NRi(xv Uj)) + O"Uj|'
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Suppose 1 < ¢ < ¢ and we have found a good sequence of graphs Ry,..., R,—;. We
will find R, such that Ry,..., R, is good. Let W € P,_1, let §; be the empty set and, if
q>2,let W' € P,y besuch that W C W’ and let S, := {Ng__,(z,W): 2 € W'}. Apply
Proposition 4.7.3 (with |W|/r, G 41 [W], P,[W] and S, playing the roles of n, G, P and
S) to find Ry C G [W][P,[W]] = G4[W] such that:

Ry (2, Uj) — pda, (z,Uj)| < a|Uj],
|dRW({CL’,y}, U]) - p2dGq({x’y}7 U])| < a|Uj|7
|dGq+l (y’ NRW(‘T’ U])) - pdGq+1(y7NGq(x7 U]))| < a|Uj|7

|dry, (4, S;) — pda,(y, S;)| < a| Wy, (4.9)

for all 1 < j < r, all distinct z,y € W, all U € P,[W] and all S € S,. Set R, :=
Uwep, , Bw. 1t is clear that Ry,..., R, satisfy (a) and (b). We now check that (c)
holds when 1 < i =¢—1. Let1 < j <r, W € P,g, z,y € W be distinct and
U € Pa[W]. Ify ¢ U, then dg,(y,U;) = 0 and so (c) holds. If y € U, then
dr,(y, Ng,_,(x,U)) = dg,(y, Ng,_,(x,U)) and (c) follows by replacing W and S by U
and Ng,_,(z,U) in property (4.9). So Ry, ..., R is good.

So G contains a good sequence of graphs Ry,...,R,. We will now check that this
sequence also satisfies (iii). If ¢ = ¢, this follows immediately from (b). Let 1 < ¢ < ¢,

1<j<r,WeP,,z,yc W be distinct and U € P,[W]. We have

(c)
dr,, (Y, Nr,(7,U;)) < pda,.,(y, Nr, (2, U;)) + a|Uj]

(b)
< p2dGq+1<y7NGq('x7 UJ)) + (Oép+ a)‘UJ’ < 2p2|UJ‘

Therefore,

de,, (Y, Nr,(2,Uj)) = de, (y, Nr, (2, Uj)) — dr,.i (y, Nk, (2, Uj))

(b)
> pdGq+1 (y7 NG[I('T7 UJ)) - 3p2|UJ|
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So Ry, ..., Ry satisfy (i)—(iii). O
We apply Lemma 4.7.4 when Py, ..., P, is an (a, k, 1 — 1/r + €, m)-partition sequence
for G' to obtain the following result. For details of the proof, see Appendix A.

Corollary 4.7.5. Let I/m < a < p,1/k < e,1/r < 1. Let G be a K,-divisible graph on
(Vi,..., Vo) with |Vi| = --- = |V,|. Suppose that Py,..., Py is an (a,k,1 — 1/r +,m)-
partition sequence for G. Let Py :={V(G)} and G, := G[P,] for 0 < ¢ < {. There exists
a sequence of graphs Ry, ..., Ry such that Ry € G, — G4y for each 1 < q < £ and the

following holds. For all1 < q <, all1 < j,j' <r, al W € Py, all distinct v,y € W
and all U, U’ € P,[W]:

(i) dg,(z,U;) < pdg,(x,U;) + o|Uj);
(i) dr,({z,y}, U;) < (p* + @)|Ujl;
(i) if 2 ¢ UUU UV, UV, |dn, (2. U;) — dp, (2.U)| < 3a|U;|;

(iv) ife ¢ U,y e U and x,y ¢ V;, then
der ., (y, Nr,(2,U;)) = p(1 = 1/(r = 1))dg, (z, U;) + p*U;),

where G,y = Ggp1 — Rypr if ¢ <0 =1 and Gy, = G.

4.8 A remainder of low maximum degree

The aim of this section is to prove the following lemma which lets us assume that the

remainder of GG after finding an n-approximate decomposition has small maximum degree.

Lemma 4.8.1. Let l/n < a < n <Ky <Ke<1/r<1. Let G be an r-partite graph on
(Va,....V,) with |Vi| = --- = |V,| = n and §(G) > (5}7(7 + e)n. Suppose also that, for all

1 <j1,j2 <71 and everyv ¢ V;, UV,

|dG(U7 V]l) - dG’(Uv VJ2>| < an. (41())
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Then there exists H C G such that G — H has a K,-decomposition and A(H) < vyn.

Our strategy for the proof of Lemma 4.8.1 is as follows. We first remove a sparse
random subgraph H of G and then choose an n-approximate K,-decomposition of G — H.
Now consider the remainder R obtained from G by deleting all edges in the copies of K,
in this decomposition. Suppose that v is a vertex whose degree in R is too high. Our
aim will be to find a K,_;-matching in a sparse random subgraph whose vertex set is
the neighbourhood of v in GG. Each vertex in this random subgraph sees, on average, at
most pdg(v)/(r —1) < (1 —1/(r — 1) + €)dg(v)/(r — 1) vertices in each other part, so
Theorem 4.6.2 alone is of no use. But Theorem 4.6.2 can be combined with the Regularity

lemma in order to find the desired K,-matching.

4.8.1 Regularity

In this section, we introduce a version of the Regularity lemma which we will use to prove
Lemma 4.8.1.

Let G be a bipartite graph on (A, B). For non-empty sets X C A, Y C B, we define
the density of G[X,Y] to be dg(X,Y) :=eq(X,Y)/|X]||Y|. Let ¢ > 0. We say that G is

e-reqular if for all sets X C A and Y C B with |X| > ¢|A| and |Y| > ¢|B| we have

|dg(A, B) — dg<X, Y>| < e

The following simple result follows immediately from this definition.

Proposition 4.8.2. Suppose that 0 < e < a < 1/2. Let G be a bipartite graph on (A, B).
Suppose that G is e-regular with density d. If A’ C A, B" C B with |A'| > alA| and

|B'| > «|B| then G[A’, B'] is ¢/a-reqular and has density greater than d — e.

Proposition 4.8.2 shows that regularity is robust, that is, it is not destroyed by deleting

a small number of vertices. The next observation allows us to delete a small number of
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edges at each vertex and still maintain regularity. The proof again follows from the

definition.

Proposition 4.8.3. Letn € N and let 0 < v < ¢ < 1. Let G be a bipartite graph on
(A, B) with |A| = |B| = n. Suppose that G is e-reqular with density d. Let H C G with
A(H) < vn and let G’ :== G — H. Then G’ is 2e-reqular and has density greater than
d—¢e/2.

The following proposition takes a graph G on (Vi,...,V,) where each pair of vertex
classes induces an e-regular pair and allows us to find a K,-matching covering most of the
vertices in GG. Part (i) follows from Proposition 4.8.2 and the definition of regularity. For

(i), apply (i) repeatedly until only [¢'/"n] vertices remain uncovered in each V;.

Proposition 4.8.4. Let 1/n < ¢ < d,1/r < 1. Let G be an r-partite graph on
(Vi,...,V.) with |Vi| = -+ = |V,| = n. Suppose that, for all 1 < j; < jo < r, the

graph G[V;,,V,,] is e-reqular with density at least d.

(i) For each 1 < j <r, let W; C V; with |W;| = [e¥/™n]. Then G[W1, ..., W,] contains

a copy of K,.

(ii) The graph G contains a K,-matching which covers all but at most 2re'/™n vertices

of G.

We will use a version of Szemerédi’s Regularity lemma [73] stated for r-partite graphs.

It is proved in the same way as the non-partite degree version.

Lemma 4.8.5 (Degree form of the r-partite Regularity lemma). Let 0 < ¢ < 1 and
ko,7 € N. Then there is an N = N(g,ko,r) such that the following holds for every
0 < d < 1 and for every r-partite graph G on (Vi,...,V,) with |Vi| =---=|V.| =n > N.
There exists a partition P = {U°, ..., U*} of V(G), m € N and a spanning subgraph G’

of G satisfying the following:
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(i) for each 1 <j<r, ]UJQ] <en;
(iii) for each 1 <i <k and each1 <j<r, \UJZ[ =m;
(iv) for each 1 < j <r and each v € V(G), de'(v,V;) > de(v, V;) — (d + ¢)n;

(v) for all but at most ek? pairs U

JI,U;QQ where 1 < i1,i0 < k and 1 < j; < jo <1, the

graph G'[U"

ol U;j] 18 e-reqular and has density either O or > d.

We define the reduced graph R as follows. The vertex set of R is the set of clusters
{U;:1<i<kand1l < j <7} Foreach U U € V(R), UU" is an edge of R if the
subgraph G'[U, U’] is e-regular and has density greater than d. Note that R is a balanced
r-partite graph with vertex classes W, := {UJZ 11 <i <k} for1 <j<r. The following

simple proposition relates the minimum degree of G and the minimum degree of R.

Proposition 4.8.6. Suppose that 0 < 2¢ < d < ¢/2. Let G be an r-partite graph on
(Vi,..., V) with |[Vi| = --- = |V,| = n and §(G) > en. Suppose that G has a partition
P ={U°...,U*} and a subgraph G' C G as given by Lemma 4.8.5. Let R be the reduced
graph of G. Then §(R) > (¢ — 2d)k.

Proof. Let W, := {UJZ : 1 < i <k}, where 1 < j < r, be the vertex classes of R. Let
1 < j1,J2 < r be such that j; # j,. Consider any U € W, and let x € U. We observe
that = has neighbours in at least (des(z,V},) — |U},])/m different clusters in W;, in G'.
By Lemma 4.8.5(v) and the definition of R, U is a neighbour of each of these clusters in

R. So we have
dr(U,Wj,) > (der (2, V},) — U ])/m > (der(x, V},) — en) /m.
From Lemma 4.8.5(iv), we also have that

dor(, V) > da(e, Vi) — (d+)n > (e — (d+)n.
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Combining these inequalities, we obtain that

dr(U,W;,) > (¢ — (d+2¢))n/m > (c — 2d)k

and hence 0(R) > (¢ — 2d)k. O

4.8.2 Degree reduction

At the beginning of our proof of Lemma 4.8.1, we will reserve a random subgraph H of G.
Proposition 4.8.8 below ensures that we can partition the neighbourhood of each vertex
so that H induces e-regular graphs between these parts. In our proof of Proposition 4.8.8,

we will use the following well-known result for which we omit the proof.

Proposition 4.8.7. Let 1/n < e < d,p < 1. Let G be a bipartite graph on (A, B) with
|A| = |B| = n. Suppose that G is e-reqular with density at least d. Let H be a graph
formed by taking each edge of G independently with probability p. Then, with probability

at least 1 — 1/n?, H is de-reqular with density at least pd /2.

Proposition 4.8.8. Let I/n < a < 1/N < 1/ky < <d<p<el/r<1. Let G be
an r-partite graph on (Va,...,V,) with |Vi| = --- = |V,| = n and 6(G) > (1 — 1/r + )n.
Suppose that for all 1 < j1, jo <r and every v ¢ V;, UV, |da(v,V},) — da(v, V},)| < an.

Then there exists H C G satisfying the following properties:

(i) For each1 < j <r and eachv € V(G), |[dy(v,V;)— pda(v,V;)| < an. In particular,

for any 1 < j1,52 <1 such that v ¢ V;; UV,,, |du(v,V;) —du(v,V,,)| < 3an.

(ii) For each vertex v € V(G), there exists a partition P(v) = {U°(),...,U*(v)} of

N¢(v) and m, € N such that:

.kOSkUSN;

o foreach 1 <j <r, |UJ(v)| <e*n;
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o foreach 1 <i <k, and each 1 < j <r such that v ¢ Vj, \U;(v)] = My,
o foreach 1 <i <k, and all 1 < j; < jo <1 such that v ¢ Vi, UV, the graph

H[U; (v),U;,(v)] is €*-reqular with density greater than d.

Roughly speaking, (ii) says that for each v € V(G) the reduced graph of H[Ng(v)]

has a perfect K,_;-matching.

Proof. Let H be the graph formed by taking each edge of GG independently with

probability p. For each 1 < j <r and each v € V(G), Lemma 4.2.1 gives
P(|dg (v, V;) — pdy (v, V;)| > an) < 2e72°" < 1/rn?.

So the probability that there exist 1 < j < r and v € V(G) such that |dy(v,V;) —
pda(v,V;)| > an is at most rn/rn® = 1/n. Let 1 < ji,j2 < r. Note that if v ¢ V;, UV,

and |dg (v, V;) — pda(v,V;)| < an for j = ji, ja, then
|dH(U7 le) - dH(Uv VJ2)| < ‘pdG(Ua ‘/}1) - pdG(U’ VJz)’ + 2an < 3an.

So H satisfies (i) with probability at least 1 — 1/n.

We will now show that H satisfies (ii) with probability at least 1/2. We find partitions
of the neighbourhood of each vertex v € V(G) as follows. To simplify notation, we will
assume that v € V; (the argument is identical for the other cases). For all 2 < jy, 55 <,
we have |dg(v,V},) — da(v,Vj,)| < an. So, there exists n, and, for each 2 < j < r, a

subset V;(v) C Ng(v, V) such that |V;(v)| > dg(v,V;) — an and
Vi(0)l = n, 2 8(G) = (1—1/r)n.

Let G, denote the balanced (r — 1)-partite graph G[Va(v), ..., V,(v)]. Note that

0(Gy) > ny — n +en > (1 — 1 - + 5) Ny (4.11)
r

r —
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Apply Lemma 4.8.5 (with */4, 2d/p, ky and G, playing the roles of ¢, d, ko and G)
to find a partition Q(v) = {W°(v),..., Wk (v)} of V(G,) satisfying properties (i)—(v) of
Lemma 4.8.5. Let m, := |W}(v)|. Let R, denote the reduced graph corresponding to this

partition. Proposition 4.8.6 together with (4.11) implies that
O0(Ry) = (1=1/(r = 1) +¢/2)ky.

So we can use Theorem 4.6.2 to find a perfect K,_j-matching M, in R,. Let U°(v) :=
WO(v) U (Ng(v) \ V(Gy)). Note that for each 2 < j <, [U)| < |[W}| + an < e*n. Let
P(v) :={U%w),...,U*(v)} be a partition of Ng(v) which is chosen such that, for each
1 <i<k,, {UJ’(U) : 2 < j < r} induces a copy of K,_; in M,. By the definition of R,,
for each 1 <i < k, and all 2 < j; < j, < 7, the graph G[U; (v),Uj,(v)] is €*/4-regular
with density greater than 2d/p.

Fix 1 < i <k, and 2 < j; < jo < r. Proposition 4.8.7 (with m,, */4, 2d/p,
G[U; (v), UZ,(v)] and H[U; (v), U}, (v)] playing the roles of n, &, d, G and H) gives that
H[U: (v), Ut (v)] is e*-regular and has density greater than d with probability at least
1—1/m2.

We require the graph H[U} (v), U}, (v)] to be e*-regular with density greater than d
for every edge U (v)U},(v) € E(M,). There are k, choices for i and, for each i, there are
(’";1) choices for j; and jo. So the probability that, for fixed v € V(G), there exists an
edge U} (v)U},(v) € E(M,) which fails to be e*-regular with density greater than d is at

most

m 2rn’

We multiply this probability by rn for each of the rn choices of v to see that H satisfies
property (ii) with probability at least 1 — rn/2rn = 1/2. Hence, the graph H satisfies
both (i) and (ii) with probability at least 1/2 — 1/n > 0. So we can choose such a graph
H. O

In order to find an n-approximate K,-decomposition in a graph G, we would like to
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use the definition of 5% which requires GG to be K,-divisible. The next proposition shows
that, provided that dg(v, V},) is close to dg(v, V),) for all 1 < ji, 5o <randv ¢ V; UV,

G can be made K,-divisible by removing only a small number of edges.

Proposition 4.8.9. Let 1/n < a < v < 1/r < 1. Let G be an r-partite graph on
Vi, ..., V) with [Vi| = --- = |V = n and 6(G) > (1/2 + 2v/r)n. Suppose that, for all
1 <j1,j2 <7 and everyv € V(G)\ (V},; UV,,), |da(v,V},) —da(v,V,,)| < an. Then there

exists H C G such that G — H is K,-divisible and A(H) < yn.

To prove Proposition 4.8.9, we require the following result whose proof is based on the

Max-Flow-Min-Cut theorem.

Proposition 4.8.10. Suppose that 1/n < a < £ < 1. Let G be a bipartite graph on
(A, B) with |A| = |B| = n. Suppose that §(G) > (1/2+4&)n. For every vertex v € V(G),
let n, € N be such that (§ —a)n < n, < (§ + a)n and such that Y, Na = D ycp M

Then G contains a spanning graph G’ such that de(v) = n, for every v € V(G).

Proof. We will use the Max-Flow-Min-Cut theorem. Orient every edge of G towards
B and give each edge capacity one. Add a source vertex s* which is attached to every
vertex a € A by an edge of capacity n,. Add a sink vertex t* which is attached to every
vertex in b € B by an edge of capacity ny. Let co := Y, c4na = D ,cp - Note that
an integer-valued co-flow corresponds to the desired spanning graph G’ in G. So, by the
Max-Flow-Min-Cut theorem, it suffices to show that every cut has capacity at least c.

Consider a minimal cut C. Let S C A be the set of all vertices a € A for which
s*a ¢ C and let T C B be the set of all b € B for which bt* ¢ C. Let S’ :== A\ S and
T':= B\ T. Then C has capacity

c:= Zns +eq(S,T) + Znt.

ses’ teT'

First suppose that |S| > (1/2 — 2¢)n. In this case, since 6(G) > (1/2 + 4€)n, each
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vertex in T receives at least 2&n edges from S. So

c> Y m+2TIEn > ny+ [T|(E + a)n > c.

teT’ teT’

A similar argument works if |T'| > (1/2 — 2¢)n. Suppose then that |S|, |T'| < (1/2 —2¢)n.
Then |S'[,|T"| > (1/2 4 2&)n and

¢ ne+ > m = (IS+ITE - a)n > (n+4En)(€ — a)n > (§+ a)n® > c,
ses’ teT’

as required. O

We now use Proposition 4.8.10 to prove Proposition 4.8.9.

Proof of Proposition 4.8.9. For each v € V(G), let
my = min{dg(v,V;) : 1 < j <r with v ¢ V;}.
For each 1 < j <7 and each v ¢ V}, let a, ; := dg(v,V;) — m,. Note that,
0<a,; <an. (4.12)

For each 1 < j <r, let N; := Zuevj m,,. We have, for any 1 < 71,7, <,

INj, = Nipl = | D (da(v, V) = auz) = > (da(v,V5,) = avjy)
veVy, veVj,
(4.12)
= Z Ay jy — Z avj| < an’. (4.13)
vEVj veEVj,

Let N :=min{N; : 1 < j <r} and, for each 1 < j < r, let M, := N; — N. Note that

(4.13) implies 0 < M; < an®. For each 1 < j < r and each v € V}, choose p, € N to be
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as equal as possible such that Zuevj Py = M;. Then
0<p, <an+1. (4.14)

Let £ :=~/2r. For each 1 < j <r and each v ¢ V}, let
= [&n] + ayj + po.
Using (4.12) and (4.14), we see that,
En < mny; < (€+3a)n. (4.15)

We will consider each pair 1 < j; < j» < r separately and choose H;, ;, = H[V},,V},].

Fix 1 < j; < j2 < r and observe that,

S = (0] + v +p) = [Enln+ Y, + M,

veVj, veVj, veVj,

= [Enln+ M;, + Z de(v, 32 my) = [{n]n+ M +6G(V317V32)_NJ1

veVj,

En}n_N"i_eG ‘/}17‘/}2 vah

veVj,

Let G;, 4, == G[V},,V},] and note that 6(Gj, j,) > (1/2 + 4¢)n. Apply Proposition 4.8.10
(with 3a, &, G}, j,, Vj, and Vj, playing the roles of o, £, G, A and B) to find Hj, ;, C G;, j,
such that dy; , (v) =n,;, for every v €V}, and dpy, , (v) = n,;, for every v € Vj,.

Let H := U, <jp<r Hj1jo- By (4.15), we have A(H) < 2r{n = yn. Forany 1 < j <r

and any v ¢ V;, we have

dG’—H(U7 V}) = dG(Uv VJ) - dH(U> V}) = dG(U’ VJ) — Na,j

= dg(/U,V;‘) - [gn—l - dG’(’Uav}) + my —Pv =My — Py — ’7577‘—‘
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So G — H is K,-divisible. O

We now have all the necessary tools to prove Lemma 4.8.1. This lemma finds an

approximate K ,.-decomposition which covers all but at most yn edges at any vertex.

Proof of Lemma 4.8.1. The lemma trivially holds if » = 2, so we may assume that
r > 3. In particular, by Proposition 4.3.1, §(G) > (1—1/(r41)+&/2)n. Choose constants

N, ko, €*, d and p satistying
n<1I/N<1l/k<ef<d<p<Kr.

Apply Proposition 4.8.8 to find a subgraph H; C G satisfying properties (i)—(ii).
Let Gy := G — H;. Using (4.10) and that H; satisfies Proposition 4.8.8(i), for all

1 <j1,jo <randeachv ¢ V; UV,

‘dGl(U7 VJl) - dGl(Uv VJ2)| < ‘dG<Uv ‘/;1) - dG<U7 ‘/;2)‘ + ‘dHl(v7 le) - dHl(U7 ‘/JQ)’

< an + 3an = 4an.

Note also that §(G1) > 3n/4. So we can apply Proposition 4.8.9 (with Gy, 4a and ~/2
playing the roles of GG, o and ) to obtain Hy C G; such that G; — Hy is K,-divisible
and A(H,) < yn/2. Then §(Gy — Hy) > (5% +¢/2)n, so we can find an n-approximate
K,-decomposition F of G; — Hs.
Let Gy := G1— Hy—|J F be the graph consisting of all the remaining edges in G; — H,.
Let
B:={veV(Q):dg,(v) >n"*n}.

Note that

|B| < 2e(Gy)/n"*n < 2n*/?n. (4.16)

Let F1 :={F € F: FNB =0} and let G3 := G —J F1. If v € B, then Ng,(v) = Ng(v).

Suppose that v ¢ B. For any u € B, at most one copy of K, in F \ F; can contain both

118



u and v. So there can be at most (r — 1)|B] edges in [J(F \ F1) that are incident to v

and so
dG3<U) < dH1 (U) + dH2 (U) + dG2 (U) + (T - 1)|B|
< (r—=1(p+ a)n+yn/2 4+ n"*n +2(r — 1)n*'?*n < yn. (4.17)
Label the vertices of B = {v1,vs,...,v5}. We will use copies of K, to cover most

of the edges at each vertex v; in turn. We do this by finding a K,_;-matching M; in
H/[Ng,(vi)] = H1[Ng(v;)] in turn for each i. Suppose that we are currently considering
v:=v; and let M := U1§j<i M;. To simplify notation, we will assume that v € V; (the
proof in the other cases is identical).

Let P(v) = {U°),...,U* (v)} be a partition of Ng(v) satisfying Proposition 4.8.8(ii).
We can choose a partition Q(v) = {W°(v),...,W*(v)} of Ng(v) and m, > m, — |B]

such that, for each 1 < i < k,:
o Wi(v) C U (v);
o Wi(v)N B =0

e for each 2 < j <r, [Wj(v)| = m;

v*

Note that, using (4.16), [W°(v)| < |U°(v)| + | Blk,r < r(e*n + 2n'/?nk,) < 2&*rn.

By Proposition 4.8.8(ii), for each 1 < i < k, and all 2 < j; < j» < r, the graph
H\[U} (v),U},(v)] is e*-regular with density greater than d. So Proposition 4.8.2 implies
that Hy[W} (v), W}, (v)] is 2¢*-regular with density greater than d/2. Let H := H; —
M. Using (4.16), we have AM[W! (v), Wi (v)]) < |B| < n'®ml. So we can apply
Proposition 4.8.3 (with m/, n'/? and 2¢* playing the roles of n, v and ¢) to see that
H{[W; (v), W) (v)] is 4e*-regular with density greater than d/3.

We use Proposition 4.8.4 (with m!, 4¢*, d/3 and r — 1 playing the roles of n, ¢, d
and 7) to find a K,_;-matching covering all but at most 2(r — 1)(4e*)Y"=Ym! vertices

in Hj[W'(v)] for each 1 < i < k,. Write M; for the union of these K, j-matchings over
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1 <i<k,. Note that M; covers all but at most
WO0)| 4 2(r — 1)(4e) D)k, < 2ern + 2(r — 1)(4e*)/ " Vn < yn (4.18)

vertices in Ng(v).

Continue to find edge-disjoint M, ..., M|p. For each 1 < i < |B|, M} := {vy; UK :
K € M;} is an edge-disjoint collection of copies of K, in G3 covering all but at most yn
edges at v; in G. Write M" := {J, ;¢ p M] and let H :=G3 — UM =G - U(F1UM').
Then G — H = |J(F, U M') has a K,-decomposition and A(H) < ~n, by (4.17) and
(4.18). 0

4.9 Covering a pseudorandom remainder between
vertex classes

After applying Lemma 4.8.1, we are left with a graph H such that H[P] has low maximum
degree. We will add a suitable quasirandom graph R to H to be able to assume that the
remainder H' = RUH is actually quasirandom. The results in this section will allow us to
cover any remaining edges in H'[P| using only a small number of edges from H' — H'[P].
This is done by finding, for each x € V(G), suitable vertex-disjoint copies of K, ; inside
H' — H'[P] such that each copy of K,_; forms a copy of K, together with the edges

incident to z in H'[P].

Lemma 4.9.1. Let r > 2 and 1/n < 1/k,1/r,p < 1. Let G be an r-partite graph on
Vi, , Vi) with |[Vi| = -+ = |V, =n. Letq < krn and let W' ... W C V(G). Suppose

that:

(i) for each 1 <i < g, there exists 1 < j; <r and n; € N such that, for each 1 < j <r,

|W;| =0ifj=7 and |VV]’| = n; otherwise;
(it) for each 1 <i<q, 5(GW]) > (1 — 1/(r — 1))n; + 9kr?p?n;
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(iii) for all 1 < iy < iy < q, |[W* NW2| < 2rp’n;
(iv) each v € V(G) is contained in at most 2kpn of the W".
Then there exist edge-disjoint Ty, ..., Ty in G such that each T; is a perfect K,_i-matching

The W in Lemma 4.9.1 will play the role of vertex neighbourhoods later on. The proof
of Lemma 4.9.1 is similar to that of Lemma 10.7 in [7], we include it here for completeness.

We will use the following result.

Proposition 4.9.2 (Jain, see [68, Lemma 8|). Let X1,...,X,, be Bernoulli random vari-

ables such that, for any 1 < s <n and any 1,...,xs 1 € {0,1},
P(Xs =1 | Xl :$17"'7XS—1 :xs—l) Sp

Let X =3"" | X; and let B ~ B(n,p). Then P(X > a) <PP(B > a) for any a > 0.
Proof of Lemma 4.9.1. Set t := [8krp*/?n]. Let G, := G[W?] for 1 <i < q. Suppose
we have already found T7,...7T,_; for some 1 < s < ¢g. We find T, as follows.

Let H, y := JZ{ T; and G, := G, — H, 1 [W?]. If A(H,_([W?°]) > (r — 2)p*?n, let
Ti,...,T] be empty graphs on W?*. Otherwise, (ii) implies

1
1)ns + 8kr?p**n > (1 - —+ P ng + (r —2)(t — 1)
r— r—

0(GL) > (1 -

and we can greedily find t edge-disjoint perfect K,_j-matchings 77,...,7] in G’, using
Theorem 4.6.2. In either case, pick 1 < ¢ < ¢ uniformly at random and set T := 7. It

suffices to show that, with positive probability,

A(H,_1[W?]) < (r —2)p*n forall 1 < s <gq.

Consider any 1 <7 < g and any w € W*. For 1 < s < g, let Y™ be the indicator

function of the event that T} contains an edge incident to w in G;. Let X" := Y1 Vi,

121



Note dp,(w, W") < (r —2)X". So it suffices to show that, with positive probability,
Xiw < p32p for all 1 < i < qand all we W
Fix 1 <i < gand w € W Let J** be the set of indices s # i such that w € W*; (iv)

implies |J**| < 2kpn. If s ¢ J** U {i}, then w ¢ W* and Y* = 0. So

X <14 Y v (4.19)

seJhw
Let sy < --+ < §|iw| be an enumeration of J**. For any b < |J“*|, note that

iii

‘ , (iii)
da,, (w, W) < [W'nW#| < 2rp°n.

So at most 2rp?n of the subgraphs 7" that we picked in G, contain an edge incident to
p g j sb

w in G;. Thus
]P)O/:z:w =1] Ysll’w =Y. - 7}/51’5)1 =1yp_1) < 27’p2n/t < P1/2/4k

for all y1,...,y-1 € {0,1} and 1 < b < |J*|. Let B ~ B(|J*"|, p!/?/4k). Using Propo-

sition 4.9.2, Lemma 4.2.1 and that |J%*| < 2kpn, we see that

, (4.19) ,
P(X" > p*n) <P( Y Y™ > 3p*°n/4) <P(B > 3p*°n/4)

seJuw

< P(|B —E(B)| > p*?n/4) < 2¢=7"/16%
There are at most grn < kr?n? pairs (i, w), so there is a choice of T1, ..., T, such that
Xiw < p32p forall 1 <i < qandall we W O
The following is an immediate consequence of Lemma 4.9.1.

Corollary 4.9.3. Let r > 2 and 1/n < 1/k,1/r,p < 1. Let G be an r-partite graph on
(Vi,..., Vo) with |Vi| = -+ = V.| = n. Let U W C V(G) be disjoint with |Wi| = --- =
|W,.| > [n/k|. Suppose the following hold:
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(i) fOT all 1 < j17j2 <r and all x € U \ (le U V}z); dG(:E’le) = dg(x,sz);

(i) for all1 < j <7 and allz € U\ U;, 6(G[Ng(z,W)]) > (1 —1/(r — 1))da(z, W;) +
Oerp*2|W 1 ;

(iii) for all distinct x,x’' € U, |Ng(z, W) N Ng(z',W)| < 2p0*|W|;

(iv) forally € W, dg(y,U) < 2kp|Wh|.

Then there exists Gy C G[W] such that GIU, W] U Gw has a K,-decomposition and

A(Guw) < 2krp|1W1].

Proof. Let g := |U] and let u',... ,u? be an enumeration of U. For each 1 < i < g,

let W' := Ng(u®,W). Note that ¢ < kr|W;|. Apply Lemma 4.9.1 (with G[W] and |W/]

playing the roles of G and n) to obtain edge-disjoint perfect K,_;-matchings 7; in each

GW'. Let Gw = U, Ti. Then G[U, W] U Gw has a K,-decomposition. For each

y € W, we use (iv) to see that dg,, (v) < (r — 1)dg(y,U) < 2krp|W|. O

If we are given a k-partition P of the r-partite graph G, we can apply Corollary 4.9.3

repeatedly with each U € P playing the role of W to obtain the following result.

Corollary 4.9.4. Letr > 2 and 1/n < p < 1/k,1/r < 1. Let G be an r-partite graph
on (Vi,...,V.) with |[Vi| = -+ = |V,| =n. Let P ={U',...,U*} be a k-partition for G.

Suppose that the following hold for all 2 <1 < k:
(i) for all1 < ji,jo <7 and all x € US'\ (V}, UV},), da(z,U})) = da(x,U},);

(ii) for all 1 < j <7 and all z € U\ 'V}, 0(G[Ng(z, U] > (1 —1/(r — 1))da(z, Ui) +

Ver p3/2|U°);
(iii) for all distinct x, 2" € U<%, |[Ng(z,U") N Ng(z',UY)| < 2p%|UY;
(iv) for ally € U, dg(y, U~") < 2kp|Uj].

Then there exists Gy C G — G[P] such that G[P] U Go has a K,.-decomposition and
A(Gyp) < 3rpn.
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Proof. For each 2 <i <k, let G; := GIU<,U'] UG[U"]. Apply Corollary 4.9.3 to each
G; with U<*, U’ playing the roles of U, W to obtain G, C G[U"] such that G[U~", U | UG
has a K,-decomposition and A(G}) < 2krp[n/k] < 3rpn. Let Go := Ui, G} . Then

G[P] U Gy has a K,-decomposition and A(Gy) < 3rpn. O

4.10 Balancing graph

In our proof we will consider a sequence of successively finer partitions Py, ..., P, in turn.
When considering P;, we will assume the leftover is a subgraph of G — G[P;_;] and aim
to use Lemma 4.8.1 and then Corollary 4.9.4 to find copies of K, such that the leftover is
now contained in G — G[P;] (i.e. inside the smaller partition classes). However, to apply
Corollary 4.9.4 we need the leftover to be balanced with respect to the partition classes.
In this section we show how this can be achieved.

Let P = {U!,...,U*} be a k-partition of the vertex set V = (V4,...,V,) with |V}] =
-+ = |V.| =n. We say that a graph H on (V4,...,V,) is locally P-balanced if

dH(Ua szl) = dH(Ua U]Zg)

forall 1 <i <k, alll<j,j,<randallveU"\ (V; UV,,). Note that a graph which
is locally P-balanced is not necessarily K,-divisible but that H[U'] is K,-divisible for all
1<i<k.

Let v > 0. A (v, P)-balancing graph is a K,-decomposable graph B on V such that

the following holds. Let H be any K,-divisible graph on V' with:
(P1) e(HN B) = 0;
(P2) |du(v,U;)=du(v,U},)| <ynforalll <i <k, alll <jy,j, <randallv ¢ V; UV,

Then there exists B’ C B such that B — B’ has a K,-decomposition and

duop (v, U) = duus (v, U},)
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forall 2<i <k alll<j,jo<randalveU<\ (V;,UV,).
Our aim in this section will be to prove Lemma 4.10.1 which finds a (-, P)-balancing

graph in a suitable graph G.

Lemma 4.10.1. Let 1/n €« v < v < 1/k < e < 1/r < 1/3. Let G be an r-partite
graph on (Vy,....V,) with |Vi| = -+ = |V,| = n. Let P = {U*,...,U*} be a k-partition
for G. Suppose da(v,U}) > (1=1/(r+1)+¢)|U;| for all1 <i <k, all1 < j <r and all
v ¢ V;. Then there exists B C G which is a (v, P)-balancing graph such that B is locally
P-balanced and A(B) < v'n.

The balancing graph B will be made up of two graphs: Begge, an edge balancing
graph (which balances the total number of edges between appropriate classes), and B,
a degree balancing graph (which balances individual vertex degrees). These are described

in Sections 4.10.1 and 4.10.2 respectively.

4.10.1 Edge balancing

Let P = {U',...,U*} be a k-partition of the vertex set V = (Vi,...,V,) with |V}| =
«oo = |V.] =mn. Let v > 0. A (v,P)-edge balancing graph is a K,-decomposable graph
Begge on V' such that the following holds. Let H be any K,-divisible graph on V' which

is edge-disjoint from Begee and satisfies (P2). Then there exists B C Begge such that

/
edge

Begge — B has a K,-decomposition and

/
edge
(51 12 __ 1 12
eHUBédge <U]1 ) UJQ) o eHUBédge (Ujl ) U]3>

for all 1 <4y < iy <k and all 1 < jq, 72,73 < r with 71 # jo, J3.
In this section, we first construct and then find a (v, P)-edge balancing graph in G.
For any multigraph G on W and any e € W®) | let mg(e) be the multiplicity of the edge
e in G. We say that a K,-divisible multigraph G on W = (W, ..., W,) is irreducible if G

has no non-trivial K,-divisible proper subgraphs; that is, for every H C G with e(H) > 0,
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H is not K,-divisible. It is easy to see that there are only finitely many irreducible

K,-divisible multigraphs on W. In particular, this implies the following proposition.

Proposition 4.10.2. Letr € N and let W = (W1, ..., W,). Then there exists N = N(W)

such that every irreducible K,.-divisible multigraph on W has edge multiplicity at most N.

Let P = {U',...,U*} be a partition of V = (Vi,...,V,). Take a copy K of K,(k)
with vertex set (Wy,...,W,) where W; = {wj],...,w¥} for each 1 < j < r. For each
1 <i<Ek, let Wt = {w; :1 < j <r}. Given a graph H on V, we define an excess
multigraph EM(H) on the vertex set V(K) as follows. Between each pair of vertices wﬁ,

wﬁ such that w;i wzi € E(K) there are exactly

€H(U?l

02— minfe(Ul,UR) 1 1< g5 <rj # 7'}

multiedges in EM(H).

Proposition 4.10.3. Letr € N withr > 3. Let P = {U*,...,U*} be a k-partition of the
vertex set V.= (Vq,...,V;) with |V4| = --- = |V,| = n. Let H be any K, -divisible graph on
V' satisfying (P2). Then the excess multigraph EM(H) has a decomposition into at most

37k r?n? dirreducible K,-divisible multigraphs.

Proof. First, note that for any 1 < iq,io < k, any 1 < jq, 2, j3 < r with 71 # js, j3 and

any v € U;ll, we have |dy (v, U;j) —dg(v, U;;)] < wn by (P2). Therefore,

leg (U2 UJ’;) — ey (UM U;§)| < fyn\U;1| < yn?. (4.20)

J1? J1? 1

We claim that, for all w’'w? € E(K),

J1 792

men) (Wi wi) < 3yn’. (4.21)
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Let 1 < j7, 45 < r with j] # j5. Let 1 < j <r with j # j1,7;. Then

e (UL, U) — en (U, US| < len(UL2 UE) — en(UL2, UR)|

J17? J17? J17

+en (U, UP) — en(Uy, UP)

J17?

+len Uy, Up*) — en Uy, U3 )|

So (4.21) holds.
We will now show that EM(H) is K,-divisible. Consider any vertex w;i € V(EM(H))

and any 1 < 75,73 < r such that j; # jo, j3. Note that, since H is K,-divisible,

dEM(H)(wjl,W )= ZmEM(H) Wy, W )
— U;ll, ) me{eHU U’) 1<j4,i <rj#j}
— U;ll, ) me{eHU UZ) 1<4,i <rj#j}
= ZmEM(H) Wy, W ) = dEM(H)<wJ1’ Wis)-

So EM(H) is K,-divisible and therefore has a decomposition F into irreducible K-
divisible multigraphs. By (4.21), there are at most 3yn? edges between any pair of vertices
in EM(H), so |F| < (3yn?)e(K) < 3vk*r*n?. O

Let N = N(V(K)) be the maximum multiplicity of an edge in any irreducible K,-
divisible multigraph on V(K) = (Wy,...,W,) (N exists by Proposition 4.10.2). Label
each vertex w§ of K by U; Let K(N) be the labelled multigraph obtained from K by
replacing each edge of K by N multiedges.

We now construct a P-labelled graph which resembles the multigraph K(N) (when
we compare relative differences in the numbers of edges between vertices) and has lower

degeneracy. Consider any edge e = wﬁwﬁ € E(K(N)). Let 6(e) be the graph obtained by
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the following procedure. Take a copy K, of K[W", W] —w' w? (K, inherits the labelling

wi Wi
of K[W= W%]). Note that K[W", W%]is a copy of K, if iy = i, and a copy of the graph
obtained from K, , by deleting a perfect matching otherwise. Join wﬁ to the copy of
wg in K, and join w to the copy of w“ in K.. Write 0(e) for the resulting P-labelled

graph (so the vertex set of #(e) consists of wj iy w;"; as well as all the vertices in K,).
Choose the graphs K, to be vertex-disjoint for all e € E(K(N)). For any K’ C K(N),
let O(K") :=J{O(e) : e € E(K')}.

To see that the labelling of #(K(N)) is actually a P-labelling, note that for any U7,
the set of vertices labelled U} forms an independent set in §(K (N)). Moreover, note that
O(K(N)) has degeneracy m — 1. To see this, list its vertices in the following order. First
list all the original vertices of V(K'). These form an independent set in §(K (N)). Then

list the remaining vertices of (K (N)) in any order. Each of these vertices has degree

r—11in (K (N)), so the degeneracy of §(K(N)) can be at most r — 1.

Proposition 4.10.4. Let P = {U' ..., U*} be a k-partition of the verter set V =
Vi,..., V) with |Vi| = -+ = |Vi| = n. Let J = ¢(0(K(N))) be a copy of O(K(N))

on V' which is compatible with its P-labelling. Then the following hold:
(i) J is K,.-divisible and locally P-balanced;

(ii) for any multigraph H C K(N), any 1 <iy,is <k and any 1 < j; < jo <,
(o (U;;,U”) —eH(Wil,Wi2)+mH(w]1w]2)
Proof. = We first prove that J is K,-divisible. Consider any = € V(6(K(N))). If
v = w), € V(K), then d;(¢(x),V;,) = Nk for all 1 < j; < r with j; # j (since for
each edge wj w € E(K), x has exactly N neighbours labelled UZl in O(K(N))). If
x ¢ V(K), x must appear in a copy of K, in f(e) for some edge e € E(K(N)). In this
case, dj(¢(x),V;) =1 for all 1 < j < r such that ¢(z) ¢ V;. So J is K,-divisible.
To see that J is locally P-balanced, consider any 2 € V(6(K(N))). If 2 = w} € V(K),

then ¢(x) € U} and d;(¢(x),Uj,) = N for all 1 < j; <r with j; # j. Otherwise, z must
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appear in a copy of K, in f(e) for some edge e = wﬁwéz € E(K(N)). Let i,7 be such
that ¢(x) € Uj (so i € {ir,ia}). If 4y # da, then d;(¢(x),U},) = 0 for all 1 < 5" <. If
iy = iy, then d;(¢(x),Ul) = 1 for all 1 < j/ <7 with j/ # j. So J is locally P-balanced.
Thus (i) holds.

We now prove (ii). Let 1 < dy,i < k and 1 < j; < jp < r. Consider any edge
wiw?, € E(K(N)). The P-labelling of (K (N)) gives

;

0 if {i,¢'} # {ir, iz},

Cooiwiw) (Ui Up) = V2 i {(6,), (7,5} = {(ir, 1), (i2, 2) }, (4.22)

73

1 otherwise.

\

Let H C K(N). Then (ii) follows from applying (4.22) to each edge in H. O

The following proposition allows us to use a copy of (K (N)) to correct imbalances in
the number of edges between parts U lel and U ;22 when EM(H) is an irreducible K,-divisible

multigraph.

Proposition 4.10.5. Let P = {U',...,U*} be a k-partition of the verter set V =
(Vi,..., Vo) with |Vi| = -+ = |V,| = n. Let H be a graph on V such that EM(H) = I
is an irreducible K, -divisible multigraph. Let J = ¢(8(K(N))) be a copy of 0(K(N)) on
V' which is compatible with its P-labelling and edge-disjoint from H. Then there exists
J' C J such that J — J" is K,.-divisible and H' := H U J' satisfies

e (UL, U2) = e (UL, U22) (4.23)

J1?

fOT all <igp<ig<kandalll < jl,jg,jg < r with jl #jg,jg.

Proof. Recall that N denotes the maximum multiplicity of an edge in an irreducible

K,-divisible multigraph on V(K). So we may view [ as a subgraph of K(N). Let
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J =J—¢(0(I)). Forall 1 <iy <iy <k, let
Piyip = min{eH(U;f, U2) : 1< ji,jo, <1 # Jo-
Proposition 4.10.4 gives, for all 1 <17 < iy < k and all 1 < jy, 5o < r with j; # Jja,

e (U, UR) = eswucovm (Ui Uik ) = o (Ut US2)
=)W, W?2) + N — (er (W™, W?=) + m(wiiw?))

J1 772

= exn)_ (W™, W2) + N — m(w?w?).

J1 792

Recall that [ = EM(H), so ey (U’!

1o U;;) = m[(w?lw?Q) + Pi, i, and

J1 2

e (UL, U2) = ey (U}

J1?

U;;) + e (UM U2) = exny—r(W*, W?) + N +p;, 4.

J17 772

Note that the right hand side is independent of j;, jo. Thus (4.23) holds. O

The following proposition describes a (v, P)-edge balancing graph based on the con-

struction in Propositions 4.10.4 and 4.10.5

Proposition 4.10.6. Let k,r € N with r > 3. Let P = {U",...,U*} be a k-partition of
the vertex set V.= (Vi,..., V) with |Vi| = --- = |V,| = n. Let Jy,...,J; be a collection
of £ > 3vk*r*n? copies of 0(K(N)) on V which are compatible with their labellings. Let
{Ay,..., A} be an absorbing set for Jy, ..., J, on V. Suppose that Jy,..., Jo, Ar,..., Ap

are edge-disjoint. Then Bedge = Ule JiUU, A; is a (v, P)-edge balancing graph.

Proof. Let H be any K,-divisible graph on V' which is edge-disjoint from Beqge and
satisfies (P2). Apply Proposition 4.10.3 to find a decomposition of EM(H) into a collection
Z = {l,...,Ip} of irreducible K,-divisible multigraphs, where ¢/ < 3yk*r?n? < (. If

¢ =0, let Bgdge C Bedge be the empty graph. If ¢ > 0, we proceed as follows to find

B/

edge*

EM(H;) = I, for each 1 < s < ¢'. (To find such a partition, for each 1 < s < ¢ form H;

Let Hy,...,Hy be graphs on V' which partition the edge set of H and satisfy
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by taking one U ;11 U;j-edge from H for each edge wﬁ w;i in I,. Let Hy consist of all the
remaining edges.)
Apply Proposition 4.10.5 for each 1 < s < ¢ with H, and J, playing the roles of H
and J to find J. C J, such that J; — J. is K,-divisible and H. := H, U J| satisfies
e (UM, U2) = e, (UL, U2) (4.24)

for all 1 < iy < iy < k and all 1 < jq, 72,73 < r with j; # jo,73. Let Bedge = US 1L

Then (4.24) implies that the graph H' := H U B!

edge = US:1 H! satisfies

(U;;,U”) = (U;;,Uzz)
for all 1 < <19 < k and all 1 < jl,jg,jg <r with jl 7é jQ,j3.

We now check that Begge and Begge — B

edge 1€ K -decomposable. Recall that every

absorber A; is K,-decomposable. Also recall that, for every 1 < s </, J; is K,-divisible,
by Proposition 4.10.4(i). Since {Ay,..., A} is an absorbing set, it contains a distinct
absorber for each Js. So for each 1 < s < /, there exists a distinct 1 < 75, < m such
that A;, U J; has a K,-decomposition. Therefore Beqg is K,-decomposable. To see that
Beage — B,

edge 18 K -decomposable, recall that for each 1 < s < /) J, — J is a K-

divisible subgraph of .J;. So for each 1 < s < £, there exists a distinct 1 < j, < m such
that, if s < ¢/, A;, U (J; — J.) has a K,-decomposition and, if s > ¢, A; U J, has a

K,-decomposition. So we can find a K,-decomposition of

v ¢
Beage = Blage = | J(J. = J) U LJJUUA
s=1 s=0'+1
Therefore, Begge is a (7, P)-edge balancing graph. O

The next proposition finds a copy of this (y, P)-edge balancing graph in G.

Proposition 4.10.7. Let 1/n < v < v < 1/k < e < 1/r < 1/3. Let G be an r-partite
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graph on (Vy,....V,) with |Vi| = -+ = |V,| = n. Let P = {U*,...,U*} be a k-partition
for G. Suppose that dg(v,U;) > (1 =1/(r + 1) +e)|U}| for all 1 <i <k, all1 <j<r
and all v ¢ V;. Then there exists a (7, P)-edge balancing graph Beqge € G such that Begge

is locally P-balanced and A(Begge) < 7'n.

Proof. Let 7y be such that v < 73 < 7. Recall that (K (N)) is a P-labelled graph

with degeneracy r — 1 and all vertices of (K (N)) are free vertices. Also,
0(K(N))| < |K| + 2re(K)N = kr + 2rk? (g) N < E*r®N.

Let ¢ := [3yk*r?n?] < 4/2n2. We can apply Lemma 4.5.2 (with v'/2 v, r — 1, k*r3N

and @(K(N)) playing the roles of n, ¢, d, b and H;) to find edge-disjoint copies Ji, ..., J;

of (K (N)) in G which are compatible with their labellings and satisfy A(U‘_, J;) < yin.
Let G' := G[P] — Ule J; and note that

5(GY>(1—=1/(r+1)4+e)n—[n/k] —mn > (1—1/(r+1)+~)n.
Apply Lemma 4.6.6 (with ~q, 7//2, k*r3N and G’ playing the roles of 7, €, b and G) to
find an absorbing set A for Ji,...,J; in G’ such that A(|J.A) < ~+'n/2.
Let Bedge := Ule Ji UJA. Then Begge is a (7, P)-edge balancing graph by Proposi-
tion 4.10.6. Also, A(Bedge) < ¥'n. Note that for each 1 < i < k, Beqge[U’] = Ui:l J (U]
(this is the reason for finding A in G[P]). Moreover, each J; is locally P-balanced by

Proposition 4.10.4(i). Therefore Begge is also locally P-balanced. O

4.10.2 Degree balancing

Let P = {U%,...,U*} be a k-partition of the vertex set V = (Vi,...,V,) with |V}] =
- = |V =mn. Let v > 0. A (v, P)-degree balancing graph is a K,-decomposable graph

Bgeg on V such that the following holds. Let H be any K,-divisible graph on V' satisfying:
(Q1) e(H N Byeg) = 0;
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(Q2) en(UM,U2) = ey(Ur,U2) for all 1 < iy < iy < kand all 1 < jy,ja,j3 < r with
jl 7£j27j3;
(Q3) |du(v,U%) — du(v,U},)| < ~|Uj,| for all 2 < i < k, all 1 < ji,j2,j3 < r with

J1 # Jja,js and all v € U5

Then there exists B’

deg & DBaeg such that Byeg — B’

deg Nas a K,-decomposition and

dHUB/deg(U’ U]Zl) = dHUBéeg(?h U;2>

forall 2<i <k all 1 <jj,jo <randallveU<\ (V; UV,).

We will build a degree balancing graph by combining smaller graphs which correct the
degrees between two parts of the partition at a time. So, let us assume that the partition
has only two parts, i.e., let P = {U!, U?} partition the vertex set V = (V4,...,V,). We
begin by defining those graphs which will form the basic gadgets of the degree balancing
graph. Let Dy be a copy of K,.(3) with vertex classes {w; :1<i<3}forl1<j<r. For
each 1 <i <3, let W' := {w} : 1 < j <r}. We define a labelling L : V(D) — {U},U? :
1 <j <r} as follows:

Ut ifi=1,2,
U2 ifi=3.

Suppose that z,y are distinct vertices in Ujl1 where 1 < j; < r. Obtain the P-labelled
graph D, , by taking the labelled copy of Dy and changing the label of w} to {x} and

w? to {y}. Let 1 < jo <7 be such that j, # j1. Let DJ2,, be the P-labelled subgraph of

T—Y

D, , which has as its vertex set
WU {w} U (W2 {wj }),

contains all possible edges in W'\ {w] }, all possible edges in W\ {w? }, all edges of the

1,2
and w;w;,

where 1 < j < r and j # j1, j2, as well as the edges wjllel-Q and

1,3
form wj w;

w? w? . (Note that if we were to identify the vertices wj, and w3 we would obtain two
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copies of K, which have only one vertex in common.)

Figure 4.2: A copy of DL . when r =4 and z,y € U;.

T—Y

As in Section 4.10.1, we would like to reduce the degeneracy of D, ,. The operation
¢ (which will be familiar from Section 4.10.1) replaces each edge of D, , by a P-labelled
graph as follows. Consider any edge e = w''w? € E(D,,). Take a labelled copy D, of

js " ja
Do[W', W] —wilw? (D, inherits the labelling of Do[W", W2]). Note that Do[W*, W]
is a copy of K, if i1 = i3 and a copy of the graph obtained from K, , by deleting a perfect
matching otherwise. Join w;; to the copy of wﬁ in D, and join wﬁ to the copy of w;; in
D, (so the vertex set of 6(e) consists of w;;, w;j as well as all the vertices in D.). Write
0(e) for the resulting P-labelled graph. Choose the graphs D, to be vertex-disjoint for all
e € E(D,,). For any D' C D, ,, let §(D') := |J{0(e) : e € E(D')}. The graph 6(D,,)

has the following properties:

(01) |0(Dyy)| < 3r+2r32(}) < 10r® (since we add at most 2re(K,(3)) new vertices to
obtain (D, ,) from D, ,);

(62) 0(D,,) has degeneracy r — 1 (to see this, take the original vertices of D, , first,

followed by the remaining vertices in any order).

Suppose that H is a graph on V and z,y € Ujll. Suppose that dy(z, Uj22) is currently
too large and dy(y, U]i) is too small. The next proposition allows us to use copies of

0(DJ2,,) to ‘transfer’ some of this surplus from = to y.

Proposition 4.10.8. Let P = {U"',U?} be a partition of the vertex set V = (V1,...,V,).

Let 1 < jy, jo <7 with ji # jo and suppose x,y € U} . Suppose that Dy = ¢(0(Dy,)) is a
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copy of 0(D,.,) on V which is compatible with its labelling. Let Dy := ¢(6(D?2, )) C D;.

T—Y

Then the following hold:
(i) both Dy and Do are K,-divisible;
(ii) Dy s locally P-balanced;

(iil) for any 1 < js,js < 7 with jy # jo and any v € U\ (V;, UV},),

(

—1 ifv=2x and j3 = js,
dp,(v,U3) —dp,(v,UZ) =1 ifv=y and js = jo,

0 otherwise.

\

Proof. First we show that (i) holds. Consider any v € V(6(D,,)). If v € V(D,,),
then dp, (¢(v),V;) = 3 for all 1 < j < r such that ¢(v) ¢ V;. Otherwise, v appears in a
copy of D, for some edge e € E(D,,) and dp,(¢(v),V;) =1 for all 1 < j < r such that
¢(v) € V. So Dy is K,-divisible. For Dy, consider any v € V(0(D22,,)). If v € V(DZ,,),
then dp,(¢(v),V;) =1 for all 1 < j < r with ¢(v) ¢ V,. Otherwise, v appears in a copy
of D, for some edge e € E(D?,,) and dp,(¢(v),V;) = 1 for all 1 < j < r such that
o(v) ¢ V;. So Dy is K,-divisible.

For (ii), consider any v € V(0(D,,)). First suppose v = w} € V(D,,). If i = 1,2,
then ¢(v) € Uj and dp,(¢(v),Uj;) = 2 for all 1 < j' < r with j* # j. If i = 3, then
¢(v) € U? and dp, (¢(v),U3) = 1 for all 1 < j' < r with j' # j. Otherwise, v must

appear in a copy of D, in 6(e) for some edge e = wﬁwﬁ € E(D,,). Let i,j be such that

¢(v) € Ui Ifdy,ip € {1,2} or if iy = iy = 3, then dp, (¢(v),U},) = 1 forall 1 < j" <r
with j* # j. Otherwise, dp, (¢(v), U},) = 0 for all 1 < j' <. So D, is locally P-balanced.
Property (iii) will follow from the P-labelling of #(D?2, ). Note that

gl

9 0 lfjle {jl)j?}a 9 1 ifj/:j27
dp, (2, Uj) = and dp,(y,Us) =

1 otherwise 0 otherwise.
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The only other edges ab in Dy of the form U'U? are those which appear in the image of
D, for some e = w;'-w?, € FE(D?, ) with i = 1,2. Note that such e must be incident to x

T—Y

or y and that a and b are new vertices, i.e., a,b & V(D’2, ). But for any v € ¢(D,) N U?,

T—Y

we have dp,(v,U?) = 1 for every 1 < j* < r such that ¢(v) ¢ Vj. It follows that (iii)

holds. O

In what follows, given a collection D of graphs and an embedding ¢(D) for each D € D,
we write ¢(D) := {¢(D) : D € D}.

Lemma 4.10.9. Let 1/n < vy <~ <1/r <1/3. Let V = (Vi,...,V,) with |V}]| = --- =
V.| = n. Let P = {U',U?} be a 2-partition of V. Let 1 < j; < r. Then there exists

D C {H(Di_w) ST,y € Ujll,x #y,1 <j<rj+#ji1} such that the following hold.
(i) D <v'n*
(ii) Each vertex v € V is a root vertex in at most v'n elements of D.

(iii) Suppose that, for each D € D, ¢(D) is a copy of D on V which is compatible with
its labelling. Suppose further that ¢p(D) and ¢(D') are edge-disjoint for all distinct
D,D" € D. Let H be any r-partite graph on V which is edge-disjoint from |J ¢(D)
and satisfies (Q2) and (Q3). Then there exists D' C D such that H' := HU|J ¢(D’)

satisfies the following. For all v € Ujll, and all 1 < jo, j3 < 1 such that ji # ja, Js3,
dp (v, U2) = dg: (v, U?,)
and for all 1 < jo,j3 <71 and allv € UM\ (V;, UV, UV,,),
dp (v, Uji) — dp (v, UJ-QB) = dy(v, Uj22) —dy (v, szg).

In particular, H' satisfies (Q2) and (Q3).

Proof. Let p:=+//4(r — 1) and m := |U}|. Define an auxiliary graph R on U} such
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that A(R) < 2pm and
IN&(S)| > p*m/2 (4.25)

for all S C Ujl1 with |S| < 2. It is easy to find such a graph R; indeed, a random graph
with edge probability p has these properties with high probability.
Let
D:={0(D},,).0(Dj_,) s ay € B(R),1 < j<r,j#ji}.

Yy—x

Each vertex of V' appears as = or y in some #(DJ_, ) in D at most 2(r — 1)A(R) <
4(r — 1)pm = 4'm times. In particular, this implies |D| < v'm?. So D satisfies (i) and
(ii).

We now show that D satisfies (iii). Suppose that, for each D € D, ¢(D) is a copy
of D on V which is compatible with its labelling. Suppose further that ¢(D) and ¢(D’)
are edge-disjoint for all distinct D, D' € D. Let H be any r-partite graph on V' which is
edge-disjoint from | J ¢(D) and satisfies (Q2) and (Q3).

Let jmin := min{j : 1 < j <7, j # ji}. For each v € U}, and each jui, < j < 7 such
that j # ji, let

f(v,5) :=dg(v,U}) —dg(v,U; ). (4.26)

Jmin

By (Q3),
|f(v, )] <~v(m+1) < 2ym. (4.27)

Let U*(j) be a multiset such that each v € U} appears precisely max{f(v,j),0} times.
Let U~(j) be a multiset such that each v € U}, appears precisely max{—f(v, j), 0} times.
Property (Q2) implies that |[UT ()| = |[U~(j)|, so there is a bijection g; : Ut (j) — U~ (j).

For each copy « of w in UT(j), let P, be a path of length two whose vertices are

labelled, in order,

{u}’ Ujll ) {gj (u/)}

So P, has degeneracy two. Let S; := {Py : v’ € U (j)}. It follows from (4.27) that

2

each vertex is used as a root vertex at most 2ym times in S; and |S;| < 2ym?. Using
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(4.25), we can apply Lemma 4.5.1 (with m, 2, 3, 2v, p*/2 and R playing the roles of n,
d, b, n, € and G) to find a set of edge-disjoint copies 7; of the paths in S; in R which
are compatible with their labellings. (Note that we do not require the paths in 7; to be
edge-disjoint from the paths in 7} for j # j'.) We will view the paths in 7; as directed

paths whose initial vertex lies in U*(j) and whose final vertex lies in U~ ().

For each juin < j < 7 such that j # ji, let D; := {0(D7_,,) ﬁ/ € E(UT,)}. Let
U pico
jmin<j§r
J#i

It remains to show that H' := H U J ¢(D’) satisfies (iii). For each juin < j < r such
that j # j1, let H; :=J ¢(D;). Consider any vertex v € U1 and let jnin < jo < 1 be such
that j, # ji1. Now v will be the initial vertex in exactly a := max{f(v, j2),0} paths and
the final vertex in exactly b := max{—f(v, j2),0} = a — f(v, j2) paths in 7},. Let ¢ be the
number of paths in 7;, for which v is an internal vertex. By definition, H}, contains a + ¢
graphs ¢(D) where D is of the form 6(D}2,,) for some y € U} . Also, Hj, contains b+ ¢

V=Y

graphs ¢(D) where D of the form (D32

T—v

) for some € U} . Proposition 4.10.8(iii) then

implies that

dy. (v, Uj22) —dg,, (v, Ufmin) =(b+c)—(a+c)=—f(v,72). (4.28)

J2

For any jmin < js < 7 such that js3 # j1, j2, Proposition 4.10.8(iii) implies that
dr,, (v, U2) dr,, (v, Ufmm) = 0. (4.29)
Equations (4.28) and (4.29) imply that
dyeon (v, U2) — dyemn (v, U2 ) = dy, (v,Ur) —dy, (v, U7 ) = —f(v, ja),

Jmin Jmin
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which together with (4.26) gives
dp (0, U2) —dge (v, U ) =dg(v,U}) —dy(v,U;. ) — f(v,j2) = 0. (4.30)
Thus, for all v € U}, and all 1 < jy, j3 < r such that j; # ja, js,
dg(v,U2) = dge (v, U} ) =dgi(v,U2).

Finally, consider any 1 < js,j3 < r and any v € U\ (V;, UV, UV},). Proposi-

tion 4.10.8(iii) implies that

dU ¢(D/) (U7 U]22) - dUd)(D/)(U? Uj23> = 07

SO
dp (v, U3) = d (v, U2) = dp(v,U3) — d (v, Uz,). (4.31)
That H' satisfies (Q2) and (Q3) follows immediately from (4.30) and (4.31). O
Let P = {U',U?} partition the vertex set V = (V4,...,V,) with |[V}| =--- =|V;| = n.

We say that a collection D of P-labelled graphs is a (v,7')-degree balancing set for the
pair (U!,U?) if the following properties hold. Suppose that, for each D € D, ¢(D) is a
copy of D on V which is compatible with its labelling. Suppose further that ¢(D) and
¢(D') are edge-disjoint for all distinct D, D" € D.

(a) Each D € D has degeneracy at most r — 1 and | D] < 1073,
(b) [D] <~'n*.
(c) Each vertex v € V' is a root vertex in at most v'n elements of D.

(d) For each D € D, ¢(D) is K,-divisible and locally P-balanced.
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(e) Let H be any r-partite graph on V' which is edge-disjoint from | J ¢(D) and satisfies
(Q2) and (Q3). Then, for each D € D, there exists D' C D such that ¢(D’) is
K,-divisible and, if D' := {D' : D € D} and H' := HU|J¢(D’), then

d (v, Ufl) = d (v, Uji)

forall 1 < ji,jo <randallveU'\ (V; UV,).

The following result describes a (v,~')-degree balancing set based on the gadgets

constructed so far.

Proposition 4.10.10. Let 1/n < v < v < 1/r < 1/3. Let V = (V4,...,V;) with
Vil = -+ = |V;| = n. Let P = {U,U?} be a 2-partition for V. Then (U',U?) has a

(v,7)-degree balancing set.

Proof. Apply Lemma 4.10.9 for each 1 < j; < r with 4//r playing the role of 7' to
find sets D;, € {0(DJ_,,) : v,y € Uj,x #y,1 < j <rj# ji} satisfying the properties
(i)-(iii). Let D consist of one copy of §(D,) for each (D}, ) in Uj—, ;. We claim
that D is a (,7')-degree balancing set. Note that each 6(D,,) satisfies |0(D,.,)| < 10r®
and has degeneracy at most r — 1 by (A1) and (62), so (a) holds. For each 1 < j < r,
|D;| < 4/n?/r, so (b) holds. Also, each vertex v € V is used as a root vertex in at most
y'n/r elements of each D;. Since 6(D,,) and 6(D}_,, ) have the same set of root vertices,
(¢) holds. Property (d) follows from Proposition 4.10.8(i) and (ii).

It remains to show that (e) is satisfied. Suppose that, for each D € D, ¢(D) is a copy
of D on V which is compatible with its labelling. Suppose further that ¢(D) and ¢(D’)
are edge-disjoint for all distinct D, D’ € D. Let H be any r-partite graph on V' which
is edge-disjoint from |J¢(D) and satisfies (Q2) and (Q3). Using property (iii) of D; in
Lemma 4.10.9, we can find D] C D, such that H, := H UJ¢(D)) satisfies (Q2), (Q3)

and

dHl (U, U321) = dHl (U’ Uj22)
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for all v € U} and all 2 < j;,jo, < r. We can then find D) C D, such that Hy :=

H, U ¢(D)) satisfies (Q2), (Q3) and
A, (v, U}) = dp, (v, U,

for all v € Uj1 where j = 1,2 and all 1 < 7y, jo < r with j # j1, jo. Continuing in this way,
we eventually find D C D, such that H, := H,_; U|J¢(D,._,) satisfies

dy, (v, szl) =dy, (v, Uj?2) (4.32)

for all 1 < j1,j2 <randallve U\ (V; UV,).

For each D € D;, it D € D), then let D' := D; otherwise let D’ be the empty graph.
Let D' := {D': D € J;_, D;}. For each D' € D', D' is either empty or of the form
0(DJ_,,), so ¢(D') is K,-divisible by Proposition 4.10.8(i). By (4.32), D’ satisfies (e). So

D satisfies (a)—(e) and is a (v, ~')-degree balancing set for (U, U?). O

The following result finds copies of the degree balancing sets described in the previous

proposition.

Proposition 4.10.11. Let 1/n € 7 < v < 1/k < ¢ < 1/r < 1/3. Let G be an
r-partite graph on (Vq,...,V,) with [Vi| = -+ = |V,| = n. Let P = {U',...,U*} be a
k-partition for G. Suppose that d(v,U}) > (1 = 1/(r 4+ 1) +¢)|U}| for all 1 < i < k, all
1 <j<randalvé¢V;. Then there exists a (v, P)-degree balancing graph Baez C G

such that Baeg is locally P-balanced and A(Bgeg) < v'n.

Proof.  Choose 71, 72 such that v < 73 < 79 < /. Proposition 4.10.10 describes
a (7,7i)-degree balancing set D;, ;, for each pair (U",U") with 1 < i3 < iy < k. Let
D = Uy<i,ciy<i Dirin- We have |D| < k*yin® < yin® and each vertex is used as a root
vertex in at most k*y?n < yn elements of D. By (a), we can apply Lemma 4.5.2 (with
Y1, V2, 7 — 1 and 10r? playing the roles of 1, &, d and b) to find edge-disjoint copies ¢(D) of

each D € D in G which are compatible with their labellings and satisty A({J ¢(D)) < van.
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Let G' :== G[P] — U ¢(D) and note that
(G >(1—=1/(r+1)4+e)n—[n/k] —yn > (1—1/(r+1) +~)n.

Apply Lemma 4.6.6 (with o, 7//2, 1073 and G’ playing the roles of 7, &, b and G) to find
an absorbing set A for ¢(D) in G’ such that A(|J.A) < ~+'n/2.

Let Baeg == J@(D) UJA. Then, A(Bgeg) < ¥'n. For all 1 < iy < iy < k, D;, 4,
is a degree balancing set so |J@(D;, 4,) is locally P-balanced by (d). Since Baeg[U'] =
U ¢(D)[U"] for each 1 < i < k, the graph Bge, must also be locally P-balanced.

We now check that Bgeg is a (77, P)-degree balancing graph. Let H be any K,-divisible
graph on V satisfying (Q1)—(Q3). Consider any 1 < i; < i5 < k. Note that H[U" U U"|
satisfies (Q1)—(Q3). Since D;, 4, is a (7, v')-degree balancing set for (U™, U™2), there exist
D" C D for each D € D;, 4, such that ¢(D’) is K,-divisible and, if D] , = {D': D €

11,12

D;, i, } and Hj ;, =HU Ugb(D;lh), then

dy

i1,

(0,U2) = dy,

11,19

(v,U3)

for all 1 < j1,j2 <7 and allv € U™\ (Vj, UV},). Let By, = Ui, cip<p @(D, 4,) and let

H':= HU B},,. Note that V({J&(D}, ;,)) € U UU™ for all 1 <i; < iy < k. So we have

dy(v,U})) = dp(v,U},) for all 2 < <k, all 1 < jy, 5 <rand all v € U\ (V;, UV},).

!/

deg POth have Kj-decompositions. Recall

It remains to show that By, and Byeg — B
that A is an absorbing set for ¢(D). So, for any K,-divisible subgraph D* of any graph in
(D), A contains an absorber for D*. Also, A is K,-decomposable for each A € A. Since
(D) is K,-divisible for each D € D by (d), we see that Bge, has a K,-decomposition.
Note that, for each D € D;, ;,, ¢(D’) is K,-divisible by (e) and hence ¢p(D) — ¢(D’) is also
K,-divisible. So

Baeg — Bleg = [ JAU | (6(D) — 6(D"))

DeD

has a K,-decomposition. Therefore, Bge, is a (7, P)-degree balancing graph. d
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4.10.3 Finding the balancing graph

Finally, we combine the edge balancing graph and degree balancing graph from Proposi-

tions 4.10.7 and 4.10.11 respectively to find a (v, P)-balancing graph in G.

Proof of Lemma 4.10.1. Choose constants ; and v, such that v < 71 < 70 < v'.
First apply Proposition 4.10.7 to find a (7, P)-edge balancing graph Begge € G such
that Begge is locally P-balanced and A(Begge) < 711. Now G’ := G — Begge satisfies
der (v, U2) > (1=1/(r+1)+¢/2)|U¢| for all v ¢ V}, so we can apply Proposition 4.10.11 to
find a (72, P)-degree balancing graph Bge; C G’ such that Bge, is locally P-balanced and
A(Baeg) < 7'n/2. Let B := Bedqge U Bgeg. Then A(B) < 4'n and B is locally P-balanced.
Also, since both Begee and Bgeg are K,-decomposable, B is K,-decomposable.

We now show that B is a (v, P)-balancing graph. Let H be any K, -divisible graph
on V satisfying (P1) and (P2). Since Begge is a (7, P)-edge balancing graph, there exists
B

edge

C Bedge such that Begge — Bly,, has a K,-decomposition and H; := HUB,,,, satisfies

/
edge edge

en, (U U?) = ep, (U}

J1?

Ujs)

forall 1 < <ig<kandalll< jl,jg,j3 < r with jl 7é jg,jg.

Note that H; is K,-divisible. Also
‘dHl (’U, U;2> - dHl (Ua U;g)‘ < |dH(U7 U;z) - dH<U7 UJZ3>| + A(BEdge) <m+mnn < 72’U;1|

forall 2 < i <k, all 1 < 71,792,753 < r with j; # Jjs, 73 and all v € U]fi. So H; satisfies
(Q1)-(Q3) with H; and v, replacing H and . Now, Bgeg is a (72, P)-degree balancing

graph so there exists Béeg C Bgeg such that Bge, — B, has a K,-decomposition and

deg

Hy .= H U B(,ieg satisfies

d, (v, U;.‘l) = dp, (v, U}Q)

forall 2<i <k alll<j,jo<randalveU<\ (V;,UV,).

Let B' := Bly,. U B, Then B — B’ = (Beqg — B!

edge) U (Bdeg - B:ieg) has a Kr‘
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decomposition. Note that H U B’ = H,. So B is a (v, P)-balancing graph. O

4.11 Proof of Theorem 4.1.1

In this section, we prove our main result, Theorem 4.1.1. The idea is to take a suitable
partition P of V(G), cover all edges in G[P] by edge-disjoint copies of K, and then absorb
all remaining edges using an absorber which we set aside at the start of the process.
However, for the final step to work, we need that the classes of P have bounded size.
A key step towards this is the following lemma which, for a partition P into a bounded
number of parts, finds an approximate K,-decomposition which covers all edges of G[P].
We then iterate this lemma inductively to get a similar lemma where the parts have

bounded size (see Lemma 4.11.2).

Lemma 4.11.1. Let I/n € o €« n € p K< 1/k < ¢ < 1/r < 1/3. Let G be a
K,-dwvisible graph on (Vi,...,V,) with |Vi| = --- = |V.| = n. Let P be a k-partition
for G. For each x € V(G), each U € P and each 1 < j <7, let 0 < dpy, < |Uj|. Let
Go C G—G[P], G1 := G—Gy and R C G[P]. Suppose the following hold for allU, U’ € P

and all 1 < 7,51, 72 < r such that j # j1, J2:

(a) for all x € U, |dg(x,Uj,) —da(x,Uj,)| < a|Uj|;

(b) for allx ¢ Vi, dg, (w,Uy) > (5%, +¢)|Ujl;

(c) forallx € V(G), dr(x,U;) < pdeu, + a|Ujl;

(d) for all distinct z,y € V(G), dre({z,y},U;) < (p* + «)|Uj|;

(e) forallx ¢ UUU' UV, UV, |dr(z,U;,) — dr(x, UJ{Q)] < 3a|Uj,|;

(f) for allz ¢ U and ally € U such that x,y ¢ V;,

de, (y, Nr(x,Uj)) > p(1 = 1/(r = 1))da, + p**|Uj].
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//G6 %a

Ge — (Gg|Pl U H,
/ / { (Go[P] >J

G1— (G[P]UH)
GQ — G3 — G4

Figure 4.3: Outline for the proof of Lemma 4.11.1.

Then there is a subgraph H C Gy — G[P] such that G[P]UH has a K,.-decomposition and
A(H) < 4rpn.

To prove Lemma 4.11.1, we apply Lemma 4.8.1 to cover almost all the edges of G[P].
We then balance the leftover using Lemma 4.10.1. The remaining edges in G[P] can then
be covered using Corollary 4.9.4. The graph R in Lemma 4.11.1 forms the main part of

the graph G in Corollary 4.9.4. Conditions (c)—(f) ensure that R is ‘quasirandom’.

Proof.  Write P = {U',...,U*}. Let Gy := G; — R = G — Gy — R. Note that
Proposition 4.3.1 together with (b) and (c) implies that for any 1 <i <k ,any 1 <j <r

and any = ¢ Vj,
dey (2, UD) > (0%, +e—2p)|Ui| > (1 - 1/(r + 1) +¢/2)|UL].

Choose constants 7, y2 such that n < 71 < 75 < p. Apply Lemma 4.10.1 (with 71, 72,
e/2, k, G, P playing the roles of v, 7/, ¢, k, G, P) to find a (v;,P)-balancing graph
B C (G5 such that

A(B) < yon (4.33)

and B is locally P-balanced. As B is also K,-decomposable, for all 1 < j;,j, < r and all
x ¢ ‘/}1 U ‘/j27
dpp)(@, V) = dppy(z, Vi) (4.34)
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Let G3 := G3[P] — B = G[P] — R — B. Then (b), (c) and (4.33) give
0(G3) > (6%, +e)n— [n/k] —2pn — yon > (6%, +¢/2)n.
Consider any 1 < j1,jo <r and any ¢ V;, UV},. Using (a), (e) and (4.34), we have

’dGs(xa ‘/}1) - dGs(xa VYQ)‘ < ‘dG[P]@j: VJl) - dG[P](xa ‘/;2)‘ + |dR<x? VJl) - dR(*Ta ‘/;2)‘

< an + 3an = 4an.

So we can apply Lemma 4.8.1 (with 4a, n, 71/2, /2, G3 playing the roles of a, 1, v, ¢,

G) to find G4 C G5 such that G5 — G4 has a K,-decomposition F; and

The graphs G, G3 — G4 and B are all K,-divisible (and G3 — G4 and B are edge-disjoint),
SO

Gs:=G—(Gs—Gy)—B=(G—G[P]—B)UG,UR

must also be K,-divisible. Note that e(G5 N B) = 0 and G5[P] = G4 U R. Consider any

1<i<kyany 1 <ji,jo<randanyx ¢V, UV,. If x ¢ U’ (4.35) and (e) give

|dG5<x> U]Zl) - dG5(x7 U]Z)’ = ‘dG4UR(x7 U]Zl> - dG4UR(x7 U]lg)l

< A(Gy) + |dg(z, U;l) — dg(z, U;2)| < (7/2+3a)n < yn.

If x € U', then we use (a), that B is locally P-balanced and that G4, R C G[P] to see

that

ldes (2, U3,) = des (2, U, )| < |d(2,Uj,) — de(@,Uj,)| + |dp(x, Uj,) — dp(z, Uj,)|

< an < yn.
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So (P1) and (P2) in Section 4.10 hold with G5 and ~; replacing H and «y. Since B is a
(71, P)-balancing graph, there exists B’ C B such that B — B’ has a K,-decomposition

Foand, for all 2 <i<k,al1<j,jp <randallze U<\ (V; UV,),
dasup (@, U])) = dayup (2, U}). (4.36)
Write Hy := Y, (B — B')[U] and let
Ge :=GsUB —Gy=(G—G[P]—Gy— B)URUG,UB".

Note that

Gs[P] = RUG, U B'[P] = G5[P] U B[P]. (4.37)

We now check conditions (i)—(iv) of Corollary 4.9.4 (with Gg playing the role of GG). Since
Go C G—G[P], (i) follows immediately from (4.36). For (ii), suppose that 2 <i < k and

x € U<'. For any 1 < j <r, using (c), (4.35) and (4.33), we have

(4.37) . .
das(z,Uj) < dr(z,Uj) + A(Ga) + A(B) < pdy i + alUi[ +mn/2 +yn

< de,UJg + 2von. (4.38)

Consider any y € Ng,(z,U"). Note that G¢[U'] = G1[U?] — (B — B')[U?]. So, for any

1 <j <rsuch that z,y ¢ V;, we have

dG6<y>NG6(x= U_]Z)) > dGcs(y?NR(x? U]z)) = dg, (ya NR(Iv U]l)) - A(B)

(£),(4.33) 5/4177i
> (1 =1/(r = 1))pd, yi + p*"|Uj] = yon
(4.38) i 5/4\77i
> (1 =1/(r = 1))de,(x,U;) + p*/*|U;| = 3yan

> (1=1/(r = 1))de,(z,U}) + 9krp>/2|UY).

So (ii) holds.
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To see that G satisfies property (iii) of Corollary 4.9.4, note that for all 2 < ¢ < k
and all distinct z,2’ € U<, (d), (4.33), (4.35) and (4.37) imply that

|NG6(m7 Ul) N NGG(:E/7 UZ)| < dR({‘T: JZ/}, UZ) + A(G4) + A(B)

< (2 + a)|U] + /2 4 2am < 2207
Finally, by (c), (4.33), (4.35) and (4.37), for any y € U’, we have that
da(y, U™') < A(R) + A(Ga) + A(B) < 3pn/2 < 2kp|U7],

and (iv) holds. Hence we can apply Corollary 4.9.4 to Gg to find a subgraph Hy C
G¢ — Gg|P] such that G¢[P] U Hy has a K,-decomposition F3 and A(Hs) < 3rpn. Set
H := HyUH,; C Gy — G[P]. We have A(H) < A(Hy)+ A(Hs) < A(B)+ A(Hy) < 4rpn.

Now,

G[P]JUH = G,[P]lURUH = G3 U RU H U B[P]
=|JARUG/URUHUB[P] = JF UG;[P|UH, UH,UB[P]
= | JF UR) UGPIUH, UB'P] 27| J(F1UFo) UG[P] U Hy

=lJFr urRuF.

So G[P]U H has a K,-decomposition F; U Fy U Fs. O

We now iterate Lemma 4.11.1, applying it to each partition P; in a partition sequence
Py, ..., Py for G. This allows us to cover all of the edges in G[P,] by edge-disjoint copies

of K, leaving only a small remainder in (Jyp, G[U].

Lemma 4.11.2. Let I/m < a < n K p L 1k < e < 1/r < 1/3. Let G be a K,-
divisible graph on (Vi,...,V,) with |Vi| =--- = |V,| =n. Let P1,..., Py be a (1,/{:,5% +
/2, m)-partition sequence for G. For each 1 < q < {, each 1 < j <r, each U € P, and

each x € V(G), let 0 < d,y, < |Uj| be given. Let Py := {V(G)} and, for each 0 < q </,
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let G, .= G[P,]. Let Ry, ..., Ry be a sequence of graphs such that R, C G,—G4_1 for each
q. Suppose the following hold for all 1 < q < ¥, all 1 < j,71,j2 < 1 such that j # ji, Jo,

all W € Py, all distinct x,y € W and all U, U’ € P,[W]:
(i) if g > 2, Py[W] is a (1,k, 07 + ¢)-partition for G[W];
(ii) if x € Uj, |da(x,Uj,) — da(z, Uj,)| < o|Ujl;
(iit) dg,(z,U;) < pdpu, + a|Ujl;
(iv) dr,({z,y}, Uj) < (p* + a)|Uj;
(v) iff x g UUU UV;, UV, |dg,(2,Uj,) — dg, (2, Uj,)| < 3a|Uj|;

(vi) ife ¢ U, ye U and x,y ¢V}, then

der . (y, Ng,(z,U;)) > p(1 — 1/(r — 1))dyu, + p*/*|Uj]

a+1

where G,y = Ggp1 — Rypr if ¢ <0 —1 and Gy, = G.
Then there is a subgraph H C Jycp, GIU] such that G — H has a K,-decomposition.

Proof. We will use induction on ¢. If ¢ = 1, apply Lemma 4.11.1 (with /2, P, R; and
the empty graph playing the roles of ¢, P, R and Gy) to find H' C G — G[P4] such that
G[P1] U H' has a K,-decomposition. Letting H := G — G[P1] — H' C Uycp, G[U], shows
the result holds for ¢ = 1.

Suppose then that ¢ > 2 and the result holds for all smaller /. Note that for each
1 <j <r,each o ¢ V; and each U € Py, dgppy—r. (2, U;) > (5% + ¢/3)|Uj|, since
R, satisfies (iii) and Py,..., Py is a (1, k, 5% + /2, m)-partition sequence for G. So we
may apply Lemma 4.11.1 (with /3, Py, Ry, G and (G — G[Ps]) U R, playing the roles
of e, P, R, G and Gy) to find H' C G[P,] — (G[P1] U Ry) such that G[P;] U H' has a
K,-decomposition F; and A(H') < 4rpn. Let G* := G—G[P,|—H = G—J Fi, so G* is
K,-divisible. Observe that G* = (J;;¢p, G*[U], so G*[U] is K,-divisible for each U € P;.
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Consider any U € P;. We check that
G*[U], P2[U], ..., PU], Ro|U], ..., RU]

satisfy the conditions of Lemma 4.11.2. Since A(H') < 4rpn < en/4k*, Po[U] is a
(l,k,S?{r + ¢/2)-partition for G*[U]. For any 3 < ¢ < ¢ and any W € P,_;, G*[W] =
G[W] since H C G[Ps]. So (i) holds and Py[U],..., Pe[U] is a (1,/{,5% + ¢/2,m)-
partition sequence for G*[U]. For (ii), note that for any 2 < ¢ < ¢, any 1 < j <
r, any U € Py[U] and any = € U’, dg-(z,Uj) = dg(z,Uj). Conditions (iii)—(v) are
automatically satisfied. To see that (vi) holds, note that for any 2 < ¢ < ¢ and any U’ €
P U], G54 [U"] = G [U'] since H' € G[Py]. So we can apply the induction hypothesis
to G*[U], Po[U], ..., PeJU], Re[U], . ..., Re[U] to obtain a subgraph Hy C Uprep, iy G*[U']
such that G*[U] — Hy has a K,-decomposition Fy. Set H := J,cp, Hy. Then, H C
Uvep, GIU] and G — H has a K,-decomposition Fy UJyep, Fu- O

We are now ready to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. Let ng € N and n > 0 be such that 1/ny < n < € and

choose additional constants 7y, m’, «, p and k such that
I/np<m<l/m<«agsng p<l/k<e.

Let G be any K,-divisible graph on (Vi,...,V,) with |Vj| = --- = |V,| = n > ng and
5(G) > (5% +e)n. Apply Lemma 4.7.2 to find an (o, k, 5% +& — a, m)-partition sequence
Pi,..., Py for G where m' < m < km/. So in particular, by (S3), for each 1 < ¢ < ¢, all

1 < j1, 72, s < r with j; # jo, Js, each U € P, and each z € Uj,,
|de (2, Uj,) — da(z, Us)| < U, |- (4.39)

Let Py := {V(G)} and G, := G[P,] for 0 < ¢ < ¢. Note that 5% +e—a>1—-1/r+¢

(with room to spare) by Proposition 4.3.1. So we can apply Corollary 4.7.5 to find a
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sequence of graphs R,..., R, such that R, C G, — G, for each 1 < ¢ < ¢ and the
following holds. For all 1 < ¢ < /¢, all 1 <j,j <r,all W € P,_4, all distinct z,y € W
and all U, U’ € P,[W]:

(a) dRq<x7 U]) < pdGq(Ia UJ) + Oé|UJ‘7
(b) dr,({z,y},Uj) < (0 + )|Uj1;
(¢) |dr,(2,U;) — dg,(z,Uj,)| < 3a|Uj| if z ¢ UUU UV; UV,

(d) dG;+1(y7NRq(vaj)) > p(l - 1/(T - 1))dGq(I’Uj) + p5/4|Uj| if x ¢ Uay € U and
x,y & Vj, where G, | := Ggy1 — Ryp1if ¢ <0 —T1and Gy, | = G.

Let H :={G[U] : U € Py}. Each H € H satisfies |H| < rm. Note that
OG[P1] = Ri) > (0F +e)n— [n/k] —2pn > (1= 1/(r +1) +¢/2)n.

So we can apply Lemma 4.6.6 (with n;, o, rm and G[P;] — R; playing the roles of n, €, b
and G) to find an absorbing set A for H inside G[P;] — Ry such that A* := A satisfies
A(A*) < an.

Let G* := G — A*. Note that both G and A* are K,-divisible, so G* is K,-divisible.
Since A(A*) < an and A* C G[P1], Py,..., Prisan (1, k, 5’7& +¢/2, m)-partition sequence
for G*. For each 1 < ¢ < ¢, each 1 < j < r, each U € P, and each z € V(G),
set d, vy, := dg,(v,U;). Using (4.39), (a)-(d) and that A* C G[Py], we see that G*, the
partition sequence P, ..., P, and the sequence of graphs Ry, ..., R, satisfy properties (i)—
(vi) of Lemma 4.11.2 (with ¢ — « playing the role of €). So we may apply Lemma 4.11.2
to find H C Uy cp, G*[U] such that G* — H has a K,-decomposition F;.

Note that H is a K,-divisible subgraph of (J;cp, G[U], so for each U € Py, H[U| C
G[U] is K,-divisible. Since A is an absorbing set for H, it contains a distinct absorber for
each H[U]. So H U A* has a K,-decomposition F. Thus G = (G* — H) U (H U A*) has

a K,-decomposition F; U Fs. ]
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CHAPTER 5

ON THE EXACT DECOMPOSITION THRESHOLD
FOR EVEN CYCLES

5.1 Introduction

Let F' and G be graphs. We say that G has an F'-decomposition (or is F-decomposable)
if its edge set can be partitioned into copies of F. One of the first results in the study of
graph decompositions was due to Kirkman [51] who gave conditions for a clique to have a
K3-decomposition. His result was generalised by Wilson [82] who determined when large
cliques have F-decompositions for arbitrary F. When G is not a clique, the problem
becomes more challenging and the corresponding decision problem is NP-complete [27].
Clearly, every graph which has an F'-decomposition must satisfy certain vertex degree
and edge divisibility conditions. There have been many recent developments bound-
ing the F-decomposition threshold, that is, the minimum degree which ensures an F-
decomposition in any large graph satisfying the necessary divisibility conditions. General
results on the F-decomposition threshold establishing a close connection to its fractional
counterpart are obtained in [7] and [38]. Moreover, [7] determines the asymptotic decom-
position threshold for even cycles and [38] generalises this to arbitrary bipartite graphs.
The results in [7] and [38] can be combined with bounds for the fractional version of this
problem in [6] and [28] to obtain good explicit bounds on the F-decomposition threshold.

Corresponding results for the multipartite setting (with applications to the completion of
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partially filled Latin squares) were considered in [8], [17] and [60]. The only known exact
minimum degree bound (prior to Theorem 5.1.2) was obtained by Yuster [85] who studied
the case when F' is a tree.

From here on, we restrict our attention to the case when F' is a cycle. We say that G
is Cy-divisible if e(G) is divisible by k and every vertex of G has even degree. Note that
any graph which has a Cj-decomposition is necessarily Ci-divisible. For each k € N with
k > 2, let us define

2/3 if k=2,
0 :=
1/2 if k> 3.
Barber, Kiithn, Lo and Osthus [7] proved asymptotically best possible minimum degree

bounds for a graph to have a Cy-decomposition.

Theorem 5.1.1 ([7]). Let k € N with k > 2. For eache > 0, there is an ngy such that every

Cor-divisible graph G- on n > ng vertices with 6(G) > (3 + €)n has a Cop-decomposition.

In this thesis we remove the linear error term from Theorem 5.1.1 to obtain best
possible minimum degree bounds for cycles of all even lengths except length six. We
structure the proof into extremal cases where we construct the decompositions directly
and non-extremal cases where the iterative absorption approach of [7] and [38] remains
effective. In Proposition 5.1.4, we give constructions which show that our bounds are best

possible.

Theorem 5.1.2. Let k € N with k = 2 or k > 4. There is an ng such that every

Cop-divisible graph G on n > ng vertices with

2n/3—1 ifk=2,
I(G) >

n/2 if k>4

has a Coy-decomposition.

It is an open problem to determine the exact minimum degree guaranteeing a Cg-
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decomposition, this is discussed in more detail in Section 5.8.

Along the way to proving Theorem 5.1.2, we also obtain a bipartite version of Theo-
rem 5.1.1 which is stated as Theorem 5.1.3 below. If G is a bipartite graph with vertex
classes A and B, we introduce the following variant on the minimum degree. Given
0 <0 <1, we will write 0y, (G) > 0 if, for each v € A, dg(v) > 6|B| and for each v € B,
dg(v) > 6|A|. This definition is convenient when the bipartite graph is not balanced.
Cavenagh [19] already studied Cy-decompositions and proved a bound of oy, (G) > 95/96
ensures a Cy-decomposition. Theorem 5.1.3 is asymptotically best possible, see Proposi-

tion 5.1.5.

Theorem 5.1.3. Let k € N with k > 2. For each € > 0, there is an ng such that every
Coi-divisible bipartite graph G = (A, B) with ng < |A| < |B| < 2|A| and 0pip(G) > 6 + ¢

has a Coy-decomposition.

5.1.1 Extremal graphs

In this section we provide extremal constructions which show that Theorem 5.1.2 is best

possible and Theorem 5.1.3 is asymptotically so.

Proposition 5.1.4. (i) There are infinitely many Cy-divisible graphs G with §(G) >

2|G|/3 — 2 and no Cy-decomposition.

(ii) Let k € N, k > 2. There are infinitely many Ca-divisible graphs G with 6(G) >

|G|/2 — 1 and no Cox-decomposition.

A B C

Figure 5.1: The extremal graph for Cy, Proposition 5.1.4(i). All possible edges are present
in the shaded regions.
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Proof. We begin with (i). Let m € N and let A, B, C' be disjoint sets of vertices of sizes
dm + 2,4m + 3,4m — 2 respectively. Form a graph G which has vertex set AU B U C.
The edge set of G is such that A and C' form cliques and G contains all possible edges
between AUC and B. For each v € V(G), d(v) € {8m +4,8m}, so every vertex has even
degree and 0(G) = 8m = 2|G|/3 — 2. We also have

(@) = (4m2+ 2) + 8m(4m + 3) + (4m2_ 2) = 4(12m2 4 5m + 1).

So G is Cy-divisible. Any copy of C; in G must use an even number of edges from G[A].
But e(A) = (*7%) = (2m+1)(4m~+1) is odd. Hence, G does not have a Cy-decomposition.

For (ii), let n be such that n = 2k +1 mod 4k and let G be the union of two vertex-
disjoint copies of K,,. Every vertex in G has degree n—1 = |G|/2—1 which is even and 2k
divides e(G) = n(n—1). So G is Cy,-divisible. But G does not have a Cy,-decomposition

since 2k does not divide (;) O

Proposition 5.1.5. (i) There are infinitely many Cy-divisible bipartite graphs G =
(A, B) with |A| = |B|, 6(G) > 2|A|/3 — 2 and no Cy-decomposition.

(ii) Letk € N, k > 2. There are infinitely many Cay-divisible bipartite graphs G = (A, B)
with |A| = |B|, §(G) > |A|/2 — 1 and no Cyy-decomposition.

Proof. First, we prove (i). Let m € N. Start with independent sets V;,..., Vg each of
size 2m + 1 and add all edges between V; and Vi, for each 1 < i < 6 (consider indices
modulo 6). Remove one copy of Cg between Vs and Vg and let G denote the resulting
graph. Then G is bipartite with vertex classes A := V;UV3UV5 and B := VLUV, UVj of size
6m—+3. The degree of each vertex in G is either 4m+2 or 4m, both of which are even, and
§(G) = 4m = 2|A|/3—2. The number of edges in G is 6(2m+1)>—6 = 24m(m+1). So G
is Cy-divisible. But G does not have a Cj-decomposition. To see this, note that any copy

of Cy in G must use an even number of edges between V; and V5 but eq(Vy, Va) = (2m+1)>?

is odd.
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Now we consider (ii). For each n € N, let K, denote the graph formed by removing
a perfect matching from K, ,. Suppose first that k is even. Choose m € N such that
m =k +1 mod 2k. Let G be the vertex-disjoint union of two copies of K, . Then G
is a balanced bipartite graph with vertex classes of size 2m. Each vertex in G has degree

m — 1 =k mod 2k which is even and

e(G)=2(m—1m=2k(k+1)=0 mod 2k.

So G is Cy-divisible. But G does not have a Cy,-decomposition because

e(K, Y=m—-1m=k(k+1)=k mod 2k.

m,m

Now we consider k£ odd. Choose m € N such that 4m = k — 1 mod 2k (i.e., choose
m=(k—1)/4 mod 2k if k=1 mod 4 and m = (3k — 1)/4 mod 2k if k =3 mod 4).
Let G be the vertex-disjoint union of Ky, 14,11 and Koy om, so that G is a balanced
bipartite graph with vertex classes of size 4m 4 1. Note that each vertex in G has degree

2m which is even and, since

e(G) =2m(dm+1) =2mk =0 mod 2k,

G is Cy-divisible. However, 2k does not divide

€(K£m+l,2m+1) — e(Komom) = 2m,

80 Kopv19me1 and Koy, 0, (and hence also G) are not Cyp-decomposable. O

5.1.2 Outline of the proof

Our argument is based on an iterative absorption approach. This method was introduced

in [53] and further developed in the context of F-decompositions in [7] and [38]. In our
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setting, the idea of iterative absorption is as follows. Let U be a subset of V(G) of
constant size and let Uy 2 Uy O --- D U, be a decreasing sequence of sets of vertices with
Uy := U. We use an iterative argument to cover almost all edges of G' by copies of Cyy.
Here, it is to our advantage that Cy is bipartite since we can always greedily find an
approximate decomposition of G using the Erdds-Stone theorem (this is not true for F-
decompositions in general). At the end of the i*® iteration, we are left with a diminishing
subgraph H; C G[U;] until, eventually, all that remains is a small leftover H C G[U]. But
we have prepared for H by removing an “absorber” at the start of the process, a subgraph
A of G with the property that A U H has a Cy,-decomposition. This absorber must be
able to deal with all possible leftover graphs in G[U], but this is feasible since U only has
constant size. Thus we obtain a Cy,-decomposition of GG. So the proof of Theorem 5.1.1

using iterative absorption relies on two parts:
1. G contains an absorber and
2. we can cover all edges in G — G[U].

When we relax the minimum degree condition on G to prove Theorem 5.1.2; one or both
of these properties can become considerably more challenging to attain.

When the cycle has length at least eight, we need to show that a minimum degree of
|G| /2 suffices to find a Cyi-decomposition. If G satisfies a certain expansion property this
guarantees many disjoint paths between any pair of vertices, which enables us to show
that (1) and (2) still hold. If G is not an expander, then G has one of two well-defined
extremal structures. Either GG resembles a complete bipartite graph or the disjoint union
of two cliques. In either case, we can construct Cyi-decompositions directly. We first deal
with any edges or vertices which are unusual in some way to leave behind disjoint graphs
or bipartite graphs which have high minimum degree. These can be decomposed using
the existing Theorem 5.1.1 or the bipartite version, Theorem 5.1.3, (which is proved in
Section 5.6).

Cycles of length four are treated separately since in this case we require a higher
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minimum degree, namely §(G) > 2|G|/3 — 1. In fact, this minimum degree is sufficient
(with room to spare) for (2) and it is only finding an absorber which causes any difficulty.
We are able to show that any graph which does not contain an absorber will, as in the
previous case, have a well-defined structure and we find a C;-decomposition directly.
This chapter is organised as follows. In Section 5.2, we introduce the notation which
will be used throughout. We construct absorbers in Section 5.3. We prove Theorem 5.1.2
for k = 2 in Section 5.4 and for k > 4 in Section 5.5 (see Table 5.1 for a guide). As
mentioned above, these proofs rely on decomposition results when the host graph G is
bipartite (see Theorem 5.1.3) and when G is an expander (see Theorem 5.5.2). These

results are proved in Sections 5.6 and 5.7 respectively.

Cy Cs

non-extremal | Lemma 5.4.1 Theorem 5.5.2

extremal | Lemma 5.4.2 | Lemmas 5.5.3 and 5.5.7

Table 5.1: Components in the proof of Theorem 5.1.2.

5.2 Notation and tools

Let G be a graph and let P = {Uy, ..., Uy} be a partition of V(G). We write G[U;] for the
subgraph of G induced by U; and G[U;, Us] for the bipartite subgraph of G induced by
the vertex classes Uy and Uy. We write G[P| := G[Uy, ..., Uy] for the k-partite subgraph
of G induced by the partition P. We say the partition P is equitable if its parts differ in
size by at most one.

Let U,V C V(G). We write Eg(U) := E(G[U]) and eq(U) := e(G[U]). If U and
V' are disjoint, we let Eg(U,V) := E(G[U,V]) and eq(U,V) = e(G[U,V]). For any
v € V(G), Ng(v,U) := Ng(v)NU and dg(v,U) := |Ng(v,U)|. Let H be a graph. We
write G — H for the graph with vertex set V(G) and edge set E(G) \ E(H). We write
G\ H for the subgraph of G induced by the vertex set V(G) \ V(H). (Note that, in
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general, G — H # G\ H.)

Let F' and G be graphs and let n > 0. We say that a collection F of edge-disjoint
copies of F in G is an n-approzvimate F-decomposition of G if (G —|J F) < n|G|*. In this
chapter, the graph F' will always be bipartite, so we can greedily apply the Erdos-Stone
theorem to find an n-approximate F-decomposition of any large graph G. We say that G

is 2-divisible if every vertex in GG has even degree.

5.3 Absorbers

As described earlier, the main idea in the proof of the non-extremal cases of Theorem 5.1.2
is to cover as many edges of G as possible with copies of Cy;, using an iterative approach.
Then, as long as only a small number of edges remain, we can “absorb” these using a
special graph which was reserved at the start of the process. Let H and H' be vertex-
disjoint graphs. The graph A is an F-absorber for H if both A and A U H have F-
decompositions. An (H, H')p-transformer is a graph T which is edge-disjoint from H
and H' and is such that both TU H and T'U H' have F-decompositions. Note that if H’
has an F-decomposition, then T"U H' is an F-absorber for H. So we can use transformers
to build an absorber.

The following fact follows directly from H being Eulerian.

Fact 5.3.1. Let H be any connected 2-divisible graph and let C' be a cycle of length e(H).

There is a graph homomorphism ¢ from C to H that is edge-bijective.

We will make use of the following graphs. For any i,k € N, define L(i, k) to be the
graph consisting of ¢ copies of Cy, with exactly one common vertex. For any graph H,

we say that H" is a Cy,-connector for H if:
e H U H®" is connected and

o H" has a Cy-decomposition.
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The following simple procedure finds a Cy,-connector for H. Suppose H is not connected
and choose vertices v and v which lie in separate components of H. Form a copy of Cyy
containing these vertices by adding two edge-disjoint paths of length k£ between u and
v. If the resulting graph H; is not connected, repeat this process on H;. Eventually, a
connected graph H' is obtained with |H’'| < (2k — 1)|H|. The graph H®" := H' — H is a

Cy-connector for H.

5.3.1 Absorbers for long cycles

The following simple transformer construction suits our purpose. Let H be a connected
2-divisible graph and let C' = wjusy ... u, be a cycle of length h := e(H) which is vertex-
disjoint from H. Let ¢ be a graph homomorphism from C to H that is edge-bijective.
For each 1 <i < h, let P; be a path of length k from wu; to ¢(u;) and let @); be a path of
length k£ — 1 from u;+1 to ¢(u;) (we consider indices modulo h). Suppose that the paths
P;, Q; are internally disjoint and that they are edge-disjoint from H and C. Note that
for each 1 < i < h, wu;41 U P, UQ; and ¢(uui1) U Py U Q; form copies of Ca,. So

T =" (PUQ)is a (C, H)g,-transformer and |T| = 2ke(H).

Lemma 5.3.2. Let k € N, k > 4 and 1/n < 1/m' < 1/m < 1/k. Let G be a graph
on n vertices and let U C V(G) with |U| = m. Suppose that between any pair of vertices
z,y € V(G) there are at least m’ internally disjoint paths of length k—1. Then G contains
a Cop-divisible subgraph A* such that |A*| < 27 and if H is any Coy-divisible graph on

U that is edge-disjoint from A* then A* U H has a Coi-decomposition.

Proof.  Let H,...,H, be an enumeration of all possible Cy-divisible graphs on U
(note that p < 2(2)) We will find an absorber for each H;. For each 1 <i < p, find an
edge-disjoint Cop-connector H*" C G — G[U] using the procedure outlined above. Each
H!:= H; U H{™ is Cyi-divisible and |H]| < (2k — 1)m.

For each 1 < i < p, let h; := e(H]), let C* be a cycle of length h; and let J; be a

copy of the graph L(h;/2k, k), defined at the beginning of this section. Find copies of
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C" and J; in G which are vertex-disjoint from each other and from the graphs H;. Find
a (H!,C")¢,,-transformer T; and a (C", J;)c,,-transformer T/ in G (such that T; and T
are edge-disjoint and avoid all edges fixed so far). It is easy to find these transformers
using the construction described above since G contains many internally disjoint paths of
length & — 1 (and hence k also) between any pair of vertices. Then T; U C* U T/ U J; is
an absorber for H]. Hence A; :== H{** UT; UC* U T/ U J; is an absorber for H;. Letting

A*:=J_, A; and noting |A*| < 4kh;p < 2m* completes the proof. O

5.3.2 (4-absorbers

For cycles of length four, we will require the following alternative construction of a trans-

former. This is exactly the construction given in [7] and it is illustrated in Figure 5.2.

Figure 5.2: The transformer construction for cycles of length four (left) and a
(Cs, L(2,2))c,-transformer (right). The square/round vertices give a bipartition of the
transformer which is used by Lemma 5.3.3.

Let H be a connected, Cy-divisible graph and let C' be a cycle of length e(H). Suppose
H and C' are vertex-disjoint. Let ¢ be an edge-bijective graph homomorphism from C
to H. For each zy € E(C), choose a set of vertices Z® := {z%¥ 2¥*} and, for each
x € V(CO), choose a vertex w®. Choose the vertices so that V(H), V(C), Z¢, Z¢, {w"}

and {w”} are disjoint for all distinct e, e’ € F(C) and all distinct z, 2" € V(C). Let

o Ey = {xz"Y yz¥" :zy € E(C)};
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o Fy:= {27V qxy € E(C)};

o Fs:={o(x)z"Y, ¢(y)z¥" : xy € E(C)};
o Fy:={w*2"Y:xye EC)}.

The transformer 7" has V(T) := V(H) UV (C) U U.cp(c) 29U Uev (o) {w”} and E(T) :=
Ui, Ei. Note that |T| < 5|C| = 5e(H). To see that T is a (C, H)¢,-transformer, it
remains to verify that both C UT and H UT have Cj-decompositions (the details are

given in Section 8 of [7]).

5.3.3 Finding absorbers in a bipartite setting

We must also be able to find absorbers when the host graph G is bipartite.

Lemma 5.3.3. Let k e N, k> 2 and 1/n < 1/m' < 1/m < 1/k. Let G = (A, B) be a
bipartite graph with |A|,|B| > n and let U C V(G) with |U| = m. Suppose that for each
v e A, dv) > 6|B|+m and, for each v € B, d(v) > 6i|A| +m/. Then G contains a
Cor-divisible subgraph A* such that |A*| < 2m* and if H is any Cay-divisible graph on U

that is edge-disjoint from A* then A* U H has a Co-decomposition.

The proof is very similar to that of Lemma 5.3.2 so we omit the details and restrict
ourselves to the following outline. For £ > 3 we find transformers using the construction
given in Section 5.3.1 and for Cy we use the construction described in Section 5.3.2. The

following observations allow us to find absorbers:

e Given a connected, 2-divisible graph H and a vertex-disjoint cycle C' of length e(H)
on (A, B), there is a bipartition of the (C, H)¢,,-transformer which respects the
bipartitions of V(H) and V(C') (with a suitable choice of the graph homomorphism

®). An example for cycles of length four is given in Figure 5.2.

e For k > 3, (C, H)c,,-transformers are constructed from a collection of internally-

disjoint paths of length k or k—1 between vertices in C'and H. Any pair of vertices in
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A has at least 2m’ common neighbours in B since, for any v € A, dg(v) > |B|/2+m/ .
Similarly, any pair of vertices in B has at least 2m’ common neighbours in A. So

we can find the transformers greedily.

e List the vertices of the (C, H)¢,-transformer described in Section 5.3.2 so that they
appear in the following order: V(C' U H), UGGE(C) A Uer(C){wz}‘ Each vertex in
the transformer has at most three of its neighbours appearing before itself in this
list. For any v € A, dg(v) > 2|B|/3 4+ m/, so any three vertices in A have at least
3m’ common neighbours in B. The same is true with the roles of A and B reversed.

So we can greedily embed the vertices of the transformer in this order.

5.4 Cycles of length four

5.4.1 Case distinction

For cycles of length four, the en term in Theorem 5.1.1 is required only to find the absorber
in the proof. We show that a minimum degree of 2n/3 — 1 suffices by observing that any

such graph either contains an absorber or has one of two extremal structures pictured in

o0 3.

Figure 5.3 (both of which have C,-decompositions).

A B c

Figure 5.3: If G is extremal and §(G) > 2n/3 — 1, then G resembles the graph on the left
(type 1) or the right (type 2). Here |A|,|B|,|C| ~ n/3 and shaded areas are dense.

We say that a graph G on n vertices is m-extremal if there exist disjoint sets S,T C

V(G) such that |S|,|T| > n/3 — m which satisfy one of the following:
e ¢(S.T)=0; (Type 1)
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o ¢(S)=e(T)=0. (Type 2)
If G is not close to being m-extremal, Lemma 5.4.1 finds a Cy-decomposition.

Lemma 5.4.1. Letn,my,ms € Nwith 1/n < 1/m; < 1/ms < 1. Let G be a Cy-divisible
graph on n vertices with 6(G) > 2n/3 —1. Suppose that for every spanning subgraph G' of

G such that 6(G') > 2n/3 — mg, G’ is not my-extremal. Then G has a Cy-decomposition.

If Lemma 5.4.1 does not apply, then G has a subgraph G’ which is mq-extremal and

has §(G") > 2n/3 — my > 2n/3 — my. In this case, we use the following result.

Lemma 5.4.2. Let n,m € N with 1/n < 1/m < 1. Let G be a Cy-divisible graph on
n vertices with §(G) > 2n/3 — 1. Suppose that there exists a spanning subgraph G' of G
such that §(G") > 2n/3 —m and G’ is m-extremal of (i) type 1 or (ii) type 2. Then G has

a Cy-decomposition.

So, together, Lemmas 5.4.1 and 5.4.2 imply Theorem 5.1.2 when k = 2.

5.4.2 (G is not extremal

In this section we prove Lemma 5.4.1, which finds a C4-decomposition of G whenever G
is not extremal. Let G' be a graph on n vertices. A (0, u, m)-vorter in G (as defined in

[38]) is a sequence Uy 2O Uy D -+ D Uy such that:

o |Ui| = |p|Ui—1]], for all 1 <i < ¢, and |U,| = m;
o dg(x,U;) > 6|Uyl, for all 1 <i < /¢ and all x € U;_;.
We use Lemma 4.3 from [38] to find a vortex in G.

Lemma 5.4.3 ([38]). Let 0 <6 < 1. For all0 < pu < 1, there exists an mg = mgo(p) such
that for all m' > myq the following holds. Whenever G is a graph on n > m' vertices with

d(G) > dn, then G has a (6 — p, i, m)-vortex for some |um’| <m < m/.
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The following result (taken from the more general statement for F-decompositions,
Lemma 5.1 in [38]) finds an approximate Cy-decomposition of G leaving only a very small

(and very restricted) leftover H.

Lemma 5.4.4 ([38]). Let 1/m < pu. Let G be a Cy-divisible graph with 6(G) > (1/2 +
3u)|G| and let Uy D Uy D -+ D Uy be a (1/2 4 4p, i, m)-vortex in G. Then there ezists
H C G|Uy] such that G — H is Cy-decomposable.

We must prove the following lemma which reserves an absorber that can be used to

deal with this leftover graph H.

Lemma 5.4.5. Let n,my,mg,m3 € N with 1/n < 1/m; < 1/my < 1/mg < 1. Let G
be a graph on n vertices with §(G) > 2n/3 — my. Suppose that G is not my-extremal. Let
U C V(G) with |U| = ms. Then G contains a Cy-divisible subgraph A* with |A*| < 273
such that for any Cy-divisible graph H on U that is edge-disjoint from A*, the graph A*UH

has a Cy-decomposition.

Lemma 5.4.1 follows directly from these results.

Proof of Lemma 5.4.1. (Assuming Lemma 5.4.5.) Let m3 € N and g be such that

I/n<l/m < 1/my < 1/m3 < p < 1.

Apply Lemma 5.4.3 to G to find a (2/3 — 2u, , m3)-vortex Uy 2 Uy D --- 2O U in G.
Define ¢, := [log,(ma/n)] + 1. We have

Py — 2 < plon —2 < |Ug| < pon < pme.

Let G' := G — G[U,,]. We have 6(G") > 2n/3 — 1 — |Uy,| > 2n/3 — mao, so G’ is not
my-extremal. Apply Lemma 5.4.5 to the graph G’ with U, playing the role of U to find
A* C @’ as in the lemma. We have A(A*) < [A*] < 275 < |Uy,|/10,50 Uy 2 U3 2 --- D Uy

is a (1/2 + 4u, p, m3)-vortex in G* := G — A*. Then apply Lemma 5.4.4 to G* to find
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H C G*[Uy] such that G* — H has a Cj-decomposition. Observing that A* U H has a

C4-decomposition (by Lemma 5.4.5) completes the proof. O

To prove Lemma 5.4.5, we will find a C-absorber for each possible C,-divisible graph
on U. We will use the transformer construction which was given in Section 5.3.2 and
embed the vertices of the transformer in the order: V(H U C), U, cpc) £ Usev o {w™}
The difficulty arises when we try to embed the vertices in |J,c () Z° since, unlike in [7],
we can no longer guarantee that any set of three vertices will have a common neighbour.

We will say that the edge v,v, transforms xy to ¢(x)é(y) if v, € N(x) N N(P(x))
and v, € N(y) N N(¢(y)). Suppose we are transforming the edge zy to ¢(z)¢p(y). We
are able to do this if there is an edge between N(z) N N(¢(z)) and N(y) N N(é(y)).
These “transforming” edges are related to the vertices in J . B(C) Z¢. That is, for each
xy € E(C), the edge 2*Yz¥* transforms zy to ¢(z)¢p(y). This suggests that we will be
able to find an absorber as long as there do not exist X, Y C V(G) with | X|,|Y] ~ n/3
and e(X,Y) = 0 (note that X and Y are not necessarily disjoint, unlike in the definition

of m-extremal).

Proof of Lemma 5.4.5. Let Hy,..., H, be an enumeration of all possible Cy-divisible
graphs on U and note that p < 2("%). For each 1 < i < p, find an edge-disjoint C}-
connector H{® C G — G[U] (using the procedure given in Section 5.3). Each H! :=
H; U H" is Cy-divisible and |H]| < 3mg3. Let h; := e(H}), let C* be a cycle of length h;
and let J; be a copy of L(h;/4,2). Our strategy is as follows. Suppose that G\ | J}_, H]
contains vertex-disjoint copies of C* and .J; such that we are able to find edge-disjoint
(C', H))¢,- and (C*, J;)c,-transformers T; and T]. Then we can combine these to obtain
a Cy-absorber A; for H; as in the proof of Lemma 5.3.2 (more precisely, letting A; :=

HErU T, UC"UT! U J;). We use the following claim.

Claim: There ezist vertez-disjoint copies of C*,...,C?, Ji,...,J, in G\ \J_, H] such
that the following holds. Let W C V(G) with |W| < mgy. For any 1 < i < p, any
zy € E(C") and any ¢(x)p(y) € E(G) there is an edge v,v, € E(G\W) which transforms
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zy to ¢(x)(y).

We consider two cases.

Case 1:  For all sets X, Y C V(G) with | X|,|Y| > n/3 —3ma, eq(X,Y) > 0.

Find vertex-disjoint copies of C1,...,C?, .J;,...,J, (anywhere) in G\ J;_, H. Con-
sider any W C V(G) with |[W| < mg, any zy, ¢(z)¢(y) € E(G). Let X := (Ng(z) N
Ne(¢(x))) \ W and Y := (Ne(y) N Na(é(y))) \ W. Note that

| X, Y] > 20(G) —n— |W]| >n/3 — 3mg,

so eq(X,Y) > 0. Any edge v,v, € Eq(X,Y) transforms zy to ¢(z)¢(y).

Case 2: There exist X, Y C V(G) with | X|,|Y| > n/3 — 3ms such that eq(X,Y) = 0.
Since G is not my-extremal, X NY # (. Let v € X NY and note that Ng(v) C

V(G)\ (XUY). So | XUY|<n/3+myand
IXNY|>2(n/3—3my) —(n/3+ms) =n/3—Tms.

Let X' C X NY of size [n/3] — Tms. Note that eq(X') = 0.
Let m :=m4/10. Foreachi € {m,n/3—y/m},let U; .= {v:v € V(G)\X',dg(v, X") <
i}. We have

[ X'(2n/3 —my) < eq(X, V(G)\ X') < [Uili + (n — [ X'] = [Ui])| X']

which yields
| X'[(n/3 — | X'| +ms) < | X"|(8mgy + 1)

U;| < - -
Uil < X S ET

Thus, we have |U,,| < 9mg and |U, j3_ /m| < n/100. Set X" := X' UUy,, Y :=V(G)\ X"
and Y" :=Y"\ U, /5_ /m. Note that:

(i) for every v € X", dg(v,Y") > 2n/3 — 2m;
(ii) for every v € Y, dg(v, X") > m and dg(v,Y’) > 2n/3 —mq — | X[
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(iii) for every v € Y dg(v, X") > n/3 — /m;
(iv) n/3 —8mg < |X"| < n/3+2my and 2n/3 — 2ms < |Y'| < 2n/3 + 8mea.

Find vertex-disjoint copies of C',...,C?, Ji,...,J, in G\ J_, H] such that each cycle
C' C G[X",Y"]. Consider any W C V(G) with |W| < my, any 1 < i < p, any zy € E(C")
and any ¢(z)o(y) € E(G). We will assume, without loss of generality, that x € X” and
yeY”.

Suppose first that ¢(z), ¢(y) € X”. Note that (i) and (ii) imply

[Na(y,Y') N Ne(o(y), Y')| 2 (2n/3 —my — [X"]) + (2n/3 — 2m) — [Y'|

=n/3 —2m —my >n/3 —3m.

Choose v, to be any vertex in (Ng(y,Y') N Na(o(y),Y')) \ W. By (ii) and (iv), v, has at

least 2n/3 — my — | X"| > n/4 neighbours in Y. Since
, oy @ ,
|ING(z,Y") N Ne(o(z),Y")| > 2(2n/3 —2m) — |Y'| > |Y'| — 5m,

v, has many neighbours in (Ng(z,Y”) N Ng(o(x),Y”)) \ W, choose any one of these for
Vg

Now suppose that ¢(x), ¢(y) € Y'. It follows from (ii)—(iv) that

[Ne(y, X") N Ne((y), X")| = (n/3 = v/m) +m — (n/3 + 2m»)

=m —v/m—2my > m/2.

Choose any vertex from (Ng(y, X”) N Ng(o(y), X”)) \ W for v,. This vertex is adja-
cent to all but at most 3m vertices in Y’, by (i) and (iv). Use (i) and (ii) to see
that |Ng(z,Y') N Nag(¢(z),Y’)] > n/3 — 3m. Thus v, must have many neighbours in

(Ng(z,Y') N Ng(o(x),Y")) \ W. Choose any suitable vertex for v,.
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A similar argument deals with the case when ¢(z) € X” and ¢(y) € Y'. We use that
|Na(y, X") N Ne(o(y), X")| = m/2 and |[Na(z,Y') N Ne(é(x),Y')] = [Y'] = 5m

to find suitable vertices v, € (Ng(y, X”) N Ng(o(y), X)) \ W and v, € (Ng(z,Y') N

Ne(o(x),Y"))\W.
Finally, suppose that ¢(x) € Y’ and ¢(y) € X”. We again use (i) and (ii) to see that

[Ne(z,Y") N Na(o(x), Y')], [Na(y, Y') N Na(o(y), Y')| = n/3 = 3m.
Let

= (Ng(z,Y") N Ng(o(),Y")) \ W and

Y, :
Y, == (Na(y, Y') N Na(o(y),Y') \ W,

so |Yal, Yyl > n/3 —4m. If eq(Y,,Y,) > 0 choose any v,v, € Eq(Y,,Y,). Suppose
then that eq(Y;,Y,) = 0. Note that Y, NY, # 0, else G is my-extremal of type 1. So,
as previously, we can let v € Y, NY, and note that Ng(v) C V(G) \ (Yo UY,). So

Y, UY,| <n/3+msy and
Y, NY,| >2(n/3—4m) — (n/3+my) > n/3 —9Im.

But then G is mj-extremal of type 2 (take S := X’ and T := Y, NY,) which is a

contradiction. This completes the proof of the claim.

We now explain how to use the claim to find, for each 1 < i < p, a (C%, H)¢,-
transformer (and (C?, J;)¢,-transformers are found in exactly the same way). We will use
the construction described in Section 5.3.2. Let ¢ be an edge-bijective graph homomor-
phism from C" to H;. For each edge xy € E(C"), use the claim (with W set to be all

vertices which have been used at any point previously in the construction) to find an edge
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which transforms zy € FE(C") to ¢(z)¢(y) and thus obtain suitable embeddings for the
vertices in J,. B(CY) Z¢. It is then an easy task to greedily embed remaining vertices of
the transformer (the vertices of the form w?® for some x € V(C")), since each vertex of
this type has at most two neighbours previously embedded. Continuing in this way, we
find edge-disjoint absorbers A; for each H; such that |4;] < mj. Let A* :=J\_, 4; and

note that |A*| < pm3 < 2m3. O

5.4.3 Type 1 extremal

In this section, we will prove Lemma 5.4.2 for graphs which are type 1 extremal. The
next result takes any graph G which is type 1 extremal and partitions its vertices into

sets A, B and C so that each vertex has many neighbours in two of the parts.

Proposition 5.4.6. Let n,m € N such that 1/n < 1/m < 1. Let G be a graph on n
vertices with 6(G) > 2n/3 — m. Suppose G is m-extremal of type 1. Then there exists a
partition A, B,C of V(G) satisfying:

(P1) forallv e A, dg(v, A),dg(v, B) > 5n/18;

(P2) forallv e C, dg(v, B),dg(v,C) > 5n/18;

(P3) for all but at most 3m wvertices v € A, dg(v, A),da(v,B) > n/3 — 6m;
(P4) for all but at most 3m wvertices v € C, dg(v, B),dg(v,C) > n/3 — 6m;
(P5) for allv € B, dg(v, A),dg(v,C) > n/50;

(P6) for all but at most 50m wvertices v € B, dg(v, A),dg(v,C) > 5n/18;

(P7) n/3 —5m < |A|,|B],|C| <n/3+ 3m.

Proof. Since G is m-extremal of type 1, there exist disjoint sets A;,C; C V(G) such
that ‘All, |Cl| = [n/iﬂ —m and eg(Al,Cl) = 0. Let Bl = V(G) \ (A1 U Cl) Since
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(G) > 2n/3 —m, for all v € Ay, dg(v, A1) > n/3 —3m and dg(v, By) > n/3. Likewise,
for all v € C, dg(v,Cy) > n/3 —3m and dg(v, By) > n/3.
Let B¢ consist of all vertices v in B; such that dg(v, A1) < n/50. By considering

ec(A1, By), we obtain the following bound.
|Ai|n/3 < |Be|n/50 + (n/3 + 2m — |Be|)| A

which gives

Bo| <
1Bel < =750 = ol /10 =

Similarly, defining B4 to consist of all vertices v in By such that dg (v, C1) < n/50, we get
|B4| < 3m. Note that B4 N Be = (. In exactly the same way, we can show that for all

but at most

2] o

9.~
Ay — 5n/18 =

vertices v € B, dg(v,A),dg(v,C) > 5n/18. Set A := Ay U By, C := Cy U B¢ and
B := By \ (BaU B¢). Properties (P1)—(P7) are satisfied. O

The next result refines this partition and covers all atypical edges by copies of Cy to

leave a dense graph with a well-defined structure.

Proposition 5.4.7. Let n,m € N such that 1/n < 1/m < 1. Let G be a Cy-divisible
graph on n vertices with §(G) > 2n/3 — 1. Suppose that there exists a spanning subgraph
G’ of G such that 6(G') > 2n/3 —m and G’ is m-extremal of type 1. Then there ezists
G" C G and a partition A, B,C of V(G") satisfying:

(QL) egn(A) and eqn(C) are even;
(Q2) G" C G[A]UG[ICIUG[B,AUC] and G — G" has a Cy-decomposition;
(Q3) Jor allv € A, dG”(Ua A)a dG”(U> B) > n/4:

<Q4) for allv € B, dG”(U> A)a dG”(Ua C) > n/47
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(Q5) forallv e C, dgn(v, B),dgn(v,C) > n/4;
(Q6) n/3 —55m < |A|,|B|,|C| <n/3+ 3m.

Note that we do not require G” to be spanning.

Proof. First apply Proposition 5.4.6 to G’ to find a partition A, B, C of V(G) satisfying
(P1)—(P7). Suppose that eg(A,C) + eq(B) = 0. It is clear that taking G” as G with the
partition A, B, C' will satisfy (Q2)-(Q6). We must check (Q1). Since Ng(xz) C AU B for

all x € A and so on,
| Al +|B| = 1, |A[+|C],|B] + |C] =1 = §(G) (5.1)

which implies that 2n = 2(]A|+|B|+|C|) > 30(G) 42 and §(G) < (2n —2)/3. Note that
n # 0 mod 3, otherwise 6(G) > 2n/3 since 2n/3 — 1 is odd and G is 2-divisible. We can
show that n # 2 mod 3 either, else §(G) > [2n/3] —1 = (2n —1)/3. Thus n = 3N +1
for some N € N and 6(G) = 2N. The inequalities in (5.1) must be satisfied with equality,
else |A| + |B| + |C| > n. Hence |A| = |C| = N and |B| = N + 1; the graphs G|[A],
G[B, AUC] and G[C] are complete and G is 2N-regular. If eg(A) = eq(C) = (§) is odd,
it is easy to check that N = 2,3 mod 4. But then ¢(G) = N(3N + 1) is not divisible by
four which contradicts G being Cy-divisible. Hence (Q1) is also satisfied.

Let us assume then that eg(A, C)+eq(B) > 0. Our first step will be to cover all edges
inside B and between A and C' using copies of Cy. We begin by reducing the maximum
degree in G[A, C] U G[B]. Choose any edge xy € Fg(A,C) U Eg(B), we will protect this
edge for the time being since we might need it later on. Let Gy := (G[4, C]JUG[B]) —{zy}.
Let n be chosen such that 1/m < n < 1. The Erdés-Stone theorem allows us to greedily
remove copies of C; from G, until at most nn? edges remain. Let F; denote this collection
of edge-disjoint copies of Cy and let Gy := Gy — |J Fo with e(Gy) < nn?.

We say that a vertex v is bad if dg, (v) > 1'/?n. Note that G contains at most

2nn?/(n'/?n) = 2n'/?n bad vertices. Let B’ C B consist of all the vertices v € B such

that dg(v, A) < 5n/18 or dg(v,C) < 5n/18. Then |B’| < 50m by (P6). For each bad
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vertex v, let S, C Ng, (v) be a set of vertices of maximal size such that |S,| is even, no
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vertex in S, is bad and S, N B’ = (). Note that each vertex appears in at most 2n
S,. Pair up the vertices in each S, arbitrarily. Our aim is to find a path of length two
between each pair in Gy := G — (G[A, C]UG[B]U{zy}). In total we have to find at most
nn?/2 paths. Note that each pair in S, has at least n/9 common neighbours in Gy (for
S, where v € B, it is important that S, C B\ B’). This allows us to greedily embed the
paths so that each vertex is used at most 7'/3n/3 times. Write JF; for the edge-disjoint
collection of copies of Cy formed by taking |JGJv U S,]| together with these paths. Let

Gy := G —J(Fo U F). We have:

(a) for all v € V(Gs), dg,(v) > da,(v) — n/3n;
(b) A(Gs[B]), A(G5[A, C]) < n'*n;

(c) 1=[{ay}| < ecy(A,C) + e, (B) <mn® + 1.

We make the following observation

€G, (A, C) + GG3<B) = €G4 (A) + (Te (C) mod 2. (52)

To see (5.2), note that G3 is Cy-divisible since it was obtained by removing edge-disjoint
copies of Cy from G. In particular, this means that G is 2-divisible and so e, (AUC, B)
is even. Since e(G3) is also even, the result follows.

We use (5.2) to cover all remaining edges in Fg,(A,C) U Eg,(B), at the same time
ensuring we leave an even number of edges behind in each of A and C. If eq,(C) is odd,
then assign one edge from Eg,(A,C) U Eg,(B) to C (we use (c) to ensure that this edge
exists) and the remainder to A. Otherwise, assign all edges from Eg,(A, C) U Eq,(B) to
A. Find a copy of Cy covering each e € Eg,(A,C) U Eg,(B) of the following form (here
we say that a cycle has the form X;X5X35X, to indicate that the cycle visits vertices in

X1, X, X3 and Xy in this order):

e BBXX,if e € Eg(B) and e is assigned to X € {A, C};
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o CAAB, if e € Eg(A,C) and e is assigned to A;
e ACCB,if e € Eg(A,C) and e is assigned to C.

We first check that it is possible to find cycles of these forms without using any vertex
too often. The ordering of each cycle above is suggestive of the order in which its vertices
should be embedded (for cycles of the form BBXX, choose the first vertex in X to
satisfy (P3) or (P4) in G, i.e., not one of the exceptional 3m vertices). Properties (P1)-
(P7) together with (a) ensure that there are at least n/100 suitable candidates in G5 for
each vertex which is not an endpoint of the fixed edge e. In total we must find at most
nn?+1 cycles and each vertex appears in the fixed edge e for at most 1'/3n of these cycles,
by (b) and (c). So it is possible to embed cycles of the required forms so that each vertex
is used at most 2n'/3n times. Let F, denote the collection of cycles thus obtained and let

G4 := Gz — |J F. For each v € V(G,), we have

dg,(v) > dg,(v) — 5nt°n. (5.3)

We now check that removing these cycles has the desired effect. Observe that any edge
which is assigned to A forms a Cy which uses one edge from Eg,(A) and no edges from
E¢,(C). The same statement holds with A and C swapped. If e, (C) is odd, deleting the
cycles in F3 will remove one edge from Eg,(C) leaving eg, (C) even. If eq,(C') is even, no
edges were assigned to C' so eg,(C) remains even. To see that eg, (A) will also be even, we
note that (5.2) implies that the number of edges assigned to A was congruent to eq,(A)
mod 2.

Lastly, we cover all edges incident to vertices in B’ (so that we can ignore B’). Take
each vertex v € B’ and pair its neighbours up arbitrarily. Find a path of length two
between each pair in G4[A U C, B] (each such path will form a copy of Cy which covers
two edges incident at v). By (P1), (P2) and (5.3), any pair of vertices in A U C' has
at least n/10 common neighbours in B and, in total, we are required to find at most

|B'In/2 < 25mn paths. So we can find a collection F3 of edge-disjoint copies of Cy which
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covers all edges incident at B’ and uses each vertex in V(G) \ B’ at most nn times. Let
B" := B\ B and let G" := (G4—|J F3)\ B'. It is easy to check that G” with the partition
A, B", C satisfies (Q1)—(Q6). O

Proposition 5.4.7 takes us most of the way towards proving Lemma 5.4.2 for graphs
of type 1. All that remains is to show that the graphs G"[A], G"[C], G"[A, B] and
G"[B,C] can be made to be Cy-divisible and then to decompose these using Theo-
rems 5.1.1 and 5.1.3.

Proof of Lemma 5.4.2(i). Apply Proposition 5.4.7 to G to find G” C G and a partition
A, B, C of V(G") satisfying properties (Q1)—(Q6). We begin by making the graphs G”[A]
and G”[C] Cy-divisible. Towards this aim, let A" C A consist of all vertices v € A such
that dgr (v, A) is odd. Clearly, |A’| is even. Pair up the vertices in A" arbitrarily. For
each pair a1, as, find a copy of Cy of the form a;AasB in G”. Note that on removing a
copy of Cy of this form, a; and ay, will both have even degree in A and the degree of the
third vertex in A is reduced by two so its parity will not be changed. Do the same for
the vertices in C' (finding cycles of the form ¢;CcyB). Note that in total we must find at
most n/2 copies of Cy. Properties (Q3), (Q5) and (Q6) imply that each pair has at least
n/10 common neighbours in the required vertex classes, so we can avoid using any vertex
more than 20 times. Write J; for this collection of copies of Cy and let G := G" — | J F;.
Now every vertex in G1[A] and G;[C] has even degree.

We also require the number of edges in G1[A] and in G1[C] to be divisible by four. We
know already that the number of edges will be even (from (Q1) and the fact that F; uses
an even number of edges from both G”[A] and G"[C]). Say that eg,(A) =2 mod 4. We
can fix this by removing a graph F' consisting of three edge-disjoint copies of Cy which
take the following form: a;AayB, asAasB, a3 AasB where a1, a2,a3 € A. Note that F[A]
is a copy of (g, so removing F' does not cause the degree of any vertex in G1[A] to become

odd. We can remove a similar graph if eg, (C') not divisible by four. We obtain a graph
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G5 such that Gy[A] and G4[C] are Cy-divisible. It follows from (Q3), (Q5) and (Q6) that

5(Ga[A)), 8(Ga[C]) = n/4 — 50 > (2/3 + 1/100)|A], (2/3 + 1/100)|C.

So we can apply Theorem 5.1.1 to find Cy-decompositions F4 and F¢ of G3[A] and G,[C],
respectively. Let G5 := Gy — |J(Fa U Fo).

We will now make the bipartite graphs G3[A, B] and G5B, C] Cy-divisible. Note that
for any v € AUC, dg, (v, B) is necessarily even. Let B’ C B consist of all vertices v € B
such that dg, (v, A) (and hence dg,(v,C)) is odd. Since eq,(A, B) is even, |B’| must also
be even. Pair up the vertices in B’ arbitrarily. For each pair by, by, find a copy of Cy of
the form Ab;Cby,. On removing these copies from (3, we see that b; and by now have
even degree in A and in C. Properties (Q4) and (Q6) ensure that there are at least n/10
suitable candidates at each step of the embedding. Since there are fewer than n/2 pairs,
we can choose these copies of Cy so that no vertex is used more than 10 times. If, after
removing these copies, the number of edges between A and B is not divisible by four
then it must be congruent to 2 mod 4. We can correct this by removing three further
edge-disjoint copies of Cy of the form: by AbyC', by Ab3C', by AbsC where by, by, b3 are distinct
vertices in B. Note that removing these copies of Cy removes 6 = 2 mod 4 edges between
A and B but will not change the parity of d(b;, A) for any ¢ € {1,2,3}. Write F, for the
copies of Cy removed in this step and let G4 := G35 — |J F2. We now have Cy-divisible
bipartite graphs G4[A, B] and G4[B,C] and dg, (v, B) > n/4 — 100 for all v € AU C.
Recall (Q6), which implies

Sip (Ga[A, B]), 01 (Ga[B, C]) = 2/3 + 1/100.

So we can use Theorem 5.1.3 to find a Cj-decomposition of G4. Thus we have found a

C,-decomposition of G. ]
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5.4.4 Type 2 extremal

In this section, we prove Lemma 5.4.2 for graphs which are type 2 extremal. We begin by
showing that graphs of this type closely resemble a balanced tripartite graph with high

minimum degree.

Proposition 5.4.8. Let n,m € N such that 1/n < 1/m < 1. Let G be a Cy-divisible
graph on n wvertices. Suppose that there exists a spanning subgraph G’ of G such that
(G > 2n/3 — m and G is m-extremal of type 2. Then there exists G' C G and a

partition A, B,C of V(G") satisfying:

(R1) |A], |B| and |C| are even,

(R2) n/3 —50m < |Al],|B|,|C| < n/3+ 2m;

(R3) G — G" has a Cy-decomposition;

(R4) for each X € {A, B,C} and each v € V(G")\ X, we have dgn(v, X) > n/4.

Again, G” is not necessarily spanning.

Proof. Since G’ is m-extremal of type 2, there exist disjoint sets Ay, By C V(G) such
that |A1],|B1| = [n/3] — m and eq/(A;) = e (B1) = 0. Let Cy := V(G) \ (41 U By).
For all v € Ay, dg(v, By) > n/3 —3m and dg(v,C}) > n/3 — 1 since §(G') > 2n/3 — m.
Likewise, for all v € By, dg(v, A1) > n/3 —3m and dg(v,Cy) > n/3 — 1.

Let C 4 consist of all vertices v € C} such that dg(v, A1) < 5n/18. By considering

ec (A1, Cy), we obtain the following bound.

|A1|(n/3 — 1) < |Cya]5n/18 + (n/3 + 2m — |C a|)| A1

which gives

(2m + DA _ @m+ DA _

Chal <
(Cral = |Ay| —5n/18 = [A]/12

Similarly, defining C g to consist of all vertices v in Cy such that dg(v, By) < 5n/18,

we get |Cy gl < 25m. Choose at most one further vertex from each of A;, B; and
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C1\ (C1,4 U Cyp) so that |Ay], |By| and |Cy \ (C14 U Cy )| are made even by their
removal. Let U be the set which is formed by adding these vertices to C; 4 U Cy . Then
|U| < 50m + 3.

Since any pair of vertices in G has at least n/4 common neighbours, we can easily find
a collection of edge-disjoint copies of Cy which covers all edges incident at U and uses
each vertex in V(G) \ U at most m? times. Write F for this collection of copies of Cl.
Let G" :== (G —|JF) \ U. Together with the partition A := A; \ U, B := B; \ U and
C := C; \ U, this graph satisfies (R1)-(R4). O

We now complete the proof of Lemma 5.4.2. The idea is to cover all atypical edges
to leave behind a tripartite graph with vertex classes A, B, C' and high minimum degree.
A little more work produces a graph such that each pair of vertex classes induces a Cjy-

divisible bipartite graph which we can decompose using Theorem 5.1.3.

Proof of Lemma 5.4.2(ii). Apply Proposition 5.4.8 to find G; C G and a partition
A, B,C of V(G,) satisfying (R1)-(R4). The next step is to cover the edges in G :=
G1[A] U G1[B] U G41[C] using copies of Cy. Let € be such that 1/m < ¢ < 1. Using the
Erdés-Stone theorem, we may assume that e(G}) < en? (by greedily removing copies of
Cy if necessary). Let U C V(G}) consist of all vertices v such that dg (v) > e'/?n. It
is clear that |U| < 2¢'/2n. For each v € U, let S, C N (v) \ U be as large as possible
such that |S,| is even. For each v € U, arbitrarily pair up the vertices in S, and find
edge-disjoint paths of length two in G; — G} which join the pairs (to form copies of C,
together with v). Properties (R2) and (R4) allow us to do this in such a way that each

1/2

vertex is used at most 3¢'/“n times. Denote the set of edge-disjoint copies of Cy4 found in

this step by Fi. Let Gy := G — |J F1. For each X € {A, B,C} and each v ¢ X

de, (v, X) > n/4 — 6£*n  and (5.4)

A(G[A]), A(Gy[B]), A(G5[C]) < max{e'?n, |U| + 1} < 3¢¥%n. (5.5)

Now cover each remaining edge in G, := G3[A] U G[B] U G[C] by a copy of Cy using
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a path of length three in Gy — GY between its endvertices. We require at most en? such
paths and each vertex is an endvertex of at most 3¢'/?n paths, by (5.5). There are at
least n/10 possibilities to embed each vertex by (5.4) and (R2), so we are able to find

1/3,/3 times. Remove these copies of C4

these paths so that each vertex is used at most
and write G3 for the resulting graph. Note that A, B, C' are independent sets in (G5 and,

for each X € {A, B,C} and each v ¢ X,

da, (v, X) > n/4 — 3. (5.6)

In this final step, we ensure that each pair of vertex classes induces a Cy-divisible
graph. Since Gj is 2-divisible, eg,(A, B) must be even. So there is an even number of
vertices v € A such that dg,(v, B) is odd (note that such v will necessarily also have
dg,(v,C) odd since Gj is 2-divisible). Pair these odd vertices up arbitrarily and, for
each pair aj,ay, remove one copy of Cy of the form a;BasC' (this changes the parities
of dg, (a1, B) and dg,(az, B)). Each pair has many common neighbours in B and C' by
(5.6), so we can do this in such a way that each vertex is used at most ten times. Do the
same for the vertices in B and C to obtain a graph G4 such that each bipartite graph
induced by a pair from {A, B, C'} is Cy-divisible (that the number of edges in these graphs
is divisible by four follows from 2-divisibility and (R1)). Each of these bipartite graphs

13n and (R4) implies

has minimum degree at least n/4 — 2¢

Svip (Ga[A, B]), Suin(Ga[A, C]), 6415 (Gu[ B, C]) > 2/3 + <.

So we may apply Theorem 5.1.3 to find Cj-decompositions of G4[A, B], G4[A,C] and

G4[B, C]. This completes our Cy-decomposition of G. O

180



5.5 Even cycles of length at least eight

The aim of this section is to prove Theorem 5.1.2 for even cycles of length at least eight.
We will again split our argument into extremal and non-extremal cases. When G is not
extremal, it will satisfy an expansion property which we now describe. Let G be a graph
on n vertices. We define the robust neighbourhood of a set S C V(G) to be the set of
vertices R, c(S) = {v € V(GQ) : dg(v,S) > vn}. We say that a set S C V(G) is v-
expanding in G if |R,c(S)| > n/2 + vn. We say that G is a v-expander if for every
z € V(G), Ng(z) is v-expanding. Note that every v-expander G satisfies 6(G) > vn.
Any graph which is not a v-expander falls into one of two classes of extremal graph.
We say that a graph G on n vertices is e-close to K/, U K, 5 if there exists S C V(G)
such that |S| = [n/2] and e(S,S) < en?. We say that G is e-close to bipartite if there
exists S C V(@) such that |S| = [n/2] and e(S) < en®. The following is a weak form of

Lemma 26 in [54].

Proposition 5.5.1 ([54]). Let 1/n < v < € < 1. Let G be a graph on n vertices with
d(G) > n/2. Then one of the following holds:

(i) G is a v-expander;
(ii) G is e-close to Ky o U Ky o;
(iii) G is e-close to bipartite.

The following result, which will be proved in Section 5.7, is a version of Theorem 5.1.1
which relies on v-expansion (instead of solely the minimum degree). This result finds a

Cyp-decomposition of G when G is a v-expander and k > 4.

Theorem 5.5.2. Letk € N, k >4 and 1/n < v,1/k. Let G be a Coy-divisible v-expander

onn vertices. If k =4, assume further that 6(G) > n/2. Then G has a Cai-decomposition.

Given Theorem 5.5.2, it remains to find decompositions of graphs which are close to

K2 U K, 2 or close to bipartite. This is achieved in the current section. Theorem 5.1.2
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for k£ > 4 will then follow directly from Proposition 5.5.1, Theorem 5.5.2, Lemma 5.5.3

and Lemma 5.5.7.

5.5.1 G is close to KoUK,

The next result finds a Ca,-decomposition when G is close to K,/ U K, /2. The idea of
the proof is to exploit the fact that G resembles two disjoint cliques: first dealing with
any unusual edges or exceptional vertices and then using Theorem 5.1.1 to decompose the

(almost) cliques.

Lemma 5.5.3. Let k € N, k > 4 and 1/n < ¢ < 1. Suppose that G is a Co-divisible
graph on n-vertices and 6(G) > n/2. Suppose further that G is e-close to K3 U K, 5.

Then G has a Cs-decomposition.
We will prove Lemma 5.5.3 in stages.

Proposition 5.5.4. Let 1/n < ¢ < 1. Suppose that G is a graph on n vertices with
0(G) > n/2 which is e-close to Ko U K, 5. Then there exists a partition A, B of V(G)

such that:

(S1) 6(GIA]), 6(G[B]) = n/5;

(S2) for all but at most 2v/en vertices v € A, dg(v, A) > n/2 — 2:/en;
(S3) for all but at most 2v/en vertices v € B, dg(v, B) > n/2 — 2 /en;

(S4) n/2 —4en < |A| < |B| < n/2 + 4en.

Proof. Let S C V(G) such that |S| = [n/2] and e(S,S) < en?. Let T := S. For each
p € {11n/50,n/2 — \/en}, let S, := {v € S : dg(v,S) < p} and define T}, similarly. We

have |S,|, |T,| < %, so that

|S11nys0l, [Thinss0l < 25en/7 and |S,jo- el T2 ven] < Ven.
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Let S" := (S \ Siinss0) U Ti1nss0. Setting A to be the smallest of S” and S’ and setting

B := A gives the desired partition. 0

Before we begin decomposing G, we must reserve some edges between A and B using
the following simple proposition. These edges will be used at a later stage to ensure that

the graphs on A and B are Cy-divisible.

Proposition 5.5.5. Let k € N and 1/n < ¢ < 1/k. Suppose that G is a graph on n
vertices with 6(G) > n/2 and A, B is a partition of V(G) satisfying (S1)—(S4). Then there
exist 4k distinct edges ey, ... eay, f1,. .. for € Eq(A, B) such that, for each 1 < i < 2k, e;

and f; are vertez-disjoint and dg(a;, A) > n/2 — 2v/en where a; := V(e;) N A.

Proof. If |A| < n/2, each vertex in A has at least two neighbours in B so the result
is clear. So we assume that |A| = |B| = n/2, in which case 6(G[A, B]) > 1. Suppose
that the proposition is false and let ¢ < 2k be maximal such that G contains edges
€1,..-€p f1,... fo € Eg(A, B) such that, for each 1 < i < {, ¢; and f; are vertex-disjoint
and dg(a;, A) > n/2 — 2/en where a; := V(e;) N A.

Let U := Ule Vie,Uf), A" := A\U and B’ := B\ U. Choose any vertex a € A" such
that dg(a, A) > n/2 — 2y/en and let b € Ng(a, B). Let o’ € A"\ {a} and b’ € B’ \ {b}. If
a't’ € E(Q) for some b # b, we can take e;; := ab and f,; = a'b’, contradicting the
maximality of ¢. Since dg(a’, B) > 1, we must have a'b € E(G). Similarly, abt' € E(G).

But then taking ey, := ab’ and f,.1 = a’b gives a contradiction. O

The next result covers the remaining edges between A and B.

Proposition 5.5.6. Let k € N, k > 4 and 1/n < n < ¢ < 1/k. Suppose that G
is a graph on n vertices and A, B is a partition of V(G) satisfying (S1)—(S4). Suppose
that eq(A, B) is even. Then there exists a Co-decomposable graph H C G such that
G[A,B] C H and A(H[A]), A(H[B]) < nn.

Proof. Let G' := G[A, B]. Use the Erd&s-Stone theorem to greedily find an n’-

approximate Cyg-decomposition F of G' and let Hy := |JF. Let X4 == {v € A :
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der—m,(v) > n*n} and note that |X4| < n'n?/(n’n) = n*n. For each vertex r € Xa,
pair up the vertices in Ng_p, () arbitrarily, leaving at most one vertex unpaired. Find
edge-disjoint paths of length 2k — 2 in G[B] between each of the pairs (to obtain copies of
Cyr, which cover all but at most one of the edges incident at = in G’ — Hyy). Properties (S1),
(S3) and (S4) allow us to find these paths so that each vertex appears as an interior vertex
on at most n°n of the paths. Let H, denote the Cy;-decomposable graph thus obtained
and repeat the process for the set of vertices Xp := {v € B : do_p,—n,(v) > n°n},
obtaining a Cs,-decomposable graph Hpg which covers all but at most one edge incident
at each r € Xp. Now H' := HyU Ha U Hp is Cy,-decomposable, A(G[A, B] — H') < n*n
and

A(H'[A]), A(H'[B)]) < 2n°n +n°n < 2n°n.

Since eq(A, B) and ep/(A, B) are even, so is eg_p/(A, B). Pair up the edges in
E¢_m (A, B) arbitrarily and complete each to a copy of Cy, as follows. If the two edges
share an endvertex, in A say, find a path of length 2k — 2 between their endpoints in B
as above. If the edges are disjoint, find paths of length £k — 1 > 3 between their endpoints
in A and in B. Again, properties (S1)—(S4) allow us to find these paths so that they are
edge-disjoint and each vertex appears as an interior vertex on at most 7°n of the paths.

Let H” denote the Cy,-decomposable graph obtained in this way. We have ensured that

A(H"[A)), A(H"[B]) < A(G[A, B] — H') + 2°n < 25°n.

Finally, let H := H'" U H"”. This graph is Cy,-decomposable,

A(H[A]), A(H[B]) < 4*n < 1

and G[A,B] C H. O

We combine the previous results to find a Cy,-decomposition when G is e-close to

K, /o UKn/Q.
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Proof of Lemma 5.5.3. Choose a constant 7 such that 1/n < n < €. Apply
Proposition 5.5.4 to obtain a partition A, B of G satisfying (S1)—(S4). Then apply Propo-
sition 5.5.5 to reserve edges € := {eq,..., e, f1,..., fox}. Let G' := G —|JE& and note
that G’ with the partition A, B still satisfies (S1)—(S4) of Proposition 5.5.4. Since G
is 2-divisible, eg(A, B) is even, so eq (A, B) = eq(A, B) — 4k is also even. So we can
apply Proposition 5.5.6 to find H C G’ which has a Cy;-decomposition F; such that
G'[A, B] C H and A(H[A]), A(H[B]) < nn.

We have covered all edges in G[A, B] apart from those in £, which we will use to ensure
that (G — H)[A] and (G — H)[B] are Cy-divisible. To this end, let 0 < r < 2k — 1 be
chosen such that eq_p(A) = r mod 2k. We will find 2k copies of Cy, each containing
a pair e;, f;, as follows. For each 1 < i < 2k — r, find a path of length 2 between the
endpoints of e; and f; in (G — H)[A] and a path of length 2k — 4 between the endpoints
of e; and f; in (G — H)[B]. For each 2k —r < i < 2k, find a path of length 3 between the
endpoints of e; and f; in (G — H)[A] and a path of length 2k — 5 between the endpoints
of e; and f; in (G — H)[B]. (The property dg(a;, A) > n/2 — 2y/en where a; :== ¢; N A is
needed for finding the paths of length 2.) We can choose these paths to be edge-disjoint.
Let F, denote the copies of Cy thus obtained and let G” := G — H — | J F,. We make the
following important observation: G”[A] and G"[B] are Cy-divisible. That these graphs
are 2-divisible is clear (they were obtained by removing edge-disjoint copies of Cy from

a 2-divisible graph G). To see that egr(A) is divisible by 2k, note that

ec(A) =eq-pu(A) =22k —7r)—3r=r—4k+2r —3r=0 mod 2k

(and egr (B) is also divisible by 2k).

Finally, note that

A(G = G")[AD, A(G = G")[B]) < 2nn

and recall (S1)—(S4). Let X := {z : dgv(z) < n/2 — 3y/en}. Then |X| < 4y/en and we
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can easily cover all edges incident at vertices in X using a collection F3 of edge-disjoint

copies of Cy, such that no vertex in V(G”) \ X is used more than €/3n times. Let

G" = (G" —JFs) \ X. Now
5(G") >n/2 -3¢0 > (2/3 + &) - max{|A\ X|,|B\ X|}.

We then find Cyi-decompositions Fy and F5 of G"'[A] and G"[B] respectively, using

Theorem 5.1.1. Then U?Zl F; gives a Cy,-decomposition of G. O

5.5.2 (@ is close to bipartite

We now consider the case when G is close to bipartite. We will process the graph, covering
any unusual edges or exceptional vertices with copies of Cy until we really are left with

a dense bipartite graph. This we can decompose using Theorem 5.1.3.

Lemma 5.5.7. Let k € N, k > 4 and 1/n < ¢ < 1. Suppose that G is a Co-divisible
graph on n-vertices and §(G) > n/2. Suppose further that G is e-close to bipartite. Then

G has a Cy-decomposition.

The following proposition partitions the vertices of G into an “almost bipartite” graph

with high minimum degree.

Proposition 5.5.8. Letk € N, k > 4 and 1/n < ¢ < 1. Suppose that G is a Coy-divisible
graph on n-vertices and §(G) > n/2. Suppose further that G is e-close to bipartite. Then

there exists G' C G and a partition A, B of V(G') such that the following hold:
(T1) 6(G'[A, B]) = n/3;

(T2) G — G' has a Co-decomposition;

(T3) |A|,|B| =n/2 4 64/en;

(T4) e(G'[A]) + e(G'[B]) < en?.
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Note that G’ is not necessarily spanning.

Proof. Let S C V(G) be such that |S| = |n/2] and eg(S) < en?. Let T := S and
consider the bipartite graph Gy := G[S,T]. We want to transform Gq into a bipartite
graph whose minimum degree is as high as possible. We first modify the bipartition S, T

to obtain a new bipartition S’, T7". Let

X :={z:dg,(v) <n/2—+/en}.

It is easy to see that | X| < 5y/en. Let

Xg:={x € X :dg(z,S) <5n/12} and let X := X \ Xg.

Let S := (S\ X)U Xg and let T" := §' = (T'\ X) U X7. It is useful to note that:
(i) for any z € S’ dg(z,T") > n/13 and, if x € S"\ X, dg(z,T") > n/2 — 6+/en;
(ii) for any x € T", dg(x,S") > 5n/13 and, if z € T'\ X, dg(x,5") > n/2 — 64/en.

Let Xy := {z € X : dg(x,5) and dg(z,T) < 5n/12}. Since Xy C Xg, the vertices in
X have all been assigned to S’ but they do not naturally belong to either side of the
partition so we will cover all edges incident at these vertices in the next step.

Choose any vertex z € Xy. Suppose that dg(x,S’) is odd. Note that eq(S’,T")
is even (since G is 2-divisible). This means that eg(S’) + eq(T”) is also even (recall
that the number of edges in G is divisible by 2k). In particular, there must be an edge
wv € E(S")UE(T") which is not incident at . Let y € Ng(z, S")\(XU{u,v}). We now find
a copy of Cyy, which uses both xy and wv. If u,v € S, note that |Ng(y) N Ng(u)| > n/15
by (i), so we can find a path of length two from u to y. We also find a path of length
2k—4 > 4 between = and v. At each stage, we can choose from at least n/20 vertices. This
gives a copy of Cy,. We proceed in a similar way when u,v € T'. We may now assume
that dg(x,S’) is even. Pair up the neighbours of = arbitrarily and find edge-disjoint

paths of length 2k — 2 between each pair in G[S’,T'] (to obtain edge-disjoint copies of
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Car). Remove all copies of Cy, obtained in this way from G. Repeat this process for the
remaining vertices in Xy and write J; for the collection of copies of Cy; thus obtained.
Let G; := G — |JF;. At the end of this process, we may assume that each vertex in
V(G) \ Xy has been used in at most £'/%n/2 copies of Cay.

Let A:= 5"\ Xy, B:=T". Observe that |A],|B| = n/2 £+ 6/en and

5(G1[A, B]) > 5n/13 — £¥/3n > n/3.

Using the Erdds-Stone theorem, we greedily find an e-approximate Coi-decomposition Fo

of G1[A] U Gy[B]. Letting G’ := G — |J(F1 U F3) completes the proof. O

We use this proposition to prove Lemma 5.5.7.

Proof of Lemma 5.5.7. Apply Proposition 5.5.8 to find G, A, B satisfying (T1)—(T4).
Let F; be a Cy,-decomposition of G — G'. Let A" := {x € A : dg(x,A) > y/en} and
define B’ similarly. Note that |A"U B’| < 24/en by (T4). Take each vertex z € A’ in turn
and split Ng/(z, A) into pairs (leaving at most one vertex). Use (T1) and (T3) to find a
path of length 2k — 2 between each pair in G'[A, B] to obtain a copy of Co together with
x. Carry out this process for the remaining edges at each remaining vertex in A’. Do the
same for the vertices in B’. We may carry out this process so that each vertex appears in
at most ¢/%n of the paths. Write F, for the collection of copies of Cyy, obtained in this
way and let G} := G’ — |JF2. We have A(G[A]), A(G41[B]) < £'/3n and

6(G1[A, B)) > n/3 — 23, (5.7)

We now cover the remaining edges in Eg, (A) U Eg,(B). There are an even number
of these so we can pair them up arbitrarily. We use (5.7) to find paths of even length
at least two between any two vertices in the same class and paths of odd length at least
three between any two vertices in different classes. At each step we have a choice of at

least n/10 vertices so we are able to find edge-disjoint copies of Cy (by finding paths of
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suitable length between the endpoints of each pair of edges) so that each pair of edges
is covered and no vertex appears in more than 2¢'/3n of the cycles. Write F3 for the
collection of copies of Cy, obtained in this step. The graph Gy := G; — |J F3 is Co-
divisible and bipartite with vertex classes A and B of size n/2 £+ 61/en. Furthermore,
§(Gq) > n/3 — 6530 80 Ohip(Ga) > 1/2 + . Thus Gy has a Cy-decomposition Fy by

Theorem 5.1.3. Together, U?Zl F; gives a (y-decomposition of G. O

5.6 Decompositions of bipartite graphs

In this section we prove Theorem 5.1.3, the bipartite version of Theorem 5.1.1. Theo-
rem 5.1.3 finds a Cy-decomposition of G when G is bipartite and has high minimum
degree. We used this result to prove Theorem 5.1.2 earlier on. The proof closely follows
the iterative absorption argument of [38], thus we omit some of the details.

We require the following definition, a bipartite version of the vortices considered in
Section 5.4. Let G = (A, B) be a bipartite graph. A (0, u, m)-vortex respecting (A, B) in

G is a sequence Uy D Uy D --- D U, such that

o [UNX|=|pU_1NX]|] forall 1 <i</andeach X € {A, B}, and |Uy| = m;
o dg(x,U;NX) >0|U;NX]|, forall 1 <i </ each X € {A,B} and allz € U;_; \ X.

The following observation guarantees a vortex in G. It is proved by repeatedly applying

the Chernoff bound given by Lemma 4.2.1 (for more details, see Appendix B.1).

Lemma 5.6.1. Let 0 < § < 1 and 1/m' < p < 1. Suppose that G = (A, B) is a bipartite
graph with m’ < |A| < |B| < 2|A| and dpip > 0. Then G has a (0 — p, p, m)-vortex

respecting (A, B) for some 2|um'| < m < m/.
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The idea is to use the following result to cover almost all of the edges in GG leaving only
a small (very restricted) remainder which can be dealt with using the absorbers given by

Lemma 5.3.3.

Lemma 5.6.2. Let k € N, k> 2 and let 1/m < u < 1/k. Let G = (A, B) be a bipartite
2-divisible graph with n < |A|,|B| < 2n and 0pip > 1/2+3u. Let Uy D Uy D --- D Uy be
a (1/2 4 4p, p, m)-vortex respecting (A, B) in G. Then there exists Hy C G[U,] such that

G — Hy is Cy-decomposable.

We will prove Lemma 5.6.2 in Section 5.6.1. Theorem 5.1.3 then follows directly from

these results.

Proof of Theorem 5.1.3. (Assuming Lemma 5.6.2.) Let m,ny € N and p be such that

I/ng<1l/m< p<e, 1/k.

Apply Lemma 5.6.1 to find Uy 2 Uy D -+ 2 Uy, a (0 + £/2, u, m)-vortex respecting
(A, B) in G.

Let Gy == G — G[U;]. We have 0pip,(G1) > 6 + /2. Apply Lemma 5.3.3 to Gy
with U, playing the role of U to find an absorber A* C G; as in the lemma. We have
A(A*) < |A* < 2m* 5o Uy DU, 2---2 U is a (0 + 4p, 1, m)-vortex respecting (A, B)
in G* := G — A" and 01,ip,(G*) > 1/2 + 3p. Then apply Lemma 5.6.2 to G* to find
Hy, C G*[U,] such that G* — H, has a Cy,-decomposition. Observing that A* U H, has a

Cy,-decomposition (by Lemma 5.3.3) completes the proof. 0

5.6.1 Proving Lemma 5.6.2

First, we state some useful results. We require the following simple proposition on de-
compositions of cliques. It is a special case of Wilson’s Theorem and is proved very easily
(see [38], for example).

Proposition 5.6.3. Let p be prime. Then for every k € N, Ky has a K,-decomposition.
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We use the next result to find an approximate Cs,-decomposition of G and maintain

some control over the number of edges incident at any vertex in a given set X.

Lemma 5.6.4. Let k € N, k > 2 and 1/n < n < ¢,1/k. Suppose that G = (A, B)
is a bipartite graph with n < |A],|B|] < 4n and 6nip(G) > 1/2 +e. Let X C V(G)
of size at most n'?n. Then there exists H C G such that G — H is Cayy-decomposable,

Y :={z € V(G) : dy(x) > nn} has size at most nn and X NY = 0.

Proof.  The first step is to cover the edges in G[X] by edge-disjoint copies of Coy.
That is, for each edge zy € Eg(X), find a path of length 2k — 1 between the x and y in
G — G[X] (x and y lie in different vertex classes so any path between them is necessarily
odd). In total we must find at most nn? paths. Since (G — G[X]) > 1/2 + 3¢/4,
we may choose these paths to be edge-disjoint and use each vertex at most 1'/3n times.
These paths, together with Eq(X) give an edge-disjoint collection Fy of copies of Coy
with A( Fx) < 2n'/3n.

Consider the graph G’ := G \ |J Fx. Our next step is to cover all but at most one of
the remaining edges incident at each vertex in X. For each z € X, pair up the vertices
in Ng/(z), leaving at most one vertex. Note that both vertices in any pair lie in the same
vertex class. Since dpip(G'\ X) > 1/2 4 ¢/2, we can find edge-disjoint paths of (even)
length 2k — 2 between each pair in G’ \ X. Each path combines with two edges incident
at X to form a copy of Cy. Thus we obtain a collection F% of edge-disjoint copies of Cyy
which, together with Fx, cover all but at most one edge incident at each z € X.

Let H := G — |J(Fx U F%) and note that dgy/(x) <1 for all z € X. Use the Erdds-
Stone theorem to greedily find an 73-approximate Cy-decomposition of H' which we will
denote by F. Let H := H' — |JF and note that G — H has a Cy,-decomposition given
by Fx UFS,UF. fY :={z € V(G) : dy(x) > nn}, then |Y| < 2e(H)/(nn) < nn and
XNy =0. O

We use Lemma 5.6.4 to prove the following result which finds a Cs-decomposition of

G so that every vertex has low degree in the remainder.
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Lemma 5.6.5. Let k € N, k > 2 and 1/n < €,1/k. Let G = (A, B) be a bipartite
graph with n < |A|,|B| < 3n and 6pip(G) > 1/2 4. Then G has an approzimate Coy-

decomposition F such that A(G —JF) < en.

Proof. Choose s,t € N and n > 0 such that

I/n<n<l/s<1/t<e 1]k

and K has a K;-decomposition (s and t exist by Proposition 5.6.3). Let P = {Vi, ..., V}

be a partition of V(G) satisfying the following for all 1 <i < s and each X € {4, B}:
(i) [Vin X[ = [|X]/s] or [|X]/s];
(ii) de(z, VinX) > (1/242¢/3)|ViN X| for all z € V(G) \ X.

To see P exists, consider random equitable partitions V4,..., VA of A and VZ,... VB
of B and let V; := VAU VP, Lemma 4.2.1 implies that this partition satisfies (i) with
probability at least 3/4.

Since |V;| < en/2 for all 1 < i < s, it suffices to show that G[P] has an approximate
Cyg-decomposition F such that A(G[P] — UF) < en/2 . Let {T1,...,T;} be a K;-
decomposition of K, where V(K) = {1,...,s}. For each 1 < i < {, define G; :=
Ujrencr) G1Vj, Vil, so the G; decompose G[P]. For each 1 <i </, each X € {A, B} and

all 7 € V(G;) \ X, we have
dg,(r) = (t = 1)(1/2+2¢/3)[|X|/s] = (1/2+/2)t[|X]/s] = (1/2+¢/2)|V(Gi) N X],
by (i) and (ii). So dyip(G:) > 1/2 + /2. We also note that
n' = tln/s| < [V(G:) N Al |V(G:) N B| < t[3n/s] < 4n’.

Let X; := (). For each 1 < i < / in turn, apply Lemma 5.6.4 (with G;, €/2 and

X; NV (G,;) playing the roles of G, ¢ and X) to find H; C G; such that G; — H; is Co-
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decomposable, dy,(z) < nn' for all x € X; and |Y;| < nn/, where Y, = {z € V(G)) :
di,(z) > nn'}. Let X;,1 = X; UY;. Note that, for all 1 <i < £, |X;| < s?npn/ < /20’
so we can indeed use Lemma 5.6.4. Let H := Ule H; and consider any z € V(G). We
know that

dy(z) < tnn’ +4n' < (s’n+4)tn/s < en/2,
since dg, () < nn’ for all but at most one 1 <7 < /. O

The following proposition takes a subset R of V' (G) and covers all the edges in a sparse

subgraph H of G|R| using copies of Cy without using any vertex too many times. It is

an analogue of Proposition 5.10 in [38] and the proof is identical, so we omit the details.

Proposition 5.6.6. Let k € N, k > 2 and 1/n < v < p,1/k. Let G = (A, B) be a
bipartite graph with n < |Al|,|B| < 5n. Let V(G) = LU R such that |RN X| > un and
da(z, RN X) > (1/2+ p)|RNX]| for each X € {A,B} and all x € V(G) \ X. Let H be
any subgraph of G[L] such that A(H) < yn. Then there exists J C G such that J[L] is

empty, JU H is Co,-decomposable and A(J) < p?n.

We now use each of the results obtained so far to prove Lemma 5.6.7. This lemma

forms the basis of the induction proof of Lemma 5.6.2.

Lemma 5.6.7. Let k € N, k > 2 and 1/n < p < 1/k. Let G = (A, B) be a bipartite
graph with n < |A|,|B| < 3n. Let U C V(G) with [UNA| = |p|A|| and |[UNB| = |u|B|].
Suppose duip(G) > 1/242p and de(z, UNX) > (1/2+p)|UNX]| for each X € {A, B} and
allz € V(G)\ X. Then, if 2 | dg(x) for all x € V(G) \ U, there exists a collection F of
edge-disjoint copies of Cyy, such that every edge in G — G[U] is covered and A(|J F[U]) <
w2ul.

Proof. Choose constants 7, € such that 1/n < v < { < p < 1/k. Let W :=V(G)\ U,

m = [ and M = (m;rl) Let Vi,...,Vy be a partition of U such that for all

1<i<M,each X € {A, B} and all z € V(G) \ X:

1. de(z,Vin X) > (1/2 + p/2)|Vi N X|;
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2. [VinX| = ||UNX]|/M]| or [|UNX]|/M].

To see that such a partition exists, consider random equipartitions V/A,..., Vi} of UN A
and VB ... VB of UN B. Let V; := VAN VP, Lemma 4.2.1 implies that this partition
satisfies (1) with probability at least 3/4.

Let Wy, ..., W,, be a partition of W such that WiNA, ..., W,,NAand WiNB,...,W,,N
B are equipartitions of WNA and WNB respectively. Let Giy, ..., G be an enumeration
of the M graphs of the form G[W;] or G[W;, W;]. Note G[W] = ¥, G, and, for all
1<i1< M,

V(Giy) NA|L |V (Giy) N Bl <2(3n/m + 1) < 7én (5.8)

For each 1 < i < M, let R; := G[V;, V(G,)]. Let R := Y, R;. For each v € V; we see
that dr(v) < 7¢n by (5.8) and for each v € W, we have dg(v) < m((3nu/M)+1) < 7¢n.
Thus A(R) < 7¢n.

Let G' := G — (G[UJUR). Since [UNA| = |u]Al], |[UNB| = |p|B|] and A(R) < 7¢n,
we note that 9y, (G') > 1/2 + p/2. So, by Lemma 5.6.5 (with + playing the role of ¢), G’
has an approximate Cy,-decomposition F; such that H := G' — | F; satisfies A(H) < yn.

We now use R and Proposition 5.6.6 to cover the edges in H[W]. For each 1 <1 < M,
let H; := HW]NGY, (so HW] =JH;) and G; := G[V;] U R; U H;. Observe that G; is
a bipartite graph and V(G;) = V; UV(GY,). Let us check that G; satisfies the conditions
of Proposition 5.6.6 (with G;, /7, &* and V; playing the roles of G, v, p and R). Let
n; := min{|V(G;) N A, |V(G;) N B|}, then

Note that

. (5.8)
n; <|V(G;) NA| =|ViN Al +|V(Gy) NA|l < 3un/M + 7n < 8n
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which gives n > n; /8. We use this to see that
Vi AL VA Bl = n/2M = u¢n/2 > E¥n;

Also A(H;) < yn < \/yn; and (1) implies that dg, (z, V;NX) > (1/24&?)|V;N X | for each
X € {A,B} and all z € V(G;) \ X. So we may apply Proposition 5.6.6 to find J; C G,
such that J;[V(G;) \ Vi] is empty, J; U H; is Cy-decomposable and A(J;) < &'n;. Let
J = Uf\il J;. Then J U H[W] has a Cy,-decomposition F, and A(J) < &n.

We must now cover the remaining edges in H[U, W] U R. Let G" := G — | J(F1 U F2).

Note that G"[W] is empty and
A(G") < A(H) + A(R) < yn + T¢n < 8¢n.

Since A(J) < &n, opip(G"[U]) > 1/24+p/2. For each w € W, dgr(w) is even, so we can pair
up the vertices in Ngrv(w) arbitrarily and let P denote the list of pairs of all neighbours
of W. Each vertex in U appears in at most A(G”) < /€|U| of the pairs in P and
|P| < A(G")3n < /E|U|*. The vertices in each pair lie in the same vertex class so we can
find paths of (even) length 2k — 2 between each pair so that these paths are edge-disjoint
and no vertex is used more than p®|U|/4 times. We obtain a collection F3 of edge-disjoint
copies of Cy, which cover the edges of G” — G"[W] such that A(JF3) < p|U|/2. Let
F = F UFyUF; Then

A(UFI) < A +A(UF) < w’lU]

and F covers every edge of G — G[U]. O

Finally, we use Lemma 5.6.7 and induction to prove Lemma 5.6.2.

Proof of Lemma 5.6.2. If / = 0, we can set H, := G, so we assume ¢ > 1. We begin by
observing that for any 0 < ¢ < ¢, we have 2u'n/3 < p'n—1/(1—p) < |U;NA|, |U;NB| <

241'n. The lemma will follow from the following statement which we will prove by induction
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on /.

Let G = (A, B) be a 2-divisible bipartite graph with opyp, > 1/24 3p and |A] <
|B| < 3|A|. Let Uy C V(G) with [Uy N A| = |p|Al|| and Uy N B| = |p|Bl].
Suppose that dg(x, Uy N X) > (1/24 Tu/2)|Uy N X| for each X € {A, B} and
allz e V(G)\ X. Let Uy 2 --- D Uy be a (1/2 + 4p, o, m)-vortez respecting
(Uy A, Uy N B) in G[U;| such that |U; N B| < 3|U; N A|, for each 1 < i < (.
Then there ezists H, C G[U,] such that G — Hy is Coy-decomposable.

If ¢ = 1, the statement follows directly from Lemma 5.6.7 applied to G and U;. Assume
then that ¢ > 2 and the statement holds for £ — 1. Let G’ := G — G[Us] and note that
Iip(G') > 1/2+2p and der (2, Uy N X) > (1/2 + p)|U; N X| for each X € {A, B} and all
z € V(G) \ X. Furthermore, for all x € V(G') \ Uy, de/(x) = dg(z) so 2 | der(x). Apply
Lemma 5.6.7 to find an edge-disjoint collection F of copies of Cy covering all edges in

G’ — G[U,] such that
A(JFIon) < w?tn] < 52|t 0 Al

Let G := G[U;] —|J F. Then G” is a 2-divisible bipartite graph with dy;,(G”) > 1/2+3p.
For each X € {A, B}, |[Us N X| = |p|U; N X|]| and, for any x € V(G") \ X,

dr(w, Uy N X) > (1/2 + 4)| Uz 0 X| = A(|JFIOL]) > (1/2 + 71/2)|Uz 0 X .

Since G"[Uy] = G[Us), Uy 2 - -+ D Upis a (1/2+4p, u, m)-vortex respecting (UsNA, UyNB)
in G"[Us]. Hence, by induction, there exists a subgraph H, of G[U,] such that G” — H,

has a Cy-decomposition F'. Together F U F' is a Cy-decomposition of G — H,. O

5.7 Decompositions of expanders

The purpose of this section is to prove Theorem 5.5.2 which finds a Cy;-decomposition of
any Cyg-divisible v-expander G when k& > 4. The significance of G being a v-expander
(defined in Section 5.5) is that there are many internally disjoint paths between any pair

of vertices in G. We can use these paths to construct copies of Cy; and to find absorbers
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and this allows us to use the arguments of [38] with only slight modification. We will
make use of the fact that v-expansion is a robust property in the sense that the graph

remains a v/2-expander when we remove a sparse subgraph.

5.7.1 Finding paths

The next result can be used to find many internally disjoint paths with predetermined

endpoints without using any vertex too often.

Proposition 5.7.1. Let k € N, k > 4 and 1/n < v < v,1/k. Let G be a v-expander on
n vertices and let P = {(z1,y1), ..., (Zm,ym)} be a collection of m < yn? pairs of distinct
vertices of G. Suppose that each vertex appears in at most yn pairs in P. Then G contains
a collection of edge-disjoint paths P = {P',..., P™} such that, for each 1 <1i < m, P is
a path of length k from w; to y;. Furthermore, A(JP) < ~vY°n.

~—1 such

Proof. Let 1 < j < m and suppose we have already found paths P!, ..., P’
that each vertex in V(G) appears as an internal vertex in at most 2,/9n of the paths. Let
B be the set of all vertices which appear as an internal vertex in at least \/yn paths in

P! ..., P71 Note that

1B] < m(k —1)/(yAn) < v*n.

Let G; := G — | J/Z] P". Note that A((J/Z, P") < 4,/An + yn so G; is a v/2-expander
(which implies 6(G;) > vn/2). We find a path P/ between z; and y; in G; whose interior
vertices avoid B as follows. Since vn/2 > |B| + k, we can embed a path of length k — 4
starting at x; greedily. Let 2, denote its endpoint. In order to find a path of length four

between z; and y; it suffices to note that
| Ry 2.6,(Ne, (25)) N Ry, (Ne, (y;))| = vn > |B| + k.

Continuing in this way, we obtain edge-disjoint paths P!, ..., P™ of length k such that no

vertex is used as an internal vertex more than 2,/yn times. Thus A(|JP) < 4,/yn+yn <
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3. [

5.7.2 Expander vortices

We now introduce a further variant of the vortex, this time for expanders, where we

replace the minimum degree condition with an expansion property instead. Let G be a

graph on n vertices. A (v, u, m)-expander vorter in G is a sequence Uy 2 Uy D --- D U,
such that
e Uy =V(G);

o |Ui| = |p|U;1]], for all 1 <i </, and |U,| = m;
e Ng(z,U;) is v-expanding in G[U;], for all 1 <4 < /¢ and all x € U;_;.

Proposition 5.7.2. Let 0 < v <1 and 1/n < p < 1. Suppose that G is a v-expander
on n vertices. Then there exists U C V(G) of size |un] such that, for every z € V(G),
Ne(z,U) is (v — n~Y3)-expanding in G[U].

Proof. Let U be a random subset of V(G) of size |un|. Fix z € V(G). Lemma 4.2.1
gives

P(|R,.c(Na(x)) NU| < (1/2+ v —n~/3)|U]) < 26720 PI0P/n < ge=wn'? < 1 /3,

Consider any y € R, ¢(Ng(x)). Again by Lemma 4.2.1,

2.1/3

P(de(y, No(z,U)) < (v — n Y3|U|) < 20207 FI0P/n < ge=wn'* < 1 3,

By summing over all choices of x and y, we see that with probability at least 1 —2/n

the set U chosen in this way satisfies:
1. |Rya(Neg(@)NU| > (1/24+ v —n~Y3)|U], for all z € V(G) and

2. da(y, Ng(z,U)) > (v —nV3)|U|, for all z € V(G) and all y € R, o(Ng(z)).
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For any = € V(G), we have
) 0 s
| Ry —n-12 g (Na(z, U))| = [Rya(No(z)) NU| = (1/2 + v —n=27)|U]

so U is the required set. U

We use the following result to find an expander vortex in G.

Lemma 5.7.3. Let 0 < v < 1 and 1/m’ < pu < 1. Suppose that G is a v-expander on

n > m' vertices. Then G has a (v — p, 1, m)-expander vortex for some |um'| < m < m'.

This result follows from repeated applications of Proposition 5.7.2 (see Appendix B.2 for

more details).

5.7.3 Covering most of the edges

In this section we decompose almost all of the graph G into cycles except for a very
restricted remainder using the following result. This is exactly the technique we used in

Section 5.6, so again we omit some details.

Lemma 5.7.4. Let k € N, k > 3 and 1/m < v,1/k. Let G be a 2-divisible 4v-expander
and let Uy 2 Uy 2O --- 2D Uy be a (5v,v, m)-expander vortexr in G. Then there exists

Hy, C G[Uy| such that G — Hy is Cap-decomposable.

We require some preliminary results. The first of which finds an approximate Coy-
decomposition of G' whilst maintaining control over the number of edges incident at all

vertices in a given set X.

Lemma 5.7.5. Let k € N, k >3 and 1/n < n < v,1/k. Suppose that G is a v-expander
on n vertices and that X C V(G) of size at most n*/?>n. Then there exists H C G such
that G — H is Cay-decomposable, Y := {x € V(G) : dg(x) > nn} has size at most nn and
XNy =9.
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Proof. We begin by finding edge-disjoint copies of (5, which cover all the edges in
G[X]. To this end, let Px := {(z,y) : 7y € Eg(X)}. Since |X| < n'/?n, G — G[X] is a
3v/4-expander and we may apply Proposition 5.7.1 (with Px, n'/2, G — G[X], 2k — 1 and
3v/4 playing the roles of P, v, G, k and v) to find a collection Px of edge-disjoint paths of
length 2k — 1 between the endpoints of each edge in Eg(X) such that A(JPx) < n/°n.
Thus we obtain a collection Fx of edge-disjoint copies of Cy, which cover all of the edges
in G[X] such that A(J Fx) < 21n"/%n. Let G/ :== G\ U Fx.

Our next step is to cover all but at most one of the remaining edges incident at each
vertex in X. For each x € X, pair up the vertices in Ng/(x), leaving at most one vertex.
Let P% denote the list of pairs for all z € X. Note that G’ \ X is a v/2-expander. Then,
as previously, apply Proposition 5.7.1 (with P, n/2, G'\ X, 2k — 2 and v/2 playing the
roles of P, 7, G, k and v) to find a collection P’ of edge-disjoint paths of length 2k —2 in
G'\ X between each pair in P%. These paths combine with edges incident at X to form
a collection F’% of edge-disjoint copies of Cy, which, together with Fx, cover all but at
most one edge incident at each x € X.

Finally, let H' := G — | J(Fx U Fk). Use the Erdés-Stone theorem to greedily find an
n3-approximate Cyp-decomposition of H' which we will denote by F. Let H := H' —|JF
and note that G — H has a Cy,-decomposition given by Fy UFy UF. If Y := {z €
V(G) : dg(z) > nn}, then |Y| < 2e(H)/(nn) < nn. Since dy(z) < 1 for all x € X,
XNy =40. O

We use Lemma 5.7.5 to prove the following result which finds a Cs-decomposition of

G so that every vertex has low degree in the remainder.

Lemma 5.7.6. Let k € N, k>3 and 1/n < v,1/k. Let G be a v-expander on n vertices.

Then G has an approzimate Coy-decomposition F such that A(G —JF) < vn.

Proof. Choose s,t € N and n > 0 such that

I/n<n<gl/s<1/t <y, 1/k
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and K has a K;-decomposition (s and t exist by Proposition 5.6.3). Let P = {Vi, ..., Vi}

be an equipartition of V(G) satisfying the following for all 1 <1i < s:
(i) da(y, Ng(z,V;)) > (v —n)|Vi] for all z € V(G) and all y € R, ¢(Ng(x));
(i) |Rya(Ng(x))NVi| > (1/24+v —n)|V;| for all x € V(G).

To see that such a partition exists, consider a random equipartition of V' (G) into s parts
and apply Lemma 4.2.1 to see that this partition satisfies (i)—(ii) with probability at least
3/4. Tt will suffice to show that G[P] has an approximate Cy-decomposition F such that
A(G[P] —UF) <wvn/2 (since |V;| <wvn/2 for all 1 <i <s).

Consider {71, ...,T;}, a Ki-decomposition of K, where V(K,) = {1,...,s}. For each
1 < i < (, define G; = Ujpeper) GV, Vi, so the G; decompose G[P]. Consider any
z € V(G;) and any y € R, ¢(Ng(x)) NV (G;). We have

de,(y, Ne,(2)) = > daly, No(z, V) > (t=2)(v—mn)n/s] (5.9)
V;CV(Gy)
z,yZVj

> (v/2)t[n/s] = (v/2)|Gil.

—

So

Ry o, (Vo ()] = | Rua(Na() N V(G| S #(1/2 4 v — ) |n/s)

> (1/2+v/2)t[n/s] > (1/2 4+ v/2)|Gyl.

Thus G; is a v/2-expander for each 1 <i < /.

Let X; := (. For each 1 < i < / in turn, apply Lemma 5.7.5 (with G;, v/2 and
X; NV(G;) playing the roles of G, v and X) to find H; C G; such that G; — H; is Co-
decomposable, dg, (z) < n|G;| for all z € X; and |Y;| < n|G,|, where Y; := {z € V(G;) :
dg,(z) > n|Gi|}. Let X1 := X; UY;. Note that, for all 1 <1 < ¢, |X;| < s’nt[n/s] <

n'%t|n/s|, so we can indeed use Lemma 5.7.5. Let H := |Ji_, H; and consider any
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z € V(G). We know that

dy(x) <Int[n/s| +t[n/s] < 2sntn+2tn/s < vn/2,

since dy, () < nt[n/s] for all but at most one 1 < i < /. O

The following proposition, an analogue of Proposition 5.6.6, takes a subset R of G
and covers all the edges in a sparse subgraph H which have no endpoint in this set R. It
is proved by mimicking the proof of Proposition 5.10 in [38] (see Appendix B.2 for more

details).

Proposition 5.7.7. Let k € N, k > 3 and 1/n < v < p,1/k. Let G be a graph on
n wvertices and let V(G) = L U R such that |R| > pun and Ng(z, R) is p-expanding in
G[R] for all x € V(G). Let H be any subgraph of G[L] such that A(H) < yn. Then
there exists a subgraph A of G such that A[L] is empty, AU H is Cy-decomposable and
A(A) <AY3|R).

We will obtain Lemma 5.7.4 from the following result by induction. The proof of
Lemma 5.7.8 very closely resembles that of Lemma 5.6.7 (and uses Lemma 5.7.6, Propo-
sition 5.7.7 and Proposition 5.7.1, in this order). We omit the details here and refer the

reader instead to Appendix B.2.

Lemma 5.7.8. Let k € N, k > 3 and 1/n < v,1/k. Let G be a 3v-expander on n
vertices and U C V(G) with |U| = |vn]. Suppose that Ng(z,U) is v-ezpanding in G[U]
for all x € V(G). Then, if 2 | dg(x) for all x € V(G) \ U, there exists a collection F of
edge-disjoint copies of Cyy, such that every edge in G — G[U] is covered and A(|J F[U]) <
V2 U| /4.

Finally, we use Lemma 5.7.8 and induction to prove Lemma 5.7.4.

Proof of Lemma 5.7.4. If / =0, we can set H, := G, so we assume ¢ > 1. We will

prove the following statement (which implies Lemma 5.7.4) by induction on /.
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Let G be a 2-divisible 4v-expander and let Uy C V(G) of size |v|G|| such that
Ng(z) is Qv /2-expanding in G[Uy] for all x € V(G). Let Uy 2 --- D U, be a
(5v, v, m)-expander vortex in G[Uy|. Then there exists Hy C G[U,| such that
G — Hy is Cy,-decomposable.

If £ = 1, the statement follows directly from Lemma 5.7.8 applied to G and U;. Assume
then that ¢ > 2 and the claim holds for £ — 1. Let G’ := G — G[Us] and note that G’
is a 3v-expander and Ng (z) is v-expanding in G'[U;] for all z € V(G). Furthermore,
for all x € V(G') \ Uy, der(x) = dg(x) so 2 | de(z). Apply Lemma 5.7.8 to find a
collection F of edge-disjoint copies of Cy, covering all edges in G’ — G[U;] such that
A(UF[U)) < V2| Uy|/4. Let G” .= G[U;] — JF. Then G” is 2-divisible and G” is a
4v-expander and Uy C V(G") with |Us| = |v|G”|]. Moreover, for any € V(G"), Ng»(x)
is 9v/2-expanding in G[Us]. Since G”[Us] = G[Us], Uy O --- D Uy is a (5v, v, m)-expander
vortex in G[Us]. Hence, by induction, there exists H, C G[U,] such that G” — H, has a

Cyr-decomposition F'. Together F U F' is a Coy-decomposition of G — H,. O

Finally, we prove the main result in this section, Theorem 5.5.2.

Proof of Theorem 5.5.2. Let m,m' € N and p be such that

I/n<l/m <1/m<pu<y1/k.

Let v/ :=v/7. Apply Lemma 5.7.3 to G to find a (61,1, m)-expander vortex Uy 2 Uy D
-+ D Upin G. Let Gy := G — G[U;]. Since U] < v'n, G is a v/2-expander (and if
k=4, 6(G1) > n/2 —v'n) which implies that between any two vertices in G, there are
at least m’ internally disjoint paths of length &k — 1. Apply Lemma 5.3.2 to the graph G
with U, playing the role of U to find A* C (G, as in the lemma. Let G* := G — A* and
note that G* is Cy,-divisible. We have A(A*) < |A*| < 2™, so G* is a 41/-expander and
U 2U; D--- DU is a (b, v, m)-vortex in G*. Then apply Lemma 5.7.4 to G* to find
H, C G*[U,] such that G* — H, has a Cy,-decomposition. Observing that A* U H, has a

Cy,-decomposition (by Lemma 5.3.2) completes the proof. 0
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5.8 Concluding remarks

In Theorem 5.1.2, we have found exact minimum degree bounds for a graph to have a
decomposition into cycles of all even lengths apart from six. For cycles of length six, the
best bound is given by Theorem 5.1.1 and remains at (1/2+¢)|G| which is asymptotically
best possible. We conjecture that the bound should also be |G|/2 in this case but were
unable to prove this using the methods of Section 5.5. The primary reason for this was
that we were unable to construct a Cg-absorber which could be found in a v-expander.
The transformer construction given in Section 5.3.1 works well for longer cycles since
these transformers can be constructed using paths of length at least three between the
fixed vertices. But, when the cycle is shorter, we do not have enough flexibility when
choosing the intermediate vertices. This means that we were only able to prove the
expander decomposition result, Theorem 5.5.2, for cycles of length at least eight. There
are also places in the proofs of Lemmas 5.5.3 and 5.5.7 where we require the cycle to
have length at least eight, though it is likely that these arguments could be adapted for

Cg-decompositions if required.
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APPENDIX A

SUPPLEMENTARY DETAILS FOR CHAPTER 4

Some results in Chapter 4 were very similar to existing results in [7] and their proofs

follow in a similar manner, requiring only minor adaptations. For this reason, we omitted

the details in the main body of this thesis but we include proofs here for completeness.
First we prove Lemma 4.5.2 which finds copies of P-labelled graphs in an r-partite

graph G.

Proof of Lemma 4.5.2. For each v € V(G) and each 0 < j < m, let s(v,7) be the
number of indices 1 < i < j such that some vertex of H; is labelled {v}. Note that (iv)
implies that s(v,j) < nn.

Suppose that we have already found copies ¢(Hy),...¢(H;—1) of Hy,...,H;_; such

that, for every v € V(G),
da,_,(v) < 00+ (s(v,j — 1) 4+ 1)b, (A.1)

where Gy := J,<;<;_, ¢(H;). We show that we can find a copy of H; in G —G;_; which
satisfies (A.1) with j replacing 7 — 1.
Let B :={v € V(G) : dg,_,(v) > n'/*n}. We have

Bl < 2e(Gj-1) < 2mdb 2ndbn?

1/2
02 = pizn = iy < 2n/"dbn.

By (iii), we can order the vertices of H; so that root vertices precede free vertices and
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each free vertex is preceded by at most d of its neighbours. We will embed the vertices in
this order. Suppose that we are currently embedding the vertex x. If x is a root vertex,
embed it at its assigned vertex. This is possible since we have not yet embedded any
neighbour of x.

Suppose that = is a free vertex labelled V' C V;. Let U denote the image of the
neighbours of z in H; which have already been embedded. Note that |U| < d and, by the

definition of a P-labelling, U N V; = (). Then (i) implies that dg(U, V) > ¢|V|. We have

(A1) 1/2
dG_Gj—l(U7 V) > dG’(Ua V) - Z de—l (u7 V) > €|V| - d(77 n+ (77” + 1)b)

ucU

> [B| + |Hj.

So we can map x to a suitable vertex in V' \ B.

Suppose that we have embedded all vertices of H;. We now check that (A.1) holds with
j replacing j — 1. If v € V(G) \ B, this is clear. Suppose then that v € B. If v was used
in the embedding of H;, v must be the image of a root vertex and s(v,j) = s(v,j—1)+ 1.
So in all cases,

de;(v) <n'Pn+ (s(v, ) + 1)b.

Continue in this way until all the H; have been embedded. Using (A.1),
A(H) = A(Gp) <020+ (nmn 4+ 1)b < en,

as required. O

Next we find a partition sequence in GG, proving Lemma 4.7.2. This result follows from

repeated applications of Proposition 4.7.1.

Proof of Lemma 4.7.2. Choose mq such that 1/mg < 1/k,1/r,« and let m’ > my.

Let ¢ := |log,(n/m')]. Define Py, ..., P, as follows. Let Py := {V(G)}. For each j € N,
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let

aj; = n_1/3 + (n/k‘)_l/g bt (n/kj—l)—l/?)'

Suppose that, for some 1 < p < ¢, we have already chosen Py, ..., P,_; such that, for
each 1 <i<p—1and each W € P;,_q, P;[W]is an (a;, k,d — a;)-partition for G[W] and

for all 1 < jy, ja, j3 < 7 with j; # ja, js, each U € P;[W] and each v € W,
|de (v, U,) — da (v, Uy )| < 2a|Uj, . (A2)

Let B := |n/kP~1|7Y3/2. For each W € Py, [Wi| = --+ = |W,| > n/kP~1 —1 >
n/k1—1> mg. Also, §(G[W]) > (8—a,_1)|Wil. So we can choose a (5, k, 8 — 5 —a,_1)-
partition Py, for G[W], using Proposition 4.7.1. Note that § + a,—1 < a, so Py is an
(ap, k, 6 — ap)-partition. Let P, := Uyep, , Pw

Consider any W € P,_y, any U € P,[W], any 1 < ji, ja, j3 < 7 with j; # jo,j3 and
any v € Wj,. We use that Py is a (5, k, 0)-partition for G[W] together with (A.2) to see

that

|dc(v,Uj,) — da(v,Uy,)| < |da(v,Uj,) — da(v, Wi,)/k| + |da (v, Usy) — da(v, Wy,) /K|
+ |de(v, Wj,) [k — da (v, Wj,) /K|
< BIUD‘ + 5|Uj3‘ + 2@}0*1“/{/]'1'/]{

< 2(B + ap1)|Uj, | + 20,1 < 2a,|Uy,|.

Finally, we note that

-1 1\ -1/3
Y (n/k=Y)"Y3 g a
ay = (n/kfe 1) 1/3 k, 7,/3 S ~73 S —73 S —_.
— 1— k=Y 1—2-1 2

This completes the proof with m = [n/k‘]. O

Finally, we prove Corollary 4.7.5. The proof is simply a case of verifying that the

sequence of graphs Ry, ..., R, obtained by Lemma 4.7.4 have the required properties.
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Proof of Corollary 4.7.5. Apply Lemma 4.7.4 to G to find a sequence of graphs
Ry, ..., Ry, such that R, C G, — G4 for each 1 < ¢ </, which satisfies the following.

Foralll<g</{ all 1 <j<r all W e P, ,all distinct x,y € W and all U € P,[W],

|dr,(z, U;) — pde,(z, Uj)| < a|Uj] (A.3)
’dRq({xay}an> _pszq({$;y}7Uj>| < Oé’Uj| (A4>
dG;_H <y7 NRq(CC, UJ)) > pdGq+1 (y7 NGq(x7 U])) - 3p2’UJ| (A5>

where G41 := G. So properties (i) and (ii) hold.
We now show that (iii) is satisfied. Fix 1 < ¢ < ¢, 1 < 4,7/ < r, W € P,
U U € PyW]and z € W\ (UUU UV; UVy). Since Py[W]is an (o, k,1 — 1/r + ¢)-
partition for G[W],
lde, (z,U;) — dg, (z,U))| < o|Uy| + a|Uj|.

We use that Py, ..., Py is a partition sequence to see that
e, (x,U}) — da, (2, Us)| < a|Uj].

Together these give
|dgq($, Uj)—dgq(.iﬁ,U]{/” <3(ZY(|UJ"—|—1). (AG)
We use (A.6) together with (A.3) to see that
|dr,(x,U;) — dg,(x,U})| <|dg,(x,U;) — pda,(z,Uj)| + |dg, (2, Uj,) — pdg,(x,U})]

-+ p|dgq (I, U]) — dGq (.T, Uj//)|

< a|Uj| + a|Uj| + 3ap(|U;| 4 1) < 3a|Uj].

So (iii) holds.
For (iv), ix 1 < ¢ <, 1<j<r, WeP, 1, UecP[W],z€ W\U and y € U.
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Suppose z,y ¢ V;. Since P,[W] is an (a, k, 1 — 1/r + ¢)-partition for G[W],

da,y, (4, Uj) 2 da(y, Uy) = Uyl [k =1 > (1 =1/r +¢/2)|U;| and (A7)

de,(z,Uy) = (1= 1/r)|Uj. (A.8)
So

(A7)
dc,. (Y, Ne, (2, U;)) > da,(x,Uj) +da,., (v, U;) = U] > dg,(x,U;) — Ul /r + €|U;] /2

(A.8)
> (1 - 1/(r — 1))de, (2.U) + £[U /2. (A.9)
Thus
(A.5) 9
deﬁ_l (y7 NRq(xu Uj)) > pdGq+1 (yu NGq<x7 UJ)) - 3p |U]‘
(A.9)
> p[(1=1/(r = 1))de,(z,U;) +€|U;| /2] = 3p°|Uj|
> p(1—1/(r — 1))dg, (z,U;) + p**|U;|
and (iv) holds. O
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APPENDIX B

SUPPLEMENTARY DETAILS FOR CHAPTER 5

We omitted some proofs from Chapter 5 in order to make the argument more concise and
draw attention to new results. These proofs are obtained by slight modifications to proofs

of similar results in [38] and we provide full details here for completeness.

B.1 Decompositions of bipartite graphs

This section supports Section 5.6. We will prove Lemma 5.6.1 which finds a vortex in
a bipartite graph GG. We use the following proposition which is a simple application of

Lemma 4.2.1.

Proposition B.1.1. Let 0 < § < 1 and 1/n < p < 1. Suppose that G = (A, B) is a
bipartite graph with n = |A| < |B| < 3n and 6,i,(G) > §. Then there exists U C V(G)
such that |U N X| = |p|X|] and dg(z,U N X) > (§ —n~V3) | u| X|| for each X € {A, B}
and every x € V(G) \ X.

Proof of Lemma 5.6.1. For each X € {A, B} and each i € N, define ng(X) := | X]|
and n;(X) = [pn;_1(X)]. Let ao := 0 and a; = |A|7/3 Z;Zl p=UOB Let n; =
n;(A) + n;(B). Observe that

WX = 1/(1 = ) < my(X) < lX] (B.1)
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and so

ni(A) < mi(B) < 3(ui|Bl/2 — 2) < 3('|A| - 2) < 3ni(A).

Define ¢ := 1+ max{i > 0 : n; > m'}, m := n, and note that 2| um’| < m < m/'.

Let 1 <1 < /. Suppose that we have already found Uy, ..., U;_1, a (0 —2a;_1, 4, n;—1)-
vortex respecting (A, B) in G. By Proposition B.1.1, there exists U; C U;_; such that, for
each X € {A, B}, |[U;N X| = ny(X) and dg(z,U; N X) > (6 — 2a;_1 — ni—1(A)7V3)n;(X)

for every x € U;_1 \ X. Since
| (B.1)
2(a; — a; 1) = 2(JA|p )TV > 2(ni 1 (A) +2)712 > n o (A)7,

U, ..., U;is a (6 —2a;, pi, n;)-vortex respecting (A, B) in G. Eventually we find Uy, ..., Uy,
a (0 — 2ay, u, m)-vortex respecting (A, B) in G.

Finally, observe that =Y A| > ng_1(A) > ne_1/4 > m'/4. So

—6/3_1 =11 A -1/3 /4 -1/3
o ] 58 (AN _ (/)

Iu—l/?)_l— 1_,“1/3 - 1_,“1/3 SP“/Q

and the result follows. O

B.2 Decompositions of expanders

In Section 5.7 we found Cy-decompositions of expanders. This section contains some

additional details. We begin by proving Lemma 5.7.3 which finds an expander vortex in

G.

Proof of Lemma 5.7.3. Define ng := n and, for each i € N, n; :== |un;_1]. Then
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and, for each i € N, let a; :=n~'/3 22:1 G073,

Fix 1 <4 < ¢ and suppose that we have already found a (v — 2a;_1, p, n;_1)-expander
vortex Uy, ...,U;_1 in G. By Proposition 5.7.2, there exists U; C U;_; of size n; such that
Ng(z,U;) is (v — 2a;-1 — n;ll/g)—expanding in G[U;| for every x € U;_y. Thus, Uy,...,U;
is a (v — 2a;, i, n;)-expander vortex in GG. All that remains is to note that Uy, ..., Uy is a

(v — 2ay, 1, m)-expander vortex in G' and

0—1,\—1/3 1—1/3

<
M_1/3_1_ 1_M1/3 “1l-pu

ay =N

since p“~tn >mn, 1 >m’. Thus Uy, ...,U; is a (v — pu, i, m)-expander vortex as required.

0

We now prove Proposition 5.7.7 which is used to cover all edges in a sparse subgraph H
of G which have no endvertex in a set R. Its proof is very similar to that of Proposition 5.10
in [38].
Proof of Proposition 5.7.7. Enumerate the edges of E(H): ey,...,e,. For each edge
e; in turn, we will find a copy F; of Cy, which contains e; such that V(F;)) N L = V (e;).
The graphs Fi, ..., F,, must be edge-disjoint.

Fix 1 < j < m and suppose that we have already found Fi,..., F;_. Let G;_; :=

/~1 F; and suppose that A(G; ;) < V2. Let X = {z € V(G) : dg,_,(z) > \/7n}

and note that X N L = (), since dg,_, (r) < 2A(H) < \/yn for all 2 € L. We have

| X|vAn < 2e(Gj_y) < dke(H) < 2kyn?,

giving |X| < 2k,/An < 4Y3|R|. Let G’ := (G — G;_1)[(R\ X) UV (e;)]. Recall that, for
any x € V(G'), Ng(z, R) is p-expanding in G[R], i.e., |R, qr(Ne(z, R))| > (1/24 p)|R|.
Since A(G;_1), | X| < ~4Y?|R|, we have

| Ryu2cr(Ner(2))] = (1/2 4 p/2)(|1 Rl + 2) = (1/2+ 1/2)|G'].
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Thus G’ is a p1/2-expander. This allows us to find a copy F; of Cy in G’ that contains
ej. Moreover, F; avoids X so A(G;) < \/yn + 2. Letting A := (", (Fi — e;) completes

the proof. 0

Finally, we prove Lemma 5.7.8 (the proof uses the same ideas as the corresponding

bipartite result Lemma 5.6.7).

Proof of Lemma 5.7.8. Choose constants v, £ such that 1/n < v < £ < v,1/k. Let
W =V(G)\U, m:= [ and M := ("}"). Let V4,...,Vas be an equipartition of U
such that for all z € V(G) and all 1 <1i < M,

N¢(z,V;) is v/2-expanding in G[V}]. (B.2)

To see that such a partition exists, consider a random equipartition of U into M parts.
Apply Lemma 4.2.1 to see that such a partition satisfies (B.2) with probability at least
3/4.

Let Wy, ..., W,, be an equipartition of W and let G}, ..., GM be an enumeration of

the M graphs of the form G[W;] or G[W;, W;]. Note G[W] = ¥, G}, and
G| < 2(IW|/m +1) < 26n

for all 1 <i < M. For each 1 <i < M, let R; := G[V;, V(Giy)]. Let R := Y, Ri. Note
that A(R) < max{2&n,2|U|m/M} < 4¢n.

Let G’ := G — (G[U]U R). Since |U| = |vn| and A(R) < 2&n, we note that G’ is a
v-expander. So, by Lemma 5.7.6, G’ has an approximate Cy,-decomposition F; such that
H := G —|J F satisfies A(H) < yn.

We now use R and Proposition 5.7.7 to cover the edges in H[W]. For each 1 < i <
M, let H; := H[W]|N Gy (so HW] = UH;) and G; := G[V;] U R; U H;. Note that
V(G;) = V; UV (Gi,) and thus v&?n/10 < |V;| < |Gy| < 3¢én, implying that |V;| > €3Gy
Also A(H;) < yn < /|G| and (B.2) implies that Ng,(z,V;) is {-expanding in G[V}]
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for all z € V(G;). So we may apply Proposition 5.7.7 (with G;, /7, £ and V; playing
the roles of G, 7, p and R) to find A; C G; such that A;[V(G;) \ Vi is empty, A; U H;
is Cyp-decomposable and A(4;) < €4Vi|. Let A := U, A;. So AU H[W] has a Cay-
decomposition F, and A(A) < &n.

We must now cover the remaining edges in H[U, W]U R'. Let G" := G — |J(F1 U F2).
Note that G"[W] is empty and A(G") < A(H) + A(R) < yn + 4én < 5¢n.  Since
A(A) <¢n, G"[U] is a v/2-expander. For each w € W, dgr(w) is even, so we can pair up
the vertices in Ngv(w) arbitrarily and let P denote the list of pairs of all neighbours of

W. Each vertex in U appears in at most A(G”) < 5én < v/€|U| of the pairs in P and
|P| < A(G")n < 56n? < /€U

Then we can apply Proposition 5.7.1 to G”[U] (with |U|, v/€, v/2, 2k — 2 playing the roles
of n, 7, v and k) to find a collection F3 of edge-disjoint copies of Cy, which cover the
edges of G — G"[W] such that A(F3) < v3|U|. Let F := F; U F, U F3. Then F covers
every edge of G — G[U] and A(F[U]) < A(A) + JFU] < v*|UJ/4. O
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(u;Cuy), 16

G, 40

H, ,, 68

H, ,, 69

Kk, 65

K, (k), 85

L(i, k), 160

Ng (x), NZ(z), 15
RN:G(S), 18

R, ,, 65

§°(@), 15

0i, 0, 71

F, 69

<, 16

o(C), 16

dg(z), d5(z), 15

d%(x), 15

de(ui,ug), de(Py, Py), 16
kAP-free process, 68
e-close to K, o U K,y /2, 181

e-close to bipartite, 181

absorber, 93

absorbing set, 102

INDEX
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antidirected, 16
close to, 47

approximate decomposition, 80

backward
edge, 16
path, 16
balanced
locally P-, 124
multipartite graph, 85
strictly k-, 66
balancing
degree balancing graph, Bgeg, 132
degree balancing set, 139

graph, 124

cluster, (r, f)-, 71

compatible, 91

connector, Co-, 160

consistent collection of paths, 16

consistently oriented, 16

cycle, (-, 67

decomposition, 79

degeneracy, 92



density, dg(X,Y), 109
divisible

2-, 160

Cl-, 154

K,-, 80

edge balancing graph, Beqge, 125
edge, AB-, 15
equitable partition, 85
exceptional cover of G, 39
excess multigraph, EM(H), 126
expander, v-, 181
expanding, v-, 181
expansion, K,-, 100
extremal

AB-, 20

ABST-, 21

ST-, 20

e-, 18

m-, 164

forward
edge, 16
path, 16

free vertex, 91
good path system, 32
hypergeometric distribution, 85

identifying vertices, 94

irreducible, 125

labelled, P-, 91
Latin square, 82

orthogonal, 82
link, 42

long run, 30

matching, 85
perfect, 85

maximum i-degree, A;(H), 66

maximum co-degree, Ay_1(H), 66

mutually orthogonal Latin squares, 82

oriented graph, 16

partition

(e, k, 0, m)-partition sequence, 104

(o, k, §)-, 104
k-, 104
respecting, 94

partition, P-, 32

path
A-, 15
AB-, 15

form X; X, ... X,, (X)*, 15
length, 15

random greedy
F-free process, 65

independent set process, 67



reduced graph, 111

regular, e-, 109

repeated A, 40

robust (v, T)-outexpander, 18
robust neighbourhood, 181

root vertices, 91

sink vertex, 15
sink /source/sink sets, 42

source vertex, 15

transformer, 93
transforms, edge, 167
type 1 extremal, 164

type 2 extremal, 165

useful AB-path, 55

useful tripartition of P, 42

vortex, 165
expander, 198
respecting (A, B), 189
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