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ABSTRACT   

The innovation of optical frequency combs (OFCs) generated in passive mode-locked lasers has provided astronomy 

with unprecedented accuracy for wavelength calibration in high-resolution spectroscopy in research areas such as the 

discovery of exoplanets or the measurement of fundamental constants. The unique properties of OCFs, namely a highly 

dense spectrum of uniformly spaced emission lines of nearly equal intensity over the nominal wavelength range, is not 

only beneficial for high-resolution spectroscopy. Also in the low- to medium-resolution domain, the OFCs hold the 

promise to revolutionise the calibration techniques. Here, we present a novel method for generation of OFCs. As 

opposed to the mode-locked laser-based approach that can be complex, costly, and difficult to stabilise, we propose an 

all optical fibre-based system that is simple, compact, stable, and low-cost. Our system consists of three optical fibres 

where the first one is a conventional single-mode fibre, the second one is an erbium-doped fibre and the third one is a 

highly nonlinear low-dispersion fibre. The system is pumped by two equally intense continuous-wave (CW) lasers. To be 

able to control the quality and the bandwidth of the OFCs, it is crucial to understand how optical solitons arise out of the 

initial modulated CW field in the first fibre. Here, we numerically investigate the pulse evolution in the first fibre using 

the technique of the solitons radiation beat analysis. Having applied this technique, we realised that formation of higher-

order solitons is supported in the low-energy region, whereas, in the high-energy region, Kuznetsov-Ma solitons appear.  

 

Keywords: Spectrograph calibration, Optical frequency combs, Soliton radiation beat analysis, Higher-order solitons, 

Kuznetsov-Ma solitons, Solitons in fibres, Four-wave mixing, Nonlinear Schrödinger equation 

 

1. INTRODUCTION 

OFCs generated in mode-locked lasers with relative stabilities at the level of 10
-11

…10
-15

 have been demonstrated to 

provide high-resolution spectroscopy with wavelength calibration accuracies that correspond to radial velocity 

uncertainties of no more than a few cm/s
1,2,3,4,5,6,7,8

. The extremely high stability and repeatability of these devices have 

opened a new window of research opportunities, e.g. the measurement of the Universe’s expansion history via the 

observation of the cosmological redshift of distant objects or the measurement of changes in the fine structure 

constants
9,10

. What has as yet not been widely appreciated is the fact that even low- to medium-resolution spectroscopy 

would gain significant benefits from the use of OFCs as calibration marks. The low- or medium-resolution OFCs can be 

deployed for such existing or novel instruments as PMAS, MUSE, 4MOST, a future Multiobject-Instrument for the E-

ELT (ELT-MOS), etc
11,12,13

. 

 

We propose an all optical fibre-based approach for generation of OFCs that is stable, low-cost and allows to generate 

combs with tuneable spectral line spacing adjustable for the resolution requirements of the spectrographs in the low- and 

medium resolution range
14,15

. Since our approach includes only standard telecom components, it is easier to be 
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implemented compared to the alternative fibre-based techniques
16,17,18,19

. A further advantage is that our system utilises 

less fibre material. It consists of three fibre stages: a conventional single-mode fibre, an erbium-doped fibre, and a highly 

nonlinear low-dispersion fibre. We use two phase-locked continuous-wave (CW) lasers with the laser frequency 

separation of            as the light source. They deliver a deeply-modulated sine-wave as initial optical field which 

evolves into a train of Kuznetsov-Ma (KM) solitons as it propagates through the first stage
20

. At the same time, an OFC 

arises due to the four-wave mixing process (FWM)
21,22

. Via the changing of the    , it is possible to tune the OFC line 

spacing and adjust it to the resolution properties of the considered spectrograph.   

 

To be able to control the quality and the bandwidth of the arising OFC, it is crucial to understand the formation of KM 

solitons out of a deeply modulated sine-wave. Usually, to study the dynamics of optical pulses in fibres, people use sech-

profiles or slightly modulated sine-waves as initial condition. In the first case, single solitons evolve on a zero-

background as they propagate through the fibre
23,24,25

. In the second case, the arising spatio-temporal breathers undergo 

periodic energy exchange with a finite background
26,27,28,29,30

. The processes that govern the solitons’ dynamics are well 

understood in both cases. Here, we investigate spatio-temporal breathers that have no background. More precisely, we 

determine the soliton content of the pulse train that propagates in our system. To do so, we use the technique of the 

soliton radiation beat analysis (SRBA)
31

.  

     

This paper is structured as follows: in Sec. 2, we present the experimental setup for generation of OFCs in fibres and the 

according mathematical model, the concept of SRBA is depicted in Sec. 3 and the result are shown in Sec. 4, a 

conclusion is drawn in Sec. 5. 

 

2. EXPERIMENTAL SETUP AND MATHEMATICAL MODEL 

2.1 Setup 

Fig. 1 presents the experimental setup for generation of broad and stable OFCs
14,15

. It consists of three coupled fibres: 

fibre A is a conventional single-mode fibre, fibre B is erbium-doped, fibre C is highly nonlinear and low-dispersive. The 

fibres are pumped by two equally intense phase-locked CW lasers. Laser 1 is fixed at the angular frequency   , Laser 2 

has tuneable frequency   . The resulting frequency    (     )   of the initial modulated sine-wave coincides 

with the central wavelength at           

 

The evolution of an optical comb in the presented system obeys the following processes: the initial spectrum of two 

frequency lines with     and     gets broadened due to FWM as the light propagates through fibre A. The new lines are 

equidistantly positioned and have line spacing that coincides with the initial laser frequency separation                    

                 The spectral broadening in the frequency domain corresponds to the pulse compression in the 

time domain: the initial modulated sine-wave gets reshaped to a train of KM solitons with pulse widths of a few pico-

seconds and repetition rates that are equal to LFS
23,25,28

. In fibre B, the solitons get further compressed down to the 

femto-second range due to the increased nonlinearity which is a result of the gain experienced in fibre B. This 

compression yields the appearance of additional lines in the comb spectrum. In fibre C, the OFC is extremely broadened 

due to the FWM caused by the high nonlinearity of the fibre.  

     

       

       

 

 

 

 

     Figure 1. Experimental setup. LASER 1: fixed CW laser, LASER 2: tuneable CW laser, ISOL: optical isolator, PC: polarisation 

controller, EOM: electro-optical modulator, AMP1: amplifier 1, F1: optical filter 1, AMP2: amplifier 2, F2: optical filter 2, 

A: single-mode fibre, B: Er-doped fibre, C: highly nonlinear low-dispersion fibre, PUMP: pump laser for fibre B, AUTOCOR: 

optical autocorrelator, OSA: optical spectrum analyser, ESA: electrical spectrum analyser  
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2.2 Model 

We use the generalised nonlinear Schrödinger equation (GNLS) for a slowly varying optical field envelope    (   ) 

in the co-moving frame to model the propagation of light through fibre A of the setup presented in Sec. 2.1
14,15,21,22

: 
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where    (
   

   )
    

denotes the value of the dispersion order at the carrier frequency     For the dispersion order, we 

use         is the nonlinear coefficient defined as   
    

   
 with   being the nonlinear refractive index of silica,   the 

effective mode area, and   the speed of light. The delayed Raman effect is incorporated into the model by means of the 

response function  

 ( )  (    ) ( )      ( )                                                                          ( ) 

which includes both, the electronic contribution assumed to be nearly instantaneous and the contribution set by vibration 

of silica molecules and expressed via   ( )           denotes the fraction of the delayed Raman response to the total 

nonlinear polarisation. The function   ( ) is defined as follows:   
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with            and          being the characteristic times of the Raman response of silica and    
     representing the according vibrational instability with           The initial condition for Eq. 1 is given by 

  (     )  √     (   )                                                                               ( ) 

Eq. 4 represents the radiation of the lasers Laser 1 and Laser 2 with the equal value of peak power    and the central 

angular frequency    (     )    The numerical solution of Eq. 1 and Eq. 4 is achieved using the interaction 

picture method in combination with the local error method. In this paper, we choose     sample points in a temporal 

window of         To perform SRBA, we use the following parameters for fibre A:       
   

  
       

   

  
  and 

           . The value of the initial laser frequency separation it set to             Eq. 1 and Eq. 4 deliver 

solutions of the optical field in the time domain. To extract the information about the arising OFCs, one will need to 

perform Fourier transform into the frequency with regards to the time variable     

 

3. SOLITON RADIATION BEAT ANALYSIS 

As mentioned previously, our aim is to generate stable and broadband OFCs. Generally, the spectral bandwidth of optical 

pulses depends on the pulse duration. In the specific case of optical solitons, the pulse duration is inversely proportional 

to their energy. Depending on the amount of the input power, it is possible to generate not only fundamental, but also 

higher-order solitons, whereby the soliton order increases with the input power. The soliton order itself is described by a 

real number    the fundamental solitons have    , whereas the higher-order ones have higher values of    An 

important feature is that the energy of a solitons scales with    In this paper, we address the question how the energy and 

  are related to each other.  

 

Since the GNLS (Eq. 1) is not integrable in our case, we cannot solve it explicitly. Therefore, we take advantage of 

SRBA to analyse the system. SRBA is a numerical technique that can provide us with information about the energy, the 

velocity, the phase, and the position of each soliton involved. Since Eq. 1 is formulated in the co-moving frame, the 

velocity, the phase, and the position are not relevant. They can be set by the boundary conditions for each specific case. 
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Thus, the only important parameter left is the energy which can be related to    The technique of SRBA can be applied 

for arbitrary, not only solitary, initial conditions
32

. 

We introduce the technique of SRBA by a simple example. Generally holds that the resolution in the frame of SRBA 

strongly depends on the total fibre length chosen for simulation. Precisely, it goes with     with   being the total 

propagation length. Thus, to show the features of SRBA in detail, we perform a calculation with a fibre length of 

          which will allow us to produce well resolved graphs. The input power is set to         , all other fibre 

parameters are chosen as stated in Sec. 2. 

 

To perform the SRBA, we start with the calculation of the optical field propagating through the fibre, i.e.  (   ). After 

calculating the power values  (   )    (   )    we extract  ( )   (     )  These values are presented in Fig. 2 as 

a dashed line. As one can see, the power function  ( ) oscillates over the propagation distance. This oscillation contains 

information about the involved solitons and their properties. To decode this imprinted information, we perform a Fourier 

transform on these data. The power spectrum of the Fourier transform over the spacial frequencies Z,  ̂( ), is shown in 

Fig. 3 again as a dashed line.  

 

Let us now consider the low-frequency region. Obviously, the strong oscillation of  ( ) over the propagation distance 

(see Fig. 2) results in a peak in the spacial frequency domain (see Fig. 3). Additionally to the peaks, there is a 

background which is an artifact of the Fourier transform. It arises due to the discontinuity of  ( ) at the boundaries. To 

suppress this artificial background, we apodise  ( ) by means of a Gaussian apodisation function that is presented as a 

solid line in Fig. 2. As one can see, the discontinuity of the apodised power     ( )  is effectively minimised at the 

boundaries. Now, the apodised power     ( ) gets Fourier-transformed exactly as the not-apodised one. The according 

power spectrum is also shown in Fig. 3 as a solid line. The background of the transformed apodised data is drastically 

reduced and more peaks are visible now. However, to get an unambiguous mapping of solitons and their beating 

frequencies, it is necessary to perform the described algorithm for different values of the input power     This will be 

presented in Sec. 4. 

 
     Figure 2. Pulse peak power at     over propagation distance. Dashed line: non-apodised peak power, solid line: apodised power 

 

 
     Figure 3. The power spectrum obtained by the Fourier transform of the functions presented in Fig. 2. Dashed line: non-apodised 

peak power, solid line: apodised power 
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4. RESULTS 

     Figure 4. Left: Power spectrum of the Fourier transform in grayscale for different values of input power   , Right: Sketch of main 

peaks. A0: Average power, S1: soliton 1, S2: solitons 2, O1(S1): first overtone of S1, O2(S1): second overtone of S1, S2-S1: 

mixing frequency of S1 and S2 

    
Now using the SRBA technique presented in Sec. 3, we analyse our system for input power values of           
      whereas the total fibre length is chosen to be          SRBA will answer the general question if optical 

solitons can be generated in our system. In the case that solitons are present, SRBA will provide us with information 

about the energy content of the invloved solitons and the according soliton order. 

 

The results of the extended numerical simulations are summerised in Fig. 4 (left). The power spectrum of the Fourier 

transform as a function of spacial frequency   and the input power    is shown as a density plot in grayscale. For any 

values of    and      a strong peak (A0) is visible that corresponds to the average value of the power  ( ). Since it 

does not contain any pieces of information about the soliton content, we exclude it from our consideration. In contrast, 

all other peaks give us a clue about the involved solitons and the dispersive radiation. To illustrate the mapping of the 

peaks, we use a simplified version presented in Fig. 4 (right). 

 

The most prominent peak starting at           and            corrsponds to the beating of soliton S1 and the 

background. In the input power region                , the spacial frequecy   of S1 does not depend on the input 

power, for any other values of       scales nearly linearly with     Obviously, at           a transition between two 

different soliton states takes place.  

 

In case of a single soliton propagating through the fibre, such transition would not be expected. Instead, a positiv 

threshold value of the input power,          should be present from which the soliton formation is supported
31,33

. In 

our case, however, we consider a train of pulses that acts as a collective soliton state. In such a collective state, single 

parts of the pulses overlap to the structures which have in total enough energy to form a soltion. Apparently, this is the 

reason why a transion between two soliton states and not a threshold occurs.     

 

The overtones of S1 arise at           and            (O1) and           and            (O2). The 

appearance of the overtones is a feature of SRBA and gives us no further information about the soliton content. The 

second soliton (S2) arises exactly at the point where O2 appears, i.e. at           and           . The spacial 

frequency difference between the first and second soltion, i.e. S1 and S2, leads to a mixing frequency that is visible from 

         and            (S2-S1). Like the soliton overtones, mixing frequencies are an artifact of SRBA.  

 

It is known that the spacial frequency   is proportional to the energy of a soltion
31,33

. In our case, at            the 

ratio   between the spacial frequencies of S1 and S2 is      . Such ratio typically appears for higher-order solitons 

with      Therefore, we conclude that, in our case, S1 and S2 constitute a soliton with        is constant for in the 

input power region of                  For higher values of     the ratio   decreases to        Obviously, there 

is change in the soliton composition for any input powers           As for KM solitons specifically, there is one 
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degree of freedom that determines  the behaviour of the solutions of Eq. 1
28

. As just mentioned, we observe solitons with 

changing poperties expressed via the ratio   for different values of the input power           These changes are 

consistent with the mentioned degree of freedom of KM solitons. Therefore, we conclude that, in our case, the formation 

of exactly KM solitons and not of any other soliton types is supported for higher values of the input power.  

   

5. CONCLUSION 

We numerically studied the formation of optical solitons in a system that can be deployed for generation of optical 

frequency combs useful for astronomical application in the low- and medium resolution range. These studies were 

performed using the soliton radiation beat analysis. We were able to show that for any chosen values of the input power, 

the soliton formation is supported. This is a positive feature of our system, because solitons generally provide stable and 

broad spectra. We identified two soliton regimes and a transition point between them. For input power values    
      (low-energy region), the formation of higher-order solitons with the order     occurs, whereas the formation of 

Kuznetsov-Ma solitons is supported for any input power values of          (high-energy region). The regime 

transition point lies, accordingly, at           Since the optical frequency bandwidths go with the increasing input 

power, it is preferable to choose the region in which the generation of the Kuznetsov-Ma solitons occurs for the purpose 

of astronomical applications. Moreover, from the stability point of view, it is advisable to deploy standard telecom fibres 

for generation of optical frequency combs, since for such fibres, we observed no soliton fission in our simulations that 

might degrade the system behaviour.    
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