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1. Introduction

Understanding the efficiency and robustness by which the human brain processes
information has been the motor force behind the development of neural networks
models. Recent findings in Neuroscience have provided insight into the principles
governing information representation in the mammalian brain [1,2], motivating recent
advances in the deep-learning subfield (for a review, see [3,4] and references therein).
Two characteristics are common to the mainstream deep-learning approach, namely
hierarchical network architecture and feature extraction through relatively simple
classifiers. It is only natural to infer that the level of sophistication reached by the
deep-learning applications strongly motivates the study of similar systems, using the
statistical mechanics technology developed during the past decades.

From the theoretical physics perspective, neural networks are the archetype of
disordered systems. Similarities between networks of formal neurons and spin systems
have suggested the application of statistical mechanics techniques for their study [5].
Particularly after [6], where it was demonstrated that the statistical-mechanics approach
can be helpful for studying the properties of perceptrons [7, 8], most of the effort
was concentrated on solving the generalization and the storage capacity problems for
networks with more complex architectures [9-16]. Nonetheless, the feed-forward network
with only one hidden layer of binary units [15,16] has been the most complex architecture
considered for the storage capacity problem.

Recently, more complex architectures have drawn attention, due to the possibility
to obtain analytically some computational properties [17,18]. In this article we are
interested in computing the storage capacity of such architectures, known as ultrametric
committee machines (UCMs).

1.1. UCMs

Let us consider a feed-forward network implementing a Boolean function oy : {#1} —
{#1}, with L hidden layers and with X' << N hidden-to-input units in the first hidden
layer. All units (output, hidden and input) in the committee are binary. Hidden-to-
input links are implemented by synaptic vectors w € RY (figure 1). The structure
from the bottom up is composed by one output unit connected to K units in the L-th
hidden layer, each of them connected to Ky_; units in the (L — 1)-th level. The total
number of units in the (L — 1)-th level is then K K ;. Each node has an activation
variable that is a function of the activation variables of the sub-tree with root at the
node. Connections from units at the ¢-th hidden layer to units at the ¢ 4+ 1-th layer
are all set to one. To single out the variables of the ¢-th layer we will use the notation
ke = [kp, kp—1,..., ki) = [[kr, k-1, .., kes1] ko] = [Ker1ke], which runs over all hidden
units of the ¢-th layer. Thus

o(S) = san ( le_L ’; %(S)> (1)
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Figure 1. Schematic representation of an UCM with L = 3 hidden layers. The
highlighted unit 0921 is linked to the output unit through the path k; = [2,2,1].

() =sen | ——— 3 g, (S) 2)

ok, (S) = sgn (WJINS) : (3)

where W = {wiq—fr,,..k) € RY, wi wi, = N, 1 < k; < K} is the set of synaptic
vectors of the units in the first hidden layer, sgn(z) = z/|z| if x # 0 and 0 otherwise,

w' is the transpose of the vector w and S € {jzl}N is a pattern to be stored. As a
last note over the architecture, we will impose the condition K; > HEL:J. 41 Ky, which is
equivalent to the initial imposition N > K.

The committee has been constructed drawing vectors from a suitable distribution

over RY such that

T

[Qiag = =5 (4)

= Ok, (1 — §1> + Okole, (51 — §2> + .+ Ok (5L71 - C~L> + (L,

where 5kek2 = an:g Okmk,, and d;; = 1 if and only if # = j and 0 otherwise. The structure
of the matrix 2 is block-diagonal and resembles the matrices used to represent inter-
replica interactions [19]. We impose the following scaling relationship to the elements
of (4):

> Ge
G = , )
‘ H§:1 Kj ( )
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where (; ~ O(1) and Hf:l K; = K. In this way we can express the overlap matrix as:

.Ql QL 1 QL

Q ¢ = 01 $20 + Ol — 0 _— 6
[]klk Kk k20 + kaK-f— +kLkK K, K (6)

where

2= ¢ - o (7)

Observe that the matrix €2 has the following properties

(i) € is symmetric, i.e. [Qi, x = [ x, for all paths k; and kj

(ii) € has non-negative entries, i.e. [y, > 0 for all paths k; and k}
(iii) [, > min { [k, ko, [y } for all paths ky, ki and k{
(iv) 1= [Qi,x > max {[Qu, 1 VK #ki},

therefore the matrix Q is ultrametric [20]. Given that the overlap matrix €2 is ultrametric
we dubbed these networks ultrametric committee machines.

1.2. The replica approach

Given a set of examples Sp = {(5 u) }le we want to compute the volume occupied by

suitable synaptic vectors equally classifying the vectors in Sp, according to the metric
dp(W):

V() = T 60 ) [ au HH@(Tka;f)

pn=1 pn=1 k;

P
. . o K Kp,Kp—1 o \Kr,.
where the binary variables 7 = {Tu, {TkL,u}kLzl , {Tkalvﬂ}kL,lzm v { Ty #}kl i } »

conform the internal representation of §, in the UCM with architecture determined by
W, and satisfy the following relationships

Kp,
T, Tk
1= @( = Tk:L,u) = @( —= E Tliee 1,ke], u)
KL kL=1 K ]W 1

and O is the Heaviside function. Following [14], we compute the power § of the volume

associated to the compatible internal representations:

Kp, B
VE(Sp) = H@ (%Ef’“) [/ HH@(MW;f )] (8)

p=1 ki

By replicating the products born from the powers we obtain the following expression:

V7 (Sp) = H@<\/K—LZTkLH>H Z @(\/T%];jhw)m

k=1 =l {n, )

H Z &) (Tkw ZTkI M) ﬁ ﬁ /du (W) 0 (Tkl,uw\%TNg“).

k=1 {n .} ki= a=1k =1
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The statistical properties of the system can be obtained through the partition function:

P
ZoSe) =1 > vise), (9)
P}
and, in particular, we are interested in optimizing the zero temperature specific entropy,

which is a self averaging quantity, i.e.:

log Z5(S Zg)e —1
_ (log Zs(Sp))s, 1 lim< Bs, . (10)
KN KN n—o0 n

The replicated, quenched averaged partition function is then

Z>P=ﬁﬁﬁ 3 @(Fzﬂw)

p=la=1kr=1 T;; M:il kr=1

kL11TkL1u 1k—1

Tiey - . wiE,
i Zf( ZM)H/W (o (555%)),

k1= lTklaﬂi k1 1

We can represent the Heaviside function by using the Fourier transform of the delta

function
O(x) = / dnd(n — z) = / D, ) explifa),
0

where we have defined the notation D(z,z) = de dz O(z) exp(—izz)/2n. Thus

T oo T S oo (522 [0, -

pn=1a=1 kr, *17‘ :
Theo 1Tk
a ~a ko,u'lka,p kl,u
Ptk TS e (i)
ki= 17‘ *:ﬁ:l

a,aT

wy €
L1/ ot i) f e <exp ( R >> |
a N s,

The average over patterns can be computed as follows
aAaa OéaT 1 aAaa a,a
S T s
a aTW'\/ b
con (T X X T ﬁnﬁ?ﬁ?) ]

ab o,y ki,mg

The synaptic overlaps are then arranged in a matrix with the following structure

a,aT b
’y?
Wk1 Wml

a;y,b
Qi = e
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Let us define the vector components [717), ;" = 7¢ 7", We have then

(28)s, = [ 4Q <HH [Ts(w [Q]imf—wﬁfwxfz)>
Whn

(l,b a,'yklml
>/any Ny ) -

/oo 1Y oo (2
a=1 kr=1 7'“ ==+1
a  ~a 7_k 77k Tk a,a  ~q,a
--/D(nkz,mq H > eXp< ks 1) H/ (®, ie®)
ki=17f =+1
1 P
exp (~glralTQria) b
The average over the replicated set of synaptic vectors (W°") can be expressed as:

(I T1 (vt i) = f o (o0a) -

a,b a'yklml

x <exp (—%ZZ > wiTwid [QJﬁ;‘filf’)> -
Whn

ab oy ki,m

By construction the measure of the synaptic vectors imposes that wl‘i‘l‘ﬂwavf =

m
N[k, m,, S0 we have that the average <Ha o [ on T m, 0 (qu‘flanzlb — wﬁ‘langfi) >
can be expressed as:

/dQ exp [—g <n5K —trQQ+log]Q])>] )

By applying the Laplace method we observe that an extreme of the free energy will be

whn

obtained if Q = Q. If we consider P = aN then we have that the quenched average
is

(Z)s, = [ Qe |V (FroelQ +aGr(@))]

where

= log H/Dn 7’ H > exp(nT’“>/anLﬂ7kL

kL 17'0’ ==+1
a ~a 7_k nk Tk a,a Aaa
NETR O L LR
Fa=1 g2t

exp (—%[nw@[nm]ﬂ .

Finally we have that:

(@~ g oo [ (el @)}
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Let OF*E the commutative ring of ultrametric matrices with the block structure
outline in (4). If we consider the Replica Symmetric (RS) Ansatz we can assume that

Q¥ 1t =P {7 [ -Y]+Y -R}+ R

where Q, Y, R € Of*K_ Observe that, although both have been originated from similar
processes, the matrix Y stores information about synaptic overlaps corresponding to
vectors belonging to UCMs replicated due to the exponent [/ and R stores similar
information due to the replication process to compute the logarithm. Moreover, we
have that:

Rlkimi = Okimy (To — 71) + Okomy (1 — T2) + oo + Sppmy, (Tro1 — T1) + 71

Rl RL 1 RL
— S Ro + oy DL T B
kim; 110 1 Ok, 2K1 + ..+ 0ky L[(v1 K, K
[Y]kl,ml = 5k1m1 (gO - gl) + 5k2m2 (yl - y2) +.oo+ 5kLmL (Z&L—l - 7jL) + gL
YL 1 Yy
= Sy, Yo + Gy L S
kim; Y0 T Ok, 2K1 oot Oy LKl KL1+K
where
- T¢ Te+1 ~ Ye Yo+
Ty =——— RZETE_ 3 Y= ———, YZEW_ )
H?:l Kj Kf-i—l H?:l Kj Kf-i—l

and 74,9, ~ O(1). Thus the logarithm of the determinant log |Q|/"¥ can be expressed

Ko — Zf o D 25:0 e
Z Hzﬂ [ﬁlog (ZA ) +log <1 " 5Zj 04, ) +ﬁZ§O(Aj + 8D;)

=0 L1lj=1
where A; = (2, =Y, and D; =Y, — R;.
Following the developments presented in Appendix A we have that

Gr(Q) :n{K,/%jL/Dz log H (— 1€LQLZ>}+O(712),

as:

where
Jo=1
. .
2\’ {9 84, }
=1+ — + — 11
’ ;(w) Yo 8 Y% 1
R
Go = =
0
S 2 2\ R
= — _ — 12
Gy > 7Taurcsm(gg 1)+<7r> T, (12)

By considering & = o/ K, the entropy of the system is:

1 Koy — —ﬁ o Dj ﬁ:o 5
s(B) = 52 T K, lﬂlog (ZA ) +log (”%@ A-) +62’“’-_Z(A+6DA)

(=0 7j=1 j=0
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AgK?2 gL
Dz 1
BYy / : OgH< 1-G. >]

+

2. Asymptotic behavior

In the limit of 5 — 0 we expect Yy, Ry — {2y, which implies that A,, D, — 0 and G, 1 1,
so we define the new para,meters

¢
wy = ij, = ?0’ 0y = Zéj (13)

J=0

and
¢

K2A A
2 0 - L
my = ég%) BY, Me>o = éli% BYy’ Meso = + E m; =~ E mf14)

7j=1

thus we define the entropy at 5 = 0 as:

500 {0, {my}) =~ B2

[logK logmg + = 5 log(50 + 2—50] +

1 Ko 0y Do — Oy X 1 G,
wi—m s (1425 ) s e it

=1 1lj=1 my + 0y

The optimization process implies solving the saddle point equations 0\sy = 0, where
A is any of the parameters {m;, d;}. The equation for my is

1
= —— +a Kt
0 m0+a+0( )

which implies that amg >~ 1. For all j = 1,..., L we have that
0_1iKZ+1—1 1 1 w-d |om & 1 9G
) 4

— HZ—H K mye + ge my (mg + ge 2 amj (1 - gL)2 am]
ot Bk g o L,
- [I5 K (me+6,)% 09; 4 (1—Gr)* 965

JZJ

The solutions to these equations are such that max{m;,d,} < O <\/(S()/ Kld) . These
implies that the dominant variable in Gy, is dy, thus

G~ 1— Ardy™
where, by redefining Xy, we have that:

L 9 7
E£>051+Z(%) CJ

1-1/2% HL 121/2
a=(m) e

- (19
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Thus, considering that moa =~ 1 and disregarding additive constants, the effective
entropy becomes:

N N 1 1 a1/ _
So(&;60) ~ log K + log & + §log(50 + % méo 2y O(K{h).
The equation 05,50 = 0 is
1 Q —1/2F
0=1-— 0
5o + 2L+1 A, 0
thus
1 & —1/2%
Y~ 16
5 2Lt A, O (16)
and

1 a 28—-1 _
So(CA(; (50) ~ lOgK -+ logd + 5 lOg (50 — m oL 50 1/2F

so, disregarding terms of O(log &), O(logdy), we have that the entropy so(d.;do) gets

+O(K7Y),

negligibly small at:

. 2L +2 1/2F

Qo g ALy log K. (17)
Close to the criticality we expect that dy, which is a measure of the largest difference
between the matrices Y and R, to be small. Equations (16) and (17) lead to

1 2log K

- ~ 2087 18

5o oL 1 (18)

R 2L+2—1/2L oL

OZC(L, K) ~ WAL (logK)l 1/2 ‘ (19)
From (18) we extract the following relationship for L and K:

L <logy(2log K + 1), (20)

which limits the number of hidden layers we may put in the UCM.
These are the results found by Monasson and Urbanczik for L = 1 [13-15]. The
upper bound for this expression is given by:

32
G.(L,K) < - log K ~ 2.25 log, K.

Although this capacity is larger than log, K, there is no violation to the Mithchinson-
Durbin bound [21], which is only applied to networks with L = 1.

3. Conclusions

We computed the storage capacity per unit, for an ultrametric committee machine with
K > 1 units in the first of its L hidden layers. Our results are compatible with previous
works (with L = 1 [13-15]) and represents a step forward in the level of complexity of
tractable architectures. Our results, represented by the equations (19) and (20), are only
valid if all the quantities represented by (12) can reach the value 1 (i.e. Gy T 1). This can
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only be achieved for finite values of the overlaps [X; < oo given by (11)]. A divergence
in Xy occurs if the overlap (; is too large (particularly if the scaling law given by (5) is
not respected). As it was observed in [17,18], too large an overlap effectively reduces
the complexity of the machine, i.e. the UCM can be effectively replaced by another
UCM with less hidden layers, rendering the subsequent calculations meaningless.

To understand the information encompassed by (19) consider the following
scenarios. Firstly, in a biological context, the mammalian brain may have up to 10'°
neurons, arrayed in hierarchical structures, having no more than six layers. These
numbers are in agreement with the bound (20), which indicates that these structures
may have emerged as an efficient means to increase the brain computation capabilities.
Secondly, suppose that we construct an UCM with only one hidden layer and no overlaps
between synaptic vectors (a true tree committee machine) and a mole (K = 6.0210%%)
of units. For such a machine the critical capacity is a; = lﬂ—ﬁ log K ~ 37.70. If we
take 10% of those units and construct a second hidden layer, leaving 0.9K in the first
hidden layer, the capacity of the new UCM is dy = 215/ (37%log(O.QK))B/4 ~ 101.39,
almost three times the capacity of the one-hidden-layer UCM. If the units in the second
layer are re-arranged to construct a third and fourth layers, we obtain UCMs with the
following capacities: &g ~ 147.52 and &4 =~ 169.23. Observe that we cannot continue
with this process without breaking the bound imposed by (20) and making dy too large.
A note of caution here. The analysis presented is valid if quantities that represent
differences between matrix elements corresponding to original and replicated systems
are sufficiently small. In the present scenario, where the replica symmetric approach
has been applied, there is only one of such quantities that remains relevant, namely
do. Equation (18) links dy with K and L (the network’s architecture). The necessity
to keep 0y small produces the upper bound (20) for the total number of hidden layers
given K. We cannot determine if this limitation is real, i.e. that the capacity of the
system cannot be increased any further by adding hidden layers to the architecture, or
a byproduct of the replica symmetric approach. Anyway, it is clear that re-arranging
the network architecture, without adding extra resources, results in more than a 400%
gain in the network capacity.

It is important to note that, given the architectural constraints imposed by (4),
we cannot increase the capacity any further by dilution [22]. The most diluted UCM
is represented by one with all its synaptic overlaps (; set to zero (a true committee
machine), which is precisely the case presented. The asymptotic behavior obtained
for the capacity is & ~ log(K). Such behavior is expected in machines where the
architecture is arranged in such a way that the closer to the output the layer the smaller
the number of processing units in it. Given that UCMs are constructed following this
pattern, the upper bound 2.25log,(K) may represent the true upper bound for these
kind of architectures. To construct machines with capacities beyond log(K) would
require to consider hidden layers with larger number of processing units, i.e. K > N
which goes beyond the scope of the present article.

The possibility to predict these quantities will help the development of real systems
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where the balance of resources and computational gain are very practical issues.
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Appendix A. Calculation of the energetic part

Let us define the vector components [719), ;0 = 7¢ 7", The exponential in Gz becomes
then

exp <_%[Tlﬁ1]TQ[Tlﬁl]) - P [_% Z Z[Tl'fh]a’aT [Q o Y] [Tlﬁl]aya_
S S A T IY - R -

_% Z Z Z Z[Tlfh]a’aTR[Tlfhp’b] .

Analyzing term by term and by the use of the Hubbard-Stratonovitch (HS) identity,
we have that RHS can be expressed as:

A S S S (1 + ) o n]

a,o ki a, o ki

/DHS exp

where Dz = dx exp(—x?/2)/+/2m is the Gaussian metric, DHS represents the Gaussian
metric in all the Hubbard-Stratonovitch variables and

Fl({ll = \% ‘/L‘il + \/_Ikl

Dy, R
km+1 m xﬁm+1 + m—ka+1 .
Hg =2 K Hj:2 Kj Hj:Z Kj

The integrals over D( nk ,nk ) produce the following expression
a,a a 1 ~ ~ Tkl a a,a /
/D 77k1 777k1 exp (_E[Tlnl]TQ[Tlnl]> =H (_\/A_O <Fk1 + TkQ / Kl)) ’
where H(z) = [ DuO(u — x). Thus, by applying the formula (B.3), we have:

L. .
/,kal H/D 77k1 7771(1 exp (—§[T1n1]TQ[Tml]>
Ry >0 0"
~H| -7, |\ 50t | |
< ki ( D() k KlDoﬂ
2
1 [ 4 1 (R ST
S B expd o 4y, Sk Al
T2\ 5D, ) ( Dy KDy -

o,a
1, =

m= 1
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Observe that the dependency on zy* is concentrated on the term ) 73, thus we can

An/B+ Dy, , _Ru
HJ QK km+1 H] 2K | -

We can disregard terms of O(Ao/ BDO ) and O(y/Ao/(BDyKy)), such that:

a Ry a AO e 1 R()l'
o > H (—\/ DOTklxh) + k2 exp (- 2Dl: )

+
ﬂDQ vV 27TK1D0

The next step involves the trace over the variables 7y . Thus

Tio Tk | ya TTe, | 4o Roxg,
E ——= o~ 1 — -
2 exp (z . ) K, = COS < _Kl) [ + ) exp ( 2D, +
T, =
R

make a change of variables such that'

aa_
Tk2 =

(), 2 i (R,
2K1 7TDO Kl 2DO 7
thus
a N 2
Tkgnkngl) a Ag ( ROiUkl)
exp | ¢ = 1l4ny—exp| —
R
i 1 Ryry, | Ry
- = _ a s f ~-0 _
+\/E (\/ﬁoexp ( 2D0 ;Tankz er 2D0$k1
a ~a RO 1 ~q
(azd)T 277k27—k277k2> erf2 (\/ 2D0xkl> - 2K1 ;(?71@)2 +
i a Aa ya 1 R()IL'il
sl [Z it e (55t
and

T P T
Ag, = /kaln Z exp( k2n_k2 kl) il

a T‘l ==+1

~ 1+

Ay 1 2 Ry
K = ~a 2 2 :
nk, _5Yo 5 ;(nkz) - arcsin (Yo> (;b Tk277k27'k27’]k2> +
]2 a pa ya
+1 7r_Y0 ZTkQT/kQTkQ
Ay 1 2 . [ Ro a
- fonn 3 -3 2 ()]
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—H ﬁﬁ{g (Harcsm 2y + A = Tk2>

AO 1 2 . RO .
nKl\/; ) {1 — %arcsm (?0)} § (771(2)2+
. 2 a ~a . RO TaQ
+Z\/;Z7—k2nk2 ( arcsin (70) iy + \/k?()>

which marks the end of the integration over the variables associated to the first layer.

Thus

Ay, = exp

)

The first integration associated to the second layer is over D(ng,, 7, ). Thus

~ Ao T (LG + 1 /VES)
/HD Meys Tey ) ARy = €XD (n[ﬁ ﬁYo> IZI”H, ( N arcsin(Ro/Yo)) J(A.2)

where the dominant part of the argument of the error function can be expressed as

(joining over zy,and xy, )

Iy =4/— ﬁ + & Ty, + 2 arcsin Ho + & x
e BYo He T\ Yo) Y )
L m
—1/2 Am D, a 2 Ry
2 (HK ) [\/ <6Yo ' _>ka“ TV Y e |

=2

Observe that

/DxH(ax+y) =H (ﬁ)

SO
V1 — (2/m)arcsin(Ry/Yp)
Gi T
=H| -7 ——k, + 3 ,
( ko ( 1_gl b K221<1—gl)
where
218 1—-p064
=1 - —
1 + — - [Yo + 3 Yb]
1 2 Ro 2 Rl
gl —El |:; aI’CSIH(Yb) —|——70:| s
thus:

By = Z exp( T“3"“3T“2) / Day H (— wTk_ (é‘}ﬁ;i‘sfn{}?n)

TieyThe G T (ﬁﬂ )2 —3/2
~ 14— Ferf = 4 3 — =2 1L O(K )
( 1— gl \/§ \/2K221(1 - gl)) 2K2 ( ? )
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The product over replica indexes leads to:

15 ~1- %&Zm)%

i R gl Lk Tl?
+ —= E T Ny erf =+ g B
\/E k3nk3 ( 1_g1 \/§ \/QKQEl(l_gl)>
@ ~a gl Tk, Tﬁ?’
g T erf +
2 a<b o ( 1-Giv2 2K, 20(1-G)

S Y N i + 01,7,
k3 '/k3 1— gl \/§ \/2K221(1 - gl) :

By integrating over zy,, and dlsregardlng terms of O(K, 3/ 2) we obtain:

/DIkz H8ﬁ2 ~1— 2—[(2 Z(ﬁﬁg))g +

Z f 7—1((13 Aii; - K Z ‘ﬂ Tk37 Tk3)7_k377k37_k377k37

a<b

g xkg Tl({l
F(Te = D f -
%) = [ Doger ( =G s T VA 1—91>>

Ta
j(Tlg:g:Tll;) = /Dackgerf ( Gi xkz + ks >

where

1_g1\/— \/ZKQEl 1—gl>

g1 2k, Tli)
f — 2 .
e ( 1_g1\/§+ \/2K221(1—g1)>

The first integral, though can be exactly obtained, should be computed up to leading
order in K, :

e 2
Z(Y) = erf ks ~ Ta 19 —3/2
1) = et (s ) = rmm e+ OUG )

The second integral produces the following expression:

SO )= et () e (—De )
» Tk K%, NoTen

G
H (— T glzz

+4 / . d/—z o . L, 2
a ——exXp |~z | 2+ 5—F————
TG/ \fon P 2 GivV2Ky2,

Nerern
2 _
~ — arcsm(gl) +O(K V).
Thus

/ ZNICE / Dy, exp [—— [1 -2 arcsmwl)] S i, )+

. 2 . a ~a - a /\(1
+i4/ - arcsin(Gy) Za:Tk3nk3Zk3 T4/ 7r_21 za: Tics Tcs Lics

+ O(K; ).
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By redefining 1), as
T, = I, + 1, /V K3

2\* 1 (2, 1-BA, Ry 2 2\? 1 Ry
re = 2) = (2 2 ) g0 z ) =2
~ \/(w) 5 <Y0+ 7Y, %)t Rren@t D) gyt

L m
Qn 1-84A, R R
e = K1/2 s L N R L T
ka ;(}1 ) o AT T TR T O T

we obtain that
. Tk Fk + Tk /\/ )
D(ne ’ a B H | ——= 3 =
/lal ("ics Uks)l;l ke — H ( \/1 — (2/7) arcsin(G )

and the process can be repeated, following the procedure starting at (A.2), until:

| A
exp(Gg) >~ exp (nK 5—}%) /Dz H" <— 1 ngLz) :

where
Yo=1
, :
ZQ51+;;(§Y{%?+1;6%]
Go = %?
G, = Z;’;l % arcsin (Gp_1) + <%>€ Effo

thus, for small n

A
GE:n{KHB—}%—l—/Dz log H (— 1€Lng>}—|—O(n2).

Appendix B. Expansion for the Gardner’s error function

The integral we need to compute is

P—/m%HH(

(i Vi)
where
Iy = /Doy, + I,
and 7. and I are variables of O(1), independent on x, . By defining the parameters

a ,a
AO a FkQ TkZ

0=/ — @ &
Dy’

G=7n,—F7—, ¢ =7

VDy’ “ VKD,
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we can re-write the integral as
B
w+ G+ e
I= | D —_— .
/‘@1H< 5 )
——Li/dex —1(—4%2fiH _pte (B.1)
- \/% W P 9 2 e 5 .

We are interested in the case where 0 < § < 1 and |e*| < 1. Without loss of generality
we can consider that € > €. Gardner’s error function presents two distinctive
behaviors depending on its argument. Given H(—z/d), for all x € (—C0,C9), for a
suitable 1 < C' and C'§ < 1, the function increases rapidly. This is the so-called active
region. For all x ¢ (—C4,C0), the function admits the following expansion

56—:02/(262) 5

for a suitable D € R. Observe that for all 4 < ¢ — 9, the product is dominated by an
exponentially decreasing behavior, whereas for all © > ¢ + C§, the product is almost

one. Let us define the quantities: ¢ = €’ and E = €!. In order to find bounds for this
integral, and using the analysis of the previous paragraph, we have that:

—e+Co
05<— d,uexp{——u G}HH( #+€><205
—e—Cd
—e—C4
0< —/ dpexp [—— p—G) ]H”H( pte ) < e CR(E —¢),
E-C§

where 0 < ¢ < C' € R. In the region that remains, i.e. Q;UQ, with Q7 = (—o00, —E—CY)
and Oy = (—e + €9, 00), we have that

I@ = I@l + I@2
B
1 2 dexp (—(p +€*)?/(26%)) 3
Ip, = —= | dpexp [—— ] { + Do
© V2m Jo, s 1_[1 V2w |+ €|

«

B

1

[

{ dexp (—(p+ €*)?/(20%))

Var( + ) '

uw—GQ)
Ip :L/ dpexp [—— I — GQ]
2 V2 Jo,

where the first term can be bounded by
e PH(—G — e+ CO) < Ty < ePH(-G — E + C9).

—

The second term can be rearranged by considering the following:

1 , dexp (—(u+€)?/(20%)) 5
exp [—2—52;(,&—1-6 )2+ pd log(5] < H{ NP —i—D(S]

and

B
Sexp (— (1 + €2/ (27)) 1 o
H [ N +D53] < exp [—@Za:(u—i-e ) —i—ﬁdlogé]

a=1
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for suitable 0 < d,d’ € R. Thus, disregarding terms of O(36?), the second integral can
be bounded from below by:

/ 52 1 8 1
5 exXp —5 515 (G +72)? ~ 55
02 B 5

( e +E+C§)

and from above by:

qu\ib

2 + Bd'log 5} X

_ 15_
S(G+2)?° - 5520¢ —i—ﬁdlogé}

+
- _
><H< 0 G—§;+E+C<S),

where

Ql
Il

1
p4

2 1 2 =2
BZ(G) -2

Thus, by defining B; = (3/62, and taking the limits 3, §, ¢, Bso> — 0 and 1 < Bj, the
integral approaches the following expression

I:’H,(—G—E)+%\/BT§exp{ “;%5)2} (B.3)

where we substituted € by € in the first term of the RHS.
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