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AN ALTERNATING POTENTIAL-BASED APPROACH
TO THE CAUCHY PROBLEM FOR THE LAPLACE
EQUATION IN A PLANAR DOMAIN WITH A CUT

R. CHAPKO! AND B.T. JOHANSSON?

Abstract — We consider a Cauchy problem for the Laplace equation in a bounded
region containing a cut, where the region is formed by removing a sufficiently smooth
arc (the cut) from a bounded simply connected domain D. The aim is to reconstruct
the solution on the cut from the values of the solution and its normal derivative on the
boundary of the domain D. We propose an alternating iterative method which involves
solving direct mixed problems for the Laplace operator in the same region. These mixed
problems have either a Dirichlet or a Neumann boundary condition imposed on the
cut and are solved by a potential approach. Each of these mixed problems is reduced
to a system of integral equations of the first kind with logarithmic and hypersingular
kernels and at most a square root singularity in the densities at the endpoints of the cut.
The full discretization of the direct problems is realized by a trigonometric quadrature
method which has super-algebraic convergence. The numerical examples presented
illustrate the feasibility of the proposed method.
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1. Introduction

Models leading to elliptic partial differential equations to be solved outside open curves
occur frequently in engineering problems. For example, the elliptic operator can model
stationary heat conduction and the open curves can represent cuts, screens or wings in
physical bodies (see, for example, [10] and [16]). Moreover, part of the boundary of the
body might be inaccessible due to a hostile environment, but on the accessible part of the
boundary measurements of both solution and its normal derivative (the heat flux) can be
obtained leading to a so-called Cauchy problem. In this paper we investigate such a situation
for bounded planar domains containing a cut.

To formulate this Cauchy problem, we assume that D C R? is a simply connected
bounded domain with boundary I'y € CP*2, p€N, and let v be the outward unit normal
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316 R. Chapko and B. T. Johansson

on T'y. Furthermore, let Ty € CP™ be a cut in D (see Fig.1.1) with endpoints z* ; and z7},
and assume that T'; has orientation from z*, to zj. By I'7 and I'{ we denote the left-hand
and right-hand sides of I'y, respectively, and by v the unit normal vector to I'y directed
towards I'7.

/1/

Fig. 1.1. A bounded domain D with a cut I'y

Given the (bounded) sufficiently smooth continuous functions fi and fz on I'y, we consider
the Cauchy problem of finding a function u € C?*(D\Ty) () C*(D\T') satisfying the Laplace
equation

Au=0 in D\I} (1.1)
and the boundary conditions
ou
u = f1 and % = f2 on FQ. (]_2)

Uniqueness of a solution to the Cauchy problem (1.1), (1.2) is well established (see, for
example, [2] and [3]). We shall assume that data are chosen such that there exists a solution.
However, the solution does not depend continuously on the data, i.e., the problem is ill-posed
in the sense of Hadamard making it inaccessible by classical methods.

There exist various methods for solving Cauchy problems for elliptic equations and a
common approach is to use a Tikhonov regularization which often leads to a change of the
operator of the problem (see Chapter 4 in Lattes and Lions [18]). Another possibility is to
use iterative methods. Kozlov and Maz'ya [11] proposed an alternating iterative method for
solving Cauchy problems for formally self-adjoint elliptic equations in domains without cuts.
One of the advantages of this method is that it preserves the original equation and that the
regularizing character is achieved by an appropriate change in the boundary conditions. The
alternating method has successfully been applied to several engineering problems (see, for
example, [19]).

The aim of this paper is to extend the alternating method to the Cauchy problem for the
Laplace operator in domains containing cuts. In Section 2, we introduce some further nota-
tion and then formulate the alternating iterative method (see Section 2.1). At each iteration
step, direct mixed problems with either Dirichlet or Neumann condition imposed on the cut
are solved, and a sequence of approximations to the solution of (1.1), (1.2) is obtained. A
proof of convergence in the case of exact data is given in Section 2.2. In the case of noisy data
a discrepancy stopping criterion can be used. In Section 3, we undertake a full theoretical
and numerical investigation of these direct problems. We prove that each problem is well-
posed (see Theorem 3.2 and Theorem 3.8), using a potential approach reducing each direct
problem to a system of integral equations of the first kind. Furthermore, the full numerical
discretisation of the direct problems is realised by a trigonometric quadrature method which
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An alternating potential-based approach for a Cauchy problem 317

has a super-algebraic convergence (see Theorem 3.4 and Theorem 3.8). In Section 4, numer-
ical investigations are presented showing that the proposed numerical discretisation gives
accurate approximations for the mixed problems with few collocation points. Also included
in Section 4 are numerical examples for the proposed alternating method for solving (1.1),
(1.2). Accurate reconstructions are obtained not only for the solution itself but also for the
normal derivative on I';.

2. An alternating method for the Cauchy problem (1.1), (1.2)

Throughout this paper we only work with classical solutions to the different boundary value
problems that occur. However, in order to prove convergence of the iterative procedure for
the Cauchy problem (1.1), (1.2), it is more straightforward to work with Sobolev norms.
Locally, we prove that there is convergence to the solution u and all of its derivatives,
hence, using the Sobolev imbedding theorem, convergence in the classical norms can be
obtained. To settle the notation, let  be a bounded domain in R2. We denote, as usual,
by C*(€2), where k is a nonnegative integer, the space which consists of all functions having
continuous derivatives up to order k£ on € and this is a Banach space under the norm

[fller@) = sup |0° f(z)|. Similar spaces can be introduced on the boundary of Q. The
0<|¢| <k, zEQ

space L?(f2) is the standard L*-space, and, as usual, H'(§2) denotes the Sobolev space of
real-valued functions in {2 with finite norm

1/2
a1y = ( / W dr / \vumx) |
Q QO

2.1. The alternating procedure. To formulate the alternating iterative procedure for
solving (1.1), (1.2), we introduce the following mixed boundary value problem:

Au=0 in D\TIYy, (2.1)
a +
a—u = hi on Fl, u = f1 on FQ, (22)
v
and also the following one
Au=0 in D\TIYy, (2.3)
0
vt =g% on T4, a—z =fy on T, (2.4)
Here, we use the notation
9% ) = lim, v(a) - gad (e £ ho(o)
— (z) = lim v(x) - gradu(x £+ hv(x
ov h—+0 &

and similar

uF(x) = hlirfrlou(x + ho(z))

for z € T'y. Assume that f; and f, are the same as in (1.2). The alternating iterative
procedure for constructing the solution to (1.1), (1.2) runs as follows:

e the first approximation ug to the solution w of (1.1), (1.2) is obtained by solving (2.1),
(2.2) with h* = hZ, where hy and h{ are arbitrary initial guesses;
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318 R. Chapko and B. T. Johansson

e having constructed usy, we find usyy1 by solving problem (2.3), (2.4) with ¢g* = uétk on
I'y;

e then we find the element wuy o by solving problem (2.1), (2.2) with h* = %i on
ry.

In the next section we prove the following,

Theorem 2.1. Let u be the solution to (1.1), (1.2) and let uy be the k-th approximate
solution in the alternating procedure. Then

Jim flu =gl ovry) =0 (2.5)

for any sufficiently smooth initial data elements hg which start the procedure.
Using local estimates for harmonic functions, we obtain

Corollary 2.1. Let the assumptions of Theorem 2.1 be fulfilled and let D’ be a domain
such that D' C (D \I'y). Then

Jim flu = ug|l oy =0 (2.6)

forl=1,2,..., and any sufficiently smooth initial data elements hg.

In the case of noisy data, a discrepancy principle can be applied and such a stopping rule
was introduced in [1, Section 7.5]. To present it assume, for simplicity, that f; = 0 in (1.2).
Let uy, be the solution to (2.3), (2.4) with g* = 0, and let ugs be the solution to (2.3), (2.4)
with fo = f9 and g = 0. Let ul be constructed from the alternating method given above,
with fi =0 and fo = fJ. If

g, = wgsllmpyry) <O

for some 0 > 0, the iterations should be terminated for the first & = k(J) with

/ V(U1 — udy)|? da < 0?62,

D\I'y

where b > 1 is a given constant.

2.2. Proof of Theorem 2.1. If we start this alternating procedure with hf = %i on

'y, where u is the (smooth) solution to (1.1), (1.2), one can check that uy = wu, thus it is
enough to prove the theorem when f; and f, are both zero. Let ug be the solution to (2.1),
(2.2), with given (smooth) functions h* and f; = 0. Let then u; be the solution to (2.3),
(2.4) with f, = 0 and uf = u3 on I';. We introduce the operator B by

+
_ ou;

v

In the next section, we shall prove that both the problems (2.1), (2.2) and (2.3), (2.4) are
well-posed. Moreover, the gradient of u is continuous except near the endpoints of the cut I';
where we have the estimate An alternating potential based approach to the Cauchy problem
for the Laplace equation in a planar domain with a cut

opa(Bh*) () (x) for zely.

|Vu(r)| < Clo — 2| (2.7)
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An alternating potential-based approach for a Cauchy problem 319

for j = —1,1, and @ > —1/2. Therefore, the operator B is well-defined (in a suitable Sobolev
trace space), and, clearly, B is a linear operator. We introduce the following inner product

(ff,g5) = / Vu - Vuder,

D\T';

where u solves (2.1), (2.2) with h* = f* and f; = 0, and similarly v solves (2.1), (2.2) with
h* = g* and f; = 0; the corresponding norm is denoted by || - ||.
We note that we have the Green formula

Jr —
/ Vuk-Vuldx:/uk%ds%—/u;’% ds—/u;% ds, (2.8)

D\I'; ) N1 N1

where k,l = 0,1,2. This follows by an approximation argument using the regularity of the
solution and its gradient and by enclosing the cut I'y with a closed curve which shrinks to
the cut (see, for example, [6] and [22]).

It is possible to prove that the operator B is injective, self-adjoint, positive, non-expansive
and unity is not an eigenvalue of B. We show that the kernel of B consists of zero only.
Assume that Bh* =0, i.e., Ou;/ OvE are zero on I'y. The above Green formula implies

/ Vu, - Vwdx =0

D\T'

for every sufficiently smooth w € H'(D \ T';), hence w; is zero in D \ I';. In particular,
uli = 0 on I'y which implies that also uoi =0 on I'y. Thus, ug solves the Laplace equation in
D\ T'; with a homogeneous Dirichlet boundary condition. However, the Dirichlet problem
for the Laplace equation in D \ T'y has a unique solution, therefore v = 0 in D \ 'y, i.e.,
h* = 0. Thus, the kernel of B consists of zero only.

Let us show that B is non-expansive, the other properties of B can be deduced in a
similar way using the above Green formula (see [12]). First, since ug|r, = 0 or %Lj]m =0,
for k = 0,1, 2, we have

Ouy, ™ ouy, ~
/ Vuk-Vukdx:/u;% ds—/u;% ds, k=0,1,2. (2.9)
D\Fl Fl F1
In the same way, since uy = 0 on 'y,
8U1+ 7(91/4_
/ Vu, - Vugde = /u;% ds — /u2 N ds. (2.10)
D\Fl Iy ry

Using the fact that %i = %i on I'y in combination with (2.9), we obtain from (2.10)

/ Vuy - Vugdr = / Vuy - Vug dr.

D\Fl D\Fl
This implies
/ V(ug —uq) - V(ug —uy) de = / Vu, - Vuy dx — / Vus - Vusy do. (2.11)
D\I'y D\I'y D\T'y

Brought to you by | Aston University Library & Information
Authenticated
Download Date | 10/19/18 4:55 PM



320 R. Chapko and B. T. Johansson

In a similar way

/ V(uy —ug) - V(uy — up) do = / Vug - Vugdr — / Vuy - Vuy dx. (2.12)
D\I', D\I', D\T'y

Combining (2.11) and (2.12) we have
(Bh=, Bh*) < ||h¥|%,

thus B is non-expansive.
We can now complete the proof of Theorem 2.1. One can check that

/ Vg - Vuge dz = (B*hE, BFhT). (2.13)

D\I'y

Moreover, as mentioned above, the operator B is self-adjoint, non-expansive and has no
eigenvalue equal to one. This and equality (2.13) imply that ug, tends to zero when k tends
to infinity. Similar to (2.12) we have

/V(u2k+1—ng)'V(UQk_H—ng)dl‘: / VUQk'VUdeZE— / VU%H-Vqude. (214)
D\I'1 D\I'1 D\I'1

It follows that also ug,11 tends to zero and Theorem 2.1 is proved.

3. Numerical solution of the mixed problems by the layer potential
approach

From the previous section the proposed iterative method for the Cauchy problem (1.1),
(1.2) involves two direct mixed boundary value problems for the Laplace equation. For the
numerical implementation of this procedure it is therefore of importance to have effective
numerical solvers for these mixed problems. Since the problems are considered for smooth
boundaries the most efficient numerical approximation consists in using an integral equation
approach with trigonometrical quadrature for the full discretization. To reduce each of the
mixed problems to a boundary integral equation, we apply the logarithmic potentials, i.e.,
an indirect variant of the integral equation method.

3.1. Boundary value problem with a Dirichlet condition on the cut. We start
with the mixed Dirichlet — Neumann boundary value problem, i.e., the Dirichlet boundary
value condition is given on the cut I'y and the Neumann condition on the exterior closed
boundary I's. To simplify our presentation, we first consider the case where the boundary
data on the cut satisfy gt = ¢~ = ¢. Later on, in Section 3.1.4, the general case is discussed.

3.1.1. The boundary layer potential approach. We seek the solution v € C?*(D\I';) (N C(D\
I'y) which satisfies the Laplace equation

Au=0 in D\TIy, (3.1)
the Dirichlet boundary value condition
ut =g on I (3.2)
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An alternating potential-based approach for a Cauchy problem 321

and the Neumann boundary value condition

% =fy on TIs. (3.3)
The gradient of the solution has to satisfy estimate (2.7). Both the existence and the
uniqueness of this problem have been investigated in [17]. However, in proving the existence
of a solution other types of integral equations were used in [17] that are not suitable for
our numerical implementation. We shall therefore give an alternative proof of the existence
based on the integral equations we use for the numerical investigations. First, the uniqueness
of a solution follows in the standard fashion by applying Green formula (2.8) (with u; and
w; both equal to u), and we obtain:

Theorem 3.1. The direct mized Dirichlet — Neumann boundary value problem (3.1)-
(3.3) has at most one solution.

To construct a solution to (3.1)—(3.3), we define u as a combination of a single- and a
double-layer potential

ute) = [oetenast + [ e G as). aep\r
where
1 1

O(x,y) :=—1In

(2.y) =5 P—
and ¢y, £ = 1,2, are unknown densities. The density ¢, belong to the class C'(T'y) and to
model possible singularities at the endpoints of the cut I'; the density ¢; is assumed to be
of the form

o1(x)

NN

From the continuity of the single-layer potential and the normal derivative of the double-

layer potential we obtain for problem (3.1)—(3.3) the following system of integral equations
of the first kind:

©1() vel\ {27,271}, ¢ €C(l).

/wl(y)@(x,y) ds(y) + / @2(@% ds(y) = g(z), =€y,

B B (3.4)
0P (z,y) 0 0P (z,y) ) o

F/%(?J)W ds(y) + ay—(@r/@z(y)w ds(y) = fa(z), el

Thus, we obtain a system of integral equations of the first kind involving kernels with a
logarithmic singularity as well as kernels with a hypersingularity, and with at most a square
root singularity in the density ;. From the jump relations for the double-layer potential
and normal derivative of the single-layer potential in combination with the uniqueness in
Theorem 3.1, we deduce that under the above regularity assumptions on ¢; and ¢, the
integral equation system (3.4) has at most one solution.
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322 R. Chapko and B. T. Johansson

3.1.2. Parametrization and treatment of the singularities. To establish the existence of
a solution and for the future numerical implementation we consider a parametrization of
system (3.4). This will be done by employing the cosine-substitution proposed in [24]. We
assume that the boundaries I'y, £ = 1, 2 have the parametric representations

Fl = {I’l(t) = (xn(t),xlg(t)) —1 < t < 1},
(3.5)

Ty = {ws(t) = (221 (t), 220(t)) : 0 < t < 27}

Let O(x) be the unit tangential vector for = € I'y corresponding to the given orientation of
the boundary. To handle the hypersingularity, we use a Maue type transformation [13,15],

a;?x) /@2(y)% ds(y) 8822( )ag)e(‘(fxa;y) ds(y), zeT,.

2 1)

Then the parametrization of (3.4) leads to the system

o [ ) H ) dr o / () His(t,7) dr = (), ¢ € [~1,1],

B (3.6)
1 1
27r pi(T)Hoy (t, 7) dT + —/ T)Hoyo(t, 7)dr = fo(t), t € ]0,2n],

\

where 111 (t) = @1 (21 () |21 (D)], f12(t) = pa(@2(1)), 9(t) == g(21(1)), fo(t) = fa(a(t)) and

the kernels have the form

0 1
j21() — 21 (7)|°

Hll(t,’i') =1 t7£7',

(21(t) — 2o(7)) - 2h(7)* Hop(t.7) = (x1(T) — 2(t)) - v(22(1))

ng(t,T) = ‘I‘l(t) _x2(7_)|2 ’ |x1(t) —1'2(7')‘2

and

(z2(7) — m2(2)) - O(22(2))

|z2(t) — 2o(T)]*

Here we used the notation a® defined for the vector a = (a1, az)’ as

0 1
at = a

To remove the square root singularity in the density p;, we use the cosine-substitution in
the corresponding integrals and to manage the logarithmic- and hyper-singularities in the
kernels, we use suitable transformations to be able to the apply trigonometrical quadrature
rules. Thus, after substituting ¢ = cos s in the first integral equation and 7 = coso in the

Hy(t,7) = t#T.
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integrals containing the function ;; and some additional transformations (see, for example,
[4,13,14]) we obtain from (3.6) the following equivalent system:

DEECE

217r fir(0) Hyy (t,0) da+—/{ 7) cot - t+ﬁ2(¢)ﬁ[22(t,¢)} dr = f(t).

U) + Hiy(s, a)} do + % 7&2(7)Hl2(3>7)d725(3)’

\

Here 5, € [0,27], fin(5) = 1 (Ba(s)IFL(5)], F(5) i= 2l (coss), € = 0,1, §(s) := —2g(cos s),
fat) := 2f5(t)|x4(t)| and the kernels obtained are given as

Hyy(s,7) == —2Hys(cos s, 7), (s,7) € [0,27] x [0, 2n],

Ha(t,0) == Ha(t, coso)|xh(t)], (t,o) € [0,2x] x [0, 2x],

In [21(5) = #1(9) for s # o,
2| coss —cosal/e

f-lu(s,a) = i
el (o)

for s =o,

and

Hoo(t,7) = { |w2(t) — 2o(7)[>  2sin

L 1A080 1820 @OROP ¢,

(63 [up()) 2] |5 (t)[*

As we can see, the density /i, is even, the kernel H,, is even with respect to both variables,
and the kernels Hy and Hjs are even in one of the variables. To rewrite system (3.7) in the
operator form, we define the integral operators

2
4  ,s—o0

($u)(s) = 5= [ (ot (Lsin

) do, se€|0,2n],

(Ty)(s) = % / W(o)eot Z=5 do, s € [0, 2n]
(Bijp)(s) == % /,u(a)f[ (s,0)do, s€]0,2n], i,5=1,2.

Thus, we have the operator equation
(U+B)ji = h, (3.8)
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324 R. Chapko and B. T. Johansson

where we introduced the vectors fi := (fiq, ﬁg)T, hi= (g, f~2)T and the operator matrices

B
u .= 50 , B = n B )
0 T By1  Bas

Now we can assure unique solvability of the integral equation system (3.7). For 0 < o < 1
and m € NU{0}, by C™%[0, 2r] we denote the Holder spaces of 2m-periodical functions and
by CI»*[0, 2| the subspaces of even functions from C™%|[0, 27].

Theorem 3.2. For m € N, m < p, where p describes the smoothness of I'y and I'y, g €
Cme0,2n], fo € C™ 1[0, 27), the integral equation system (3.7) has exactly one solution
fiy € Cm1e(0, 27, fip € C™0, 271,

Proof. Since the operators S : C™ 1[0,27] — C™<[0,27x] and T : C™“[0,27] —
C™ 1[0, 27r] are bounded and have bounded inverses [15], we can rewrite system (3.8)

in the following equivalent form:
Ioma 0 S'B,, S7'B [l S~1g
Ce i » 11 . 12 /f1 _ 71£~I ’ (3.9)
0 ICmfl,a T Bgl T ng 2 T f2
where [y is the identity operator in the space X. From the smooth properties of kernels
H;j, i,j = 1,2, the integral operators By; : C"~ 1[0, 2] — C"™2(0, 27], Bya : C™[0, 271] —
Cm=12(0,27], By : C™ 1[0, 27] — C7[0,27] and By : C™2[0,27] — C™ 1[0, 27] are
compact. Hence, by the Riesz theory applied to the operator equation of the second kind

(3.9) and the uniqueness for the integral equations mentioned above, we can assert the ex-
istence of a unique solution of (3.7). O

From the equivalence of the integral equation systems (3.4) and (3.7), we deduce the
existence result for the mixed problem (3.1)—(3.3).

Theorem 3.3. For each g € CY*(Ty) and fy € C**(T'y) the Dirichlet-Neumann bound-
ary value problem (3.1)=(3.3) has a unique solution, which depends continuously on the
boundary data.

Remark 3.1. Near the endpoints of the cut I'y the gradient of the solution has the
behaviour O(|z — 23|~"/2) + O(In |z — 2|7'), j = —1,1, but if the density ¢; vanishes in the
neighborhood of these points, then grad v will be bounded and continuous.

3.1.3. Full discretization. Now we apply the quadrature method which was originally
developed in [4] for the case of a closed boundary and successfully used for other cases. This
quadrature method is based on the trigonometric interpolation with equidistant nodal points

i i
si= L i=0,....20,—1 and ;=" i=0,....2n0—1, mny,nscN.
nq n2

The following interpolation quadrature rules are used:

2no—1
ti — T

27

1 /

> / f(7) cot =——dr ~ > T f (),
0 k=0

2n1—1

4 — 8
%/f(d) In (g sin’ %) do =~ ; Rk f(sk),
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. 2r | 2mzl 1 2r ] Znetl

— do ~ — — dr =~ — t 1

o RCLEE-D IR FCLES D SN (AT
0 - 0 -

with known weights Ry and T (see [15]). These quadrature formulas are obtained by re-
placing the function f with its trigonometric interpolation polynomial and then integrating
exactly. After using these quadratures for the corresponding integrals in (3.7) together with
collocation, we obtain the (n; 4+ 2ngy + 1) X (ny + 2ny + 1) linear system

( ni 2n2—1
Zﬁl]Azljl + Z /12]*411]2 - gia Z - Oa <o, N
=0 =0
’ ’ (3.11)

2no—1

i
Zﬂle?jl + Z ,[//2]'14?]'2 = foi, 1=0,...,2ny — 1,
=0

\ =0

where fir, & jir(sk), Ge = (se), k= 0,...,n1, fiar = fia(tr), for = fo(ta), k= 0,..., 205 — 1,
and the matrix coefficients have the form

1 - 1 - ,
Azl(} = Rz+ 2—an11(SZ’,O), Azlr; = Rnl*i_‘_Q—anH(si?Tr)’ 1= 07...,77,1,

1 - , .
Azljl:R|i7j|+Ri+j+n_H11(Siysj)7 2:0,...,n1, ]:1,...,711—1,
1

1 -
Ai‘f = %HIQ(Sz,t‘y), i:o,...,nl, ‘]20772712 _1’
2

1 -~ 1 -
A2 = — Ho(;,0), A2 = —Hy(t; i =0,...,2ny — 1
70 2%1 21( ) )7 in 2711 21( 77T)7 ¢ ) y 4102 )
1

ni

Al = —Hy(ti,s;), i=0,....2np—1, j=1...,m—1,

1 I . .
AZQJZ :T\i—j\"‘—Q H22(ti7tj), 1,7 =0,...,2ny — 1.
na

To write the linear system in operator form, we consider the trigonometric interpolation

operators
P, :C[0,27] —» T,,, (=12,

where T, and 7T, are the spaces of trigonometric polynomials of degrees n; and n,, respec-
tively. Then we can rewrite system (3.11) in the equivalent operator form

(u + Tm,nzBm,nz) ﬁn1,n2 - Tm,nzh' (3'12)

Here i = (g g d
lun1,n2 T /’Ll 7:“’2 an

Prine = Fo 0 ) Briny = Bgll B;:QQ )
’ 0 P, ’ By By

where BZ-‘Z are the corresponding approximate quadrature operators for the above integral
operators B;;.
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326 R. Chapko and B. T. Johansson

The convergence and error analysis for this quadrature method can be established on the
basis of the collective compact operator theory (see [4]) or on the basis of some estimate
of the trigonometric interpolation in Holder spaces (see, for example, [5,21]). In the latter
case, this analysis is based on the estimate

In N
[Pt = pellm,a < € o elless k=12 (3.13)
k
for the trigonometric interpolation which is valid for 0 < m < /¢, 0 < a < f < 1, and some
constant ¢ depending only on m, ¢, « and (3.

Theorem 3.4. For j € C“P(0,2x), fo € C*57(0,2x] and for suﬁiciently large ny and ny
the system of approzimate equations (3.12) has a unique solution i ,u ) € Tn, and ,u(m € Th,-
For the exact solution [i, and fiz of (3.7) we have the error estimates

~(n lnnk ~
H:uk - ( g Hma X Okm“uk”@,ﬂa k= 1727 (314)
T,

for0<m</{,0<a<f <1 and some constants Cy and Cy depending only on «, 3, m, (.
Proof. Let X = C 1[0, 27r] x C™2[0, 27| and Y = C™<[0, 27r] x C™ 1[0, 27]. By the
smoothness properties of the kernels in the operators B;; and by estimate (3.13) it can be

shown that 1
N .
| Pny Bigf 1 — Bigpt|lm,a < € Emri—a llles, ko= 1,2.
k

This implies, in particular, for £ = m the norm convergence
"Tn17n23n17n2 - BHXHY — 0, ny,ng — o0.

Therefore, from the Neumann series, we can conclude that, for sufficiently large n; and ns,
the operators U+P,,, n, By, + X — Y are invertible and the inverse operators are uniformly
bounded. Then the error estimate (3.14) follows from the identity

/1711,?12 - la = (u + gJ”ly”Q‘BnlynQ)il{(anl,nQﬁ - ﬁ) + (B - ?n1,n23n1,n2)ﬁ}' 0

Note that for cuts I'y given by analytic arcs and for analytic boundaries I'; and boundary
data g and f,, we can improve the above error estimate to the form

ik — A e < Cre™ %™, k=12,

for some constants g, > 0 (see [15]). In addition, following [15, Section 13.4], the error
analysis can also be carried out in a Sobolev space setting.
To compute the normal derivative on the cut, we use the jump relation

ou* 1 0P (z,y) 0*®(z,y)

U () = 5= I2Y) g IRY) 4

5@ =75 + [ @G dsw)+ [ e gt ),
I I's

where € I'; \ {2 ,, 27} and =+ refer to the two sides of the cut I';. The parametrization

and quadrature rules (3.10) lead to the following approximation:

aui ~ 2no—1

S (@ (s) ~ F gL Z fioy Lot

2| sin s;||71(s4)|
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An alternating potential-based approach for a Cauchy problem 327

ni—1
1 1 1 .
; fi; L (si,85) + 4—M10L1(Sz> 0) + 4—mU1n1L1(3ia ), (3.15)
where 1 =1,...,n1 — 1,
(@1(o) = (s vlin(s)
|Z1(s) — @1 (0)[?
Li(s,0) =

71(s) - v(@a(s))
2|71(s)[?

for s=o0

and

Lo(s,7) = [(22(7) = #1(5)) - v(@1(5))][(Z1(5) — (7)) - ()] N v(71(s) - 93’2(7)3

7 |T1(5) — wo(7)[* |Z1(5) — a(7) 2
To generate Cauchy data in our numerical experiments, we have to calculate the trace of the
solution on I's. From the jump relations of the potentials the following representation holds:

uw) = —50u0) + [ a2 ds) + [ el

—_— T. 1
. p 81/(@/) ds(y)> T els (3 6)

Now, the approximate values for the solution u on I'y can easily be obtained by the quadra-
tures (3.10).

3.1.4. The case of a two-side Dirichlet boundary condition on the cut. Now we return to
the more general case with the boundary conditions on the cut

*=4¢* on I.

According to the results of [7], we seek the solution of the corresponding mixed Dirichlet —
Neumann boundary value problem in the form

ue) = [ aso+ (1050 asw)+ [ ast). ae Dy

Ty Iy I's

where we denote [g] :=¢T —g~.
Then the unknown densities satisfy the system of integral equations

[ [awet s+ [ e g as) -
L (@) + o) - / ol G st rer,
00 ( | B 00 ( (8.17)
/@l(y)ﬁ ds(y) + ay—u)/wz(y)ﬁ ds(y) =
1 Py o
fa(x) —F/[Q](?J)W ds(y), z €Ty

Thus, we have obtained integral equations with singularities analogously to the above con-
sidered case. Note that if g* = ¢g~, then system (3.17) transforms to (3.4).

Brought to you by | Aston University Library & Information
Authenticated
Download Date | 10/19/18 4:55 PM



328 R. Chapko and B. T. Johansson

Remark 3.2. The numerical solution of (3.17) can be realized again by the quadrature
method. In this case, to obtain the convergence order proved in Theorem 3.4, we have to take
into account the integrals contained in the term [¢g] on the right-hand side of system (3.17).
Interestingly, in the alternating method based on the periodic properties of the boundary
functions in the corresponding mixed problems, we can use for their numerical calculation
the quadrature rules (3.10).

3.2. Boundary value problem with a Neumann condition on the cut. We employ
a similar potential based approach to solve the mixed Neumann — Dirichlet boundary value
problem. Again, we shall work with integral equations of the first kind and firstly we present
the solution method for the case of boundary functions h*™ = h~ = h. For our transformation
in this case we need to change the assumption about the smoothness of the boundaries.

3.2.1. Reduction to boundary integral equations. We wish to find a function u € C*(D\
') C(D \ T'y) which satisfies the Laplace equation

Au=0 in D\TIYy, (3.18)
the Neumann boundary value condition
ou™* .
H0 = h on TI'y\{z",, 2z} (3.19)

and the Dirichlet boundary value condition
u=fi on Iy (3.20)

The gradient of the solution is assumed to satisfy (2.7). Analogously to the mixed problem
studied in Section 3.1, we have the uniqueness.

Theorem 3.5. The direct mized Neumann — Dirichlet boundary value problem (3.18)-
(3.20) has at most one solution.

To construct a solution to (3.18)—(3.20), we again introduce u as a combination of a
double- and a single-layer potentials:

ue) = [t ast) + [ eati)ale.n) ), e D.

IS} Ty

To incorporate the known asymptotic at the endpoints of the cut I'y, the unknown density
@1 is assumed to be of the form

pi(@) = gr()yfle —atyllw —ail, zeTy, @ eCiDy).

By using the properties (jump relations) of the single- and double-layer potentials the mixed
problem (3.18)—(3.20) can be reduced to the following system of integral equations of the
first kind:

(0 0%(z,y) 0 (z, y) B
av(x)r/tm(y)mds(y) +/¢2(y)m ds(y) = h(z), v eTly,
: x - (3.21)
F/%(?J)% ds(y) —l—r/gog(y)cb(x,y) ds(y) = fi(x), z €Ty
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An alternating potential-based approach for a Cauchy problem 329

Therefore, we again get a system of integral equations of the first kind containing both the
logarithmic singularity and the hypersingularity in the kernels.

3.2.2. Numerical solution of the boundary integral equations. We assume that the cut
I’y and the closed boundary part I'y have the parametric representation (3.5). Using the
parametrization in (3.21) and employing the cosine- substitution in combination with some
further transformations (for details, see [5,21]), we obtain the following system of integral
equations:

| L i il (o) cot =2 4 iy (0) K1 (s, 0) b do + L 27rﬂ2(7)f(12(577) dr = h(s),
2 2T
0 0 (3.22)
217T fir (o) Ko (t, a)da—i——/,lm { <%sin2t57—) +K22(t77)}d72f1(t)=

\

where s,¢ € [0,27]. Here, we introduced the functions /i1 (s) := ¢1(71(s))sign(m —s), fiz(t) :=
w2 ()| 25 (t)], h(s) := 2h(Z1(8))|Z1(s)|sin s, fi(t) := —2f1(z2(t)) and the kernels

/

1 . .
< - f
Kui(s,0) =9 [iy(s) — 21(0)]2  (coss — coso)? } SIS, or s#o,

~y 2/ ~112 9 7! 2
{1961(8) P(s) 1 ER(s)  1(F@)-F(s)) }Sm%, for s—o.
\

6 [#)P A 2 [FH(s)

” o (@2(7) = F1(5)) - T1(s) "
el =20 - mlp

KZl(t, o) = (Z1(0) = 22(t)) - v(T1(0))

ot — B ()

sin s,

7_

N R G
f(gg(t,T):: %S 7 7

In|z5(¢)| + 1, for t =r1.

One can check that fiy(s) = —fi; (27 — s) for s € [0, 7] and that the density fi; is an odd
function. Moreover, the kernel K7; is also odd with respect to both variables and the kernels
K15 and Ky are odd in one of the variables. Denote by C'[0, 27] the subspaces of the odd
functions from C"™*[0, 2x|. By arguments as in the proof of Theorem 3.2, we can prove the
well-posedness of the integral equations system (3.22).

_ Theorem 3.6. For m € N, m < p, where p describes the smoothness of I'y and Ty,
hoe b, 27T] fi € C™20,2x], the integral equation system (3.22) has exactly one
solution i, € C7[0, 27, fi € C™ 1[0, 27].

From this follows the existence result for the mixed problem (3.18)—(3.20).
Theorem 3.7. For each h € C**(Ty) and f, € CY*(Ty), the Neumann — Dirichlet

boundary value problem (3.18)—(3.20) has a unique solution which depends continuously on
the boundary data.
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330 R. Chapko and B. T. Johansson

Near the endpoints of the cut I'; a similar estimate holds as in Remark 3.1.
After using quadratures (3.10) for the corresponding integrals in (3.22) and by appropri-
ate collocation, we obtain the (n; 4+ 2ny — 1) X (n1 + 2ny — 1) linear system

( ni—1 2n9—1

Z fi; Al + Z fioj AL} = hiy i=1,...,m —1,
=1 =0

np—1 2no—1 (323)
Zﬂle?jl*‘ Z ,[//2]'14?]'2 = fu, 1=0,...,2ny — 1,
\ Jj=1 j=0

where fi, &~ fir(sk), e = h(sp), k = 1,...,n0 — 1, fir, & fiolty), fin = filts), k =
0,...,2no — 1, and the matrix coefficients have the form

I - .
Azljl = ﬂi—j| - T2n1—i—j + n—Kll(Si, Sj), 1,] = 1, o,y — 1,
1

1 =~
A}]?ZQ—WK12(Si7tj)7 7;:1,...,711—17 j:O,...,an—l,

1 -~
A?jl:n—Km(ti,sj), i=0,....2n0—1, j=1,...,n3—1,
1

1 =~
A?J'Q = Rj_j|+ —Ka(ti,tj), 4,j=0,...,2n, — 1.
2712

The convergence analysis and error estimate can be proved analogously to Theorem 3.4.
Theorem 3.8. For f; € C%%(0,2x], h € C,°[0,27] and sufficiently large ny and n,

the system of approzimate equations (3.23) has a unique solution ,115"1) e T, and /25”2’ € Tn,-

For the exact solution [iy and fiz of (3.22) we have the error estimates

~ ~(n lnnk ~
ik — ™ |l e < Crrmrallitls, k=12
k

for0<m </l 0<a< <1 and some constants Cy and Cy depending only on «, 3, m, (.
The function values of the solution restricted to the cut I'; can be calculated as

wto) = 2500+ [0 G s+ [ dse), e

I I's
After using parametrization (3.5) we can apply the trapezoidal quadrature rule from (3.10).
3.2.3. The case of two-side Neumann boundary condition on the cut. Now we consider
the case of boundary conditions on two sides of the cut
ou™*
ov
Based on the results of [23] we construct the solution of the corresponding mixed Neumann —
Dirichlet boundary value problem in the form

= hi on Fl.

o) = [ern 5 asto) ~ fWmate st + [exatpds), «e DAL

I'1 I'1 I'>
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Then the unknown densities solve the system of integral equations of the first kind

( 81}8(3:) / 901(3/)Md5(y)+ / wz(y)% ds(y) =

du(y) p
0@+ @)+ [10) G dsto), rer,

h (3.24)
/%(M% dS(y)+/<p2(y)<1>(x,y) ds(y) =

Fl FQ

file) + / H](y)®(x, ) ds(y), veTs

\ I

I

Thus, the system obtained is only different from the one considered above (see (3.21)) in
terms of the right-hand side. Our Remark 3.2 concerning the calculation of integrals on the
right-hand side of (3.17) remains valid in this case too.

4. Numerical experiments

Here we present the numerical results for three different examples. In the first example, we
investigate the accuracy of the proposed numerical scheme presented in Section 3 for solving
different mixed boundary value problems that occur in the alternating method. In the
two remaining examples, we present the numerical investigations of the alternating method
proposed in Section 2 for solving the Cauchy problem (1.1), (1.2).

Example 4.1 (Tests for the mixed problems). We consider two domains bounded by an
ellipse and a rounded rectangle, respectively, containing a line segment [—1, 1] on the axis Oz
constituting the cut I'; (see Fig.4.1). The boundary I'; has the parametric representation

I\ = {2,(t) = (3cost, 2sint), 0 <t < 27}

respectively
T = {z(t) = r(t)(cost,sint), 0 <t < 2},

r(t) = ((% cos t) U (g i t)m)_m.

For our experiment we use the holomorphic square root function F(z) = 21— 272, z €
C\ (=1,1). Thus for the Dirichlet — Neumann mixed problem we have the following
boundary data:

g () =0, zel; and fo(z) =Re{F (2, +ixs)}, = (z1,25) €Ty,

and for the Neumann — Dirichlet mixed problem the boundary functions are given in the
form

where

h(x) =0, xe€Tl; and fi(z)=Im{F(z; +ixs)}, x €T,
The numerical results are presented in the table below. Here, we show the errors for the
solutions of the mixed problems in D \ I'; (see Fig.4.1). For the calculation of the norm
I+ llc(py we search for the maximum of the absolute errors at 900 points uniformly distributed

in D in the case (a) and at 1500 points in the case (b). The domain D is marked in Fig. 4.1
by gray color. The discretization parameters are chosen as n = n; = ns.
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From these results the theoretical error estimates, especially the exponential convergence,

for our numerical method proved in the previous section are confirmed.

a
2r 2r
1t lh
T
Or Or
-1t -1t
T
T,
_oF 2 _ot 2
-3 -2 -1 0 2 3 -3 -2 -1 1 2 3

Fig 4.1. Domains with cuts: cut in the ellipse domain (a), cut in the rectangle domain (b)

[|u — uem”C(f,)-errors for the mixed problems

Neumann — Dirichlet problem

Dirichlet — Neumann problem

n Ellipse domain Rectangle domain Ellipse domain Rectangle domain
16 | 0.587853 x 1072 | 0.651126 x 1072 | 0.583429 x 10~ | 0.118655 x 10°
32 | 0.105372 x 1073 | 0.164031 x 10=3 | 0.128893 x 1072 | 0.407673 x 10~2
64 | 0.703893 x 10~7 | 0.103009 x 10=6 | 0.642910 x 107 | 0.566353 x 10~°
128 | 0.657252 x 10713 | 0.120792 x 10712 | 0.143363 x 107! | 0.130922 x 100

Example 4.2 (Cauchy problem with a line cut). Now we use the proposed alternating
potential approach for the Cauchy problem in the case where the planar domain is bounded
by the rounded rectangle Fg) and contains the line cut 'y (see Fig.4.1,b). The Cauchy
data are found by solving the direct Dirichlet — Neumann mixed problem with boundary
functions g*(x1,25) = 22 on I'; and f, = 1 on Fg) and f; is calculated by approach (3.16).
Figure 4.2 compares the exact boundary function g (here and throughout the examples, the
dashed line is the analytical solution) with the reconstruction in the cases of exact data and
5% data perturbation, respectively. Figure 4.3 shows the result of the reconstruction of the

normal derivative 24 on the boundary I';.

ov
a b

0.8r

0.61

0.4r

0.2r

= 05 0 05 1 b 05 0 05 1
Fig 4.2. Reconstruction of the normal derivative % on the line cut: exact data, k* = 500 (a);
5% noise, k* =92 (b)
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3.5 v v - 3.5

1 05 0 05 1 1 05 0 05 1

Fig 4.3. Reconstruction of the normal derivative 85‘—; on the line cut: exact data, k* = 500 (a);
5% noise, k* =81 (b)

+
The L*-errors ey, := |luy, — g7 ||r2(ry) and gy := H% - %HLQ(FI) are given in Fig.4.4.

Here, we used the following discretization parameters: n; = ny, = 64 and the initial guess
h(jf = 0 on I'y. In the case of noisy data, we point out that the result corresponded to the
minimum of the Ls-error.

a b
0.12 : : : : 0.5 :
S
0.1+ 0.4
0.08f
0.3
0.06f
0.2
0-04’ qk 7
0.02 o 017
k
0 ‘ ' ' ‘ 0 ' ‘ ' '
0 100 200 300 400 500 0 100 200 300 400 500

Fig 4.4. L?-error e}, and g for the line cut: exact data (a); 5% noise (b)

Example 4.3 (Cauchy problem with a parabolic cut). In this example, the cut I'; has
a more complicated geometry and is given as a parabola

T = {(,03(t> - 0.5)), -1 < t < 1},

and the boundary D is bounded by Fge). The boundary data are chosen as g*(xy,2s) =
exp(—x; — 4xs) and fo(x1,z5) = 1, and the Cauchy data are generated as described in the
previous example.

The results of the reconstructions for the boundary function and the normal derivative
are presented in Fig.4.5 and in Fig.4.6. The behavior of the L2-error on each iteration step
is illustrated in Fig.4.7.

As can be seen from Figure4.7, in order to still obtain a stable approximation for the
solution v on I'; in the case of noisy data, the iterations have to be terminated appropriately,
otherwise, due to the ill-posedness of the Cauchy problem (1.1), (1.2), the error starts to
magnify. As in the previous example, we use the following discretization parameters: n; =
ny = 64 and the initial guess is h(f = 0 on I'y. Moreover, the noise level is 5%.
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2.5 " " - 2.5¢

0 - : : 0 : : :
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1

Fig 4.5. Reconstruction of the boundary function u+ on the parabolic cut: exact data, k* =
3000 (a); 5% noise, k* = 145 (b)

Fig 4.6. Reconstruction of the normal derivative 85‘; on the parabolic cut: exact data, k* =

3000 (a); 5% noise, k* = 140 (b)

0.6

0.5

0.4

0.3r 1

0.2f ek ]

0.1t 1

O 500 1000 1500 2000 2500 3000 % 100 200 300 400 500

Fig 4.7. L%-error e, and g for the parabolic cut: exact data (a); 5% noise (b)
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An alternating potential-based approach for a Cauchy problem 335

Remark 4.1. In Example 4.3, the proposed procedure was relatively slow and in the case
of noisy data the reconstructions were not accurate enough. However, there is a possibility
of accelerating the alternating procedure both to improve the convergence rate and accuracy
(see, for example, [8]). Investigations of such a procedure are deferred to future work.
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