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Abstract

The following is proven here: let W : X x C — R, where X is
convex, be a continuous and bounded function such that for each y € C,
the function W (-, y) : X — R is concave (resp. strongly concave; resp.
Lipschitzian with constant M; resp. monotone; resp. strictly monotone)
and let Y D C. If C is compact, then there exists a continuous extension
of W, U: X xY — [infxxc W,supx, W], such that for each y € Y,
the function U (-,y) : X — R is concave (resp. strongly concave; resp.
Lipschitzian with constant My; resp. monotone; resp. strictly monotone).

There are several classical extension results in real, abstract and convex

analysis. Urysohn’s lemma (see Royden (1988), 8.3.7) says that, given a normal
space Y,! if A, B CY are closed, then there exists U : Y — [0, 1], continuous,

such that for each y € A, U (y) = 0 and for each y € B, U (y) = 1.
Tietze’s extension theorem states that any continuous and bounded function

defined from a closed subset of a metric space into the real line has a continu-
ous extension to the whole of the space, with the same bounds as the original

function. Formally:

Theorem 1 Let (Y,||-]]) be a metric space, and suppose that A C'Y is closed
and W : A — R is continuous and bounded. There exists U : Y — R,

IThat is, Y is assumed to be endowed with a topology < such that

(Vy, ' €Y :y#9') (30,0 €9) :y € O\O' Ay’ € O'\O

(VC,C'CY :CNC' =2 AY\C €SAY\C' €9)
(30,0 €S):0N0' = ACCOANC CO



continuous, such that

(VvyeAd) : Uy =WI(y)
. f — . f [
Jnf U(y) Jnf, W)
supU (y) = sup W ()
yey y' €A

Proof. This is theorem 3.2.13 in Bridges (1998), pp. 144-145. =

Regarding Lipschitz continuity,? Kirszbaum’s theorem (see Federer (1969),
2.10.43) states that if (Y, ||-||) is a metric space, A CY and W : A — R is
Lipschitzian with constant M € R, then there exists an extension of W to the
whole of Y, say U : Y — R, which is also Lipschitzian with constant M.

In convex analysis, the classical extension result studies conditions under
which a convex and bounded real valued function defined on the interior of a
set can be extended to a continuous and convex function defined on the whole
of the set.?

A problem similar to the one covered by Tietze’s result is studied here.
Suppose that X C R’ and Y C R¥X, where J, K < co. Suppose that X is
convex and that C C Y. Let W : X x C — R be continuous, bounded and
such that for each y € C, W (-,y) : X — R is concave. I study conditions on
C under which one can ensure that there exists U : X x Y — R such that:

1. U is continuous;
2. (V(z,y) e X xXY):

inf ~ W(z,y)<U(z,y) < sup  W(z",y")
(z'y")eXxC (@ y")EXXC

3. VyeY):U(,y): X — R is concave;
4. V(z,y) € X xC) : U (x,y) =W (z,y).

By adapting the proof of Tietze’s extension theorem given by Bridges (1998),
I find that compactness of C suffices. Moreover, the compactness assump-
tion allows me to claim that if for each y € C, W (-,y) is strongly concave

21f (X, ||-]]) is a metric space, a function W : X — R is said to be Lipschitz continuous,

or Lipschitzian, if for some M € R, it is true that
(Vo,2’ € X) : |W(a:) -Ww (m')‘ <M Ha: — a:'H

In this case, M is said to be a Lipschitz constant for W.

31f ¢ C R is a locally simplicial, convex set and W : ri (C) — R is a convex function
and such that VD C ri(C), D bounded, W [D] is bounded above, then there exists a unique
continuous extension of W to C' (see Rockafellar (1970), 10.3). A set C is said to be locally
simplicial if Vz € C, there exists a finite collection of simplices, say {Sm}le, such that
vm € {1,..., M}, Sy, C C and there exists U C R7, open, such that = € U and

Uﬂ(fj Sm>—UﬁC

m=1



(resp. Lipschitzian with constant M — independent of y; resp monotone*; resp.
strictly monotone®), then U can further be found that satisfies that for each
y €Y, U(-y) is strongly concave (resp. Lipschitzian with constant M,; resp.
monotone; resp. strictly monotone).

To the best of my knowledge, this result is new. There is, however some
related literature. Stadje (1987) shows that if A C (a,b) has full Lebesgue
measure with respect to (a,b) (that is M((a,b)\A) = 0) and W : A — R
is measurable® and mid-convex,” then there exists a convex extension of W to
(a,b). Neither continuity nor Lipschitz continuity are studied by Stadje.

Matouskova (2000) shows that if Y is a compact Hausdorff space,® A CY
is closed, and W : A — R is continuous and Lipschitzian, then there exists a
continuous extension of W, U : Y — R which is Lipschitzian, with the same
constant as W, and has the same sup norm.” No concavity or monotonicity
properties are studied by Matouskova.

On the other hand, Howe (1986) gives necessary and sufficient conditions

under which for a finite collection {Wl }1L:1 of continuous and concave functions,
W' :R] — Ry, there exist M € NU{0} and U : R x RY — R, such that:

1. U is continuous;
2. U is concave;
3. (Vledl,..,L}) (H:El € RJE) U (-,xl) =W()

Because this last problem deals with a setting very similar to the one studied
here, the differences deserve to be pointed out. The first and more obvious one
is that no smoothness or monotonicity properties are dealt with by Howe. The
second one, which is fundamental, is that I am not assuming that C' is finite, so
that the finiteness assumption of Howe’s does not fit in my setting. Besides, 1
take as given the set Y, and, therefore, cannot use its dimension as a variable.
Moreover, I do not require concavity of the function U, but only of its cross

4f : X — R is monotone if for every x,2’ € X such that x >> 2, it is true that

f(z) > f (@)

5f: X — R is strictly monotone if for every z,2’ € X such that > x’, it is true that

f(z) > f ().
6That is to say that Va € R, the set

7 (e, 00)) = {x € (a,b)| f (2) > o}

is Lebesgue measurable.
"That is

<Vm,a:' GA:%(:C-F:C') GA) W<% (374‘33/)) <5 (W(2)+W(2'))

1
2
8 A topological space (Y,S) is Hausdorff, or Tg, if

(Vy,y' €Y :9,9') (30,0 €S):y € ONy €O AONO' =0

9The target set need not be R, but any metric space with lower semicontinuous metric.



sections (U (-,y) for each y € Y), and Y need not even be a convex set, nor do
I study the necessity of my assumptions.
In what follows, given a set Y C RX I define the point-to-set distance
function
dis: Y x P (Y) — Ry;dis(y,C) = Alng lly — 9l
ye

where P (Y) represents the power set of set Y, P’ (Y) = P(Y)\ {@} and |||
is the Euclidean norm in R¥X. For simplicity of notation, I use ||-|| for the
Euclidean norm without being specific about the dimensionality of the space
being considered. It is understood that I am using the norm corresponding to
the dimensionality of the vector in question. Similarly, By (z) denotes the open
ball of radius d around z in the Euclidean space of dimension equal to the one
of z, which is not explicitly noted. Given Z C R¥ I denote by Z° its interior
and by Z its closure, both on the Euclidean topology.
The main result obtained here is the following:

Theorem 2 Let X C R’ and Y C RE, where J, K € N, be nonempty. Suppose
that X is conver and C C Y is compact. Suppose that W : X x C — R is
continuous and bounded, and that for each y € C, W (-,y) is concave. Then,
there exists U : X XY — R, continuous, such that

1. For each (x,y) € X x C, U (z,y) =W (z,y)

2. For eachy €Y, U (-,y) is concave

3.
inf U , _ inf W /’ 1
(x,y)ngXY (:L' y> (z’,y’l)nEXXC (:L' y)
sup  Ul(zy) = sup W (z',y)
(z,y)EX XY (z',y')EXXC

Proof. If W is constant, the result is trivial. Else, let

L: inf W<x7y)7 Sup W(.’E,y) - [172]
(z,y)€XXC (z,y)EXXC

be the affine increasing bijection. Both [ and [~! are concave, continuous and
strictly increasing. Define f: X x C' — [1,2] by

fla,y) = (Lo W) (2,y)

By construction, f is continuous,

inf , = 1
witixc! @)

sup  f(z,y) = 2
(z,y)eXXC



and for each y € C, f (-,y) is concave.
Now, since C'is closed, it follows!? that

(Vy e Y\C) : dis(y,C) >0

Define the function F': X x Y — R by

- f (x7 y) if (RS C
(z,y) = W otherwise

It is obvious that
(V(2,y) € X xC): F(z,y) = f(2,y)

Moreover, F' has the following properties:

Property 1: (V(z,y) € X xXY): F(x,y) € [1,2]
Proof of property 1: By construction,

(V(z,y) € X x CO): F(x,y) = f(z,y) € [1,2]
Fix (z,y) € X x (Y\C). Clearly,
() (a) o= <274
from where

(i€ 0): inf f(.5) [v-5] < f @) Iy -3l <2 |y~

yec
so that 2y — 71
~ y—y
VyeC): F(z,y) < ——
However, since ||| is continuous and C' is compact, it follows from Weierstrass’

theorem that R
Argmin Hy - @H # Q0
yeC
so that
(FeC): lly—yll =dis(y,0)

and, therefore, that
F(z,y) <2

Moreover,

. ly—vll _ f(z9)lly =7l
1< = < -
(Wge):1 dis (y,C) dis (y,C)

10See for example Moore (1999b), proposition 7.54, page 33.



from where
F(z,y)>1

Property 2: For each y € Y, F (-, y) is concave.
Proof of property 2: This is obvious for y € C.
Fix y € Y\C. Let z,2’ € X and X € [0.1]. By definition,

infiec f Qe+ (1 =N a"y) lly — ¥l

Fa+(1-Xay) = dis (y,C)

By compactness of C' and continuity of f and |||,

fRz+ A =N,y [ly -7l

Fyel):Foo+(1-Na,y) = dis (y,0)

Fix one such § € C. Since f (-,y) is concave, ||y — g|| > 0 and dis (y, C') > 0.

W () + 0 =N FEY) lly — vl

dis (y,C)
~ o A — 7
_ A%m— A)%
infs o f (2.9) |v -9 inf5e o, f («.3) v -0
> A yecdig(y,();y H”l”) yecdz‘(s(y,g)H H

= AF(2,9)+(1- )\ F(2,7)

Property 3: F' is continuous.
Proof of property 3: It follows by construction that F' is continuous at
all (z,y) € X x C°.
Consider now (z,y) € X x (Y \C). Define the function h : X x (Y\C)xC —
R by
h(z,y,9) = f(z,9)lly — 9

and the correspondence I' : X x (Y\C) = C, by
I'(z,y) =C

I is continuous and I' is compact-valued and both upper- and lower-hemicontinuous,
so that, by the theorem of the maximum!!, the function h: X x (Y\C) — R,
defined by R
h(z,y)=_min h(z,y,7)
yel(z,y)

is continuous. But, by construction,

(¥ (z,9) € X x (Y\C)) : o (w,y) = Inf £(2,9) ly — ¥l

11See, for example, Stokey and Lucas (1989), theorem 3.6, page 62.



Moreover, the function p: X x (Y\C) — R, defined by

p(z,y) = dis (y,C)

is continuous!'?, from where it follows that F is continuous at each (z,y) €
X x (Y\O).

Finally, T prove that F' is continuous at each (z,y) € X x (C’ ﬁm).w
Fix (z,y) € X X (C’ ﬁW) and € € (0,1). I prove this result in a series of
claims:

Claim 1:(Ir e R44) (V(Z,7) € (Br () x B, (y)) N (X x C)) :

\f (,y) = f(@,9)] <e

Proof of claim 1: Since (z,y) € X x C and f is continuous, there exists
7T € Ry, such that

(V(7,9) € Br(z,y) N (X x C) : [f (z,9) — f(Z,9)] <e

Fix one such 7, and define r = 5 € Ry4. All I have to show is that B, (z) x
B, (y) € Br(z,y). Let (z,y) € (B () X By (y)). Obviously, (z,9) = (z,y) +
(0,9 —y)+ (T — z,0), from where

1@, 9) = @yl = [00,y—y)+ @ —2,0)]
< 107 =yl + [z — 2, 0)
< 2r

Note: For the following claims, I take r as given in claim 1.
Claim 2:(Yy € B,4 (y) N (Y\Q)) : dis (y,C) = dis (y, B, (y) N C)

12Gee, for example, Moore (1999b), proposition 7.53, page 32.
13Tt is obviuos that
CcoU(Y\O)U (c n (Y\C)) cy

To see that
Y CCOU(Y\O)U (c n (Y\c))

let y € Y. Suppose that y ¢ Y\C. If y ¢ C°, then
(Ve ERy1) s B (y) N (Y\C) # 0

which implies that y € (Y\C)



Proof of claim 2: Fix y € B, /4 (y) N (Y\C). For each y € C\B, (y),

lg—=9ll = lly=ull—lly—vl

3r
7
> 2|y -yl
S
YyEB(y)NC
—  2dis (§, B, (y) N C)
> dis(y, B, (y) N C)

which establishes the result.
Claim 3:(VZ € B, () N X) (V§ € B4 (y) N (Y\C)) :

nf GO -5l =  inf 5077
@nelcf(w 9 Iy — 9l QEB}rrgymcf(m y) lly — vl

Proof of claim 3: Fix T € B, (xr)N X and y € B, 4 (y) N (Y\C). For each
y € C\B,(y), since f(Z,y) > 1 and f(Z,y) < 2, it follows from the set of
inequalities in the proof of claim 2 that

s~ 3r
f@y)ly-yl > T
> f(z,y)ly—yl
> 1(5) -
JeB, (y)NC

which establishes the result.
Claim 4:(Vz € B, (z) N X) (Vﬂ € B4 (y)N (Y\C’)) :

F(z,y)—e < F(z,y) < F(z,y) +e¢

Proof of claim 4: Fix € B, (xr)N X and y € B, 4 (y) N (Y\C). For each
¥y € B, (y)NC, since

(@,9) € (Br (z) x By (y)) N (X x C)
it follows from claim 1 that
f(may) —e< f(‘%a/y\) < f(xvy) —€
so that, since f (z,y) —e > 0 and 0 < dis (y,C) < ||g — ]|, one has that
(f (@,y) =€) dis (y,0) (f (z,y) — &) Iy — ¥l
@) lly =yl
(f (z,9) +e) lly =yl

NN N

oo



and, therefore,

(f (z,y) — ) dis (y,C) < 1%f) f@y) vy -yl

7€B
< (F@y)+e) it 5~
(F(

x y)+€)dzs(y7B (y)NC)

The result then follows from claims 3 and 2, which imply that

and, therefore, since dis (y, C) > 0, that

f(x,y)—agF(%,@ gf($,y)+€

Hence, to establish continuity at (z,y), define § = § € Ry ;. It follows from
claims 1 and 4 that

(V(z,9) € Bs (z,y) N (X xY)) : [F(z,y) — F (z,9)| <¢
which suffices to prove property 3.
Now, define U : X x Y — R by

Ulz,y) = (l_l o F) (z,y)

which is well defined given property 1. Given property 3, since [~! is continuous,
so is U. Also, if (z,y) € X x C, by construction,

(F (2,9))

(f (z,9))

= T I (2,9)))
= W(z,y)

Uz,y) = 171
l*l

Moreover, since {~! is increasing and concave, property 2 implies that for
each y € Y, U (-,y) is concave . Finally, since

=1:[,2] — inf  Wi(x,y), sup W (z,y)
(z,y)€XXC (z,y)eX XC
it is obvious that

inf U > inf W,
(gc,y)ngxY (@,y) (:c,y)ngXC (@,y)

whereas, by definition,

(Vr> inf W(m,y)) 3@,y eXxC): W@,y <r
(z,y)eXxC



which implies that

<Vr> inf W(x,y)) 3@,y e X xY): U@,y <r
(z,y)eX XC

and therefore
inf Ul(xz,y) < inf W (x,
(z,y)ngXY (x y) (w,y)ngXC (:L' y>

A similar reasoning establishes that

sup U (:Ea y) = Sup W (:Cv y)
(z,y)EX XY (z,y)eXxC

|

Although the compactness of C' was used in the proof of properties 1 and
2, this is by no means necessary. Property 1 can be established assuming only
closedness as in Bridges (1998) pages 144-145, whereas concavity of F (-, y) for
y € Y\C could be argued as follows:

Fix y € Y\C. Consider the following family of functions:

Fy={9: X —RIFyeC):9()=rvlly-yll}

Fy is a family of concave and bounded below functions, since for each y € C,
f(-,9) is concave and bounded below and ||y — ]| > 0. Define the function
gy: X — R, by

~ _inf

gy (2) f g (z)
It follows from theorem 5.72 in Moore (1999a), pages 313 and 314, that g, is
concave. By construction,

(Vo € X): g, (¢) = Inf f(2,9)[ly -y
yel

which implies, since dis (y,C) > 0, that F (-, y) is concave.
Whether property 3 can be argued with only closedness of C' is unknown to
me. However, the presence of the compactness assumption allows the following;:

Corollary 1 Let X C R7 and Y C R, where J, K € N, be nonempty. Suppose
that X is convex and C C 'Y is compact. Suppose that W : X x C — R is
continuous and bounded, and that for each y € C, W (-,y) is strongly concave
(resp. Lipschitzian with constant M ; resp. monotone; resp. strictly monotone).
Then, there exists U : X X Y — R, continuous, such that

1. For each (z,y) € X x C, U (z,y) =W (z,y)

2. For each y € Y, U (-,y) is strongly concave (resp. Lipschitzian with con-
stant M, ; resp. monotone; resp. strictly monotone.)

10



inf Ul(z,y) = inf W (z,
(w,y)ngXY (:E y> (Ly)ngXC (x y)

sup  Ul(zy) = sup W (z,y)
(z,y)EX XY (z,y)EXXC

Proof. If X is a singleton, the result follows trivially from theorem 2. Else,
recall all the definitions given in the proof theorem 2.

For strong concavity, it suffices to show that for each y € C, f(-,y) is
strongly concave, that for each y € Y\C, F (-,y) is strongly concave and that
=1 is strictly increasing.

By strong concavity,

sup  Wi(z,y)> inf W(x,y
(z,y)€EXXC ( ) (z,y)EX xC ( )

from where both [ and [~! are strictly increasing. Notice, then, that for each
y € C, f(-,y) is strongly concave: fix y € C. Let z,2/ € X, z # 2/ and
A € (0,1). By strong concavity of W (-, y) and concavity and strict monotonicity
of [,

WAx+(1-=Nz'y) > MW (z,y)+(1-NW(z,y)
LW Az+(1-Na'y) > 1AW (z,y)+ (1 =AW (2, y))
> NW(z,9) + 1 -N1W(2,y))
Finally, fix y € Y\C. Let 2,2’ € X, x # 2’ and X € (0,1). By definition,

infgec f Az + (1 =N)a2",9) |ly — 7
dis (y,C)

Fz+(1-N2',y) =

By compactness of C' and continuity of f and |||,

fOz+ A=y lly -yl
dis (y,C)

(Fel):Fhz+(1-N 2,y =
Fix one such §y € C. Since f(-,7y) is strongly concave, ||y —g] > 0 and
dis (y,C) > 0.

Fows (- Nay > @0 NIy 7]

dis (y,C)
_ (rcchgwyc—) vl (1- ) f (ﬂ;ggyllzg yll
inf=_.. f («.7) ||y — 7 inf=_.. f («,7) [y — 7
> yeC dig o ZU H +(1=A) yeC diE o g)” H

= AF(2,9)+ (1 -\ F (2,7

11



I now show that if for each y € C, W (-,y) is Lipschitzian with constant
M (independent of y), then for each y € Y, U (-, y) is Lipschitzian with some
constant M,,.

If W is constant, the result is trivial. Hence, I assume that the affine bijection
l has slope a > 0.

It follows by construction that for each y € C, U (+,y) is Lipschitzian with
constant M, = M. Since for each y € C, W (-,y) is Lipschitzian with constant
M, one has that f (-,y) is Lipschitzian with constant aM. Fix y € Y\C and
z,z’ € X. By definition of F'; compactness of C' and continuity of f and |||, as

before, there exist @,? € C such that

f (@) lly =yl
F = -_
@9 = s .0
(@) = dis (y,C)
Fix such @@\ € C. By definition
f(@,9) ly -yl (xy) Hy yH

dis (y,C) S di

o

y,C

<
P -7 _ s
dis (y,C) = dzs( )

whereas, since both f (-,7) and f (,@) are Lipschitzian with constant M/a,
)

f (z,9) - [ (@', 9)] < aM|z—2
£ (2.3) - £ (+5)] < aMfz—|
and, therefore,

& — 2|l lly — 9l

f@y)ly—vl  f@E',9)
dis (y, )

dis (y,C) S @ dis (y,C)
o G ) U A G0 ) U ) U
dis(y,C) dis (y,C) S @ dis (y,C)
Define
= maxly /|
Y dis(y,0) v pec¥ Y
which exists and satisfies M, > 0, because C' is compact and ||-|| is continuous.

12



Clearly,

‘f @9 lly =yl _ £y ly -1l

dis (y,C) dis (y,C)
f 72 A f ,’2 A
Gk EAEA < o

Now, if

e ly-al _J(#9) v 7]
dis(y,C)  ~  dis(y,C)

it follows that F @9y -7l
F < F ! < X 7y y - y
(z,y) (@) S =" ©.0)

from where

|F (z,y) — F (2',y)] < M ||z — 2|
If, on the other hand,

£@ ) o= remi-al
dis (y,C) dis (y,C)

then

, /!
Flaly) < Fley) S — 50 5

from where, again

IF (2,y) — F (2, )] < aM, [}z — 2’|

Hence, it follows that F'(-,y) is Lipschitzian with constant aM,, and, there-

79) [ ]

fore, that U (-,y) = (It o F) (-,y) is Lipschitzian with constant M,.

Finally, T show that if for each y € C, W (-,y) is monotone (resp. strictly
monotone), then for each y € Y, U (-, y) is monotone (resp. strictly monotone).
If there do not exist z,2’ € X such that > 2’ (resp. = > 2’) the result
is trivial. Else, fix x,2’ € X, x > a’ (resp. z > 2’) and y € Y. Since for each
yeC, W (x,5) > W (2/,7), it follows that both [ and [~!are strictly increasing
and, hence, that for each g € C, f (+,7) is monotone (resp. strictly monotone).
Then, if y € C, the result is trivial and I now assume that y € Y\C. By

compactness of C' and continuity of f, there exists y € C' such that

f (@) lly — vl

13



Fix one such § € C. Since f (-, %) is monotone (resp. strongly monotone),
lly — 9|l > 0 and dis (y,C') > 0, one has that

F(z,y) = %
> T @) lly -yl
dis (y,C)
> inff(x/@ Hy—?H

3360 dis (y,C)
= F(2,y)

showing that F (-,y) is monotone (resp. strictly monotone). Since [~ is strictly
increasing, it follows that U (-,y) is monotone (resp. strictly monotone). m
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