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ABSTRACT

The constant potential method assumes that the
effective potential is spherically symmetrical within
the inscribed spheres of the atomic polyhedra and
constant in the space between them # The variation
principle giving the energy levels of electrons in
monoatomic lattices is expressed here as a surface
integral over the boundary of the volume#Once certain
* structure constants ” appearing in this method have
been calculated for a given type of lattice ) they
may be used with different potentials without much
additional effort- # This method has been tested with
the empty lattice test for k=0 (a1 type lattice ) and
has further been applied to the monoatomic substance
(Al )e The results of some calculations have been

reported in both cases #
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INTRODUCTION

In the last decade | a number of attempts at a
theoretical determination of wave functions and energy
levels of electrons in solids have demonstrated clear-
ly that the amount of labour involved in such a study
is enormous. The discovery of a procedure which enables
us to make short - cuts in the calculations without
destroying the resonableness of the model must there-

fore be of interest #

The present paper is concerned with the present”®
ation of such a procedure . Among others,Kohn,Rostoker
have recently proposed a similar method based on a
variational procedure derived from an Integral equation
for the Bloch function # This method also assumes that
the lattice potential is spherically symmetric about,
each ion core within a sphere inscribed in the atomic
cell,and is constant: in the volume outside that sphere#
The calculation of the band structure for a particular
ion potential requires only the knowledge of the logarithm-

ic derivative of the radial wave functions of different



A ( azimuthal quantum number ) on the surface of

this sphere ¢ It is essentially a variation of the
Wigner - Seitz cellular method # In principle , this
method can be used for any substance ¢ Moreover ,
once certain ”“structure constants" appearing in the
method have been calculated for a given type of
lattice ,they may be used with different potentials
( corresponding to other substances ) without much
additional effort * Dr#L#Pincherle has even success-
fully applied a similar procedure to the diatomic

substance % S e

To obtain a critical evaluation of the rigour
of this mathod in the derivation of energy levels it
was applied to a case in which the exact solution
is known , namely to an artificial crystal in which
the potential is zero throughout its volume ( empty
lattice test )o It may be of some interest to
consider whether this procedure is applicable to the
same extent as with other methods, therefore we have

applied it to the well known aluminium crystal wvdiich



has a high density of conduction electrons and whose

ion core is relatively smalli.

I have a great pleasure in expressing my real
gratitude to Dr# IL# Pincherle for his invaluable

guidance and encouragement throughout this work#



THE CELLULAR METHOD

We shall not be wrong to assume that the most

highly developed and widely applied technique for

obtaining one electron wave functions in solids is
the cellular method. The Schrodingen problem in the

crystal may be reduced to a single cell of the space

lattice by the use of the Bloch form for the wave
function# When applying the cellular method, the shape

of the cells into which we divide the crystal is
arbitrary# In the case of a simple monoatomic solid

for which all the atoms are translationally equivalent,
the unit cell chosen may be polyhedron of smallest volume,
( Wigner - Seitz cell ) whose plane faces bisect
orthogonally the lines joining the atom to its
neighbours#

The basic assumption of the method is that the
ion core wave functions remain essentially unchanged
in going from the free atom to the solid, the wvalence
wave functions,however,must be solutions of a self-

consistent field calculation in the crystal#Thus we may



expand the wave function in terms of orthogonal
functions appropriate to the central field , the
expansion being only valid inside the W - S cell
However,the wave function can be extended to the
neighbouring polyhedra , joining the individual
solutions at the boundary by means of the continuity
requirement on wave function and normal derivative
together with the Bloch condition (eq. 3 and h

page 19 )e One of the drastic approximations of the
cellular method is to assume , within each cell , a
spherically symmetrical potential , so that the wave
function should be able to expand in spherical
harmonics about the cetrally located atomic nucleus #
When we reach the outer part of each cell the approxim-
ation becomes still poorer ¢ It is also prone to produce
discontinuities' in the potential at the boundaries of
the cells , though these may not be very relevant #

In order to reduce the cellular method to a practical
scheme , boundary conditions are applied at selected
points on the polyhedron surface# Hence equation *1 ‘

can be satisfied at a relatively



small number of points only . The boundary conditions
can also be applied as area conditions# In this case |,
the functions and normal derivatives appearing in

eq. 3 and h (page 19 ) may be replaced by averages
over the appropriate areas » In the point matching
procedure considerable care must be taken in choos -
ing the points at which the boundary conditions

are applied # One of the method used for testing

the suitability of arbitrarily chosen boundary

points is the empty lattice test. ( described later

on )* It will be convenient to use the unnormalised
Kubic Harmonics absorbing the normalisation into

the lattice constants ¢ An adequate number of boundary
conditions leads to simultaneous equations which

are compatible only if the determinant of the lattice
coefficients vanishes: * This will occur only with

certain discrete energies
In order to utilize fully the symmetry of the

crystal , it is customary to express the wave function

in the form

It



is a lattice harmonic, that is to say a linear
combination of spherical harmonics chosen to trans-
form the wave function according to one of the
irreducible representations of the group of the wave
vector *K e The wave functions associated with the
point *K e fall into orthogonal sets, each set having
a particular type of symmetry of its own. The type
differs for each irreducible representation of the
group of The azimuthal quantum number is ** %
The index ¢ indicates that more than one *
may be derived from spherical harmonics of the order
e~ . The coefficients * * may be determined by
boundary conditions which require the wave functions
of the neighbouring atom to fit together smoothly
enough at cell surface.

The angular functions used in a cubic crystal
have been termed " Kubic Harmonics For a small
e, *, the K.H. of the lowest order are simply surface
harmonics. For *£.>3 * however,Van der Lage and Bethe

have devised another method. Intending to construct



a set of functions which would be satisfactory in
two conditions, they proceeded by first constructing
a set of functions apt to satisfy the first condition,

and subsequently modifying these functions without
affecting their conformity to this condition, so
that they satisfy the second condition as well.

Thus K.Ho must satisfy two conditions a) they
must have correct symmetry b) they must be the
solution of Legendre's differential equation. The
first step consists in constructing symmetrically
correct polynomials ( C.P. ) of order which are,
moreover,linearly independent of each other, and

then it is only necessary to make *(;i,' orthogonal

to the K.H. of the same type and lower '|[

Any set of linearly independent degenerate
wave functions must,under the operation of the group
of the wave equation, transform by an irreducible
representation of this group. As to the crystal,its
relevant group is the space group of the crystal.

There are two types of restriction on possible wave
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functions

a) translational restriction

b) rotational restriction

The rotation group is the full group of
rotations about a point in space in three
dimensions,but the effect of rotational symmetry
on possible wave functions is modified when only
certain exclusive rotations are admissible© The
result can be then expressed as the direct sum of
the irreducible representation of the subgroups#

The symmetry of translation results in
two effects: first, each atomic level becomes a
band of levels - as many levels as there are atoms,
each of the levels corresponding to a different
value of *K *; secondly,each value of 'k ¢ is
correlated with a particular rotation group on
whose representations the wave functions depend#
It is sufficient to consider the symmetry
properties of the wave function belonging to a *k *
whose operational group belongs to the cubic group

type where * is left invariant# This group ,



comprising namely subgroups of rotation,is larger

than a unit element# The rotation symmetry of other

wave functions becomes automatically satisfactory
Lkry

when - IiG e “Gnce the reduction of the

original representation need only be studied when

it can be regarded as a representation of a sub -

group of rotation of the kind where 'K ' is left

invariant, and not of the whole rotation group.

In practice,only 'K ' of a fairly high degree
of symmetry need be considered. If the symmetry of
K ' is low, the method provides no more than a

small number of coefficients 'Cg.t

For the 'fit * group of substances the potent-
ial in the lattice has a face centred cubic symmetry,
and so has the Hamiltonian. Since the simplest form
of the BoZ. ( page 13 ) consists of eight equal
hexagons and six equal squares - a trunculated octa-
hedron - it is not unexceptionally fixed by this

symmetry. The reciprocal lattice in question has the



same symmetry as the cube or the octahedron # Thus
the group of k(0.0.0) +s a full cubic groupr

and its irreducible representations , each with a

corresponding type of wave function , are denoted by | '
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THE BRILLOUIN ZONE

/A

Fig. 1

The first Brillouin zone of a face - centred
cubic crystal ¢ Letters indicate points associated with
wave functions of particular symmetries .Cn is the axis

of rotation where index n means n - folded axis



WIGNER - SEITZ LATTICE

Fig. 2

Wigner - Seitz lattice of a face centred

cubic crystal
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VARIATIONAL PROCEDURE

FOR SATISFYING BOUNDARY CONDITIONS

The whole problem of calculation E CK)
is greatly simplified when the effective potential
is spherically symmetrical within the inscribed
spheres of the atomic polyhedra and constant in the
space between them ¢ As has been pointed out in the
introduction , the overwhelming part of the work of
calculating the energy bands consists in the calcul-
ation of certain geometrical structure constants
( in this case , of the structure constants of
substance like Al )which must be calculated a priori,
once and for all , for each type of lattice . These
apart , the only other information required consists
in the logarithmic derivatives |,
surface of the inscribed sphere of pH d¢ ... ..
solutions of the Schrodinger equation with the given
e As will be shown in further calculations ,

these can be obtained by numerical integration or
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directly from the atomic spectra without the

explicit, introduction of

Then the functions Pj*({Enr) may be consider-
ed to form a one parameter family ( parameter E )
of these solutions of eq# 15 which are zero at origiHo
In terms of these, a new function *(El) may be

defined as the logarithmic derivative of R'CET'Y)

at Y=To by
[
I Am
It can be shown quite geneﬁglly that. for

sufficiently small values of % is a smooth ,
. e For since the
function must be expressible in Ru. units
in the form - p~ + , where is an
analytic function with a zero at origin , it follows
that the logarithmic derivative can always be

e]gpressed in the form

>0 I
in which the coefficients CXK are polynomial functions.
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of the energyEl # Further , the degree of these poly-
I £

nomlal functions increases quite slowly with K ;
is independent ofE“Ofand are linear functions
E , and generally Q.L and ClaKare polynomials of
degree k 1n2 . Thus , for all physically significant
values ofE]. and for sufficiently small values of
“(E) will be constant , since terms beyond dt may
be discarded . With % somewhat larger , so that the
coefficients Qj must be kept , ©* (E) will show a
linear dépendance onE « For a given value of E].
the solutions R”CE'y) of the wave equation which is
zero at the origin must be identical ( in the hydro-
genic region O ') with some linear combination
of Whittaker’ s two functions « The particular linear
combination “desired is completely determined by the
function #* (E) , which is the logarithmic derivative
of the correct solution , computed at <% o
If the hydrogenic region extends near enough the core
so that 0 (E) is a well-behaved function ofE /
then the behaviour of 0 (‘B Is completely

determined by the first few
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values of G) (Ek) ,where the Ek are the atomic

A

term levels

In practice it is necessary to choose the
largest matching radius nb such that the points
© (EX) 1lie on a curve which may he described by

a simple polynomial #

It should be emphasised that , in spite of
the assumption of a spherical VW , this
method is not equivalent to the spherical
approximation of Wigner and Seitz , for the poly-
hedron , which is approximated by a sphere by Wigner

and Seitz , is here exactly taken into account on its

actual shape °

We shall proceed now to state the boundary
value problem which we wish to formulate as a

variational principle

-V o+

for all O' inside the polyhedron *
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Every boundary point corresponds to a
conjugate point , also on the boundary , in
such a way that becomes one of the
fundamental translation vectors . It will be
seen that, in this particular case is constant

on each face and that
= exp.(lK't*)w(o') (3)

for all nr on the surface of the polyhedron.

On On (4)

Here,k iff the wave vector and on denotes
the differentiation along the outward normal at the
point in question ¢ The minus sign in is here to

indicate that the outward normals at T and Iy’ are

opposite in direction.

To obtain an equivalent variational principle

we consider the functional

I = —\V*HIWN-E oJ (?)

14



- 20 -

where XI denotes the interiour of the polyhedron#
The first wvariation can be represented as an
integral over the bounding surface S of the

polyhedron

(6)

considering the first term of the real part of ¢

14

we undertake the following transformation

SAMLY (epk™ds (7))

where the last step refers to the boundary condition”
The second term of 6 can , in virtue of 3 » be

represented as

= Re 6| ('V)M(nr)6Xp(Lky)d5 ( ®)
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Combining these two results we obtain

(9)

The desired variational principle can now be

expressed in the following form %

CO 4

4 "«D")EﬁgDCUC'AV0CiB

's On

z stationary (10 )
Obviously , the functional will wvanish for the
correctly, K and E ¢ We may also note two special
forms of 10 ¢ If the admitted trial functions all

satisfy the boundary conditions , we obtain

J=y*''pV* +V-E ) 44'~~ ~ stationary (11)

if , however , the trial functions ( as is the case

here ), satisfy the wave equation 2 , we obtain

IrRel (12)

= stationary



In the case of k =0 ( this particular case )

reduces

On T

to jo/fsl/\U\]')d (13 )
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A NEW FORM OF CONSTANT POTENTIAL METHOD

The general form of wave function to be used

1s R'(En') (14 )

et
In the region outside the sphere S the radial

function Rt satisfies the differential equation

d'Re, + 2 iiig('? + 2EH) Re=0 (]E—T)

d'ys

with the solution ;

Rt =Rtj/tW ~ )

This is independent of the boundary conditions ,

where 5 (17 )
Here , and are spherical Bessel functions ,
the normal derivative of 14 - 1including only

- takes the following form

(18 )
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The explanation of 0 is given on page 27

According to the tables of Bouckaert , Smolu-
chowski and Wigner , a wave function corresponding
to K -+ (0.0.0) must be of the basic symmetry
type rr* ¢ It is a full cubic group and we may expect
one of the low energy states for the crystal ¢ In
this particular case , we may assume an expansion
up to t=5 to be an accurate enough solution. Our
expansion of the wave function will then contain

only two terms.

It will be convenient to use the unnormalised

Kubic Harmonics;

, and 1/
0 I\4 Y4 5

(19)
absorbing the normalisation injbo the Ctt, to find

A , letting =1 . As to the XU plane

jn . _ Jf/ N | _ _
for which the function yl*XUj is defined , it has
been pointed out that its normal derivative can be

expressed as



o 25 o

for a plane parallel to the Z axis ¢ In our case ,

this relationship is simplified owing to the fact

that =0@2=
The functions of and - occuring in the
solution of the radial function Rg, - have been

termed spherical Bessel functions . The interesting
feature of thése half - order functions is that their

series converge to relatively simple trigonometric

functions
1(x) = Y\g&= "
The well known " derivative " recurrence formulae

establish relationships between Bessel functions of
various orders , and there is no reason why they

should not be applied here . However , and D , the
signs of derivative of zero order , have to be consider-

ed separately . Finaly page 27 shows that COS © =
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The coordinates of the vectortip are ,
in fact , equal to those of T witha -ve sign
for X andy. * ” This has no

effect whatsoever on the evaluation of the integrals
(X and y, are of even powers in the case aror T )

and we may thus say that -T

When we substitute 1* using 18 into 13, the
number of integrals to be evaluated is reduced by

the above properties , andthe similarity from 32

to 21 « ( page28-30)
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THE ANGLE A

Fig. 3

() is the angle between the vectors ( ) with

the point P moving over the surface a b ¢ d ( Fig.2

page ).
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TABLE OF INTEGRALS

\VZi

CoGfloBf
2fz



10

14

15

1/

TABLE OF INTEGRALS

*2'a.

xyn n(¥dks

[Ns(*r) -

jz a H n.(Wds

(W(Al
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TABLE OF INTEGRALS

i ol 4CC§Z. AJZ M b(%

19 Zy rds

Z0 A /zy{n»[ab

21



THE EMPTY LATTICE TEST

One of the methods used for testing the suitab-
ility of arbitrarily chosen boundary point conditions
is the empty lattice test « This test has been devised
by W, Schockley to obtain a critical evaluation of the
rigour of the cellular method in deriving energy levels;
and wave functions in solids « It consists in applying
the cellular method to the only case where an exact
solution is possible , and comparing the results
obtained with the optimum ¢ This is the trial case

of the empty space

The wave function is expanded in lattice hannonics
in each W - S cell , the radial functions being the
well - known spherical Bessel functions whose numerical
values have been obtained from the standard tables
( Tables of Spherical Bessel Functions 2 vols.

Columbia Univ. Press . 1947? )
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Originally , Schockley results were used to show that,
with the exception of the cases with low energy states
of the crystal , an excessive number of terms is
needed for the expansin of a wave function . This
difficulty has been largely removed by the restrict-
ion of the calculation to the special symmetry points

of B o Z o



a) The approximate method of calculation using W-Sassumption
We use for each cell eg# 1. The approximation
of replacing the polyhedron cell by the equivalent
sphere is most accurate , when the Bloch function
appropriate tok -0 has the full symmetry of the lattice,

so that it is , in most cases , nearby 5 - like in the

neighbourhood of an ion ¢ In spherical approximation ,
the wave function is actually an S function in each
cell ¢ The approximation may also be expected to be good,
when the k vector is not too close to the surface of
the B# Z. Brooks has demonstrated that , under these
circumstances , the sphere of equal volume is likely to
yield the best energy results when the boundary
conditions e.gf 2 and 3 are used , provided the wave
function is in spherical approximation an 5 function ,
and with the further proviso that wave function and
potential are nearly constant in the volume between the
surface of the equivalent sphere and the surface of the

polyhedron cell

Let us assume , in the light of the above facts,

that CL is the size of the elementary cube . In this
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case the volume will equal ( page 3& ) . There
are h atoms in the elementrry cube , hence the volume
of each cell is . The radius of the equal wvolume

sphere is R

yRA=TT R =0,Vi* "6>591a  (21)

If we take only one term in expansion , the
boundary condition will be ( =3
and jo » vanishing at zero value of the
argument ;
=4.4935
o @ 4/4935 ~in9 r ~ * e2)
A 0.391a Cl A Of

in the spherical approximation.
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b) The exact method of calculation [

The energies obtained by the cellular method may
be compared with the exact solution of the empty lattice
problem # For the face centred cubic lattice , the two

sets of shortest Kv vectors ( reciprocal vector ) are

K = ~(-1-1-9 ®

(23)

he = %, (-2,0,0 3
a( )

The vectors being sufficient to specify the first zone »
Hence , the first B,Z# is a truncated octahedron « The
true wave functions are , in fact , plane waves - in

this case with energies

Ek = 7~ v=0 = (2 )
or , since we are using the reduced zone scheme
r =SkiKr (25)
A 2m

for K=0 and using Rydberg units W8 obtain

p = 59,7Zj ( 26)
Qj_



THE CONSTRUCTION OF CELLULAR POLYHEDRA

Fig. If

The unit cell is chosen as the polyhedron of
smallest volume whose plane faces (e.g#a plane b)
bisect orthogonally the lines (e»g. a line c)

joining the atom with its neighbours#
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APPLICATION OF THE EMPTY LATTICE TEST

SB CRIP m

In the application of the empty lattice test
we are faced by the problem of establishing a"free
electron correspondence”# The value of k completely
specifies the within each cell # The plane waves
are characterised by the vectors K/ # The energy -
bands corresponding to different values of HC are
degenerate in the same manner as - type atomic
levels . If a cubically symmetrical perturbation were
imposed , these degenerate waves would split into
different T types functions # The actual procedure
illustrated here corresponds to a value of k =0 for

the type of the wave function#

In fact , the constant potential method is very
suitable for a direct application of the empty lattice

test # Moreover , it can be used to judge the correct-



ness of the procedure to be employed in the calculat-

ion of the ” real case " #

Here , the number ofintegrals to beevaluated
over the quarter of the face of the polyhedron ( full
cubic group ) is reduced from 21 to 6 by taking

n(7r*)=0 ( page 32 ) o

The second - kind Bessel function
has singularity at *=0 , and is hence discarded
in the problems where (En® must remain finite

or more precisely , where the coefficients of these

terms Bt must be equal zero#
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TABLE OF INTEGRALS ( EMPTY LATTICE TEST )

g CoC*/lolv

™ A Csf,,zgsfﬁ



- 40 ..

SURFACE INTEGRAL ( NUMERICAL INTEGRATION )

To find a surface integral by the numerical
method , it will be necessary first to give a brief
survey of its development « This will enable us to
gain a clear picture of the admissible amount of
approximation which has found entry into the finally

established formulae -«

When we consider central differences , it is
necessary to introduce two operators ¢ These are ,

in Sheppards notation

a) the central difference operator J defined by

Ju @) = UC'Ttje)-U(nr-Ji) (27 )

b) the average operato”is defined by
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In particular

= Uk*™i ~UK (29 )

and

y/t\U ~ ~“~AUKH UK?H ( 30 )

the fundamental symbolic relations are

(31)

these produce a number of useful subsidiary relations

772 € 2 £ (2)
AS=E'E' 2=1 J+0 0 (3D)

To obtain Stirling’s formula , we expand by the
piT
binomial theorem IL

or <33)

- I+'T"6 + 5% ¢ +5 6" (")
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To obtain derivatives at tabular points , it is convenient

to start with Stirling’s formula . For the first few

derivatives we obtain

u'lc) =60"'3* @@+ CKo)So--—---=-----

@~ <pM( So—---—-- (35)

IT@)
I'd =@-~6'

Of the practical forms of central difference formulae
Evartt's formula is superior to the others in its

applicability

(36 )

which serves as a suitable starting point and leads to the

following direct derivation:



£~ A -—- >
h N4 <x 4'0y S M-——-- ) ( 37
where " =1-" then

b1 "

38
f'o (

When suitable interpolation formulae like the
ones given above have been derived , the problem of
cubature , i.e. integration over a rectangular area in
the ( )(,I* ) plane will prove relatively simple e
There is , however , an inordinate variety of possible
formulae designed to meet slightly different require -
ments , and only a few of these have fairly applicab-

ility ¢ From the mid - panel formula ( 38 ) we derive

Xo10,

ax | XD (39)



In most cases this result is easily obtained when
the interpolation formula is given in terms of
differences . Its practical wvalue is greatest , when

it is exi)ressed in Langrangian form e

Closed Cubature formulae are often used when

integrals are required over a rectangular region #
There is an obvious advantage in having two formulae
of comparable accuracy to apply in any particular
instance , for the results are mutually checking #

It is not always permissible , however , to treat the
final digits , in which both answers agree,as accurate#
It is evident that , in case of an discrepancy between
the digits , the results are invalid and should

be automatically discarded ¢ Here we have quoted two

formulae ( page 47 ) both 4 by 4 -«

To estimate the value of the integral by cubature
we have been forced in our case to resort to the follow-

ing procedure s The parallel face to the - axis of



the rombohedron was subdivided into 4 parts . A

simple transformation to the rectangular boundaries
was obtained by joining one of the sectors to the edge
of the rombohedron in the way pointed out on page 46 «
The area was subdivided into strips of equal width ,
parallel to both the y. and the X axis# The cross -
sections of dividing lines , with their respective

coordinates , were numbered and tabulated on page 48.

To calculate the integral over the quarter face,

1 values only were taken of the points along the edge

of the rombohedron (1,9,10,14,15). The next step to take
was then to add together those wvalues which had to be
multiplied by the same numerical coefficients in the
cubature formula,and to find their sums#(Tables special-
ly drawn up are on page 50-58 )#The final result was”
multiplied by the proper factor (6), and are intervals'
used in the selection of the points) .In our case this
was not essential,since it is only the relative value

of the integrals that was required.
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THE SURFACE OF INTEGRATION

Fig. 5
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SURFACE INTEGRATION FORMULAE

2)
I 2 I 1 1 6 2 6
16 8 16 I 6 20 12 20
8 I 8 2 2 12 ¥ 12
16 8 16 I 6 20 12 20
I 2 I 1 1 6 2 6
a) b)

Factor 1/9 Factor 1/12

Cubature Formulae a W
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SURFACE INTEGRATION TABLE

1

25/32

17/32

33/6*
35/6%
41/64
51/64
11/16
19/32

9/16
41/64

43/64

i

IT

1
0*88389
0.79059
0.72886
0.70711
0.71809
0.73951
0080039
0.89268
0.82915
0.77055
0.75000
0.80039
0.81968
0.86605

y
0.40000
0.36080
0.22000
0.01727
-0.10000
-0,12893
-0.02286

0.18108

0.32388

0.08595
-0.10000
-0.19529
-0.24723
-0.17437
—0.26667

y

.16000
.13018

o O

.04840
.00030

o O

.01000
.01662

.00052

.03279
.10490

.00739
.01000

© O o O o O o

o

.03709
0.06117

0,03041

0.07111

-0.

0.
-0.
-0.

0
0

0

The above table represents the coordinates

of 15 points 5 and the values of terms appearing

integrals

A

0

.12902 -0
.19200 -o.
.09770 -0.

.08014 -0.
62694 0.
91281 O.
10132 -0.
07213 -0.

.06584 -0
.58502 -o0.

.24149 -0.

in the

Y Z

0

.04655

04224

00169

01033
01433
16529
03282
00620

.01268
14469

04211
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THE VALUE OF THE SURFACE INTEGRALS

CUBATURE FORM * a «

In the tables. 1 , 2 , 3 >4 and 5 the
first column represents the points on the surface
of integration , and the last the cubature co -
efficients by which the remaining columns are multi'
plied ( top values ) . Throughout this work the
integrals are referred to by the numbers assigned

to them in the table on page 28,29,30»
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T77

W77

12
77
13
7 ~
1'+/2
777
ui!

cA;

-0,
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TABLE 1.

CoCaflv
T A' 2

-0.05565 -0.00562
-0.05565
-0.28884 -0.13360
-0.07221 -0.08140

-0.00562

0.14712 -0.05520
0.07856 -0.02760
0.70916 -0.00824
0.17729 -0.00206
0.20192 0.01102
0.20192 0.01102
0.76284 0.05936
0.19071 0.01484
2,59248 0,64464
0.I6208 0.00279
0.44472 -0.17976
0.05T59 -0.02247

-0,65040 -0.22752
-0.040065 -0.01422

0.00992 -0.02008
0,00248 -0.00502
0.88080 0.10104
0.11010 0.01268
0,29102 0.04788
0.14551 0.02894
0.22236 0.12276
0.05559 0,03069
0.16928 0.16704
0.01058 0.01044

-0.02535 0.01355
0,01355 -

625% ’
-0.06673

C Cm.

0 '12/2

0.03100 0.00313
0.03100 0.00313
0.08772 0.0405b
0.02193 0.01014
-0.02206 0.00824
-0.01108 0.00414
-0.00812 0.00012
-0.00203 0.00001
0.01374 0,00075
0.01874 0.00075
0.06504 0,00580
0.01646 0.00145
0.03920 0.00064
0.00245 0.00004

'QAA;

-0.05568 0.02248

-0.00696 0.00281

0.18240 0.06384
0.01140

.07600

.01900
.04688
.02844
.03408
.00852

OO0 OO

.02576

-0
-0.00644
0,97724
0.05880
-0.92416
-0.11552
0.I1968

-0.02304

-0.00576

-0.007 (4-

-0.00852

-0.00032

—-0.00008

-0.00224

-0.00056
0.01468

=

4
2
4
1
4

0.00088 16

0.11552
0.01444

-0.03392
0.00399 0.00748 -0.00212716

-0.00064 0.00128 0.01984 -0.00128
—-0.000I60.00082 0.00496 -0.00082

0.05872 0,00680
0.007% 0.00085
0,03700 0.00616
0.01850 0.00305
0.03864 0.02106
0,00951 0.00525
0.02112 0.02686
0.00132 0.00130

—0.00540 0.00289

-0.0I8I6

-0.00660
-0.14816
-0.63704
-6,25984

-0,00168
-0.00084

-0.02528

-0.00632

-0.03328

8

4

2

4

-0.01624 -0.00208 I6

Y2858 6 20443 ~0.1338—o—00152
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10/2
11
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TABLE 2

Gf£ CGaa caaa cja‘' cGaa an:

T ‘472

-0.05206 -0.00339
WD.05206 -0.00889
-oJmisd -0,12032
-0.10040 -0.07008

0,07118 -0.05650
0.03559 -0.02825
0.62076 -0.00908
0.15519 -0.00227
0.19018 0.01250

0.19018 0.01250

"12/2
0.03476" 0.00226
0.0%76 0.00226

4-'15' 4-'13'

0.13228 0.03968
0.01707 0.00992
-0.01106 0,00878
-0.00553 0.00439
-0.0070s 0.00012
-0.00177 0.00008
0.01263 0.00083
0.01263 0.00083

0.07552-0.02480
0.01888 -0.00620
0.05056 -0,00784
0.02528 -0.00392
0.03888 -0.00048
0.00972 -0.00012

4

1

0.694040.066320,059120.00564 -0.02976 -0.00256

0.17851 0.01658
2,17344  0.04864
0.13584  0.00304
0.13536

0.01692 -0.02274

—0.85696 —0.20176
—0.05356 -0.01261
—0.01960

-0.06540
—Q 01660 =0.00490

0.60040 0.10592
o 07505 0.01~24
0.23146 0.05142
0,11574 0.02571

0.01478

0.03296 0.00080 1.06304 0.01600

0.00206 0.00005 0.06644 0.00100 16
-0.18192 -0.01768 0.02288 -0.98848 0,12864
0.01608 8

-0.00221 0.00286
0.26208 0.06176
—0.01638 0.007"6
0.00876 0.00300
00219

0.00075

0.020480.00364
0.00512 0.00091

-0.12~56
0,11744 0.

0.00141 -0.00744 -0.00064 4

03584
0.007% -0.00224 Is

0.02072 —0.00136
0.00518 -0.00034

0.02972 0,00662
0.01486 0.00331

~0,01472-0.00184

-0.00736 -0,00092

0.067680.124240.012080.02212 -0.31680 -0.05632
0.0055"

0.01692 0.01106
-0,i4060 0.16512
—0,00880 0.01032

-0.04159 0.01507
-0.04159

0,01507 -0.00952

0.02160

-0.0iS4o0
-0.00115

-0,00952 0.00288
0,00288

-0.07920 -0.01408

-0.27296 -0,03584

0.00135 -0.01706 -0.00224 I

3.22511 -0.003340.541130, 20261 -0,25656 -0, 02224

~ - 5.55

4
8
2
4
6

L
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TABLE ~

cyafl caaa aA cdi om

'1' 8 22 47 K'Y
-0. 04500 —o ooi5i 0.03753 0.00125
--0Io45 .P3Z5A . o™ -1
-0.489 6 0 394_ 0 17704 O 037620.07328 -0.02656
-0.12227 -0.02599 .04426 0.00942 0.018%2 -0.00664 4
-0.00880 -0.05638 0.00142 0.00% 0.05344-0,00864
-0.00440 -0.02819 0.00071 0.00468 0.02672 -0.004%2 2
.50020 -0.00972 -0.00572 0.00012 0.04336 -0.0004B
.12505 -0.00243 -0.00143 0.00003 0.01084 -0.00012 4

0
0
0.16856 0.01378 0.01112 0.00091
0.16856 0.01178 0.01112 0.00091 1
0.588680.072040.05024 0.00616 -0.03360 -0.00288
0.14717 0.01801 .01256 0.00154 -0.00840 -0.00072 4
1.63776 0.05136 .02512 0.00080 1.17504 0.01792
0.10236 0.00321 .00157 0.00005 0.07344 0.001121I6
-0.18176 -0.17928 .02480 0.02456 1.03648 0.14176
~0.02272 -0.02241 .00310 0.00307 0.12956 0.01772 8
-1.00944 -0.17104 .34080 0,057760.11328 -0.03840
-0.06309 -0.01069 .02130 0.00361 0.00708 -0.00240 I6
-0.13860 -0.01860 .00980 0.00128 0.02112-0.00144
~0.03465 -0.00465 .00245 0.00032 0.00528 -0.00036 4
0.28760 0.10824 .02032 0.00768
0.02595 0.01453 .00254 0.00096 8
0,15944 0.053800. 02096 0,00708 -0.01616 -0.00208
0.07972 0.02690 0.01048 0.00354- -0.00808 -0.00104 2
-0.09088 0.12244 -0.01696 0,02288 -0.33216 -0,06208
~0.02272 0.03061 -0.00424 0.00512 -0.08304 -0.01552 4
40%44224 0.15856 -0,06144 0.02208 -0.28160-0.03904
~0.02764 0.00991 -0.00384 0.00138 -0.01760 -0.00244 16
-0.05526 0.01124 -0.013750.00280
~0.05526 0.01124 -0.01375 0.00280 1
0.88118 0.0TO97 0.62128 0.20234 -0.22048 -0.02192

OCOO0OO0OO0OO0CO0OO0OO0O0OOo

= 5.70
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TABLE 4

c.R cxfla acAftCfli

GGaa ciftt

4«'15" 4-19'

0.01820 -0,00668 4
-0. 00880
0.02688 -0.00440 2
0.04400 -0.00048
0.01100 -0.00012 4

1

00033 0.00532 -0,00040

-0,03408 -0.00288
-0.00852 -0.00072 4
1.18912 0.01856
0.07432 O0.00II6I6
-1.04128 0,14336
-0.13016 0.0I1792 8
0,11264 -0.03840
0.00704 -0.00240 I6
0.02128 -0.00160 4

8.
-0.0I632 -0.00216
-0.008I6 -0.00I08 2
-0.33376-0.06272
-0.083M+ -0.01568 4

-0,28224 -0.03968
-0.01764 -0.00248 1I6

1

-0.21408 -0.02152

N T '47 2 '8 ° 1272
"7 -0.04382 -0,00129 0.03782 0.00111
- -0~-382 -0,00129 0,03782 0.00111

P -0.49880 —-0,101640,18288 0.037280.07280 =0.02672

-0.12470 -0. 02541 0.04572 0.00932

I -0,01954 -0.056240.00322 0.009180.05376

8 -0.00977 -0.02812 0.001610.00459

T 0.48188 -0.00980 -0.00556 0.00012

~ 0.12047 -0.00245 -0.001390.00003

Z 0.16470 0.01393 0.01087 0.00092

A 0.16470 0.01393 0.010870.00092

7 0,57224 0.07276 0.04888 0.00624

° 0.14306 0.01819 0.012220.00156

z 1.55936 0.05184 0.024i6 0,00080

/ 0.09746 0.00324 0.00I5I 0.00005
~7 -0, 2352 -0.17856 0.03088 0.02464

° -0.02794 -0.02232 0.00386 0.00308
~Z77% -1.02528 -0.16656 0.35120 0.05712

9/2 -0.06408 -0.01041 0.021950.00357
rziz -0,14792 -0.01844 0.01052 0,00132

~0.03698 .00461 0.00263 0.

“TIt 0,i2448 0.10832 0.01736 0,00768
0.03051 0.01354 0.00217 0.0009%96
0,149180.054020.01968 0.0071~
0.07459 0.02701 0.00984 0.00359

vz -0.11176 0.12192 -0.02108 0.02296

18 -0.02794 0.03048 -0.00527 0.00574
TTZZ -0.48128 0.15744 -0.0673# 0,02208

-0.03008 0.00984 -0.004210.00138

-0.05687 0,01104 -0.014310,00278

-0.05687 0.01104 -0.014310.00278

4/1152 0.56265 0.05874 0.62916 0.20137
572

d' -



cﬂnﬂll
N T

-0.03869
-0.03869
" -0.53124
—0.13281

—0.06206
_%j03103

<
oe

2u]\V)

A 0.10122
0.14945

0.14945

0.48592

0.12148

" 1.23232
< 0.07702
r -0.38840
-0.04855

Q/p
-0.06728
-0.18272
-0.04568

Tn/p

“T—— %$06928— otild72 ' 0TG6507 bto0792——

0.00866
0.10672
0.05336
~ -0.19420
-0.04855
-0.63072
-0.03942
-0.06259
-0.06259

4/1152 -0.71653

~TZ

TTTZ

- ¢f «

TABLE 5

ac.ffA CO CA caflidfi. ciftt

'4'/£
-0.00052
-0.00052

'"12/2

0.038750.00105
0.03875 0.00105

—0.09184 0.20608 0O

-0.022°% 0.05152 0.00891

4x'15' 4 X|9

A

—0.05548 0.01042 0.00932 0.05+s8

-0.02774
—0.02008
-0.00502
0.01449
0.01449
0.08448
0.02112
0.0528e
0.00330
-0.17488

-0.02186 0.00690 0.
-1.07648 -0.1460600.39136 O.

-0.00930
-0.01764
-0.00441

0.00521 0.00466
-0.00472 0.00012
-0.00118 o0.00003
0.00990 0.00096
0.00990 0.00i
0.04i84 6.06648
0.01046 0.00162
0.01936 0.00080
0.00121 0.00005
0.05520 0.02488

0.02446 0.00338
0.01352 0.00132
0.00338 0.00033

0.01384 0.00063 0.00099
0.01432 0.00734 -0.00848 -0.00120

0.05472

0.02736 0.00716 0.00367 -0.00424
-0.33904-0.06656
-0.08476 -0.01644
-0.28416 -0.04160
-0.01776 -0.00260

0.11944
0.02986
0.15200
0.00950
0.01020

-0.03772 0.02320
-0.00943 0.00580
-0.09152 0.02208
-0.00572 0.00138
-0.01656 0.00270

0.01020-0.01656 0.00270

0.08961 0.65527 0.19769 -0.18208

5.80

0,02744
0.04624 -0.00048
0.01156

-0.00460

-0.00012

-0.03600 -0.00304
-0.00900 -0.00076

i.24160 0.01920
0.07760 0.00120

-1.05792 0.15040
00311 -0.13224
054080.10880 -0.03968

0.01880

0.00680 -0.00248
0.02128 -0.00160
0.00532 -0.00040

-0.00060

-0.02048

N074 78
0.01768 -0.00688
-0.00920



THE VALUE OF SURFACE INTEGRAL

IN CUBATURE FORM '"b"

The tahulatlen ®f readings la 2a 3* is

the same as cubature ” a V



Crt¢t

=3:<33205'
-0,05206
W3(75052R5"
-0.10040
0.07/1ib _
0.0;

172

0.1551"
“oriwi
0.19018
IIT7
il
i’
0.13584
0.20304
0.01692
-1.57120
-0.0
B=673
-0.01660
0*90060

(11 677
0.11574
0710132~
oroisez ¢

142 orosee

._
15/2 -0.04159
1] 4 '7 A A

9/2
10/2
11
12
13

TABLE la.
cGp,a capaA c:r: ccap, c a
1472 8" 112/2 4 x5 4P9"
—0*00339 737(3347~' (3*00226
0.03476 0.00226
-53%- 6vo593e W571135g- -0 .03/20
-0.03008 0.03307 0.00"' 0.01888 -0.00620 6
0.05650 —0.01106 mUTSli 0.0$05e -0* (x)$84
-0,02825 -0*00553 0.00439 0.02528 -0.00392 P
'Z2DroiM -0.01062 0.00018 0.05832 - 0.00072
-0.00227 -0,00177 0*00003 0.00972 -0.00012 6
"wrorTIw “utuitér 0.00083
0.01250 0.01263 0*00083
0.0~9~ W575gM 5.00846 -0.54464 -0.00384
0.01658 0.01478 0.0Q141 -0.00744 —0»00064 6
0.660806 5.54125 575UI155 1*32885 0.02000
0.00304 0.00206 0.00(X)5 5.06644 0.00100 20
-6.272208 %0702655 5.03452 me1:43272 m5719296 m
-0.02274 - 0.00221 0.00286 -0.12356 0.01608 12
-5352&5 0.07720 mm6,14650' -5%54400
-0.01261 0.00386 0.00734 -5*%00224 20
-0.01960 0.66300 0.02672 ~~0700136
-0.004 0.0021 0.00675 0.00518 -0.00034 4
0.I51 5.51592
0.01324 0*00512 0.00091 12
0.05142 50297A 5,50662 -0.01472 =6766134—
0. 0.0148 0*00 -0.00736 -5*00592 2
l67T 5,518 2 0703: B=6:47526"
0.00302 0*0055: -0.07925 -0.01408 6
5*52564 -5. 55235 5 002A m=676|fe -5*50448
0.01032 -0.00115 0135 -0.01706 -0.00224 20

5%51567 -5.55932 '6766255
0.0150 -0.00 0*00288

-0*19

6:25185. »6.33292 5.52645

5.55



N

1/2

8
9/2
10/2
11

12
13
14/2

15/2

—0.022

.02764

8765526

0.05526
1.23508
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Cofl, CcGflofl.”
'47 2
0."cid566' 6766151
*0.04500 «0.00151
0:75562 :6:i5594
0.1222' -0.02599
07656

¢0.00440 +«0.0281

m677565? 076145
0.12505 -0.00243
07T5$57 0701578
0.16856 0.01378
0763562 w6716666
0.14717 0.01801
-27 o 06420
) .00521
6 27254 0720692-
-0.02272 -0.02241
T726T60 m=6721560
I0 0630 ¢0.01069
6tm? :6,;Mséd’

-0.03465 -0.0046
m6745146 6716256

0.03595
071

0.01353
6765586
0.026

6761154— 676I575 '6:66280

0.01124

6766557 0752

TABLE 2a.

cTcdBTcsrTzzAsr'csre
' 212 4v'i5'  4>'19"

m6763755 '6766725'
Pio1751 0.00125
0.26556 '0.55652
0.04426 0.00942

'671699? "0.05984
0.01852 —0.00664 6
6766147 me766931 07655# —0.00004
0.00071 0.00468 0.02672 -0.00432 2
6766857 076661? 0.06504 m6706672
-0.00143 0.00003 0.01084 -0.00012 6
076TTI2 676660

0.01112 0.000

0767557 6766%4" m=6765640 -0.00452
0.01256 0.00154 -0.00840 -0.00072 6
"0765140 0.00100 “| .'"46866 6766224"

0.00157 0.0000 0.07344 0.00112 20
m6765720 0.0368 “1. 0.21284
0.00310 0.0030 -0.12956 0.01772 12

m6742660 076722 ~6:14156 —0.0'
0.02130 0.00361 0.00708 -0.00240 20
0766960 0766127 &6.02i12 -0,00144
0.00245 0.00032 0.00528 -0.00036, 4
0765646'076H52
0.00254 0.00096 12
0.02095 0.0070i -0.61616 0756267
0.01048 0.00354 -0.00808 mO.00104
*0.62544 0.03452 w=6749624" 0769512
-0.00424 0.00572 -0.08304
m=6767660"6762760 -6.55200

m0.00384 0.00158 -0.01760 -0.00244 20
0.00280

727216 -0.81180 -0.03208
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TABLE 3a.
Cf\l C£M CoCSA Cf\l o6aa Cf\X
N T V2 's' 22 4%15' axlo’
~  — =(-U5B-59"=6T60052 " 0''63675 6.60165
-0.03869 -0.00032 0.05875 0.00105
2 -0.79096 -0.13/76 0.30912 0.05346 0.10608 -0.04128
-0.13281 -0.02296 0.05152 0.00891 0.01758 -0.00688
1 -0.06206 -0.65%40 00.0010042 00.0NERX Q. 88 -U0.00%0
4 -0.03103 -0.02774 0.00521 0.00466 0.02744 -0.00460
1 0.60752 -0.05012 -0,00708 0.60018 0.06936-0.000/2
A 0.10122 -0.00502 -0.00118 0.00003 0.01156 -0.00012
T 0,14945 0.01449 6.06995 6.00696
A 0.14945 0.01449 0,00990 0.00096
7 0.72888 0.12872 0.06276 0.00972 -0.05400-0.00458
° 0.12148 0.02112 0.01046 0.00162 -0.00900 -0.00076
7 1.54040 6.08800 0.02420 0.00100 1.55200 0.02400
' 0.07702 0.00330 0.00121 0.00005 0.07760 0.00120
~  -6.58286 -0.26232 0.00280 0.03/32 -1.58688 0.22560
-0.04855 -0.02186 0.00690 0.00311 -0.13224 0.01880
08786 6.13800 -0.04960
00338 0.00680 -0,00248
00132 0.02128 -0.00160
10/2 -0.04-568 -0.00441 0.00338 0.00033 0.00532-0.00040
11 6.16592 0.16608 6,6607550.01188
0.00866 0.01384 0,00063 0.00099
12 EN0:i6572 M6.65472'%6;51432'6.66754 -0.00S4g'=6766i20
0.05336 0.02736 0.00716 0.00367 -0.00424 -0.00060
-6.29156 0.I/9I6 -0.05658 0.65490 -0.50858 -0.09984
13 -0.04855 0.02986 -0,00943 0.00580 -0,08476 -0.01644
T . -6./éd640 0.01906 -6.61144 0.00276 -6.63552-6.60520
-0.03942 0,00950 -0.00572 0.00138 -0.01776 -0.00260
7777 -6.08259 6.01020 -6.01658 0.66270
-0.06259 0.01020 -0.01656 0.00270
=079I?15 -6.65'54"'7""6.976§9' 6.24141 =6:25584 6.65840

= 5.80

lo L\

=

20
12

20

12

20



5.5

DETERMINATION OF VANISHING DETERMINANTS

5.6

The determinants for cubature "a " and *Db

are plotted against, corresponding values of *

"



THE METHOD OF CALCULATION

This seems the opportune moment to stress that
the speed and correctness of the calculation depend ,
to some not unconsiderable degrees on the proper tabul-

ation of the intermediate results e

The procedure observed here is as follows «
First , the identical terms recurring in 21 integrals
were tabulated ( they are mostly the products of Bessel

functions and surface harmonics multiplied by

( from 0 term ), page 63-69 ) and evaluated for
a number of different wvalues of at each point *
These results were then used , in turn , for the evaluat-

ion of integrals

The most tedious task was the interpolation of

the Bessel functions at different orders for each wvalue
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of /gY # For interpolation purposes the fourth differ -
ence is expendable over the greater portion of the
main table ( Tables of Spherical Bessel Functions ,
N.York , Columbia Univ. Press,). Everett's formula ,

involving the fourth difference to

u(Xo+|oh) =cjij. + (~0 )
U-=U(Xp+h) U» = uCx*) (41 )
Ex=Ei (p) = -gpO-p") (2 )

the values of E; and L2 are tabulated against p at

the end of the tables.
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THE INTERPOLATED VALUES OF BESSEL FUNCTIONS
MD THE INTERMEDIATE RESULTS

IN THE CALCULATION OF INTEGRALS
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VALUES OF INTEGRALS

The first vertical celmm represents 15
peints- on the surface ©f integration,
and the first horisantal the particular

integrals used.
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TABLE 6.
8 12 15 19
g 7TTT5* -0.02245 0:06199' Mj7(5I55I'
e0.10412 -0.0155~ 0.06951 0.00904
.0.09000 -0,00602 0.07506 0.00501
.0.08765 -o 00515 0.07564 0.00444
~ Q0208 0,07749 0.00209
M O°BI--005873 07051#% 0.02059 6.060475 -0.00144
©«0.10040 -0.06017 0.05507 0.01985 0.00472 -0.00155
m0.12227 -0.05198 0.04426 0.01881 0.00458 -0.00166
©0.12470 - 0.05081 0.04572 0.01865 0.00455 -0.00167
«0.15281 -0.04591 0.05152 0.01-782 0.00442 —0.001'
m-0,~5519' =6.0ii03 0.00826 0.00580 _ijr+
0.05559 - 0.05650 -0.00555 0.00877 0.00652 - 0.00098
*«x00440 -0.05657 0.00071 0.00914 0.00668 -0.00108
e0.00977 -0.05624 0.00161 0.00918 0.00672 -0.00110
«0.05105 -0.05547 0.00521 0.00951 0.00686 -0.00115
0. -0.00411 -0:05503' wi7Usst3' O;002i 3 <) ;66(562
0.15519 -0.00455 -0.00177 0.00005 0.00245 -0.00005
0.12505 -0.00486 -0.00145 0.00006 0.00211 -0.00005
0.12047 -0.00490 -0.00159 0.00006 0.00275 -0.00005
0.10122 -0.00502 -0.00118 0.00006 0.00289 -0.00005
W(%72(5152 “~0,05205 0.01574 0 001$0
0.19018 0.02500 0.01265 0.00166
0.16856 o0.02755 0,01112 0,00182
0.16470 0.02786 0.01087 0.00184
0.028" 0.00"' 0.00192
“uTuli 1570629~ -0.00161 -0.00014
0.17551 0.05515 0.01478 0.00282 -0.00186 -0.00016
0.14717 0.05602 0.01256 0.00507 -0.00210 -0.00018
0.14506 0.05658 0.01222 0.00511 -0.00215 -0.00018
0.12148 0.04224 0.01046 0.00525 -0.00225 -0.00019



w:T5203
0.13584
0.10256
0.09746
0.07702
0.05559
0.01692
*0.02272
«0.02794
«0.04855
-0.08150
0.10712

9 ~0.12617

10

11

12

*0.12815
*0.15456
.0049~»
.05520
.06950
.07395
.09156
.T161'5
.07505
.05595
.05051
.00866

.I14531
.11574

.07972

.07459
.05556

coooon coooBodbodo
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T) O'FH'S'
0,00607
0.00642
0.00647
0.00659

W0.0U93
*0.04548

°0.04481

*0.04465
*0.04372

«0.05044
e0.04277
«0.04165
m0.03719
*0.02008
.0.01961
«0.01859
«0.01842
*0.01765
0.02526
0.02647
0.02705
0.02707
0.02767
6TS6ITSS
0.05141
0.05579
0.05402
0.05472

TABLE 6.

8 12
0.00245 0.00008
0.00206 0.00009
0.00157 0.00010
0.00151 0.00010
0.00121 0.Q0010
¢ (5.00690 0.00562
.0.00221 0.00592
0.00510 o0.00615
0.00586 0.00615
0.00690 0.00621
0.02279 0.0i$93
0.05276 0.01542
0.04260 0.01444
0.04589 0.01427
0.04891 0.01352
0.00051 0.00126
0.00219 0.00150
0.00489 0.00151
0.00525 0.00151
0.006 0.00155

WUTUUTST
0.00512 o0.00181
0.00254 0.00191
0.00217 0.00192
0.00065 0.00197
U70T550 0.00609
0.01486 0.00661
0.01048 0.00707
0.00984 0.00715
0.00716 0.00754

15

.01470
.01661
.01856
.01858
.01940
.OE&0é
.05089

.03259
.05254

.05506
.00375
.00567
.00555

.00551
.00'
.00¢&
.00250
.00264

.00265
.00266

O OO0 O

L
©Co0o0©o O

CO O00O0OO0COOO0OO0O

-0.5(5i65
-0.00184
-0.00202
-0.00204
-0.00212

19

0,00022
.00025
.00028
.00029
.00050
.00561
.00402
.00445
.0044s8
.00470
.00165
.00112
.00119
.00120
.00125
«0.60015
0.00017
«0.00018
0.00019
«0.00019

OCO0OO0OO0O0OO0O0OOOOCO

mo .566621
0.00025
«0.00026
0.00027
) .00029



13

15

G76555”
0.01692

-0.02272

0.02794
0.04855
o' .621iTs5
0,01760
0.05528
0.06015
0.07883

0.08318

-0.11051

0.11375
0.12517

oveals7
0.06212
0.06121
0.06096
.05972
.03

.04126

.03955
.05799

.05421
.05028
.04495
.04416
.04079

cNeNoYoJoXeloXeNeNoKe)

.03965 -
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0.

0.
-0.
-0.
-0.
.00265
.00250
.00768
.00842
.01144
.01079
.01904
.02749
.02862
.05511

TABLE 5.

66951
00502
00424
00527
00943

12 15
0."0i049 ~0'.aiSH1 -0.
0.01105 - 0.01980 -o0.
0.01144 0.02076 -0
0.01147 -0.02086 -0
0.011 -0.0211 -o
0.005 -0.0081 -0
0.00541 -0.00855 -0
0.00551 -0.00880 -0
0.00551 -0.00882 -0
0.00552 -0.00888 -0
6':5I155
0.01151
0.01118
0.01111
0.01079

19

00316
00352

.00388
.00392
.00411
.00101
.00112
.00122
.00124

.00129
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RESULTS
Since , in our case , the trial functions satisfy
the wave equation , the relevant variational principle
is eq. 12 . If we now perform the variation by varying

the coefficientsC*tof the terms in the lattice-harmonic
expression , we obtain a set of linear equations which

lead to a compatibility equation of the type

fe ' & '
as shown on page71-72»The equations are compatible only,
if the determinant of the coefficients of vanishes
This will occur only with certain discrete energies 2%
( or )

For the empty lattice test the following determin-

ants: corresponding to : 5.4 , 5%¥7 , 5*%72 and 5*8
have been calculated ( page 59 and 71%73) *A determinant

vanishes at /N = 573

r -UM7



LINEAR EQUATIONS ( FOR CUBATURE ' a ' )

= 5,40

T = 5.4ii38flJ'c.~ + 0,28631a.a/,Cc.c4 + 0,20595
10.82276 0,28631
A = = >3558
0.28631 0.41190

T- 5.55

3.225iiBo*C + 0.28123Rofl~c,c/,+ 0.18037a% (A

6.45022 0.28123

A = = 2.24776
0.28123 0.36074

'~= 5.70

0.88118RXr M 0,45177f1ACCY 0.18042

1.76236 0.45177

A = - 0.43183
0.45177 0.36084



—_ '72 A\

LINEAR EQUATIONS ( FOR CUBATURE ' a ' )

5.72
0.56265A"C + 0.47382 0,17985C,G
. 1.12530 0.47382
41 = = 0.18026
0.47382 0.35970
= 5@80

$7r= -0.71853AX!" + 0.5628020MCC4+ 0.17741 AX "™
—1.43706 0.56280

= = —0.82664
0.56280 0.35482

5.40 4.37593
5.55 ' 2.24776
5.70 0.43183
5.72 0.18026
5.80 -0.82664



LINEAR EQUATIONS ( FOR CUBATURE 'b ' )

5.55
= A,37735F\XI + 0.23vs7 0.27825AtC4
» 8.75M0 0.23467 _
" 0.23487 055750 ~— T°°°
~ = 5.70

Ij,= 1.23508 flo"Co + 0.27623A.A4Cc.C4+ 0.24002A4c 4

2.47016 0.27623

A - 027603 048004 ~ 10%%°
= 5.80
- =0914132fCl + 0.663580.27781 AtC:
-1.82826 0.6658 _
A= 066358 05556 = ~L-40616

(o o/
N

—
SN
SR

o¥0

7 I



7 ao E(K) ror Af

In the case of K=0 , the full s-band for Al
is of the type IT , containing spherical harmonics
of the order 0. 4# 6* 8............. In his paper (Proc.

of the Royal 8oc. A. vol. 240 p.370- 735 1957 )

Heine finds that the energy , corresponding to the above
condition , amounts to -0.637 Ri*® ¢ This proves that the
argument of the Bessel function must be imaginary.

Since the search for the appropriate tables was un -
successful , and the attempt to calculate “essel functions
up to order 5 of both kinds proved too laborious a task
and has had to be abandoned , the only way out of the
predicament was to establish tables up toorder 1

( Tables with interval 0.01 from 0-100, Appendix I ).
Thus , instead of being evaluated from the determinants
of the coefficients of CIt > energy had to be determin-

ed from the surface integral



CONSTANT POTENTIAL CALCULATION

The task here was to find the " constant potential
V: . The method employed was as follows : the space bet-
ween the inscribed and the circumscribed spheres of the
polyhedron was filled with equipotential spheres , separat-
ed by a constant interval . These equipotential spheres
are , in our case , of three different types . Whether a
type can exist in certain regions depends on the length
of the radius » The first type,with a circular base which
must be subtracted from the sphere , is located in the
region between 0,70711 - 0.74162 ( page 78 and 81 ).
Outside this space we are left with the pyramids cut off
from the polyhedron by the equipotential spheres . There
are two types , both shown on page 79-80.For the sake of
convenience, the spherically shaped bases of the pyramids
are taken here to be flat planes . This is an approximation
which refers merely to the conditions stated last , and
is necessary to avoid long and tedious calculations which
could hardly do more than influence the final result in

the last two figures



The region of triangular and square planes extends
to 0,86605 . The last part left is filled with squares only
The formulae used for each type ( in calculation ofArr)
are quoted at the side of the figure they refer to

( page 79 and 80 ) ,

The constant potential is subsequently evaluated

by using the relation

44)

+
w
Il

( tables on page 81 ) where fA”“correspends to the area
at distance O' from the centre of the polyhedron and
VY is its respective potential . VO' was interpolated
into the results ( Appendix II ) given by Heine by

means of the Lagrangian interpolation formula e
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DETERiaNATION

OF EQUIPOTENTIAL SURFACES

a

0.70711

0.74162

0.86605

1.00000

"Caps" subtracted from sphere

triangular and square plane base of pyramids

square plane bases of pyramids
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THE REGION OF " CAPS "

Fig. 6



£ff1ARE PLAHE BASF.S OF PYRAMTn.Q

Fig. 7

Area of a small square plane = 4(1~'v)'



TRIANGULAR PLANE BASES OF PYRAMIDS

Fig. 8

Area of a small triangular plane
2



DETERMINATION

VRI

0.21851

0.19786

.18035
.15867
.11871
.08500
.05394

(oo loloNe)

.03029
.01371
.00556
.00135

(ofoloNe)

e lolelo o]

(oleoloNe

.70711

.73329

.75948
. 78567
.81186
.83805
.86424

.89043
.91662
.94280

96899
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OF CONSTANT POTENTIAL VE

0.02618

SFA(1-0)'

1.38840
1.10256
0,84960
0.62952
0.44232

0.28824
0.16680
0.07848
0.02304

1.44768

0.22287
0.15751
0.10100
0.05023
0.00311

6 -A

V RaIGS —-3)

6.28332 6.28332 1.37297

6.75704

5.30936

Sz=16VaM 543>

6.17653
4.36517
2.79907
1.39205
0.08619

0.169 Ry

7.56553
5.467773
3.64867
2.02157
0.05285

0.28824
0.16680
0.07848
0.02304

31.38125

1.05051

65, )R

1.36444
0.86757
0.43313
0.17183
0.02851

0.00873
0.00229
0.00044
0,00003
5.30045



— 82 »

LAGRANGIAN INTERPOLATION FORIIULA

This approximates ( without remainder term ) a

given function by a polynomial

R (y) = cc™) (116)

In the above expression ,CL, 0.2......... O.m there are
n arguments or points for which the value of **(v)

is known , with as the M derivative of "*"(x)
at some point E in the interval containing CL,
......... Oh and X ¢ The polynomial of degree H-1 ,

determined by n entries , will be referred to as an

h - point interpolation polynomial . Only the fourth -
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point has been used here . The interpolated Heine

( Ve * Appendix II ) as well as other values are

ed on page 11~-116.

Having assertained the potential , we now

select ( page 89 ) iffeo the energy for which

evaluate the log# derivative #

results

tabulat

can

to



NUMERICAL INTEGRATION

AS A METHOD OF SOLVING PIFF. EQUATIONS

The evaluation of the logarithmic derivative is
obtained by numerical integration . One of the methods of
numerical integration of ordinary differential equations
consists in evaluating the solution step by step over
a series of equal intervals in the independent variable#
A step by step solution has to start at somepoint of the
range with definite numerical values of a quantity
sufficient to define a solution ¢ We will consider only
a solution with the initial conditions for a second order
equation with the first derivative absent #

which * (X, need not be linear in *
This is ntegrated by using the formula of twofold
integration from to without the intermediate

calculation of y'

Aol - 2 =<5 =KXV +3j26y. - * 6 (47

)
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\ c 1

the term 0 in the above expression is negligible,

so that the integration formula can be used in the form

(48 )

To start the Integration , two values of are

required , andit is advisable to have three to provide

2 I
6

These initial values are obtained here from a series solution,

using the following relations

sorEsyy T =0 (51)

= tR

for 2~ =0 49 and 45 is introduced into 46 to find



OLa’ O0) >Cl, if Qo=0 and X, =1 also there is no

-ve power |,

re , 26aM£tc.)i
from this we find that
=fy- 13kf$ + -6!)8.c)266/Y* (® )

Cl and Gz are found by using Heine values of potential «

If is not too large , a good approximation to» 6
is A6x) so that 48 reduces to the form below
4 A -'A-1 ( 53 )

Whenever a change of interval length of integration
occurred in our case ,there was the usual overlapping be-
tween the integration carried out with two different
interval lengths. All that was necessary to alter the inter-
val length , was to take two consecutive values of y, and
the last value of y" at the new interval « The smaller the

interval (6x) taken , the better the estimate of a
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however , the interval length (<Sx) should be as large
as is compatible with the case in the practical numerical
working of the integration

A check carried uut on a series of values of y ,
was provided by taking and differencing two consecutive
values of y at the start and the end of the interval
( @ number of y values ) respectively . The values of

of this interval were summed up and with the

proper sign prefixed , added to the above differences -
If the integration is carried out properly , the final
result should be zero # The checking intervals also over-

lapped mutually as the integration was proceeding -

The numerical integration for different values

Of E made it possible to evaluate the logarithmic

derivative for certain values of &k which is

o] ft, 4
necessary to calculate the ratio required in the
surface integral . Using the solution of the radial

function eq. 16 we find that



a _ nCjnr:) -

0 + 3 (@9
07 Ny /ftl, $ = radius of inscribed sphere
These values , together with any intermediate result

obtained , have been tabulated on page 89
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CALCULATION OF ENERGY 17 FOR Al

In the first place , we shall consider the effect
of a change of a real © to an imaginary value in the
Bessel functions . As has been already pointed out , the
series of the half order Bessel functions converge to
relatively simple trigonometric functions , and that is
why the trigonometric functions of imaginary angles are
here expressed as hyperbolic functions of real angles o

This procedure enables us to determinej/j , and HoHi

( for Ly )

The calculation of the surface integral , however

requires values of the logarithmic derivative of solutions

’



of the radial differential equation for L~0
It is clear from this discussion that the equation 54
must be also approximately modified to fit the present

conditions
=uwL (56)

We may , therefore , write the surface integral

' 1LEW-ds —i(xn.n.db—n,4%if{hj.AA,a]d

1 72

—in xfEbondhn AN

~fz

:.1 dlxjyoCis-Vn.n.ds + dMn.”0o+”.n. jds ( 57 )
u /s s -

so that the ~ * -xj integrals then are -U6)



d - jxariods (B)

3) d|x|n,”o-j,no|d5

The procedure leading to the evaluation of the
surface integral for f? Al is identical with that

followed in the case of the empty lattice test

The manner of tabulation of intermediate values
and results is here therefore the same as observed in
the case referred to (page 98 -108 ). The stationary
value of yJ'O has been found from the graph on

page 111



DISCUSSION OF THE RESULTS

It is demonstrated in the present work that the
constant potential method calculation of electronic
structures in monoatomic crystals can be carried out
in a systematic way by the use of variational method -
However , a reliable approximation of the constant

potential must be available

The present results indicate that the accuracy
obtained is not very good ¢ The deviation of the energy
calculated here from the true value is attributable to
the following facts

The first and most important one is the applicat-
ion , in the surface integration , of the cubature formula.
The error contained in this formula may be as great
as 6%*5 ~ ¢ the empty lattice test results ). To

bring it down to about 2% ( as in the case of the least
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square method ( Proc.of the Royal Soc, A.vol, 217

p, 71 j 1953 ) or possibly less , the following
procedure is recommended : The number of points must
exeed 15 and the selection/of” values must never be
very close to the stationary point in order to avoid
the multiplication of small differences by the large
coefficient of the cubature formula# ( Exp. in 15 and
19 integral , for close values of ~ , the fifth place
beyond the point is uncertain and this has to be
multiplied in some places by the constant coefficients
4 X 16 of the cubature formula , shifting the uncertain-
ty much closer to the point ).

Secondly , in the calculation of the constant

potential which is , in itself , only an approximation,
caps were assumed to be planes , and the separation of
the equipotential surface was distorted . However , the

total error involved here is not more than 0.02
Thirdly , the approximation of the interpolation
of intermediate wvalues in the use of Lagrangian co -

efficients becomes negligible when selected values ofg.

are not. very close to each other. A certain inexact -



itude is also caused by the use of graphs in the read-
ing of the final results ( small number of points page
111) « The value of energy for Al (7 , with omission
of the additional potential due to the correlation

and exchange hole round the electron , is -0.19Ri*(t0.01)

det =2 (K')~-VBp(K'j

K =K ~ KN where KM is 2% times the appropriate
reciprocal lattice displacement and

pr(RA) Bohm and Pines expression *

The constant in the above equation has been
determined by Heine in such a way that the energy of
the " free - electron model " equals that obtained

in the band structure calculation
(V ep =0.560 K'=0 E(K")=-0.637)

This means that the energy calculated here differs
from that of Heine by IcV ( different zero energy
assumption ) so that the wvalidity of the result here
can only be verified by finding the separation of the

bands
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The advantages of this method can be summerized
as follows

A greater generalization of the problem may be
attained by applying the constant potential method in
the energy calculation of different crystal type solids
as functions of K , before the application of a more
exact procedure # The calculation of the band structure
for a particular ion potential requires only the
knowledge of the logarithmic derivative of the radial
wave functions (D ) of different G on the surface of
the sphere (* ) e Moreover , once certain " structure
constants " in the method have been calculated for a
given type of the lattice , they may be used with
different potentials without much additional effort #

Thus we may say that this method considerably
cuts down the time of the calculation without involv-
ing complicated mathematical problems and without
introducing any additional approximations than that
of the constant potential between the atomic sphere

and the polyhedron # This may be , of course , rather



a deviation from the truth , but , in any case ,
almost all calculations assume a spherical symmetric-

al potential which is just a rough approximation
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INTERPOLATED BESSEL FUNCTION VALUES

AND INTERMEDIATE RESULTS
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urm
.20
.60
.80
7 m
.20
.60
.80

oOoo so0o0o

.20
.60
.80

(o NoNe)

0.60
0,80
530
0.20
0.60
0.80
(5710
0%20
0.60
0.80
57T
0.20
0.60
0.80
UTTU
0.20
0.60
0.80

mU7TU
.20
.60
.80
.08039
.17678
.55053
.70711
B To’
0.15812
0.47455
0.65247
UTa
.14577
.43732
.58509
:07071
.14142
.42427
.5656
.0718
.14562
.45085
.57447
.07595
.14790
.44571
.59161
.08004
.16008
.48023
.64051

eNeoNoNolloNoNa)

cocoococoocowoooococooBooo

mO7TU
0.20
0.60
0.80
071T5T4-
0.22627
0.67882
0.90509
0.ias49
0.25298
0.75893
1.01190
0.13720
0.2744-0
0.82520
1.09761
0.14149
0.28284
0.84852
1.15157
o.mik
0.27852
0.83559
1.11407
9.15525
0.27045
0,81155
1.08180
0.19494
0.24988
0.74-964

0.99951

TABLE

1.00170
1.00670
1.06060
1.11010
1.001E0
1.00518
1.04-757
1.0854-7
1.00107
1.0044-7
1.05789
1,06805
'1.00059
1.00556
1.05219
1.65757
1,60082
1.00535
1.03028
1.06529
1.00085
1,0034-6
1.05125
1.05590
1.00092
1.003677
I.05316
1.05908
1.001T0
1.00460
1.05884
1.06976

.05300
.06690
.20811
.284-16
.02957
.06256
.18176
.24766
.02597
.05102
.16178
.21934
.02432
.04852
.14776
.20i19
.02575
.04706
.14593
.19470
.02404
.04780
.14611
9J*.293
0.02459
0.04919
0115658
.20470
.05627
.05148

.16389
.22228

eleoNoNoloNeolololoolololeNoloNoloNoNoNoNolNoNe]

OO oo o

10.05000
5.10040
1.97578
1.67179

11.-35699

.74608

.15708

.78274

.68741

.41027

.54981

.90802

13,79355
6 .93305
2 .50803
2.01490

157I74i#
7,14194
2.57251
2.05821

14.07162
7,05470
2,53960
2.03597

13,55722
6.83528
2.48504
1,99484

12.543

6.52711
2.52712

1.89300

[
EFNOANERERNO

99.49850
24.49530
2.25257
0.97964
19714545%
51.49818
5.01987
1.45569
199.45660
59.49253
3.91584
1.94874
187.57764
46.55695
4.70285
2.59800
199,45876
49.49974
5,05272
2.58424
193,52165
47.97760
4.85317
2,48818
182.19795
45.21102
4.56726
2.31282
155.58992
38,52001
3.80702
1.88661
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TABLE 8.

N xis)  JolE) n. ("I) n,(*'n)

97TU 0.989570.11595 1.00159 6.63059 ii.24659 124,96306
9 0.20 0.178540.22405 1.00529 0.06576 5.69131 30.87127
0.60 0.535610.67215 1 04850 0.18570 2.14150 2.94937
0.80 0.714140.89618 .08724 0.25056 1.77279 1.39518
9719 0.089950 .1o0él 1 0911S$ 0.02749 1510019 144.87252

10 0.20 0.165830.24121 1.00471 0.05427 6.11524 35,85870
0.60 0.497490.72565 1.04177 0.16996 2.26401 5.50910
0.80 0.663520.96484 1.07505 0.25088 1.85158 1.71634

WO.19 9.'97/06 '9.1597~T7'55I7"'9:05541 '"'I3.91335''197; 71034

11 0.20 0.154110.25956 1.00415 0.05II8 6.56602 41.60017
0.60 0.462550.77867 1.05596 0.15679 2.59753 4.14975
0.80 0.616441.05822 1.06457 0.21356 1.94055 2.08506
U7TU 9.075990.13333 1.00095 9.02#6 15.56834 177.10820

12 0.20 0.150000.26667 1.00580 0.04980 6.74180 45.94153
0.60 0.450000.80000 1.05410 0.16704 2.46504 4.44377
0.80 0.600001.06667 1.0 .20811 1.97578 __2.25237

9.089940.19494 1.09130 0 09627 12.53363 '

13 0.20 0.160080.24988 1.00460 0.05148 6.32711 38.52001
0.60 0.480230.74964 1,03884 0.16389 2.32712 3.80702
0.80 0.640310.99951 1.06976 0.22228 9300 1,88661
9719 9.08197 9 .I>200 1.00114 0.02708 12 23971 ‘146. 97899

14 0.20 0.165940.24400 1.00470 0.05324 6.18190 41.69365
0.60 0.491810.73199 1.04082 0.16794 2.28421 3.60369
0.80 0.655740.97578 1.07519 0.22815 1.86476 1.77055

-9719- -979”* 61-9711347 1:99193 909912"ii. 56" 55'134:74964
0.20 0.173210.25093 1.00496 0.05967 5.92157 32.82863
0.60 0.519630.69280 1.04563 0.17789 2.19016 5.16920
0.80 0.692840.92575 1.08198 0.24218 1.80384 1.52158
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VALUES OF INTEGRALS

The first vertical colmm represents 15
points of surface integration and the
first horisontal the particular integrals

used.



4
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TABLE 9.
2

-939- 9790331— =-99:70579— 9795355'
0.20 0.01347 -24.98717 4.86359
0.60 0.13243 -2.64640 1.17588
0.80 0.25256 -1,51020 0.48995
0719- 9'9933s -163077013 ' 14.59999
0.20 0.01423 -40.95285 6,26037
0 60 0.12925 -4.42190 I.88132
0.24332 -2, 31 54 1.01089
9710"' ,90320'7-35518&6S*  &6.14704
0.20 0.01297 -64.04359 9.95269
0.60 0.12743 -6.98328 2.79594-
0.80 0.23706 -3.76249 1.68263

9719 6.06334-333.95713 ""25:71296
0.20 0.01336 -88.57129 12.72840
0.60 0.12556 -9.70955 3.69094-
0.80 0.23354 -5.50536 2.53865
9719 0.06336 -399.89686 58.18797
0,20 0.01336 -99.99078 13.95235
0.60 0,12583 -10,98470 4.05570
0.80 0.23422 -6,01766 2.65541
97T6'-9:9933'3 ' -378.83W 86 89773
0.20 0.01336 -94-00273 3.31530
0,60 0.12589 -10.31947 3.88029
0.80 0.25283 -5464372 2.47800
0.10 00060335 -—-334.03679 24.61621
0.20 0.01335 -83.57716 12.18126
0.60 0.13125 -9.20868 3.51282
0.80 0.25452 -4.99111 .20808
9119 9.09329 -843.64604 19 41985
0.20 0.01292 -60.90084 9.58827
0.60 0,12763 -6.64135 2.67884
0.80 0.23767 -3.56960 1.59666
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MO . (50349
.01436
.12946
.24394
.00332
.01315

.12813
.23948

.60350
.01334
.12648
.23582
m970033r
0.01333

0.13819
0.23544

'0:00329"
0.01292
0.12763
0.23767
0.06331
0.01305

0,12795
0.23892

"0: 7_
0.01385
0.12887
0.24205

cocodooooocoo

TABLE Q%a

2

037743094
-39.36513
-4.24483
- 2.21658
.811742696
-52.87633
-5.74898
-3.06620
.88T33138’
- 70.89818
-7.74711
-4.19630
*315.67766
~78.99966
-8.76326
—4.
?437
-60.90084
-6.64135
-3.56960
821741645
-62.89002
-6.02544

4
-44.89165
-4.80877

15797527

6.87199
1.81412

0.96166
17.45305
8,61019

2.36691
1.36782

21.75125"
10.75533
3.05478

1.8

11.67289
3.34683
2.08691

19:41965'
9.58827
2.67884
1.59666

18.07015

10.14076
2.46474
143897

1573074
?. 53712

2.02589
1.11722
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THE SURFACE INTEGRAL

IN THE CUBATURE FORM

In tables 10,11,12 and 13 the first column
represents the points on the surface of
integration and in the last the cubature
coefficients by which the remaining column

are multiplied.



N

1/2

9/2
10/2
11
12

13

1>/2

15/2

R

EATUUTSA
0.00166
m970T352"
0.00338
0.005%0
0.00329
0.61336
0.00, 14
T2

0.00336
0.01340
0.00335
-5705325-
0.00333
5.02532
0.00329
0.02720
0.00170
0.01328
0.Q0,

-574#(

0.00330
0.00662
0.00331
'0.01318
0.00329
-57#55E
0.00166
0.00169
0.00169
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TABLE 10.

B floB,
49.99790 4.
49.99790 4%966

633.20S06"’ 37:
14.
40.29408
255.86864 20.14704
752552- 132755054
25.71266
-25718297
399.89686 28. 18297
1515.34024 10775 # W
378.83506 26. 8
"5544749254— 393785936
334.03079 24. 61621
1949.15832— 155755720
243.64604 19. 41
T2597421755 Hi : 826i
78.71548 6.
845.70784 "59:
211.42696 17.
2266.65056 174:
283 5132 21.
631 Y 477a
15"

243.64604 19.4196
1771.33168 144.5811
110 . 0350
“55 5 A
88.811 65391

'07-24539 19579.431

7=

0.10

16



N A

50574
1/2~ 00674
955 #
9259
925
| T 01297
955W
4 01336
9T A
7 o 01336
05344
01336
2 IW
7 0.01335
— 5715338
°  0.01292
97
9/2 0.00718
'"9795251
10/2 5 01315
TO#1
1~ : 01334
92555
12 O0:
97951#
13 0.01292
97
1~/2 0. 0065;
9 A
1~/2 0:
97
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TABLE 11.
B, AOB.
"T2749559' H'2.43100'
12. 2.43180
1557 m25794IW
1285 6.26037
1257 795 19:95558
64. 04;
BB5472 T
88 &712! 12.72840
997#97! %3,95235
-3% 092 [ ¥
00273 13.4530
13s 2544 194.90016
m 12.18126
-75775518'
60® 084 9.58827
"314: 2 nr $4.97600
682" 3.43600
"9051 W34744975
32 8763 g A
5570 86704
p. 18 10 °
Bn£.99932 737
. 6 11.6
5 5S7
60190084 i882
5937T 2 ~ 759
31.44501 .07038
227 44583 . 76056
22.4458
4979 .90( 75
= 0.20

3A

16
8

16

16



N A

95821
06622
51799-

12743
59224
12556
I245
12583
5144
12589
10000
13125
92194
12763
95W

0: 06473

1751251

0.12813
9TI154
12648
27659

9/2
10/2

06398
08444
06444
55881

?
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TABLE

Bo

"1752529
1.32320
17.88760
4.421
15
f8328
38.

5829

« 0
10.98470
WM4I72#59

9.20868
53.13080
6.641
557
2.12242
22799595
5.74898
61.
4711
2651
8. '6326
287 253
6.64135
“561%552
3.01272
7 12749459
2.40439
556717917

= 0.60

12,

0.50694
0.58694
7.52528
1.88132
“5.59185"
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SURFACE INTEGRALS

{[*= (91.12626) 'z 0.24539 - 19679.43133 - 91.12626 x 1529.68650
=- 147036,32365

147036,32365

(52.09337) 'x 0.99075 - 4979.90074 - 52.09337 x 759.16503
=- 41838.74824

41838.74824

~=0.6
-%= (181.69226)~x 9,53661 - 538.17917 + 181.69226 X 212.23929
= 352847.36397
Ij-352847.36397

0.8
-If (17.94810)'x (17.57691) - 289.96354 + 17.94810 x 128.45384
= 7677.66425

1i -7677.66425
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SURFACE INTEGRALS

?

0.1 147036.32365
0.2 41838.74824
0.6 -352847.36397

0.8 - 7677 . 66425
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I2 is plotted against corresponding

values of *



B.'&"

[eNeNoleojoNoloNoloNololNoNoNololNoloNolololoNoNoNoloNoloNeoNolNoNoNeo]

X

.02
.05
.04
.05
.05
.07
.08
.09
.10
.11
,12
.13
.14
.15
,16
,17
118
.19
.20
.21
.22
.23
.24
.25
.26
.27
.28
.29
.30
.31
.32

.33

due
I.66660
1,00000
1.00010
1.00020
1.00040
1,00060
1.00080
1.00110
1.00130
1,00170
1,00200
1.00240
1,00280
1.00330
1.00380
1,00460
1.00480
1.00540
1.00610
1.00670
1.00740
1.00810
1.00880
1.00970
1.01040
1.01130
1.01220
1.01330
1.01410
1.01510
1,01610
1,01720
1,01830

- 112 -

APPENDIX

F .

mi-ire L

6.66560
0,01000
0.01163
0.01500
0.01700
0.02003
0,02356
0.02625
0.03054
0.03300
0.03691
0.04007
0.04355
0.04657
0.04980
0.05145
0,056091
0,06458
0.06314
0.05690
0.07016
0.07363
0,07801
0.08002
0.08404
0*08727
0.09063
0.09325
0,09741
0,10080
0.10433
0.10763
0,11106

I.

n.

—Ue I
166.60500
50.01000
33.34830
25.02000
20.02500
16.69670
14.32070
12.54000
11.15610
10.05000
9.14600
8.39340
7.75740
7.21300
6,74180
6,33020
5.96750
5.64680
5.55840
5.10040
4.86750
4.65590
4.46410
4.28710
4,12564
5.97689
3.85952
5.71218
5.59451
3.48447
3.58207
5.28638
3.19682

n,

+ ue
9999.50050"

2499.
1110.

624.

399.
27773
203.
155.
.95426

277

122

50000
61000
49980
49960

58034
74890

99.49830
82.14356,
68.94260
58.66951
50.52099
43.94155
58,55915
54.09814
50.36571
27119601
24.49530
22.17022
20,15508
18.40035
16.85522
15.49216
14.28443
13.20824
12,24449
11.38007

10,36497
9.89380

9.25274
8.66903



(eNeololeoloNojoNojloNoloNelololofolJeoleoloNolojeloNeoNoJoNeololoNoloNoloNe)

- 113 —

APPENDIX

+ U
0.11458
0.11823
0.12166
0.12494
0.12861
0.13210
0.13543

0.13885
0.14238

0.14600
0.14948
0.16704
0.15670
0.16021
0.16381
0.16729
0.17086
0.17449
0.17802
0.18164
0.18533
0,18900
0.19257
0.19631

0.19995
0.20400

0.20811

0.21097
0.21474

0.21842
0.22216

0,22598
0.22972

0.23323

I.

ho

L
3.11582
3.03394
2.95972
2.88981
2.82387
2.76159
2.70268
2.64690
2.59405
2.54391
2.49630
2.46504
2.40800
2.36702
2.32798
2.29076
2.25526
2.22135
2.18898
2.15806
2,12848
2,10027"
2.07311

2.04719
2.02236

1.99858
1,97578
1.95392
1.93297
1.91286
1,89358
1.87506
1.85730
1.84025

n,

§:13595"
7.64790
7.19974
6.78730
6.40704
6.05550
5.72980

5.42615
5.14661

4.88497
4.64081
4.44377
4.19918
3.99901
3.81116
3.63452
3.46832
3.31159
3.16388
3.02431

2.89233
2.7674-17
2,64888
2.53656
2.42983
2.32862
2.23257
2.13995
2.05239
1.96879
1,88902
1.81281

1,73989
1.66994



(e leleoNolololooloNololNoloNoloNeoNoloNoNoloNoloNoloNoXoNeloNoXolNeo)

A A

.00
.69
.70
.71

.72
.75

.75
.76
.77
.78
.79
.80
.81
.82
.83
.84

.85

.87
.88

.89
.90
.91
.92
.93
.94
.95
.96
.97
.98

.99
.00

HFRRRRRRRPRRPRRBRBRERRPRRBEBRPRBERRRERRERRERERE RR R R R R

+ue

.0709
.0813
.0837
.0862
.0887
.0912
.0938
.0964
.0991
.1018
.1045
.1073
.1101
.1130
.1159
.1188
.1218
.1248
.1279
.1310
.1342
.1373
.1406
.1438
.1472
.1505
.1539
.1574
.1608
.1644
.1679
.1715
.1752

- 114 -

APPENDIX

+ue t
.23928
.24109
.24496
.24876
.25263
.25656
*25435
.26437
.26825
.27219
.26524
.28015
.28416
.28813
.29216
.29624
.30028
.30439
.30844
.31256
.31664
.32088
.32499
.32926
.33337
.53766
.34-192
.34613
.35051
.35524
.35917

.36355
.36788

=jeloNololeejojfololoNoNooNoloNoNoNoloNoloNoloNoNeoloNoNoNoNoNolNe!

I.

-U0 L

1,
.80819
.79310
.77862
.76471
.75136
.73854-
.72624
.71443
.70310
.68127
.68180
.67179
.66220
.65301
.64419
.63576
.62768
.61995
.61256
. 60550
.59875
.59232
.58618
.58033
.57476
.56947
.56445
.55968
.55565
.55091
. 54-688
.54308

HRERRRRPRRPRRPRRPRERPRERHRBRERRBRRRERPBRRERER RRRRRHEERR

02340

OCOO0OO0OO0OO0OOO0OO0OO0OO0OO0OO0OO0OOCOO OO OO RRERRPRERRKERRREREE

n.
+ e
.60331
.53927
.47787
.41890
.36229
.30792
.25558
.20525
.15673
.11002
.05097
.02156
.97964
.93910
. 89997
.86215

.82553
.79012

.75576
. 72252
.69023

.65905
.62864

.60268

.57055
.54-279
.51575
.48939
.46387
.43936
.41466
.33101
.36788



O COOOC 0000 O0CO0OO0O0OCOCOCOO0O0O OO0 O0O0OO0OO0OO0COO0OO0O 00O

(T

.005
.01

.015
.02
.025
.03
.035
04
.045

.05
.055

.065
.07

.075
.08
.085

.095
.10
1105
11
115
.12
125

.13

.135
.14

.145
.15
.155
16
.165
.17
.175
.18
.185

\Y

5129.
2529.

1662

1229.
970.
797.
674.
581.

510
453

405.

568.
335.

307

283.
262.
244.
228.
213.
200.
189.
1709.
169.
160.
153.
145.
139.
135.

126.
120.

114

108.
102.

97

93.

88.
85.

.533

04
2667
0571
8250
.3111
.2000
6546
0333
4462
.6286
6267
7250
400
1889
7474
86
44732
15364
57628
86667
18678
19231
67945
37857
83179
4000
.31111
50625
96672
.80000
11343
88889
13846

b dd =il NololoRolofoloNolefofeNolofoleNeloYolcNolo Yoo e foXc o R=lo X o)

- 115 -

APPENDIX 1II.

Y

.19
.195
.20
.205
.210
.215
.22
.225
.23
.235
24
.245
.25
.255
.26
.265
.27
.275
.28
.285
.29
.295
.30
.305
.31
.315
.32
.325
.33
.34
.35
.36
.37
.38
.39
.40
.41

\Y

8i.
.24829
76.
.46681
72.
69.
67.
.55270
63.
61.
59.
57.
56.
.63762

79

74

65

54

53.
51.
50.
48.
47.
46.
.86555
43.
42.
41.
40.
39.
38.
37.
36.
34.
33.
31.
30.

28.
27.

26.
25.

44

87é95
89500

10476
83492
65000

53913
60735
75417

97669
27200

06923
56242
11482
72312
38571
10083

67728
53333
43068
36774
34223
35313
39920
47879
73235
10286
57778
15135
81579
56154

38250
27805

HRFPFOOOOOOO OO OO 0000000000000 0O0O0OO0DO0O0O0O0DOO

Y

.42
.43
.44
.45
.46
.47
.48
.49
.50

.51
.52

.53
.54

.55
.56
.57
.58

.59

.61
.62

.63
.64

.65

.67
.68
.69
.70

.75
.80
.85
.90
.95
.00
.05
.10

24.
23.

22
21

20.
19.
19.
18.
17.
17.
16.
16.
15.
15.
14.
14.
13.
13.
12.
12.

12.
11.

11.

11

11.

10.
10.

'—\
WWw WWwwbhoyw O

V

23810
26047
.33864
.47333
65217
88723
14792
45714
80600
18800
60448
05372
53402
04364
57769
13844
72495
33634
97167
62403
.30003
00019
72512
47539
.29090
12307
96269
80045
.62714
.27067
.67625
.78471
.89111
.81053
.57400
.29905
.03727



- 116 -

APPENDIX 1II

\%

H

2.78696
2,55667
.3M+00
.14923
.91111.
.81000
.66138
.52333
.397728
.28250
.176436
.07882
.988624
.90556
.829048
.—75895
.63700
.53524
.45227
.38217
.32292
.277880
.24385
.21852
.19786

OIAUITBRWNHOWO®O JJORNUIUT B BEW WNN
OO IO IONOUMIO IO M SISO ”n

NMOMNMNNNMNNNNNORRRRBRRRERBER R RRERP R
OO0 O0OO0O0OOOCOOOCOOKHRKHRKH RHKRRE NN



- 117 -

REFERENCES

W.Kohn and N,Hostoker,

" Solution of the Schrodinger Equation in
Periodic Lattices with an Application to
Metalic Lithium ."Phys.Rev. 94,1111,1954.

W.Kohn,
" Variational Methods for Periodic Lattices,"
Phys.Rev. 87, 4722, 1952.
G.Parzen,
" Electronic Energy Bands in Metals "
Phys. Rev. 89 , 237 , 1953
LoPincherle,

" Theoretical Determination of the Electric
Band Structure of Polyatomic Crystals "
Physica 20 , 965 , 1954

D.P.Jenkins,

" The Electronic Band Structure of Silicon "
Physica 20 ,967 , 1954



R

H

H

J

N

- 118 -

.S*Kuhn and J.H.Van Vleck,

A Simplified Method of Computing the
Cohesive Energies of Monovalent Metals
Phys. Rev. 79 ? 382 , 1950

"

.A.Buckingham,
" Numerical Methods "
Pubis., Pitman
.Margenau,

The Mathematics of Physics and Chemistry
D.Van Nostrand Company Inc.

.Eyring,J.Walter,G.E.Kimball,
" Quantum Chemistry
John Wiley and Sons,Inc
.R.Reitz,
Solid State Physics ” vol.l
Academic Press Inc. New York

.Bouchaert,R.Smoluchowski, E.Wigner,

Phys. Rev. 50 , 58 , 1936

.FoMott and H.Jones,
" The Theory of the Properties of Metals

and Alloys ”
Oxford University Press.

ONDIN



A.H.Wilson,

V.Heine,

- 119 -

" The Theory of Metals
Cambridge University Press.

w

"The Band Stucture of Aluminium
Proc. Roy.Soc. A. 270 , 320 - 37~ , 1957

D.G.Bell,D.M.Heinz,L.Pincherle,D.W.Sciama and Woodward,

"

" The Electronic Band Structure of PbS
Proc.Roy.Soc. A. 217 , 71 , 1953

D.P.Jenkins and L.Pincherle,

" A Variation Principle for Electronic Wave

Functions in Crystals "
Phil.Mag. 7 A5 , 93 , 195#

" Tables of Lagrangian Interpolation

Coefficients "
Columbia University Press, New York.

w

"Tables of Spherical Bessel Functions
Columbia University Press,New York.

IONDIN.
UNIV./*



