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Ab s t ract

Measurements  of the t ransverse acous t ic  r e s i s ta n ce  of l iquid helium-3 have 

been made a t  p ressu res  between 0.3 bar and 28 ,0  bar  in the temperature 

range 0 .015 Kelvin to 1.0 Kelvin using a he l ium -3 /he l ium -4 dilution 

refr igerator.  The method involved observation of the decay  of a se r ies  of 

echos  generated in a p iezoe lec t r ic  rod immersed in the l iqu id ,  one end of 

the rod being excited by a resonant  cavity .  The frequency of this cavity  

w as  242 MHz in the greater  proportion of this  work but similar m easu re ­

ments  were a l so  made a t  1048 MHz. The measurements  a t  the lower 

frequency have confirmed the ex is tence  of the co l lec t ive  osc i l la t ion  known as 

t ransverse  zero sound in liquid hel ium-3 a t  higher  p r e s s u re s ,  a s  predicted by 

the Landau Theory of a Fermi liquid. This has  enabled an es timate  to be
q

made of the magnitude of the symmetrical Landau parameter,  F 2 . The

resu l t  obtained was  in agreement  with those of other  experimenters who have 

used  a varie ty  of methods to determine F2^*

A similar  experimental technique has been used  to s tudy the longi tudinal 

aco u s t ic  r e s i s ta n ce  of liquid helium-3 in order to inves t iga te  the anomalously 

high value of F2^ indicated by previous measurements  of this phenomenon. 

These m easurem ents ,  both transverse  and longi tudinal ,  have mainly been 

carried out  on pure helium-3 (ie. be t te r  than 99.9997 per  cent) but some data 

have been obtained for the transverse  a co u s t ic  r e s i s tan ce  of helium-3 in 

which a small amount of helium-4 (about 1%) was  p re sen t .  These resu l ts  

enabled the determination of the acous t ic  r e s i s tan ce  of  an assembly  of 

non- in terac t ing  Fermions.
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CHAPTER ONE

1 .0 .  THE FERMI LIQUID

1.1. Introduction

The Landau theory of superf luidity in a quantum liquid of Bosons was 

developed to explain the observed behaviour of superfluid liquid helium 

(ie.  HE II). The lack of a complementary theory in the case  of par t ic les  

obeying Fermi-Dirac  s ta t i s t i c s  resu l ted  in the theory of a Fermi l iquid ,  

an example of which seemed to be liquid hel ium-3 in what  is now known 

as  the 'normal'  regime. It  is interest ing to note th a t ,  in his original 

paper  of 1956, Landau allows for the ex is tence  of superf luidity  in the 

case  of hel ium-3 by pointing out tha t ,  w h i ls t  the theory of a Bose 

liquid requires  superfluid properties  to be exhib i ted ,  the converse  theorem 

that a Fermi liquid cannot be a superfluid is not generally  true. The 

val idi ty  of this far-s ighted  comment was  demonstrated s ix teen  years la te r  

when the superfluid phases  of l iquid helium-3 were exper imental ly  observed 

for the f i rs t  t ime.

The importance of the behaviour of sound in a Fermi liquid stems from 

Landau’s prediction of new modes of sound propagation a t  very low 

temperatures .  Fermi liquid theory sugges ts  the ex is tence  of a ser ies  

of modes of which the f irs t  is identified as  a longitudinal  w av e ,  similar  

to ordinary ,  hydrodynamic, sound in a conventional liquid; and the second 

as  a t ransverse  osci l la t ion  that  resembles  high-frequency shear  waves  in 

a v i s c o e l a s t i c  medium. These modes were given the general  name
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'Zero sound' by Landau since they can ,  in p r inc ip le ,  e x i s t  a t  the absolute  

zero of temperature.  The Interaction forces between the quas ipa r t ic les  

that form the Fermi liquid are described by a ser ies  of parameters  and the 

Landau theory showed that the propert ies  of the zero sound modes would 

depend upon the values  of certain members of the s e r i e s .  Obvious ly ,  a 

full  knowledge of the properties  of a Fermi liquid requires  a complete 

knowledge of the Landau parameters .  However ,  if the theory is to be of 

u se  in predicting the behaviour of real sy s tem s ,  knowledge of the f i rs t  

few parameters  only should suffice to enable  good approximations to be 

m a d e . A s tudy of sound in a Fermi liquid helps in the determination of 

these  parameters  which may then be used  to build-up a complete picture 

of the system.

The longi tudinal zero sound mode was f irs t  observed in 19 64 by Keen, 

Matthews and W i lk s ,  and has  s ince been studied in g rea t  de ta i l .

Recently th is  mode has  been used  to s tudy the superfluid p hases  of  l iquid 

he l ium-3 and has  been par ticularly helpful in unravell ing the complexit ies  

of  the aniso tropic  'A' phase .  The his tory  of t ransverse  zero sound is much 

shorter ,  being observed for the f irs t  time by Roach and Ketterson towards 

the end of 1975, some time after  the commencement of this work. The 

problems involved in the detection of the t ransverse  mode are formidable 

due to the extremely high attenuation in the liquid and th is  will  probably 

limit i ts use fu lness  as  an experimental probe.  In this w ork , transverse  

zero sound was  detected  by observing the change in aco u s t ic  impedance 

between a p iezoelec t r ic  transducer  and the l iquid ,  following the method 

employed by Wilks  an d  his co-workers  in their original work on the 

longitudinal  mode.
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The full  theory of t ransverse  aco u s t ic  impedance is r a th e r  complex as  

recen t ly  derived by Flowers and Richardson,  and has  been included in 

some deta i l  s ince  a careful quanti ta t ive ana lys is  of the experimental 

data  is n e c e s sa ry  to clearly  e s tab l i sh  the ex is tence  of t ransverse  zero 

sound.  The important contributions to the theory made by Fomin are a lso  

d i s c u s s e d  in de ta i l  and some at tempt has been made to p lace  these  in 

context  within the framework of the complete theory. To make this work to 

some ex ten t  s e l f - s u f f i c i e n t , the theoret ical  d i scu ss io n  s ta r ts  with an 

outl ine of  the Landau Theory of a Fermi Liquid and se ts  down some of the 

more important r e su l t s .

1 .2 .  Landau Theory

The theory of a Fermi gas  requires the in teract ions  between the par t ic le s  

to be weak .  However,  the theory has been applied in s i tuat ions  where 

this requirement is not met and it  is then impossible  to determine which 

propert ies  of the gas model correspond to the real s ituat ion and which are 

in t r ins ic  to the model.  To overcome this problem Landau formulated the 

theory of  a Fermi liquid (Landau (1957) and (1959) ) in which larger in teract ions  

could be cons idered .  The model was la te r  extended by Abrikosov and 

Khalatnikov (1959).

Landau considered a Fermi gas a t  a temperature below the degeneracy temp­

erature  and introduced weak in teract ions  between the p a r t ic le s .  In the 

diffuse zo n e ,  near  the Fermi su rface ,  the average energy of the thermally 

exci ted  Fermions is  d irectly  proportional to temperature. Therefore a t  a 

suff ic ien t ly  low temperature ,  known as  the Dingle temperature,  the energy
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indeterminacy due to co l l is ions  is small compared to the average energy^ 

Also ,  a t  very low temperatures ,  the damping of the exci ta t ions  (given by 

the imaginary part  of their se lf  energy)  will  be small compared to the 

real  part  of  the energy.

Landau assumed the following; each  energy level  corresponds to a level  

in a non- in te rac t ing  system such that  when the in teract ion is ' turned-on'  

gradual ly ,  the atoms become q u a s ip a r t i c le s ,  each of which p o s s e s s e s  a 

def inite energy.  The quas ipa r t ic les  obey Fermi-Dirac s ta t i s t i c s  and their  

number always coincides  with the number of par t ic les  in the l iquid.  The 

momenta of  the par t ic les  is unchanged as  the in teract ion is turned on.

This leads  to the quas ipar t ic le  being considered as  a par t ic le  in a s e l f -  

co n s is ten t  field of pa r t ic le s .  In such a f ie ld ,  the energy of  the system is 

not simply the sum of the energies  of the individual par t ic le s  but depends 

upon the dist r ibution function of the pa r t ic le s .  Landau therefore defines  

the energy of a quas ipart ic le  (ê) by the relation :

cTe = J'c  clV  (1 . 2 . 1 .)

S E  is the change in energy dens i ty  of the whole system result ing from 

an infin ites imal  change in the distribution function (n ) .  The 

integra tion is over all  momentum space so that  ;

dr =
(2 iu i; )

Because the quas ipa r t ic les  have non- in teger  spin quantum number the 

total energy will  depend upon the spin s ta te s  so Landau introduced the spin 

matrix . Bearing in mind that  €  and n  are now m a t r ice s .
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equat ion  (1 . 2 . 1 .) is rewritten in a form that  includes the spin dependence ;

S E  =  - E  S p  I  C  S f l (1.2.2.)

Sj>̂  implies summation of the diagonal  elements  of the matrix product 

and the factor  j  appears  because  both spin s ta te s  are included in the 

definit ion of  d T  .

Landau determines the dist r ibution function n. (k) by maximising the 

entropy of the system subjec t  to the condit ions  that the total energy and 

total number of quas ipa r t ic les  is cons tan t .  Since there is an exac t  

correspondence between the par t ic le s  of a perfect  Fermi gas  and the q u a s i ­

pa r t ic le s  of a Fermi l iquid,  the entropy equation for a perfect  gas is used 

to obtain the express ion  ;

- 1
^ (1 .2 .3 .)

where jul is the chemical potent ia l  and {c is the Boltzmann constant,  

The difference between this r e su l t  and the equiva lent  express ion  for a 

Fermi gas  is  th a t ,  in this  c a s e ,  €  is a function of  n  .

The energy spectrum of the quas ipa r t ic les  near  the Fermi su rface ,  ^ ( p ) /  

is obtained by assuming a temperature suff ic ient ly  low that 6  ^  yrf 

Landau obta ins  the re su l t  ;

(1 .2 .4 . )
 ̂ *
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where b is the Fermi momentum and is the "ef fect ive mass"
r

of the quas ipar t ic le  which is def ined ,  by analogy with Fermi gas  theory, 

thus ;

(I! =  ^  (1 .2 .5 . )
VPp/p

(The term in paren theses  is evaluated a t  the Fermi surface) .

1.3.  The Interact ion Function

By considering small deviat ions from equilibrium at  temperatures ju s t  

above T = 0 ,  the quasipart ic le  energy may be expressed  thus ;

6  -  , 2: )  -I- S e  a;:) (1 .3.1.)

where fp  is the Fermi energy.

Landau introduces the interaction function j- , an operator dependant  

upon momentum _p and spin coordina te  , by rewriting (1.3.1.) in

the form ;

G = q ( p , 2r) +  ^  , or ; /  o f ) U . 3 . 2 .)

where Sn = , that  i s ,  the devia t ion of n from its equilibrium value
a t  T = 0.
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To obta in an express ion  relat ing the in teract ion function to the effect ive 

m a s s ,  Landau u s e s  G al i leo 's  principle of re la t iv i ty  which s ta te s  that  the 

momentum arriving a t  unit  volume of l iquid must  equal the mass  flow density.

(1 .3 .3 . )

'f

By taking the variat ional derivat ive of this express ion  with r e sp ec t  to 

a  , we ob ta in ,  a t  the Fermi surface ;

=  1  +  pf S c . S f / U X ) c c , y .  J i l l  (1 .3 .4 . )
m

In th is  express ion  is the value of ^ a t  the Fermi su r face ,  where
i ^  $

p ^  p  ffst  ̂ and % is the angle between ^  and _p_

The integral is now taken over real space ,(Lsi being an element of solid 

ang le .

1.4. The Landau Parameters

In genera l ,  the in teract ion function -p depends upon s p in , ie :

f  =

Landau separa tes  -p into two components one of which is independant of

s p i n , the other  spin dependant.
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d - 4 . i .

We are only concerned with quas ipa r t ic les  near  the Fermi su rface ,  

therefore j) ^  ji)' ^  a ad the two components of the in teract ion

function will  depend only upon the angle % between and

le

Landau now def ines  two new functions ;

F ^ ( x ) = f d l ] { ( ' X )  ; F \ x )  =  [ d l ] Ç M  (1 .4 .2 . )
U e / p  U ^ J f

where the dens i ty  of s ta te s  is evaluated a t  the Fermi s u r f a c e ,

c l r '  *i e  ( 1 =  m Pf
d ej f r  TĈ

Since the magnitudes  of the momenta before and af ter scat te r ing  are 

roughly equal the invariance of the system under  spa t ia l  rotation means 

that and F depend only upon the angle %  * . Consequently

they may be expanded in Legendre polynomials ;

0) r(% ) -  E f .’ p.
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Landau 's  or iginal notation was  F(x ) and (JfX) respec t ive ly  but i t  is

S A
now more common to refer to F and F  which are known as the 

symmetric and ant isymmetric Landau parameters .

The symmetrical parameter F,  ̂ can be obtained by subst i tu t ing for 

j"(%) in (1 .3 .4 . )  and performing the integration to give ;

—  =  + F ^ c o s X )

where the bar  denotes  the average value over the angle .

F ina l ly ,  s ince  , we have ;

J— =  —L / |  + (1 .4 .3 . )
m m̂ '  3 '

The effective m ass  may be determined from measurements  of  the heat  

c ap ac i ty ,  subst i tut ing m for m in the equat ion for the heat  capac i ty  

of a Fermi g a s .

The f irs t  symmetrical parameter  is  determined by measuring

the veloci ty  of ordinary (hydrodynamic) sound in the Fermi liquid and 

us ing  the re lat ionship  derived by Landau ;

.2 I + pS

3 2rrt I + F c o s%

where C is the veloci ty  of sound in the liquid.
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"s _  rSAgain, s ince F “  Fj » we may write

=  A
m

f + Fo

F 7 3 J

(1 .4 .4 .)

Both of these  express ions  (1.4.3 .) and (1 .4 .4 . )  are exac t  by virtue of

the nature of F^ and f^cosX  (being averages  over the whole solid 

angle) and do not involve any arbitrary truncation of the infinite se r ies  of 

Landau parameters .  Therefore, the f irs t  two symmetrical parameters of 

the ser ies  may be determined exact ly  by re la t ive ly  p rec ise  experimental 

m easurements .

Landau 's  original paper a lso  shows how the f irs t  assymmetric  parameter  may 

be determined from measurements  of the magnetic  suscep t ib i l i ty .  By 

considering the change in energy result ing from the appl ica t ion  of a 

magnetic  f ie ld ,  he obtains  the express ion  ;

. (is]
X „ ~  (1 .4 .5 . )

1 4. f.7 4

where X m Is the magnetic  suscep t ib i l i ty  and â  is the magnet ic  

moment of the helium-3 atom. The dens i ty  of  s ta te s  is again evaluated 

a t  the Fermi surface .

These three Landau parameters ,  , F,  ̂ and FT ' have now

been determined a t  pressures  from the saturated vapour pressure  up to the 

melting pressure  and have been fully tabulated by W heat ly  (1975).
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We n o te ,  in p a s s in g ,  the range of values taken by these, parameters

= 10. 07 a t  0 bar  and 94.13 a t  34 .36  bar 

= 6.04 a t  0 bar  and 15. 66 a t  34.3  6 bar 

= -0 .  67 a t  0 bar and -0 .  74 a t  34 .36  bar

(NB: W heat ly  denotes  FI by Z„ where -  4 - )

The importance of these  v a lu e s ,  and their dependence upon p re s su re ,  

will  become c lear  in the following chapters  concerning the propagation 

of  zero sound.  In this  work the values used  in calcu la t ion  were those 

quoted in Table V of W hea t ley 's  review paper  (1975) which were derived 

from the values  of m contained in the same tab le .  However ,  in a 

recen t  publ ica t ion (Wolfle; 1976) the Landau parameters  have been 

ca lcu la ted  us ing  a different  value of HI and it is unc lear  a t  th is  

time which of these values  is  to be preferred.
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CHAPTER TWO

2 .0 .  OSCILLATIONS IN A FERMI LIQUID

2.1.  The Kinetic equation and the Fermi Sphere

Having produced the theory of a Fermi l iquid,  Landau then invest igated  

the nature of o sc i l la t ions  in such a liquid.  In the previous sect ion  the 

propagation of sound in the hydrodynamic regime was mentioned in which 

the product a V  I , where Co is the angular  frequency of the 

d is turbance and is the average time between quas ipar t ic le  co l l i s ions .  

Under  these  conditions , provided that  the temperature is not reduced too 

f a r ,  sound will  propagate in the liquid according to the laws of c l a s s i c a l  

hydrodynamics,  the damping of the wave being proportional to “TT . 

However,  7T is inversely  proportional to the square of the temperature 

so the damping increases  rapidly as  the temperature f a l l s .  U l t imate ly ,  a 

temperature will  be reached a t  which the time between co l l i s ions  ( 7T ) 

exceeds  the period of the sound wave and the propagation of hydrodynamic 

sound will  c e a s e .  This point is roughly equivalent  to (jJ7T= I 

Landau's  theory of a Fermi liquid allows quantum mechanical  solutions in 

this  low-temperature region (known as the "co l l i s io n le s s"  regime) which 

show that  a different form of wave may be propagated a t temperatures down 

to the absolute  zero.  For this reason  he referred to these  modes as  "zero 

sound" .

Landau s ta r ts  by considering spin independent  vibrations a t  absolute  zero 

for which both the equilibrium dist r ibution function (rip) and the perturbed 

function (a ) are independent  of the spin var iables
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I .e . n ~  n. +  S n ( ^ )

A similar  express ion  gives the energy of the perturbed quas ipa r t ic le  in 

terms of the Fermi energy ( €p ) and some small devia t ion from 

equil ibrium, S C ( ^  . I t  is assumed that  both and oc (^ )

periodic  in time and space such that  they vary as

are

For a Fermi l iquid ,  the Boltzmann equation is :

+  f h .  . 2 £ ]  =  1 ( a ) (2 . 1 . 2 .)

where I  (n.) is the col l is ion in tegra l.

Now I W  is proportional to S n y ^ V .  Therefore s ince we are 

considering the region for which 6> T  ^  I , X M  is very  small and 

may be s e t  to zero a t  this s tage .  Following the method of Wilks  (1967) 

subst i tu t ion for n  and 6  yields the express ion  ;

[ k . £ - 6 j ]  =  [ k . i r ]  p ic  Se ( 2 . 1 . 3 . )

where Jf is  the veloci ty  of a quas ipar t ic le  which is given by

=  Ü
9 ^

and a lso =  IF f^ilF^
3p [9e
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Now, Sc may be expressed  in terms of the interact ion function, F, 

to give

Sc =  1 1 F Sn cLC ( -̂64 (2 .1 .4 . )
4 tt

Landau now introduces a new function l 7 , defined thus ;

=J S n(p ) d £  (2 .1 .5 . )

Therefore (2 .1 .3 .)  becomes ;

— cj]  — f k . ^ 1  ^  / F y '  L g  =  o  (2 . 1. 6 .)
9 e J  4 k

(I-)
The form of this equation implies that Stl is proportional to 

so  may be expressed as  the coefficient of proportional ity,

ie Sn =  P
Be

which is cons is ten t  with the definition of P (n) equation (2 .1 .5 . )

Thus ;

[k.iF- £o]v =  [Lir] y  F v' (2 .1 .7 . )
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(The in teract ion function F is taken a t  the Fermi surface, and therefore 

depends only on the angle X between .p. and ^  ).

Landau then takes  the direct ion of k_ as  the polar  axis  of a se t  of 

spher ica l  coord ina tes  in which the angles  "O' and ^  define the 

di rect ion of  ^  (and h e n c e ,  of j£ ) with r e spec t  to this  ax is .  

Equation (2 .1 .7 . )  then becomes ;

c o s - 0 - J 'f ( X )  p ( ^  t -  CoS-Ô-j v ('0 ', ji)  ( 2 . 1 . 8 .

The propagation velocity  U is given by : U =
k

Therefore , representing the ratio u / u "  by S, we obtain ;

[ s -  COS'S-) =  c o s ^ f F ( x )  (2 .1 .9 . )
'Z 4tc

That Stl is proportional to ( ) means that  a change in the

distr ibution function will  resu l t  in a deformation of the Fermi surface with 

the function P  providing a measure of the amount of d is tor t ion .

( V  has  the dimensions of  energy).

The s im ples t  solution of (2 .1 .9 . )  is  obtained by taking F( x )  to be a 

r-S
c o n s ta n t ,  . The solut ion is  of  the form ;

V =  A cos-6-
(s-cos-O *)

where A is  a cons tan t .
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This solut ion represents  a non-symmetric distor tion of the Fermi surface 

along the direct ion of propagation of the wave .  For real solutions / s > I 

which means that  elongation occurs  In the forv\7ard direction of propagation 

and a fla tten ing of the Fermi sphere In the opposite  d irect ion .  Figure 2.1. 

rep resen ts  this solution which corresponds to the longitudinal mode of 

zero sound.

2 .2 .  General  solution of the kinet ic equation

Landau did not consider  the general solution to the kinet ic  equation but 

he recognised that It would permit the ex is tence  of different types  of zero 

sound,  d is t inguishable  by different ve loc i t ies  and angular  dependences  , 

V^-6 *, The solut ion was  obtained by Abrikosov and Khalatnlkov

(1959) , by express ing Ffx)  as  the sum of spherical  h a rm on ic s , and has 

been d i sc u s s e d  In deta i l  by Brooker ( (1964) and (1967)). Briefly, the 

solution takes  the following form :

Expressing F(*)C) as  a series  of Legendre polynomials , equation (2 .1 .9 .)  

becomes ;

( s - c o s - ô - ) v ( - e - , =  cos-Q-f^fj^ P^(cosX)y(-9-',j^')iü (2.2.1.)
J  n. /fix

Using the addition theorem for spherical  harmonics :

M  ( 4  W  exp{im(; /-  f ) ]  !
(ia+ Imij!

(2 . 2 . 2 .)
m=-rt

iM -m
where , and are a s so c ia ted  Legendre polynomials;
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Subst ituting in (2 .2 .1 . )  ;

(cos-6--  s ) v  1̂*0-, f  COS-0- 6 0  ( 2 .2 .3 .

where

^nm ~  Fi (i3_Z_JiZlO! f  (-0-) P (-Ù-'i ^ ') e. ^ ( 2 . 2 . 4 . )
(n + H l ) ! /  " 47C

Solving ( 2 .2 .3 . )  for , Abrikosov and Khalatnlkov obtain the re su l t  ;

(CQS'Ô- — s)

Substi tuting this  into ( 2 .2 .4 . )  and performing the Integration with r e spec t  

to gives  ;

fj; (n -  k ’l)! /Z ]P n  & /»') ^  $  = Z$i^^fc„(2 . 2 .e.)
(n + Iî l)j J k (cos-6"-s) 4-TC k

This somewhat unwieldy express ion  represents  a system of equat ions which 

determine the quanti t ies  • The system separa tes  into groups of

independent equations charac ter ised  by different values of  r Y \ ,

Abrikosov and Khalatnlkov recognised that  each m value would correspond 

to a par t icu la r  dependence upon the angles  -0* and ^  . The

waves  with m = 0  correspond to an angular  dependence such that V  

is  isotropic  in the plane perpendicular  to k whereas  those with ft) ^ I 

polar ized in the plane of j( .are
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2 . 3 .  Physical interpretation of the ' M ' values

Landau (1957) shows that  the momentum flux tensor  for a Fermi liquid Is ;

y
/ )  r  n  ~

Pi / n Ê o t T r - E

3fk ' •J

(2 .3 .1 . )

Putting In the zero sound so lu t ions .  It may be shown that the only non­

zero components of this  tensor  are TT^g # to which only the m = 0  

waves  contr ibute ,  and TT13 to which only the m =  I waves contr ibute . 

We are therefore able to Identify the m = 0  waves with longitudinal waves 

(le.  pressure  variation) and the m = J  waves  with v i sc o u s ,  or shear ,  

w av es .  We a lso  note that  waves  with m ^ 2 do not contribute to the 

transfer  of momentum and so cannot be generated nor de tec ted  by acous t ica l  

methods.

If  V  is regarded as  a measure of the dis tort ion of  the Fermi surface 

we see  that  the general solution d i scu ssed  above gives  5̂  proportional 

to CCS m^  . Thus,  for m = 0 there Is no angular  dependence

and the dis tort ion of the Fermi surface Is the symmetrical elongation 

predicted by the simple solution In which F(*X) is taken to be a cons tant  

(Figure 2 . 1. ) .  However,  In the case  of M = I, , we have OP propor­

t ional  to Cos ^  which resu l ts  In an asymmetrical  dis tor tion as  shown

in figure 2 . 2 .
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equilibrium Fermi sphere

propagation direction 
o f longitudinal wave

distorted surface

Fig. 2.1 Symmetric distortion of Fermi surface (longitudinal zero sound)

asymmetric distortion

propagation direction 

of transverse wave

Fig. 2.2 Asymmetric distortion (transverse zero sound)
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2 . 4 .  Dispers ion  Equation for Zero Sound 

The Boltzmann equat ion is ;

h i  +  in . , 2 â  -  = I (n )
9 r  9^ 9r

The more general  treatment prevents  the col l is ion  in te g ra l , I f f t )  ,
la ^

being s e t  to zero .  Abrikosov and KhaJ^tnikov (1959) express  in

terms of a re laxat ion time defined thus ;

I  (n) = -£h l 
X

To ensure a smooth transit ion from the zero sound region into the 

hydrodynamic regime,  both momentum and energy must be conserved in 

the quas ipar t ic le  co l l i s ions .  Therefore, i t  is required that :

1(a) ctr = 0 and Je I(n) J.Z =0

The number of quas ipar t ic les  is a lso  conserved ,  so that  :

f U n ) l X  = 0

These condit ions imply that the coefficients  of the Legendre polynomials 

f^(coS'&)  ̂ Ceos'S^ and fJ^CxïS'ô) in the expansion of XÙ^) must 

be zero .  Abrikosov and Khalatnlkov define the re laxat ion time cons is ten t  

with these  requirements by subtract ing out the coeff ic ients  of the co r res ­

ponding terms in the expansion of

Therefore, expanding SnCp) =  ^s a ser ies  of spherical

harmonics ;
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n

<?n(p,-6-,^)  =  Z] ?„ ( c c s é ) e a s  mj>
1 ' n m«o ‘

and the colli s ion integral is then written thus ;

I(ri) =  J _ | o a — (5*n) cos •O'*“ cos^ j. (2.4.1.)

Introducing this term into the kinet ic equat ion (2 .1 .6 . )  we obtain ;

M
47C

( k t r c o s - O ' - c u j v  — k u 'co s 'd 'j F
^ 4tc

= 7  ̂- ‘y^cos-O- — Vj S(n'0-cosĵ l (2.4.2.)

The ( Sn ) terms have been replaced by p  terms because  P  is 

defined thus ;

jEiÜf

9 4

Since ( ^ H ; y /% p )  is a delta function a t  the Fermi surface we 

have ;

Sin — 7̂

Equation ( 2 .4 . 2 . )  is the general equation for the d ispers ion  of zero sound 

which may be solved (after insert ion of the appropriate value of m ) 

for the propagation cons tan t  (c , and hence for the velocity  of the 

required wave .
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2 .5 .  The d ispers ion  of longitudinal waves  ( m = o )

Abrikosov and Khalatnikov (1959) solved the d ispers ion  equat ion for 

longitudinal  waves  us ing  only the f irs t  two parameters of the Landau 

series* r F,̂  . However Brooker ((1964) and (1967))

has  solved the same equation to include the term and obtains the

resu l t  ;

}■ (2 .5 .1 . )
3 (j +  3^1 + A.Z+ W

where Ç =  l a > T I o< =  I
i lcZirp  i.coT- 1

w ( i )  =  1  i n  à ± j )  -  I 
2. ( ! - 0

= 0 w + I

The superscr ip t  ’S '  has  been omitted from the Landau parameters since

only the symmetric parameters appear  in this  equation.  The factor d  

involves  the parameter FJ , being defined thus ;

a  =  . ^ 3 / 4 ,
I +  V f
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In the hydrodynamic limit ,  as coT —> 0 ,  equat ion (2 .5 .1 . )

reduces to the following :

Therefore ,

ALf =  0 +  Fo)0 + V s ) _  + +  fz/s)iLûZ  ( 2 .5 .2 . )
k u - J  3  I S

Taking zero order terms in CoT :

ü f  ^  FJfl + % )  ^  j l  0  + F j
k j  3 3 (I + % )

This equat ion is Landau 's  resu l t  for the speed of ordinary (hydrodynamic) 

sound in a Fermi liquid (cf. equat ion (1 .4 .4 .)  ) which confirms tha t ,  in 

the limit CoT'->0, . the zero sound wave corresponding to m = 0  may 

be identified with ordinary sound.

The imaginary component of ( 2 .5 .2 . )  may be used  to obtain the absorption,  

ie :

X { k }  = (I +  '7 3 )0 +  V s )
(S
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Comparing this with the c l a s s i c a l  damping of  a wave

X i k \ =  , â - n
^ ^ 2 ^ 2  3 ^

we have;

y  =  I_______  ( 2 .5 .3 . )

For values of ( j T  not c lose to zero ,  equat ion (2 .5 .1 . )  must  be solved 

numerical ly.

Pethick (1969) has obtained an equation which re la tes  the ve loc i t ies  of 

zero (C<j) and hydrodynamic (C,) sound in tenns  of the Landau 

parameters  ;

cî -  cf =  4_ (l +  ^ /̂s)
cf 5 (i +  F j

Therefore, the t ransit ion from hydrodynamic sound to longitudinal  zero 

sound wil l  be s ignalled by a change in wave ve locity  and values of 

may be obtained by comparing the sound ve loc i t ies  in the limits 

(for C,) and C oC »l (for



-  25 -

2 . 6 .  Dispers ion  of t ransverse  waves  I)

The c ase  of t ransverse  waves  was  briefly considered by Brooker ((1964)

and (1967)) and studied in more detai l  by Lea et al  (19 73)(^).However, the

rr ̂  r  ̂l a t te r  author  considers  only the Landau parameters  and r, .

The following se ts  down the main resu l ts  of these  authors but  incorporates
r-5

the interact ion parameters  up to K .

4  2
By simplifying equat ion (2 . ^ , / . )  for rv» = I , and carrying out the 

in tegra t ion ,  Brooker obtains the resu l t  :

W 7 3 ( | + o1)

fi /3  — +  4  a  + (x)
(2 . 6 . 1.)

where the terms ^  , W an d  o( are a s  defined in Section 2 .5

and the term CL is again defined by the re la t ionship  :

(X = V 4
I +  V s

In the hydrodynamic l imit ,  as , Brooker reduces  this equat ion

to :

2 (l +  % X l  +  V 5 ) c o t '

-'/2

(f + 0 (2 . 6 . 2 .)
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If this express ion  is equated to that for a c l a s s i c a l  hydrodynamic shear

wave , we find that  ;
CO ^k = (l+ 1)

Where 7̂  is  the v iscos i ty  of a Fermi l iquid ,  and is given by ;

=  ± ^ r u ' / ( l  +  '7 3 ){ l  +  V s )  ( 2 . 6 . 3 . )

(We note that  this equat ion is a simple rearrangement  of equat ion ( 2 .5 .3 . )  

which was  obtained from the imaginary component of  the longitudinal d i sp e r ­

sion re la t ion) .

In the "zero sound l imit" ,  as  co'V—̂ oo  , it is found that the ex is tence  

of a wave solut ion depends crucia l ly  upon the value of the interact ion 

funct ion. Brooker ((1964) and (1967)) shows tha t ,  a s  CoTT-XXJ , a

real so lu t ion ,  and hence transverse zero sound,  will ex i s t  only if :

Fi 4 " ^ ^  >  6  ( 2 .6 .4 . )

r-S
(It will  be noticed th a t ,  if is s e t  to ze ro ,  the condition reduces

to > 6  , a r e su l t  firs t  obtained by Landau (1959) ) .  If the values

for F| for l iquid helium-3 quoted by W heat ley  (1975) are taken as  

cor rec t ,  ie .  F, = 6 .0 4  at  the saturated  vapour p r e s s u r e , we see  that 

t ransverse  zero sound should be propagated a t  a ll  p ressu res  provided that
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S S
is  roughly zero.  However,  if is found-to be appreciably

greater  than ze ro ,  t ransverse  zero sound will  only be poss ib le  for l iquid 

helium-3 under  p r e s s u re . Furthermore, i t  appears  that the properties of 

t ransverse  zero sound may provide the most  re l iable  method for the 

determination of . (The ques tion of the ex is tence  of  t ransverse  

zero sound will  be d i scu ssed  in detail  in the concluding chapter)

The ve loc i ty  of the zero sound w av e ,  re la t ive to the Fermi veloci ty  may 

be determined by solving the d ispers ion relat ion (2 . 6 . 1.) in the zero sound 

limit .  That i s ,  as  coZ^-^oo;

— L u t I
ikiXç't

ÙJ

k iç

We denote the ratio of zero sound veloci ty  to the Fermi ve loc i ty ,  a t  

c û ' Ü o o   ̂ by S .

Thus;

CO =  s =

where is the velocity of  the t ransverse  zero sound wave

Also,  as  C o ' t 0 0  ; »  0  and equat ion (2 .6 .1 . )  reduces  to

A  &  — I
a  ( s - i ) r r ê / è

-I
( 2 .6 . 5 . )

(The supersc r ip t  has been omitted from Fj and s ince only

symmetrical parameters  are involved).
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The equat ion ( 2 .6 .5 . )  m a y b e  solved numerical ly f o rg iv e n  values of

("2 to provide a re la t ionship  between F, and S ,  and 

figure 2 . 3 .  shows the approximate value of S as  a function of F, 

for the various values indicated.  We need not be concerned

with <  — 2  s in c e ,  in liquid hel ium-3 , the value of F, is

limited to about  15. 6 by solidif ica t ion a t  a pressure  of 34 .4  bar .  I t  may 

be seen from figure 2 .3 .  tha t ,  for = 0  , the re lat ive veloci ty  of 

the wave inc reases  from 1. 002 a t  Fj %  6 . 2 to 1.20 a t  14.3 , a s

ca lcu la ted  by Fomin (1968).



-  29 -

1.A

o
vr’

o o

IT)

zo
3
oif) CL

1.3

ÜJ

1.2

cn

10 12 K 15 18 20 22 24 2580 62 4

f l . VALUE

Fig. 2 .3  Approximate solutions to the dispersion relation (c jT ^ c o )



-  30 “ 

CHAPTER THREE

3 .0 .  ACOUSTIC IMPEDANCE AND ZERO SOUND

3 .1 .  Introduction

It was  shown in the previous chapter  how a change in wave veloci ty  

would s ignal  the t ransi tion from ordinary to zero sound. C la s s i c a l  fluid 

dynamics  re la te s  the speed of sound to the acous t ic  impedance of a 

medium, so we may expect  a corresponding change in this property a t  

the t rans i t ion .  In f a c t ,  the change in acous t ic  impedance provided the 

f irs t  exper imental evidence of the ex is tence  of zero sound when i t  was 

observed by Keen, Matthews and Wilks (1965) a t  a temperature of 9 2 mK 

using longitudinal  waves  a t  1000 MHz in a p ie zo -e le c t r i c  quar tz rod.

A deta i led  s tudy of the theory of the acous t ic  impedance of l iquid helium-3 

has  been undertaken by Brooker ((19 64) and (1967)), who included a careful 

a na lys is  of the experimental resu l ts  of Keen e t  a l ,  and by Gavoret  (1965). 

More recen t ly ,  the problem of acous t ic  impedance in the t ransverse  case  

has  been s tudied by Flowers and Richardson (1978) and by Fomin ((1968) 

and (1976)). The following chapter  attempts to outline the b a s ic  theory 

of  a co u s t ic  impedance,  for both longitudinal and transverse  w a v e s ,  and 

se ts  down the more important resu l ts  of these  a u th o r s .

3 .2 .  Fluid dynamics and acous t ic  impedance

Suppose a fluid is subjected to a periodic d is turbance which gives  r ise  to 

a m ass  flow represented by the vector y_ . Let the momentum transfer  

tensor  be TTbe ’ ’ifn and the momentum d ens i ty  be .
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Conservat ion  of momentum requires  that ;

= 0  ( 3 . 2 . 1 . )
3 t

Assuming that both and vary as  exj) 1 1 ( k  . £  •“  ^ t ) | -  we

obtain

If we use  the general resu l t  that momentum d ens i ty  ^  is equal to mass  

flux j_  and a lso  tha t ,  a t  the boundary, J_ =  ÇU. / where Ll 

is the veloci ty  of  the boundary, we obtain ;

The acous t ic  impedance is defined to be the momentum flow divided by 

ve loc i ty ,  thus ;

Z . =  ^ L̂m =  p  ^  ( 3 . 2 , 2 . )

i . € : % .  =  C,  ( 3 . 2 . 3 . )

W here is the wave velocity.
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(It is convenient  to express  the acous t ic  impedance in this way as  the 

rat io assum es  the dimensions of veloci ty .)

This express ion assum es  that the dis turbance is wholly periodic and 

w h i l s t  this is true in the hydrodynamic regime - > o )   ̂ it is

not n ec e s sa r i ly  true for the zero sound regime, or the t ransi t ion be tw een ,  

because  of the momentum transferred by excita t ion of individual q u a s i ­

p a r t ic le s .  The rigorous treatment of acous t ic  impedance by Brooker (1964) 

shows tha t ,  in genera l ,  the dispers ion  relation may have more than a 

s ingle  solut ion for a given value of Cj'C . I t  would be expected 

(mathematically ,  a t  least) that some d iscont inui ty  in the measurable  

propert ies  of liquid helium-3 would be observed whenever  a solution 

appeared or vanished but ,  experimentally ,  this is not the c a s e .  Brooker 

reso lves  the incons is tency  by pointing out that in addi tion to the col lec t ive  

waves  propagated,  single quas ipar t ic les  may be excited by the moving 

boundary.  These quas ipar t ic les  then travel their f ree-pa th  d is tance  and 

then give up their ordered motion in co l l is ions  with other  q uas ipa r t ic le s .  

The contribution of these  s ing le  part ic le exci ta t ions  is such th a t ,  although 

the total  measured acous t ic  impedance is con t inuous,  the separa te  

contr ibutions  need not be .  The acous t ic  impedance of equat ion ( 3 .2 .3 . )  

i s  therefore modified by a factor dependant  upon the energy carried away 

by the exci ted quas ipar t ic les  as  they are sca t te red  from the boundary.

A further modificat ion resu l ts  from the nature of the scat te r ing (ie. pure 

sp ec u la r ,  pure diffuse or mixture). This has  been d i s c u s se d  in de ta i l  by 

Bekarevich and Khalatnlkov (1961) who show that  the scattering mechanism 

has  a profound ef fect  upon the energy transfer .  However ,  the de Broglie 

wave  length for hel ium-3 q u a s ip a r t i c l e s  near  the Fermi surface is of the
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order of a few Angstrom units whereas  the surface of the osc i l la t ing  

boundary will exhibit  irregularit ies greater  in s ize  by a t  l e a s t  two orders 

of magnitude.  Therefore, in the pract ica l  c a s e ,  we assume that  the 

scat te r ing  will  be entire ly diffuse.  This conclusion is supported by the 

thermal conductivi ty  experiments of Betts,  Brewer and Hamilton (1974) who 

found that  for liquid helium-3 in "Vycor" g l a s s ,  the specu lar  reflect ion 

coeff ic ient  is zero.

The modifications due to non-wavel ike  p ro cesses  may be expressed  as  

follows :

Let a fraction of the total mass  current j  be due to wave motion,

ie .  jo ~  i • Then, the non-wave component will  be :

If we consider the pressure stress TT to be sim ilarly divided into 

components TT% and T[  ̂ we have ;

Z . (TT. +  TT,) _  TT. r  ̂ K ( i - f )  (3 . 2 . 4 .)

Ç j jo j.

If Cq is the wave velocity .

—  =  ^of  4- ( 3 . 2 . 5 . )e j'
We note that in general Z  , Co , and -ĵ  are all  complex

quant i t ies  which become real in the limit d o T T 1 (zero sound regime) 

and real  or zero for d o T I  (the hydrodynamic case ) .
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In the hydrodynamic regime the fraction ^ —>  I , and only wavelike 

p ro c e s s e s  contribute to the acous t ic  impedance. Therefore we obtain the 

c l a s s i c a l  re su l t  :

=  Cqe
In the zero sound limit ( w ?  Oo) the measured acous t ic  impedancg/^ 

wil l  be l e s s  than the zero sound wave veloci ty  as  a resu l t  of the single 

quas ipa r t ic le  contr ibutions.

Bekarevich and Khalatnlkov (1961) ca lcu la ted  the effect  on the dist r ibution 

function of a dis turbance composed of both wavel ike and non-wavel ike  

p ro c e sse s  and obtained express ions  of the form ;

Sri(-ê) =  A M  e x p | ( lC o T -  l ) ^  sec-O- -

+ /  BM-o-0 e x p - L w t j (3 . 2 . 6 .)

+  C {-o)

where Ç =
T u j r

The f ir s t  term is non-zero  only for <  l ü / z  . The phase velocity 

is  ifp Cos'ô' and the at tenuation length is "£^c^cos-0*. Brooker (1964) 

ident i f ies  th is  term with quas ipar t ic les  ref lected  from the boundary a t  an 

angle  to the normal to the boundary. They then travel through the

l iqu id ,  carrying information about  the motion of the boundary, a t  a veloci ty  

for a mean time On coll is ion with another  qu as ip a r t ic le ,

the information is divided between the two mutually scat te red  quas ipa r t ic les  

which then both contribute to Sn., The second term in ( 3 .2 .6 . )  is 

identified  with this contr ibution. The final term is the contribution due to
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wave motion which is the only s ignif icant  term a t  high tempera tures ,  

the f irs t  two terms becoming negligible due to the decrease  in T*.

3 . 3 .  Longitudinal Acoustic Impedance

In the case  of longitudinal w a v e s ,  the boundary osc il la t ing  in a di rect ion 

para l le l  to the propagation direction of the w ave ,  the Fermi veloci ty  

is small compared to the wave velocity in the zero sound regime ( Cj 7T’>> f ). 

Consequent ly  a lmost all  of the dis turbance s e t  up by the osc i l la t ing  

boundary is  observed as  zero sound w aves .  The acous t ic  impedance of 

hel ium-3 in the longitudinal case  may then be expressed  simply as

Z  =

where Ç is the dens i ty  of l iquid helium and C is the ve loci ty  

of  sound in the liquid.

In the experiment of Keen, Matthews and Wilks  (1965) a pulse  of longitudinal 

ul trasound was  generated in a p ie z o e le c t r i c  rod. This pulse  exper ienced 

multiple reflect ion from the polished  ends of the rod,  giving up a small 

amount of energy to the liquid a t  each ref lect ion .  The fraction of wave 

energy lo s t  into the liquid per  reflect ion depends upon the acous t ic  

impedances  of the quartz rod and the liquid.

Therefore;

energy lo s t  per  ref lect ion = 1 —

where R is the reflection  coefficient,



— 36 —

R is normally given by ;

R = Z t - Z ,
Z i + Z ,

where and Z g  are the acous t ic  impedances of the liquid and

solid  re sp ec t iv e ly .

(Although the experiment was performed under  conditions in which c l a s s i c a l  

hydrodynamics may not be app l icab le ,  this express ion  has  been shown by 

Brooker (1964) to be valid without assuming a wavel ike transmit ted mode. 

The only assumption required in this case  is that the liquid medium is s em i­

infinite which is sa t is f ied  in the case  of l iquid hel ium-3 by virtue of i ts 

high a t tenuat ion .)

Therefore , energy los t  per reflect ion is given by ;

Z t - Z ,
Z . +  Z ,

For Z f  Z .

Z s

More cor rec t ly ,  s ince  Z^ m a y b e  complex,  we hav e .  In general ;

Z i

Z

where ne denotes the real part on ly .
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Keen, Matthews and Wilks (1965) measured the ref lect ion coeff ic ient  by 

observing the change in the rate of decay  of the train of echoes  produced in 

the p iezoe lec t r ic  crysta l  when liquid helium-3 was allowed to cover ei ther  

one or both faces  of the c rys ta l .  At about  9 2 mK, the acous t ic  r e s i s t a n c e /^  

w as  found to change quite rapidly by about 19ms“  ̂ and this re su l t  has been 

taken as  the f irs t  experimental observation of the transi tion from hydro- 

dynamic to zero sound. The results  of this experiment were analysed  by 

Brooker ((1964) and (1967)) who showed tha t ,  whils t  qual i ta t ive ly  in agreement  

with the theory, the measured change in acous t ic  impedance was  somewhat 

larger  than predic ted.

Three possib le  a reas  of doubt are considered in an effort to explain the 

d isc repancy  between theory and experiment.  These are :

(i) the termination of the ser ies  of Landau parameters  

af ter only two terms,

(ii) the approximation of the col l is ion Integral to a 

relaxation t im e ,

(ill) the validity of Landau theory a t  temperatures above 

0. 05 Kelvin.

The points  (i) and (ii) both require careful mathemat ical  treatment in the 

region of the transit ion but in the low-temperature limit » l )  the

col l is ion  integral is tending to zero so that  (ii) is not s ignif icant .  Also,  

the conditions  required by the Landau theory are well  sa ti s f ied  a t  the low- 

temperature limit so that  (iii) may a lso  be disregarded.  The remaining area 

of doubt was the magnitude of and succeeding parameters about
r-S

which l i t t le  was  known at  that t ime. Brooker u sed  as  a variable
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parameter  and found that  the theory and experiment were in agreement 

when hi was given the value 14.8 a t  the saturated  vapour p r e s s u r e . 

However ,  doubts were la te r  c a s t  upon this value by the resu l ts  of the 

d irec t  measurement of the a t tenuation and veloci ty  of longitudinal zero 

sound by Abel,  Anderson and W heat ley  (1971). Three independent  es t imates
rS

of ]"2 were obtained from their r e s u l t s , being ca lcu la ted  from the peak 

a t tenua t ion ,  veloci ty  change and re laxat ion time. Each of these  indicated 

Fr ^  0 .

3 . 4 .  Transverse acous t ic  impedance

The work of Bekarevich and Khalatnlkov (19 61) included ca lcu la t ions  of the 

acous t ic  impedance in the transverse  case  but  without  cons idering the 

effect  of the parameters beyond FJ . Recently , a de ta i led  theory of

the t ransverse  acous t ic  impedance has been produced by Flowers and 

Richardson (1978) in which the parameter is included.

The experimental  study of t ransverse  zero sound is  rather  more difficult  

than that  of the longitudinal mode due to the extremely high at tenuation 

of  t ransverse  w aves .  Corruccini e t  al  (1969) has shown that  the 

a t tenuation length of the wave is roughly the same as  the s ingle par t ic le  

mean free path length ,  and inverse ly  proportional to the square of the 

temperature.

ie : attenuation coeffic ien t, o( I  — ('VLTp) T
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The at tenuat ion  coeffic ient  for the transverse  mode is about  10^ times 

greater  than that  of longitudinal zero sound which implies that  direct  

observat ion of  the propagation of such a wave is very diff icu lt .  Fur ther­

more , b ecause  of the s imilar ity between the a t tenuation length and the 

mean free path length of the q u as ip a r t ic le s ,  any experiment  designed to 

observe the zero sound wave will d e tec t  a contribution due to the 

incoherent  single partic le exci ta t ions  of similar  magnitude to that  of 

the w ave .  As has been mentioned in sect ion 3 , 2 .  , the total dis turbance 

of the liquid will  be a continuous function although the zero sound 

contr ibution need not be therefore we may not expect  to observe  a sudden 

transi t ion  as  in the longitudinal experiments.  Fomin (1976) has pointed 

out  that  the frequency and temperature dependences  of  the acous t ic  

impedance are similar for both wave and single part ic le contributions and 

if measurements  of impedance are to be taken as  evidence for the 

ex is tence  of t ransverse zero sound,  a quanti tat ive correspondence between 

experiment and theory must be e s ta b l i sh ed .  The full theoret ical  treatment 

of  transverse  acous t ic  impedance,  due to Flowers and Richardson (1978) 

is very complex and only a brief outline will  be presented here .

The theoret ical  method follows that  of Bekarevich and Khalatnlkov (1961) 

but  u s e s  a two-time relaxat ion time approximation for the col l is ion 

integral in place of the single re laxat ion time of the ear lier  work. (The 

two-time approach had previously been used  in the theory of the 

a t tenuat ion  of  longitudinal waves in a Fermi liquid by Pethick (1969).)

In the genera l ised  express ion for the col l is ion  in tegra l ,  the terms 

involving /  = 0  and {  = I vanish in order to conserve quas ipart ic le  

number and total momentum in co l l is ions  so that  only d is tort ions  of the 

Feimi surface corresponding to i ^ 2 .  need to be considered.
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The *u“ 2 dis tor tions  from local  equilibrium are charac ter ised  by 

a relaxat ion time 7 ^ .  For s implic i ty ,  the re laxat ion times as so c ia ted  

with higher values  of ^  (ie. . . . e tc )a re  taken to be equal and

are denoted by the second of the two relaxat ion t im es ,  TT . The time

%2 is obtainable  from the hydrodynamic v isco s i ty  ;

and is related to 7^ by a parameter such that ;

J -  = l i  % r
(see Section 3 . 7 . )

Flowers and Richardson derive a l inear ised  form of the Boltzmann 

equation for the system which they solve sub jec t  to the boundary conditions 

appropriate to pure diffuse scat te r ing .  The solution enables  the component 

of the s t re s s  tensor  corresponding to t ransverse  waves  ( iTfj. )  to be 

determined from which the acous t ic  impedance is evaluated us ing  the 

definition ;

a

where the boundary is in the p lane ,  the osc i l la t ions  being

polarized in the X d i rect ion.  Furthermore, by considering the spat ia l  

dependence of the Laplace transform of the s t re ss  tenso r .  Flowers and 

Richardson separa te  i t  (and h e n ce ,  the acous t ic  impedance) into two 

components; a d isc re te  term representing the transverse  zero sound and 

a continuum due to the exci tat ion of single q u a s ip a r t i c l e s .
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For the total t ransverse acous t ic  impedance,  they obtain the express ion

( b - l )
s,b

A - B

A + B .

( 3 . 4 . 1 . )

and for the contribution from transverse  zero sound only ;

z f  =  - 2 n p  (h ( I I L h I s I
h L & + B )

( 3 . 4 . 2 . )

In these  express ions  ;

B = 0 +  I)
(s, ■+ Sf,) s,)

But ^s) and ^  ('S) are functions defined such that

Therefore ,
f
..Cs)

B =  (I -  k) 

A

The function ^  Is given by the express ion  ;

f j s )  = [(^(s)] e
-s/Cs)

where ;

/Cs) =  L  /  - - f n A. d )  du
'  Z T Z i  l - ( a s f

( 3 . 4 . 3 . )
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This integral may be evaluated numerical ly ,  A +(a) being obtained

from :

A ±  (u)  — I — b s f u ^  — ̂  b  ( l — S ^ l Z )  | zu ?4-u ( l  —u?) //7 l̂ + + i J l ( 3 .4 .4 . )

The function A a r i ses  out of the Laplace transform of the l inear ised  

Boltzmann equat ion obtained by Flowers ahd Richardson. (The p hases  of the 

logarithms In (3 .4 .3 . )  are defined to be zero for u  = 0 ) .

The function (J(s) Is re la ted to (s )  as  follows ;

^  ( S ) y /

and Is defined by the express ion  ;

Afs) = (s^~ So) (j(s) 
s ‘ - l

( 3 .4 .5 . )

S, Is given by :

where : d  = I — 6W%

C = ___[2
P / - +  -  I +  Fz/S I + %

( 3 .4 . 6 . )
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So is the root of the d ispers ion  re lat ion with pos i t ive  real part  and Is
in

obtained feora- the following Wdj:

The propagation vector for the col lect ive mode Is ;

Where is a root of the equat ion A fs)  = 0  ,

Is given by  :

and A{s)

Afs) — I — h î L  — A —
2 sM s^/

+ ( 3 .4 . 7 . )

This equat ion  always has  a root In the hydrodynamic limit but  the ex is tence  

of a root In the zero sound limit (uT^~*co) Is found to depend upon ;

f| + 3F,
I +

which i s  in agreement  with the condition obtained by Brooker (1967) in 

this  l im i t ,  see  Section 2 .6 .

3 . 5 .  Total acous t ic  Impedance , Z  .

Flowers and Richardson use  the relat ionship

B = (l~ k) 
A
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to obtain the following express ion for the total t ransverse  acous t ic  

Impedance :

Z  _  i o i T ( 3  +  F ,) [fS|P l)(S|-5<,)e — ( s , -  i)fS|TS.)

û-p. (3 + al^)s, [(s,+ ! ) ( ' $ , - +  (s.-l)fs, + s.)e^‘>̂']
(3 .5 .1 . )

3 . 5 .1 .  Zero sound and hydrodynamic limits for

—S
As (2. —>0 / a single relaxat ion time approximation may be su b ­

s t i tu ted  for the two-time approach in the zero sound limit so that  > 

Therefore S, —» 0  and equat ion (3 .5 .1 . )  reduces to :

Z «  ^  - i w Z  (3 +  F)

p u-p (3 + afj) So

+ fio) ( 3 .5 . 2 . )

where / ( o )  is  ca lcu la ted  from ( 3 .4 . 3 . )  for S, = 0  (The

subsc r ip t  ' denotes  the value of Impedance a t  the l im i t ,  coTT—>oo.)

This Important re su l t  is  e q u iv a l e n t  to that obtained by Fomin (1976) for the 

rea l  part  of  the acous t ic  impedance ( R ) In the zero sound limit ;

&» =  L k  [ n - l + i l  ( 3 .5 . 3 . )
Ç m l -  ^

where M is the m ass  of the helium-3 atom and is the real part  of 

the  reduced veloci ty .  The term $  is defined by Fomin thus ;
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7 1 ___________u / l - V )
2 0 - u " ) ( l - u t a n k ' 'u } _

du  ( 3 .5 .4 . )

I t  may be shown by straightforward, though ted ious ,  rearrangement  that  

5  is identical  to the term ^(o) in the equat ion of Flowers and 

Richardson.  Then, by subst i tut ing the effective mass  equat ion for fYl 

and replacing by , Fomin's equat ion ( 3 .5 .3 . )  may be

shown to be equivalent to equation ( 3 . 5 . 2 . ) .

In the hydrodynamic limit ( 0 ) equation ( 3 .5 . 2 . )  reduces  to the

c l a s s i c a l  resu l t  for acous t ic  Impedance :

z=

where k is  the propagation vector of the co l lec t ive  mode and Is 

defined by ;

k =

3 . 5 . 2 .  Zero sound and hydrodynamic limits for F^t̂ O.

By rearranging the exponential  terms In the form of hyperbolic funct ions .  

Flowers and Richardson express  equation (3 .5 .1 .)  In the zero sound limit 

( Cj 'C'-^qo ) in two parts ;

(1) For - 5 " <  p2 < 0 ;

Zoa _  3  4- F| tixJili ((Tf 4- o(|) ( 3 .5 .5 . )
pu-p Fi or
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where Ol = |3F,
'/2

and 0 (, =  txnK ( l - s j o p

. S .-o j"

(ii) For R  > 0 ;

e<̂F
.3  ̂F _!_ ta.n (<JJ' 'j>̂ +  «2)

F, or

(3 . 5 . 6 .)

where 0 C2 =  t a n
- I

(1 -  s„)ar

So+<jrJ

Flowers and Richardson note that  If these  equat ions  are expanded in terms 

of  07 for small values of . a l inear  dependence of  Z«,

upon Is found to dominate . Consequent ly ,  the zero sound limit of

a c o u s t ic  impedance provides a sens i t ive  measure  of .

In the hydrodynamic limit (Cdî*->0) , O , so the limiting

Impedance is  the same as  that obtained in the 1 ^ = 0  c a s e .

le ;
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where , k =• ^
i ç T

However ,  in th is  c a s e .  So is determined by the d ispers ion  relat ion

( 3 .4 . 7 . )  for 7^ 0  . Flowers and Richardson show t h a t , by
7

expanding equat ion  ( 3 .4 . ^ . )  in powers of S and / the root

of the d i sp e rs io n  relation is given by :

. . S i c o Z X z 
(I -  *73)

__c
3 . 6 . The co l lec t ive  contribution , Z.

3 . 6 .1 .  l imit .

Again,  a s  f ^ - > 0   ̂ >0 and equat ion ( 3 .4 . 2 . )  m a y b e  expressed

in simpler  form ;

2 l  =  (I +1] O - k f ' d - s . l  ( \  (3 .6 .1 . )
I 3 /  R  \  [q(s„fy

where Q (s^) =  _J  [S ( t  -  l) +  S ]̂
2- s l
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3 . 6 . 2 .  Zero sound limit for

The limiting value of the zero sound contribution to the a c o u s t ic  impedance 

does  not  simplify greatly but may be expressed  in terms of hyperbol ic and 

trigonometric func t ions ,  as  follows :

(i) For - 5 <  j: < 0 .

yZ—oO — 

0 ^

I -
So *f(s^

^ ( 3 . 6 . 2 . )

(ii) For F̂  > 0   ̂ as  above ,  but CoS ^crl is

subs t i tu ted  for the term involving Cosh

In these  eq u a t io n s ,  and have the same meaning as

in equat ions  ( 3 .5 . 5 . )  and ( 3 .5 .6 . )  and ^  is given  by

2 s.

i A

-*S=S,

which y ie ld s ,  on evaluat ion of  the bracketed term us ing  equation 

( 3 .4 . 6 . )  the ra ther  cumbersome express ion  ;

f s - / ( 3 .6 . 3 . )

+ s ; ' - 3 0 + s * ) s ; V 5 - s f s r A
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N.B.  Richardson (private communication) has  recen t ly  developed a s impler  

theory of t ransverse  acous t ic  impedance b ased  upon a varia t ional  p r inc ip le .  

No d e ta i l s  of th is  method are avai lab le  a t  this t im e , but us ing  a simple 

p lane -w ave  trial  function,  the var ia tional  pr inciple y ie lds  the following 

exp ress ion  for the t ransverse  acous t ic  impedance :

Z  -  3  + r,
eLC 8 ( 1 + Jx)

( 3 . 6 . 4 . )

where X
4

In the zero sound l imit ,  the real part  of the impedance is given by :

Dl\oo

e -6

(3  +  F,)
8 1 +

1 / 4  +  F,
2 U +  V 5 /

( 3 . 6 . 5 . )

I t  is sugges ted  that  equat ion ( 3 .6 . 4 . )  is accura te  to be t te r  than one half  of 

one p e r c e n t  in the zero sound regime, although the errors in the hydrodynamic 

regime may be of the order  of a few p e r c e n t .  This new theory is apparent ly  

being extended to include the longitudinal a c o u s t ic  impedance.



-  50 -

3 . 7 .  The parameter

The parameter  is not d irect ly  obta inable  from experiment although 

e s t im a te s  are  po ss ib le  by considera t ion of the quas ipa r t ic le  sca t te r ing  

amplitude and a value of  0.3 5 has  been sugges ted  by Dy and Pethick 

(unpublished; as  quoted by Lawson e t  al  (1974)). More recen t ly ,  Wolfle 

(1976) has  sugges ted  that  ^  0 .28  , th is  value being obtained from

stud ies  of the superfluid phases  of hel ium-3 .  However ,  the importance 

of  a p rec i se  value for $£ has been invest iga ted  by Flowers and 

Richardson and they have found that  the ef fect  of upon the t ransverse

ac o u s t ic  r e s i s ta n c e  (that i s ,  the real part  of the complex aco u s t ic  impedance) 

is very sm al l .  Numerical ca lcu la t ions  have shown that  the a co u s t ic  

r e s i s ta n c e  changes  by l e s s  than one per  cent  when ^  is changed by a 

factor  of  3 .  Consequen t ly ,  in shear  ac o u s t ic  r e s i s ta n ce  ca lc u la t io n s ,  the 

ac tua l  value chosen  is not  s ignif icant  and it  is often convenient  to s e t  

to u n i ty ,  which is equ iva len t  to a single re laxat ion time approximation in 

terms of the depar ture of  the dist r ibution function from loca l  equilibrium.

In con t ras t  to t h i s ,  the a t tenuation of t ransverse  zero sound (which is 

re la ted  to the imaginary part of  the acous t ic  impedance) is found to be 

s trongly dependen t  upon  ̂ Numerical ca lcu la t ions  of the imaginary

par t  of  the solut ion to the d ispers ion  re la t ion show th a t ,  in the zero sound 

regime,  the a t tenuat ion  coefficient  is roughly proportional to .

C lea r ly ,  a s ingle  re laxation time approximation is not jus t i f ied  in a t t e n u a ­

tion c a lc u la t io n s .  For tunate ly ,  in the work presen ted  h e re ,  we are 

concerned only  with the t ransverse  aco u s t ic  r e s i s ta n ce  so tha t  any 

dependence  upon may be ignored.
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Furthermore, in the zero sound limit ,  the term involving approaches

zero so that  the limiting values  of the aco u s t ic  r e s i s ta n c e  do not depend 

upon the parameter  (see equation ( 3 . 4 . 6 . ) ) .

3 . 8 .  The aco u s t ic  impedance of a Fermi gas

An as se m b ly  of non-in teract ing  Fermions cannot  support  shear  s t r e s s  and 

therefore no t ransverse  waves  can be propagated.  However ,  a finite value 

of  aco u s t ic  impedance may s ti l l  be obtained by treat ing the Fermi gas  a s  the 

limiting c a se  of a Fermi liquid as  the in teract ion function approaches  zero.

If we cons ide r  Fomin's equation for the rea l  part  of the aco u s t ic  impedance 

in the limit , we have ;

(3 .8 .1 . )

where 2

i.
u

-  ( E 0 . )
dll

There is no t ransverse  wave propagated ,  and the term (V^— I ) d isappears  

from the equat ion .  Now, in the definit ion of Î  , as  the second

term in the denominator becomes dominant ;

le : ZF,
.  2  ( F r Q .

(Lu
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Thus , as

5  =  ~ f  u x n ' ^ J L  u ( l - u )  d u

A lso ,  a s  lq->0 ; co^a* —̂ F, , therefore ;

5  =  JL f  J£. .K . u ( / —u 5 ) d a  =  _EL 
lU 2 2 16

Thus ,  for a co u s t ic  r e s i s t a n c e ,  we find ;

As the in teraction function v a n ish e s ,  m •

le: JL = _ ± .  Ufr^  = _ ! _  u a  ( 3 . 8 . 2 . )

P 16

This same re su l t  may be obtained by considering the rate  of t ransfer  of 

momentum from the osc i l la t ing  boundary to the q u as ip a r t ic le s  by diffuse 

sca t te r in g .  Transverse acous t ic  impedance is  defined thus :

Z .  =  TJilc ^  ( 3 . 8 . 3 . )

w here71^ is the (i k ) component of  the momentum transfer  tensor  and

Ul is the ve loc i ty  of the boundary (Polarization of the o sc i l la t io n s  is 

assum ed  to be in the 6 d i rec t ion) .
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The momentum transferred to a s ingle  quas ipa r t ic le  = m . At any 

in s t a n t ,  the number of quas ipar t ic les  moving away from the boundary will 

be roughly n /Z  , where n is the number d ens i ty  of q u a s ip a r t i c le s .  

Therefore, to ta l  momentum transferred in uni t  time is given by :

Momentum transfer  /  uni t  time = JL U\
z

The rate a t  which this transfer  occurs is the average of the veloci ty  

components  of the quas ipar t ic les  (J< being the direct ion of the

normal to the osc i l la t ing  boundary) . Now the Fermi sphere is not 

d is tor ted  but simply d isp laced  by U* in the direct ion , so the average 

of the components will be that  for a half  Fermi sphere .  Therefore,

average veloci ty  in direction k_ is given by :

Rate of t ransfer  of momentum;

f f k  =  iL  IT: J .  Of.
2 8

Therefore;

o r .

Z  =  J -  
16

Z _  =  _3 J 2L
^  16 m

Again,  s ince  m a s F [ Ô ;

Z  = _3_cTp 
16e
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CHAPTER FOUR

4 . 0 .  EXPERIMENTAL TECHNIQUES

4.1 .  P u lse -ech o  techniques

The b a s ic  techniques  of reflection mode p u l se - e ch o  s tud ies  are well  

e s ta b l i s h e d  and figure 4.1. shows a block diagram of the arrangement u sed  

in this work.  A h igh - in tens i ty  pulse  of rad io-f requency  energy is appl ied  

to the electrode which induces  a short pulse  of h igh-f requency ul t rasound 

in the p iezo e lec t r ic  rod. (The de ta i l s  of u l t ra son ic  generat ion by surface 

exc i ta t ion  have been descr ibed  by Lea e t  al  (19 73) (0. If the rod has  end faces  

tha t  have  been  pol ished f la t  and p a ra l le l ,  the pu lse  will  be re f lec ted  many 

times a s  i t  gradually  lo se s  energy. Each u l t rason ic  pu lse  wil l  therefore 

genera te  a train of e c h o e s ,  the amplitude of which d e c re a se s  exponent ia l ly  

a s  the number of echos in c rea se s .  The lo ss  of energy is due to two main 

p r o c e s s e s ,

(i) a t tenuat ion  in the materia l of the rod due to sca t te r ing  

p r o c e s s e s ,

(ii) l o s s e s  due to energy t ransmiss ion  a t each ref lec t ion .

Therefore any  change in the decay  pattern of the echo envelope may be 

re la ted  to these  l o s s e s .

In the exper imental  work described  he re ,  the p iezoe lec t r ic  rod was  

surrounded by liquid helium and the shape of the echo envelope was  

o b se rv ed  over  the range of  temperatures  from 2 .0  Kelvin to about  15 mK.
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After correct ing for the temperature-dependent  l o s s e s  due to a t tenuat ion  in 

the rod,  the energy lo s s e s  due to t ransmiss ion  into the liquid may be 

determined from which the acous t ic  impedance is obtained as  a function 

of  temperature .  The experiments were carried out us ing  a he l iu m -3 /h e l iu m -4 

di lut ion refr igera tor  constructed by the Oxford Instrument  Company Limited. 

At the s ta r t  of this work the refrigerator was fit ted with a dilution unit  

having a nominal base  temperature of 25 mK but this was  la ter  rep laced  by 

a new uni t  capable  of reaching temperatures down to about  12 mK.
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4 . 2 .  The sonic  ce l ls

The or iginal  sonic  c e l l s ,  constructed to des igns  by Dr MJ Lea , are show n

in diagrams 4 . 2 .  and 4 . 3 .  Their resonant  f requencies  were 24 2 MHz and

1048 MHz re spec t ive ly .  The p iezoelec t r ic  rod was  supported j u s t  above

the electrode which was fed by a resonan t  cav i ty  a t tached  to the b ase  of

the ce l l .  Resonance was achieved by a he l ica l  coil  in the low frequency

cavi ty  and by a qua|ter-wave pos t  in the high frequency un i t .  In both c a s e s  ,
at

coupling was by a cap a c i^ v e  loop s ince  this method ensured thermal iso la t ion  

be tween the e lectrode (in contact  with the liquid helium sample) and the r . f .  

feed line (at a cons iderably  higher temperature than the sample) .  The 

resonan t  f requency was determined by the length of the hel ix ,and  the 

Q - fac to r  by the s ize  and posit ion of the coupling loop. Both were the 

r e su l t  of trial  and error,  various loops being tes ted  unti l  a su i tab le  resonance  

ch a rac te r is t ic  was obta ined.  Both the resonan t  frequency and the Q -fac to r  

differed appreciably  from their room temperature values when cooled to 

liquid helium temperatures  but there was  no s ignif icant  change in the 

resonance  over  the temperature range of the experiment .  In the h igh-f requency  

c av i ty ,  a c losed  loop was  found to overcouple  the cavi ty  and th is  was  

la te r  replaced by an incomplete loop. The resonance  ch a rac te r is t ic  of  the 

low-frequency (Mark I) cav i ty ,  a t  0 .5  Kelvin, is shown in diagram 4 . 4 .

The inner  surfaces  of both c a v i t i e s ,  the coupling loops and the resonant  

hel ix  were electropla ted  with superconduct ive tin to reduce eddy current 

hea t ing .

The p iezo e lec t r ic  rod was  or iginal ly  separa ted  from the e lectrode by a d i s c  

of porous paper  but this was la te r  rep laced  by a grid of human hair  supported 

by a ring of  paper .  This method ensured tha t  the rod was  complete ly
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surrounded by liquid helium and a lso  reduced the gap between the rod and 

the e lec trode  , resu l t ing  in a high coupling factor.  However ,  some 

problems were encountered due to the rod rocking from side to side s ince  

it no longer had a f la t  surface on which to s tand .  This caused  small 

changes  in the capac i tance  between the rod and the ce l l  which were 

observed a s  var ia t ions  in echo ampli tude . The problem was simply o v e r ­

come by placing thin s tr ips  of paper  between the rod and the s id es  of  the 

holder  to prevent  s ideways movement of the c rys ta l .  The echo train was  

then unaffec ted  by vibration of the sonic  c e l l .

Both ce l l s  shared the same top sect ion s ince this avoided dis turbing the 

r e s i s t a n c e  thermometer contained in the c e l l .  This thermometer was not 

anchored to the ce l l  but had s tr ips  of copper foil so ldered  to i t s  con tac t  

wires  to improve thermal contac t  with the liquid helium. In addit ion to 

the thermometer,  a small r e s i s t iv e  hea te r  w as  mounted in the top sec t ion  

of the ce l l  so tha t  thermal response  times could be m easured .  The 

connect ing wires to both these  dev ices  were s e a le d - in  with "Epibond" 

h ea t - cu red  epoxy res in .  The top sec t ion  and main body of  the ce l l s  were 

sea led  together  with an O-ring of c lean  indium wire.

The major  faul t  common to both these  ear ly  ce l ls  was the limited surface . 

area  of copper  in con tac t  with the liquid helium. In the Mark I c e l l ,  the 

con tac t  surface area was about 5 cm^ but cons iderably  l e s s  than this  for 

the h igh-f requency  (Mark II) c e l l .  If the thermal re laxat ion t ime,  that  i s ,  

the time required for the liquid helium to come to thermal equilibrium with 

the c e l l ,  is ^  then this  is given by the express ion  :

r =  CR

where C  is the net  thermal capac i ty  of the system and R is the 

thermal boundary r e s i s ta n c e .  U s in g ,  for R , the Kapitza boundary
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r e s i s t a n c e  over  the contac t  surface a r e a ,  ie .  R -  Rĵ  A  , we find that

for the Mark I cav i ty ,  0. 84 second a t  1. 0 Kelvin. This time is

short  compared to that  required to make any  observat ion on the sample so it 

is  reasonable  to assume that  the liquid helium is in good thermal con tac t  

with its surroundings.  However ,  as  the temperature f a l l s ,  the Kapitza
T--3

r e s i s t a n c e  in c reases  as  I and we find th a t ,  a t  low tem pera tu res ,  the

thermal re laxat ion  time has increased  such tha t  ^  is  about  55 minutes  a t  

0 .02K .  Obviously  with re laxat ion times of this order ,  thermal equilibrium 

cannot  be assum ed an d ,  as  the ce l l  is c o o le d , the temperature of the 

l iquid helium sample increas ing ly  lags behind that  of the c e l l .  The 

implicat ion of  this  problem will  be d i s c u s s e d  further in sec t ion  4.7.

A new sonic  ce l l  (figure 4 . 5 . )  was  des igned  with the aim of cons iderab ly

reducing th is  thermal re laxat ion time. The use  of copper  s in te r  increased

the surface area to such an extent  that  the surface area of the r e s t  of the

ce l l  was  ins ign if ican t .  The ratio of surface area to volume w as  roughly

TC Vz/g i where ct is the diameter of the copper  p a r t i c le s .  In our

c a s e ,  u s ing  40 micron p a r t i c le s ,  the surface  area of the s in tered  copper

2 2w as  about  9 .6  x 10 cm ; a factor  of 200 grea ter  than the Mark I c e l l .

This implies  a reduction in the thermal re laxat ion time by the same factor

to give;

f  ^  4 .2  ms a t  1 .0  Kelvin and

T  % /6 s a t  0 .02  Kelvin

Bearing in mind that  the rate of cooling produced by the refrigerator a t  the
-1

low es t  temperatures  i s ,  typ ica l ly ,  1 mK hour a t  30mK, these  re laxa t ion  

times are  quite accep tab le  and the sample may be taken to be in thermal
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equilibrium with the sonic cell  a t  al l  temperatures .  The fabricat ion of the 

s in tered  copper  sec t ion  was kindly undertaken by the Oxford Instrument 

Company Limited,  The hole into which the rod was p laced  was cut us ing  

a spark erosion machine to avoid damage to the s in te r .  This hole was 

s tepped , having a diameter  of 3 mm a t  one end and 5 mm a t  the o the r ,  

so th a t ,  by inverting this  s ec t io n ,  the ce l l  could accommodate rods of 

e i the r  3 mm diameter  or 5 mm diameter .

The resonan t  cavity  was b a s ic a l ly  the same as  in the ea r l ie r  d es igns  excep t  

tha t  the re sonan t  helix may be replaced by a quar ter-wave p o s t  so tha t  the 

same cavi ty  may be used  over a larger  range of f requenc ies .  A new top -c ap  

w as  des igned  for this ce l l  to include provis ion for a CMN thermometer in 

addit ion to the r e s i s tance  thermometer.  For this r e a so n ,  the cap  was 

machined from "Epibond" epoxy res in ,bonded  to a copper  f lange .  The 

shape of the cap was des igned  to incorporate a right c i rcu lar  cyl inder  of  

p re s s e d  cerium magnesium nitrate  powder, and a shal low groove was  

machined onto the outs ide of the cap to locate  the n e c e s s a r y  de tec t ion  coi l .  

Again ,  indium O-rings  were used  to sea l  the three sec t ions  together .  

C ons iderab le  force was required to ensure that the cell  was  leak t igh t  

a f te r  a ssem b ly  and for.this reason  s t a i n l e s s - s t e e l  bolts  were u s e d .
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4 . 3 .  P iezoe lec t r ic  rods

4 . 3 .1 .  Transverse mode experiments

The m ost  frequently used  materia l  In pu lsed  u l t rason ic  s tud ies  Is quar tz .

( s e e ,  for example ,  the work of M at thew s ,  Keen and W ilks  (1965) and of

Abel,  Anderson and W heat ley  (1971).) However,  this mater ia l  is  unsu i tab le

for t ransverse  acous t ic  Impedance work because  the coupling cons tan ts

Into the shea r  modes are very low (0.,08 and 0.14 for the AC and Y d i re c t io n s ,

re spec t ive ly ;  see Nepplras  (1973)). An a l te rna t ive  appeared to be li thium

nlobate  (LI Nb 0^) which has  very high coupling cons tan ts  to the two shear

modes  of o sc i l la t io n  (0.62 and 0 .6 8 ) .  However,  the a t tenuat ion  does  not

- 2  -1fa ll  below 2 .0  x  10 dB cm a t  500 MHz (Spencer e t  al  (1967)) even a t  

temperatures  below 4 .2  Kelvin and this l imited the usefu l  echo train to 

about  two hundred t rans i ts  beyond which the echos  were l o s t  in e lec t r i ca l  

n o i s e .  Ca lcu la t ions  had shown that about three hundred t rans i t s  were 

required to produce a change In s ignal  height  of about 0 .5  dB, which was  

cons idered  to be the sm al les t  c lear ly  observable  change with the apparatus  : 

ava i lab le  a t  tha t  t ime. Some early  experiments confirmed the unsu i tab i l i ty  

of th is  mate r ia l .

The search  for a p iezoe lec t r ic  mater ia l having a lower a t tenuat ion  coeff ic ient

for the t ransverse  mode w as  re^rarded when reports (Nepplras (1973), Spencer

e t  al (1967), Rehwald (1973)) describ ing  the proper ties  of bismuth germanium . .

oxide (Be^„GeO ) were s tudied .  Although the coupling co n s ta n t  into the i  Z 2 0

s in g le sh ea r  mode i s ,  a t  0 . 2 4 ,  lower than tha t  for li thium n l o b a t e , the 

a t tenuat ion  a t  temperatures below 4 .2  Kelvin is extremely smal l .  Spencer  

e t  al  (1967) quotes  a value for the a t tenuat ion  a t  4 .2  Kelvin of
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- 2  -1
0 .14  X  10 dB cm a t  118 MHz; a cons iderable  improvement on lithium 

n ioba te .  V/hen a su itab le  rod of BGO was  te s ted  i t  was  found to be 

capable  of producing a train of more than three thousand echos  (at 240 MHz) 

below 4 . 2  K although fewer than fifty were observed  a t  room temperature .  

Another advantage of this mater ia l  was  th a t ,  s ince  i ts  c rys ta l  structure  

w as  cub ic ,  pure e la s t i c  modes of propagation could be obta ined which would 

no t  be s ens i t ive  to c rysta l lographic  or ienta t ion.  Furthermore,  i t  has  been 

shown by Spencer  e t  al (1967) that  the appl ica t ion  of an e le c t r ic  field in 

any  major  c rysta l lographic  direct ion will  couple only into the pure e l a s t i c  

sh ea r  m ode ,  making BGO an a lmost  ideal mater ia l for t ransverse  wave 

s t u d i e s .

For th is  work,  a rod orienta ted with the direct ion of propagat ion of the 

wave [l lO] para l le l  to the ax is  of  the c rysta l  (to an accu racy  of  be t te r  

than five minutes  of arc) was  u s e d ,  the rod being 12.5 mm in length and 

3 . 0  mm In diameter .  The end faces  were required para l le l  to within five 

seconds  of arc  and were pol ished  to opt ica l  f la tness  ( X / / 0 ) ,

4 . 3 . 2 .  Longitudinal mode experiments

Bismuth germanium oxide is not  a su itab le  mater ia l  for longitudinal  s tud ies  

b e c a u s e  of the diff icul ty  of generat ing a pure mode; the only longitudinal  

mode is propagated in the [il l]  d irect ion which a lso  supports  shear  wave 

propagat ion .  To obtain a pure longitudinal  mode along a pr incipal  a x i s ,  

a rod of X-cut  quartz seemed the most  sui table  since this  mater ia l  offered 

a reasonab le  compromise between the various p iezoe lec t r ic  parameters .

The rod was  cut and polished to the same specif ica t ion  as  the BGO rods 

u sed  in the t ransverse  exper iments .
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The echo envelope produced in both t ransverse  and longitudinal  c a s e s  was 

not  a simple exponential  d ecay  but revealed r egu la r ly - space d  maxima and 

minima (see figure 4 . 6 . ) .  If the heights  of the maxima are plotted as a 

function of echo number the expected exponent ia l  d e c ay  is  apparen t .  Many 

experimenters  have commented upon the modulat ion of the echo envelope 

and severa l  theories  have been proposed to account  for th is  e f fec t .  Bbmmel 

and Dransfe ld  (1958) have s tudied the effects  of o f f -ax is  propagat ion and a 

computer  s imulation of echo p a t te rn s ,  taking into account  the re su l t s  of 

axis  misal ignment  and non-paral le l ism of the end f a c e s ,  has  been publ ished 

by G ates  (1964). The theory of wave propagation in p iezo e lec t r ic  rods has 

been s tudied in some deta i l  by McSkimmin (1956) and Redwood (1959) and 

the nul ls  in the decay  pattern have been accounted  for by in terference between 

the in i t ia l  wave and a se r ies  of secondary 'waves  produced by 'mode -  

conversion ' .

In the longitudinal  c a s e ,  the reflect ion of  the wave a t  the w a l l s  of  rod 

c a u s e s  some energy to be converted into a t ransverse  mode which then 

t rave ls  ac ross  the rod a t  a lower veloci ty  than the longitudinal  w ave .  On 

ref lec t ion  from the opposi te  wal l  a similar  mode conversion produces  a 

secondary  longi tudinal wave which travels  with the same speed  as  the 

original  w av e ,  but out of phase  with i t .  The ne t  effect  is an Interference 

pa t te rn  superimposed upon the exponentia l decay  due to sca t te r ing  . For 

t ransverse  w a v e s ,  McSkimmin (1956) has shown that  the s imultaneous 

exc i ta t ion  of  severa l  t ransverse  modes of vibration wi ll  r e su l t  in interference 

due to the s l igh t ly  different  propagat ion ve loc i t ies  of these  var ious  modes.

The use  of a c ircular  driving e lec t rode ,  which exc i te s  the whole  face of the 

rod ,  wil l  inevitably  generate severa l  such modes and this  is  probably the 

major  cause  of the modulations  to the echo envelope.
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To exc i te  a single t ransverse  mode,  McSkimmin sugges ts  the u s e  of an 

e l l ip t i ca l  driving electrode that  favours exci ta t ion  of the cen tra l  area at 

the expense  of exci ta t ion  a t  the edges  of the c rys ta l .  For tunate ly  none 

of  th e se  mechanisms are temperature dependent  so th a t ,  provided the 

f requency of  the wave is  cons tan t  and that  a l l  the measurements  are taken 

us ing  a par t icu la r  group cf e c h o e s ,  the ac tua l  shape of  the decay  pat tern  

is unimportant .  Figure 4 . 7 .  shows a typical  group of echos  in BGO, a t  

242 MHz.
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2 m s cm = 200 ec ho cm )

m 5 Echo envelope for t ransverse  waves (2-:.2MHz' at U 2K m BGO

(5|JS cm

Ceta'l 0* echo tram (as above) centered at 2800^ echo
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4 . 4 .  Electronics

4 . 4 .1 .  Introduction.

The ear ly  experiments  were carried out using an analogue data  recording 

system cons is t ing  of Brookdeal "Boxcar” integrators  driving an X-Y char t  

recorder .  The resonant  cavity  was  driven by a cavity  o s c i l l a to r  which was  

repe t i t ive ly  triggered (at about 10 Hz) . The result ing echo train was gated 

such  that the height  of a par t icu la r  echo could be integrated by the s ignal  

averager  to give a d . c .  level  proportional to the average heigh t  of the 

echos  in the g a t e . Thus any change in echo height  would be ref lec ted  in the 

d . c .  leve l  and observed on the char t  recorder .  A s imilar  system was  used  

to monitor the f ir s t  echo so that  any voltage drift  or change in the amplifier 

gain could be taken into accoun t .  Synchronisat ion was  ach ieved  by us ing  

the trigger  output of a 'MATEC pulse  comparator as  the m as te r  trigger  and 

the delayed tr igger  output of a Tektronix 585 o sc i l lo scope  to gate the 

Bookdeal in tegra tor  af ter  an appropriate de lay  time. The system worked 

quite well  and some usefu l  re su l t s  were obta ined .  However ,  two ser ious 

d i sadvan tages  soon became apparent  ;

(i) The posi t ion  of the integra tor  gate  needed cons tan t

adjustment  to ensure that the same echos were in tegra ted 

throughout the experiment .

(ii) The fa ir ly  high pulse  repeti t ion frequency required by the 

integra tor  caused  considerable  heat ing in the sonic  cel l  

which prevented the refrigerator from reaching i t s  base  

tempera tu re .
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The f i r s t  of these  problems,  w hi ls t  inconvenien t ,  was  not insurmountable 

and the t a sk  was made eas ie r  by fit t ing a second he l ica l  potentiometer  to 

the osc i l lo sco p e  to improve control of the de lay  time. The second problem 

w as  much more important in that  it prevented data  co l lec t ion  in the most 

In te res t ing  range of temperatures .  To reduce the heating ef fec t  of 

r epe t i ta t ive  running,  a s in g le - sh o t  method of operation was  dev ised  in 

which a s ingle  pu lse  was  applied  to the cav i ty .  The resu l t ing  echo train 

w as  momentari ly d isp layed  on the o sc i l lo scope  where it  was  recorded by 

means  of a Polaroid-Land camera.  The p resen t  e lec tronic  arrangement ,  

shown in figure 4 . 8 .  , u s e s  this same b a s ic  method but  with d ig i ta l  triggering 

to improve s tab i l i ty  and a more soph is t ica ted  da t a -acq u is i t io n  system based  

upon a t rans ien t  recorder  and digi ta l  s to re .  The most  important fea tures  of 

the system will  be descr ibed  in the following s e c t io n s .

4 . 4 . 2 .  Pulse generat ion.

The driving r . f .  pu lse  was  provided by a tuneable  cavi ty  o sc i l l a to r .  In the 

lower f requency experiments a J .V .M ,  type 7600/1 o sc i l l a to r  was  used  

which covered the frequency range from 225 to 400 MHz. This cav i ty ,  when 

driven by i ts  maximum permitted modulation pu lse  ( 3 kV), was capable  of 

producing an output power of about 2 kW but for the exper iments  descr ibed  

here  such  power was u n n ec e s sa ry  and the modulator level  was  never  s e t  a t  

grea te r  than 1 kV. The h igh-frequency experiments  used  a s imilar  cavity  

o s c i l l a to r ,  J .V .M .  type 7440/1, which covered the frequency range from 960 

to 1120 MHz. Both cav i t ies  were fit ted with decade counters  to ensure  

p rec ise  and reproduceable  frequency s e lec t ion .  The s tab i l i ty  of  the 

o sc i l l a to r s  , both in frequency and output ampli tude,  was  found to be 

e x c e l l e n t  showing negligible  drift  over an operat ing period of  s evera l  hours..
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The output  pulse  was fed via a cal ibra ted ( 0 to 25 dB ) ba r re l - type  

a t tenua to r  to a ferr ite-r ing circulator  and then to the driving e lectrode 

in the sonic  cel l  through a rigid coaxia l  feed l ine .

The des ign  of the coaxial  feed line to the cel l  was  important s ince  it 

w a s  a po ten t ia l  source of hea t  leaks  into the refr igera tor .  M ate r ia l s  having 

very poor thermal conduct ivi ty  were required so th in -w a l led  cupro-n ickel  

tube was  used ;  5mm diameter  for the outer  conductor  and 2mm diameter  

for the inner.  This ratio of conductor  radii  gave an impedance of about 

fifty ohms,  thereby roughly matching the impedance of the o ther  components .  

The outer  conductor  was  thermally anchored a t  1.2 Kelvin, 800 mK (the stil l) 

and 20 mK (the low es t  hea t  exchanger) by copper s c re w - th re a d s ,  soldered 

to the tu b e ,  which mated with copper bushes  a t tached  to the refr igera tor .

The inner  conductor  must  a l so  be thermally anchored and this was  

accom pl ished  by the use  of g l a s s - to - m e ta l  s e a l s .  These c o n s i s t  of inner 

and outer  coaxia l  conductors bonded to a g lass  d i s c  which e lec t r ic a l ly  

in su la te s  the two conductors whils t  thermally connecting them. One of these  

s e a l s  a t  each  of the thermal anchor points ensured that  the inner  and outer  

conductors  were thermally l inked.  The importance of thermal anchors  was  

dram at ica l ly  demonstrated  during one experimental run in which the sea l  a t  

1.2 Kelvin had  broken, leaving the inner conductor thermally i so la ted .  The 

r e s u l t  w as  a hea t  leak which prevented the refrigerator  from cooling below 

50 mK. Outs ide the refr igera tor ,  conventional fifty-ohm coaxia l  cable  was  

s u c c e s s fu l ly  used  a t  both 242 and 1048 MHz.

Each arm of  the c irculator  was matched to its par t icu la r  load by means of 

W ein sch e l  doub le-s tub  tuners and a fourth s e t  of tuners  was  p laced  between 

the cav i ty  o sc i l la to r  and the cal ibra ted  a t tenua tor .  Once these  tuners had
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been s e t  further adjustments  were not n e c e s s a r y  during the course  of an 

experimental  run.

4 . 4 . 3 .  Amplification.

The echo p u lse s  were de tec ted  by means  of a superhe te rodyne  system 

us in g  a Hewlet t -Packard  (10514A) matched-diode  mixer .  The r . f .  s ignal  

from the sonic  cel l  was  f irs t  amplified by a h ig h -g a in ,  low -no ise  Avantek 

ampli fier  before being fed to the mixer where it was  combined with a local  

o s c i l l a to r  s ignal  to produce a 60 MHz in termedia te- f requency s igna l .  

Amplification of the complete echo train resu l ted  in gross  sa tura t ion  of 

the amplifier  and distor t ion of the base  l i n e ,  therefore a rad io-f requency  

switching c ircuit  was  p laced  before the amplifier  so that  only the ta i l  of 

the echo train would be amplified . Typically ,  in the t ransverse  experiment,  

the switch was  timed to open a t  roughly the twelve hundredth echo .  The 

point a t  which the switch  opened w as  original ly  controlled by the d e lay ed -  

trigger output  of the o sc i l lo scope  but  this  was  la te r  rep laced  by a dig ita l  

de layed  trigger  which will  be descr ibed  la te r .  The time for which the 

switch remained open was determined by a variable d e la y ,  controlled by 

a hel Lpot,

It  was  n e c e s s a r y  to record the f i rs t  few echos  (the ampli tude of which 

would vary l i t t le  with temperature) so that  correct ions for var ia t ions  in 

the driving pulse  amplitude could be carried out during a n a l y s i s .  This was 

ach ieved  by dividing the s ignal  before the r . f .  switch and heavi ly  

a t tenua t ing  the unswitched s ignal  to reduce the amplitude of the f ir s t  few 

(unamplified) echos to match that of  the gated (amplified) echos  towards 

the end of the tra in.  The two s igna ls  were then combined before being
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fed to the mixer.  Although the whole echo train was combined with the 

gated e c h o s ,  the unamplified s ignal is so small a t ,  s a y ,  the twelve 

hundredth ech o ,  that  compared with the amplified e c h o s ,  i ts contribution 

to the combined signal could be ignored. Figure ( 4 .9 . )  should make 

c lea r  the operat ion of the r . f .  switch and combiner.

4 . 4 . 4 .  Data acqu is i t ion

A MATEC PR201 pu lse  comparator was u sed  to de tec t  the i . f .  s ignal  s ince 

this instrument incorporated an exce l len t  low -no ise  i . f .  amplif ier .  The 

output  was  fed to a Data lab  920 t ransien t  recorder  where it was  converted 

to d igi ta l  form and then stored in a Datalab 4 0 0 0 -se r ie s  memory. The 

memory could be read out  as  analogue data onto a char t  recorder ,  or as  

a s e t  of two thousand pure binary numbers onto magnetic  tape .

This par t icu la r  t rans ien t  recorder  was  chosen b ecause  it offered a faci l i ty  

by which the input s ignal  could be sampled a t  two different r a t e s ,  the 

instrument switching ra tes  a t  a predetermined poin t .  In th is  mode of 

opera t ion ,  des igna ted  A /B , the f i rs t  twelve hundred e c h o s ,  for example ,  

could be sampled a t  slow rate 'A' af te r  which the recorder  sw i tches  to its 

f a s t e s t  rate ' B' to ana lyse  the next  few echos  In d e ta i l .  In p r a c t i c e ,  this 

was  achieved  by using an external  trigger pulse  to coincide with the peaks  

of  the f i rs t  1200  echos  which resu l ted  in a d ig i t i sed  record of the echo 

enve lope ,  stored in the firs t  1200 channels  of the memory. When the 1200th 

pu lse  was  rece ived ,  the t rans ien t  recorder  au tomatical ly  switched to its 

f a s t e s t  sampling rate so that  the remaining 800 channels  could be u sed  to 

store a deta i led  digi tal  record of the next  few ech o s .  This operat ion is 

shown schem at ica l ly  in figure 4.10.  Diagram (a) shows the echo train as
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observed  on the o sc i l lo scope  (ie.  the MATEC output) and (b) shows the 

s ta r t  of the train on an expanded s c a le .

The trigger pu lses  were arranged to coincide with the peaks  of the first 

1200  echos and diagram (c) shows the full sw eep ,  the sampling rate 

switching a t  the 1200th p u lse .  In f a c t ,  the r . f .  switch w as  s e t  to open 

about  fifty echos before the sample rate changed so tha t  the ac tua l  echo 

pat tern  stored in the memory appeared as  in diagram (d). Figure 4.11. shows 

a copy of a chart  recorder  plot  of the contents  of the s tore a f te r  accumulating 

512 shots  taken  a t  cons tan t  temperature .  The echo heigh ts  may be measured 

d i rec t ly  from charts  such as  t h i s ,  or  deduced from the pure binary data 

read from the store onto the Perex "Perifile" magnet ic  tape recorder .

4 . 4 . 5 .  Triggering and synchronisat ion

As the de tec t ion  system became more s o p h is t i c a ted ,  the need for f a s t  and 

s tab le  triggering became increas ing ly  important and our requirements  were 

f ina lly  met  by two instruments  buil t  to spec i f ica t ions  prepared by Dr MJ Lea. 

The des ign  and construct ion of these  uni ts  was  exper t ly  carried  out by 

Mr AK Betts .

The f i r s t  of  these  dev ices  is known as  the "Digita l  Echo Synchroniser"  and 

it  performs two independent  funct ions .  The most  complex ta sk  carried  out 

by th is  machine is the synchronisat ion of the t rans ien t  recorder  trigger 

p u l se s  with the individual e ch o s .  A 10 MHz crysta l  c lock and a system of 

d ig i ta l  p u lse  counters  enab les  the se lec t ion  of a c lock  p u lse  tha t  exac t ly  

co inc ides  with each echo peak .  The operator  is  therefore ab le  to se t  an 

in i t ia l  d e lay  time (using thumbwheel switches)  to bring the f irs t  echo into
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co inc idence  with a trigger p u l s e ,  and then s e le c t  the period required to 

bring trigger p u l se s  into coincidence with the remaining echo p e a k s .  This 

operation i s  shown in figure 4.10.  (b). The in it ia l  d e lay  is variable in steps 

of 0.1 j x s e c  from zero to 99.9. J i s e c ,  The period be tween  s u c c e s s iv e  

p u lse s  is var iable  from zero to 100 jXsec  in s teps  of 0.0001 j j i s e c ,  i ts 

s tab i l i ty  being limited only by that of the crysta l  c lock ,  which was  quoted 

a s  1 part  in 10^ .

A separate  function of this machine is that  of m as te r  trigger  for the synch ­

ronisa t ion  of  the r e s t  of the e lec t ron ic s .  For this  purpose a separa te  c rysta l

c lock emits trigger  pu lses  at  a cont inuously var iable repet i t ion rate  between

-1 5 -10 .5  pu lse  s ec  and 10 pu lse  sec  . A refinement of this  is the "Preset"

mode which allows a s e t  number of trigger p u l s e s ,  from 1 to 999,  to be 

generated  a t  any required rate in this range.  These p u l se s  are used  to 

synchronise  the modula tor,  the t rans ien t  recorder  and the "Digital  Delay 

Trigger".  The la t te r  instrument is a d igi ta l  d e lay  des igned  to rep laced  the 

d e lay ed - t r ig g e r  output of the o sc i l lo sco p e .  It  is again  b ased  upon a 10 MHz 

crys ta l  c lock  and emits a s ingle trigger pulse  af te r  e i ther  a p re se t  time 

(between zero and one second) or af ter  a se t  number of p u l s e s  have been 

rece ived .  The delayed trigger was  used  to open the r . f .  switch and to 

trigger  the osc i l loscope  so that the amplified echos  could be observed on 

an expanded t imebase .

4 . 4 . 6 .  Control  system.

The final sp e c ia l i s ed  uni t  is an automatic  control sy s tem ,  a l so  des igned  by 

Mr AK Be t t s ,  to coord ina te  the operation of the data col lec t ion  appara tus .  

This d e v ic e ,  by m eans  of a s ingle  pu sh -b u t to n ,  in i t ia tes  the following
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sequence  of events  :

(i) DL 4000 store is cleared

(ii) A p rese t  number of r . f .  p u l se s  (typically  512) are fed to

the sonic  cel l  a t  a p rese t  repet i t ion rate

(iii) The t rans ien t  recorder  s ca le s  and conver ts  to d ig i ta l  form 

the echo pat tern resul t ing from each  r . f .  p u l s e .

(iv) The store accumulates  the data from al l  512 echo t ra in s .

(v) The contents  of the store are output to the m agne t ic  tape

recorder  in the form of a d isc re te  'sub f i le ' .

A t im e-switch  was  incorporated into the control system to enab le  the 

cyc le  to be in it ia ted au tomatica l ly ,  a t  p rese t  in te rv a ls ,  so that  data could 

be co l lec ted  during overnight operation of the refr igera tor  . A d ig i ta l  

counter  indicated the number of subfi les  transferred to m agnet ic  tape 

during automatic  running.
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( a )

UNAM PLIFIED ECHO E N V E L O P E

(b )

(c)

A F T E R  "AVANTEK" AMPLIFIER
gross saturation and 
b a se lin e  distortion

O U T P U T  FROM  CO M BINER

gate
closed

g a te
open

-1200
ech o s

atten uated  envelope amplified e c h o s

Fig .4 .9  OPERATION OF R.F. SWITCH
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unam plified echo en velop e

amplified ech o  train

( a ) As o b serv ed  on o sc illo sco pe.

nd
echo

initial
delay
(ps)
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( p s )

( b) First echos on expanded scale.

INDIVIDUAL ECHOS

TRIGGER PULSES

1200 ech o

  1200 --------------------
( sw eep rate 'A' external trigger)

 ^  channels  800 --------
(sw e e p  rate 'B' )

( c ) Transient recorder output (r.f. switch open for who!e sw eep).

r.f. switch  
op en s

' [ T /r  sw eep  rate 
ch a n g es

n

(d ) Transient recorder output (normal mode of operation). 

F ig .4.10 Operation of transient recorder in A /B  m ode
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4 . 5 .  The Helium sample

The hel ium-3 obtained for these  experiments was  not par t icu la r ly  pure 

a s  supplied  (roughly 99.99% helium-3).  The most  ser ious  contaminant  

would be hel ium-4 s ince  this could condense out to form a superfluid 

film over  the p iezoe lec t r ic  rod. This would reduce the energy l o s s e s  into, 

the liquid to a lmost  zero so that  a helium-4 impurity,  in a quant i ty  

suff ic ien t  to form a monolayer ,  could completely obscure  the v iscous  

l o s s e s  into liquid he l ium -3 .  Keen e t  al  (1965) had sugges ted  that  phase  

separat ion would occur  a t  some temperature depending upon the concentration 

of the mixture ,  and the heav ier  hel ium-4 would s ink to the bottom of the 

ce l l .  However ,  in our experimental configuration,  th is  meant  that  the 

lower end of the rod would be in contac t  'with helium-4 which would e v e n ­

tual ly  cover  the whole rod under  the act ion of superfluid film creep .  This 

would be avoided by ensuring that  the surface area  of the system was 

suff ic ient ly  large to prevent  the formation of a monolayer  of superfluid 

hel ium-4 .  Several experimenters  had used  a highly porous g l a s s ,  known 

as  Vycor, to trap the normal component of superfluid he l ium -4 in s tudies  

of fourth sound.  A small cell  containing a p iece  of this  mater ia l  (kindly 

provided by Dr DS Betts) was  mounted in the helium f i l l - l i n e ,  in thermal 

con tac t  with the mixing chamber,  to increase  the surface area  avai lab le  

for hel ium-4 condensa t ion .

A more sa t i s fac to ry  solution to the problem of hel ium-4 contamination w as  

to improve the purity of  the sample by d is t i l la t ion .  A number of separa te  

p ro c e s s e s  have been reported but  the apparatus  descr ibed  by Sherman (1966) 

shown in Figure 4.12. , which u se s  a continuous reflux p r o c e s s ,  seemed to 

be the m ost  a t t ra c t iv e ,  being simple to construc t  w h i l s t  producing a very
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pure d i s t i l l a t e .  A b a t c h -procès  sing technique was  u sed  in which the s ti l l  

w as  cooled to about  2 .0  Kelvin (that i s ,  s l igh t ly  belov/ the lambda-point) 

in a he l ium-4 cryosta t  and charged with Impure he l ium -3 from the s tore .

The temperature of the s ti l l  was  then ra ised  by the h ea te r  so tha t  the 

he l ium-3 would be preferent ia l ly  boiled off.  This gas  was  co l lec ted  in the 

cryopump and la te r  transferred to the "pure hel ium-3" s to re .  The impure 

res idue  was then pumped away and a new batch was  condensed  into the 

s t i l l .  The purity of the resul t ing hel ium-3 was  measured  us ing  a M .A.T .  

"Varian" m ass  spectrometer  an d ,  af ter  d is t i l la t ion  a t  about 2 .5  Kelvin, 

the hel ium-4 impurity w as  undetec tab le  us ing  the spectrometer  a t  i ts 

h ighes t  s e n s i t iv i ty .  This was  es t imated to correspond to an impurity of 

l e s s  than three par ts  per  mil l ion.

The sample was  p ressu r ized  us ing  the system shown in figure 4.13.  The 

cryopump was  opened to the hel ium-3 reservoir  and then cooled to 4 .2  Kelvin 

by immersion in liquid hel ium-4 .  After c losing valve 1, the cryopump w as  

removed from the hel ium-4 Dewar v e s se l  and the hel ium-3 conta ined was  

al lowed to expand into the experimental  c e l l .  This expans ion  was  carefully  

controlled to avoid imposing a sudden pressure  change on the indium sea ls  

in the son ic  cel l  . When the pump was comple tely  warm and the p re ssu re s  

were eq u a l i s e d ,  the pressure  of the hel ium-3 in the ce l l  could be observed 

on the Bourdon gau g e ,  Gl.  To obta in the h ighes t  p re ssu re s  required,the 

ce l l  was i so la ted  by the valve V4 and a new charge of  hel ium-3 gas  was 

drawn from the reservo ir  by the cryopump. This procedure w as  repeated 

unti l  the required pressure  was obtained in the c e l l .  The range of p ressu res  

ava i lab le  w as  limited by the minimum in the melting p re ssu re  curve which 

has  a value 28 .9  bar  and occurs  a t  0 .32 Kelvin. Any pressure  applied  in 

e x c e s s  of th is  value would s imply re su l t  in a plug of so lid  he l ium -3 being
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formed in the fill line a t  the point where the temperature w as  equal  to 

0 .32  K. Consequen t ly ,  the h ighes t  pressure  applied during these  

exper iments  was 28 .0  bar.

When performing experiments on liquid he l ium -4 ,  a ra ther  d ifferent  sample 

handling technique had to be u sed .  A prel iminary experiment showed that  

below the lambda t rans i t ion ,  a superfluid film would form on the wal ls  of  

the fil l l ine which extended to the point a t  which the temperature was  

about  2 .2  Kelvin. The superfluid film therefore provided a thermal l ink 

be tween  the experimental ce l l  and a hea t  reservoir  a t  the lambda temperature 

This h ea t  leak was  ba lanced  by the cooling power of  the refr igerator  which 

limited the minimum temperature to about 0 .6  Kelvin. One p oss ib le  

so lu t ion was  to inse r t  a coil  of capi l l iary  tube ,  several  metres  long,  to 

inhib i t  the film flow but this  was impractical due to the limited space 

ava i lab le  in the refrigerator.  An al ternative to this w as  a p ressu re  'bomb' 

a s  descr ibed  by Abraham e t  al  (1969). The arrangement is shown in 

Figure 4.14.  It  was  constructed very simply by us ing  a 15 cm length of 

2 .5  cm diameter  copper tube.  End caps were soldered  in p l a c e ,  the upper 

cap having a soft  copper tube fit ted for fi ll ing the bomb and the lower cap 

having a s ta in le s s  s tee l  tube for connect ion to the c e l l .  The bomb was  

mounted ve r t ica l ly ,  above the sonic  cell  so that  the liquid helium would 

fil l  the ce l l  completely .

The bomb was  p ressur ized  with he l ium -4 ,  us ing  the system descr ibed  above 

af te r  which the sof t copper  fil l  line was crimped and cu t  to i so la te  the 

bo m b /so n ic  cell  sys tem .  The crimped end of the fil l  l ine was  sealed  

with soft so lder  to prevent leakage on cooling.
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The pressure  of the gas  in the bomb a t  room tempera ture 'was  suff ic ien t  

to ensure  th a t ,  a t  4 . 2  Kelvin, the sonic  cel l  would be comple tely  fil led 

with liquid helium a t  the sa tura ted  vapour p re ssu re .
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4 . 6 .  Heat  d is s ip a t io n  in the sample

When p u lse s  of r . f .  energy are applied to the sonic  ce l l  some degree of heat ing 

may r e su l t .  In our ear ly  exper iments ,  in which the p u lse s  were applied 

con t inuously ,  the hea t  input was suff ic ient  to prevent  the refr igerator  from 

a t ta in ing  i t s  lowest  temperature.  Under such condit ions a considerable  hea t  

flow from the son ic  cel l  to the mixing chamber of the refr igera tor  m ust  have 

ex is ted  thereby poss ib ly  setting up a temperature gradient  ac ross  the sample. ' 

Although the use  of s in tered copper in the Mark III cav i ty  cons iderab ly  

improved thermal co n tac t ,  much of the data presented  here was obtained 

us ing  the ear l ie r  c e l l s .  It is therefore important to ensure  that  the thermal 

t ime cons tan ts  involved are suff ic iently  short to prevent  the es tab l ishm ent  of 

a temperature gradient ac ross  the sample.

In the ' s in g le - s h o t '  mode of operat ion ,  a number of  p u l se s  are fed to the 

son ic  ce l l  a t  a predetermined rate and the resul t ing  echo tra ins  are accumulated 

by the t ra n s ien t  recorder  a s  explained in sec t ion  4 . 4 . 3 .  This procedure 

(involving, typ ica l ly ,  512 pulses)  is referred to as  a ' s ingle  s h o t ' .  To avoid 

loca l  hea t ing  of the helium near  the surface of the p i e z o e l e c t r i c  rod, the 

pulse  repet i t ion  rate  must  be suff ic ient ly  slow to ensure  tha t  the hea t  resul t ing  

from a s ingle  pu lse  is completely d is s ipa ted  into the bulk liquid before the 

next  pulse  is r ece ived .  The time required for d is s ip a t io n  will  depend upon 

the time cons tan t  for h ea t  flow from the rod into the sam ple ,  and the rate a t  

which the h e a t  is transferred through the bulk l iq u id . These two periods limit 

the rate  a t which the individual pu lses  of a ' shot'  should be fed to the  sonic  

c e l l .  In the following ca lcu la t ions  quartz is  taken as  the rod mater ia l  s ince  

thermal data  is read i ly  avai lab le  from many sou rces .

The time c o n s tan t  ( 2 ^  ) for the rod to a t ta in  thermal equilibrium with the  

sample is  g iven  by where C is  the h ea t  cap ac i ty  of the rod and R
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is the thermal boundary re s i s ta n ce  between the rod and liquid hel ium-3.

The spec i f ic  hea t  of quartz has  been given by Zeller  and Pohl (1971) as  

-7 3 - 1 4
5 . 7 x 1 0  T (Joule g K ) so for a rod of m ass  0. 233 g the h ea t  capac i ty

-7 3 -4is found to be 1.33 x 10 T (Joule K ). The thermal boundary r e s i s ta n ce  

is given by :

where Rj  ̂ is the Kapitza boundary r e s i s ta n ce  and A is the surface area of 

the rod. No data  on the Kapitza re s i s tan ce  between quar tz  and liquid helium 

has  been publ ished  but Lounasmaa (1974) provides a table  of va lues  for 

var ious mater ia ls  in con tac t  with liquid helium. Taking the upper  l imit of 

this t a b le ,  Rj^T is about  0.1 ( K m W ). Therefore for a rod 12.5mm long 

and 3 .0m m  in diameter  :
" 10̂  KJ' ' s

giving a time cons tan t  of  about  1 x 1 0  second .  That i s ,  the time required

for the rod to return to thermal equilibrium with the helium sample is about

0.1 m i l l i seco n d ,  and is independent of temperature.

An a l te rna t ive  approach is to assume that the energy remains  in the form of 

thermal phonons which ref lec t  within the rod,  losing energy a t  each re f lec t ion .  

This energy lo ss  into the helium may be ca lcu la ted  us ing  the theory of a co u s t ic  

impedance and an appropriate time cons tan t  obta ined .  If Z^and are the 

a co u s t ic  impedances  of the solid and liquid r e sp e c t iv e ly ,  and if then;

f ract ional  energy loss  per  r e f l e c t io n , x  ^
Z j

For quar tz ,  =  IS,1 x  ̂and for l iquid helium -3y k lÔ  !

“3Therefore , f ract ional  energy los t  per r e f le c t io n , JC , is about  7 .6  x 10

-xAt
Now, power loss  into the liquid = 6

where is the number of ref lec t ions  per seco n d ,  or if 2T* is the thermal 

time c o n s tan t  ; power l o s s  = 6
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• ' ^
n  X

Now, the number of re f lec t ions  per second is given by ;

h =r Ü

i

Where Uj is the speed of sound in quar tz  and i  is  the average

d is tance  between re f lec t ions .  Taking the average of the rod d im ens ions ,

^  0 .7  cm and the thermal time cons tan t  ( 2T ) is found to be

-4about  2 .8  X 10 second .  Therefore, us ing ac o u s t ic  mismatch theory ,  we 

find that  the thermal re laxation time for the quartz rod in he l ium-3 is about 

0 .3  m i l l i second ,  in reasonable  agreement with the previous es t im a te .

We now consider  the time required to d i s s ip a te  the hea t  from the rod into an 

absorption layer  of helium of th ickness  o . The rate of flow of h ea t  a c ro ss  

the  layer  depends upon the thermal conductivi ty  ( K ) and the temperature 

differentia l ( A T  ) and we have

Q =  KA AT  
S

where A  Is the surface a rea .  But thermal boundary r e s i s ta n c e  Is 

given by:

R =  A T
q

we have:

R =  J _  
K A
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The h e a t  capac i ty  of the absorption layer  ; C =  Cy AS

where Cy is the spec if ic  hea t  a t  cons tan t  volume. Therefore the

thermal time cons tan t  , 7T , is given by ;

T ' =  RC = Cy ^
K

For liquid he l ium-3 , K is la rgely  independent  of temperature and is

-2 -1 -1of the order 10 WK m , and the specif ic  hea t  a t  20 mK is about

12 . 7 Jm \  Thus,  = 12.74 x 10^ S second.

The absorption length S is inverse ly  proportional to the absorpt ion coeff ic ient 

for thermal phonons , 0( . The peak absorption in liquid he l ium-3 is 

proport ional  to frequency so ,  us ing  the value obtained by Kirby and Wilks  

(1971) we have , a t  240 MHz ; oC — 1400 cm *

Thus ,  S 7 .14  X m.

We find tha t  the thermal time cons tan t  for d iss ipa t ion  of h ea t  into the

-8absorpt ion  layer  is about  6 .5  x 10 second a t  3 0 mK and is  therefore quite 

negl ig ib le  compared to the time cons tan t  for the quar tz  rod.  Allowing an 

uncer ta in ty  of an order of m agni tude ,  the period between p u lse s  should not 

be l e s s  than about  3 m il l i second .  In p r a c t i c e ,  the period used  was typical ly  

of  the order 90 m s .
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4 . 7 .  Input power level

The Insert ion loss  into the cavi ty  was  measured and found to be about 43 dB.

The output power of the cavity  osc i l la to r  was measured by comparison with

a cal ibra ted r . f .  s ignal  generator  and was  , typ ica l ly ,  about  + 30 dBm. The

pov/er input to the rod was therefore -13 dBm, or about  50 yutW . The pu lse

width w as  2 yu.s ,  so that  the energy coupled into the rod per  pulse was 

-10
about  1 X 10 Joule .  We now consider  the implicat ions of this power input 

a t  very low temperatures .

The short  thermal time cons tan t  obtained above implies that  the h ea t  will be 

qu ick ly  d i s s ip a ted  into the liquid helium sample .  However ,  if a temperature 

r is e  is produced in the p iezoe lec t r ic  rod, it must  be ensured that  the 

maximum temperature reached does  not exceed  that  a t  which a t tenuat ion  in 

the rod materia l becomes s ignif icant  (about 0,3 5 Kelvin) . In their de ta i led  

s tudy of  u l t rason ic  a t tenuat ion  in quar tz ,  Nava and Rodriguez (1971) found 

that for longi tudinal  waves  aco u s t ic  a t tenuat ion is the r e su l t  of in teract ions  

with both t ransverse  and longitudinal phonons . However ,  the la t te r  p rocess  

becomes increasingly  dominant as  the temperature is reduced an d ,  below 

about  10 Kelvin, a t tenuat ion of the longi tudinal  mode is due a lmost  ent ire ly  

to co l l inear  p ro ce sse s  of the form : L + L -->L. At these  tempera tures ,  th is  

a t tenua t ion  is independent  of frequency and an express ion  for the at tenuat ion  

coeff ic ien t  is obtained which indicates  a temperature dependence to the 

seventh  power; that  i s ,  the a t tenuation coeff ic ien t  for th is  mode is given  by
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where CL and b are empirical co n s ta n t s .  Now, the time cons tan t  

for thermal re laxat ion  may be approximated to the time required to a t tenuate  

the wave to one half  of its or iginal pov/er a n d ,  a t  1 Kelvin, this is found to
3

be about  6 x 10 second .  This ind ica tes  the time required for the acous t ic  

energy to be converted into la t t i c e  vibrations  and a t  very low tempera tures ,

20 mK for example ,  the time cons tan t  becomes too long to be phys ica l ly  

meaningful .  We therefore conclude that the temperature of the rod will not 

inc rease  a s  a r e su l t  of the aco u s t ic  power input b ecau se  the a co u s t ic  phonons 

will  be boundary sca t te red  into the surrounding liquid before l a t t ice  exci ta t ion  

can occur .

As an abso lu te  upper l imit to the poss ib le  temperature r ise  we may brief ly 

cons ide r  the c l a s s i c a l  hea t  capac i ty  argument.  Under condi t ions  of cons tan t  

p ressure  we identify the hea t  input with an increase  in the en thalpy  of  the 

system and we have ;

total enthalpy in c r e a s e ,  AH “ | C(T)cIT

%

The

where and 1[ are the init ia l  and final tem pera tu res ,  respec t ive ly ,  

hea t  capac i ty  v a r ie s  a s  ; that  is C(T) =  CT^. (C = const.j

therefore; AH —
4
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The to tal  hea t  input to the sys tem ,  AH, is 1 x 10~^^ Joule,

-7Therefore ,  insert ing the h ea t  capac i ty  C„= 1.33 x 10 Joule K and the value

of AH f we obtain ;

T,* -  = 3 .0; X 10'^ K?

If we take = O.OZK then becomes negligible  and we see  tha t  the

temperature increase  due to a single input p u l s e ,  provided tha t  a ll  the energy 

of  the pulse  contr ibutes  to the temperature r i s e ,  is about  0 .2  Kelvin. We 

note  that  even in this un rea l i s t i c  case  the temperature r ise  is  not  suff ic ient  

to introduce the effects  of temperature dependent  a t tenua t ion  by the rod 

m ate r ia l .

To cons ide r  the p o s s ib i l i ty  of temperature gradients  ac ro ss  the helium sample ,  

we regard the sample as  a cylindrical layer  of l iquid he l ium-3 of th ickness  

cf , the phonon absorption length.  The temperature difference ac ross  

th is  layer  due to the r . f .  power input may be ca lcu la ted  us ing  the express ion  

for thermal conduct ion ac ross  a cylindrica l l ay e r ,  ie :

4TÜK .
r; % = O.fS" X fo m.

(n -

- . K = thermal conduct ivity

o *"6Taking the absorption length à to be 7.14 x  10 m ,  a s  be fo re ,  and

assum ing  that all  the power input is converted into h e a t ,  we obtain the

r e su l t  ; AT = J.26 x /O K .
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Consequen t ly ,  the temperature of the liquid helium sample may differ from 

that  of the bulk liquid by approximately one milliKelvin.

The time required for the liquid helium to come to thermal equilibrium with

the sonic  ce l l  was  d i s c u s s e d  in Section 4 . 2 .  and found to vary between about

one second a t  1 Kelvin and a lmost  one hour a t  20 mK, Therefore it  is inevitable

that  the h ea t  resu l t ing  from the individual p u l se s  that  cons t i tu te  a s ingle

shot  , will  accumulate  in the liquid helium to some ex ten t  and an appropriate

period must  e la p se  between shots  to ensure  that  th is  h ea t  has  been removed

by the ref r igera tor .  In p r a c t i c e ,  this de lay  occurs  na tura l ly  s in c e ,  as  the

temperature f a l l s ,  the rate of cooling d e c re a se s  u n t i l ,  a t  the low es t

temperatures  (that i s ,  below about  3 0 mK ) the rate of cooling is of  the order 
-1

of 1 mK hour . At such  a rate of cool ing ,  the time be tween shots  will  be about 

one hour; th is  time is suff ic ient  to ensure that  the rod ,  helium sample and 

son ic  ce l l  have returned to thermal equilibrium.
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CHAPTER FIVE

5 .0 .  THERMOMETRY

5.1.  Carbon re s i s ta n ce  thermometers

5 .1 .1 .  Preparation and mounting.

The use  of carbon radio re s i s to r s  for temperature measurement  has been 

widely  studied and a review is to be found in the recen t  book on refrigeration 

and thermometry by DS Betts (1976). In pa r t icu la r ,  the r e s i s to r s  manufactured 

by Speer Electronic  Components (USA) have been the su b jec t  of many 

inves t iga t ions  including a very deta i led  s tudy by Black,Roach and W heat ley  

(1964). These res i s to r s  have been found to be par t icu la r ly  su i tab le  and the 

general  concensus  is th a t ,  in the temperature range from 2 .0  Kelvin to about  

0 .02  K, Speer carbon re s i s to r s  provide a re sp o n s iv e , reaso n a b ly  sens i t ive  

thermometer that  is reproducible from run to run to be t te r  than one per  cent .  

For the purposes  of this work,  high precis ion in temperature measurement was  

not  par t icu lar ly  important and 100 ohm (nominal) Speer r e s i s to r s ,  su itab ly  

ca l ib ra ted ,  were used  both for measuring the sample temperature and for 

general  monitoring of the refrigerator performance.

Many soph is t ica ted  methods of  preparat ion have been sugges ted  for these  

re s i s to r s  such as  grinding away the protect ive insu la t ion  from the re s i s to r  

body and the removal of the superconduct ing t in - lead  so lder  from the 

connecting l e a d s .  However,  none of these  procedures have been shown 

conc lus ive ly  to improve performance and preparat ion of the re s i s to r s  used  in 

this  work was limited to the removal of the pa in t  from the insu la tor  body 

with ace tone .
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The most  important thermometer,  des igna ted  R3 , was  conta ined within the 

exper im enta l  c e l l ,  total ly immersed in liquid helium. Thermal con tac t  to 

r e s i s ta n c e  thermometers is  thought to be mainly via the connecting wires  

( s e e ,  for exam ple ,  Black e t  al  (1964)). For this r e a s o n ,  the surface area of 

the leads  w as  increased  by soldering to them str ips  of  copper  foil  which 

were then wrapped around the body of the r e s i s to r ,  separa ted  by s t r ips  of 

insula t ing paper .  The whole a ssem bly  was then enc losed  in h ea t - sh r in k  

sleeving to e lec t r i ca l ly  insulate  the re s i s to r  from the w al ls  of the ce l l .  The 

thermal re sp o n se  time was  measured a t  40 mK by observing the change in 

r e s i s ta n c e  when a pu lse  was  appl ied to a bismuth-fi lm hea te r  s i tuated  nearby .  

H ea te r  power leve ls  of approximately 0 . 2 ,  2 and 20 nanoWatt  were applied  

in turn, and in each  c a s e ,  the thermal response  time was found to be l e s s  

than 0 .5  s e c o n d ,  indicating adequate  thermal con tac t  between the liquid 

helium and the r e s i s to r .

For the o ther  r e s i s to r s ,  outs ide  the experimental  c e l l ,  copper turrets were 

cons truc ted  having a t  one end a screw clamp to accommodate the r e s i s to r  in 

such a way that  the whole surface area of the insu la to r  was  in con tac t  with 

copper .  After removal of the pain t  from the re s i s to r  a thin film of Apiezon 

"N -g re a s e "  w as  applied and the r e s i s to r  w as  tightly  rolled in gold foil  to 

ensure  a good fit  when the retaining clamp was secured .  However ,  the main 

thermal l ink  was  again through the re s i s to r  leads  so these  were a t tached  to 

lengths of 30 s . w . g .  enamelled copper wire which were then non- induc t ive ly  

wound around the base  of the turre t ,  having f irs t  been  smeared with " N -g rease"  

to ensure  good thermal con tac t .

E lec tr ical  co n tac t  to al l  the r e s i s to r s  (and to the bismuth-fi lm heater) was  

by superconduct ing Niomax "CN" wire (type A61/05).  This is composed of
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s ix ty -one  f ilaments of niobium-titanium wire in a cupro-n icke l  matrix and

has an overal l  diameter  of only 0,05 mm. Between the mixing chamber  and

the 4 .2  Kelvin l e v e l , the wires  were thermally anchored ,  by winding around
0.8

copper p o s t s ,  at  1.2 K, -BrOO K (the still) and a t  each  h ea t  exchanger .  From

4 .2  K to room temperature,  ordinary enamelled copper  wire was  u s e d .

5 .1 .2 .  Power d iss ipa t ion  in res is to rs

At low tem pera tures ,  the deter ioration of thermal con tac t  may re su l t  in 

s e l f -h ea t in g  of the re s i s to r s  and rapid loss  of s en s i t iv i ty .  Some degree of 

Joule heat ing will  a lways  be presen t  and the pov/er d i s s ipa t ion  in the re s i s to r  

must  therefore be kept well  below the rate a t  which hea t  can be d is s ip a ted  

into the surrounding liquid. Several re la t ionsh ips  between power input to 

r e s i s to r  and temperature have been proposed and an express ion  has  been 

obtained exper imental ly  for Speer re s i s to rs  by Oda , Fujii  and Nagamo (1974) . 

which def ines  a power l e v e l ,  , which is the power input to the

r e s i s to r  for which the r e s i s ta n ce  falls  by one per  cen t .  For a 220 ohm,

Speer r e s i s to r ,  in the temperature range from 3 0 mK to 1 K, P is  given by

P„ =  2  yxW.

-7 , ,
At 20 mK th is  g ives  a power of about 1 x 10 yuw and this  may be taken as  the 

maximum perm iss ib le  power input to the re s i s to r  a t  tha t  temperature . Although 

r e s i s ta n c e  thermometers have been used  su ccess fu l ly  a t  cons iderably  higher  

input power leve ls  (eg. Black e t  al  (1964) used  powers as  high as  10 jxVJ  

a t  20 mK ) a reduction in the power level  of a t  l e a s t  one order  of  magnitude
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w il l  further reduce the p o s s ib i l i ty  of loss  of s en s i t iv i ty  due to s e l f -h ea t in g .

In p r a c t ic e ,  the power leve l  a t  which se l f -hea t ing  occurs  a t  a par t icula r  

temperature may be e a s i ly  determined by observing the r e s i s ta n c e  whils t  

the input power is s lowly in c reased .  The r e s i s ta n c e  remains s teady  until  

the power input exceeds  the maximum power d is s ip a t io n  from the re s i s to r  

into i ts  surroundings,  a t  which point the r e s i s ta n ce  suddenly  fal ls  due to 

s e l f -h ea t in g .  This is a simple check  that may be performed a t  low-temperatures  

to confirm that the power level  during temperature measurement  is not 

e x c e s s i v e .

5 .1 .3 .  Res is tance  measurement

The re s i s ta n c e  of the var ious thermometers was  measured us ing  an A .C .

bridge known as  the "Cryobridge S72" produced by the Czechos lovak  Academy

of Sciences  and ava i lab le  in this  country through the Oxford Instrument

Company Limited. This instrument operates  a t  237 Hz us ing  a Wheats tone

bridge with a p h a s e - s e n s i t i v e  de tec tor .  The range of m easurable  r e s i s t a n c e ,

u s ing  the bu i l t - in  comparison r e s i s to r s ,  was  from 1 ohm to 112.211 ohm and

-12the accu racy  quoted by the manufacturers  is 0.1% a t  a power level  of 10 

W a t t .  The bridge vol tage was  variable in s teps  from 2 mV ( r . m . s . )  down to 

2 0 yuV. At 20 mK, the r e s i s ta n c e  of the main r e s i s ta n c e  thermometer 

(R3) was  23 .0  K , which gives  a power input (at the low es t  bridge 

voltage setting) of  about  2 x 10 ; well  within the power  cr iterion

sugges ted  by Oda e t  al  (1974) corresponding to this temperature .  At this 

power l e v e l ,  i t was  poss ib le  to measure the r e s i s ta n c e  to be t te r  than 0.5%.

To avoid the p o s s ib i l i ty  of  errors due to e a r th - lo o p s ,  ne i ther  the r e s i s to r
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nor the bridge were earthed and e lec t r ica l  connect ion was  made using 

screened cable , compensated for capac i tance  and kept a s  short a s  poss ib le

For the monitor r e s i s to rs  a t  higher temperatures  (for exam ple ,  the s t i l l  and

1.2 K pot thermometers) a simple d . c .  system was found to be adequa te .  

This cons is ted  of a 1.0 jxh cons tan t  current source and a Keighley "155" 

microvoltmeter ,  the output of which was d isp layed  on a d ig i ta l  voltmeter.

At these  temperatures  (that i s ,  above about  0.1 Kelvin) the power d is s ipa ted  

is negligible  and the convenience of a d i rec t -read ing  instrument is more 

important than prec is ion  of measurement.

5 .2 .  C . M . N .  Thermometers

The suscep t ib i l i ty  (%) of  cerium magnesium nit ra te  (CMN) has  been shown to 

obey C ur ie ' s  Law down to temperatures  of the order of a few milliKelvin and 

therefore provides an exce l len t  thermometric materia l a t  these  temperatures .

The val id ity  of C ur ie 's  Law, X  = A / T  where A .  is the Curie c o n s ta n t ,  over 

a large temperature range enab les  calibrat ion to be performed a t  high 

temperatures  a g a in s t ,  for example ,  the sa tura ted  vapour pressure  of l iquid 

he l ium -4 .  Having obtained the value of the cons tan t  A  , an extrapolation 

to milliKelvin temperatures may be made with conf idence .  The measurement 

of the su scep t ib i l i ty  % has been the sub jec t  of a v as t  amount of published  

work and the most  common method is by some form of mutual  inductance 

bridge. For the purposes  of this work a simpler and more d i rec t  method was 

required s ince  the thermometer was intended for u se  within the experimental 

ce l l  to ensure  intimate thermal contact  with the liquid helium sample.
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A thermometer had been proposed by Betts e t  al  (1964) in which a pill  of 

CMN was used  as  the core of an inductance coil  which then became the 

induct ive e lement  of an LC resonan t  c i rcu i t ,  driven by a marginal osc i l la to r .  

Suscep t ib i l i ty  changes  in the CMN resu l t s  in a shif t  of the resonant  frequency 

from its high temperature v a l u e , . Betts et  al  showed that the change

in frequency ( Aj" ) is given by the express ion  ;

A f  = Ajx

f  T

where A is a cons tan t  and is the packing factor  of the s a l t  pi l l .

This formula should be valid provided that  the period of osc i l la t ion  (co *) 

is l e s s  than the sp in - la t t i c e  re laxat ion time of the s a l t  ( TT ); i e .  60T >  I . 

The condi tion is sa t is f ied  for CMN below 4 .2  Kelvin for f requencies  of the 

order of 1 MHz.

The frequency shift  of the tank circui t  may be m easured  with a suitable  

f requency meter  although the low level  of o sc i l la t ion  requires  an amplifier 

to be inser ted  be tween the meter  and the tank c i rcu i t .  Many varia t ions of 

th is  thermometer have been published and it  was dec ided  to adopt  the system 

u sed  by H ar ley ,  Gus tafson  and Walker  (1970), a s  shown in figure 5.1. (a).

The c i rcu i t  is derived from the osc i l la to r  des igned  by Robinson (1959) , for 

u s e  in nuc lea r  resonance  exper iments ,  but d ra s t i c a l ly  simplified by the use  

o f  a tunnel diode submerged in liquid helium. The osc i l l a to r  was  buil t  on a 

printed c ircui t  board about 25 mm square which was  thermally  anchored to the

1.2 K bath of the refrigerator to improve the temperature s tab i l i ty  of the c ircui t  

and to ensure  that  the d is tance  between it  and the probe coil  was  kept  to a 

minimum. Elec tr ical  connection between the coil  and the o sc i l la to r  was  by 

"Niomax" superconduct ing wire .  The power supply ,  which used  a 1.3 5 volt
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mercury c e l l ,  was  mounted a t  the top of  the c ry o s ta t ,  a t  room temperature ,  

and connection to the osc i l la to r  was  by means of coax ia l  cab le .

The Mark III sonic  c e l l ,  descr ibed  in sec t ion  4 . 2 .  , was  des igned  to include 

provis ion for a bu i l t - in  CMN thermometer of this  type but  the ear l ier  ce l ls  

had no such provis ion.  Therefore a cal ibrat ion ce l l  was  constructed  to 

enable  r e s i s to r  R3 to be compared with a CMN thermometer without  having 

to remount the re s i s to r .  This ce l l  is shown in figure 5 . 2 .  The calibrat ion 

ce l l  was des igned  to fit the top-cap  of the Mark I sonic  ce l l  so that  the 

CMN pil l  and the re s i s to r  would be close together  and thermally linked by 

liquid he l ium-3 .  The "Epibond" body of the cel l  was  cas t  onto the copper 

flange us ing "Teflon" moulds and machined to shape af te r  hea t  curing.  The 

cylindrical  inner mould was  la te r  used to tamp the powdered CMN into p lace  

so as  to produce a right c i rcu lar  cylinder of 0 .5  cm diameter  and 0 .5  cm height, 

Moderate hand pressure  was  applied to compress  the powder which resu l ted  

in a fil l ing factor  of about  75%. Roughly 150 mg of crys ta l l ine  CMN was 

u sed  which had f ir s t  been ground by hand into a fine powder and p assed  

through a 50 jxm s ie v e .  Laboratory grade CMN was used  and th is  was  

obtained from Fluka AC of Buch, Switzerland. A probe coil  cons is t ing  of 

n ine ty  turns of superconduct ing wire (Niomax CN, A61/05) was  carefully wound 

around the sample in a shallow groove machined on the ce l l  body.  This gave 

a resonant  frequency of about 450 kHz. The ce l l  was  sea led  to the top-cap  

us ing  an O-ring of indium wire.

At very low temperatures some se lf -hea t ing  of the coi l  v\7as ev ident  and a t  

such times the power supply  was d isconnected  from the o sc i l la to r  to prevent 

heating of the mixing chamber ,  to which the cal ibra t ion cel l  was a t tached .

The se lf -hea t ing  may be reduced by decreas ing  the level  a t  which the
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o sc i l l a to r  operates  by means of a feedback  loop. Figure 5.1. (b). shows the 

var ia tion of the marginal osc i l la to r  ci rcu it  used  by Andres and Bucher (1974) 

which includes a feedback loop controlled by a potentiometer .  It is hoped 

that  this c i rcu i t ,  with its improved control over  the o sc i l l a t io n  ampli tude,  

wil l  remove the problem of se lf -hea t ing  down to a t  l e a s t  15 mK.

An important point to note concerning the u se  of this type of thermometer is 

tha t  the frequency of  resonance  is af fected by s tray cap ac i tan ce  in the probe- 

coil  l e a d s .  The dif f icul t ies  involved in keeping this  capac i tance  cons tan t  if 

the thermometer is remounted between runs ,  means that  run - to - run  reproduc-  

ab i l i ty  cannot be as sum ed .  For this reason  the thermometer was  cal ibrated  

during each  run by comparison with r e s i s ta n ce  thermometer values  a t  high 

temperatures  (that i s ,  between 1.0 Kelvin and 0.1 Kelvin) and was  then used  

mainly a s  a secondary thermometer to c ro s s -c h e c k  the r e s i s to r  values a t  

lower temperatures .



-  104 -

-2 0  mK Room temperature
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0.1 M F220pF 820pF
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frequency counter

(a) Marginal oscillator circuit due to Hartley e t a(.
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5 .3 .  Nuclear  or ienta tion thermometer

A further check on r e s i s ta n c e  thermometry at  low temperatures  was provided 

by a nuclear  orienta tion thermometer.  The theory and prac t ice  of this form 

of thermometry has  been described  in the review paper  by Berglund et al 

(1971). Briefly^ the principle of the thermometer is as  follows :

If a nucleus  decays  by radioact ive emiss ion in the p resence  of a s teady  

magnet ic  f i e l d , the di rect ion of emiss ion of radia t ion is not random with 

r e sp e c t  to the ax is  of p recess ion  of the n u c leu s .  Each nuclear  hyperfine 

su b - le v e l  has a par t icu la r  anisotropic  probabili ty  d is t r ibut ion  of emiss ion  

direct ion a s s o c ia t e d  with it .  The population of these  su b - l e v e l s  for a 

co l lec t ion  of nucle i i  will  be determined by the Boltzmann equat ion and the 

d i rec t ions  of emiss ion  of  radiat ion from the co l lec t ion  wi l l  therefore take 

up a pat tern  that  represen ts  the weighted average of the Individual p a t te rn s .  

At high temperatures  (above,  say ,  100 mK) the su b - l e v e l s  will  be equal ly  

populated and there will be no resu l tan t  an is t ropy  of  em iss ion  direct ion .  

However ,  a s  the temperature fa l ls  the re la t ive  populat ions  of the su b - lev e l s  

wil l  change and a net  anlsotiopy wil l  become apparen t .  At the lowes t  

temperatures  th is  anisotropy will  depend wholly upon the nuclear  properties  

of the decaying  isotope bu t ,  in the intermediate  r ange ,  i t  may be re la te d ,  via 

the Boltzmann fac to r ,  d i rec t ly  to the abso lu te  temperature.  It  follows th a t ,  

over  this  range of tempera tures ,  the d irect ion of em iss ion  of radiat ion 

from the decaying nucle i  will  depend only upon the abso lu te  temperature 

of  the m ater ia l  and may therefore provide a se l f -ca l ib ra t ing  primary 

thermometer.  The range over  which the an isotropy is temperature dependent 

i s ,  typ ica l ly ,  from a few milliKelvin up to about  0.1 K.
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If -O' is the angle  between the direc t ion  of  em iss ion  of the

radia t ion and the orienta t ion axis  of the n u c le i i ,  then the normalised 

In tens i ty  of emiss ion  is given by :

W f^) =  ( t )  U|< Fk Pj(fcos-S')
k=0

The summation extends  over even values only of k (because only the 

direct ion of the radia t ion emiss ion  is important,  not  i ts polarization)  between 

zero and k , where is the l e s s e r  of 2.1 ( I  being the nuc lear

spin quantum number) and Z L  where 2 is the maximum mult ipolari ty  of 

the observed rad ia t ion .  (For quadrupole rad ia t ion ,  L = 2 and therefore 

va lues  of k will be limited to k - Z  and k = 4" .) The factors  involved

in the express ion  are expla ined below .

(i) The temperature dependence is wholly conta ined in the s ta t i s t i c a l

tensors  which are defined by :

B /T ) = (21+0(2 k +1) -I

where p W  is the probabi lity of  finding the parent  nucleus  with spin 

component (m) along the or ienta tion a x i s .  The value of ^(rr) depend: 

upon the hyperfine spli t t ing , tha t  is ;

=   f k L . l
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Therefore , will  depend not only upon the decaying  nucle i i  but a l so

upon the nature of the nuclei  of the hos t  m a te r ia l .  The values  of the 

hyperfine spli t t ing exhibi ted by the various combinat ions of source and 

hos t  mater ia ls  used in N .O .  thermometry are to be found in Berglund e t al  

(1971), a s  are the values  of tabulated a s  a function of kT.

(ii) Uk are the angular  momentum reorientation parameters  which accoun t  for

a l l  the t rans i t ions  preceding the de tec ted  t rans i t ion .  This can be ca lcu la ted

ex ac t ly  provided that the angular  momentum propert ies  of  the t ransi t ions  are
-10

known and that the lifetime of the decaying s ta te  is suff ic ient ly  short (< 10 S) 

to ensure  that  the nucleus  cannot reorientate  i t se l f  before the transi t ion occurs

The parameters  are angular  momentum coupling coeff ic ients  which depend

only upon the mult ipolar i ty  ( ,L ) of the observed rad ia t ion ,  and the sp ins  of

the ini t ia l  and final s t a t e s .  For the two most  common gamma-emit ters  used

in N .O .  thermometry, and , the d ecay  schemes  are Vi êll

known and the products  are ea s i ly  determined.  This has  been done

by Berglund e t  al  (1971) in the two c a s e s  mentioned and y ie lds  the simple

numbers : ,, r- t i cUjFj %

Co: -  0.4Z0S6 - 0 ,24280

-0 ,4 9 4 8 6  -0 .4 4 6 6 9

(iii) The angular  dependence of the emiss ion  is  exp ressed  by the 

normalised Legendre polynomials
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The express ion  W (4) assum es  a point de tec to r  of radia t ion which will  

no t ,  of c o u r se ,  be the ca se  in any prac t ica l  thermometer.  Thus ,  a further 

factor  Qk is introduced into the sum which accoun ts  for the solid angle 

subtended by a de tec to r  of finite d imensions .  The correct ion is general ly  

small and tab les  of values  have been produced by various  authors  for both 

NclJ  [T'C) and CLÎ) d e tec to rs .  Berglund e t  al  (1971) have

interpolated the data avai lab le  for Na.I^T/)  de tec to rs  of  various s ize s  in 

the c a s e  of gamma radiat ion of 0. 84 MeVenergy and have produced

a graph of correct ion factors  and as  a function of subtended

ang le .  The corresponding correct ions  for are s l igh t ly  g reater  on

account  of the higher  energy a s so c ia te d  with this  em iss ion  bu t ,  for p rac t ica l  

p u rp o se s ,  the d ifferences  may be ignored. The theore t ica l  angular  d is t r ibut ion  

for the 1.33 MeV gamma emiss ion from  ̂ Co a t  the two temperature 

extremes T  = 0  and T  = oo is shown in figure 5 .3 .  The angular  

s e ns i t iv i ty  is a minimum for the d irect ions  -O' ~ 0° and -0* = 90° and 

the most  common experimental arrangement  is a counter  s itua ted  a t  -0* = 0  .

The u s e  of a s ingle  counter  does  mean,  however ,  that  the count rate a t  a 

par t icu la r  temperature must  be re la ted to the 'warm 'count  rate (taken a t  

T = 1 Kelvin, say) and the anisotropy is then expressed  a s  a percentage of 

this  count ra te .

ëO/*
The source u sed  in th is  work was  Co in a s in g le ,  n e ed le - l ik e  crysta l  of 

hexagonal  coba l t .  In such  a c ry s ta l ,  provided that  the needle  ax is  is para l le l  

to the crysta l lographic  C - a x i s , the magnetic  domains spontaneously  align 

themselves  to produce a well  def ined or ienta tion ax is  without  an ex ternal ly  

appl ied magnet ic  f ie ld .  The maximum value of k is  four for this  source 

so that  the values  of and given by Berglund et  al  (1971) were

u sed  in the express ion  for a s  were the tabula ted  values  of 6^



-  110 -

by the same au tho rs .  The sc in t i l la t ion  counter  u sed  was a 5 cm x 5 cm 

c rys ta l  of N a , I  [T^) which was  mounted a t  an angle  -9" - 0° to the 

source  axis  a t  a d i s tance  of about 10 cm. This gave correct ion factors

Q.2 = 0 . 9 7  and 0 .9 5 .  Taking the hyperfine spli t t ing to have

the value quoted by Berglund et  a l ,  that  i s ,  y /  k = 6 . 2 3  mK, a table

of percentage an iso tropy as  a function of temperature (T) w as  produced from 

which the curve, figure 5. 5. , was  plot ted.

The exper imental arrangement  is shown in figure 5 .4 .  It  is obviously  vital  

tha t  the 'warm' count  r a t e ,  to which the an iso tropy is compared,  does  not 

change during the course  of the experiment a s  a r e su l t  of e lec tronic  drift  in 

the counter  or amplifier.  Consequent ly ,  the window of the ana lyse r  must  

a lways  be kept  al igned with the peak of the radia t ion spectrum. If a m ul t i ­

channel  an a ly se r  is a v a i lab le ,  the count rate corresponding to the radia t ion 

peak may be determined by se lec t ing  the appropriate channe l .  If n o t ,  then a 

s ta b i l i s ed  s ingle  channel a n a ly se r ,  such as  the "Elscint"  SCA -  N -  3 ,  must  

be u s e d .  This instrument has an energy window that is divided into two equal 

su b ch an n e ls .  The 'b a se l in e '  and 'window' controls are se t  such that  the peak 

co inc ides  with the centre of the ana lyser  window. The lower subchannel  then 

counts  the p u l se s  resu l t ing  from one ha lf  of the peak  w h i ls t  the upper  su b ­

channel  counts  those  due to the other half .  If the two subchannel  counting 

ra te s  are e q u a l ,  the peak is properly aligned within the window. However,  

if the peak  drifts to one side of the window the co un t - ra te s  from the two 

subchanne ls  will  differ and a s ignal  is produced proportional to the difference 

in r a t e s ,  which automatical ly  ad jus ts  the base l ine  and the window width to 

compensate  for the drift .  Therefore the s in g le -ch an n e l  an a ly se r  is ' locked-on '  

to the photopeak and the count- ra te  is s tab i l i sed  a g a in s t  long-term drift 

in the counter  and a n a ly se r .
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The counting time depends largely on the strength of the source and a 

compromise must  be made s ince  the heating effect  of a very strong source 

(due mainly  to the absorption of a s so c ia t e d  decay  and X-ray emission)

may be s ign if ican t  a t  very low temperatures .  In this  work,  a source s trength 

of  about 5 yu.Ct produced about  9 x 10^ counts in a counting period of 400 s 

which represen ted  a s ta t i s t i c a l  uncer ta in ty  (Vn)  of  about  0 .3% ,
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5 . 4 .  Cal ibra t ion  of re s i s ta n ce  thermometers

The main thermometer used  throughout this work was  a Speer 100 ohm carbon 

r e s i s t o r , des igna ted  R3 . As mentioned in sec t ion  5.1. , th is  r e s i s to r  was 

to ta l ly  immersed in the liquid helium sample in preference to being thermally 

anchored to the copper body of the exper imental c e l l .  I t  was  hoped that  the 

int imate thermal con tac t  achieved in this way would ensure  a more prec ise  

correspondence  between the temperature of the liquid helium and the measured 

r e s i s t a n c e .  The rapid response  to hea t  p u l s e s ,  applied d i rec t ly  to the sample 

by a small h e a t e r ,  appeared to confirm this thermal behaviour ,  as  noted in 

sec t ion  5.1. However,  the accurate  ca l ibra t ion of this  r e s i s to r  proved to be 

a problem tha t  remained unsolved  a t  the terminat ion of  the experimental 

work and th is  created some diff icul t ies  in the an a ly s is  of the data co l lec ted  

a t  the low es t  temperatures .

At the s ta r t  of this work,  the only thermometry avai lab le  in the low-temperature  

regime (below, s a y ,  1.5 Kelvin) was  two Speer r e s i s to r s ,  known a s  R3 and R4, 

which had been  cal ibra ted a t  the Universi ty  of  Lancas te r  in 1972. In the ca se  

of R4, this  had been performed with the r e s i s to r  mounted on a copper  p o s t ,  

by  comparing the r e s i s ta n c e  v/ith the suscep t ib i l i ty  of cerium magnesium 

n i t ra te  (CMN) using a pai r  of inductive co i ls  a n d  a mutual  Inductance bridge.  

At higher  temperatures  a comparison had been  made with the saturated vapour 

p ressu re  of l iquid hel ium-3 and ,  a t  s t i l l  higher  tem pera tures ,  with the s . v . p .  

of  l iquid he l ium -4 .  A combination of these  methods enabled R4 to be 

ca l ib ra ted  a g a in s t  temperature in the range from 4 .2  Kelvin to 24 mK. This 

w as  ex tended a t  Bedford College using the CMN thermometer descr ibed  in 

Sect ion 5 . 2 .  and this low-temperature cal ibrat ion was  fit ted to the Lancas te r  

data  to provide a smooth calibrat ion curve down to about 16 mK. This had
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been  checked from time to t ime,  both a t  Lancas te r  and Bedford Co l lege ,  

in the 100 mK region by noting the indicated temperature of the t ransi t ion  

to superconduction in a sample of Iridium and no s ign if ican t  change had 

been observed .

The b a s ic  cal ibration for R3 between about  2 .0  Kelvin and 30 mK was  obtained

a t  Lancas te r  Univers i ty  by d irec t  comparison with R4, both r e s i s to r s  being

mounted on copper  pos ts  , in vacuum. A olot  of to o  R3 ag a in s tj/o

produced a good s tra ight l ine so that  when R4 had been extended 

to 16 mK, an extrapolat ion of the R3 cal ibra t ion to this  temperature was  

carried  out .  This enabled a working cal ibra t ion  of R3 , down to 16 mK, to be 

plo t ted  and it  was  this provis ional  cal ibrat ion that  was  used  in the an a ly s i s  

of the exper imental  d a ta .  This calibration wi l l  in future be referred to a s  

R3 (1972). The inadequacies  of this ca l ib ra t ion ,  due to the indirec t  methods  

employed were apprec ia ted  but  l i t t le  could be done to improve the s i tua t ion  

a s  no other  method of temperature measurement below 100 mK was  ava i lab le  

with which to check the ca l ibra t ion .  The most  doubtful a s p e c t  of the 

R3 (1972) ca l ib ra t ion  was  that it depended upon the r e s i s ta n c e  ch a rac te r is t ic  

when in thermal con tac t  with copper w h e r e a s , in the exper iment ,  the 

r e s i s to r  was  immersed in liquid helium. A d i rec t  ca l ibra t ion of  R3 in liquid 

helium was  therefore required and the cal ibra t ion ce l l  descr ibed  in sec t ion

5 . 2 .  was  cons truc ted .  Unlike the CMN sample used  in the cal ibra t ion of 

R 4 , in which the powder was  assumed to be in thermal con tac t  with a m ass  

of  copper  w i r e s ,  the sample in the cal ibration ce l l  was  in d i rec t  con tac t  

with the liquid helium which ,  it was  hoped,  would fully permeate the 

lo o se ly -p a c k e d  p i l l .
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The cal ibra t ion c e l l ,  containing R3 , was  mounted on the mixing chamber 

of the di lution chamber along with a 470 ohm Speer r e s i s to r  (R8), a 

germanium re s i s ta n c e  thermometer (both of which were un calibra ted) and 

the other  ca l ibra ted  r e s i s to r ,  R4. With the cel l  open to a reservo ir  of 

helium-3 , s imultaneous measurements  of these  various r e s i s t a n c e s  and 

the re sonan t  frequency of the marginal o sc i l l a to r  were made during severa l  

slow sweeps  over the temperature range from 4 . 0  Kelvin, to about  3 0 mK.

Each sweep was  treated a s  a separate  run due to uncer ta in ty  in the 

reproducibi l i ty  of the CMN thermometer.  However ,  over  a period of two 

d a y s ,  the change in resonant  frequency a t  4 .2  Kelvin w as  only 2 Hz in 

450 MHz.

To obta in  the ca l ib ra t ion ,  the germanium re s i s to r  and the 470 ohm Speer

r e s i s to r  (R8) were mounted in a hel ium-4 c ryos ta t  and ca l ibra ted  a g a in s t  the

sa tura ted  vapour pressure  of liquid he l ium -4 ,  u s ing  the s tandard  T^q

c a l ib ra t ion ,  in the temperature range from 4 .2  Kelvin to about  1.4 K, and a
-1

curve of R8 ag a in s t  inverse temperature (T ) was  produced.  The ear l ier

ca l ibra t ion  runs in the refrigerator had yie lded a s tra ight  l ine re la t ionship

be tw een  the re sonan t  frequency of the CMN circui t  and R8 in the range 2 .0  K

to 0 .9  K so th a t ,  by combining these  re su l t s  a re la t ionsh ip  between

-1re sonan t  frequency and T w as  obta ined .  This proved to be a good s tra ight  

l ine so that  extrapolation down to 20 mK was  poss ib le  and the full re la t ionship  

be tween  resonan t  frequency and inverse temperature was  determined.  This 

re la t ionsh ip  was  then used  to convert the R3 versus  re sonan t  f requency 

information into a ca librat ion of R3 ac ross  the complete temperature range 

from 4 .2  Kelvin to 20 mK. This cal ibrat ion became known a s  R3 (1977).
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5 . 5 .  Comparison of ca l ibra t ions  : R3 (1972) and R3 (1977)

The two cal ibra t ion  curves  R3 (1972) and R3 (1977) in the low temperature 

region are shown together  in figure 5 .6 .  At temperatures  above 100 mK there 

is  no s ignif icant  difference between them but  below this  temperature a 

d isc rep an cy  appears  which inc reases  to about  7 .5  mK a t  the low es t  

tem pera tures .  A d isc repancy  of this  magni tude was  unexpected  and 

d isappoin t ing  and it  was  decided that  a cal ibra t ion run to compare R3 with 

the nuc lea r  orienta tion thermometer should be carried out in an a t tempt  to 

reso lve  the confl ic t .  Unfortunately ,  this was not  ach ieved  due to ser ious  

problems with the dilution refrigerator which prevented further exper imental 

work from being carried out.

It  was  suspec ted  tha t  the difference be tween the low temperature r e s i s ta n c e  

va lues  was  due to the 1972 cal ibrat ion being carried  out with the r e s i s to r  

in vacuum w h i l s t  R3 (1977) had been produced with R3 immersed in liquid 

h e l i u n - 3 . However,  without an independent  check on the 1977 v a l u e s , 

carried out both in liquid helium and in vacuum, it  would have been  premature 

to re ly  upon the R3 (1977) cal ibrat ion a lone .  I t  was  therefore decided  to 

complete the a n a ly s is  of  the experimental data  us ing the 1972 ca l ib ra t ion ,  

which had been  independently  checked severa l  t imes (although not with the 

r e s i s to r  in l iquid helium), whi ls t  being fully aware of the large uncer ta in ty  

tha t  had appeared in the low-temperature  region .  In some c a s e s  the data were 

ana ly sed  us ing  both cal ibra t ions  to indicate  the differences  that  emerge in 

the final r e s u l t s .  This will  be d i s c u s s e d  in de ta i l  in the next  chapter .
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CHAPTER SIX

6 .0 .  ANALYSIS AND CALCULATIONS

6 . 1 .  Data Collect ion  and Analysis

6 . 1 . 1 .  Introduction

The b a s ic  data cons is ted  of a ser ies  of measurements  of echo height  as  a 

function of  temperature . The measurement  was  made in three w a y s , a t  

d ifferent s tag e s  during the course of  the experimental w o rk , and th e se  

methods have a lready been descr ibed  in sec t ion  4 . 4 .  The data  co l lec ted  

by  the s in g le - sh o t  methods (either by photographs of the o sc i l lo sco p e  sc reen  

or  by dig i ta l  storage) differed from that  co l lec ted  in the ear ly  runs us ing  the 

"Boxcar" integra tors  , and required ra ther  different  methods of  a n a ly s i s .

For th is  reason  the two techniques  will  be descr ibed  sep a ra te ly .

6 .1 .2 .  R epe t i t ive -pu lse  da ta .

The raw data  in the ear ly  experimental runs was  in the form of a cont inuously  

varying d . c .  output from the "Boxcar" in tegrator  a s  descr ibed  in sec t ion  4 . 4 .  

This output  was  used  to drive the ver t ical  ax is  of a chart  recorder  w hi ls t  the 

hor izonta l  ax is  was  driven by the output  from the r e s i s ta n ce  bridge to provide 

a temperature s c a l e .  The char t resu l t ing  from a typical  temperature sweep 

i s  shown in figure 6.1. In this ca se  the data w as  co l lec ted  during a warming- 

up period of  about  two hours ,  the value of the r e s i s to r  R3 being shown along 

the bottom edge o f  the char t .  The ver tical  sca le  (in decibels )  was  obta ined 

by introducing known a t tenuat ion  into the s ignal  l i n e ,  a t  cons tan t  tempera ture .
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by  means  of a ca l ibrated  a t tenuator .  A cal ibration curve derived from

this s c a l e ,  was  used  to enable  the data to be replotted in terms of s ignal

amplitude an d ,  by dividing th is  by the number of re f lec t ions  suffered by

the chosen  echos , yie lds  the loss  of energy into the liquid helium a t  each
-1

re f lec t ion .  Figure 6 .2 .  shows this energy lo ss  (in dB ref lec t ion  ) a s  a 

funct ion of temperature for the same sv\/eep as  the raw data  p lo t  (figure 6.1 .)  

combined with similar  data from another  sw eep ,  carried out  a t  higher  

temperatures  during the same experimental run. The fa ll  in s ignal  with 

increas ing  temperature a t  high temperatures  (above about 600 mK) is due to 

temperature dependent  lo s s e s  in the p iezo e lec t r ic  rod. These l o s s e s  were 

measured  by observing the change in echo height  when the experimental 

ce l l  conta ined only a small amount of hel ium-3 gas  (to ensure  thermal con tac t  

be tw een  the rod and the cel l ) .  It  was  then po ss ib le  to correct  the data to 

accoun t  for the temperature dependent  l o s s e s  a t  high temperatures  and the 

corrected  curve is a l so  shown,  by the fil led c i rc les  ( # ) ,  in figure 6 .2 .

The zero on the vert ical  scale  is arbi trary a t  this  s tage s ince  we are 

concerned  with the change in energy loss  into the liquid.

6 .1 .3 .  Dis ere t e -poin t  da ta .

The a n a ly s is  of the s in g le - sh o t  data was  more d irect  in that the raw data  

co n s is ted  of o sc i l lo scope  photographs of a par t icu la r  group of echos (as 

shown in figure 4 . 7 . )  or , in the major proportion of the work,  a chart  

recorder  plot  of  the echo pattern obta ined from the digi ta l  store as  descr ibed  

in sec t ion  4 . 4 . 3 .  (A typical  output cha r t ,  showing the echo he igh t  a t  about 

3 0 mK, is shown in figure 6 .3 . )  Each datum point therefore cons is ted  of  the 

measured  average of the heights  of the e c h o s ,  from e i ther  the photographs
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or the char t  recorder  p lo t s ,  a t  the par t icu lar  temperature a t  which the shot  

w as  f ired . The advantage of  accumula t ing a large number of  echo tra ins  

( typica lly  512) a t  a par t icu la r  temperature in the DL 4000 s to re ,  is  i l lus t ra ted  

by  the no ise  leve l  between the echos  in the photographic  data (figure 4 .7 . )  

compared with that  shown on the chart recorder  plot  (figure 6 . 3 . ) .

To ensure  tha t  the measured echo heights  could be e a s i ly  re la ted  to an 

energy lo s s  in d ec ib e l ,  the output ch a rac te r is t ic  of  the diode de tec to r  was  

p lo t ted  by measuring the height of a 240 MHz cal ibra t ion p u l s e ,  from a 

Marconi 801 B/1 pulse  generator .  In this c a se  the height  of  the pu lse  as  

rece ived  w a s  determined as  an integer  ( K ) ,  from the d ig i ta l  s to re ,  and 

compared with the input pulse  ampli tude as  indicated by the cal ibra ted  

a t ten u a to r  se t t ing  on the pu lse  generator  (in dBm). The r e su l t s  are shown 

in figure 6 . 4 .  The s tra ight  l ine is a s q u a re - la w ,  represent ing  the 

ex p ress io n  20 log^^h, where fi is the measured s ignal  height  in 

arb i trary  u n i t s .  The law is c lo se ly  followed down to a s ignal  leve l  of  about  

-99 dBm a t  which point the s ens i t iv i ty  of the de tec tor  begins  to d iminish .  

H ow ever ,  the echo height  was normally somewhat  g reater  than t h i s ,  u su a l ly  

in the range from -70 to -80 dBm, in which region the de tec to r  output 

conformed wel l  to the square law .  The change in echo height  could therefore 

be e x p re s se d  in dec ibe l  simply by taking the logarithm of  the measured  

he igh t  and mult iplying by twenty. In p r a c t i c e ,  severa l  ad jacen t  echos  were 

m easured  and the s ignal  level w as  taken to be the average of the Individual 

echo h e ig h ts .  Again,  the data were corrected  for temperature dependent  

l o s s e s  and exp ressed  in terms of energy lo ss  per  ref lect ion by dividing the 

s igna l  heigh t  (now in decibel)  by the number of re f lec t ions  exper ienced  by 

the middle echo of the chosen group (ie. divided by ( Z n ~ l )  where 

n  is  the echo number).
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6 . 2 .  Ca lcu la t ion  of aco u s t ic  impedance

If the f ractional  lo ss  of energy across  a so l id / l iqu id  in terface is , 

then the energy ref lec ted back into the solid is (I -  j6). The measured 

echo height  is th is  quant i ty  expressed  in d e c ib e l ,  that  is  ;

AS = !0 (i - p) (6.2.1.)

Convert ing to natural logarithms : AS = ln(!-^p)

=  AS
10

Provided Ô is sm al l ,  ■in. ( l -p)  «%

Therefore;

-AS =  -0 .23  03 AS (6.2.2.)

Now, i t  w as  shown in sect ion 3 . 3 .  that  the acous t ic  impedance is  re la ted  

to p  by the express ion

Zzs j
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where Z g  is the aco u s t ic  impedance of the solid medium and 

is the a c o u s t ic  impedance of the l iquid.  ^  denotes  the real par t  of 

the complex quant i ty  conta ined within the b rack e t s .

• • ^  J  ^  ( 6 . 2 . 3 . )

The a c o u s t ic  impedance Z g  is defined thus ; Z g  =

where ^  is the dens i ty  of the solid medium and is the ve loc i ty

of sound in that  medium , r̂oviJe.ĉ  iLad. o /  iic is Lckj-^ ccn̂ j>aĵ J

h<i> rod. odL'Z.A.uj»d'(o/\ à r\e.fU%{(f(e..

( 6 . 2 . 4 . )

The complex a co u s t ic  impedance ( Z c o n s i s t s  of a rea l  par t  (R)^ 

analogous  to a co u s t ic  r e s i s t a n c e ,  and an imaginary " a c o u s t i c  reac tance"  (X ) .

le: =  R -*■ i X  ( 6 . 2 . 5 . )
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In subst i tu t ing for jS i t  must be remembered that  the quanti ty  AS 

is referred to an arbi trary zero.  Therefore R will a l so  be referred to an 

arbi trary zero (usually taken to be the value of R a t  1.0 Kelvin) and 

wil l  be denoted by AR.

Therefore , subst i tut ing for p ,

A R -  0 2303 AS

I t  is more convenient to express  acous t ic  r e s i s ta n ce  in terms of  R / ç  

s ince  th is  quant i ty  has the dimensions of veloci ty  ;

A R .  =  - 0  2 3 0 3  A S  O j tç (6 . 2 . 6 .)
4

f

where ^  is the dens i ty  of the liquid helium. In f a c t ,  Ç varies  

s ligh t ly  with temperature but this was  ignored s ince  the variat ion is  l e s s  

than one half  of one per cen t  below 1.0 Kelvin. The va lues  of and

used  in the ca lcula t ions  were as  follows :

(a) Bismuth germanium oxide;

(b) Quartz;

= 9. 232 X 10^ kg m ^

(Crystal Technology Inc .  data  sheet)

(^ = 1 .775 X 10^ m s 

(from Rehwald (19 73))

^  = 2 .65  X 10^ kg m  ̂

(from Neppiras  (1973))

= 5. 700 X 10^ m s  ̂

(from Neppiras  (1973))
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The d en s i ty  of l iquid hel iun-3 , as  a function of p re s s u re ,  has been measured 

by Abraham et al  (1972) so using these v a lu e s ,  and the numerical factors  

obtained above ,  the data were replo tted  as  graphs of  AR /  ^ (in m s )̂

a s  a function of temperature a t  various p r e s s u r e s . An example of 

a g a in s t  temperature a t  25 .7  bar  is shown in figure 6 .5 .
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Fig. 6.1 Typical out put from 'Boxcar* integ rator — transverse waves in ^He
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6 . 3 .  Normalisation of data

For a c l a s s i c a l  v iscous  l iqu id ,  the t ransverse  a c o u s t ic  impedance is given by ;

Z g  — (R.Q 4- LXq) — (l ~  C) I (6 .3 .1 . )
V 2

where Is the v iscos i ty  of the liquid,

T hus ,  if  only the real par t  is cons ide red .

^  ( 6 .3 . 2 . )
^ V 2 ç

where R<, is the t ransverse  acous t ic  r e s i s ta n c e  in the hydrodynamic 

r e g im e , C o 'C <K I .

The v i s c o s i ty  of l iquid helium-3 under  i ts sa tura ted  vapour p ressure  has  been 

m easured  by Black,  Hal l  and Thompson (1971) for temperatures  between 0 .05  

Kelvin and 3 . 0  K, and they derive the empirical re la t ionship  ;

Y) -f ^ G . 3  u P .  ( 6 .3 . 3 . )
 ̂ - j -2  j ' / 3  /

This express ion  was  used  with equation ( 6 . 3 . 2 . )  to ca lcu la te  a t  the

s .  v . p .  The v i sco s i ty  as  a function of pressure  has been  measured  in the

temperature range 0 .4  K to 1.0 K by McCoy et al  (1975) who normalised their



-  1 3 2  -

data to those of Black e t  al (1971). Using these  re su l t s  a s e t  of curves 

showing as  a function of temperature were plot ted  a t  various

p res su re s  between zero and 28 .0  bar .  Our data  were normalised by fitt ing 

each  plot of A R / ^  to the curve of R q / ^  / at the appropriate p re s s u re ,

in the temperature range 0 .4  K to 1.0 K and the arbi trary s ca le  ( A R / ç )  

w as  then replaced by the absolu te  a co u s t ic  r e s i s t a n c e .

6 .4 .  Validity o f  I

C l a s s i c a l  v isco s i ty  theory is appl icable  provided that  CoTT«  I , where 

CJ is the angular  frequency of the d is turbance and *1̂  is  some 

re laxa t ion  time. W hea t ley  (1975) quotes  values  of the v iscous  re laxat ion 

time for helium-3 a t  p ressu res  from zero to 3 0 ba r ,  the extreme values  being

2 _ g 2
?r>2 T  = 1.24 X  10 s (mK) a t  zero pressure  

0.73 X  10  ̂ s (mK)^ a t  30 bar

Thus , a t  400 mK, for a dis tu rbance with an  angular  f requency of 240 MHz, 

the product tSV  is found to be in the range :

6JT^ = 1 . 7 5 x 1 0   ̂ a t  zero pressure  

= 1.03 X  10 ^ a t  30 bar

As the temperature i n c r e a s e s ,  fa l ls  s t i l l  further ,  so we see  that

a t  240 MHz,  in the temperature range 0 .4  Kelvin to 1.0 K, the condition 

«  I is  sa t i s f ied  for p ressu res  between zero and 30 bar .
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The condition is a l so  sa t i s f ied  a t  1048 MHz in the same temperature range ,  

the corresponding va lues  being :

_ 2
Cj TTjj = 5.10 X 10 a t  zero pressure 

= 3 . 0 0 x 1 0   ̂ a t  30 bar .
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CHAPTER SEVEN

7 .0 .  EXPERIMENTAL RESULTS

7.1. 242 MHz t ransverse  waves ;  l iquid helium-3 (0.3 to 28 .0  bar)

The resu l t s  of the above a n a ly s is  are shown in figures 7.1. to 7.11.

The f i r s t  of  t h e s e ,  figure 7.1. , shows the qual i ta t ive  behaviour  of  the 

a co u s t ic  r e s i s ta n c e  R / ^  of l iquid hel ium-3 a s  a function of temperature 

under  the sa tu ra ted  vapour pressure  0 .3 bar).  This graph has  been

plo t ted  twice a s  a r e su l t  of the thermometer ca l ibra t ion  problem d i s c u s s e d  

in sec t ion  5 . 5 .  The upper  g r a p h , 7.1. (a),  was  obta ined us ing  the R3 (1972) 

cal ibra t ion and the lower  graph,  7.1. (b), us ing  the R3 (1977). The resul ting 

difference in the temperature dependence of R / ç  is small and the su b ­

sequen t  exper imental  resu l ts  (figures 7 .2 .  to 7.11.) wil l  be shown using the 

1972 cal ibra t ion  only .  The solid line rep resen ts  the a c o u s t ic  r e s i s ta n ce  

ca lcu la ted  from the c l a s s i c a l  v isco s i ty  equat ion (eqn. ( 6 .3 .2 . ) )  us ing  the 

v isc o s i ty  data of Black,  Hall  and Thompson (19 71). Our data  have been fitted 

to this  curve a t  1.0 Kelvin, where the value of R / ^  is ca lcu la ted  to be 

5.12 m s  \  A direct  measurement of R/ ç  , from AS , a t  1.0 Kelvin, 

both with and without l iquid helium in the c e l l ,  agreed with th is  value al though 

the exper imental  error in AS was rather  large due to the change in 

resonan t  f requency of  the cavity  when the liquid w as  removed.

The measured  temperature dependence of R i s  wel l  descr ibed  by the 

c l a s s i c a l  express ion  from 2 .0  Kelvin down to 0 .2  K a t  which point  it 

dev ia tes  from the curve as  the transi t ion from hydrodynamic to co l l i s ion le s s  

behaviour  o c c u r s . Us ing  the values  of re laxat ion time (2% T ^ )  given
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by W hea t ley  (1975), the temperature corresponding to (jSV  -  I was 

ca lcu la ted  to be 0.043 K a t  0.3 bar ,  and this  is ind ica ted  by the arrow on 

the diagram. Below this temperature R . / p  approaches  a temperature-  

independent  l im i t ,  f which wil l  be d i s c u s s e d  in de ta i l  l a te r .

The remaining diagrams (figures 7 .2 .  to 7.11.) show the temperature 

dependence  of R / ^  for l iquid hel ium-3 a t  the various p re s su re s  ind ica ted .  

M ost  of these  are the re su l t  of a single temperature sweep (warming or 

c o o l in g , a s  indicated) but numbers 7.1. , 7 . 2 . ,  7 . 7 . ,  7 .8 .  , a n d 7 .11. are 

composi te  diagrams which combine the re su l t s  of tv\ ô or three d if ferent ,  

over lapping runs in each  c a s e ,  taken ,  of c o u r se ,  a t  the same p re ssu re .

The d e ta i l s  of these  runs may be found in table  I ,  which follows this s ec t ion .  

The temperature corresponding to ! is shown on each graph,  these

values  being ca lcu la ted  from the data given in table  V of W hea t ley  (1975) and 

shown as  a graph of " T =  ag a in s t  p ressu re ;  see  figure 7.12.

The data a t  p re s su re s  grea ter  than the sa turated  vapour p ressure  have been 

fi t ted to theore t ica l  curves of R / ç  obtained from the same c l a s s i c a l  

exp ress ion  (equation 6 . 3 . 2 . )  us ing the v i s c o s i ty  data of  McCoy e t  al  (1975), 

and are shown as  the solid  l ines  on the diagrams between 0 .4  K and 1.0 K.

F low ers ,  Richardson and Wil l iamson (1976) have ca lcu la ted  R / p  / known 

by th ese  authors as  Z .  y/jo , as  a function of  LoH  in the range 

0.01 to 10 (ie.  between about 0.3 6 Kelvin and 0.01 K, when converted to 

tempera ture ,  for Cô 2%  = 240 MHz) us ing Landau Fermi- liquid

theory for he l ium -3 a t  a pressure  of 23 .0  bar .  By interpolating their curve 

of  f i / p  versus  CoT and converting their ordinate  ax is  to 

temperature u s ing  the data  of W heat ley  (1975), the theore t ica l  curve shown
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in figure 7.13. was  obta ined .  Having f ir s t  been  rep lo t ted  on corresponding 

log -  log s c a l e s ,  the experimental data were fit ted to th is  curve by aligning 

the temperatures corresponding to Co7T= I and then fit t ing the data points  

to the curve in the low-temperature region (ie.  below about  50 mK). In this 

w ay  the limit of the acous t ic  r e s i s t a n c e ,  , was  determined

by extrapola t ion .  The values  ob ta ined ,  however ,  were found to depend upon 

the choice of thermometer cal ibrat ion so the ex trapolat ion w as  performed 

us ing  both cal ibra t ions  in each  c a s e .  The r e su l t s  are shown in tab les  II and 

I I I ,  the f i r s t  being obtained from the R3 (1972) ca l ib ra t ion ,  and the second 

table from R3 (1977). In each  tab le ,  the uncer ta in ty  quoted in the column 

labe l led  "error" is  that resul t ing  from d a ta - f i t t in g  to which was  added a 

further uncer ta in ty  of +1% to account  for errors in the g raphical  interpolat ion 

of  the theore t ica l  curve.  The overall  uncer ta in ty  is  conta ined in the column 

headed  " to ta l  error" .  The values of obta ined us ing  the R3 (1977)

cal ibra t ion are grea ter  than the corresponding va lues  u s ing  R3 (1972) by an 

average  of 4 .2 % ,  the g rea te s t  difference (5.7%) occuring in the 16.0 bar 

c a s e ,  vy^hich represen ts  a maximum uncer ta in ty  in of 1.32 rn s \

The impl icat ions of this  difference will  be d i s c u s s e d  in chapter  8.
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Figure
number

Pressure
(bar)

Experimental run 
number D ate

Temperature 
range (mK)

f  R 27 1 8 .4 .75 1700 -  55
7.1 0.3(w) 1

l  R 17(b) 14.10.76 230 -  16

f  R 15 20.12.76 430 -  43

7 .2 0 .3 (c ) < R 17(a) 13.10.76 940  -  31

' R 18(c) 12.11.76 1000 -  92

7 .3 5 .5 (w ) R 20(g) 1.12.76 1580 -  16

7 .4 5 .5 (c ) R 20(c) 26.11.76 1450 -  28

7 .5 5.7(w ) R 20(f) 30.11.76 9 0 0  -  21

7 .5 9.2(w) R 20(b) 25 .11.76 1450 -  18

f  R 18(b) 11.11.76 62 0  . -  15
7.7 16.0(w)

1 R 20(1) 8.12.75 1190 -  110

r R 17(f) 22.10.76 6 8 0  -  25
7 .8 21 .0(c)

l  R 20(k) 7.12.76 1700 -  174

7.9 2 5 .7 (c ) R 17 (e) 21.10.76 1000 -  30

7.10 2 5 .2 (c) R 17(k) 13.12.75 8 8 0  -  23

f R 18(a) 10.11.76 370  -  17
7.11 28.0(w )

l  R 20 (j) 3.12.75 1450 -  172

(c): cooling 
(w): warming

TABLE I  D a tes  o i  experim ental runs
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No.
pressure

(bar)
sw eep

direction ( m s"1)
error

total
error

7.1(a) 0 .3 warming 24.01 i  0.46 i  0.70

7.2 0 .3 cooling 27,19 t  0.75 -  1.02

7.3 5.5 warming 23.43 i  0.62 i  0.85

7.4 5.5 cooling 22.45 -  0.40 :  0.63

7.5 5.7 warming 21.91 :  0.65 -  0.87

7.6(a) 9.2 warming 22.51 -  0.48 i  0.71

7.6(b) 9.2 cooling 22.27 -  0.35 - 0 .5 5

7.7 16.0 warming 21.75 - 0 .6 9 -  0.91

7.8 21.0 cooling 2 0 .0 9 :  0.35 -  0.55

7 9 25.7 cooling 2 0 .5 9 i  0.30 -  0.51

710 26.2 cooling 20.14 — 0.44 -  0.64

711 28 .0 warming 21.21 :  0.51 -  0.72

TABLE H Values of Rm/jO (using R3(1972) calibration)
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No.
pressure

(bar)
sweep

direction
^oo /p
(m sM ^

error total
error

7.1(b) 0 .3 warming 2 4 .5 3 -  0.49 -0 .7 4

7.2 0 .3 cooling 28.25 -0 .9 6 :1 .24

7.3 5 .5 warming 24.04 - 0 7 3 -0 .9 7

7.4 5 .5 cooling 2 3 .4 5 -0 .2 9 - 0 . S 2

7.5 5 .7 warming 2 2 .4 0 - 0 7 1 40.93

7.6(a) 9 .2 warming 2 3 .3 9 -0 .3 7 4 0 .60

7.6(b) 9 .2 cooling 2 3 .4 8 -& 3 5 4 0.58

7.7 16.0 warming 23.07 - 0 .8 2 41.05

7.8 21.0 cooling 21.10 -0 .41 40.63

7.9 25.7 cooling 21.73 -0 .3 5 40.57

7.10 26.2 cooling 21.17 - 0 .5 6 40.77

7.11 28.0 warming 22.40 -0 .5 3 4 0.75

TABLE m  V alues o f / ç  (u sin g R3(1977) ca libration)
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7. 2. 242 MHz t ransverse  waves  ; liquid hel ium-4 ( s . v . p j

An experiment to observe  the l o s s e s  into liquid hel ium-4 w as  carried out to 

provide a d irec t  comparison with the previous r e s u l t s .  The bomb descr ibed  

in sec t ion  4 . 5 ,  was  p ressu r ized  to 3 .4  bar  a t  room temperature which
3

corresponded to about  0 .5  cm of l iquid hel ium- 4 ,  under  i ts  sa tu ra ted  

vapour  p re s s u re ,  a t  4 .2  Kelvin. This volume of  l iquid w as  suff ic ien t  to fill 

the ce l l  completely.  The experiment was performed in the same way as  the 

ear ly  experiments  in l iquid helium-3 , us ing  a "Boxcar" in tegrator  to average 

the heights  of 39 e c h o s ,  centred a t  echo number 2570. Several runs were 

carried ou t ,  both cooling and warming, and the temperature range covered 

w as  from 1.75 K to 0.045 K. The raw data was  ana lysed  in exac t ly  the same 

w ay  as  the corresponding hel ium-3 data to yield a curve of energy lo s s  per  

re f lec t ion  ( AS ) a s  a function of temperature and this was  converted to 

change in a co u s t ic  r e s i s ta n c e  (AR as  descr ibed  in sec t ion  6 .2 .

The resu l t s  are shown in figure 7,14. in which the c losed  c i rc le s  ( ®) 

show the high temperature data corrected for temperature dependent  l o s s e s  

in the p iezoe lec t r ic  rod. The energy lo s s e s  into the liquid appear  to be 

independent  of temperature belov^ 0 .6  Kelvin and have been s e t  to zero.

Above this temperature the energy lo ss  in c reases  due to the v i sco s i ty  of  the 

liquid he l ium -4 ,  but in c reases  l e s s  rapidly than in the case  of hel ium-3 .  The 

solid  line (in the 1.0 K to 2 .0  K region) shows the lo s s  of  energy into the 

liquid ca lcu la ted  from equation 6 . 3 . 2 . ,  taking Vj a s  the v i sco s i ty  of 

l iquid hel ium-4 and ^  as  the dens i ty  of the normal component ( 

of  the l iquid.  Numerical values  of ^  fw were taken from the m e a su re ­

ments  of  Tough, McCormick and Dash (1963). Although the temperature



-  i 49 -

range is l imited ,  the agreement betvveen the ca lcu la ted  values  and our 

data  is good and sugges ts  that  the lo s s e s  into hel ium-4 fall  to zero a t  

low temperatures .  This r e su l t  is  co n s is ten t  with the inab i l i ty  of superfluid 

liquid hel ium-4 to support  a shear  s t r e s s .
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7 .3 .  242 MHz t ransverse  w aves ;  h e l iu m -3 /h e l iu m -4 mixture (26.2 bar)

The final s e t  of  low -frequency ,  t ransverse  wave data resu l ted  from the 

acc iden ta l  contaminat ion of the hel ium-3 sample by a small amount of 

he l ium -4 due to an imperfect indium sea l  in the experimenta l  ce l l  . The 

Boxcar in tegrator  was  s e t  to average the heights  of three e c h o s ,  centred 

a t  echo number 1490, and the sample was p ressur ized  to 26 .2  bar .  On 

cooling the sample the energy lo s s e s  into the liquid inc reased  as  expected 

in pure he l ium -3 u n t i l ,  a t  a par t icu la r  temperature ,  sharply  de f ined ,  the 

l o s s e s  suddenly  fell  to a very low value which remained co n s tan t  when the 

temperature w as  further reduced .  This was  taken to ind ica te  phase  separat ion 

in the helium mixture ,  the liquid hel ium-4 forming a superfluid film over  the 

surface of the p iezoe lec t r ic  rod and the inner surfaces  of the experimental 

c e l l ,  thereby reducing the energy l o s s e s  into the liquid .  This phenomenon 

has  been  s tudied in de ta i l  by Borovikov and Peshkov (1976).

Warming the sample from about  43 mK resu l ted  in the char t  recorder  plot 

shown in figure 7.15.  The transi t ion  begins  a t  about  68 mK and is  completed 

by 85 mK, the temperature dependence of the energy lo s s  then follows the 

pat tern  expected  for pure he l ium-3 .  These data were conver ted  in the manner 

desc r ibed  in sec t ion  6.12.  to a graph of ac o u s t ic  r e s i s ta n c e  ( R / p  ) a s  a 

function of temperature; figure 7.16. (The high temperature data have been 

corrected  for temperature dependent  lo s s e s  in the p iezo e lec t r ic  rod.) Again , 

equation 6 . 3 . 2 .  w as  used  to ca lcu la te  R / p  over  the temperature range 

0 .4  K to 1.0 K, taking the v i sco s i ty  of pure liquid hel ium-3 a t  26 .0  bar  from 

the data of McCoy e t  a l  (1975) and our data were fi t ted  to th is  curve in the 

high temperature region.  The limiting value of a t  low temperatures  was 

found to be (1.3 — 0.3 ) m s \
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I t  has  a l ready been shown that  the energy l o s s e s  into pure liquid hel ium-4 

fal l  to zero a t low temperatures  due to the inabi l i ty  of the superfluid to support  

a shear  s t r e s s .  C onsequen t ly ,  the limiting value of a co u s t ic  re s i s ta n ce  in 

this case  must  be due to helium-3 atoms in solut ion with the film of liquid 

helium- 4 .  The limiting concentrat ion of hel ium-3 atoms in a dilute  solution 

has  been measured as  a function of pressure  by W atso n ,  Reppy and 

Richardson (1970) and extrapolat ing their  data to 26 .0  b a r ,  the limiting 

concentrat ion ( X ) is about 8 . 0 %. The number d en s i ty  ( Hg ) of 

hel ium-3 atoms is given by :

Hg = )LNa (7 .3 .1 . )
cr

where t-T is the molar volume of the mixture ,  is Avagadro's

number and X is  the limiting concentrat ion which is  g iven by :

X= ^3

( ^ 4  is  the number dens i ty  of hel ium-4 atoms) .

Now, iT may be expressed  in terms of U4  , the molar  volume of  he l ium -4 ,  

and oC , the re la t ive  difference in molar volumes of he l ium-3 and hel ium-4 

a to m s , ie :

LT = (1 4- 0( X) U4



-  153 “

Therefore ,

f \ j =  XN* ( 7 .3 .2 . )
u; (l+ 0(X)

Values of U4  and c< as  functions of p ressure  have been  publ ished 

by Watson  e t  al  (1970) and extrapola ting to 2 6 .0  bar  g ives  values of these  

factors  corresponding to our experimental condi t ions ,

ie : =  23.017 x 10 mole * o( =  0.166

27  ^ 3
Using equation ( 7 .3 . 2 . )  we obtain  the number d en s i ty  = 2 . 0 7 7  x 10 rrf 

At very low tempera tures ,  the Fermi momentum is given by the express ion  ;

•/j
Dp = -iî (3TC^ ( 7 .3 .3 . )

Evaluating this equa t ion ,  us ing  the ca lcu la ted  value of KI3 g ives

In sect ion  3 . 8 .  , i t  was  shown tha t  for an assem bly  of non- in terac t ing  Fermions , 

the ac o u s t ic  r e s i s ta n c e  would be given by ;
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-S- =  A _ p £ .  ( 3 .8 .2 . )
p  16 m

where Yn is  the atomic m ass  of he l ium-3 . However ,  only the 

he l ium-3 atoms contr ibute to this aco u s t ic  r e s i s ta n ce  s o ,  if is the

d en s i ty  of the hel ium-3 atoms and p  is the d en s i ty  of the mixture ,  we 

have ;

-E. =  ^  _3__pE. (7 .3 .4 . )
Ç p  16 m

The dens i ty  ratio y / p  is obtained from the number d en s i t i e s  and

since ;

P3 = ----------

At 26 .0  ba r ,  for an eight  per  cent  solut ion of helium-3 in hel ium-4 ;

p3 =  0.0615*

—2 7Therefore, us ing  the value of m given by W hea t ley  (1975) of 5 .009x10  Kg 

we f inally  obtain the value for the a co u s t ic  r e s i s ta n ce  :

_R_ = 0 . 9 6  m s
e
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_1
This value compares well with the measured value of (1.3 + 0 . 3 )  m s  

sugges t ing  that  the superfluid film surrounding the p iezoe lec t r ic  rod conta ins  

hel ium-3 atoms that  behave as  a col lec t ion of n o n - in te rac t ing  Fermions.
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7 .4 .  1048 MHz t ransverse  waves;  l iquid he l ium-3 ( s . v . p j

Some measurements  of the acous t ic  r e s i s ta n ce  of l iquid he l ium - 3 ,  under i ts 

sa tu ra ted  vapour p re s s u re ,  were made at  1048 MHz,  us ing  the Mark 3 sonic  

ce l l  descr ibed  in sec t ion  4 . 2 .  U ltrasonic  a t tenuat ion  in the p iezoe lec t r ic  

mater ia l  is proportional to the square of the f requency of the wave so the 

number of echos  observed a t  this f requency w as  cons ide rab ly  l e s s  than the 

number a t  242 MHz.  The shape of the echo envelope w as  a l so  degraded as  

may be observed  in the photograph of the echo t ra in ,  figure 7.17. To 

obta in  a s igna l  to no ise  ratio comparable with that  of the lower frequency 

work,  a group of four echos  centred a t  echo number 33 2 was  chosen .  The 

re la t ive  pos i t ion  of the group is indicated by the bright spot  near  the middle 

of the trace in the photograph.  This spot ac tua l ly  marks the pos i t ion  of the 

ga te  of the Brookdeal "Boxcar" integrator which was  u sed  to average the 

heights  of the chosen  e c h o s ,  the output  being fed to a char t  recorder  in the 

same way a s  in the low-frequency work. The re su l t  of the comparat ively 

small number of  re f lec t ions  was  that  the energy lo s t  into the liquid was 

grea t ly  r e d u ced ,  the total lo ss  of s ignal in the temperature range 1.0 K to 

about  50 mK being l e s s  than 2 .0  dB compared with a l o s s  of  as  much as 

10 dB in the corresponding range in the 242 MHz work. This lo ss  of s ens i t iv i ty  

made deta i led  quanti ta tive  analysis of l i t t le  value in the high frequency c a s e ,  

although the b e s t  data did permit an es t imate  of the change in acous t ic  

r e s i s ta n c e  to b e m a d e .  Several runs were performed,  both cooling and 

warming the sam ple ,  but usefu l  data were obtained on four runs only (all 

warming-up runs) the others  having to be d iscarded  due to excess ive  noise  

on the in tegrator  output .  The data obtained in these  four runs are shown in 

figure 7.18. , expressed  in terms of energy lo ss  into the liquid per  reflection 

(Ù 5)  a s  a function of temperature. The zero is arbi trary and the four
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s e t s  of data have been fit ted together ,  a t  cons tan t  temperature ,  to produce 

the b e s t  composi te  p lo t .  (The error bars are derived from the s ignal  noise  

in the wors t  c a s e . )

The temperature dependence of the energy lo s s  a t  high f requency has the 

same general  form as  that  a t  242 MHz, the l o s s e s  increas ing  a t  high tempera­

tures  due to a t tenuat ion  in the p iezoe lec t r ic  mater ia l  and increasing  a t  low 

temperatures  as  a r e su l t  of v iscous  damping in the liquid he l ium -3 .  Two of  

the ru n s ,  (b) and (d) , show some evidence of a l imiting value being approached 

a t  low temperatures  although run (a) shows no such tendency in the same 

temperature region.  However,  this is l i t t le  more than specula t ion  in view 

of the uncer ta in ty  in the measurement  of AS . The b e s t  data were

obtained from run (b) so a quant i ta t ive  an a ly s is  was  carried out in this c a s e  

on ly ,  by converting the AS measurements  into aco u s t ic  r e s i s ta n ce  

by the methods a l ready  desc r ibed .  The correction for temperature dependent  

a t tenuat ion  in the rod mater ia l  was c a lcu la ted ,  in the ab sence  of exper imental

data a t this f requency,  from the experimental  r e su l t s  taken a t  242 MHz

2
assuming a frequency dependence of Co where CO is the angular  frequency 

of the w av e .  The re su l t s  of this ana lys is  are shown in figure 7.19. The 

solid  line in th is  diagram is  a theoret ica l  ca lcu la t ion  of using the

familiar express ion  for the acous t ic  re s i s ta n c e  of a v iscous  liquid :

where the va lues  of v iscos i ty  ca lcu la ted  from the empirical

exp ress ion  given by Black, Hall  and Thompson (1971), see  equation ( 6 .3 . 3 . )
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The high temperature correction for a t tenuat ion  in the rod mater ia l appears  

to be rather  inadequate  above 0.3 Kelvin, so the data have been very 

ten ta t ive ly  fit ted to the theoret ical  curve between 0 .2  K and 0.3  K, where 

the correction is small .  The low temperature data  (below 100 mK) were 

replotted on a l o g . - l o g .  s ca le  and an es t im ate  of the low-temperature  l imit ,  

p , was  made by fit t ing these  data  to the theore t ica l  curve of 

F low ers ,  Richardson and Will iamson (1376) and ex t rapo la t ing ,  as  descr ibed  

in sec t ion  7.1. This yielded the resu l t  : = (29. 7 + 2. 7) m s \

The uncer ta in ty  quoted i s  that a s so c ia te d  with the data measurement
-1 -X

(+1. 7m s ) plus an uncer ta in ty  of + 1 m s due to da t a -f i t t ing  to the 

theore t ica l  curve a t  high temperatures .  (Compared to these  u n ce r ta in t ie s ,  

the error in ex trapolat ion v/as negl ig ib le .)

It  must  be em phas ised  tha t  the quali ty  of the data was  not  suff ic ient ly  high

to allow anything more than specula t ive  conclus ions  to be drawn about  the

abso lu te  v a lu e s ,  R/ç> and the limiting value of a co u s t ic  r e s i s t a n c e ,

However ,  the change in aco u s t ic  re s i s ta n c e  be tween 1.0 Kelvin and the low -
-1

temperature (limiting) value does seem ,  a t  (13.1 + 1. 7) m s , to be c o n s is te n t  

with the corresponding change measured a t  242 MHz; see  figure 7.1.
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7 . 5 .  250 MHz longitudinal waves ;  l iquid hel ium-3 ( s . v . p . )

To complement the t ransverse -w ave  work, an exper iment  was  carried out 

to measure  the longitudinal  a co u s t ic  r e s i s ta n c e  of l iquid helium-3 a t  the 

sa tura ted  vapour pressure  which would help to explain  the d isc repancy  

be tween the m easured  values of Keen, Matthews and Wilks (19 65) and the 

theore t ica l  predic t ions  of Brooker (1964 and 1967), see sec t ion  3 . 3 .  The 

exper imental method was the same a s  that  used  in the t ransverse  work 

excep t  that  a rod of X-cut  quartz was  used  to generate  the longitudinal 

w a v e s .  The high a t tenuation in this mater ia l  resu l ted  in an echo train 

even  shorter  than that  of the preceding s e c t io n ,  the echo group studied 

being centred a t  echo number 165, and the energy lo ss  into the liquid over 

the temperature range 0 .5  K to about  20 mK was  therefore l e s s  than 0.3 dB. 

The measurement  of such a small change in an a l ready  low - leve l  s ignal  

(ie.  of the order of -80 dBm) v/ould have proved impossible  without  the 

so p h is t i ca ted  da ta -p rocès  sing system that  became avai lab le  towards the 

end of this  work. This sys tem ,  incorporating the "Datalab"  D L 4000 d igi ta l  

s tore was  b a s ic a l ly  that  descr ibed  in sec t ion  4 . 4 .  excep t  th a t ,  ra ther  than 

the data being output  in an analogue fashion to a char t recorder ,  they were 

stored  in d igi ta l  form on magnet ic  tape car tr idges  by means of a "Perex" 

Perifile recorder .  Each datum point stored cons is ted  of  the s ignal  heights  

of the f i r s t  160 echos  (the echo en v e lo p e ) , followed by a deta i led  scan  of 

the next  ten  echos  a s  descr ibed  in sec t ion  4 . 4 . 3 .  (about ninety  channels  were 

ava i lab le  for each  of these  echos ) .  The digi ta l  information stored was 

p r o c e s s e d ,  us ing  a computer ,  a s  descr ibed  below.

The mean echo heigh t  was  obtained by taking the average of the heights  of 

ten echos  (numbers 160 to 169, in c lu s iv e ) ,  each  of which was  i t s e l f  the
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average of tw en ty -one  channels  of the t rans ien t  recorder  (that i s ,  the 

channel  corresponding to the peak of  the ec h o ,  plus  the ten channels  to 

e i ther  s id e ) .  The mean echo height  was  then converted to dec ibe l  units 

and sca led  to account  for any var iat ions in the amplitude of the r . f .  input 

p u l s e .  This scal ing was  performed by comparing the mean echo height  

with the he igh ts  of the f i rs t  few ech o s ,  for which the l o s s e s  into the liquid 

are very small  and may be considered temperature independent .  Normalising 

the data to the mean echo height a t  the lov\^est temperature reached yielded 

the change in s ignal  (in dB) w hich ,  when divided by the number of ref lec t ions  

suffered by the mean echo number of the group (ie.  329) , gave AS in 

dec ibe l  per  reflect ion as  a function of temperature .  The aco u s t ic  r e s i s ta n ce  

was  ca lcu la ted  from equat ion 6 . 2 . 6 . us ing  the values  for ^5 and ug 

appropriate to X-cut  quar tz ,  obtained from Neppiras  (1973). A single 

experimental  run only was  performed in which the sample was  warmed from 

about  19 mK (using R3 (1972) calibration) to 0 .6  Kelvin, and the re su l t s  are 

plot ted as  a graph of a co u s t ic  re s i s ta n c e  ( ) ag a in s t  temperature;

figure 7 .2 0 .  I t  should be noted that  the high temperature data have not 

been  corrected for l o s s e s  in the p iezoe lec t r ic  rod ,  unl ike the previous  

c a s e s ,  and tha t  the measured acous t ic  r e s i s ta n c e  is referred to an arbitrary 

z e r o . The values  of R / p  indicated on the vert ical  ax is  refer to the solid 

line (see below) to which our experimental data have been  f it ted .

In sp i te  of the various averaging p ro c e s s e s  involved in the a n a l y s i s ,  there 

is  cons iderable  s c a t te r  a s so c ia t e d  with the data points  which gives  r i se  to
-I

an uncer ta in ty  of a b o u t + 2 m s  in the ac o u s t ic  r e s i s t a n c e .  However ,  a

small inc rease  in may be observed as  the temperature d ec rease s
-1

and this  change is  es timated to be about (5 . 5  + 2.0) m s  . For comparison ,
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the solid l ine in the diagram is the theore t ica l  change in longitudinal

a co u s t ic  r e s i s t a n c e  for l iquid hel ium-3 a t  the sa tura ted  vapour p r e s su re ,
2

c a lcu la ted  by Brooker (1964 and 1967) for = 0 ,  to which our data have

been fit ted  a t  coZ^=l.  The predicted change in R / p  (that i s ,

A ( z / ç) in Brooker's notation) is  6 .0  m s   ̂ i fP g ^  is s e t  to zero ,

the limiting value  a t  low temperature being 189.4m s \  This predict ion
g

is c a lcu la ted  us ing  a value of of 5 .64  (taken from Anderson, Reese  and 

W h e a t ley  (1963)), which is s light ly  lower than the value given by W heat ley
g

(1975) of F^ = 6.04 a t  zero pressure  . However ,  Brooker a s s e r t s  that  any

uncer ta in ty  in F^ will not  a f fect  the shape of  the curve , or the magnitude of

the change in a co u s t ic  r e s i s t a n c e ,  but only the value of the ze ro-sound

l im i t ,  . (If the more recent  value for F  ̂ is u s e d ,  the zero-sound
-1

limit  is reduced  by about  0 . 1 m s  .)

Brooker (1967) has  a l so  ca lcu la ted  the ef fect  of non-zero  values  of the
g

Landau param eter  F^ on the aco u s t ic  r e s i s ta n c e  and we find that  a value

o f F g ^  = - 0 . 5  reduces  the predicted change in R t o  5 .5  m s  ^ , 

value  observed  in th is  exper iment.  If the uncer ta in ty  in is  expressed
g

a s  an un ce r ta in ty  in F^ , we may ten ta t ive ly  sugges t  tha t  our observed 

change in longitudinal  aco u s t ic  r e s i s ta n ce  implies  the value F^= - 0 .5  + 2 . 0 .

the
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Fig.7.20 Longitudinal acoustic resistance of He (sv.p.)
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CHAPTER EIGHT

8 . 0 .  DISCUSSION AND CONCLUSIONS

8 . 1 .  Zero sound and t ransverse  acous t ic  impedance

The t ra nsve rse  ac o u s t ic  Impedance of a normal Fermi liquid has  been 

ca lcu la ted  as  a function of temperature by both Fomin (1968) and Flowers
g

e t  al (1976) with the Landau parameter  F^ =0/ and by Flowers and Richardson
g

(1978) in the ca se  of F^ 0 and their  methods have been  outl ined in 

chapter  3 .  The important conclusion that  may be drawn from these  ca lcu la t ions  

is that  the complex a co u s t ic  impedance con ta ins  contr ibutions  of comparable 

magnitude from both single par t ic le  exc i ta t ions  and t ransverse  zero sound 

(collect ive)  m odes .  Since both contr ibutions become independent  of 

temperature in the co l l i s io n le s s  l imit ,  a qual i ta t ive  s tudy of the temperature 

dependence  of the t ransverse  acous t ic  impedance cannot alone provide 

ev idence of  the ex is ten ce  of t ransverse  zero sound.  The contr ibut ions have 

been  s e p a ra te d ,  however ,  in the theory of Flowers and Richardson (1978)
g

for the ca s e  F^ 0 ,  w h ich ,  in the zero sound limit , reduce

to equat ions  ( 3 .5 . 5 . )  and ( 3 .5 . 6 . )  (Section 3 . 5 . )  for the total  aco u s t ic  

impedance and equation ( 3 .6 . 2 . )  (Section 3 . 6 . )  for the contr ibut ion to the

impedance resu l t ing  from zero sound a lone .  These equations  have been

S S
solved num er ica l ly ,  by AJ Cooper ,  for F^ = -1, 0,+l over  the range of F^

values  corresponding to p re ssu re s  from 0 bar  to 30 bar .  The computation

employed so lu t ions  to the d ispers ion  re la t ion  obta ined by  applying Newton 's

method to the approximate solut ions  shown ear l ier  in figure 2 . 3 .  Figure 8.1.

shows the re su l t s  of these  c a lcu la t io n s .  The solid l ines  rep resen t  the

total  a c o u s t ic  r e s i s ta n ce  ^ i iri the co l l i s io n le s s  l im it ,  a s  a function
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of p ressure  for the values Indicated and the broken l ines  rep resen t  the 

corresponding zero sound contr ibut ions ,  o . The data points  ( o )

and ( e )  r ep resen t  the measured values  of a co u s t ic  r e s i s ta n ce  in the 

c o l l i s io n le s s  l imit obtained from our helium-3 data (cooling and warming, 

sp ec t iv e ly ,  ) s ee  tab le  II.  (The measured values  of differedre

s ligh t ly  vv̂ hen the cal ibrat ion R3 (1977) was  used ;  therefore a s imilar  g r a p h , 

figure 8 . 2 .  , shows the va lues obtained us ing  the la te r  ca l ib ra t ion ,  taken 

from table  I I I . )

Both of the graphs show th a t ,  with the except ion of  one point  a t  0.3 bar ,  

which will  be d i sc u s sed  la te r ,  a l l  our data poin ts  fall  within the limits
g  g

-1 < F^ <  +1/ implying that  F^ is small a t  a l l  p r e s s u re s .  In view of the 

exper imental  error a s so c ia ted  with each po in t ,  any further conc lus ions  about
g

F g m ust  be somewhat sp ecu la t iv e ,  but i t  seems l ike ly  th a t ,  from figure
g

8.1. , F^ is approximately zero at  lo'w p r e s s u re ,  falling to about  - 1 .0 +  0 .5  

a t  p ressu res  g reater  than about 12.0 bar .  The second graph,  figure 8 . 2 .  , 

in which the values of were obtained using the unconfiimed 1977
g

temperature ca l ib ra t ion ,  shows that  F^ may be s light ly  pos i t ive  a t  low
g

p re s su re s  (F„ % 0.5) decreasing to about  - 0 . 5  +0 .5  a t  about  27 .0  bar .z
g

From the theoret ica l  cu rves ,  we see that  provided F^ ^  -1, the aco u s t ic

re s i s ta n c e  a t  p ressu res  greater  than about 15.0 bar  is dominated by the zero 

sound contr ibution,  so we may be confident  that  t ransverse  zero sound has  

been  observed a t h e s e  p re s s u re s .  The ex is tence  of th is  mode a t  low pressu re  

is  much l e s s  certain  and a d i scu s s io n  of the evidence will  be found in the next  

sec t ion .
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Fig. 8.1 R^/o against _  pressure
-  R3(19Z2)
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Fig. 8.2 Roo/p against pressure
-  R3(1S77)
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g
8 . 2 .  F„ a t  low pressure

The d ispe rs ion  relat ion for t ransverse  zero sound in the limit Co'tf-^oo  ̂

a s  der ived by Brooker (1964 and 1967) is :

- l | + ±  =

(provided tha t  =0 for L > Z ) ,  where S is the ratio of the t ransverse  

wave veloci ty  to the Fermi ve loc i ty ,  . Now,  for t ransverse

zero sound to be an identifiable mode,  d is t ingu ishab le  from the s ingle  par t ic le  

exc i ta t ions  a l so  produced by a t ransverse ly  osc i l la t ing  boundary,  the veloci ty  

of the wave must  exceed that  of the s ingle par t ic les  w hich ,  being c lose  to 

the Fermi su rface ,  will be approximately equal  to i/p . Therefore, taking 

S = I as  the limit of ex is tence  of the w av e ,  the f irs t  term of the d i s ­

pers ion  rela t ion van ishes  to leave the condit ion for the ex is tence  of t ransverse  

zero sound:

F, +  3 Ft 6 ( 2 .6 . 4 . )
I + V 5

By equating the two s ides  of this  exp ress ion  a re la t ionship  between F^ and F^ 

is  obta ined which determines the limiting values  of these  parameters  when 

t ransverse  zero sound f irs t  a p p e a r s . Thus :

F, = - 0 -
' /s-  '/éCié+3)
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which may be solved to give F as  a function of F . If F is s e t  to
4 1 . 2

ze ro ,  F  ̂ = 6 which is the condition for the ex is tence  of t ransverse  zero 

sound obta ined by Abrikosov and Khalatnikov (1959) for infinite w T ,  

and by Lea e t  al (1973) for all  values  of w T .  . We note  that F^ fal ls  as  

F^ is increased  and that for F^ < 6, F^ is p o s i t iv e .  In the case  of l iquid 

hel ium-3 , the values of F  ̂ given by W heat ley  (1975) indicate  that  F^ will 

be negative a t  all  p re ssu re s  s ince  F^ = 6.04 a t  zero p re s su re .  However ,  if  

Fĵ  is reduced by about five per  c e n t ,  as  suggested  by Wolfle  (1976), F^ is 

s l igh t ly  pos i t ive  at low pressu res  becoming negative for p re ssu re s  in e x c e s s  

of about  0 .7  bar .  Therefore taking W h e a t le y ' s  value ofF^ a t  zero pressure  

with a five per  cent  uncer ta in ty ,  we find that  F^ may be expected  to fall
Q

within the range -0.11 t o +0. 09 , pro videdthat  • S = 1; tha t  i s ,  F^ ^  0 + 0.1 - 

a t  zero bar .

In our ca lcu la t ions  of the t ransverse  a co u s t ic  impedance, the F^ values  quoted

by W hea t ley  (1975) were used  and the t ransverse  zero sound condition (equation

( 2 .6 . 4 . ) )  w as  incorporated by se t t ing  the zero sound contribution to zero when

the condit ion w^as not fu lf i l led .  (Under these  c i r cu m s ta n c es ,  S was se t

to 1.) C onsequen t ly ,  in figures 8 .1 .  and 8 . 2 .  the zero sound contribution to

the ac o u s t ic  impedance ^ ) is seen  to increase from zero a t  zero

S Spressu re  (ie.  F  ̂ ^  6.0) for F^ = 0, and from zero a t  some finite pressure

S Sfor F g <  0. We further see  th a t ,  if F^ is p o s i t iv e ,  a contribution to

t ransverse  zero sound will  e x i s t ,  even a t  the low es t  p r e s s u r e s . Unfortunate ly,

i t  is  not poss ib le  to differentiate between wave and s ingle  par t ic le  contr ibutions

by means of t ransverse  acous t ic  impedance experiments  so the ex is tence  of

t ransverse  zero sound remains u n c lea r  a t  low p re s s u re s .  However ,  we may
g

draw some conclus ions  about the parameter  F^ from the total acous t ic  

r e s i s ta n ce  ( ^ o o / ^ ) which is represen ted  by the solid l ines  in figure

8 .1 . for th e F 2 ^ values -1 , 0+1.
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Limiting va lues  of the sa tura ted  vapour p re s su re  (approx,

0 .3  bar) were determined from two se ts  of data , the lower value being 

obta ined from data co l lec ted  by warming the sample a t  th is  p re s su re ,  

figure 7.1. (a),  and the higher  value from measurements  taken w h i ls t  cooling 

a t  the same p re s s u re ,  figure 7 .2 .  (Both se ts  of data were the combined 

r e su l t s  of two separa te  runs . )  It  is  c lear  that  the limiting values  obtained 

from these  data are not in agreement.  A poss ib le  reason  for the d isc repancy  

could have been poor thermal con tac t  between the liquid he l ium-3 and the 

r e s i s ta n c e  thermometer which would r e su l t  in an apparent ly  more rapid 

change in ac o u s t ic  r e s i s ta n ce  during cooling than during the v/arming-up 

run. Extrapolation to the low-temperature  limit would therefore yield an 

e rroneously  high value of p  , par t icula r ly  in view of the high temperature

from which the extrapolation was  made (approx. 3 0 mK). However,  similar  

comparisons  between cooling and warming a t  higher  p re ssu re s  (for example 

5 .5  and9 .2  bar) do not show this  degree  of in co n s i s ten cy .

W hen the two values  of a t  0 .3  bar  are compared with the theoret ica l

es t im ate  of aco u s t ic  r e s i s t a n c e ,  figures 8.1 .  and 8 . 2 .  , we see  tha t  the 

h igher  value implies that  is of  the order of 3 or 4.  Such a value would 

require the presence  of a large zero sound contr ibut ion and a wave veloci ty  

tha t  exceeds  by a factor  o f  about  1.25 (that is ;  S % 1.25).  Now,

our data in d ica te ,  with a fair degree of  c o n s is te n c y ,  tha t  a t  higher  p ressu res  F2 

if probably in the range - 0 .5  to -1 .0  which im pl ies ,  by a numerical solut ion 

to the d ispers ion  re la t ion ,  that s %  1.1 (see g raphical  solu t ions  to

d ispers ion  re la t ion ,  figure 2 . 3 . ) .  C onsequen t ly ,  if we are to a c c ep t  both 

the low pressure  value F^ %  4 ,  and the high pressure  value F^ - 0 . 5 ,  

we are then forced to accep t  that  the veloci ty  of t ransverse  zero sound 

d e c re a se s  with increas ing  p re s s u re ,  in d i rec t  contradict ion to the theory.
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A l te rna t ive ly ,  if we take the t ransverse  zero sound wave ve loc i ty  to be 

cons tan t  (a t ,  s a y ,  1.1 Up), this  puts  an upper bound on the value of 

a t  low pressure  which is found to be about  +1.5 a t  0 bar .  We therefore 

conclude that  the probable value of F^ a t  low pressure  is in the range 

0 to +1.0. If the higher  measurement  is ignored we may take the average

of the values  indicated by the two graphs (figures 8.1. and 8 . 2 . )  to obtain

S Sa probable value of F^ a t  the sa tura ted  vapour p ressure ;  i e .  F^ % 0 .4  + 0 .5 .

This i s  now co n s is ten t  with a zero sound wave veloci ty  roughly equal  to

the Fermi ve loc i ty ,  a t  low p re s su re ,  suggest ing  that the t ransverse  zero

sound contribution is very small (and diff icul t  to identify) a t  these  p re s s u re s .

g
This est imate  of F^ may be compared with that obtained from the longitudinal  

zero sound experiments performed by Abel ,  Anderson and W hea t ley  (1971) a t  

0 .32  bar .  Although their own ana lys is  ignores the effects  of  F ^ , Brooker 

(1964 and 1967) has  es t imated  its  magnitude from their measurements  of wave
g

ve lo c i ty ,  peak a t tenuat ion  and re laxat ion time and finds tha t  F^ =0  + 4 , 0 and 

+ 0 .6  r e spec t ive ly  (no uncer ta in t ie s  being given in the l a s t  two c a s e s ) .  We
g

note tha t  our es t imate  of F^ a t  0.3 bar  is in good agreement with these  

v a lu e s .  However ,  if our t ransverse  a c o u s t ic  impedance resu l t s  a t  low 

p ressu re  are compared ^ i t h  the longitudinal impedance data of Keen , Matthews 

and Wilks  (1965) , a s  d i s c u s s e d  by Brooker (1964 and 1967), we find no area
g

of agreement ,  and the suggest ion that  F^ % 14.8 a t  0 bar  is  s ti l l  unexpla ined .  

Furthermore, our unfin ished at tempt to repeat  their  longitudinal  measurements  

fai led to reproduce their  r e su l t s  but ra ther  tended to confirm our own suggest ion
g

by reveal ing a change in aco u s t ic  r e s i s ta n c e  corresponding to F^ % - 0 . 5 + ^ . 0 .  

(The large uncer ta in ty  a s so c ia te d  with th is  value re f lec ts  the somewhat 

specu la t ive  nature of the d a ta . )
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An express ion  relat ing to the thermal conductivi ty  and shea r  v isc o s i ty  

of  l iquid hel ium-3 has  been produced by Nett le ton (19 76). By fit t ing this 

exp ress ion  to the thermal conductiv i ty  data  obtained by Anderson, Salinger  

and W hea t ley  (19 61) and by Abel,  Johnson,  W hea t ley  and Zimmerman (19 67),
g

Nett le ton  es t im ates  to have the values  -0 .3 3 8  and-0.  563 respec t ive ly .
g

No uncer ta in t ie s  are quoted and the author concludes  only tha t  F^ is  l e s s  

than zero .  We note here that  these  re su l t s  provide further ev id e n ce ,  obtained
g

independen t ly ,  that  F^ is approximately zero a t  low p r e s s u re s .

g
8 . 3 .  F^ a t  high pressure

A d i rec t  comparison may be made between this w o rk , a t  high p r e s s u r e s ,  and 

tha t  of Roach and Ketterson (1976), who reported the f i r s t  observat ion  of 

t ransverse  zero sound in March 1976. Both real and imaginary

( X / ç )  components  of the complex a co u s t ic  impedance were measured 

a s  functions of  temperature ,  a t  p ressu res  between 2 .0  and 28 .9  bar  and a t 

f requencies  ranging from 12.0 to 108.0 MHz. The measurements  were made 

by observing the ringing of  an AC -  cu t  quartz  d i s c  t r a n s d u c e r , immersed in 

liquid hel ium-3 , when the exci ta t ion  energy w as  removed.  Their published 

data  s h o w ,a t  23 .0  b a r ,  an increase  in R / ^  of about 19.0m s ^ , the low 

temperature limiting value being (21.0 jh 1.0) m s  \  (This is

ind ica ted  in figures 8.1. and 8 . 2 .  , thus : A ). The temperature

dependence  of the a co u s t ic  r e s i s ta n c e  w as  s imilar  to that  observed in our 

experiments  . Roach and Ketterson a lso  noticed a peak in X / ^  corresponding 

to the increase  in R and these  two fea tu re s ,  taken toge ther ,  were 

cons idered  by the authors to be proof of the ex is tence  of t ransverse  zero 

sound.  Their exper iment  Independently  measured the a t tenuat ion  in
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propagat ion of the wave by means of a t ransmiss ion  technique in which two 

t ransducers  were separa ted  by a d is tance  of only twenty-f ive  micrometre .

The measured a t tenuat ion  coeff ic ients  were compared with theoret ica l

e s t im a tes  obtained from the d ispers ion  relat ion (equation 2 .6 .1 . )  for

S Svarious values  of and the b e s t  agreement was  reached with F^ = +I.S

a t  2 .0  bar ,  falling to -1 .0  a t  28 .9 bar .

Their conclus ions  were c r i t ic ised  by Flovvers , Richardson and V/ill iamson 

(1976) on the grounds that only a quant i ta t ive  a n a ly s i s  of a co u s t ic  impedance 

d a t a ,  in which the contribution from single par t ic le  exc i ta t ions  is a lso  

cons ide red ,  could be taken as  proof of the ex is tence  of  t ransverse  zero 

sound.  They performed such an ana lys is  on the data  and found th a t ,  wh i l s t  

the measured temperature dependence of could be fi t ted  to the theory,  ’

the temperature dependence of the imaginary pa r t ,  X / ç  could not  be so
g

f i t ted .  Furthermore, the value of F^ a t  23 .0  bar  indicated  by the limiting
g

value of  the aco u s t ic  r e s i s ta n ce  (F^ = -1 .0  + 0.5) was  not c o n s is te n t  with

that  indicated  by the a t tenuat ion  data a t  this p re ssu re .  Comparing these
g

re su l t s  with our own we find that  the value F^ = -1 .0  + 0 .5  a t  23 .0  bar ,  

obta ined from the real  part  of the a co u s t ic  impedance is in good agreement
g

with our value at  this p ressure  (that i s ,  F^ % -1 .0  + 0 .5  us ing  the R3(1972)
g S e t  piC>9

cal ibration and F^ ^  - 0 .5  + 0 .5  us ing  R3 ( I 9 7 7 ) j ) .  We a lso  observe  that
g

the total  change in F^ is ra ther  l e s s  than tha t  sugges ted  by the a t tenuat ion
g

data of Roach and Ketterson (1976). That F^ might be expected  to fall  with

increasing  pressure  is contrary to the pressure  dependence predicted by

Ostgaard  (1969), and a lso  to the known behaviour of the symmetric Landau 

S Sparameters  F^ and F  ̂ , but follows from the condition for the ex is tence  of  

t ransverse  zero sound (equation 2 . 6 . 4 . )  where the wave ve loc i ty  is  put
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equal  to the Fermi veloci ty; ie .  5 = 1 .  By di fferentia t ing the d ispers ion

rela t ion (in the limit o j ' V o a  ) ,  Nett le ton (1977) shows th a t ,  for cons tan t

S Swave veloci ty  (S ^ 1 ) ,  F^ a lways  d e c re a se s  with increas ing  F^ .

Therefore , provided that  the rat io  of  t ransverse  wave ve loc i ty  to the Fermi
2

veloc i ty  ( S ) is only weakly  dependent  upon p re s s u re ,  F^ a lways fa l ls  

a s  the p ressu re  is in c reased .

Recent work on the, superfluid p hases  of l iquid helium-3 has  included a

number of longi tudinal  zero sound experiments  a t  high p r e s s u re s .  Wolfle

(1976) has  considered some of these  and has  produced further e s t im ates  of 
2

F g which do not seem c o n s is te n t  with the negat ive  va lues  mentioned 

above .  For example ,  measurements  of the ve loc i ty  of longitudinal  zero 

sound in normal l iquid he l ium-3 near  the superfluid t ransi t ion  have been 

made by Paulson ,  Johnson and W hea t ley  (1973) a t  32 .2  ba r ,  and by
g

Ketterson e t  a l  (1975) a t  29.3 bar .  Wolfle has  ca lcu la ted  values  of F^
g

from these  re su l t s  and finds that  in the f i r s t  c a s e ,  F^ = 0 .5  + 0.3 an d ,
g

in the s e co n d ,  F^ = 1 . 0  + 0 .5 .  Similar ca lcu la t ions  us ing  data  co l lec ted  

in the super  fluid "B" phase  by Paulson e t  al  (1973) a t  19.6 bar  and by
g

Roach e t  a l  (19 75) a t  21.0 bar ,  show th a t ,  in both c a s e s ,  F^ ~  0 .4 .

Wolfle has  a l so  pointed out tha t  the va lues  of m* quoted by W heat ley  

(1975) may be overest imated a t  high p re ssu re s  so the above va lues  of 

F^^ were obta ined us ing  values  about  four per  cent  lower than those 

used  in our ca lcu la t io n s .  However ,  us ing  W olf le 's  value a t  21.0 bar

W = 4 .9)  reduces  our es t imate  of F^^ a t  this  pressure  to about 

-1 .2  which in c reases  the d isc repancy  between our re su l t s  and these  pos i t ive
g

F g v a lu e s .
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Q
4. Est imates  of us ing  "Sum Rule"

The Pauli Exclusion Principle requires  that  the forward sca t te r ing  amplitude 

for two Fermions of the same spin must  van ish .  The sca t te r ing  amplitude 

may be ex p re ssed  in terms of the Landau pa ram ete rs ,  as  d i s c u s s e d  by 

Baym and Pethick (1976), which are therefore cons tra ined by the "forward 

sca t te r ing  sum rule" :

a*) =  0  where =  1̂ ' ( l  +  —
\  l t + \ l

S S AThe Landau parameters  F^ , F^ and F^ are al l  quite well  known and have 

been tabu la ted  , a s  funct ions of pressure  , by V/heatley (1975). (Note that 

W hea t ley  deno tes  the f i r s t  assymmetric  parameter  by where Z , ,=4F q‘̂ . )

The parameter  F̂ "̂  i s  d iff icul t  to determine exper imental ly .  Dy and Pethick 

(1969) have es t imated  values  a t  zero p ressure  by comparing the i r  exac t  

ca lcu la t ion  of the sca t te r ing  ampli tude with the thermal cap ac i ty  data of 

Abel e t  al  (1967) and the spin diffusion data of  Anderson e t  al  (1961) and
A

then ad jus t ing  F^ to provide the b e s t  agreement .  They obtain  the resu l ts

A AF^ = - 0 . 4 6  + 0.14 and F  ̂ = - 0 .3 9  + 0.14 from these  d a t a ,  where the errors

quoted  include only the contr ibutions  resu l t ing  from curve f it t ing .  Their

method is  s ligh t ly  un sa t i s fac to ry  in this  par t icu lar  app l ica t ion  because  they

s e t  the Landau parameters  F̂*' to zero for > 2 ; but  if th is  point is

ignored and their  F^^ va lues  are put back into the sum we obta in values for 
c

F g o f - 0 . 3 0  + 0.15 and -0 .3 8  + 0.15 r e spec t ive ly .  (Being c lose  to z e r o , 

th e se  r e su l t s  re t rospec t ive ly  jus t i fy  the omiss ion of  F2^ in the calcula t ion 

o f  F j* . )
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Q
Taking the average of these  values  we obta in = - 0 .3 4 '+  0.15 which is 

in reasonable  agreement with our r e su l t  and with the other  e s t im ates  at  

low p ressu re .

The spin -  echo experiments  of  Corruccini e t  al  (1972) allow F̂ "̂  to be 

determined d i rec t ly  by us ing  an express ion  for the gyromagnet ic  ra t io ,  

obtained by Legget t  and Rice (1968) , in which is  the only o ther  Landau 

parameter  involved.  The method therefore avoids  any arbi trary assumptions

about  the other  Landau param eters .  The values  obtained in their  exper iments

A Aw e r e :  F̂  ̂ = -0 .15 + 0.3  a t  0 bar  and F  ̂ = + 0 . 2  + 0 .6  a t  27 .0  bar .  When
g

these  re su l t s  are u s e d ,  the forward scat te r ing sum rule y ie lds  F^ va lues 

of - 0 . 6  + 0.3 and - 0 . 9  + 0.3 a t  0 and 27 bar  re sp e c t iv e ly .  The low pressure  

re su l t  is ra ther  more negat ive  than the other  es t im a tes  (although not 

u n re a l i s t i c a l ly  so) but the value a t  high pressure  agrees  well  with our
g

es t im ate  of F^ % -1.0  a t  27 .0  bar .

g
The var ious e s t im ates  of F^ obtained from the forward sca t te r ing  sum rule 

a r e ,  then ,  broadly c o n s is ten t  with our e s t im ates  from experimental  data and
g

indicate  tha t  F^ is probably neg a t iv e ,  dec reas ing  from a l i t t le  l e s s  than 

zero a t  zero p ressure  to about  -1 .0  as  the melting p ressure  is approached.  

Es t imates  from the sum rule are s l ight ly  su sp e c t  in that  i t  is n e c e s s a r y  to
5

se t  a l l  the higher  Landau parameters  to zero (in our c a s e .  Ft = 0  for 

# A /
% ^  3 and = 0  for 1 ^ 2 ) .  However ,  the magnitudes  of the Landau

parameters  are thought to d ec rease  as  ^ i n c r e a s e s ,  therefore s ince F^
g

and F g are sm al l ,  i t  seems l ike ly  tha t  the contr ibut ions to the sum from 

higher  parameters  may be ignored without cas t ing  ser ious  doubts  on the 

e s t im a tes  obta ined .

A
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8 . 5 .  Concluding remarks

The principal object ive  at  the s tar t  of this  work was to make the f irs t  

experimental  observat ions  of t ransverse  zero sound In liquid helium-3 , 

by  studying the temperature dependence of the a c o u s t ic  r e s i s t a n c e .  As 

mentioned in sect ion  7 .3 .  , the f irs t  reported observat ion  of this mode was 

m a d e ,  in March 1976 , a t  the Argonne Nat ional  Labora tory,  I l l i n o i s ,  by 

PR Roach and JB Ketterson,  who identified  changes  in both the real  and 

imaginary parts of the aco u s t ic  impedance with the propagat ion of t ransverse  

zero sound.  Their measurements  cf the at tenuat ion  of th is  mode cover  range 

of p ressu res  from 2 ,0  to 28.9  ba r ,  but  the publ ished data on the acous t ic  

impedance are limited to a single value of pressure  ; 23 .0  bar .  Since 

the theoret ica l  predic t ions  about t ransverse  zero sound indicated  a co n ­

s iderable  dependence upon p re s s u re ,  i t  was  felt  that  our work,  although 

concerned only with the real component of the impedance , could yield 

valuable  information both to confirm the r e su l t  of Roach and Ketterson and to 

provide new data at  low p re s s u re s .  I t  was sa t is fy ing to obta in  good a g re e ­

ment a t  23 .0  bar  with these  authors but the low -p ressu re  data were not 

suff ic ient  to clar ify the s ituat ion near  the sa tura ted  vapour p ressure .  

Furthermore, the uncer ta in ty  in the value of effect ive m a s s , ment ioned in 

sec t ion  8 . 3 .  , somewhat clouds the i s sue  and i t  seems doubtful whether  any 

firm conclus ions  about  the low pressure  behaviour  of t ransverse  zero sound 

wil l  be poss ib le  unti l  this value has been firmly e s t a b l i s h e d .  At p resen t  

we m ust  r e s t r ic t  our conclus ions  concerning the ex i s ten c e  of  the transverse 

mode to p ressu res  g reater  than about  12.0 bar  where the a co u s t ic  resis tance 

observed is too large to be accounted  for without  a cons iderable  contribution 

due to t ransverse  zero sound.
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g
The es t im at ion  of the Landau parameter  from the aco u s t ic  r e s i s tan ce  

data has  a l ready  been d i s c u s s e d  in some deta i l  and it  seems c lea r  that 

the inc lus ion  of this  parameter  is n e c e s sa ry  for quan t i ta t ive  evaluat ion of the 

d a ta .  However ,  this  r a i s e s  the quest ion of the importance of su c c e ss iv e  

parameters  in the s e r i e s .  Fomin (1976) has  sugges ted  th a t ,  if the ser ies
g  g

cannot be limited to the f irs t  two harmonics (ie.  F^ and F^ ) , then severa l
g

more terms must be considered  s ince  the inclusion of only  does  not

n e c e s s a r i l y  lead to a more p rec ise  re su l t .  At p r e s e n t ,  no experiments  have

been proposed by which addit ional symmetrical Landau parameters  m a y b e

A Smeasured  an d ,  in view of the a l ready  uncer ta in  values  of F  ̂ and F^ , the 

ca lcu la t ion  of further parameters  from the sum rule would be a f ru i t less  

e x e rc i s e .

It  would seem to be more profitable to concentrate  w o rk , in the immediate
g

fu ture,  on the prec ise  evaluat ion of  F^ s ince  this  may reso lve  some of the 

confl ic ts  tha t  s t i l l  remain between experiment  and theory,  and between the 

various exper iments  them se lves .  Perhaps the m ost  ou ts tand ing  of these
g

in c o n s i s te n c ie s  is the very high value of F^ implied by the longitudinal

a co u s t ic  impedance measurements  of Keen e t  al  (1965). It  was  hoped that

some firm ev idence  would be obtained from this  work but technica l  problems

with the refr igerator  prevented a l l  but a s ingle  prel iminary run us ing  a

ra ther  poor p i e z o e l e c t r i c  crysta l  . However ,  a s  shown in sec t ion  7 . 5 . ,  in

this  run we did not  observe a change in the longitudinal  aco u s t ic  impedance

of anything like the magnitude of tha t  observed previously .  Another problem,

a lso  unexp la ined ,  is that  longitudinal  zero sound experiments  general ly

Sindicate  pos i t ive  va lues  of F^ whereas  t ransverse  wave experiments seem 

to imply a negat ive  value for this  parameter  (see Dobbs (1977)). Again i t  

may prove n e c e s sa ry  to include Landau parameters  of higher  order to reso lve 

this conf l ic t .
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Although Landau Theory has  expla ined  many a s p e c t s  of the behaviour of 

in teracting Fermi systems , there is st i l l  a g rea t  deal  of  work yet  to be 

done before the theory can be used  to fully explain the a c o u s t ic  phenomena 

observed in liquid hel ium-3; the ex tens ion  of  these  various experiments 

into the superfluid phases  of the liquid will sure ly  prove to be a fruitful 

field of s tudy.  The re su l t s  of  the work here p r e s e n t e d , al though not 

en t i re ly  c lear  due to the unsa t i s fac to ry  thermometer ca l ib ra t ion ,  have 

provided some evidence for the ex is tence  of t ransverse  zero sound and ,  

i t  is  hoped,  made a worthwhile contribution towards the grea ter  understanding 

of the Fermi l iquid.

April 19 78

K. J. BUTCHER
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T he transverse acoustic im pedance of liquid ®He has been  m easured a t 240 M H z at 
pressures from 0 3 to 28 bar in the tem perature range 0-015 to  1-0 K . The m easure­
m ents verify the ex isten ce of transverse zero sound in liquid ®He a t the higher pressures 
and enable the L andau param eter be determ ined.

The existence of a transverse zero sound mode in a Eermi liquid was 
originally postulated by Landau [1 ] and predicted in liquid ^He by Brooker 
[2 ] and Fomin [3], A necessary condition for the existence of the transverse 
zero sound mode is [2 ] :

+  3 F /(1  +  Fg'/5)-i > 6 , (1)

if Fj> 2® = 0 , where F f  are the symmetric Landau parameters. Most of the 
experimental properties of normal liquid ^He have been successfully explained 
by Landau’s theory with finite values of only F /  and Fq“, as discussed 
by Wheatley [4], who uses the alternative notation of ZJ4  for Fj“, the asym­
metric Landau parameters. Recent measurements of the transverse acoustic 
properties of liquid ®He by Roach and Ketterson [5] have indicated that 
finite values of Fg® may be required to account for their data. If then
clearly the condition in Equation 1 must be satisfied for the transverse zero 
sound to exist, whereas with Fg® = 0  it could exist at all pressures in liquid ^He. 
We show here that Fg® is much less than F £  and discuss the existence of the 
transverse zero sound mode over the pressure range 0  to 28 bar.

Experimentally transverse zero sound should be generated by a trans­
versely oscillating surface immersed in normal liquid ®He, provided 
where cu is the angular sound frequency and r a quasi-particle relaxation time. 
We have measured the transverse acoustic impedance of liquid ^He at 240 MHz 
at various pressures from 0  3 to 28 bar over the temperature range 1 0  K to 
15 mK. At the lower temperatures we have obtained data in the collisionless 
limit. We generated a short pulse ( % 2  p,s) of transverse ultrasound in a 
piezoelectric rod immersed in liquid ^He, by placing one end of the rod in a 
resonant r.f. cavity, following the method originally used for measuring the 
longitudinal acoustic impedance, as described by Wilks [6 ]. The sound pulse 
propagates in the rod, producing a series of echoes. The Nth. echo represents 
a sound pulse which has undergone {2N — 1 ) reflections at a solid/liquid inter­
face. By measuring changes in the relative amplitudes of the first and Ath

t  Work supported by the Science Research Council, with a grant and a student­
ship.
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echoes, we have determined the fractional power loss per reflection, A/S, from 
the sound pulse into the liquid ®He. A<S is directly related to the real part R  
(acoustic resistance) of the transverse acoustic impedance, Z =  F  + iX ,  of the 
helium ;

^S^4R^R„

when R<^Rg, where Rg =  p̂ Vg is the rod’s transverse acoustic impedance ; 
is the density, and Vg is the velocity of sound, in the rod. The condition 
RIRg<^l is well satisfied for liquid ^He, the maximum value of R/Rg being 
about 1 - 2  X 1 0 ” ,̂ which corresponds to A S »  2  x 1 0 ~® dB. Consequently, 
many echoes are required to obtain a measurable change in echo amplitude 
due to the liquid helium. Below 4 2  K over 3000 echoes could be seen ; the 
measurements reported here were made on the 1 2 0 0 th echo, although AS  was 
independent of echo number. Further details of the experiment and the data 
acquisition techniques used will be published elsewhere.

Measurements of the temperature dependence of Rjp at 0  3 and 28 bar 
from 0-015 K  to 1 - 0  K  are shown in Figure 1 . The density p of the liquid % e 
at F  =  0  K was taken from [4], without allowing for the small temperature 
dependence of p which is less than 0-5% below 1  K [7]. The data points above 
0-4 K have been corrected for a small temperature-dependent ultrasonic 
attenuation in the rod, which was measured separately and varied from

(•)/\ H(o)

0.05 0.1 0.2

TEMPERATURE (K)

Figure 1 The temperature dependence of the transverse acoustic resistance 
of ®He, R, measured at 240 MHz and at pressures of 0-3 bar (o) 
and 28-0 bar (•). The resistance is plotted as Rjp, where p is 
the density of the liquid. The dashed line is calculated from 
the viscosity data of Black, Hall and Thompson [8] and the 
solid line similarly from McCoy et al. [9]. The measurements of 
R were fitted to each of these hnes at 1-0 K. The low tempera­
ture limits {Rgo) are denoted by arrows on the ordinate scale.
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0  18 ms~^ at 0  4 K to 2 - 6  ms~^ at 1 0  K when expressed as a correction to Rjp.
The measurements of Rfp were taken relative to their value at 1 - 0  K ; the
absolute values of R\p  at 1 - 0  K were calculated from measurements of the
viscosity 77 of liquid ^He, using

RQ =  { r i p œ l 2 f ^ ,  (2 )

where Rq is the transverse acoustic resistance of the liquid in the hydro- 
dynamic limit, o)T<̂  1. Figure 1 shows R^jp calculated from the semi-empiric 
formula for 7) given by Black, Hall and Thompson [8] for liquid ^He under its 
s.v.p. above 0  05 K :

2 21 26 3
77 = +p2  ' p i/3 ' (3)

The data at 0-3 bar in Figure 1 have been fitted to these calculations at 
TO K where Rjp =  5'12 ms~^. Direct measurements of Rjp  at TO K from A.S 
with and without liquid helium in the cell agree with this value, although the 
experimental error in AS, due to the detuning of the resonant cavity when the 
liquid is removed, is rather large. The measured temperature dependence of 
Rjp at 0  3 bar is well described by Equation 2  from 0 - 2  to 2 - 0  K, as shown in 
Figure 1 . At higher pressures, the measurements could be fitted to values of 
Rjp  derived from the viscosity data of McCoy et al. [9]. Below 0 - 1  K Rjp

30

20

E

1 0  — /

0
10 200 30

( b a r )PRESSURE

Figure 2 The pressure dependence of the transverse acoustic resistance 
of liquid ^He at 240 MHz in the collisionless limit, R^, expressed 
as Raajp- Data were obtained by (a) warming from about 
16 mK (•) and (6 ) cooling to about 25 mK and extrapolating to 
16 mK (o). The measurement of Roach and Ketterson [5] 
at 23 0 bar is also shown (A). The results are compared with 
graphs computed from Flowers and Richardson [12] for F  ̂=  
1 , 0 , — 1 ; the solid lines are R^jp and the dashed lines are the 
parts {Rj^jp) due to transverse zero sound.
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deviates from the classical expression as the transition from the hydrodynamic 
to the collisionless regime occurs. We estimate that o jt= 1  at U 043 K for 
0 3 bar and 0-034 K  for 28 bar, from the value of given in [4]. At the 
lowest temperature Rjp  tends to a temperature independent limit R^jp. 
Measurements were taken at various pressures up to 28-0 bar and the qualitative 
dependence of Rjp  on T  was the same in all cases. Figure 2 shows the limiting 
values of Roojp versus pressure as derived from our data, and also the value 
R^jp =  2\ ± \  ms~^ at 23 bar from [5]. It  can be seen that R^ ĵp is only 
slightly pressure dependent, decreasing from 24 + 1 ms“  ̂ at low pressure to 
21 + 1 ms~i at 28-0 bar.

The transverse acoustic impedance Z of a normal Fermi liquid has been 
calculated by Fomin [10] and by Flowers et al. [11] with the Landau parameter 
Fg® =  0. Recently Flowers and Richardson [12] have derived Z as a function 
of toT, F /  and F^. They show that R  contains contributions of comparable 
magnitude from both single particle excitations and the transverse zero sound 
modes. Both these contributions to R  become independent of temperature in 
the collisionless limit and so the temperature dependence of Rjp, observed 
both by Roach and Ketterson and by ourselves, is not conclusive evidence for 
transverse zero sound. Its presence can, however, be inferred from a quantita­
tive comparison of theory with the measurements of R. Flowers et al. [11] 
found that the measured temperature dependence of Rjp  at 23 bar [5] fitted 
the theory and obtained Fg^= —1-0+ 0-5 from the limiting value R^alp- The 
temperature dependence of Xjp,  on the other hand, could not be fitted to the 
theory.

To analyse our data we have used the expressions (which are too complex 
to reproduce here) given by Flowers and Richardson [12] to calculate R^jp 
as a function of pressure for various values of Fg®, using the values for the 
density p, the Fermi velocity Vjp, and F /  given in [4]. Figure 2 shows the 
calculations of both total R^oip and that part {Rj^jp) due to the transverse 
zero sound, for Fg®= 1, 0, — 1. Our data points all fall within these limits so 
clearly Fg  ̂is small at all pressures. Within our experimental errors, as shown 
in Figure 2, F ^ ^ ^  at low pressures, but above 12 bar Fg^= — TO + 0-5, in 
agreement with the values derived by Flowers et at. [11] for 23 bar. We thus 
find that Fg® decreases as the pressure rises, but our total change in Fg® is some­
what less than that suggested in [5]. However, Fomin [10] has pointed out 
that if Fg® is necessary then Landau parameters Fj>g® might be required. 
The theory also assumes that the scattering of quasi-particles from the solid 
surface is perfectly diffuse ; if the scattering were specular, then R  would be 
zero in the collisionless regime. Experiments on the thermal conductivity of 
liquid ^He have confirmed [13] that in Vycor glass the specular reflection 
coefficient is zero. We conclude that for ^ > 1 2  bar, R^  is dominated by the 
transverse zero sound, but that at low pressures the uncertainty in Fg® implies 
a similar uncertainty in the existence of transverse zero sound.

Nettleton [14] has derived Fg®= —0-34 and —0-56 from two sets of thermal 
conductivity data at low temperatures and zero pressure. The Landau 
parameters are constrained by the sum rule [15] :

Ç l  +  F f j {2 l+ l ) '^  ?  H -F ,“/(2Z-M)^ I - 4 j “ =  0. (4)
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If we use the values of Fg®, F /  and FfP given in [4] and assume that Fg® and 
F i“ are the only other significant Landau parameters, then we find that (vlg®+- 

varies from —0 86 at 0 bar to — 0 64 at 27 bar. F ^  is difficult to deter­
mine experimentally but has been estimated variously (see [15]) as — 0 46 ± 
0 14, — 0 39 + 0 14, —0 15 + 0 3 at 0 bar and -+ 0-2 + 0-6 at 27 bar. The sum 
rule would then give respectively Fg*= — 0-30 + 0-17, —0-38 ±0-16, —0-62 + 
0-26 at 0 bar and —0-9+ 0-4 at 27 bar. These estimates are in reasonable 
agreement with the present measurements and with all other experimental 
data, with the sole exception of the measurements of longitudinal acoustic 
impedance. Brooker [2] found that the measurements of Wilks and his 
co-workers [6] in the collisionless limit could only be fitted to Landau theory 
with Fg® of 3-4 at 12-55 atm and 14-8 at zero pressure. These anomalously 
large values of Fg® suggest that a different explanation must be found for the 
longitudinal impedance data, especially as the longitudinal transmission data 
[16] is consistent with F g ~ 0  at 0-3 bar. Our conclusions are based on the 
correctness of Table V of Wheatley [4] and Wolfle [17] has pointed out that 
the m* values given there may be an overestimate at high pressures. He 
calculated, for example, from other experimental data that at ^ =  21 bar, 
Fg® = 0-4, but if we use his lower value of w*/m =  4-9 at 21 bar, our value of 
Fg® becomes — 1-2 instead of — TO, well within our experimental error.
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