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ABSTRACT

There have been many c o n tr ib u tio n s  o f work in  d i f f e r e n t  f ie ld s  

o f convexity  g iv in g  v a rio u s  m e tr ic a l p ro p e r t ie s  o f convex s e t s .  In  

th i s  th e s is  we s h a l l  c o n sid e r some fu r th e r  id eas  which seem 

in te r e s t in g  to  s tu d y . A s tan d a rd  way o f ta c k lin g  c e r ta in  types o f

problems i s  to  prove th e  e x is te n c e  o f an 'ex trem al*  convex s e t  w ith

re s p e c t to  the  p ro p e rty  in  c o n s id e ra tio n  and by a s e r ie s  o f 

arguments determ ine i t s  c o n s tru c tio n . G enera lly  speaking the  

ex trem al s e t  tu rn s  o u t to  be re g u la r  in  some sense w ith  a 

co rrespond ing ly  easy geom etry.

In  C hapters 1 and 2 we s h a l l  concern o u rse lv es  e n t i r e ly  w ith  

po ly topes and we s h a l l  g ive some r e s u l t s  on th e  m e tric  p ro p e r tie s  

o f th e i r  fa c e s . Follow ing th e se  r e s u l t s ,  we s h a l l  in  C hapter 3 

co n sid e r some c o n tin u ity  p ro p e r t ie s  o f th e  more g en era l c la s s  o f 

ce ll-co m p lex es . In  C hapters 4 , 5 and 6 , we s h a l l  co n fine  o u rse lv es  

to  th e  p la n e . In  C hapter 4 , we s h a l l  co n sid e r s e ts  which in

c e r ta in  senses correspond to  th e  s e ts  o f c o n sta n t w id th . This

lead s  us in  C hapter 5 to  g ive  some r e s u l t s  concerning th e  minimal 

w idths o f t r i a n g le s  c ircu m scrib in g  convex s e t s .  F in a l ly ,  in  

C hapter 6 we co n sid e r th e  a re as  o f c e r ta in  su b se ts  o f a  convex s e t  

which a re  determ ined by p a r t i t io n s  o f th a t  s e t  by th re e  co n cu rren t 

l in e s .

Papers which a re  re le v a n t to  th e  f i e l d  o f s tudy  in  a p a r t i c u la r  

ch ap te r a re  mentioned b r i e f ly  in  an in tro d u c tio n  to  th a t  c h a p te r .
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DEFINITIONS AND NOTATION

L et denote n-d lm enslonel E uclidean  space . I f  x&E*

w rite  X « CÇi» • • C ) where Ç. i s  r e a l  fo r  1 * 1 , . $ n .* n 1

I f  y •  (Yi* • • Y^) tE^ d e fin e

x*y "  Z C, Y, 
1 - 1

and

|*-y| " ( (x-y) • (x-y)

2 1
( Ï  (Ç. -  Y .) y  

i  -  1

we s h a l l  w r i te  xy to  denote b o th  th e  l in e  through x and y and 

th e  l in e  segment jo in in g  x to  y . We s h a l l  c a l l  th e  p o in t 

o -  (0 , . . 0) th e  o r ig in  in  E^.

A s e t  X w i l l  be s a id  to  be convex i f  whenever two p o in ts  

X and y belong to  X a l l  th e  p o in ts  o f th e  form Xx ♦ yy

where X 0 ,u  > 0,X + y -  1 a lso  belong to  X. D efine

m
conv X « { X, X, + . .  X X I Z X, -  1 , x , eX and

" “ i - x  V  A

0 < X̂  < 1 f o r  i  -  1 , . é m )

and

a f f  X -  { X, X, + . .  X X I Z X, "  1 and x , eX fo r  i  -  1 , . . m }
i  -  1
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we s h a l l  say th a t  conv X I s  th e  convex h u l l  o f X and th a t

a f f  X i s  th e  a f f in e  h u l l  o f X o r th e  a f f in e  subspace spanned

by X.

I f  { x^ , . . x^ } i s  a f i n i t e  s e t  o f m p o in ts ,  i t  i s  convenient 

to  w r i te ,

conv { X , ,  • .  X } "  conv ( x , , • . x ) andI m 1 m

a f f  { X , • . X > -  a f f  (x_, . . X ) .1 m 1 m

We s h a l l  say th a t  a  s e t  o f p o in ts  { x , • • x } i s  a f f in e ly1 m

independent i f  a  r e la t io n  o f the  form

X.x_ + , X X "  o1 1  mm

X + . X « 01 m

where X̂  i s  r e a l  fo x i » 1 , , . m im p lies  th a t  X̂  * 0 f o r i  « 1 • . m.

The dimension o f  a convex s e t  X i s  de fin ed  to  be the  dimension

o f the  subspace a f f  X o r e q u iv a le n tly  to  be one le s s  th an  th e

maximum number o f a f f in e ly  independant p o in ts  con tained  in  X.

I f  X i s  an n -d im ensional convex s e t  in  E^, l e t  i n t  X and f r  X 

denote the  i n t e r io r  and f r o n t i e r  o f X re s p e c tiv e ly . I f  X has 

dim ension le s s  than  n , l e t  r e l  i n t  X and r e l  f r  X denote the  i n te r io r  

and f r o n t i e r  o f X re s p e c tiv e ly  r e l a t iv e  to  a f f  X.

An a f f in e  subspace R o f n-1 dim ensions in  E^ w i l l  be c a lle d  a 

hyperplane and can be w r i t te n  in  the  form

R ■ {x eE^ |x .a  ■ X where a i s  a  f ix e d  v e c to r

and X i s  r e a l  y
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I f  X i s  an a r b i t r a r y  s e t  and a i s  a f ix ed  v e c to r , d e fin e  

th e  space spanned by X and a to  be the  s e t  o f p o in ts  J  given 

by

J  •  {x + Xa I xeX and X i s r e a l )  ,

I f  a i s  p e rp en d icu la r to  a  hyperplane R, then  R i s  c a lle d  

the  o rthogonal p ro je c tio n  o f X on to  R*

I f  X i s  a convex s e t  and b i s  a p o in t n o t con tained  in

X, d e f in e  the  cone spanned by X and b to  be th e  s e t  o f p o in ts  

C given by

C ■ { Xx + (1 -  X) b I xeX and X&O }

The s e t  o f p o in ts  ly in g  on, o r to  one s id e  o f a hyperplane

w i l l  be c a lle d  a c lo sed  h a lf -s p a c e ; th e  s e t  o f p o in ts  s t r i c t l y  to  

one s id e  o f a hyperp lane w i l l  be c a lle d  an open h a lf -s p a c e .

A support hyperp lane R to  a convex s e t  X i s  a hyperplane 

which in te r s e c ts  th e  c lo su re  o f X and i s  such th a t  X l i e s  in  one 

o f th e  two h a lf-sp a c e s  bounded by R. We s h a l l  say th a t  a support 

hyperplane R to  X supports  X re g u la r ly  o r i s  a  re g u la r  support 

hyperp lane, i f  RAX c o n s is ts  o f a s in g le  p o in t .

A poly tope F i s  th e  convex h u l l  o f a f i n i t e  number o f p o in ts  

o r  e q u iv a le n tly  a bounded in te r s e c t io n  o f h a lf -s p a c e s . I f  R i s  a 

supporting  hyperplane to  P then  F * RAP w il l  be c a lle d  a  face  

o f  P . I t  i s  a lso  convenient to  c a l l  th e  empty s e t  and P i t s e l f
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faces  o f P. I f  the  dimension of F i s  r ,  we s h a l l  c a l l  F 

an r -  face  o f P . We s h a l l  c a l l  the  0 , 1 andn-id im ensional faces 

o f an n-d im ensional po ly tope P , v e r t i c e s ,  edges and fa c e ts  o f P 

re s p e c tiv e ly . We no te  a lso  th a t  a poly tope,w hich  i s  two 

d im en s io n a l,w ill be c a lle d  a polygon and a p o ly to p e , which i s  th re e  

d im ensional, w i l l  be c a lle d  a polyhedron.

I f  { x^, . . x^ ^ } i s  a s e t  o f a f f in e ly  independent p o in ts

and T •  conv (x^, . . x^) we s h a l l  say I  i s  a sim plex. I f  every 

edge o f T has the  same len g th  then  T w i l l  be c a lle d  th e  re g u la r  

sim plex.

I f  P i s  any po ly tope  d e fin e  the  pa th  x in  th e  graph o f P from

v e r t ic e s  x to  y in  P , to  be th e  sub-graph o f P having as

v e r t i c e s ,  a sequence o f v e r t ic e s  x = x^ , x^ , . . x^ -  y o f P

and having as edges, th e  edges x x , x ,y _ , . . x x o f P . Two0 1 1 2  n-1 n

pa ths and x^ in  P w i l l  be c a lle d  d i s jo in t  i f  they have only 

p o ss ib ly  en d -p o in ts  in  common. I t  i s  w ell k n o w n 6]  th a t  the  graph 

o f an n-d im ensional po ly tope  i s  n -connected . In  o th e r w ords, fo r  

every p a i r  o f v e r t ic e s  x and y in  P , th e re  e x i s t  n pa irw ise  

d i s jo in t  p a th s  in  P having th e se  v e r t ic e s  as e n d -p o in ts . Two paths 

X| and ÏÏ2 w i l l  be c a lle d  edgewise d i s jo in t  i f  they have no edges in  

common. By th e  ex p ress io n  'a  p a th  in  P ' we r e a l ly  mean 'a  p a th  in  

th e  graph o f P *,

D efine a cell-com plex  K to  be th e  union o f a f i n i t e  fam ily  of
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poly topes { P. } *  c a l le d  c e l l s  such th a t  
1 - 1

(a) Each face  o f any P^ i s  con tained  in  th e  fam ily

< v : „

(b) The in te r s e c t io n  o f any two members o f the  fam ily

{ P. i s  a face  o f b o th ,
i  -  1

L et f  (K) denote th e  number o f v e r t ic e s  o f K and we s h a l l  w rite  o

(T (K) to  denote the  union o f th e  s-d im ensional faces  o f K. s

L et £  o , X 3 denote th e  n -d im ensional b a l l  o r s o l id  sp h ere , 

c e n tre  o and ra d iu s  X in  E^.

[o , x] -  { xeE*

2
I f  n -  2 we s h a l l  c a l l  D jo , X] a  d is c .

L et (o , X] denote th e  f r o n t i e r  o f  [o , Xj i . e ;  th e  sph ere , 

c e n tre  o and ra d iu s  X.

S*' [jo, x ] -  { xeE* |x | * X } .

I f  R i s  a hyperplane which meets (o , Xj] and H i s  the 

open h a lf -sp a c e  bounded by R which does n o t c o n ta in  o then  the 

c lo su re  o f HAD* jo , X] i s  c a l le d  a cap o f D* [o , X j.

We s h a l l  say th a t  a po ly tope  P i s  in sc r ib e d  in  S* jjo, x j i f

each v e r te x  o f P l i e s  on S [p» Xjj. I f  a poly  tope P co n ta in s  

a  convex s e t  ; X and each f a c e t  o f P supports  X, then  we s h a l l  say
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chat P c ircum scribes X.

I f  { } a re  a r b i t r a r y  p o in ts  in  E*, d e fin e  the

c e n tro id  o f th ese  p o in ts  to  be — (x. + x ) .m l  m

For each bounded s e t  X d e fin e

p(X, x) « in f  |x -y | ^

yeX

p(X, X) « in f  |x -y | and

X ,  cX

y cY

the  d iam eter o f X, D(X) to  be

D(X) •  sup |x -y |

X ,  y  eX

For each e > o l e t

[  X, c ]  -  { X I p(X, x) < e } .

we c a l l  th i s  s e t  th e  c lo sed  e-neighbourhood o f  X.

I f  X and Y a re  compact l e t

A(X, Y) -  ♦ *2

where 6  ̂ and &2 th e  sm a lle s t numbers fo r  which 

[x . and [Y,

A i s  c a l le d  the  H ausdorff m e tric  fu n c tio n  defined  on th e  c la s s

o f  compact s e t s .  We may say th a t  a  fu n c tio n  f  i s  continuous on
'... ... . ■ • ■ , i

th i s  c la s s  I f  f  i s  continuous w ith  re sp e c t to  th i s  m e tr ic .
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We say th a t  a sequence o f compact s e ts  { X, } I s  convergent
i  -  1

i f  th e re  i s  a compact s e t  Y such th a t

A (X ^, Y) + 0 as i  + *

and we w rite

-► Y as i  + *

I f  Z i s  a compact s e t  such th a t  fo reach  e> 0 ,

whenever i  > i^  ( e ) ,  then  we w rite  

lim  in f  X  ̂3  Z.

I f  k i s  a given v e c to r  d e fin e  th e  w idth  o f a convex s e t  X

in  th e  d ire c t io n  k , H(X; k) to  be the  p e rp en d icu la r d is ta n c e  a p a r t 

o f two d i s t i n c t  p a r a l l e l  hyperp lanes each o f which supports  X and 

i s  p e rp en d icu la r to  k .

-

The minimal w idth  o f X, H(X) i s  defined  to  be

H(X) -  in f  H (X; k) 
k

where th e  in f  imum i s  taken  over a l l  v ec to rs  k . I f  H(X; k) i s  

c o n s tan t fo r  a l l  v ec to rs  k then  X i s  a s e t  o f co n stan t w id th .

An open 're c ta n g le *  C i s  d e fined  as fo llow s

C -  {x » (Ç , . . Ç ) 
1 n

n
w rite  T(C) -  ir ( 6 . -  Yj)* 

i  - 1

fo r  i  "  1 , 2 . .  n}
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The n-d im ensional Lebesgue measure o f a s e t  X in  E* which we

s h a l l  denote by / \  ^(X) i s  given by

/ \  m  -  in f  Z Ï ( C  ) 
i  -  1

■0
U  C .D  X 

1 - 1

where th e  in f  imum i s  taken  over a l l  coveringso f X by open 'r e c ta n g le s '
8D

{ c  }
i  "  1

The m rdim ensional H ausdorff measure o f a s e t  X in  E* w ith  m 3 n 

which we* s h a l l  denote b y / i  ^(X) i s  given by

/ i  (X) -  sup in f  Z (D(S»>) ™
i - 1

6 > 0 D(S^)< 6 
0»

U  s p x  
1 - 1

where fo r  each 6>0, th e  in f  imum i s  taken  over a l l  coverings o f X

by s e ts  {S,} w ith  D(S, ) 3  6 f o r i  -  1 , 2 , '
i - 1

For a r b i t r a r y  s e ts  X and Y l e t

X I Y -  { X I xeX, x^ Y } .

A s e t  X in  E* i s  s a id  to  b e / \  -  m easurable i f ,  fo r  a l ln

s e ts  Y and Z in  E* w ith

Y C X , Z C E* |X



-  13 -

we have

A „ (YUZ) -  A „ (T ) +A (Z ).n u n

A s e t  X in  E* i s  s a id  to  b e / I  ̂ -m easurable (m ^  n) i f ,  

fo r  a l l  s e ts  Y and Z in  E* w ith

Y C X , Z C E* I X

we have

(YUZ) - A „ c r )  ♦ A ^C Z ) .

We s h a l l  c a l l ( X )  th e  l in e a r  measure o f X o r th e  'len g th *  

o f X.

The volume o f an n-d im ensional convex s e t  X demoted by 

$^(X) i s  de fin ed  to  be i t s  n -d im ensional Lebesgue m easure. Thus

♦n -  A „ < «  .

The su rfa ce  a re a  o f an n-d im ensional convex s e t  X denoted by 

i s ,  see fo r  example [?] page 88  ̂ g iven by

-  lim  ( [X , 6])  -  9  ̂ (X)
6 -► 0 f    —------- —

0

Thus i f  P i s  a po ly tope  then  9 . (P) i s  th e  sum o f the

(n -1 )-d im ensional Lebesgue measures o f the  fa c e ts  o f P . Also by

convention P i s  a face  o f i t s e l f  and so 9 (P) i s  th e  n-dim ensionaln
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Lebesgue measure o f i t s  n -d im ensional fa c e . Thus i f  P i s  a 

po ly tope  we extend th e  d e f in i t io n  o f 9 and w r ite  @^(P) to  

denote th e  sum of the  r-d im ensiona l Lebesgue measures o f the  

r-d im en sio n a l faces  of P fo r  r  -  1, 2 . . n i f  P has dimension

We s h a l l  c a l l  $^(P) th e  t o t a l  ed g e-leng th  o f P . Also i f  n -  2 

and X i s  a 2-dim ensional convex s e t ,  we s h a l l  sometimes w r ite  

P (X) and A (X) to  denote th e  p e rim e te r and a rea  o f X re s p e c tiv e ly  

and so , in  the  above n o ta tio n

P (X) -  $^(X)

and A (X) * Ô CX) .

We s h a l l  say th a t  a convex s e t  X i s  c e n tr a l  i f  th e re  e x is t s  a 

p o in t p such th a t  X co in cid es  w ith  i t s  re f le x io n  in  p . The 

p o in t p i s  c a l le d  the  c en tre  o f X.

An affine transformation i s  a transformation CT î E* E* of 

the form

C3“ (x) "  Ax + b

where b i s  a f ix e d  v ec to r and A i s  a n o n -s in g u la r n  x n m a trix .

I f  a p la n a r compact convex s e t  X can be ro ta te d  con tinuously  

through 2ir rad ian s  in s id e  a re g u la r  polygon P so th a t  each s id e  

o f P i s  always supporting  X, then  X w i l l  be c a lle d  a ro to r  fo r  P.
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For th e  rem aining d e f in i t io n *  ve s h a l l  aaauoe th a t  X i s  a  

a r b i t r a r y  s e t  in  the  p la n a .

L et X» y and s  be th re e  n o n -e o llin e a r  p o in ts .  We s h a l l  l e t

A
% y a denote the  ang le  subtended a t  y by the  line-segm en ts  % y 

and % y ,

l e t  C(x, y , z)  denote th e  connected s e t  o f  minimal le n g th  

( l in e a r  measure) which co n ta in s  x ,  y and z . Suppose C(x, y# z) has 

le n g th  I(% , y , z ) .

2
I f  each ang le  o f  t r i a n g le  x y a i s  le s s  than  l e t  W be

th e  unique p o in t in  t r i a n g le  % y z fo r  which x

* w y « y w s  * x w s  *

A Z
and i f  th e  ang le  y x a say  o f t r i a n g le  x y z i s  g re a te r

than  o r  equal to  ^  TT l e t  •  x .

The p o in t w  w i l l  be c a l le d  th e  c e n tre  o f connection  o f  t r i a n g le

x y s .

We d e fin e  a  p o in t t  as fo llo w s . I f  each ang le  o f  t r i a n g le

2
% y * i s  le s s  th an  o r  equal to  --Tr l e t  t  ■ V  .

3 '

( t  •  X i f  y X * •  I* w)

A 2
I f  th e  ang le  y x s say o f  t r i a n g le  x y * i s  g re a te r  than  jT T

l e t  t  be th e  unique p o in t which l i e s  on th e  same s id e  o f  th e  l in e

A A TT
ys a s  X and such th a t  y t  K •  i  t  X •  j  .

t
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The p o in t t  w i l l  be c a l le d  th e  c e n tre  of re v o lu tio n  o f t r ia n g le  

X y z . We s h a l l  l e t  D (x , y , z) denote the  s e t  union o f th e  segments

tx ,  ty  and tz  in  a l l  c a se s ,

2I f  each ang le  o f t r i a n g le  x y z i s  le s s  than  o r equal to  — » l e t

K (x , y , z) -  | t - x |  + | t - y |  + | t - z |  ,

I f  th e  angle  y x z i s  g re a te r  than  -j ir l e t

K (x , y , z) "  - | t - x l  + I t -y l  + | t - z l

I t  w i l l  in  f a c t  tu rn  ou t th a t  i f  each angle  o f t r i a n g le  x y z i s

2
le s s  than  o r equal to  ~  w then

C (x , y , z) "  D (g , y , z)

and

I  (x , y , z) -  K (x , y , z)

I f  X» y and z a re  c o l l in e a r  choose sequences { x }* ,{ y
i - 1  i - 1

and { z . ) which a re  convergent to  x» y and z re s p e c tiv e ly  such
i - 1

th a t  x^ , y^ and z^ a re  th e  v e r t ic e s  o f a t r i a n g le  fo r  i - 1 , 2 • •

Then d efin e

I  (x , y , z) -  lim  I  (x , y* , z .)
i  1 i

and K (x , y ,  z) -  lim  K (x^, y ^ , z^)
1 -)» 00

For each p o in t x , w r ite

I  (X; x) -  SUP I  (x , y , z)

y , z eX
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and

K (X; x) "  SUR K (x , y , z)

y , z e X

we s h a l l  c a l l  I  (X; x) and K (X; x) the  I - s t r e t c h  of x w ith  

re sp e c t to  X and th e  K -s tre tc h  o f x w ith  re sp e c t to  X 

re s p e c tiv e ly .

D efine

I  (X) -  sup I  (x , y , z)

X, y , z eX

and

K (X) -  suP K (x , y , z) .

X, y , z e X

we s h a l l  c a l l  I(X) and K(X) th e  I - s t r e t c h  and K -s tre tc h  of 

X re s p e c tiv e ly .

F in a lly  we say th a t  X i s  com pletely  I - s t r e tc h e d  i f  x ^ X  im plies

I  (XU{ X } ) > I  (X) 

and th a t  X i s  com pletely K -s tre tch ed  i f  x ^ X  im plies 

K (XU{ X } ) > K (X).
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CHAPTER 1

INTRODUCTION

Problems concerning th e  len g th  o f a n e t to  hold  a  sp h ere , the  

t o t a l  edge-leng th  of a c ra te  (a frame formed by the  edges o f a 

convex polyhedron) to  hold  a sph ere , and the  t o t a l  edge-leng th  of 

a convex polyhedron to  co n ta in  a sphere have been considered  in  

[1] , [2] . [3] and [ 4]  .

In  th is  chap ter we s h a l l  prove some fu r th e r  r e s u l t s  concerning 

the  m e tric  p ro p e r tie s  o f po ly topes which do no t seem to  have been 

inc luded  in  the l i t e r a t u r e .  In  theorem 1 we s h a l l  g ive a lower 

bound fo r  the  t o t a l  ed g e-leng th  o f  a sim plex which i s  in sc r ib e d  in  

a sp h ere , and which con ta in s  th e  c en tre  o f the  sphere.

Theorem 1

Let T be an n-dim ensional sim plex in sc r ib e d  in  the  sphere 

[6 , X] in  and co n ta in in g  the  c en tre  o.

Then (T) > 2nX fo r  each n & 2.

Lemma 1

2
L et P be a polygon in sc r ib e d  in  the  u n i t  c i r c le  S [o, X] in

2
E and co n ta in in g  the  c en tre  o . Then (?) > 4X .
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Proof

Let P have N edges . . E^. Let 0^ be the  angle

subtended by a t  the  (en tre  o fo r  i - 1 ,  • • N. Then fo r

each i  w ith  l < i < N ,  0 < 8 ^ < i T  and fo r  a t  l e a s t  one j  w ith

1 < j  4 N, 0 < 0j < ir  s in ce  P has a non-empty in t e r i o r .  Now fo r

0 < 8 < —, s in  0 0 w ith  e q u a li ty  i f  and only i f  0 -  0 o r

0 -  and s in  0 i s  a concave fu n c tio n  o f 0 in  th i s  range. Hence

^ifo r  a l l  i  w ith  1 3 i  < N, s in  -r -  ^  —  and s in  " ir  > fo r
2 ff 2 w

a t  l e a s t  one j  w ith  1 3 j  3 N. Thus

N 0.
(P) •  Z 2X s in

i - 1

N e
> 2X Î  —  -  4X . 

i - 1  '

The lemma i s  proved.

Lemma 2

2 2L et o t  be a f ix e d  ra d iu s  o f th e  c i r c l e  S [p ^ X] in  E and

X y a chord o f fix e d  len g th  which meets the  l in e  o t  between o and

2
t .  L et R be th e  tangen t to  S [o^ X] a t  t  and suppose th a t  x 

i s  n e a re r  to  R than  y i s  to  R. Then, i f  v i s  th e  m id-poin t 

o f X y and W the  fo o t o f the  p e rp en d icu la r from v on to

|v  - t7 |<  |v  -  x | *
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Proof

t  w K
At the  chord xy ro ta te #  l a  3 [o.^ , the  lo c u t o f v i t  a

c i r c l e  c en tre  o . Thut (v * w | I t  maximal when x •  t  and the  

r e t u l t  fo llo w s. The lemma i t  proved.

Lemma 3

L et P be a poly tope and l e t  o be any p o in t in  P . Then, 

e i th e r  o belongs to  tome fa c e t  o f  P o r  th e re  e x is t s  a  f a c e t  

F o f P such th a t  the  l in e  through o p e rp en d icu la r to  a f f  F 

meets F.

Proof
H

L et th e  fa c e ts  o f P be P . ,  .  .  F_. Let G » F . . Then
i  •  X

G i t  compact and thus th e re  e x is t s  a  p o in t ycQ such th a t

|o  -  y | "  in f  |o  ~ %| 

xcG
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Then yeFj fo r  some j .  I f  o ■ y th e  lemma i s  proved* I f  

o y , suppose th a t  oy i s  no t p e rp en d icu la r to  a f f  •

Then th e re  i s  a p o in t z e a f f  F  ̂ such th a t

|o -  y I > |o -  z | .

But th is  im plies th e re  i s  a p o in t We G between o and z , and so

|o -  y I > |o “ z | > |o -  w | which i s  im possible*

Thus oy i s  p e rp en d icu la r to  a f f  F^ and w ritin g  F » the lemma

i s  proved*

Proof o f Theorem 1

The proof o f th e  r e s u l t  I s  by in d u c tio n  on th e  dimension n .

By lemma 1 the  r e s u l t  i s  tru e  fo r  n » 2* We assume in d u c tiv e ly

the  r e s u l t  i s  tru e  in  each dimension k , 2 ^ k ^  n - 1*

Let the n-sim plex T have v e r t ic e s  x_, » • • x ,*  I t  i s
1 n + I

w ell known th a t  T * conv (x^, * * * %% + %)* In  view o f lemma 3

we may assume th a t  e i th e r  oe conv (x_, * • x ) o r the  l in e  through1 n

o p e rp en d icu la r to  a f f  (x , * • x ) meets th e  (n -1) sim plex1 n

conv ( x , , * . X ) .  Let x ,o  produced meet [o, x]I n  n + 1

again  in  y^ ^  ̂ and suppose R i s  the  tangen t hyperplane to  the  

sphere [p»\] ^n + 1* y^ be the  fo o t o f the

p e rp en d icu la r from x^ on to  R fo r  i  * 1* * * n . We s h a l l  consider 

two c ase s .
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Case I

Suppose oe conv (x , . . x )
1 n (1)

Now l e t  be a co -o rd in a te  system  whose o r ig in

(0 , . , 0 ) i s  the p o in t ^  ̂ end whose ax is  i s  p e rp en d icu la r

to  the  hyperplane R. Then R corresponds to  the  hyperplane 

" 0 and thus the  co -o rd in a te  o f x^ i s  equal to

|x£ -  y^l fo r  1 * 1 , . . n .

we s h a l l  assume w ithou t lo ss  in  g e n e ra li ty  th a t

(2)

Now o , the  c en tre  o f [o^ X] has c o -o rd in a te s  (0 , * . 0 ,  X) 

r e l a t iv e  to  the  above system  and so by ( 1) i t  fo llow s by convexity  

th a t  th e re  e x is t  numbers X̂  0 such th a t

and

T»
X -  L X

i - 1
m

1 -  E X .
i - 1

* i -  ? i (3)

(4)

Then (2 ) , (3) and (4) imply

A & 1*1 -  Tii (5)

Let the  l in e  x^o meet [o , xJ again  in  the  p o in t v^ .

Now x^ i s  a  v e r te x  o f  th e  (n -  1) sim plex conv (x^, • • x^) and 

so i t  fo llow s by (1) th a t  the  l in e  x^o meets conv (x^, • • x^)

in  some p o in t v^j i . e .  v^ g conv (x^, • . x ^ ). (6)
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L et be the  fo o t o f th e  p e rp en d icu la r from v£. onto R,

fo r  1 - 1  and 2. By (6) and by convexity  i t  fo llow s th a t  th e re  

e x is t  numbers y . ^  0 such th a t

n
|v  - w  | -  r V, 1%, -  7(1 , (7)

i - 2  
n

and 1 -  r  y, . (8)
i - 2

Then (2 ) , (7) and ( 8) imply

^ 2  " '^ 2 ! *• 1*2 “  ^̂2 ! • (9)

Now c le a r ly  v l i e s  on the l in e  x o between o and v and thus 

by (5) and (9 ) ,

I?! -"Wil & 1*2 -  % 1*2 "  ?2l • (1°)

Since th e  d iam eter o f S* [o , x] i s  2X # i t  follow s th a t

1*1 "  ^ l l  * 1 1̂ •  2X (11)

and

max { |x^ -  y^l , , * * \ \  “  y^ |}<  2X.(12)

Now by (10)

n ■ n
z l*i - yj < 1*1 - Til ♦ hi -wj + z 1*1 - 'il

i - 1  1 - 3
(13)

< 2X * 21 (n -  2) by (11) and ( 12)

"  2X (n -  1) . (14)
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By ( I )  and by the  In d u c tio n  h ypo thesis  i t  fo llow s th a t

(conv (x^, . . x^) ) > 2X (n -  1 ) , (15)

and thus by (14)

♦ (conv (x , . • X ) ) > I  |x  -  y I . (16)
1 -  1 ^

n
Then (t ) ■ I  |x^ -  x^ ^ (conv (x^, • • x^) )

i  * 1

n n
» z I*, -  X .1  + Z |x . -  y  I by (16) 

i - 1  i - 1

n

, ^ , ( I 'n  ♦ r  * i l  ♦ l* i -  ? i l )  
1 =  1

2 n X

sin ce  fo r  each i ,  |x^  ^ -  x^ | + |x^ -  y ^ | % 2X,

Thus case I  i s  proved and we co n sid er

Case I I

The l in e  through o p e rp en d icu la r to  a f f  (x^, * • x^) meets the  

(n -  1) sim plex V « conv ( x ^ , * • x^) in  a p o in t u say*

Now a f f  (x^, * 4 x^) meets [o,X] in  an (n -  1) dim ensional

sphere S [u, y ] , c e n tre  u and ra d iu s  y fo r  some p , 0 < y <*X« 

L et t  be th e  fo o t o f th e  p e rp en d icu la r from u on to  R and 

Qa two-dim ensional p lane  co n ta in in g  o , t  and u*
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Applying lemma 2 ( in  the  p lane  Q) i t  fo llow s th a t

|c  -  u | < y* (17)

Supposing the  c o -o rd in a te  system  ( (  , . . $ ) i s  defined  as in
1 n

case I ,  we now t r a n s la te  V away from R in  a d ire c t io n  p a r a l le l  

to  th e  ax is  by an amount y -  | t  -  u | .  w r ite

u^ ■ u + (0 , 0 , . , 0 , y -  | t  -  u | ) ■ (0 , 0 , . . 0 , y ) ,

+ (0 , 0 ,  . . 0 , y -  | t  -  u | ) fo r  i  -  1 , 2 . . n .

C onsider the  sphere ^ [u^, y ] .

The (n -  1) simplex conv (x} , • • x^) i s  in sc r ib e d  in  ^ |u ^ , ylI n

and con ta in s  u^. Moreover th e  hyperplane R i s  tan g en t to  S[u^, y]

+  1"

Thus by applying case I  to  the  sphere ^ [u^, y] we have by (16),

1 1 ^ 1  
* (conv (x , . . % ) ) > I  |x . -  y ,I  '  (18)

^ - “  i  .  1 ^ ^

But c le a r ly

(conv ( x j ,  . • x^) ) •  $ (conv (x , . . x ) )1 i n  i  i n

and
n
Ï  l * i  -  T .  I  >  I  l \  -  7,1 

1 - 1  1 - 1

and thus by (1 8 ),

n
♦ (conv (x, . . X ) ) > I  |x .  -  y .I  .

1 1 n  1 -  1 ^
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The rem ainder of the  p roof fo llow s e x a c tly  as in  Case I  from 

eq u ation  16 and i s  o m itted . The theorem is  proved.

We show next in  theorem 2 th a t  the  lower bound given in  

theorem 1 i s  the g re a te s t  lower bound, and th a t  th e re  a re  s im plices 

in sc r ib e d  in  a sphere co n ta in in g  the  c en tre  fo r  which the  sums o f 

the  r-d im ensional measures o f the  r - f a c e s  a re  a r b i t r a r i l y  sm all, 

fo r  r  «* 2, . . n .

Theorem 2

There i s  a sequence o f n-d im ensional s im p lices  {T } in
m*l

E in sc r ib e d  in  the  sphere S [o , X j, co n ta in in g  the  c e n tre  6  

w ith  the  fo llow ing p ro p e r tie s

( i )  (T ) + 2nX as m 1 m

( i i )  $ (T ) +  0 as m + * fo r  r  « 2 , 3 . . n . r  m

Proof

Let X y be a d iam eter o f [b , x] . L et y^ be the  p o in t

on o y d is ta n t  X(1 -   ̂ from o and suppose H i s  thez m
m

hyperplane through y p e rp en d icu la r to  oy. L et V be any (n -  1)m m

-sim plex  in sc r ib e d  in  the  (n -  1 ) . sphere [o , X] o f rad iu s  ~



-  27 -

L et V have v e r t ic e s  x , , . . x and w r ite  T ■ conv (x , x , , . . x ) m I n  m 1’ n

" conv { V W  {x} } , m
n

Then 0, (T ) -  (V ) + I x -  x,1 m I ' m '  . ' j
1 -  X

0 ( - )  + I  ( ( - ) ^  ♦ a  + ( x ^ - ( - ) ^ ) V ) ^m , , m m1 - 1

+ 2nX as m ”► » .

2X
* (T ) 3  @ (V ) + —  * , (V )r  m r  m r  r -1  m

-► 0 as m "+ * fo r  r  -  2 , •• m. 

The theorem i s  proved.

Next in  theorem 3 we s h a l l  prove th a t  among the  s im p lices  

con tained  in  a given sp h ere , the  re g u la r  sim plex which i s  in sc r ib e d  

in  th a t  sphere has maximal t o t a l  edge-Xength. The proof i s  a  d i r e c t  

ex ten s io n  o f the method given fo r  the  te tra h ed ro n  which appears in  [ s j .

Theorem 3

L et T be an n -d im ensional sim plex con tained  in  th e  sphere 

fb, xl Xn w ith  n ^  2.

I i
Then ^  (T) ^  (~) (n + 1) 2 x 

w ith  e q u a li ty  i f  and only  i f  T i s  the re g u la r  sim plex in sc r ib e d  in  

S“ [o, X],
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Proof

L et T have v e r t ic e s  x^ , . . x^^^ and c e n tro id  g.

Now n + 1 2 n + 1  ^ n + 1
Z 1*1 "  "  * ' Z |x . -  8 1 -  2 I (x . -  g ) • (x -  g)

1 < i  <k i - 1  U i< k  ^
(1)

n + 1 n + 1 n + 1
and 0 -  ( E ( x . -  g)) • ( E (x , -  g ) ) -  E |x . -  g | +

i - 1  i - 1  i  -  1 ^

n + 1
z (x. -  y) 

W i < k
-  g) i t )

Thus, adding (1) and (2) we have

n + 1 2 a  + I  2
Z |x , -  x |  -  n + 1 • E |x , -  g | 

K i < k  i - 1
(3)

By a theorem o f S te in e r ,  see fo r  example [s] page 56,

n + 1
E

i - 1
l*£ -  O

n * Z 2 2
? |x .  -  g | * (n + 1) |o  -  g |

i - 1
(4)

By (3) and (4 ) ,

2 1 ^  ^ 2 2 
(n + 1) X ^ I*! "  \ 1  * (a  + 1) |o  -  g |

+ 1  \

:  l* i  -  \ l
1  ̂ (n + 1) n l 4 i < k
♦ I  ' 2 (n  + 1) n 

2

n  (h  + 1)

/
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w ith  e q u a li ty  only  i f  g « o J x ^ - o | - 7 ^  and (T) -  | x^ -  x^

n (n + 1)
2

f o r  a l l  i  and k,  K i  < k < n  + 1.
3

Thus ♦ (I )  < ( 2 ))*  ( „ ♦

w ith  e q u a li ty  only  i f  T i s  th e  re g u la r  sim plex in sc r ib e d  in  

S*' [o , X],

The theorem i s  proved.

In  view o f theorem 1 we make th e  fo llow ing  c o n je c tu re . 

C onjecture

Let P be an n-d im ensional po ly tope in sc r ib e d  in  the  sphere 

S*' [o, x] in  and co n ta in in g  the  c en tre  o .

Then (P) > 2nX fo r  each n & 2 .

We s h a l l  now e s ta b l is h  th is  co n jec tu re  fo r  the  case n -  3 and 

prove th a t  a polyhedron, which i s  in sc r ib e d  in  a sphere co n ta in in g  

i t s  c e n tre , has t o t a l  edge-leng th  a t  le a s t  s ix  tim es th e  ra d iu s  o f 

the  sphere .
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Theorem 4

I f  P i s  a  polyhedron in sc r ib e d  in  the  sphere S |o , x]

3
in  £ and co n ta in in g  the  c en tre  o , then (P) > 6X.

Proof

The id ea  o f th is  p roof i s  to  choose fo u r v e r t ic e s  x , x ,
1 2

X and X in  P which a re  the  v e r t ic e s  o f a te trah ed ro n  
3 4

co n ta in in g  o and to  prove the  ex is ten ce  o f pa ths in  P

which jo in  x, to  fo r  i  < j ,  ( i ,  j )  e {1, 2 , 3, 4} and

which a re  edgewise d i s jo in t  in  p a i r s .  The theorem i s  then a 

consequence o f theorem 1. We proceed as fo llow s w ith  a lemma.

Lemma 4

3L et x^, x^ , x^ and x^ be fo u r p o in ts  on the  sphere S [o^ x]
3

in  E w ith  oe conv (x^, x^ , x^ , x ^ )*
4

w rite  $(x , x , x , x ) •  Z |x , -  x |
 ̂ ^ ^ ^ U i < j  J

Then $(x^, Xg* *3* *4) ^  with equality only if conv (x^, x^» x^, x^)

is a diameter of S [o,x].

Proof

I f  x^ , Xg, x^t x^ a re  the  v e r t ic e s  o f a te trah ed ro n  th e  lemma

i s  tru e  by theorem 1. We may thus suppose th a t  x^ , x^ , x^ , x^ l i e  

2 2on th e  c i r c le  S [o , x] in  E . Now i f  conv (x^, x^t x^ , x^) i s  a 

2
diam eter o f S [o, X] then  $(x^, x^ , x^ , x^) -  6X o r 8X.
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Otherwise we may assume th a t  x^ , . . x^ l i e  in  c y c lic  o rd e r around

[o, X] and by lemma 1 ,

l^ i -  Xgl * 1*3 "  *2 ' ^ ‘*4 "  *3* * 1^1 "  *4 ! ^ (Z)

L et X be the  p o in t o f in te r s e c t io n  x^x^ and x^x^. we may

assume th a t  oe conv (x , x , x ) w ithou t lo s s  in  g e n e ra lity  s in ce  
4

U  conv (x , X£, * i+ i^ “ conv (x^, x^ , x^ , x^) (we reduce in d ice s  

mod 4)•

Thus

2X « |o  -  x^l + |o -  x^l

< |x  -  x^l + |x  -  x^l (2)

^  l * 3 " " * l  I +  1* 4 -  X g l  .

Adding equations (1) and (2) we o b ta in

$(%1 , *3 » *4) ^ (3)

The lemma i s  proved.

Now l e t  V be any fix e d  v e rte x  o f P and l e t  the  l in e  vo

produced meet P again  in  u . Then u i s  con tained  in  some fa c e t

F say w ith  v e r t ic e s  v , v  , • * v  • Then, given any v e rte x  v1 2  n p

o f F, th e re  e x is t  v e r t ic e s  v , v  such th a t  u i s  con tainedq q + 1

in  the  t r ia n g le  v v v The te trah ed ro n  v , v , v , v , thenp q q+1 p q q+i
co n ta in s  o and so by theorem 1 has t o t a l  edge-leng th  g re a te r  than 

6X. Now i t  i s  c le a r  th a t  th e  t o t a l  edge-leng th  o f F i s  g re a te r
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than  o r equal to  th a t  o f the  t r ia n g le  v v v , •  T here fo re , in
p q q+1

o rd e r to  prove th e  r e s u l t ,  i t  i s  s u f f ic ie n t  to  prove th a t  th e re

e x i s t 8th re e  p a th s in  P jo in in g  v to  v , v to  v and v to  v ,
P q q+1

re s p e c tiv e ly  which a re  p a irw ise  edgewise d i s jo in t  and each o f which 

has no edge in  common w ith  F •

We prove nex t th a t  we may suppose th a t  every fa c e t  o f P which 

meets F , a c tu a l ly  meets F in  a segment. L et H be a p lane 

p a r a l l e l  to  a f f  F and on the  same s id e  o f a f f  F as P . Theô  i f

H i s  s u f f ic ie n t ly  c lo se  to  a f f  F , then  U meets p re c is e ly  those

1
f a c e ts  of P which meet F and no o th e rs .  L et F "  EH P.

Consider th e  polyhedron P con tained  in  P which i s  ob ta ined  by

1 1 
tak in g  F in  p lace  o f F . Then P has th e  p ro p e rty  th a t  every

fa c e t  o f P^ which meets F ^  a c tu a lly  meets F ^  in  a segment.

Next fo r  the  rem ainder o f th i s  p roo f we may assume th a t  u i s

n o t a v e r te x  o f P fo r  i f  th i s  i s  the  case then  uv i s  a d iam eter

and |u  -  vj ■> 2X. Then s in ce  th e  graph o f P i s  3-connected , see

fo r  example [ l 6] page 213, i t  i s  w e ll knownthat th e re  e x is t  th re e

p a irw ise  d i s jo in t  pa ths in  P from v to  u and thus the  t o t a l

edge-leng th  o f P i s  g re a te r  than 6X.

1 1
L et th e  l in e  vo meet F in  u . Then i t  fo llow s by c o n tin u ity

and by lemma 4 , th a t  a l l  te tra h e d ra  whose v e r t ic e s  c o n s is t  o f th re e

v e r t ic e s  say v  , v  % Y ' ,  o f F^, and v , and which co n ta in  u^,
P q q+1

have to t a l  ed g e-leng th  g re a te r  than  (6 + y)X fo r  some p o s i t iv e
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number y fo r  a l l  p o s it io n s  o f H s u f f ic ie n t ly  c lo se  to  a f f  F , 

s in ce  u i s  n o t a  v e r te x  o f P . Hence, i f  p a th s in  P^ from 

V to  v^ , V to  and v to  v j^^can  be found o f th e  type desc rib ed

fojr P i t  w i l l  fo llow  th a t  the  t o t a l  edge-leng th  o f P^ i s  g re a te r  

than  (6 + y)X, Then l e t t i n g  H approach a f f  F , we have th a t  the  

t o t a l  ed g e-leng th  o f P i s  g re a te r  than  o r equal to  (6 + y)X and 

thus g re a te r  than 6X«

For the  rem ainder o f th e  p roo f then  we s h a l l  assume th a t  each fa c e t  

o f  P which meets F , meets F in  a  segment*

L et F , F , • • F be a  la b e l l in g  in  o rd e r o f the  fa c e ts  o f1 z  n

P which meet F excluding  F i t s e l f .  We may assume th a t  each fa c e t

F^ has e x ac tly  one edge e^ in  consoon w ith  F ^ e x a c t l y  one edge

in  common w ith  F^^^, e^ :ji f ^ ,  and th a t  th e re  i s  an edge 

jo in in g  e^ and f^  which l i e s  in  FA F ^, Moreover th e  v e r t ic e s

corresponding  to  th e  edge g^ a re  th e  only  v e r t ic e s  th a t  F and F^

have in  common.

1-1
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We s h a l l  co n sid er the  graph o f P which i s  3-connected . Thus, i f  

w i s  any v e rte x  in  F, then th e re  e x is t  th re e  p a irw ise  d i s jo in t  paths 

in  P from v to  w which consequently  have only  the  en d -po in ts  v and 

w in  common.

Denote th ese  paths by Suppose the  v e r t ic e s  o f x^ a re

V ■ w , w , . . w •  w. Let a & 1 be the  l e a s t  in te g e r  fo r  which w 1 Z m a

belongs to  soma fa c e t  o f P which meets F. Let y * w . S im ila r ly1 a

d e fin e  y^ and y^ fo r  pa ths x^ and x^. By d e f in i t io n  y^, y^ and y^ 

a re  d i s t i n c t  o r "  ^3 "  and we may suppose th e  fa c e ts  in

which they l i e  which meet F a re  K^, and re s p e c tiv e ly .

We e s s e n t ia l ly  then  have th re e  cases to  co n sid e r.

Case I

Case I I

Case I I I

*1 T  %3' 

t  Kj ,  Kj  t  Kj .  t  K3 .

We s h a l l  suppose w ithou t lo s s  in  g e n e ra l i ty  th a t  * F^.

Let u^, u^, • , u^ be a la b e l l in g  o f the  v e r t ic e s  o f F^ in  o rder 

around F , We may suppose th a t  F, and F have the  v e r t ic e s  v. 

*nd v j^^  in  common, th a t  u^ ■ and u^ •  v^ where we d e fin e

“ ^1*
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n - l

Before ve co n sid er th e  above cases we s h a l l  prove a lemma.

Lemma 5

In  cases I  and I I ,  th e re  e x is t s  ano ther fa c e t  K *|" K meeting

F , and p a th s T , T. and T_ in  P w ith  t , jo in in g  v to  u_, t .1 2  4 1 3 2

jo in in g  V to  and jo in in g  v to  some v e rte x  o f K

such th a t  and a re  edgewise d i s jo in t  fo r  1 4- J and, t ^ .

T. and T have edges in  common only  w ith  K •  F o f a l l  th e  fa c e ts  
2 3 1 1

o f P which meet F.

Proof

Consider f i r s t  case I I . We may suppose th a t  y^ 4

Let y^ “  and y^ « u^ where 3 3 i^  < 1% < *"

Then l e t  be th e  sub'-path o f jo in in g  v to  y^ to g e th e r w ith

th e  edges u^ u ^ , u ^ u ^ ^ ,  . . u^u^, be th e  sub-pa th  o f 
1 1  1 1

jo in in g  v to  y_ to g e th e r w ith  th e  edges u, « . ,#  « i . , » Wj - , * • • 
2 , 2
the  sub-path  o f jo in in g  v to  y ^ . Define
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/g  "  and K ■ K^. The paths and have th e  req u ired

p ro p e r tie s  o f th e  lemma.

We now co n sid er case I .

Let y " u , , y * u, and y ■ u, where we can assume
1 ^ ^ S

3 3 i^  3 ig  3 ig  ^  Then must leave  y^ fo r  w s in ce

ir^ and a re  pa irw ise  d i s jo in t .  L et be the  f i r s t  v e rte x  which

ir  ̂ meets a f t e r  has l e f t  y^ fo r  w and which belongs to  some

F^. Suppose x ^ c F j  fo r  some j  ^ 1 .  Let K « F^, u^^ ■ x^ and

be the  sub-path  o f jo in in g  v to  x^.

Suppose the  sub-path  o f jo in in g  v to  y^ i s  fo r  i - 1  and 2.

Extend i|> and  ̂ to  g ive p a th s  from v to  u . and v to  u1 2  3 e

re s p e c tiv e ly  In  the  san^ manner as was used in  case I I ,  and <hnote

the  r e s u l t in g  pa th s by and re s p e c tiv e ly . The p a th s  x^, x^

and x^ have the  req u ired  p ro p e rty  o f the  lemna.
n

On the  o th e r hand i f  x e F and x 4 F , ,  then x. must
i  -  2

be one o f the  u^ w ith  3 < i  < e ,  i  ^ i ^ ,  i  ^ i g  and i  4> i^#

L et X = u. . F i r s t l y  i f  i  < j  < i  then as above x must
1 1 1 2  3

leave x, fo r  w. L et x_ be th e  f i r s t  v e r te x  which x_ meets a f t e r1 2 3

X has l e f t  x fo r  w and which belongs to  some F , .  I f  x e F ,
3 1 1 2 J

11fo r  some j  ^ 1 , l e t  K -  F^, u -  x^ and re p e a t th e  argument in

th e  previous paragraph w ith  x^ in  p lace  o f x^« Again the  r e s u l t
n

follow s, O therw ise x e F and x . 4 L J  F . . Then as be fo re
1 - 2
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*2 "  where 3 < i  < e , i  i  4= ^2 * ^ ”1“ ^3 and i j ,  j ^ .

Suppose %2 -  Uj . Again i f  i ^ <  jg <  ig  d e fin e  in  th e  same

way as x^ and x^ and continue the  arguments above.

Now s in ce  th e re  e x is t  only  a f i n i t e  number o f in te  gers i satisfying

i^  < i  < ig  th e re  i s  a l e a s t  in te g e r  t  ^  1 such th a t  the  f i r s t  
n

v e rte x  z e F . , which x meets a f t e r  having l e f t  x fo r
i - 1  '

w i s  not equal to  u^ fo r  any i  s a t i s fy in g  i^  3 i  3  i ^ .

I f  z^ c F. fo r  some j  4* ^ the  lemma i s  proved as in  case I I .
n

Otherwise z c F and z ^ U
i  -  2

Thus z^ -  u^ say where 3 < k^< i^  o r i^  < ^  e .

Note th a t  i f  i^  -  3 and i^  -  e then  th is  case could no t occur and 

fie lemma would have been proved a t  the previous s ta g e . We s h a l l  

suppose then  w ithou t any r e a l  lo s s  in  g e n e ra li ty  th a t  3 ^  k^ < i^ .

Now k^ ^ 3  fo r  i f  k^ -  3 then  z^ -  u^ c F^. We suppose then  th a t  

3 < k j  < i l  < Ig f  « .

But now we must have th a t  x leaves y •  u, fo r  w since
1

^1* ^2 ^3 pa irw ise  d i s jo in t .  We now apply the  whole

argument again  w ith  x^ in  p lace  o f x^ and e i th e r  the  lemma i s  

proved o r we can d e fin e  z .  -  u . in  a s im ila r  way as we defined
kg

z^ where k^ s a t i s f i e s  3 < k^ < k^ < i^  o r i^  < k^ < a . By

con tinu ing  in  th is  fash io n  we must have a s t r i c t l y  monotonie sub-sequence

o f th e  in te g e r  sequence {k^} tend ing  e i th e r  down to  3 o r up to  e

i f  the  lemma were f a l s e .  But s in ce  u_ e F_ and u e F th e re  must3 2 e n
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be a p a th  fo r  some e^ w ith  1 ^ e^ ^  3 which jo in s  v to

some v e rte x  say where fo r  some j  4  ̂ 1 .

11
Let T- be th e  sub-pa th  o f  ̂ which jo in s  v to  u •

^ *3
Suppose a t  th i s  s tag e  ,  and j, w ith  {e , e , e } C { I ,  2 , 3}

* l  *2 1 2  3
and e , •(• e ,  fo r  i  4» j  jo in  v to  u say , and v to  u1 J

m n

re s p e c tiv e ly  where 3 ^ ^  k^ . .  ^  k^ < i^  and k ^ *  k ^ ^
m m- 1 n - l  n

Let be th e  sub -pa th  o f  % jo in in g  v  to  u and ^
*1 “1 m

th e  sub-path  jo in in g  v  to  u^ * Extend and M  in  case  I I  

to  o b ta in  and t j *  Then %*, and have the  inquired

p ro p e r t ie s  and th e  p ro o f o f th e  lemma i s  com plete.

We s h a l l  now prove case  I  and I I  s im u ltaneously  by means o f the

lemma 5 . We s h a l l  suppose th a t  K -  fo r  some s w ith  2 * # 3  n

where we again  d e fin e  v -  v  . For th e  rem ainder o f th i s  theorem
n+l 1

a p a th  which has no edges in  common w ith  F w i l l  be c a l le d  an

o - p a th  in  P . We suppose then  th a t  t  ^  and a re  defin ed

as in  lemma 5 . Suppose th a t  u , th e  p o in t o f in te r s e c t io n  o f vo

produced w ith  F , l i e s  in  th e  polygon conv (v^, v ^ , •• v ^ ) . The case

uc conv(v^, Vg^^, •• v^ , v^) i s  s im ila r  and i s  o m itted . We may suppose

then  th a t  us conv(v , v , v ) where 2 ^ q< q + l^  s .
1 q q+1

L et 6 denote th e  edge u u. in  F . Then th e re  e x i s t  @ -paths d . &nd g 2 e l l  1 4
11in  P w ith  6 , from u . to  v and w ith  6 .from  u to  v which a re  edgewise 1 3 q 3 q+1
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d is jo in t  w ith  and W ith ^jConsistiTiÿ)f p a irw ise

edgewise d i s jo in t  ^a rc*  o f F , F . . .  F
2 2> q and w ith

consistingof pa irw ise  edgewise d i s jo in t  “-arcs of F , F , Fs 8-1 q+1 •

Define 0. «■ 'C, U S. fo r  i  * 1, 2 and 3 . The ®. a re  1 1 1  i

th re e  p a irw ise  edgewise d i s jo in t  “-paths in  P from v to  v^ ,

V to  V and v to  v re s p e c tiv e ly  and each i s  edgewise d i s jo in t  w ith  ° q-»i
F. The theorem thus fo llow s in  cases I  and II .-  We i l l u s t r a t e  the 

s i tu a t io n

I t  remains to  prove case I I I .

We s h a l l  suppose y^^ F^, y^ ®F  ̂ and y^ where 1 ^ s ^ t <  n . 

Let denote the  sub-path  o f jo in in g  v to  y^ fo r  i  * 1,
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2 and 3. Then the  a re  p a irw ise  edgewise d i s jo in t  a -p a th s  in

V which have no edges in  common w ith  any fo r  j  « 1 , 2 . .  n .

We suppose f i r s t  th a t  uc conv (V , V_, V , •• V ) and so u
1 8 8+1 t

l i e s  in  soma t r i a n g le  w ith  v e r t ic e s  V_ V , V , where
1 q q+1

s ^ q < q+1 < t .  Then l e t  6 be the  a -a rc  from y to  v in
1 1 1

F^. Then th e re  e x is t  a -p a th s  5^ *ad 6^ in  P w ith  from

y g to  v^ and w ith  6^ from y^ to  v^^^ which a re  edgewise

d is jo in t  w ith  d^, x^ and x^, w ith  c o n s is tin g  o f  pa irw ise

edgewise d is jo in t  o -a rc s  o f F^, F^^^, . .  F^ and w ith  d^ c o n s is tin g

o f p a irw ise  edgewise d i s jo in t  a -a rc s  o f F^, ^ t-1*  " * *q" Define

^1 "  ^ i i  "  1 , 2 and 3. The 6^ a re  th re e  p a irw ise

edgewise d i s jo in t  n -p a th s  in  P from v to  v ^ , v  to  v^ and v to

v^^^ re s p e c tiv e ly  and each i s  edgewise d i s jo in t  w ith  F* The theorem

i s  thus proved i f  uc conv (v^, v  , v^^^, . .  v ^ ) . However, i f  th is

i s  no t the  case then  uc conv (v , v , v v , v .)  o r8 t  t+1 n I

uc conv (v^, v^ , v^ v^) and th e  p roof i s  e x ac tly  s im ila r  to  the

above. Thus the  theorem i s  com pletely proved. We i l l u s t r a t e  the

case uc conv (v j ,  v^ , v^^^, . .  v ^ ) .
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b + l

'S+1,

or.

V t

We now in tro d u ce  a new fu n c tio n  y  defined  on a sim plex which 

we show in  theorem 5 tak es  a minimum on the  re g u la r  sim plex among 

th e  c la s s  o f  s im p lices  o f given volume*

Theorem 5

nL et T be an n-d im ensional sim plex in  E w ith  n ^ 2 w ith

vertices x,, x., .. x .
^ ^ a  + 1

Define y (T) • inf Z |x - x.|.
i  -  I

xcE
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Then n , n - l•4 ^ >' '
n

w ith  e q u a li ty  i f  and only  i f  T i s  a re g u la r  simplex*

Proof

We f i r s t  s t a t e  two lemmas*

Lemma 6

L et and be 2 n non-negative

numbers*

Then

® 2 2 l  ^  2 ^  2 &
Z ( C  >- ( ( 2 C, )  + ( I  - nJ  y

1 - 1  ^ *■ 1 - 1 ^  1 . 1  ^

w ith  e q u a li ty  i f  and only  i f  * . .  and •  • • 7]̂ »̂

P roof

This i s  th e  w ell known Minkowski in e q u a lity  and th e  p roof

\

\
\

\

\
i s  o m itted . \

I f  T i s  an n-dim ensional sim plex we s h a l l  now w rite  T "  T* in  

o rd e r to  emphasise th e  dimension o f T.

Lemma 7

In  E^, n %, 2 , l e t  be th e  re g u la r  sim plex w ith

c en tro id  g , and w ith  v e r t ic e s  x^, . . x^^^
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Suppose I g -  x^l “ 6^ fo r  i  ■ 1, . . n  + 1.

n + 1
n .

Then y(S ) -  Z | g -  x , | ■ (n + 1) 6 .
1 - 1  ^

I f  g^ Is  not th e  c en tro id  o f then

n + 1 
Z

i - 1
Z I -  X I > Y(s“ ) .

Proof

The proof i s  by in d u c tio n  on n .

When n -  2 , the  lemma i s  tru e  by lemma 15.

Suppose the  theorem tru e  in  each dimension k w ith  2 < k n - l .
n + 1

By the  c o n tin u ity  o f Z |x  -  x , |  as a fu n c tio n  o f x i t

.1 - 1  \
follow s th a t  th e re  e x is ts  a  p o in t g fo r  which

n + 1
Y (S*) -  Z |g  -  X I . (1)

i - 1  1

Suppose th a t  i s  no t th e  c e n tro id  g o f S^. C lea rly  g ^ e S ^ .

Then we can assume th e  n o ta tio n  i s  chosen so th a t

“ \ \  > |g^ -  Xgl '  (2)

n - l
Consider the  re g u la r  (n -  1)-sim plex  S -  conv (x^, , . x ^ ) .

L et h and h^ denote th e  o rthogonal p ro je c tio n s  o f g and g^

re sp e c tiv e ly  on to  a f f  (x^, • • x ^ ) .

n—1
Then h i s  the  c e n tro id  o f S .

Also h^ «f h f o r ,  i f  h^ -  h then  |g^ -  x^ | -  |g^ -  Xgl

which by (2) i s  f a l s e .
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Thus by the in d u c tio n  hypo thesis

0 n
Ï  |h  -  X I > Ï  | h - x . |  

i - 1  i - 1
(3)

"  *0-1

where Ô , * |h  -  x , l  fo r  i  -  1, 2 . . n .n - l  1

Mow hx , i s  p e rp en d icu la r to  a f f  (x , . • x ) and so i f  we choose n+1 1 n
11a p o in t g on hx , such th a t

n+1

|h^ -  g^l -  |h  -  g^^l (4)

then

n + 1
Then Y(S^) -  Î  |g  -  x ,

i - 1  ^
n

>  Z ( | h ^  -  X +  | h ^  -  +  I g ^ ^  -  X . 1

i  -  1 ^
(5)

Z ( |h ^  -  x^ l^  + |h -  -  x^^^l

by

i - 1 n

i- a f ^ i  -  l l h  ~ X j ljZ + |h _ g“ i y

+ |g^^ -  X ,1  by lemma 6 n+1
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S

> n M ------------------  I + |h  -  g I /"  + |g  - X

“  ^*n-l + |h  -  (3)

where 6 _ -  |h  -  x .I  fo r  i  -  1 , 2 . . nn - l  ' i '

^ , 11 ,Z |g  -  X I
i - 1

^  Y(S^) by d e f in i t io n .  (6)

But (6) i s  im possib le and so the  assum ption th a t  was not the 

c en tro id  was f a l s e .

Thus lemma 7 i s  proved.

Proof o f theorem 5

For each n w rite

By th e  Blaschke s e le c t io n  theorem we may assume th e re  e x is t s  a  sequence

o f s im p lices  {T .^j convergent to  a poly tope o f a t  most
i - 1

n + 1  v e r t ic e s  o f dimension le s s  than  o r  equal to  n such th a t

( ' " M ”
n as i  •+ » . (8)
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Since Che r a t i o  in  c o n s id e ra tio n  i s  in v a r ia n t  under s im i la r i ty  

tran sfo rm a tio n s  we may suppose

Y (T?) -  1 fo r  i  •  1, 2 . . . (9)

Now CT < -  and to  ♦ (T?) 0 aa i  .n n 1

Thus ♦ (S*) > 0 and so i s  m sim plex,
n

Then c le a r ly
. n

Iy (S°)1 -  <̂ n (10)

♦ (s" )n

and so the  in f  imum in  (7) i s  a t ta in e d .

We show next th a t  i f  T^ i s  a  sim plex fo r  which

(y(T°)1 -  <?n (11)

0 (T^) n

then  T*' can only  be the  re g u la r  sim plex.

The proof i s  by in d u c tio n  on the  dimension n . 

when n -  2

Suppose (y (T^)] “  where T^ i s  the  (12)

*2 o f )

t r i a n g le  x y s .

2Then by lemma 15 i t  i s  easy to  see th a t  Y(T ) i s  the  len g th

o f the  connected s e t  o f minimal len g th  co n ta in in g  x» y and *.

2
Suppose now th a t  T i s  n o t th e  e q u i la te r a l  t r i a n g le  and say 

Ix-yl > |x -x | (13)

ve co n sid er two c a se s .

Case 1
2

Each angle  o f t r i a n g le  x y s i s  le s s  than  j  v .
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On yz e re c t the e q u i la te r a l  t r ia n g le  u y z w ith  u on the  s id e  

o f yz o p p o site  to  x . By lemraa 15

Y ( I  ) -  |u  -  x | .  (14)

Then th e re  e x is t s  a p o in t on the  c i r c l e ,  c en tre  u , rad iu s

|u -  x | on the same s iz e  o f yz as x such th a t

p (yz, x) < p (yz, x ^ ) . (15)

2 1 
Let T_ be t r ia n g le  x yz .

1

We may assume by tak in g  s u f f ic ie n t ly  c lo se  to  x th a t  each

2 , 2 
angleofT^ i s  le s s  than  -jx.

Then y  (T^) -  y  ( I  ^) (16)

bu t «^(T^) < . (17)

Thus (16) and (17) combined c o n tra d ic t  (12) and Case I  i s  im possib le . 

We consider

Case I I

/ \  2 2 
The angle y x z , say o f T i s  g re a te r  than  o r  equal to

Then again  by lemraa 15

Y (T^) -  |x  -  y I + |x  -  z j .  (19)

ve now choose a p o in t y^ on the  c i r c l e ,  c en tre  x , rad iu s  |x  -  y| 

such th a t
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p(xz , y) < p (xz, y S «  (19)

2 1
bu t be the  t r ia n g le  xy z .

2 X
Then y (T ) » |x  -  y | + |x  -  z |

Ï- Y (?2^) (20)

and *2 (T̂ )̂ < *2̂ "̂ 2 ^̂  ' (21)

Thus (20) and (21) combined c o n tra d ic t  (12) and so case I I  i s  a lso

im possib le .

2
Thus T must be e q u i la te r a l  and the  sta tem en t i s  tru e  fo r  n « 2. 

Suppose now the  r e s u l t  i s  tru e  in  each dimension k w ith  2 ^  k ^  n - l .  

Suppose th e  r e s u l t  f a ls e  in  and th a t  th e re  e x is t s  a sim plex

T*' which i s  no t re g u la r  such th a t

*^n “ (7 . (22)
*n(T")

L et T^ have v e r t ic e s  x^ , . . x^^^ and suppose

I* ! -  *2 ! >1=1 -  * 3 l-  (23)

n“*lL et T » conv (x_, . . x ) .1, n
n“*lLet S(T ) * conv (y , . • y ) say be a re g u la r  sim plex such th a t

1 n

* ,  (S (t" ‘  ) ) -  * , (t“ * ) . (24)n - l  n""i

n—1 ^

L et L be a  l in e  through th e  cen tro id  g o f S(T ) which i s

n""lp e rp en d icu la r to  a f f  S(T ) «
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Choose a p o in t y , on L such th a tn+1

P(S(t“~ S ,  (25)

Then i f  S(T* )̂ « conv (y , . . y ) i t  i s  c le a r  th a t
1 n+1

^ (S(T*)) -  $ (t“ ) .  (26)n n

we may assume as in  lemma 6 th a t

n + 1
Y(I*) « Z 1% -  X,I (27)

i - 1

fo r  some x t T  .

• 1 » • tt"*lThen i f  x i s  the  p ro je c tio n  ofx on to  a f f  T i t  fo llow s by

the  in d u c tio n  hypo thesis  and lemma 7 th a t

2 Ix^ -  x ; l Î- Y(t” '^ )  > Y (S (l"" l)  )
i - 1  ^

-  n ig  -  y .I  fo r  i - 1 ,  . .  n .

(28)

This im plies using  a s im ila r  argument to  th a t  given in  lemma 6 th a t

Y d " )  > Y (s d " )  ) .  (29)

n
But (26) and (29) c o n tra d ic t  (22) and so T must be the  re g u la r  

sim plex.

Theorem 5 now follow s by c a lc u la t io n  and th e  theorem i s  proved.

Next using  theorem 5 , we prove in  theorems 6 and 7 re s p e c tiv e ly .
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th a t  among the  c la s s  of s im p lices  o f given volume the  re g u la r  

sim plex has minimal t o t a l  ed g e-len g th  and su rfa ce  a re a . I t  follow s 

then  by a r e s u l t  in  [ iQ  page 313 th a t  aiwng the  s im p lices  

co n ta in in g  a given sp h ere , th e  re g u la r  sim plex which circum scribes 

th a t  sphere has minimal t o t a l  edge~length and su rface  a re a .

Theorem 6

L et T be an n-dim ensional sim plex in  w ith  n % 2 .

2 n -l
Then (T )j  > n^. n . (n+1) 2

w ith  e q u a li ty  i f  and only i f  T I s  th e  re g u la r  sim plex.

Proof

I f  T i s  any n-d im ensional sim plex i t  i s  qgain convenient to  

w r ite  T * T°.

Using th e  same arguments as in  theorem 5 we may assume th a t  th e re  

e x is t s  a sim plex fo r  which

.  w  iv!!£ ̂
♦ ( s “ ) r "  * d " )
n n

we show f i r s t  th a t  i f  T^ i s  a simplex fo r  which
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then  can only be th e  re g u la r  sim plex .

The proof i s  by in d u c tio n  on n . 

when n "  2

I t  i s  w e ll known and easy to  prove th a t  o f a l l  t r ia n g le s  o f given

a rea  only the e q u i la te r a l  t r i a n g le  has minimal p e rim e te r .

The statem ent then i s  tru e  fo r  n * 2 .

Suppose now the sta tem en t i s  tru e  in  each dim ension k w ith  2 ^  k < n-1

Suppose T^ i s  a sim plex fo r  which

n  "  (T*) j
 r -  (3)

<>n (x*^)

and th a t  T^ i s  n o t re g u la r .

In  o rd e r to  avoid r e p e t i t io n  we s h a l l  assume th e  same convention and

n o ta t io n  as th a t  in troduced  in  theorem 5 from eq uation  (22) onwards.

1 1L et X , and y   ̂ be th e  o rthogonal p ro je c tio n s  o f  x . and
n+1 n+1 n+1

n” l  n“*l 1
y , on to  a f f  T and a f f  S(T ) re s p e c t iv e ly .  Then y 

n+1 n+1
n-1

i s  th e  c e n tro id  o f S(T ) •

By theorem 5 ,

I  -  'n+11 > T ( l”
^ 1 n-1

> Y(S(T ) )

-  *1?! -  fo r  i  -  I ,  . .  n  : ( 4 )
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This im plies again  using  the  arguments o f theorem 5 th a t

1 * 1 - V i  I "  ^  l ^ i - V i  I .i  ■ 1 i  -  1

By in d u c tio n  hypo thesis

(S (t” ' S  ) (6)

Thus by (5) and (6)

' (t“ ) -  f ,  (T”" h  + S
1 - 1 *1 ■ *n+l

-  (S(t“ ) ) .  (7)

But s in ce  as b e fo re

* (T°) -  * (S ( l“ ) ) ,  (8)n n

(7) and (8) c o n tra d ic t  (3) and i t  fo llow s th a t  must be the  

re g u la r  sim plex. Theorem 6 now fo llow s by c a lc u la t io n .

Theorem 7

Let T be an n-dim ensional sim plex in  w ith  n ^  2.
3n-2

Then »  (n + 1) ^ n ^

( n - X ) l

w ith  e q u a li ty  i f  and only i f  T i s  th e  re g u la r  sim plex.
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Proof

I f  T i s  n-dim ensional we ag a in  w r ite  T * T*. Using th e  same 

arguments as in  theorem 5 we may assume th a t  th e re  e x is t s  a sim plex 

fo r  which

we s h a l l  show th a t  i f  i s  a sim plex fo r  which

(•. «”>)
n-1 ng (2)

then  can only  be the  re g u la r  sim plex.

The p roof i s  again  by in d u c tio n  on n .

when n "  2 the  statem ent fo llow s by p u ttin g  n "  2 in  theorem 6. 

Suppose now th e  sta tem en t i s  tru e  in  each dim ension k , 2 ^  k ^  n -1 . 

Let T^ be a sim plex fo r  which

n
and suppose T i s  n o t re g u la r .

Throughout the  rem ainder o f th e  p roo f o f th i s  theorem we s h a l l  assume 

the  same convention and n o ta tio n  a t  th a t  in troduced  in  theorem 6 

from equation(3) onwards.
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n-1
L et T have (n-2) dim ensional f a c e ts  F , • . F and w r ite

1 n

P(^i» " P i  fo r  i  "  1, 2 . . n . (4)

n-1
Suppose S (T ) has n-2 d im ensional f a c e ts  G , • . 0  and w r ite

1 n

P(Gj, -  p . fo r  i  -  1, 2 . . n . (5)

Also l e t

Then

I V x ' V i >  ■ l? .+ i  -  ? I+ i l  -

(7)

we n o te  th a t  by the  in d u c tio n  hypo thesis

> V 2 ) (8)

and we a lso  have

Thus by (7) and lemma 6,

f (  “  * „ -2 < " i> -9 il '  * n - 2 < " i H Y
i  -  1 1 - 1

À  >P * 'I'l
by (8) and (9)
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i ï  (( \v2<v-9r*Ui»„-2(v‘‘r f  1 - 1

À  (%1 - 1

Thus (9) and (10) imply

$ n _ l( :  )> *n_l (S(T ) ) '  (11)

But s in ce  we have a lso

* ( t “ ) -  ♦ (S ( t“ ) ) (12)n n

i t  i s  c le a r  th a t  (11) and (12) c o n tra d ic t  (3)

and so i t  fo llow s th a t  i s  th e  re g u la r  simplex*

The theorem i s  completed by c a lc u la t io n  .

C o ro lla ry  to  theorems 5» 6 and 7

L et T be an n-dim ensional sim plex co n ta in in g  the  sphere 

Then

i )  y(T) & n(n  + 1)X,

l i )
n n+1
2 —  “-1

l i i ) »  ,(T ) >. °  '  •
( n - l ) i

E q u a lity  holds in  ( i ) ,  ( i i )  o r ( i i i )  i f  and only  i f  T i s  re g u la r  

and T circum scribes [o ,X ].
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Proof

I t  la  known, see fo r  example [ l l ]  page 313 th a t  i f  T i s

a sim plex co n ta in ing  the  sphere |o ,X | then

n+1 n

m  » ("  + 1 )  '  1° (1)
n l

w ith  e q u a li ty  i f  and only i f  T i s  re g u la r  and c ircum scribes 

s “  [o . X].

In  view o f (1) then  th e  c o ro lla ry  i s  a t r i v i a l  consequence o f 

theorems 5 , 6 and 7*

F in a lly  we end th i s  ch ap te r by g iv ing  an elem entary  r e s u l t  

concerning two polygons which c ircum scribe  a c i r c l e .  The r e s u l t  

a lthough very  easy to  prove does n o t seem to  have appeared anywhere.

In  [b] J.V.Uspensky proved th a t  i f  two polygons were in sc r ib e d  

in  a  c i r c l e  and the  len g th  o f th e  la rg e s t  edge o f one polygon was

le s s  than  th e  len g th  o f th e  sm a lle s t edge o f th e  o th e r  then  the

p erim ete r and su rfa ce  a re a  o f th e  form er polygon was g re a te r  than  the

p e rim e te r and su rface  a rea  o f  th e  l a t t e r .

We s h a l l  prove in  theorem 8 th a t  i f  two polygons c ircum scribe 

a c i r c l e  and th e  len g th  of th e  la rg e s t  s id e  o f one polygon i s  le s s  than 

h a lf  th e  leng th  o f the  sm a lle s t s id e  o f th e  o th e r  then  the  perim ete r 

and su rface  a rea  o f the  form er polygon i s  le s s  than  th e  p e rim e te r and 

su rface  a rea  o f the  l a t t e r .



-  57 -

Theorem 8

1 2 ( i )  I f  P and P a re  two polygons c ircum scrib ing  S [o , x]

and the  len g th  o f the  la rg e s t  edge o f P i s  le s s  than h a l f  the

len g th  o f th e  sm a lle s t edge o f P^

then  (P) < (P^) fo r  i  « 1 and 2.

( i i )  There e x is t  polygons Q and c ircum scrib ing

[o, Xj such th a t  a l l  except two edges o f Q have len g th  le s s

1than  h a l f  the  len g th  o f th e  sm a lle s t edge o f Q and

(Q) > ^  (Q^) fo r  i  « 1 and 2.

Proof

We s h a l l  assume throughout th a t  X -  1 w ithou t lo ss  in  g en era lity *  

Then “  (P) -  (P) (1)

and a s im ila r  equation  holds fo r  P^.

Thus we need only prove the  r e s u l t  fo r  i  -  1 .

( i )  We f i r s t  prove th e  follow ing* L et p be a f ix e d  p o in t on

5 [o, X]* Suppose th a t  a  segment E o f f ix e d  len g th  e and

en d-po in ts  x and y i s  moved from a p o s it io n  where th e  m id-po in t of 

E co in cid es  w ith  p to  a p o s i t io n  where x co in c id es  w ith  p and

E i s  always tangen t to  S |o ,  l ]  a t  p . I t  i s  c le a r  th a t  th e  angle

A , _ - l e  -1
6 -  y 0 p In c reases  from ta n  -j to  ta n  e*
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L et y o X -  ÿ

Then tan  6 + tan  (*-6 ) « e

and thus

sec ^ 8 + -  1) sec^ (* - 6)'d0 0 .

Hence ^  -  1 -  ^ 2 1 ^ )  do 2^
COS 0

*”1 c *“X
< 0 i f  ta n  ~2  ̂  ̂  ̂ ta n  e .

Thus ( T  ) i s  an in c re a s in g  fu n c tio n  o f  8 in  th e  range 
9

-1  e _ -1ta n  T  < 8 < ta n  e*
2

Now l e t  P have edges E_, . . E o f len g th s  e_ , * . e
I  m 1 m

re sp ec tiv e ly *  Suppose th a t  Ê , subtends an angle a t  o fo r

i  ■ 1, • * m* L et P^ have edges e J ,  • * E^i o f len g th s  e \  . * e ^ i
X m 1 flu

I  1and suppose E^ subtends and angle a t  o . The above paragraph

im plies

!i<!i
*1
j

(2)

whenever 1 ^  i  ^  m and 1 ^ j  ^ m̂ *
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2tr 2 tt

,  m
sin ce  _ 1

E ♦. -  2w and E *. -  2*
1 - 1  1 - 1 ^

Thus

(p) < ( p \

and p a r t  ( i )  i s  proved.

1 2 (11) L et Q be en e q u i la te r a l  t r i a n g le  c ircu m scrib in g  S l ]  .

11 2 L et Q be an is o sc e le s  t r i a n g le  x y  z  c ircu m scrib in g  S [p, l ]

which i s  n o t e q u i la te r a l .

I t  i s  w e ll known and easy to  prove th a t

(Q^) < (Q^S .

Now choose p o in ts  y^ and on ox , oy and os re s p e c tiv e ly  

which a re  c lo se  to  z ,  y and s .

L et Q be th e  polygon which i s  bounded by th e  tan g en ts  to  S [o , l ]  

from x^, y^ and s^ . I t  6 1 lows th a t  i f  x^ , y^ and s^ a re  s u f f ic ie n t ly  

c lo se  to  X , y and s  re s p e c tiv e ly  then

♦ l (qS  < *1 (Q)

and a l l  excep t two edges o f Q have len g th  le s s  than  h a l f  th e  len g th  

o f  an edge o f The theorem i s  proved.
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CHAPTER 2

INTRODUCTION

In  th i s  ch ap te r ve s h a l l  In v e s tig a te  some m e tric  p ro p e r t ie s  o f  

p o ly to p es , which a re  In sc rib e d  in  a  sp h e re , which c o n ta in  i t s  c e n tr e ,  

and whose r-d im ensiona l faces  have sm all r-m easure fo r  d i f f e r e n t  va lues 

o f r .

We show f i r s t  in  theorem 9 th a t  an n-d im ensional p o ly to p e , in sc r ib ed  

in  an n -sphere  co n ta in in g  i t s  c e n tre  and w ith  i t s  r - f a c e s  o f  sm all 

f c r  r  * 1 , . . n- 1  ' f i l l s '  most o f th e  sphere  in  a  sense 

d e sc rib ed  below. This o f  course  im p lies  th a t  th e  volume and su rface  

a re a  o f  such a poly tope d i f f e r s  by on ly  a  sm all amount from the  volume 

and su rfa ce  a re a  o f  the  so lid -sp h e re  o r  b a l l ,  a  f a c t  which i s  s ta te d  

and proved in  a c o ro l la ry .

Theorem 9

L et X and d be g iven  p o s i t iv e  numbers w ith  d < X.

L et F (c) be an n-dim ensional po ly tope  in sc r ib e d  in  th e  sphere

[b , X] in  w ith  n ^  2 and co n ta in in g  th e  c e n tre  o , w ith  the  

p ro p e rty  th a t  th e  r-d im ensional fa ces  o f  P(e} have Lebesque A -  measure 

le s s  than  6 f o r  r - 1 ,  2 .  . n - 1 .  L et ^  (e) denote th e  c la s s  o f a l l

such po ly topes P (c) and w r ite

A  (c) •  sup t  (P (e ) t o’* X] )

P ( c ) e ? ( e )

Then A (*) 3  * whenever (n# \
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Proof

Wa prove the  r e s u l t  by in d u c tio n  on the  dimension n . When

n - 2  suppose X and 6 a re  given w ith  6 < X and l e t  e (2 , X, 6)
0

-  2 (2X4 -  4^)* .

Then fo r  a l l  P (e) e ? ( e )  w ith  e < e (2 , X, 4 ) ,

2 ,  2 1 
4 (P (e ) , D [o, X]) < X -  (X“ -  3 L )

4
2 2 ^-  X -  (X -  2X6 + 6 )

-  5

and so

A (e) ^  6.

The theorem then i s  proved fo r  the  case n - 2 *

we assume in d u c tiv e ly  th a t  th e  r e s u l t  i s  tru e  in  each dim ension k

w ith  2 < k ^ n - 1 .

We suppose then th a t  6 and X a re  given w ith  5 < X .

L et P(e) be an n-dim ensional poly tope in sc r ib e d  in  [o, x] 

w ith  th e  p ro p e rty  th a t

A (P (e ) , [o, X]) ^  A (e,X) -  y  (1)

L et the  (n -  1) dim ensional faces  o r fa c e ts  o f P (e) be 

F^(e) fo r  1 -  1, 2 . . m (e). Let o^ (e) and p^(e) denote the  cen tre

and ra d iu s  re s p e c tiv e ly  o f th e  (n -  l ) - sp h e re  S*'  ̂ [© ^(e), p ^ (e )]

which i s  the  in te r s e c t io n  o f a f f  F^ (c) and [o, X].
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» 2 2 2 
Now s in ce  (e) + |o  -  o ^ (e ) | -  X i t  fo llow s by lemma 3 th a t

i f  y .(e )  -  max y^(e) then  O j(e) i s  con tained  in  F j ( e ) ,

l 3 i$m(e)

Thus we may assume th a t  fo r  each e > 0 th e re  i s  a po ly tope P (e)

s a t is fy in g  (1) having a fa c e t  F(e) which i s  in sc r ib e d  in  an (n -  1)

-sp h e re  S  ̂ |o ( e ) , y (e )]  and co n ta in in g  o ( e )  w ith  th e  p ro p erty

th a t  each o th e r  fa c e t  o f P (e) i s  in sc r ib e d  in  an (n - l) -s p h e re  o f 

ra d iu s  le s s  than o r equal to  p(G ),

Suppose th a t  th e re  i s  an i n f i n i t e  sequence { e ,} * tend ing  to  zero
i -1

as i  tends to  in f i n i ty  such th a t

2 i
U (e .)  ^ T) where tj "  (X6 -  6_) . (2)

4

L et G (e^) be a po ly tope s im ila r  to  F(e^) b u t reduced in  the  r a t io  

*n : y(c^) about o(e^) as c e n tre  o f s im il i tu d e .

Then by an ap p ro p ria te  t r a n s la t io n  we may assume th a t  G(e^) i s  

in sc r ib e d  in  th e  (n -  l ) - s p h e re   ̂ [o, tj]  fo r  i  •  1 , 2 , .  .

Moreover th e  r-d im ensiona l faces  of G(e^) have A^-measure

r
le s s  than ( V \  e and thus le s s  than  or  equal to  e . fo r

i  ^

r  "  1 , . . n - 2  and i  -  1 , 2 . .

Thus by the  in d u c tio n  h y p o th es is .

A ( G (e^), D [o , H]]) "+ 0 as i  (3)
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Hence fo r  a l l  1 ^  i  ,
0

° * i  V l  V i ( ° ( V ) ^  V i ( ^ ( Y ) *  h .

But (4) la  c o n tra d ic to ry  s in ce  +  0 as i  •  and thus y(e) < f? 

whenever t  ^ (n , 6, X),

Thus i f  e ^ (n , 6, X) I t  fo llow s th a t  a f f  F^(e) i s  d is ta n t  a t  le a s t

2 2 ^
(X -  1) ) from o fo r  i  -  1 , 2 . . m (e). I t  fo llow s th a t  the  

s o l id  sphere [o, (X^ C P(e) C [o, X],

Hence A (P (e ) , d“ [o ,X ] ) ^  A(d“  [o ,  (X^ D*" [o, X])

-  X -  (X^ -  1)2)*

-  X -  (X^ -  XÔ + ^  by (2)

6 ^
2 *

and thus by ( 1)

A(e, X) < 6 . 

The theorem i s  proved.

C o ro lla ry

In  and in  the  same n o ta tio n  as theorem 9 d e fin e

♦ (e) "  in f  $ . (P (e )) fo r  i  = n-1  and i  ■ n .
1 1
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Then lim  * .(c )  •  ♦ . ( s “ [o,XJ) •  \  ' I f  i  -  n-1
E -+ 0 + ^

(n .n-1

" # ( W  1 '  1 " ='

Proof

Let d > 0 b« g iven . For each c > 0 choose n-dim ensional

po ly topes P (e) and P , («) in  J  (e) such th a t  n n—1

♦ d&$^ (p £ (c)) fo r  i  "  n-1  and I  « n . (1)

By c o n tin u ity  o f volume and su rfa ce  a re a , and a lso  by theorem 9 i t  

fo llow s th a t

(S^ [o, xj) -  ♦^(P^Ce)) < d fo r  i  « n-1  and i  ■ n

(2)

whenever e ^  e (n , d , X).

Thus (1) and (2) imply

♦j, (S° (o , X]) -  2d ^  # j(c )  fo r  i  •  n-1  and i  •  n (3)

whenever e 3 (n , d , X).

Thus (3) im plies

l i a  # j(g )  ^ (S^ [o , X]) fo r  i  ■ n-1  and i  •  n . (4)
E +  0  +

Since t r i v i a l l y

♦ j (PjXc)) (  « j ( s “  [o . X]) M  p ^(c ) c  s“  [o , X]

i t  fo llow s th a t
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i t  fo llow s th a t

e + P+. * i( s )  ^  [o» X]) fo r  i  ■ n-1 and i  -  n . (5)

Hence (4) and (5) imply

e V o +  * i(c )  "  4 j(S *  [o , X]) fo r  i  » n-1  and i  -  n 

and the  theorem i s  proved.

We now prove a theorem which s h a l l  re q u ire  in  the p roof o f  theorem 11. 

Theorem 10

L et X be a  bounded s e t  in  n ^  2 w ith  p o s i t iv e  Lebesgue

A^-measure. Then, i f  H i s  a given p o s i t iv e  in te g e r  th e re  e x is t s  

c(N)> 0 such th a t  i f  {x^, x^ , . . x^} i s  any s e t  w ith  the  p roperty

( S L  ■ * i O  * * 0 0 .
th a t  sup fvain ,______ , ) then a l l  a rc -w ise  connected s e ts

xeX

E co n ta in in g  {x^, x^# * • x^} have l in e a r  measure > N.

Proof

Let C be a c losed  hypercube co n ta in in g  X. L et C have

ed g e-leng th  e .  For each in te g e r  k d iv id e  C in to  (3k)^ open

d is jo in t  equal hypercubes o f s id e  ““  . Suppose e x a c tly  m(k) o f these

open hypercubes co n ta in  a t  l e a s t  one p o in t o f X. Then X i s  con tained

in  the  union o f th ese  m (k) d i s jo in t  open hypercubes to g e th e r  w ith

a c losed  s e t  T o f A_-measure zero*n
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Since each open hypercube in  A -m easurable and T I s  A -m easurablen n

i t  fo llow s th a t

»(k) ( —  ) ^A ^(X ). ( 1)

C onsider the  p a r t i t i o n  o f  C as an a rra y  o f (3k)^ open hypercubes

C (i , • . i  ) where 1 4  i ,  4 3k, . . 1 < i  ^  3k. i n  1 n

L et T (p , . . p ) -  U c (3 r  + p , . . . 3r  + p )

0$ t  < k -l n

where 1 < p , < 3 . . 1 < p 4  3 .
1 n

Each T ( p , , . . p ) i s  a  union o f  open hypercubes and each i s  1 n
2e

d is ta n t  ^  from any o th e r .

Moreover,

Suppose m(p^, . .  p^) hypercubes o f  T (p^, . . p^) co n ta in  a t  le a s t  

one p o in t o f  X.

3k “
1» • • P ) •  ®(k) ^  (-—) A (X) (2)i n  e n

by ( 1) .

3 3
Then I  • • Z m (p

P ^ -l
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Thus by (2) th e re  e x is t  In te g e rs  p^ , . • p^ w ith  1 < p^ ^  3 , •

1 < P < 3 such th a t  n

1 3k ^ 
m ( p . ,  . . P ) » —  (— ) A (X) I n _n e n

3

k “
"  ( - )  A^(X). (3)

For th ese  p a r t ic u la r  va lues o f p^ , . . p^ l e t

T(P% * • P^) “  T(p) and m (p^, . . p^) -  m(p)

we s h a l l  consider k so la rg e  th a t

A (X) n-1
A > N. (4)o V e

e
We then  choose g > 0 such th a t  0 < c - *6k

The m(p) open hypercubes o f T(p) which co n ta in  a p o in t o f  X

w i l l  be denoted by CL, , . C ,
1 m(p)

L et c j  and be the  hypercubes obtained from by 

m ag n ifica tio n s  o f in  th e  r a t i o  2 : 1 and 3 t 1 re sp e c tiv e ly  

about th e  c en tre  o f as c e n tre  o f s im il i tu d e .

Now each i s  d is ta n t  a t  l e a s t  from any fo r  j  "j* i  

and s in ce  and a re  b o th  open i t  fo llow s th a t

c j  "  * and r \  ♦ fo r  i  ^  j .

A lso each co n ta in s  a p o in t o f X and by the  choice o f  e i t  

fo llow s th a t  any s e t  {x^, . . x^} s a t i s fy in g  the  co n d itio n  o f the
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theorem must have p o in ts  in  common w ith  fo r  each i  w ith  

m(p) •

We suppose then x, e c \  x, c . • x, e C^, . .
\  1 ^2 :  A (p )  =(P)

Then s in ce  E i s  a rc -w ise  connected i t  fo llow s th a t  th e re  i s  an 

a rc  o f E jo in in g  x. to  th e  boundary o f cî"^ which must th e re fo re  

have len g th  a t  l e a s t  fo r  i  -  1 , . . m (p).

Thus A ^ (E )  » m(p) •

A (X ) n-X 
» — r ” ( ï )  hy (3)

> N . by (4)

The theorem i s  proved.

We a re  now ab le  to  prove th a t  an n -d im ensional po ly to p e , in sc r ib ed  

in  an n -sphere  con ta in in g  i t s  c e n tre  and w ith  i t s  r - f a c e s  o f sm all 

r-m easure fo r  r  « 1 , . . n - 1 , has 'la rg e*  to t a l  ed g e-len g th .

Theorem 11

In  E °, n ^  3 and in  th e  same n o ta tio n  as theorem 9 d e fin e

(O  -  In f  (P (*))

Then lim  ♦ (*)

$ "+ 0 +
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Proof

L et N be a given p o s i t iv e  in teg e r*

For each e > 0 l e t  P(e) be a poly tope in * J  (e) such th a t

(e) + I  > (P ( s ) ) .  (1)

L et P (e) have v e r t ic e s  x f ,  x ^ ,  .  . x ^ , . .
1 2

Since [o, xj is compact ve may assume th a t  th e re  e x is t s  

X (e) e S* [o, x] fo r  which

min |x(e) -  x* | -  sup (min jx -  x ^ | ) . (2)
l$i3m (e) _nr- l« i^m (e)Xgw , Aj

Suppose i f  possible th a t  th e re  e x is t s  sm all 5 > 0 and a sequence

M
{e,}  tending to zero as j  tends to  i n f i n i t y  fo r  which

j -1

«i
min |x(c.) -  X. I % 6 > 0 fo r  j  -  1 , 2 . . , (3)

I3 i3m (e.) ^

Then fo r  each j ,  x (e .)  does n o t belong to  a f a c e t  o f P (e .)  and
j  J

so th e re  i s  a fa c e t F(Gj) o f P(Gj) fo r  which

p(x ( e . ) ,  F (e ,) )  "  P (% (e ,), P ( e ,) )  . (4)
J j  j  j

Suppose w ithou t lo ss  in  g e n e ra l i ty  th a t  F ( e .)  has v e r t ic e s  

X,  ,  ,  . % , . where n < p (e .)  < m ( e j ,  and th a t
1 P ( t j )  J J

Cf . e ,
|x ( e .)  -  X, I -  min |x (e  ) -  x . | .  (5)

 ̂  ̂ ' l< l$ p (£ j)  ^
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Suppose the  hyperplane R (e .) which i s  p e rp en d icu la r to  o x (e ,)  

and passes through meets ox(e^) in  y (e ^ ) . Then i t  fo llow s

by (5) th a t

p (x (C j) , F (S j) ) ^  |x (C j) -  y (E j) |

e . 2

2X

> 0 by (3)

(6)

I t  fo llow s by (3 ) , (4) and (6) th a t

p (x (G j) , P(Gj) ) ^  n > 0 fo r  j  -  1, 2 • . (7)

where A -
2X

But by theorem 9, i f  j  ^  then

A ( P ( e ,) ,  d“  [o , X]) < ^  , (8)

and thus p (x (E j) , P(Gj) ) < I

Thus (7) and (8) a re  c o n tra d ic to ry  and so (3) i s  im p o ssib le .
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Thus fo r  each e > 0 we may assume

min | x (e) -  x^| < 6 (t) (9)

where 6 (e) tends to  zero as e tends to  zero

We p ro je c t  by orthogonal p ro je c tio n  on to  a hyperplane R.

For any p o in t x l e t  x^ denote th e  o rthogonal p ro je c t io n  o f x 

on R. Then [o, X] p ro je c ts  on to  an (n - l)-d im e n s io n a l s o lid

sphere [u, X] o f rad iu s  X and c e n tre  u and thus by (9)

sup (min |y  < 4(c) (10)

ycD*-l [u. X]

Moreover the union of th e  1-d im ensional faces  o f P (e) p ro je c ts  on to
^ 1 1 1

an a rc -w ise  connected s e t  E (e) which co n ta in s  

But then  by theorem 10, i f  e < e(N) then

/ l ^ ( E ( c )  ) > N. (11)

Thus s in ce  the d is ta n ce  between two v e r t ic e s  i s  decreased  by orthogonal 

p ro je c tio n  i t  fo llow s th a t

*l(P(E) ) > N

and so by (1)

$ l(e )  > I
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Hence lim  $ (e) > ~  •
c + 0 + ^

But N was a rb i t r a ry  and so

lim  $ (e) * »
e + 0 +

and the  theorem is  proved.

For the  rem ainder of th is  ch ap te r we s h a l l  work in  th re e

3dim ensional Euclidean space £ • We co n sid er nex t polyhedra 

in sc r ib e d  in  a sphere co n ta in in g  i t s  c en tre  and which have sm all 

edge-leng ths bu t which do n o t n e c e s s a r i ly  have fa c e ts  o f sm all 

a re a . In  theorem 12 we look a t  the  su rfa ce  a re a  and volume of 

such polyhedra and then  in  theorem 13 co n sid e r th e  t o t a l  

ed g e-len g th s .

Theorem 12

L et Q(e) be a 3-dim ensional polyhedron in sc r ib e d  in  the  

3 3sphere S [o, aJ in  £ and co n ta in in g  the  c en tre  o w ith  the  

p ro p e rty  th a t  each edge o f Q(e) i s  o f len g th  le s s  than  e .

L et 2 (e )  denote the  c la s s  o f a l l  such polyhedra Q(e) and d e fin e

Y (c) -  in f  $ .(Q (e) ) fo r  i  ■ 2 and 3.
Q(c)E%(c)

\
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Then ( i )  lim  Y^(e) -  2irX^,
G -» 0 +

( i i )  lim  Y (e) -  0
e H- 0 +

Lemma 8

For any in te g e r  N, the  su rface  a rea  c  o f th e  s e t  ob ta ined  by

removing N d is jo in t  caps from the  s o lid  sphere D [o, p] i s  g re a te r

2
than  o r equal to  2ïïu .

Proof

Let the caps be C , C , . C and suppose each cap C, i s1 2  N 3.

d is ta n t  from o f o r  i  * 1 , 2 . , N .

2 ^  ^ 2 2 
a  4irX -  I  2 r X ( X -  X . )  *** 2 ir (X ”  X . )  . ( 1 )

1 - 1  1 1 - 1  ^

^ 2 2 2
I f  I  IT (X -  X.) & 2ttX then  c e r ta in ly

i  -  1

2
cr ^ 2irX .

^ 2 2 2
I f  2 TT (X -  X.) < 2irX ,  (2)

i  -  1 ^

2 " 2
then  o" * 4nX -  2 r  (X -  X.)

i  -  1

2 “ 2 2 ^  4ïïX -  2 r  (X -X ,)
1 - 1

> 2h \^  by (2) .

The lemma i s  proved.
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Proof o f Theorem 12

2We prove f i r s t  by an a p p ro p ria te  example th a t  lim  2ïïX .
c -► 0 ♦

L et Pj* ^2* * * ^  v e r t ic e s  o f a re g u la r  polygon which i s

To. Xl and H f a h a n r  —̂in sc r ib e d  in  the  sphere S [o, X] and d is ta n t  ~  from o .

Let denote the r e f le c t io n  o f p^ in  the  p lane  through o which

i s  p a r a l l e l  to  a f f  (p , • . p ) .
1 n

L et Q(n) * conv (p , . . p , q , , . . q ) .i  n i  n

Then Q(n) has two faces  which a re  re g u la r  polygons o f s id e

1 i , TT
2X(1 -  —7) s in  — and n faces  which a re  re c ta n g le s  each o f which4 n

has one s id e  o f len g th  2X(1 -  **—) s in  — and the  o th e r  s id e  of
4 nn

len g th
2X

n

s  [o ; X]

Thus fo r  a l l  n & N (e) , Q(n) cZ,(e)

and so

<e) (  lim  «2 (Q(a) )
n -
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2 ^
lim  (2n*-;~ ( l  — ~ ) s in  ^  + n . ~ ( 2X(l — ~ ) s in  ~  ) 

_ . ^  «6 4 n 2 4n •  n n n n

lim  (2tt\ ^(1 — y ) . llL + i .  (2X̂(1 -  ~ )  s in —))
4 n n 4 n

2ttX^.

l l
n

Thus lim  Y (e) ^ 2nX^, 
c +  0  +

I t  remains to  show in  o rd e r to  prove ( i )  th a t

lim  ^^(e) ^  2ïïX^. 
G + 0 +

Choose 6 such th a t  X>d>0 and then  co n sid er any e > 0 w ith  

0 < e ^  < 26X-6^. (3)

Let Q(e) be any polyhedron in  % ( e ) .

Now suppose th e re  i s  a fa c e t  F o f Q(e) such th a t  a f f  F meets

3 2D (o,X -  6]  in  a d isc  D [u, n] c e n tre  u and ra d iu s  n > 0 .

3 2
Then i f  a f f  F meets D [o , X] in  the  d isc  D [u , u] , u > n

2 i
i t  fo llow s th a t  each edge o f F o f len g th  ç i s  d is ta n t  (u -  -—*)

4

from u.
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D "

2 2Also n "

■ (u^ -  26A ♦ ô^)

2 I
< (u -  — ) by (3)

< <Û  -

s in ce  each edge o f Q(e) and in  p a r t ic u la r  F has len g th  le s s  than

Thus each fa c e t  F o f Q(e) s a t i s f i e s  one o f the  fo llow ing ;

(a) F does not meet D [p# ^ "  4
2

(b) F meets D [o, X -  6]  In  a t  most a p o in t o r

2
(c) F meets D [o, X -  d] in  a d is c ,

2
Thuf the  s e t  Q (e) A  D [o , X -  d] can be ob ta ined  by removing N (e,5)

d i s jo in t  caps from the  s o lid  sphere [o , X -  d] and thus by lemma 8

has su rface  a rea

cr ( e ,« )  Ï. 2ir (X -  6 ) ^ .
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Thus (Q(e) ) ^ 2tr (X -  6)^

and so Y (e) = in f  $ (Q(e) ) 2tt (X -  6)^
Q ( e ) e Z ( E )

2 2 whenever 0 < e  * 26X -  6 .

Thus lim  ^  2ir (X -  d)^
e 0 +

add s in ce  the  choice o f d was a r b i t r a r y  i t  fo llow s th a t

lim  Y (e) > 2irX̂  
c 0 +

and p a r t  ( i )  of the  theorem i s  proved.

I t  i s  obvious th a t

0 4 Yg (e) < lim  (Q(n) ) -  0
n -► «

and so

lira (e) * 0
e -► 0 +

and so the  theorem is  proved.

Theorem 13

3In  E and in  the same n o ta tio n  as theorem 12 d e fin e

Y (e) -  in f  $ (Q(e) )
Q(6)eZ (c)^

Then lim  (®) ■ 4%&.
c -► 0 +
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Lemma 9

Let {C.} be a c o l le c t io n  o f caps o f D [o, X] such th a t  
^ i - l

has no in te r io r  p o in ts .  L et ( T d e n o t e  the  su rfa ce  a re a  of 

the  p o rtio n  o f the f r o n t ie r  o f which i s  conrnon to  S [o, x] 

fo r  i  -  I ,  2 . .

* 2  ^Then, i f  Z <T, « 4wX , th e  t o t a l  sum % of th e  len g th s  o f the
i  -

circum ferences of the d is c s  which form th e  bases o f the  caps is

g re a te r  than 4%X.
N

Note we allow  f i n i t e  c o lle c t io n  {C.} by d e fin in g  C, * * fo r  i  > N.
i - l  ^

Proof

~ 2Given £ cr . » 4rX # Thus i f  each cap C, i s  d is ta n t  X.
i - l  " '  ^

from o fo r  i  » 1, 2 • • then

Z 2nX (X -  X ) -  4irX (1)
i - l

and 80

^  -  Ï  2» (X^ -  X?)*
i - l

I 2v (X -  X ) /  * JV)
i - l  1 A X.

> Ê 2ÏÏ (X -  X ) 
i - l

-  4»rX by (1 ) .

The lemma i s  proved.
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Lemma 10

2
Let X be a su b se t o f S [o, x] o f p o s itiv e /l^ -m e a su re . Let 

R be any fix ed  p lane and l e t  denote th e  o rthogonal p ro je c tio n

of X on to  R, Then has p o s i t i v e / l 2~ïaea3u re .

Proof

3 1For any s e t  Y in  E l e t  Y denote the  o rthogonal p ro je c tio n  

o f Y on R.

L et and R  ̂ be two p lanes R^ each o f which i s  th e  same

d is ta n c e  n from o and p a r a l l e l  to  R.

L et G denote the closed  su b se t o f [o, X'j which l i e s  between

R  ̂ and R^« We s h a l l  suppose th a t  n i s  so sm all th a t

Now G 80

^ 2 ®  -  /izCGAX) + / I g  (%|G). (3)

Hence by (2) and (3)

^(x Ig) > MgCX) > 0 .  (4)

1
We s h a l l  suppose ) "  0 and o b ta in  a c o n ta d ic tio n . I f

A 2 (X^) "  0 then  c e r ta in ly  /I^C  (x |G )^) » 0 . (5)

2 ' ■ 3Let S [o, X] be a g re a t c i r c l e  o f S [o, X] which l i e s  in  a

2
p lane  p e rp en d icu la r to  R and l e t  th e  tan g en ts  to  S {o, X] make 

an acu te  angle * w ith  R^ and R^ a t  the  p o in ts  o f in te r s e c t io n
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of [o, X] w ith  and re sp e c tiv e ly .

RHiLet e be a number w ith

(6)

Now equation  (5) im plies th a t  fo r  each 6 > 0 th e re  i s  a sequence

of s e ts  {H-} such th a t  
i - l

H^CR,

and

ÿ  H 3  (X|G) , 
i - l

D (H^) < 6 cos * ,

Z  "
i - l

e 2  ̂•j cos (7)

L et be the  space spanned by and th e  normal to  R and

d e fin e  K. and L. to  be th e  In te rs e c t io n s  o f J ,  w ith  S [o , X]
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i

Then x | g C Û  (K. U L .)
i  -  1 ^ *■

and a l to

max (D(K^), D(L^) ) $ aec * D(H^) ^ d. (8)

Hence in f  (d(S ) ) ^  < Z (o (K .))^  + Z (D (L ,))^

SjCE^ ^ ^ ^

B ( ÿ  6 8
Ü  S d x |g 

i - l

< 2 «ec * r ( d (K.))
1 - 1  ^

< t  by (7 ) , (9)

But th ia  im plies 

/ I j  (x|G) ÿ e < i A j ( X )  <A^  (x |g )  by (4) and (9) which i t  

im possible#

Thus/^2 (X^) ^ 0 and th e  lemma i s  proved.

Proof o f Theorem 13

We prove f i r s t  th a t  lim  * (C) ^  4%%. For each in te g e r  n ,
G- » 0  +

co n sid er the polyhedron Q(n) defined  in  theorem 12. Then fo r  a l l  

n )5, N(e)» Q(n)EZ(t) and so

* . ( : )  * l i m f , W(n) )
1 n-*- «0 i

* 1 1 i  2%-  lim  (2 .n . 2 t i n -  . * ( 1 -----  ) * . n)
“ -  “  n"* n^
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. I . 2
lim  (4 ,1  (1 -  -L ) ( n ))
n •> » n 2

n

4ïïX.

Thus lim  W^(e) <: 4%X. 
£ -♦' 0 +

I t  remains to show

lim  y^(c) ^ 4ïïX. 
£ +  0 +

L et 6 > 0 be given. For each e > 0 choose a polyhedron Q(e) in  

the  c la s s  2 (e) such th a t

(Q(e) ) < (£) + 6 . ( 10)

Let ( e . )  be a sequence tend ing  to  zero as i  tends to  i n f i n i t y .
^ i - l

S ince $^(Q(£^) ) < 4wX + 6 ( 11)

and the sequence o f polyhedra {Q (e.)} i s  uniform ly bounded we
i - l

may assume by the Blaschke s e le c t io n  theorem th a t  th e re  i s  a subsequence 

00 00

{e . } o i {£.} fo r  which ^ (Q(e. ) ) tends to  some number $

j  j .  1 '  "

3and Q(e. ) tends to  a convex s e t  Q con tained  in  D [o , Xl as j 

tends to  in f in i ty *  Thus by o m ittin g  ap p ro p ria te  terms we may assume 

to  s im p lify  the  n o ta tio n  th a t
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and

Q (ep  -► Q as i  + "  « (13)

Now l e t  n > 0 be given w ith  n < X. Then i t  was shown in  theorem 12 

th a t  e i th e r

2
(a) D [p, X - n ]  C Q(e^) o r

(b) D [p, X - n] meets the  f r o n t ie r  f r  Q(e^) o f Q(e^) in  c losed

2 2d is c s ,  whenever i  i s  so la rg e  th a t  ^  2nX -  n .

Hence tak in g  the  l im it  as i  tends to  i n f i n i t y  i t  fo llow s th a t  e i th e r

3 r -r(a) D [p, X -  n] C Q o r

3
(b) D [?> X “ n] meets the  f r o n t ie r  f r  Q o f Q in  c losed  d is c s .

We consider two c ase s .

Case I

q
D [o, X "  ri] C Q fo r  a l l  r\ w ith  0 < tj < A.

and

Case I I

There e x is t s  n > 0  fo r  which D (o , X -  n ] meets the  f r  Q
0 0

in  a t  le a s t  one c losed  d isc  o f p o s i t iv e  r a d iu s .

We show f i r s t  th a t  case I  i s  im possib le f o r ,  i f  were tru e  then

3Q would be the  s o lid  sphere D [b , x ] . But th i s  im plies  u sing  the  

same arguments as in  the  p roo f o f theorem 11 th a t
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lim  (Q (e.) ) •  oo which c o n tra d ic ts  (1 1 ).
i  -

Thus case I I  must app ly . We prove nex t th e  fo llow ing  lemma.

Lemma 11

For each n > 0 , [o, X - i^  meets f r  Q in  a f i n i t e  number

o f d isc s  o f p o s i t iv e  ra d iu s .

Proof

L et fi be given w ith  0 < n < X 

' i '  2I f  i  ^  i^ (n )»  then  2nX-n and i t  fo llow s as in  th e  p roof

3 r  -,o f theorem 12 th a t  f r  Q(e^) meets D [o, X - rQ in  m  ̂ d is c s  

where p o ss ib ly  m  ̂ = 0 .

Now each fa c e t o f Q(e^) which meets D Q), X -n ]  i*  in sc r ib e d  in  

a c i r c l e ,  c en tre  u^ and ra d iu s  where

2 ‘
Î. (X -  (X -  n) )

2 I
"  (2nX -  n ) ,

Moreover each such fa c e t  co n ta in s  u^ .

2 1
Thus given Ç w ith  0 < Ç < (2qX -  n ) i t  fo llow s by theorem 9 ,

th a t  a l l  fa c e ts  o f Q (e,) which meet |p ,  X - rj] c o n ta in  a d isc  

2 *
o f ra d iu s  (2nX -  n )~C whenever i  ^  i  (C* n )^  i . ( n ) .

0 0

s in ce  Q(e^) C [p, Xj fo r  a l l  i  i t  fo llow s th a t

2 2 ^ 2.
AirX ^  m  ̂ ir( (2nX-n ) ~C)

fo r  a l l  i  n ) •

The leimna i s  proved.
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Now l e t  (n .) be a  monotonie sequence w ith  n, & n, and 
i - l  ^

tend ing  to  zero as i  tends to  i n f i n i t y .  By lemma I I  we may

assume th a t  [p, meets f r  Q in  e^ d isc s  fo r  i  -  1 , 2 . .  .

We s h a l l  ignore d isc s  o f zero ra d iu s  o r  p o in ts  and any d isc  mentioned

w i l l  n e c e s sa r ily  have p o s i t iv e  r a d iu s .

Suppose |p ,  X-Hjl meets f r  Q in  th e  d is c s  dJ • .

which have r a d i i  X^, . . X^_ and c e n tre s  o \  . . o j  re s p e c tiv e ly .
1 1 X ®1

L et C (o , D^) denote the  cone subtended by a t  o  ̂ th e  c en tre

o f D [o, X] fo r  k -  1 , . . e^ ,

1 1 3Then the  f r o n t ie r  f r  C (o , D^) o f C(o, D^) meets S [o , X] in  a

c i r c l e  o f rad iu s  say where y^ :^X^ fo r  k -  1 , . . e^ .
g

We nex t consider D [pt X -  n ]  •

Now

2
3 3 3D [p* X -  D  D [p^ X- n^] so C e r ta in ly  D [o, X-

2 2 2 2meets f r  Q in  d isc s  D ,, . . D o f t a d i i  X ., • . X and c e n tre s
1 .  1 *X

1 1  2 1o^, . . o ^ re sp e c tiv e ly  where X  ̂ ^  X  ̂ f o t  k -  1 , . . e^ . L et the

rem ainder o f the d isc s  ( i f  any) formed by D [o, X -  A  f r  Q be

2 2 2 2 2 2D . ,  . . D w ith  r a d i i  X , ,  . . X and c en tre s  o , ,  . . o
*1+1 *2 " l+ l *2 * *2

re s p e c tiv e ly .
<

èo summarising we have th a t  [p , X-n^l meets f r  Q in  d isc s

2 2 2 2 2 , . D w ith  r a d i i  X , . . X and c en tre s  o , . . o re s p e c tiv e ly"2 , , 2 "2
where o. -  o. and X ^X fo r  k -  1 , 2 , # . e_ .k k f k k i  ,

2 2
Then as befo re  th e  f r o n t ie r  f r  C (o , D^) o f  C (o , D^), the  cone
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2 *
subtended by a t  o , meets S [o , x]| in  a  c i r c l e  o f ra d iu s

2 2 1
say where ^ y^ fo r  k -  1 , . . e^ .

By con tinu ing  th is  p rocess in d u c tiv e ly  we must have th a t  th e  sequence

{*,} i s  m onotonically  in c re a s in g  and fo r  each i ,  D jo , X-nH

i  imeets f r  Q In  e , d isc s  o f ra d iu s  X , . . X , c e n tre s  
1 X e .

i  i  i  i• . o^ and the  f r o n t ie r  f r  C (o , D^) o f  C(o, D^), th e  cone

i  3subtended by a t  o , meets S [o , x] in  a  c i r c l e  fo r  rad iu s

y^ fo r  k -  1 , o . • e^ .

Lemma 12

I f  e "  lim  e . and y ■ lim  y^ fo r  each k w ith  1 < k f  e 
i  4, .  * i  +  .  *

then

2# Z y * 
k -  1

Proof

We now co n sid er f ix e d  ^ so th a t  (o , X -n^  meets 

f r  Q in  a t  l e a s t  one d is c .

Thus fo r  a l l  j  s u f f ic ie n t ly  la rg e  D [o , X -n^  w i l l  meet

f r  Q(Cj) in  a t  le a s t  one d is c .

L et be th e  p . polygons in  f r  Q (e .) which meet
X Pi J J

3
D [o , X-n^l in  d is c s .

These polygons a re  fa c e ts  o f Q (C j).

Let o(j) denote the sum of lengths of the edges of these polygons,

q j .  . . q j . .
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L et # ( j ,  k) be the  len g th  o f the  p e rim e te r o f  fo r  k •  1 , • • Pj

end w r ite

Pj
B(j) -  Z 6 ( j ,  k ) .  (14)

k -  1

Now and have a t  most one s id e  in  common fo r  k ^  k .  and
1 2 1

thus

Pj
B (j) ^  a ( j )  ♦ (Pj **)«j. (15)

L et T (j) be the  sum o f  th e  c ircum ferences o f th e  d is c s  formed by 

th e  In te r s e c t io n  o f D [o , and f r  Q (G j). L et y  denote

th e  corresponding sum fo r  [o , X-n^] n  f r  Q.

Since Q(Gj ) tends to  Q as j  tends to  i n f i n i t y  i t  fo llow s th a t

3 3
D |o ,  X -n^lnQ (C j) tends to  D [o, X -n ^ J /l Q as j  tends to

in f i n i t y .

Thus

r  -  lim  r . .  (16)

Now I f  J I s  s u f f ic ie n t ly  la rg e  then

r ( j )  < 6(J) (17)

end so by (15)

Pj
Y ( j )  < “ (J) ♦ (Pj ) * j .  (18)

Now by lemma 11. the  numbers p j a re  bounded fo r  a l l  j  and thus
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l e t t i n g  j  tend  to  i n f i n i t y  we have

T  < lim  $ . (Q (e,) ) "  $. by (16) and (18) s in ce  obv iously
j  i  J 100

a ( j )  « * i(Q (£ j) ) fo r  j  .  1 , 2 . . .

Since we were co n sid e rin g  f ix e d  i ,  T  i s  r e a l ly  a  fu n c tio n  o f i  

so we now w rite

Thus we have proved

k -  I

and 80 2ir 2 y,  ̂ ^i ^ for 1 -  1, 2 • . ,
k "  1 X

I t  follow s that in the lim it as i  tends to In fin ity  that

2% Z y. 4 (19)
k ^

and th e  lemma i s  proved.

2
Now fo r  each > 0 , D [o, X- n^] meets f r  Q in  d i s jo in t

i  i  3d is c s  o f r a d i i  X^, , , X̂  and so f r  (D [o , X -n^H Q ) c o n s is ts

^ 3 'of these d iscs together with an open subset W(r \ , )  of S To, X-q.T,
i  !■*

3P ro je c t  W (n ^ ) on to  S [o , X ]  from o and l e t  th e  s e t  o b ta ined

be denoted by

Hence fo r  each in te g e r  i .
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(V (np  ) + 2 ,  I  X(X- (X- ( U ^ ) ^ S .  (20) t
k -  1

Now fo r  eachijV (n^) i s  Al jn e a su ra b le  and

V (n.) D V(n^^^)

and 80

/ t , (  Â  VCn,) ) -  l im /1  (V (n.) ) .  (21)
1-1 1 *  -

Thus tak in g  the  l im i t  as i  tends to  i n f i n i t y  in  (20) and apply ing

(21) i t  fo llow s th a t

e I
4irX  ̂ "  , (  A  V (n,) ) + 2w 2 X(X- (X^ “ ) '

i - l  k -  1

we suppose f i r s t  th a t  A l« ( y j V (n .) ) > 0*
i - l

L et Q (e .) have v e r t ic e s  v ^ , . & v^ We show nex t th a t  J 1 nj*

sup (min tends to  zero  as j  tends to  i n f i n i t y .

i - l

00

For i f  th i s  i s  n o t the  case  then  th e re  e x is t s  ç > 0 and w .e ^  V (n.)
2 i  - 1

such th a t

t  See no te  a t  th e  end o f th e  theorem^
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min 1*1 ~ ^  Ç fo r  j  -  1, 2 , (22)
l$k$nj

and we may assume th a t  w  ̂ tends to  a p o in t w as j  tends to  

i n f i n i t y .  Thus, a s im ila r  argument to  th a t  used in  theorem I I  

im p lies  th a t  p(Wj, Q (ej) ) 1* bounded away from 0 as j  tends 

to  i n f i n i t y  and thus

p(w, Q) > 0 .  (23)

This im p lies  th a t  p (v , V(q^) ) > 0 fo r  a l l  i  s u f f i c i e n t ly  la rg e
•0

and thus s in ce  V(%^) Z> i t  fo llow s th a t  p(w, ^  ^ V(q^) )> 0.

Thus fo r  a l l  j  s u f f i c i e n t ly  la rg e

p (w .,

which i s  im possib le  by d e f in i t io n  o f  w^.

j
Thus sup (min |v  -  v ^ |)  tends to  zero  as i  tends to

we n  V (n.) 
i - l

i n f i n i t y .

3
We now p ro je c t  E by o rthogonal p ro je c t io n  on to  a p lan e  R. By

m
lemma 10, th e  s e t  A )V (n .) p ro je c ts  down in to  a s e t  o f p o s i t iv e

i - l
Æ -m easu re  and thus p o s i t iv e  A -m easu re ,2 2

Thus u sing  again  th e  argument o f  theorem 11 i t  fo llo w s th a t  *^(Q(e^) ) 

tends to  i n f i n i t y  as i  tends to  i n f i n i t y .  But ag a in  by (11) th i s  i s  

im p o ssib le .
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Thus we must have

A i , (  n  ) -  0-
i - l

2 * 2 2 ^  
Hence AirX -  2 ïï 2 X(X- (X -  u  ) )

k -  1

and so by lemma 9 I t  fo llow s th a t

Thus by lemma 12

AirX 5 $ -  lim  $, (Q (e,) ) by (12) •
 ̂ i  4- -  ^

and so by (10)

4irX ^  lim  T (e .)  + 6
i  4» .

where 6 was a rb itra ry *

Hence 4irX ^  lim  f ( c . )
i  4 , .

and th e  theorem i s  proved*

Note

The re a d e r w i l l  see th a t  we have used th e  f a c t  th a t  th e  a re a

4
o f th e  curved su rfa ce  o f a  cap i s  equal to  — tim es i t s  H ausdorff

IT

2-dim ensional measure* This fo llow s from a r e s u l t  in  [8] page 54.
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We n o te  th a t  fo r  sm all t  th e  lower bounds o f  th e  t o t a l  

e d g e -len g th s , su rfa ce  a re a s  and volumes o f  po lyhedra taken  over 

th e  c la s s  2 (c )  de fin ed  in  theorem 12 a re  co n sid e rab ly  lower than  

th e  corresponding  q u a n t i t ie s  taken  over the  c l a s s ^  (e) defin ed  

in  theorem 9 .

F u r th e r theorems 12 and 13 show th a t  th e  lower bounds fo r  the  

t o t a l  ed g e-len g th s  and su rfa ce  a re as  o f  polyhedra  taken  over the  

whole c la s s  o f po lyhedra  in s c r ib e d  in  a sphere  and c o n ta in in g  th e  

c e n tre  g iven  in  theorem 2 a re  n o t b e s t  p o s s ib le  i f  we r e s t r i c t  

o u rse lv es  to  polyhedra in  th e  c la s s  2>(e) fo r  sm all c where o f 

course  we a re  in s i s t in g  th a t  th e  ed g e-len g th s  a re  sm a ll. We no te  

however th a t  th e  lower bounds o f th e  volumes o f po lyhedra taken  over 

th e se  two c la s s e s  a re  bo th  equal to  z e ro .

We f in a l ly  com plete th e  th re e  d im ensional case  and c o n sid e r 

po lyhedra  which a re  in sc r ib e d  in  a  sphere  c o n ta in in g  th e  c e n tre  

which have fa c e ts  o f sm all a re a  b u t which have no r e s t r i c t i o n s  p laced  

on t h e i r  edge-leng ths*

Theorem 11

L et R(c) be a 3-d im ensional polyhedron in s c r ib e d  in  th e  sphere  

3 3S [o, X] in  E and co n ta in in g  th e  c e n tre  o w ith  th e  p ro p e rty  th a t  

each fa c e t  o f R(c) i s  o f  a re a  le s s  than  e* L et ^ ( s )  denote  th e  

c la s s  o f a l l  such polyhedra R(c) and d e fin e
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-  in f  $^(R(e) ) •  i  « 1 , 2 and 3,
R(e) e41,(c)

Then ( i )  lim  "X (c ) " 6x
E 4 0  +

( i i )  lim  'X .(e) -  0 i  -  2 and 3,
E "*0 +

Proof

By theorem 2 i t  fo llow s th a t

lira XCc) s< 6X (1)
e -► 0 +

and

lim  'X.Cc) •  0 fo r  i  ■ 2 and 3 .(2 )
e -► 0 ♦

I t  fo llow s by theorem 4 th a t

@l(R(s) ) > 6x (3)

fo r  a l l  po lyhedra R(e) e $ .( e ) f  

and so

lim  9Ci(e) ^  6X.
E + 0 +

The theorem i s  proved*

We now see  th a t  fo r  sm all c the  lower bounds o f  th e  t o t a l  

ed g e-len g th s  and su rfa ce  a re as  o f  po lyhedra  taken  over the  c la s s
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^(€ ) a re  in  f a c t  lower than  the  corresponding  q u a n t i t ie s  taken over 

the  c la s s  2 ( g) and thus s t i l l  lower than  the  corresponding  q u a n t i t ie s  

taken  over the  c la s s  ^  (c)« We no te  however th a t  th e  lower bounds of 

th e  volumes o f polyhedra taken  over the  c la s s e s  %,(c) and % ( e )  a re  

bo th  equal to  zero  fo r  any p o s i t iv e  number e .

Also theorem 14 shows us th a t  th e  lower bounds fo r  th e  t o t a l  

ed g e -len g th s , su rfa ce  a re as  and volumes o f po lyhedra taken  over the  

whole c la s s  o f po lyhedra in sc r ib e d  in  a  sp h e re ,c o n ta in in g  th e  c e n tr e , 

cannot be improved by r e s t r i c t i n g  o u rse lv es  to  the  c la s s  ^  (e) fo r  

any p o s i t iv e  number e .

I t  i s  c le a r  th a t  we have now f u l ly  :!in v e s t ig a te d  the  th re e  

d im ensional c ase . However, th e re  a re  o f course  many open problems 

in  h ig h e r dim ensions a sso c ia te d  w ith  th i s  c h a p te r .
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CHAPTER 3

INTRODUCTION

In  th is  ch ap te r we s h a l l  give th re e  theorems concerning the  

behaviour o f the  'h igher*  dim ensional po ly topes o r c e l l s  of a r b i t r a r y  

convergent sequences of ce11-com plexes. The id eas  comes from a study  

of a paper by E g g leston , GrUnbaum and Klee [9]  . In  theorem 3.1

in  [9]  they  e s s e n t ia l ly  g ive a  co n d itio n  on a cell-com plex  K to

to
ensure  th a t  i f  a sequence {K,} , convergent to  K ( in  th e  u su a l

i - l
H ausdorff m e tr ic ) , i s  such th a t  the  number o f v e r t ic e s  o f i s

uniform ly bounded as i  tends to  i n f i n i t y ,  then  fo r  each in te g e r  

8 and each e > 0 , the  c e l l s  o f K o f dim ension s a re  con tained  

in  the  e-neighbourhoods o f the  c e l l s  of o f dim ension s ,

whenever i  i s  s u f f ic ie n t ly  la rg e .

In  theorem 15 we s h a l l  prove a corresponding  r e s u l t  fo r  a r b i t r a r y  

ce ll-co m p lex  e s , concerning th e  c e l l s  o f dim ension g re a te r  than  o r 

equal to  8 . We s h a l l  a lso  show th a t  our theorem i s  f a ls e  i f  the  

number o f v e r t ic e s  o f R^ i s  n o t uniform ly  bounded as i  tends to  

i n f i n i t y .

Theorem 15

n OD
In  E l e t  {K^} be a sequence o f ce11-complexes tend ing  to  

i - l
th e  cell-com plex  K as i  tends to  i n f i n i t y  w ith  f  (K,)< - .  

n n
Then lim  in f  U  cr^(K^^) 3  \J cr^(K) fo r  each s w ith  0 3 a 3  n , 

t -8  t -8
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Moreover i f  s =|= 0 the  co n d itio n  f^(K^) < «> i s  necessary .

Lemma 13

I f  i s  a sequence o f compact s e ts  and tends to  s e ts

L and M in  the  H ausdorff m e tric  then  L » M provided  L and 

H a re  bo th  compact.

Proof

The p roo f i s  well-known and i s  om itted .

Proof o f Theorem 15

Suppose th a t  the  r e s u l t  i s  f a l s e .  Then th e re  i s  a subsequence 

0» 00

{L ,} o f {K,} such th a t  fo r  some e > 0 , and fo r  some s 
i - l  i - l

w ith  0 ^ s « n

n
we s h a l l  assume a  (K) 4* ^ fo r  o therw ise  th e  r e s u l t  i s

t - 8
t r i v i a l .

S ince *  we may assume, e x tra c t in g  s u i ta b le  subsequence

o f  {L .} i f  n ece ssa ry , th a t  the  fo llow ing  co n d itio n s  a re  s a t i s f i e d .
1=1
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I)  There a re  non -negative  in te g e rs  m , • • m such th a t
0 a

f^(L^) "  fo r  each i  w ith  1 ^ i  < * and fo r  each t

w ith  0 4 t  3 n .

i i )  For each t  w ith  0 ^ t  ^  n and fo r  each 1 w ith

I  ^ i  < has e x a c tly  t - f a c e s  . . P ^ ^ '* t

where fo r  each h w ith  1 ^  h ^ i s  convergent as i  tends

to  i n f i n i t y  to  a compact convex s e t  P^*^ o f dim ension le s s  than  o r 

equal to  t ,
n

Since o^(K) i s  a  f i n i t e  union o f c e l l s  we may fu r th e r
t  -  s _ n  -j ^

assume th a t  Q j U  o^^CL^), cl  fo r  some t-d im en sio n a l c e l l  Q o f
I t  •  s J

C» tK w ith  a ^ t  ^ n and thus th a t  th e re  i s  a  sequence { y .} C Q »

tconvergent to  a p o in t y in  Q such th a t

7 i  rf r  U  c r^ a * £ ) . e l .  (1 )
‘■t •  s J

Now suppose i f  p o s s ib le  th a t

y e U  U p * (2)
t  •  s h •  I

This im p lies  th a t  i f  i  ^  i^ ^ c ) then

p(y. y^) < (3)

n
and p (y , x^) < ~  fo r  some x^ e U  (T^CL^). (4)

t - 8
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Then (3) and (4) imply

p(y£, x^) < Y whenever i  ^ i^C e).

This i s  im possib le  by (1) and so 

« “ t
p (y , u  U  P ) > 0 . (5)

t - 8  h -  1

Thus th e re  i s  a t-d im en sio n a l b a l l  C w ith  s ^ t  ^ n such

th a t

/ n ®t \
( n ( u u p ’ j -B A  I U  U  P ' ) - (j). (6)

^t -  8 h -  1

n t  h
By lemma 13, L / P '  -  K and so (6) im p lies  th a t

t  -  0 h -  1

t  * “ ^ “  t  h
B C U  O p * which i s  a f i n i t e  union o f convex s e ts

t  -  0 h -  1
each o f which has dim ension le s s  than  or equal to  s -1 .  This i s

im possib le  s in ce  s ^  t  $ n and so th e re  i s  a c o n tra d ic t io n  and the

theorem i s  proved.

We show f in a l ly  th a t  i f  s 0 then  the  co n d itio n  f  (K.) < oa' o 1

i s  n ece ssa ry .

L et P be an s-d im ensional c e l l  o f K w ith  s ^ 0 .  L et Q be

a c e l l  o f maximal dimension th a t  co n ta in s  P. 

n
Then Q C ^ ( K ) .  Also no c e l l  o f K can meet r e l  i n t  Q fo r

t - 8
suppose th a t  R i s  one such c e l l .  Then RAQ i s  a face  o f Q and 

so R/lQ -  Q. Thus Q C R  and th i s  im p lies  th a t  R has dimension
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g re a te r  than th a t  o f Q. This i s  co n tra ry  to  th e  d e f in i t io n  o f Q 

and 80 Q has the  s ta te d  p ro p e rty .

Now fo r  each in te g e r  i  d iv id e  Q in to  p^ d i s jo in t  s u b -c e l ls  

qÎ", . . each o f which has dim ension th a t  o f Q and d iam eter le s s
^ P i

than  Y' Take a p o in t Xj-® r e l  i n t  Q ^ fo r  each r  w ith

1 -5 r  ^ p^. L et denote th e  s e t  union o f {x ^}^ i fo r  i  *1, 2,
r -1

Let be the  s e t  union o f and a l l  the  c e l l s  o f K a p a r t from

Q. Then i s  a cell-com plex  fo r  i  * 1, 2 .
n n

Moreover K̂ 4- k as i  b u t lim  in f  U  o^(K^) ^  cr (K).
t» s  t - 8

The p roo f o f th e  theorem i s  com plete.

We nex t g ive a co n d itio n  on a ce ll-com plex  K to  ensure  th a t

i f  {K, } i s  any sequence o f  cell-com plexes convergent to  K, 
i - l

then  fo r  given in te g e r  s th e  union o f th e  c e l l s  o f o f dim ension 

g re a te r  than  o r  equal to  s tends to  th e  union o f th e  c e l l s  o f K

o f dim ension g re a te r  than  o r  equal to  s as i  tends to  i n f i n i t y .

Theorem 16

In  E^, l e t  8 be a  given in te g e r  w ith  0 4 s < n . L et f4(K)

denote th e  c la s s  o f sequences o f ce ll-com plexes (K ,} which
i - l

s a t i s f y  th e  fo llow ing  p ro p e r t ie s ;
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(a) ->• K as i  -► «» and

(b) f  (K.) < » fo r  each {K.} c j4 (K ).
°  i - l

Then ♦  U  cT.W *» i  »  fo r  each {K^}" eJ^-(K)
t  ■ s t  ■ » i " l

i f  and only  i f  every t-d im en sio n a l c e l l  o f K w ith  0 ^  t  ^  a i s  

con tained  in  a c e l l  o f dim ension s .

P roof

Suppose f i r s t  th a t  every  t-d im en sio n a l c e l l  o f  K w ith

0 < t  <: s i s  con tained  in  a c e l l  o f dimension s .  In  view o f
n n

theorem 15 we have lim  in f  U  cr^(K,) 3  A J  cr^(K) fo r  a l lt  i  _ tt  ■ 8 t  * S
sequences i K . } e ^ ( K ) .  Thus, i f  th e  r e s u l t  is f a ls e ,  then  fo r

i - l  .

some sequence {K*} e 54(K) th e re  e x is t s  g > 0 and a subsequence
^  i= l

{L. }* o f {K, }* fo r  which 
i - l  i - l

U  CT (L ) I \ U c T ( K ) ,  el  
t  -  8  ̂  ̂ ^  It -  s^ J

for i  -  1 , 2 . . (1)

We may assume th a t  {L*} s a t i s f i e s  co n d itio n s  (1) and (11)
i - l

o f theorem 15 and thus in  th e  same n o ta tio n  as theorem 15 th e re

e x is t s  t  w ith  s ^ t  ^  n and h w ith  1 h < m fo r  which
' t

’ï’” i  [ u Oj(K).*l
I t  -  8
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Thus th e re  i s  a p o in t e t ,h

fo r  i  "  1, 2 , .

and s in c e , by e x tra c t in g  a s u i ta b le  subsequence, we may assume 

th a t  y^ tends to  a p o in t y as i  tends to  i n f i n i t y  i t  fo llow s

th a t  then

n
[ U cr^(K), -  (4)
t  •  s

n
Hence y ^ U  a ^ (K ). (5)

t  « 8

But y c P ^ * ^  C K and so s in ce  every t-d im en sio n a l c e l l  w ith  

0 ^ t  ^ s-1  i s  con ta ined  in  a c e l l  o f dim ension s i t  fo llow s th a t  

n
y e  U  (6)

t  -  s

But (5) and (6) a re  c o n tra d ic to ry  and so th a t  theorem i s  proved in  the  

one d ire c tio n *

Suppose nex t th a t  a  t-d im en sio n a l c e l l  P o f K w ith  0 «5 t  < s 

i s  no t con tained  in  a c e l l  o f dim ension s* Then c e r ta in ly  P i s  

n o t con tained  in  a c e l l  o f dim ension g re a te r  than  s.

I f  P has dimension 0 , then  fo r  each i  w ith  1 -5 i  < «• th e re  i s  

an 8-dim ensional cube o f d iam eter ~  which co n ta in s  P and

which does n o t meet any o th e r  c e l l  o f K fo r  a l l  i  s u f f i c i e n t ly  la rg e . 

L et be th e  s e t  union o f and each o th e r  c e l l  o f K a p a r t  from P,
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Then fo r  a l l  i  s u f f ic ie n t ly  la rg e  i s  a ce ll-co m p lex . Also
n n

{K,)“  £54<K), bu t u  K . U  K a» i  
1-1 t  -  • t  -  »

We may assume th a t  F i s  a maximal in  th a t  P i s  n o t con tained

in  a c e l l  o f dim ension g re a te r  than  t .  Then as in  the  p roo f of

theorem 15 i t  fo llow s th a t  no o th e r  c e l l s  o f K meet r e l  i n t  P.

Choose X e r e l  i n t  P . We assume now P has dim ension g re a te r  than  0 .

L et @2 » ' '  be a s e t  o f p a irw ise  m utually  o rthogonal

l in e s  which meet a t  x w ith  e ^ , . . e^ in  the  a f f in e  h u l l  o f P.

For each in te g e r  i  w ith  1 ̂  i  < «• and each j  w ith  t+1 < j  < s ,

choose a p o in t y^ on e , which i s  d is ta n t  — from x . Then the
1 j  i

po ly tope  P^ * conv (P , . • y®) i s  s-d im ensional and

P^ + P as i  -> » . Also fo r  a l l  i  su f& cien tly  la rg e  no c e l l  o f K

meets P^ in  i t s  r e l a t iv e  i n t e r i o r .  L et denote th e  s e t  union of

P^ and th e  c e l l s  o f K fo r  i  * 1, 2 . Then fo r  a l l  i  s u f f ic ie n t ly

la rg e  i s  a ce ll-co m p lex . Also {K^} e j^ (K ), b u t ^  ^ ^ ^ i^
n i - l  t  -  s

f  ( J  (T (K) as i  -♦■ » , Thus th e  theorem i s  proved,
t  -  s

We n e* t s t a t e  a lemma which w i l l  be used in  th e  fo llow ing  theorem.

Lemma 14

I f  an 8-d im ensional compact convex s e t  S i s  th e  l im i t  o f a

OD m
sequence o f po ly topes {P. ) then  {o’ (P .)}  i s  a lso  convergent

1 i - l  * ^ i - l
to  S.
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Proof

The lemma i s  s ta te d  and proved in  the  paper 'Some sem ico n tin u ity  

theorems fo r  convex po ly topes and c e l l  com plexes' [9% under the  

assum ption th a t  S i s  a  convex p o ly to p e . This i s  however no t 

re q u ire d  in  the p roof and so the  lemma i s  proved.

F in a lly  we f in i s h  th i s  ch ap te r by g iv ing  a theorem which t e l l s

us th a t  i f  each c e l l  o f a ce ll-com plex  K has dim ension le s s  than

o r  equal to  m fo r  some in te g e r  m, and {K.} i s  a sequence of
 ̂ i - l

cel1-com plexes convergent to  K, then  th e  union o f th e  c e l l s  o f 

of dim ension le s s  than  o r  equal to  m a lso  tends to  K as i  tends 

to  i n f i n i t y .  This enab les us to  sharpen  theorems 15 and 16.

Theorem 17

In  l e t  {K-} be a  sequence o f ce11-complexes tend ing
i - l

to  a cell-com plex  K as i  tends to  i n f i n i t y .  Suppose th a t  each

c a l l  o f K has dim ension le s s  than  o r equal to  m fo r  some in te g e r
m

m w ith  m ^  n . Then U  (T (K.) -► K as i  + * .
t  -  0

P roof

Now s in ce  K as i  i t  fo llow s th a t  fo r  each e > 0
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th e re  e x is t s  i^^e) > 0  such th a t

m
{J  <5 (K.) C K. C  [k ,c ] whenever i  i  I  (e) 

t  -  0 °

Thus i f  the  r e s u l t  i s  f a l s e  then  th e re  e x is t s  e > 0 and a

subsequence {L,} o f {K.} fo r  which 
 ̂ i - l   ̂ i - l

m
K [  U  e ]

t  -  0
(1)

For each in te g e r  i  w ith  1 ^ i  < « choose a p o in t  w ith

K
m

[  u
t  -  0

(2)

By e x tra c tin g  s u i ta b le  subsequences i f  necessa ry  we may assume th a t  

th e re  i s  a p o in t y and compact s e ts  H and L such th a t

y* (3)

m
U o r ^ a . )  H, 

t  -  0
(4)

and U  ^ as i  + * ,
t-m+1

(5)

Now by lemma 13 i t  fo llow s th a t  K -  H VJ L and by (2)

y e K [ H . f ]
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Thus y e L and P(H, y) %. ^  > 0 . (6)

L et {e.}  be a sequence tend ing  to  zero  as i  tends to
1=1

in f i n i t y  such th a t

[l^» e^] D K fo r  i  -  1, 2, . (7)

Since c£ < e fo r  a l l  i  ^  i^ ( e )  i t  fo llow s by (2) th a t

e K
m

[ U O t(L ^ ) ,  Si ] .  (8)
t  « 0

Thus by (7)

n
y f  e [  U  c r^ (L p , c j  fo r  i  ^  i^C e). Hence, by 

t-m+1
e x tra c tin g  a s u i ta b le  subsequence i f  n e ce ssa ry , we may assume th a t

n
th e re  i s  a c e l l  P o f LJ o" (L.)  which i s  o f f ix e d  dim ension r  1 . t  1t-m+1
w ith  m+1 ^  r  ^  n , and which i s  such th a t

y . e j  fo r  i  ^  i^C e). (9)

we may assume fu r th e r  th a t  th e  sequence {?,}"* i s  convergent to
^ i - l

a  compact convex s e t  F in  K which thus has dim ension a t  most m, 

But then  by lemma 14 i t  fo llow s th a t

<T (P .) +• P as i  + » . m i

Also (9) im p lies  th a t  y e P and so i f  i  i s  s u f f i c i e n t ly  la rg e  then
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y  ̂ f l  r i l -
t  -  0

Thus In  the  l im it  as 1 tends to  i n f i n i t y  we have

y e [«. %]'

This i s  c o n tra ry  to  (6) and so th e re  i s  a c o n tra d ic t io n . The theorem 

i s  proved.

C o ro lla ry

I f ,  in  the  n o ta tio n  o f theorems 15 and 16, each c e l l  o f K of

dim ension le s s  than o r equal to  m where 0 < m ^  n , then  we may 
n m

re p la c e  ^  by U  the s ta tem en t o f each theorem,
t  -  8 t  •  s

Proof

In  o rd e r to  prove theorem 15 we assume the  r e s u l t  i s  f a ls e  and 

then  sim ply rep lace

n m
^  ^  ^ t^^ i^  throughout th e  p ro o f ,

t  -  s t  * 8

m
Using th e  f a c t  th a t  ^  •*’ K as i  -► «» we o b ta in  a

t  -  0
c o n tra d ic t io n  by s im ila r  arguments as b e fo re .

In  o rd e r to  prove theorem 16 we n o te  th a t  by lemma 16, i f  e > 0 , 

then  th e re  e x is t s  i^^ e) > 0 such th a t  fo r  a l l  i  ^  i^ ^ s)
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m n m

[ U o -^ (K ).e ]  D U c r ^ ( \ )  3  U c r^ C V
t * S  t - 8  t * 8

the  second In c lu s io n  being  obvious s in ce  m ^  n . 

The c o ro lla ry  then  i s  proved.
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CHAPTER 4

INTRODUCTION

The main purpose o f th i s  ch ap te r i s  to  g ive some c h a ra c te r is a t io n s  

o f those s e ts  which a re  com pletely  I - s t r e tc h e d  o r com pletely  K -s tre tc h ed . 

We s h a l l  see in  theorem 18, c o ro lla ry  2 and theorem 21, c o ro lla ry  2 

th a t  any such s e ts  a re  n e c e s s a r i ly  conipact and convex. By the  n a tu re  

o f t h e i r  d e f in i t io n  we m ight expect them to  possess p ro p e r tie s  

analogous to  the  p ro p e r t ie s  o f the  s e ts  o f co n stan t w idth  and indeed 

th is  tu rn s  ou t to  be th e  case .

In  [122 F u jiv a ra  and Kakeya g ive an a n a ly t ic  c h a r a c te r is a t io n  

o f th e  ro to r s  fo r  an e q u i la te r a l  t r i a n g le .  L a te r  on in  th i s  ch ap te r 

we s h a l l  be ab le  to  g ive a geom etric c h a r a c te r is a t io n  o f such s e t s .

We s h a l l  o f course be working throughout in  th e  p la n e . We S ta r t  

w ith  a lemma which i s  fundam ental.

Lemma 15

L et X y z be a t r i a n g le .  On y z e r e c t  the  t r i a n g le  u^ y z

which i s  e q u i la te r a l  and such th a t  u^ l i e s  on th e  s id e  o f y z

o p p o s ite  to  X .  S im ila r ly  d e fin e  u  and u  fo r  th e  s id e s  x z
2 3

and X y re s p e c tiv e ly .

2
(a) I f  each angle o f t r i a n g le  x y z i s  le s s  than  “ ir, l e t  w3

A A A  2be the  unique p o in t such th a t  xwy « ywz “ iwz  "

Then ( i )  each connected s e t  co n ta in in g  x , y and z has len g th
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g re a te r  than o r equal to  |x-w | + |y-w | + |z -w |.

( i i )  the  l in e s  x , u^y and u^z co n ta in  wx, wy and 

wz r e s p e c tiv e ly . Moreover

|x-w | + |y-w | + |z-w | -  |u ^ -x | -  ju^-yl -  lu g -z l.

A
(b) I f  one angle o f t r i a n g le  x y z , say y x z i s  g re a te r  than

2 ^ 2  o r equal to  - j i t ,  l e t  t  "  x i f  y x z *  and l e t  t  be the

unique p o in t which l i e s  on the  same a ide  o f th e  l in e  yz as x

 ̂  ̂ A 2and such th a t  y tx  « z tx  •  i f  yxz >

Then ( i )  each connected s e t  co n ta in in g  x , y and z has len g th  

g re a te r  than  o r equal to  |y -x | + |z - x | .

( i i )  the  l in e s  u^x, u^y and u^z co n ta in  tx ,  ty  and tz  

r e s p e c tiv e ly . Moreover

-  |x - t |  + |y - t |  + | z - t |  -  |u ^ -x | -  lug-y] -  |u g -z |

Proof ( a ) ,  ( i ) ,  ( i i )

y

U1
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(a) p a r ts  ( i)  and ( i i )  a re  proved in  a lernma by H .G .Eggleston 

in  the  paper *on th e  p ro je c tio n  o f a p lane s e t  o f f i n i t e

l in e a r  measure* [ l o]  on page 63.

we co n sid er

( b ) ( i )  .

I t  i s  c le a r  u sing  th e  same argument as th a t  given fo r  the

proo f o f ( a ) , (1) th a t  any connected s e t  co n ta in in g  x , y and z

has len g th  g re a te r  than  o r  equal to  the  minimum o f th e  fu n c tio n

|x - s |  + |y -8 I + |z - s |  taken  over a l l  p o in ts  s e E .

we may assume th a t  th is  minimum is  a t ta in e d  a t  some p o in t s * s ,
0

Moreover i t  was shown in  the  p roof of ( a ) , ( i )  th a t  e i th e r

,  .  _ Z' A  A, 2 7 Ts^ 18 a v e r te x  o f t r i a n g le  x y z  o r y s  x * z s x » z s y «0 0 0  0 3

Now s in ce  y x z  i s  g re a te r  than  o r equal to  ^  th e  l a t t e r

case i s  im p o ssib le .

Hence |x -s  I +  ly -s  I +  |z - s  I  i s  equal to  
‘ 0 0 0

min ( |x - y | + |x - z | ,  |y - z | + |y - x | ,  |z - x | + |z - y |)

- |x-y| ♦ |x-*|.

Thus (b ) , ( i )  i s  proved, we now co n sid e r (b ) ,  ( i i )  and show 

f i r s t  th a t  the  l in e  u^x co n ta in s  tx  and

|u ^ -x | -  -  | x - t |  ♦ |y - t |  + | z - t | .



-  I l l  -

t

y

In  o rd e r to  prove th a t  the  l in e  co n ta in s  tx  i t  ia  s u f f i c i e n t ,

• A ^
by the  d e f in i t io n  of t ,  to  prove th a t  y tu^ * z tu ^ .

A A
s in ce  z ty  + yu^z » tt, yu^zt i s  a c y c l i c  q u a d r i la te r a l  whence

A A  IT
ytu^ •  yzu^ ■ ~  and

ztU j « zyuj "  Y

Thus ytu^ -  ztu^ and th e  l in e  u^x co n ta in s  tx .

But now from case (a) a p p lie d  to  t r i a n g le  tyz  we have

|u j - t |  -  |y - t |  ♦ | z - t |

and 80

U^-X| -  |x - t ;  * | y - t |  + I z - t j .

In  o rd e r to  com plete the  p roo f o f the  lemma we show f in a l ly  th a t

the  l in e  u^y co n ta in s  ty  and

|u - - y | -  -  | x - t |  ♦ [ y - t |  ♦ | z - t | .

(The argument w ith  'y* rep laced  by 'z*  i s  s im ila r  and i s  o m itte d .)
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%y

In  o rd e r to  prove the l in e  u^y co n ta in s  ty  i t  i s  s u f f ic ie n t  to

A w
prove th a t  u^tz =» y .

Since x t z  "  x u ^ a  ■ y  , xC u^z i s  a c y c lic  q u a d r i la te r a l  

whence

A A I f

Ugtz “ *2X3 •  y

Thus u y co n ta in s  ty .
2

But now we apply case (a) to  t r i a n g le  txu^ and so à ^

|x - t |  + lu ^ - t ;  •  | z - t | .

Thus

h ^ - y l  "  -  |x - t |  ♦ |y - t |  + |z - t

and the  lemma i s  proved.

Note

In  th e  n o ta tio n  o f lemma 15 we now see th a t  i f  each angle  o f

2
t r i a n g le  x y z  i s  le s s  than  y  x , then  7» *) th e  union
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o f the  segments wx, \jy and wz where w i s  the  c e n tre  o f connection  

o f t r i a n g le  x y z  and so

I  (x , y , z) -  |x-w | + |y-w | + |z-w]

"  l«2~yl

•  I « 3 - 2 1 .

Also i f  th e  ang le  yxz say o f t r i a n g le  x y z  i s  g re a te r  than 

2
o r equal to  yrr then  C(x, y , z) i s  th e  union o f the  segments xy and 

xz and

I ( x ,  y , z) « |y -x | + |z - x | ,

where x ■ w i s  th e  c e n tre  o f connection  o f t r i a n g le  x y z .

We n o te  fu r th e r  th a t  i f  each angle  o f t r i a n g le  x y z  i s  le s s

2than  o r equal to  y  x , th e  s e ts  C(x, y , z) and D(x, y , z) co in c id e , 

the  c e n tre  o f connection  o f t r i a n g le  x y z  i s  equal to  th e  c e n tre  of 

re v o lu tio n  o f t r i a n g le  x y z  and

I ( x ,  y , z) « K(x, y , z) 

-  |u ^ -x |

-  1*3 -2 1

Also in  th e  n o ta tio n  o f lemma 15 we see  th a t  fo r  any t r i a n g le  

x y z .
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K(x, y , z) -  |u -XI

-  I “ 2 ‘ y  I  

"  I v *  I .

We n ex t s t a t e  two c o ro l la ry s to  lemma 15.

C o ro lla ry  1

L et X be a compact s e t .  Suppose I(X) ■ I ( x ,  y , z) fo r  

th re e  p o in ts  x , y and z in  X. Then x , y and z a re  c o l l in e a r  

i f  and only i f  i n t  (conv X) -

Proof

I f  i n t  (conv X) * * then  X i s  a su b se t o f a l in e  and then  

t r i v i a l l y  x , y and z a re  c o l l in e a r .

On th e  o th e r  hand i f  I(X) -  I ( x ,  y , z) where x , y and z a re  

c o l l in e a r  then

I(X) -  max ( |x - y | ,  |x - z | ,  |y - z |)  -  |y - z | say .

Now i f  i n t  (conv X) then  ytj^z and th e re  e x is t s  a  p o in t

x^eX which does n o t l i e  on the  l in e  y z . But then  i t  i s  a d i r e c t

consequence o f lemma 15 th a t

I(X) -  I ( x ,  y , z) -  |y - z | < I ( x ^ ,y ,z )  ^ I(X)

which i s  im p o ssib le .

The c o ro lla ry  i s  proved.
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C o ro lla ry  2

The s e t  fu n c tio n s  I  and K a re  continuous on the  c la s s  of 

compact s e ts  in  the  p la n e .

Proof

«
Let {X.} be a sequence o f compact s e ts  convergent to  a 

 ̂ i - l  
compact s e t  Y.

By compactness arguments we may assume th e re  e x i s t  sequences

of p o in ts  { x .} , { y , } and {z.}  which a re  convergent to
i - l  i - l  ^ i - l

X ,  y and z in  Y re s p e c tiv e ly  such th a t

i  I (x ^ , y ^ , z^) fo r  i - l ,  2 . . .  . (1)

Then c le a r ly  by d e f in i t io n  o f I  (x , y , z)

. lim  I(X .)  -  .lim  I ( x . , y . , z .)
+  eo r  1  0# 1 x 1

-  I ( x ,  y , z)

^  I(Y) . (2)

C onversely we choose p o in ts  x , y and z in  Y fo r  which

I(Y) -  I ( x ,  y , z) , (3)

Then th e re  e x i s t  p o in ts  x^ , y^ and z^ con tained  in  X  ̂ such th a t  

x^~» X ,  y^->y, and z z  as i-» < *  .

Hence . l im  I(X .)  % .iLm I ( x , , y . ,  z . )
1 + 0 0  1 ' M  1 1 1

-  I  (x , y , z)

-  I  CO. (4)
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Equations (2) and (4) imply

lim  I(X .) -  I(Y)
1 + 00 ^

and the c o ro lla ry  i s  proved s in ce  we apply the  same arguments to  prove

lim  K(X.) -  K(Y).
i  + «

We now prove a lemma which w i l l  be u se fu l in  the  seq u e l.

Lemma 16

( i )  Of a l l  e q u i la te r a l  t r ia n g le s  c ircu m scrib in g  a segment 

yz th e re  i s  a maximal one o f h e ig h t |y - z | which i s  

unique up to  r e f le c t io n  in  th e  p e rp en d icu la r b is e c to r  

o f y z .

Let x y z  be a  t r i a n g le  w ith  o * yxz ^  yzx ^  xyz. 

Then

( i i )  Of a l l  e q u i la te r a l  t r ia n g le s  S which have th e  p ro p e rty  

th a t  X ,  y and z each belong to  an edge o f S th e re  i s  

one t r i a n g le  T o f maximal h e ig h t. Then T i s  unique, 

has h e ig h t K(x, y , z) and does no t co n ta in  any s id e  o f 

t r i a n g le  x y z .

( i i i )  K(x, y , z) ^  |y - z | i f  a ^  w ith  e q u a li ty  only  i f

5ir
■  T '
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and K(x, y , z) < |y - z | I f  a > “  .

Proof

The p roo f o f ( i )  ia  obvious and i s  o m itted . We prove ( i i ) .

We co n sid er the  s e t  D(x, y , z) which has c e n tre  o f re v o lu tio n  t  

and len g th  K(x, y , z ) . On yz e re c t  the  e q u i la te r a l  t r i a n g le  

u y z w ith  u on th e  s id e  of yz o p p o site  to  x . I t  i s  a

consequence o f lemma 13 th a t  u ^  and uxz a re  bo th  p o s i t iv e .

Then by lemma 15 any e q u i la te r a l  t r i a n g le  S w ith  th e  re q u ired  

p ro p e rty  has h e ig h t |u -x | s in  0 where 0 i s  the  angle th a t  

the  edge o f S which co n ta in s  x makes w ith  ux.

I t  i s  then c le a r  th a t  T has h e ig h t |u -x | -  K(x, y , z) and th a t

the  edge o f T which co n ta in s  x i s  p e rp e n d icu la r  to  ux. We

i l l u s t r a t e  the  two c a se s .

(a) o < ^  and (b) o & 2x
3 3

u

Thus ( i i )  i s  proved.
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( i i i )

On yz  e re c t  the  e q u i la te r a l  t r i a n g le  uyz w ith  u on the

s id e  o f yz o p p o site  to  x . Draw the  a rc  Y  o f the  c i r c l e  c en tre

u, ra&KS |y - z | which l i e s  on the  same s id e  o f the  l in e  yz as x .

Let s be the  p o in t on Y  such th a t  |y - s |  ■ | z - s | .

y

X

Now suz "

Thus usz Ausy J(ir - f>

and so ysz ■

Thus th e  chord yz o f T  subtends an angle ^  on Y . Now
0

K(x, y , z) "  |u -x | -  |y - z | i f  and only  i f  o 5ir

Thus th e  lemma i s  proved.
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C o ro lla ry  1

Let X be a compact s e t  and suppose K(X) » K(%, y , z) fo r

some p o in ts  x , y and z in  X. Then

( i )  Each angle o f t r ia n g le  x y z  i s  le s s  than o r equal to  

5tt

T ”
( i i )  The p o in ts ,  x , y , and z a re  no t a l l  d i s t i n c t .

Proof

I f  X ,  y and z a re  d i s t i n c t  and c o l l in e a r  w ith  x between

y and z , then  K(x, y , z) * |u -x | where u i s  th e  th i r d  v e r te x

of the  e q u i la te r a l  t r i a n g le  uyz and so K(x, y , z) < |y - z | .

I f  X ,  y and z a re  th e  v e r t ic e s  o f a t r i a n g le  and a > ~
0

then  by lemma 16 p a r t  ( i i i )  K (x ,y ,z ) < |y - z | .

Thus in  a l l  cases we have

K(X) « K(x, y , z) < |y - z | -  K (y ,y ,z ) < K(X)

which i s  im p o ssib le . The c o ro lla ry  i s  proved.

Our f i r s t  theorem shows th a t  i f  th re e  p o in ts  a t t a in  th e  I - s t r e t c h  

o f a compact convex s e t  X then  th e se  p o in ts  possess s im ila r  k inds o f 

p ro p e r tie s  as two p o in ts  which a t t a in  th e  d iam eter of X.
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Theorem 18

Let X be a compact convex s e t  w ith  i n t  X «j- <|), and suppose 

I(X) ■ I  (x, y , z) fo r  some x, y and z in  X. Let C(x, y , 2) have 

cen tre  of connection w, and v be any v e r te x  of t r i a n g le  x y z .

Then i f  w the  l in e  through v p e rp en d icu la r  to wv supports

X re g u la r ly  and i f  w » v (e .g .  i f  C(x, y ,  z) has two segments) 

then the  e x te rn a l  b i s e c to r  o f  the  obtuse angle between the  two l in e s  

of the  t r i a n g le  in c id e n t  a t  w supports  X r e g u la r ly .

Proof

We conside r two cases.we no te  th a t  by the  c o ro l la ry  1 to  lemma 15 

X ,  y and z a re  the  v e r t i c e s  o f  a t r i a n g l e .

Case I

C(x, y ,  z) has th re e  segments.

Suppose w ithout lo s s  in  g e n e r a l i ty  t h a t  v = x . Let u be the  

t h i r d  v e r te x  of the  e q u i l a t e r a l  t r i a n g le  u y z  which l i e s  on the  s id e  

of yz oppos ite  to  x and suppose th a t  the  l in e  L through x

p e rp en d icu la r  to  wx does no t support X r e g u la r ly .  Then th e re  i s

1 1  1 \a p o in t  X ^ x ,  x e XAL, such th a t  each angle o f  t r i a n g l e  x yz \

2 \  
i s  le s s  than — ? and so by lemma 15»

'

\
1 1  ' I(X) ^  I ( x  , y ,  z) * |x  - u |  > |x -u |  -  I ( x ,  y ,  z) * I(X ).

(1)

. ■ - ■
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But (1) i s  im possible  and so L supports  X r e g u la r ly .

Case I I

I f  C(x, y ,  z) has two segments.

We suppose throughout the  remainder of th i s  theorem th a t  x ■ w. 

Let M be the  l in e  through y p e rp en d icu la r  to  wy and suppose th a t  

M does no t support X r e g u la r ly .  Then i f  yxz >y v  th e re  i s  a p o in t  

y^:j=y, y ^ t  MAX, w ith  y^xz > such th a t  |x-y^|> |x-y| which im plies

X(X) ) I ( x , y ^ , z )  = |x - y ' |  + |x - z |

> |x -yI + |x -z I

-  I (X ). (2)

This i s  im possib le ,  so yxz = and we may assume th a t  th e re  i s

a p o in t  ŷ ={= y ,  y^e MAX such th a t  e i t h e r  each angle of t r i a n g le

1 2  I a 2  I a  2
xy z i s  le s s  than — x o r th a t  y xz > -  Thé case y xz > "Jir

i s  im possib le  as in  the  above paragraph and so we may assume th a t  each

1 2 angle  o f  t r i a n g le  xy z i s  l e s s  than “  ir. But then by lemma 15,
3

I(X) ^  I ( x ,  y^ , z) •  |y ^ -u | > |y -u |

“ Ix-y I + |x -z j  

-  I(X) (3)

where u i s  the  v e r te x  of th e  e q u i l a t e r a l  t r i a n g le  uxz which l i e s  

on the  s id e  o f  the  l i n e  xz op p o s ite  to  y* Thus (3) i s  im possib le  

and 80 M i s  a r e g u la r  support l i n e  to  X a t  y .  S im ila r ly  the  l in e
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through z p e rp en d icu la r  to  xz supports  X r e g u la r ly .

Now l e t  K be the  e x te rn a l  b i s e c to r  of yxz. We show f i r s t  

th a t  of a l l  p o s i t io n s  of the  p o in t  s on K, | s - y |  + | s - z |  takes 

a minimum when s * x.

y

Suppose the  l in e s  ys and zs make acu te  angles  0^ and 8^

r e s p e c t iv e ly  w ith  K. Let y^ be the  r e f l e c t i o n  o f  y in  K.

I t  i s  then c le a r  th a t  | s - y |  + | s - z |  ■ | s - y ^ |  + | s - z |  takes  a minimum 

when 6^ "  0^, i . e .  when s*x.

Then i f  K does no t support X r e g u la r ly  then th e re  i s  a

p o in t  X ={= X , w ith  x eXHK. Then i f  yxz > p r  we can assume

a1 2
yx z > -  ? and in  view of the  s ta tem ent in  the  p rev ious  paragraph

we have

I(X) ^ I ( x ^ ,  y ,  z) -  |x ^ -y |  + |x ^ -z |

> |x -y  I + |x -z  I 

-  X(X). (4)
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But (4) i s  im possib le  a n d  so yxz ~  it.

Al 2 1
We may assume yxz ^  —ir o r  each angle o f t r i a n g le  x yz i s  le s s

2
t h a n  — IT.

The former case again  by (4) i s  im possib le .  In  the  l a t t e r  case , 

e r e c t  the  e q u i l a t e r a l  t r i a n g le  uyz on yz w ith  u on the  s id e  of 

yz o ppos ite  to  x. Then ux i s  p e rp en d icu la r  to  K and so by 

lemma 15,

I(X) I (x ^ ,  y , z) « |u -x ^ |

> |u -x  I

"  I (X ). (5)

Thus f i n a l l y  (5) i s  im possib le  and th e  theorem i s  proved. \

\

C o ro lla ry  1

\ \
I f  L i s  a l in e  segment in  the  f r o n t i e r  o f  a compact convex \

s e t  X and i n t  X «j- ^ then

I(X ;x) < I(X) fo r  each x e r e l  i n t  L.
' /

Proof

I f  X e r e l  i n t  L and I(X;x) « I(X) then by theorem 18 

th e re  would e x i s t  a re g u la r  support l i n e  to  X a t  x . But t h i s  

i s  n o t so and thus I(X;x) < I (X ) .
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C oro lla ry  2

I f  X ia  compact then  I(X) ■ I(conv X).

Proof

I f  i n t  (conv X) * * then th i s  i s  t r i v i a l  and we suppose 

i n t  (conv X) -|= <!>• I f  the  r e s u l t  i s  f a l s e  then I  (conv X) > I(X ) ,

Thus th e re  e x i s t  p o in ts  x , y and z in  conv X such th a t  I ( x ,  y , z)

-  I(conv  X) s in c e ,  as X i s  compact i t  fo llows th a t  conv X i s  compact. 

Then a t  l e a s t  one of x , y o r  z does no t  belong to  X. Suppose

xe (convX')|x. Now by theorem 18 th e re  e x i s t s  a r e g u la r  support l i n e

M to  conv X. Thus Mnconv X ■ {x} and so MAX ■ <jt. But X i s

compact so p(X,x)> 0 and th i s  im plies  MA conv X which i s  f a l s e .

Thus the  assumption I(conv X) > I(X) was f a l s e  and s in ce  t r i v i a l l y

I(X) < I(conv X) the  c o ro l la ry  i s  proved.

Note

We a re  now ab le  to  see th a t  i f  a s e t  X i s  completely I - s t r e t c h e d  

then X i s  n e c e s s a r i ly  compact and convex. For i f  X i s  unbounded 

then I(X) ■ I (X U  {x}) ■ •  f o r  any p o in t  x . Thus X i s  bounded.

Also i f  X i s  no t c lo sed ,  we choose any p o in t  x in  the  c lo su re  of 

X which i s  no t in  X and then i t  i s  easy to  see  by lemma 15 th a t

I(X) ■ I(X U {x}). Thus X i s  compact and by c o ro l la ry  2 above i t

fo llows th a t  X i s  convex.
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C oro lla ry  3

Let X be a compact convex s e t  w ith  i n t  X f" In  the  same

n o ta t io n  as theorem 18 th e re  e x is t s  a t r i a n g le  co n ta in ing  X of

minimal width I(X) whose th ree  edges support X a t  x , y and z

re s p e c t iv e ly ,  which i s  e q u i l a t e r a l  i f  each angle of t r i a n g le  x y z

2i s  le s s  than or equal to  -j ir and which i s  i s o s c e le s  w ith  i t s  

s h o r t e s t  edge supporting  X a t  x i f  yxz >

Proof

By drawing the  l i n e s ,  desc ribed  in  theorem 18, through x , y and z 

i t  i s  c le a r  th a t  the  proof i s  immediate.

C oro lla ry  4

For any p o in ts  x , y o r  z ,

I ( x ,  y ,  z) "  I(conv (x, y ,  z) ) .

Proof

I f  a l l  the  p o in ts  a re  no t d i s t i n c t  o r  c o l l i n e a r  then the  r e s u l t  

i s  obvious. Suppose then conv (x, y , z) i s  a t r i a n g l e .  By 

C oro lla ry  (2) o f  theorem 18,

I(co n v (x ,  y ,  z) ) -  I({x}u(y}u{z}). (6)

The r e s u l t  then  c l e a r ly  follows from the  c o ro l la ry  1 to  lemma 15 

s in ce  (6) im plies

\
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I(conv(x , y ,  z) ) -  m a x ( |x - y | , | x - z | , | y - z |  , I ( x , y , z )  )

» I ( x , y , z ) .

The c o ro l la ry  i s  proved.

Our next theorem shows th a t  a compact convex s e t  X w ith  a non-empty 

i n t e r i o r  i s  completely I - s t r e t c h e d  i f  and only i f  the  I - s t r e t c h  of 

X w ith  re sp e c t  to  X i s  cons tan t fo r  each x in  the  f r o n t i e r  of X. 

This i s  a d i r e c t  analogue of the  f a c t  (see fo r  example [?] page 122) 

th a t  a compact convex s e t  X has cons tan t width i f  and only i f  X 

i s  complete.

Theorem 19

Let X be a compact convex s e t  w ith  i n t  X =j= Then 

I  (X;x) “ X fo r  each x e f r  X i f  and only i f  X i s  completely 

I - s t r e t c h e d  w ith  I(X) ■ X.

Proof

Suppose f i r s t  t h a t  I(X; x) ■ X fo r  each x e f r  X. By the  

compactness o f  X, I(X) -  I ( x ,  y , z) fo r  th re e  p o in ts  x , y and z 

in  X and i t  i s  obvious by theorem 18 th a t  x , y and z each belong 

to  f r  X.
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Hence I(X) » I(X; x) ■ X,

Now let I X, Let be that point of X which is nearest

x^. Let and be points in fr X for which I(X; x^) = X 

“ X. By the corollary 1 to lemma 15, x^, y^ and 

are the vertices of a triangle. Let L^ and L^ be lines through x^ 

perpendicular to y^x^ and z^Xg respectively. Then, since x^ 

is the point of X nearest to x^, it follows that x^ lies on the 

side of L^ opposite to y^ and also on the side of L^ opposite to 

z^. Let and denote respectively the close half-space bounded

by L^ which does not contain y^ and the closed half-space bounded by 

which does not contain z^. Then x^ e and x^ ^  x^. Also

if w is the centre of connection of Cfx^, y^, z^) let M be the 

line through x^ perpendicular to wx^ if w =j= x^» and the external 

bisector of y^ x^ z^ if w « x^» Then M does not meet int (H^rvH^) 

since wx^ lies in triangle x^ y^ and, by theorem 18 supports X 

regularly. Since x^ 4“ x^ and x^ lies on the side of M opposite 

to X, we may assume one of the lines x^y^, x^Zg meets M in a point

+ % 2 '

This implies using similar arguments as in the proof of theorem 18 

that as M is a regular support line to X then

i(%2,  ̂ i(%2, y2* ^2}  “

But since the triangle x^ y^ z^ is contained in the triangle

X, y„ z„ it follows that 1 2  2
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I(conv(x^, y^, z^) ) < I(conv(x^, y^, z^) ). (2)

By the corollary 4 to theorem 18

I(conv(x^, y^, z^) ) - I(x^, y^»

and I(conv(x^, y^, z^) ) - I(x^, y^» z^).

Thus by (1) and (2)

i(%i, y^* > I(X)

whence

I(XU{x^)) > I(X).

Thus the first part of the theorem is proved.

Suppose now that x ^ X  implies I(XU{x}) > X.

If the result is false then there exists x e fr X such that
0

I(X; x^) < I(X). (3)

Again by compactness there exist y^ and z^ both in fr X such that

I(X;x^) - I(Xq , y^, Zq ). (4)

We show next that if g > 0 is sufficiently small,then

I(x , y, z) < I(X) for all x, y and z with x in the closed disc
2 2 D [x^, and y and z in D [x^,g] U  X. If this is false, then there

exists a sequence {&,}" which tends to zero as i tends to infinity
i-12

and points x^ c D [ V ,  6 J , together with points y^ and z^ in
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2D [x , 5.1 U X, such that 
O I-*

I(Xj, y^, z^) ^ I(X) for i - 1, 2 . . . (5)

Then as i -► w and by extracting suitable subsequences it

follows that there exist points y^ and z^ in X such that

y,-»- y and z. + z as i -► ».1 0  1 0

Hence I(X;x^) ^ I(x^, y^, z^)

» lim I(x^, y^, z^)
i ->■ 00

^ I(X) by (5)

> I(X; X ) by (3) . (6)

But (6) is contradictory and there exists g > 0 with
2I(x, y, z) < I(X) for all x, y and z with x e D |x , gl and y and

‘- 0  **
2z in D [x^, ô] U  X.

Since x^e fr X there exists a point x^c D^[x^, 6 ] |x  and so

I(X (J {x^} ) ^ I(X) by the previous line. But this is a contradiction

since X is completely I-stretched. Thus the theorem is proved.

We shall now show that a compact set X of I-stretch equal to X 

is contained in a compact convex set Y which is completely 

I-stretched with I-stretch equal to X. This is a direct analogue 

of the well known fact that a set of diameter X is contained in a 

compact convex set of constant width X.
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Theorem 20

Let X be a compact s e t  w ith  I(X) «= X. Then X i s  contained 

in  a compact convex s e t  Y which i s  completely I - s t r e t c h e d  w ith  

I(Y) -  X.

Proof

For any compact s e t  Z d e f in e  the fo llow ing s e t s ,

V ( Z )  -  { z j l ( Z U { z } )  -  I ( Z ) }  ,

p ( Z )  » sup p(Z, z ) ,
z e V ( Z )

W(Z) -  { z | z e V ( Z )  and p ( Z ,  z )  -  p ( Z ) } .

Since Z i s  compact, V(Z) i s  compact and so p(Z) i s  a t t a in e d .

Thus W(Z) 4“ s ince  c l e a r ly  V(Z) 4=

Now l e t  X be a given compact s e t  w ith  I(X) = X.

Write X  ̂ ■ X. S e le c t  a p o in t  x^e W(X^) and de fin e  X  ̂-  conv(X^, x ^ ) .

In d u c t iv e ly  de fin e  X^^^ -  conv (X^, x^) w ith  x^ s e le c te d  from

W(X^) fo r  i  -  1, 2 . .

Now fo r  each in te g e r  i .

KXj, U  {x^})  -  I ( X . )  (1)

and so by c o ro l la ry  2 to  theorem 18

I(Xi^l> "  I(conv(X^, x^) )
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« I (X^ U  {Xj, })

* I(X_) in  view of (1 ) .  (2)

Thus fo r  a l l  in te g e rs  i  and j .

I ( X J =  I (X j )  . (3)

Also C X̂  . . C X  ̂ C X^^^.

These s e ts  converge in  the  Hausdorff m etric  to a compact convex
00

s e t  Y 3  U  X .
i -1

Suppose I(Y) = I ( x ,  y , z) (4)

Since X̂  + Y as i  -► ® th e re  e x i s t  p o in ts  xj^, y^ and in

X, such th a t  x^ x , y ^ + y  and z |*>z as i  ^  ». Thus fo r  f ix ed  

j ,  i t  follows by (3) and (4) t h a t

I(X .) » lim  I(X .)  ^ lim  I ( x ^ ,  y \  z l )
 ̂ i  4. » ^ i  4. »  ̂ ^ ^

"  i ( x ,  y , z)

-  I (Y ) .  (5)

T r iv i a l l y  fo r  each in te g e r  j ,

I(X j)  ^ I(Y) (6)

and thus by (5) and (6)

I(X) -  I (X j )  -  I ( Y ) .  (7)

Suppose f i n a l l y  th a t  Y i s  no t completely  I - s t r e t c h e d  and 

choose a p o in t  y  ̂ Y such th a t
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I ( Y U { y } )  -  I  (Y). (8)

Let p(Y, y) « 5 > 0.

Now fo r  any p a i r  x^, x^ (j > 1 ) ,

X. C X, , e x .  and so
1 1+1 J

|x^ -  Xjl & p(X j, Xj) -  p(Xj) by d e f in i t i o n  of x^ s ince

Xj cW(Xj).  (9)

Also |y -  x |  ^ 6  fo r  each xeX^ fo r  j  * 1, 2 . . (10)

s in ce  Y 3  X̂  .

But I(X j) ^ I(Xj u  {y})

^ I(Y U {y})

« I(Y) by (8)

"  I(X j) by (7)

and so we have

K X jU  {y}) -  I(Xj) f o r  j  -  1, 2 . . .

Thus y E V(Xj) fo r  j  « 1, 2 . . ,

and hence

p(Xj) % (Xj, y) > a by (10) . (11)

But (11) and (9) then  imply
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00
But the sequence {%,} CY which i s  bounded. Thus (12) i s

 ̂ i -1
im possible  and so Y i s  completely I - s t r e t c h e d .

The theorem i s  proved.

Theorems 18, 19 and 20 show the resemblance between the  

completely I - s t r e t c h e d  s e t s  and the  s e t s  of cons tan t w id th . This 

i s  ha rd ly  s u rp r i s in g  fo r  i f  we conside r the leng th  of the  connected 

s e t  o f  minimal leng th  co n ta in in g  j u s t  two p o in ts  x and y ( i . e .  the 

leng th  o f  the  segment x y ) , in  p lace  o f  the  leng th  o f  the  connected 

s e t  of minimal leng th  co n ta in ing  th re e  p o in ts  x , y and z then our 

corresponding s e t s  a re  p re c i s e ly  the s e t s  o f  co n s tan t  w id th .

In  our next theorem we look a t  th ree  p o in ts  which a t t a i n  the  

K -s t re tc h  of a compact convex s e t  X.

Theorem 21

Let X be a compact convex s e t  and suppose K(X) -  K(x, y , z)

f o r  some x, y and z in  X.

( i )  I f  X , y and z a re  the  v e r t i c e s  of a t r i a n g l e ,  l e t  D(x, y ,  z)

have c e n tre  of re v o lu t io n  t ,  and l e t  v be any v e r te x  of

t r i a n g le  x y z . Then i f  t  =J= v the  l i n e  through v p e rpend icu la r  

to  tv  supports  X r e g u la r ly  and i f  t  -  v then the  e x te rn a l  

b i s e c to r  of the  obtuse angle between the  two l in e s  o f the
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t r i a n g le  in c id e n t  a t  v supports  X r e g u la r ly .

( i i )  I f  X ,  y and z a re  no t a l l  d i s t i n c t  we may assume x ■ y 4=z.

Then a l l  l in e s  through y o r  z which make an acute  angle

of 7  w ith  yz support X r e g u la r ly ,  o

Proof

( i )  Let X, y and z be the v e r t i c e s  of a t r i a n g le  fo r  which

K(X) » K(x, y ,  z ) .

Let L be the  l i n e  through x p e rp en d icu la r  to tx  i f

t  4“ X, and the e x te rn a l  b i s e c to r  of yxz i f  t  » x.

Suppose L does no t support X r e g u la r ly .

Then th e re  i s  a p o in t  x^ ^  x w ith  x^eXnL which l i e s  on the

same s id e  of the  l in e  yz as z .

On yz e r e c t  the  e q u i l a t e r a l  t r i a n g le  ’ uyz such th a t  u l i e s  

on the  s ide  of yz opposite  to  x . By lemma 15, ux con ta ins  

tx  and ux i s  p e rp en d icu la r  to  L. But then

K(X) » K(x^, y , z) -  |u -x ^ |

> |u~x I 

-  K(X),

which i s  im possib le  and so th e re  i s  a c o n t r a d ic t io n .  Thus L 

i s  a r e g u la r  support l i n e  to  X a t  x and p a r t  ( i )  o f  the

theorem i s  proved.
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We now consider p a r t  ( i i )  w ith  x » y 4 z . I t  i s  s u f f i c i e n t  

to  only conside r the  p o in t  y . Let L be a l in e  through y making

ÏÏ
an acute  angle of ~  w ith  yz and suppose th a t  L does not support

6

X r e g u la r ly .  Then th e re  i s  a p o in t  y^ in  XAL and y^4=y* i f

1a 5
y yz -  7  TT, then t h i s  im plies  by lemma 16 p a r t  ( i i i )  t h a t

6

K(x) ^ K(x, y^ , z) -  |y^ -  z |

> |y -  z I

-  K(x, y , z)

-  K(X)

which i s  im possib le .

I f  y^yz = “  , e r e c t  the  e q u i l a t e r a l  t r i a n g le  uyy^ w ith  u 

on the  s ide  of L opposite  z . This im plies

K(X) ^  K(x, y^, z) « |u -z [

> |y - z |

-  K(x, y ,  z)

-  K(X)

which i s  im possible  and so th e re  i s  a c o n t r a d ic t io n .  Thus L i s

a r e g u la r  support l in e  to  X a t  x and the theorem i s  proved.

C oro lla ry  1

I f  L i s  a l i n e  segment in  the  f r o n t i e r  of a compact convex

s e t  X and i n t  X 4= 4* then

K(X; x) < K(X) fo r  each x e r e l  i n t  L.
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Corollary 2

If X is compact theu K(X) = K(conv X),

Proofs

The proofs of corollary 1 and corollary 2 are the same as the 

proofs of corollary 1 and corollary 2 of theorem 18 and are omitted.

Note

We are now able to see that if a set X is completely K-stretched

then X is necessarily compact and convex. The proof is exactly the

same as the corresponding proof for 'I' given in the note in corollary 2

of theorem 18.

Corollary 3

Let X be a compact convex set. In the same notation as theorem 21

there exists an equilateral triangle containing X of minimal width

K(X) whose three edges support X at x,y and z respectively.

Proof

By drawing the lines described in theorem 21, through x, y and z 

it is clear that the proof is immediate.

Corollary 4

For any three points x, y and z

K(x, y, z) “ K(conv(x, y, z) ) if and only if x,y and z are not all

distinct or x, y, z form the vertices of triangle, each of whose angles
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i s  l e s s  than o r equal to  ^  . Otherwise
6

K(conv(x, y , z) ) -  max ( |x - y [ ,  | x - z | ,  | y - z | ) .

Proof

By c o ro l la ry  2 of theorem 21

K(conv (x, y ,  z) ) -  K((x} U { y } l j { z } ) .

Thus

K(conv(x, y ,  z) ) = max ( | x - y | , ] x - z | ,  | y - z | ,  K(x, y , z) ) .

The r e s u l t  i s  now a d i r e c t  consequence of lemma 16 p a r t  ( i i i ) .

We show in  our next theorem, th a t  i f  the  K -s t re tc h  o f  x w ith  

r e s p e c t  to  a compact convex s e t  X w ith  a non-empty i n t e r i o r  i s  

co n s tan t  and equal to  X fo r  each x in  the  f r o n t i e r  of X, then 

X i s  a r o to r  fo r  an e q u i l a t e r a l  t r i a n g le  o f h e ig h t  X.

Theorem 22

Let X be a compact convex s e t  w ith  i n t  X =j* <|> •

Then K(X; x) * X fo r  each x Efr X i f  and only i f  X i s  a 

r o to r  fo r  an e q u i l a t e r a l  t r i a n g le  of h e ig h t  X.

Proof

Suppose th a t  X i s  a r o to r  f o r  an e q u i l a t e r a l 1t r i a n g le  T
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of h e ig h t  X. Then suppose th e re  e x i s t s  e f r  X such th a t

K(X; x^) < X. (1)

I t  i s  known [ l2 j  th a t  the  normals to the  edges of T a t  the 

po in ts  of i n t e r s e c t io n  of X w ith  the  edges of T a re  concurren t 

in  a p o in t  t .  Then the  sum of the  d is ta n ce s  o f  t  from the th ree

edges of T i s  equal to  X, w ith  the  convention th a t  i f  an edge

sep a ra te s  t  from X, then the d is ta n ce  from t  to  th a t  s id e  i s

n e g a tiv e .  So i f  y and z a re  p o in ts  of X such th a t  x , y
O 0 0 O

and z^ l i e  one on each edge of T then

K(X; Xg) t  K(XQ, y^ , z^) -  X. (2)

This c o n tra d ic t s  (1) and so

K(X; x) “ X fo r  each x e f r  X.

We now suppose K(X; x) -  X fo r  each x e f r  X. Again by 

the compactness of X, K(X) •  K(x, y ,  z) fo r  th re e  p o in ts  x, y 

and z and i t  i s  obvious by theorem 21 th a t  x , y and z each belong 

to  f r  X.

Thus K(X) « X and so by theorem 21, c o ro l la ry  3, i t  follows

th a t  X i s  c ircum scribed  by a t  l e a s t  one e q u i l a t e r a l  t r i a n g le  T

of h e ig h t  X. Now th e re  does no t e x i s t  an e q u i l a t e r a l  t r i a n g le  T^

of h e ig h t  y > X which c ircum scribes  X f o r  suppose t h i s  i s  the



-  139 -

case . Let and be th re e  p o in ts  of X, one o r  each edge of

T^.

Then by lemma 16 p a r t s  ( i )  and ( i i ) ,

K(X) ^  K(x^, y^ , z^J % y > X -  K(X). (3)

But (3) i s  im possib le  and so we can assume th a t  T can be moved

con tinuously  round X so as always to  c o n ta in  X. Moreover T

c ircum scribes  X in  a t  l e a s t  one o r i e n t a t i o n .

Let T have v e r t i c e s  p , q and r  and suppose t h a t  qr makes

an angle 6 w ith  0 ^  6 < 2tt, w ith  some f ix ed  l i n e .  We s h a l l  suppose

p, q and r  a re  la b e l le d  in  an ti-c lo c k w ise  o rder  round T w ith  re sp e c t

to  an i n t e r i o r  p o in t  of X and th a t  6 in c re a se s  as T i s  moved

in  a clockwise sense . We s h a l l  c a l l  6, the  o r i e n t a t i o n  o f  T.

Now suppose th a t  X i s  no t a r o to r  o f  T.

Then th e re  e x i s t  o r i e n ta t io n s  8^, 6^ of T such th a t  T

circum scribes  X when 8 "  8 and 8 - 8 ,  bu t does not0 1

c ircum scribe  X fo r  any 8 in  the  in t e r v a l  8^ > 8 > 8^. Let pq,

p r  and q r support X a t  p o in ts  x^, x^ and x^ r e s p e c t iv e ly  when

0 -  8 . I t  i s  c l e a r ly  im possib le  t h a t  x, -  x .  -  x.  ̂ and so we
0 1 2  3

can assume w ithou t any r e a l  lo ss  in  g e n e r a l i ty  th a t  x^ i ” ^2 *

By c o ro l la ry  1 to  theorem 2 1  ̂ f r  X does no t  c o n ta in  a segment.

Thus th e re  e x i s t s  a p o in t  z e f r  X s t r i c t l y  on the  same s id e  o f  the

l i n e  x^Xg as p ,  w ith  z ^  x^, z f  such th a t  no support
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l i n e  to  X through z can co n ta in  e i t h e r  o r  x^,

Let > 8^ be the  l e a s t  value of 6 fo r  which pq i s  a 

support l i n e  to  X a t  z ,  i f  T were moved w ith  pq always 

supporting  X.

Let 0^ •  min 8^).

2 IT
Then 0 <  -  8^| < - y  s ince  8^ =|= 6^ and zx^ and zx^ a re

not support l i n e s  to  X.

We suppose th a t  pq, p r  and q r support X a t  p o in ts  y^ , y^ and 

y^ re s p e c t iv e ly  when 0 ■ and conside r  two c a se s .

Case I

®3 ■ ®1-

Thus 0 < 18 ^ -  8^1 < y

Now i t  i s  no t p o s s ib le  th a t  y^ ■ x^ fo r  each i  » 1, 2 and 3 fo r  

i f  t h i s  were the  case we should have, by co ns ider ing  the  len g th  

K(x^, x^ , x^) o f  D(x^, x^ , Xg), t h a t  K(x^, x^ , x^) -  K(X) « X



-  141 -

and, by lemma 16 p a r t s  ( i )  and ( i i )  t h i s  im plies  th a t  

18^ -  8^1 % -  %. This i s  no t so.

We may assume y^ 4" fo r  the proof of the  o th e r  cases i s  s im i la r .  

We choose x^ e f r  X w ith  x^ «j* and x^ 4̂  y^.

But then i f  8 i s  the  angle of o r i e n ta t io n  o f  T when the  edge

pq supports  X a t  x^ (assuming th a t  T i s  moved w ith  pq always

supporting  X), then 8 s a t i s f i e s

8 < 8 < 8, .
0 1

Thus, s ince  K(X; x^) -  X ■ K(X), i t  fo llows by theorem 21 c o ro l la ry  3 

th a t  th e re  i s  an o r i e n ta t io n  8  ̂ w ith

8 < 8 < 8 .
0 1

fo r  which T c ircum scribes  X. But t h i s  i s  a c o n t ra d ic t io n  w ith  the 

d e f in i t i o n  of 8^.

Thus we co n sid e r .

Case I I

83 ■ 8^. We now choose a p o in t  x ^ c f r  X w ith  x^ 4“ and x^ 4“

But again  using  the  same arguments as in  case I ,  we have th e re  i s  an 

o r i e n ta t io n  8  ̂ w ith

»0 < < ®2 <

fo r  which T c ircum scribes  X. This i s  a c o n t ra d ic t io n  as be fo re  and
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80 the  theorem i s  proved.

We now prove in  theorem 23 th a t  a compact convex s e t  X i s  

completely  K -s tre tch ed  w ith  K -s t re tc h  equal to X i f  and only i f  

X i s  a ro to r  fo r  an e q u i l a t e r a l  t r i a n g le  of h e ig h t  X. Following 

theorem 23, we show f i n a l l y  in  t h i s  ch ap te r  th a t  i f  a compact s e t  

X has K -s t re tc h  equal to  X, then  X i s  contained  in  a r o to r  fo r  

an e q u i l a t e r a l  t r i a n g le  of h e ig h t  X*

Theorem 23

Let X be a compact convex s e t .

Then X i s  completely K -s tre tch ed  w ith  K(X) ■X i f  and only i f  X 

i s  a r o to r  fo r  an e q u i l a t e r a l  t r i a n g le  o f  h e ig h t  X.

Proof

(a) Suppose X i s  a r o to r  fo r  an e q u i l a t e r a l  t r i a n g l e  T of 

h e ig h t  X.

Let x^ ^ X and conside r  the  p o in t  x^ e X which i s  n e a r e s t  to  x^. 

Then th e re  i s  an o r i e n ta t io n  of T such th a t  one edge passes  through 

x^ and th a t  edge i s  p e rp en d icu la r  to  x^x^. Suppose the  o th e r  edges 

of T support X in  the  p o in ts  y^ and in  t h i s  o r i e n t a t i o n .  By

theorem 22, K(X) * X and so
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K ( X )  -  K C x ^ ,  y ^ f

-  K(*i. y j’ V  ■ 1*2 " *il

< K(x^, y^.

« K ({ x ^ } U X ) .

Thus X i s  completely K -s tre tc h ed .

(b) I t  i s  ev iden t from lemma 16 p a r t  ( i i i )  t h a t  i f  X i s  completely 

K -s tre tch ed  then i n t  X 4* (#*

The proof th a t  X completely K -s tre tch ed  w ith  K(X) •  X im plies

th a t  K(X; x) ■ X fo r  each x e f r  X i s  e x a c t ly  the  same as the

proof th a t  X completely I - s t r e t c h e d  w ith  I(X) -  X im plies  th a t

I(X; x) ■ X fo r  each x e f r  X, which i s  g iven in  theorem 19.

Hence X completely  K -s tre tch ed  w ith  K(X) ■ X im plies  th a t  X 

i s  a r o to r  fo r  an e q u i l a t e r a l  t r i a n g le  of h e ig h t  X by theorem 22, 

and so the  theorem i s  proved.

Theorem 24

Let X be a compact s e t  w ith  K(X) « X*

Then X i s  contained  in  a compact convex s e t  Y which i s  a r o to r

fo r  an e q u i l a t e r a l  t r i a n g le  of h e ig h t  X*

Proof

The proof t h a t  X i s  con tained  in  a compact convex s e t  Y which 

i s  completely K -s tre tch ed  i s  ob ta ined  from the  p roof o f  theorem 20 by

rep la c in g  *1* by *K* and re fe re n ce s  to  theorem 18 by re fe re n ce s  to
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theorem 21 in  the  argument. Theorem 24 then follows from theorem 23

In  view of theorems 22, 23 and 24 i t  i s  easy to  see th a t  we now

have theorems 19 and 20 w ith  the  fu n c tio n  I  rep laced  by the  fu n c tio n

K.

I t  i s  ev iden t by a c o n s id e ra t io n  of the  r e s u l t s  ob ta ined  in  t h i s  

ch ap te r ,  t h a t  the  completely K -s tre tch ed  s e t s  no t only possess  p ro p e r t ie s  

analogous to  the  'completeness* p ro p e r t ie s  of the  s e t s  of co n s tan t 

w id th , b u t a lso  a re  ro to r s  fo r  an e q u i l a t e r a l  t r i a n g l e .  Since the 

c la s s  of s e t s  o f  co n s tan t width X co incides  w ith  the  c la s s  of r o to r s  

of the  square of s id e  X, we might say th a t  o f  the  c la s s  o f  completely 

K -s tre tch ed  s e t s  and the  c la s s  o f  completely I - s t r e t c h e d  s e t s ,  the  former 

i s  more analogous to  the  c la s s  of s e t s  of co n s tan t  w id th . This i s  

p o ss ib ly  r a th e r  s u rp r i s in g  whan we look a t  the  n a tu re  of the  

corresponding c o n s tru c t io n s  o f the  completely  I - s t r e t c h e d  s e t s  and 

the  completely K -s tre tch ed  s e t s .

F in a l ly  we no te  th a t  theorems 20 and 24 a re  a l s o  t ru e  fo r  

a r b i t r a r y  bounded s e t s  X s in ce  c l e a r ly  the  I - s t r e t c h  (K -s tre tch )  

of a bounded s e t  X i s  equal to  the  I - s t r e t c h  (K -s tre tch )  of the

c lo su re  of X. We then work w ith  the  c lo su re  o f  X in  p lace  of X.
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CHAPTER 5

INTRODUCTION

Our main purpose in  t h i s  chap te r  w i l l  be to  give some bounds 

over various  c la s s e s  of s e t s  fo r  the  I - s t r e t c h  and K -s t re tc h  of such 

s e t s  in  terms of o th e r  w ell known s e t  fu n c t io n s .  We s h a l l  a lso  

re v e a l  the  p re c is e  geometric meaning of the  I - s t r e t c h  and K -s t re tc h  

of a compact convex s e t .

However in  our f i r s t  theorem in  t h i s  chap te r  we give a p ro p e rty  

o f  the  'maximal' e q u i l a t e r a l  t r i a n g le  which c ircum scribes  a compact 

s e t  X. Of course the  ex is tan c e  of such a t r i a n g le  i s  guaranteed by 

the  Blaschke s e le c t io n  theorem and the  compactness o f  X.

Theorem 25

Let T(X,8) be the  s m a l le s t  e q u i l a t e r a l  t r i a n g le  which con ta ins  

a compact s e t  X and which i s  such th a t  one o f  i t s  edges makes an 

angle  8 w ith  a g iven f ix e d  d i r e c t i o n .  Let T(X) denote the  l a r g e s t  

such t r i a n g le  T(X,6).

Then th e re  e x i s t s  a compact convex s e t  Y which co n ta in s  X 

and which i s  a r o to r  fo r  T(X).

Proof

Since fo r  each 8 i t  i s  c l e a r  th a t  T(X, 6) ■ T(conv X, 6) 

we may assume X i s  convex. By d e f in i t i o n  o f  T(X, 6) i t  follows
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that T(X, 0) circumscribe# X for all 6.

Let W(X, 8) and V(X) denote the widths of T(X, 6) and T(X) 

respectively. We next prove a lemma.

Lemma 17

If for some 0̂ , W(X, 0̂ ) < V(X) then there exists such

that

W(conv(X, *), 0̂ ) > W(X, 0̂ ) but 

W(conv(X, s) ) - W(X).

Proof

Suppose that the edges of T(X, 0̂ ) meet X in the pointŝ

X , y and ŝ  respectively. We may assume % f y and x 4"0 0 0 '  '  o'  0 0 ' 0

By continuity and by lemma 16 we may assume that if 0 is measured

in an appropriate sense, then there exists a point x c fr X,
1 •

x^ 4" x^ and an angle 0̂  > 0̂ , such that one edge L(X, 0̂ } of 

T(X, 0̂ ) supports X at x^ and does not contain x^ and also

W(X, 0) < W(X) for all 0 with 0^ < 0 < 0̂  <1)

(Kote if X is a segment we can assume X has end-points x and
0 \

y^ and then take x̂  • ŷ ).

Again by continuity we may assume that there exists a point x^c fr X,

and an angle 0 < 0 such that one edge L(X, 0 ) of T(X, 0.)
2 0 2 2
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supports X St and

w(X, ®)< w(X) for all 6 with 6̂  ̂  0 ^ 6̂ . (2)

Lat L(X, 6̂ ) b« tha adga of T(X, 0̂ ) which supports X at x̂ . 

Lat L(X, 6̂ ) meat L(X, 0̂ ) in x^ f x̂ , lat 1(X, 0̂ ) meat 

L(X, 0̂ ) in x^ and lat L(X, 0̂ ) meat L(X, 0̂ ) in x̂ .

2wa may assume that 0 * 0. < T* by lamma 16

Than if a is chosen in triangle x x, x. exterior to X3 4 5

but sufficiently close to x^ it follows by continuity and by (1)

and (2) that

w(conv(X, a), 0) < w(X), for all 0 with 0̂  ̂  0 0̂

It is also clear that

w(conv(X, a), 0̂ ) > w(X, 0̂ ).

These results imply tha lamma as stated,
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Proof o f Theorem 25

CO f* 2 *1
Let {8.} be a sequence dense in  [o, ^ J • For each compact

 ̂ j - 1
s e t  Z and each in te g e r  j  ^  1 d e f in e  the  fo llow ing  s e t s ,

V(Z) -  { z  I W(conv(Z, z))  -  W(Z)} ,

R(Z) -  sup W(conv(Z, a ) j 8 , ) ,  
zeV(Z) ^

U.(Z) -  (zeV(Z) I W(conv(Z, 2) ,  9 .)  -  p . (Z ) )  .

Since Z i s  compact, V(Z) i s  compact and so pj(Z) i s  a t t a in e d .

Thus Uj (Z) * fo r  each j  w ith  1 ^ J < ~ .

0»

We s h a l l  d e f in e  a sequence l Y. }  o f compact convex s e t s
 ̂ j - o

In d u c t iv e ly  in  the  fo llow ing fa sh io n .

Let "  X. VIhen Y^, j  ^  1 has been defined  take  y j  eU^CYj)

1 1  i  .and l e t  Ŷ  ■ conv(Y^, y ^ ) .  In  genera l  when Ŷ  has been defined  

s e l e c t  yt*^& Uj(Y^) and d e f in e  Y^*^ -  conv(Yj, y^*^) . For f ix ed

• i  *  • •j  the  sequence {Y.} i s  a uniformly bounded monotonie in c re a s in g

'  i - 1  ,  1 -
sequence of compact convex s e t s ,  and so {Y,} converges in  the

 ̂ i - 1
Hausdorff m e tr ic  to  a compact convex s e t ,  which we d e f in e  to  be Yj^^. 

By c o n s tru c t io n

and by c o n t in u i ty

i*fl i
-  W(T. ) -  W(Yj) -  W(Tj) (4)

f o r  a l l  In te g e rs  1 and j .
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Thus (3) and (4) imply th a t  fo r  each j  w ith  1 < j  < *

Yj 3  X (5)

and

W(ï ) .  W(X) . (6)

Moreover fo r  each j  w ith  1 < j  < "

fo r  suppose t h i s  i s  no t the  case and

6 j)  < W(Yj^^) fo r  some j .  (7)

Then by lemma 17 th e re  e x i s t s  6 > 0 and z ^ Y^^^ such th a t

W(conv(Y , z ) ,  8 j)  > » j)  + « (8)

and

W(conv(T z) ) =i (9)

Now convOfi, y t* l )  C fo r  each In te g e r  i  so

W(Yj^^, 9 j)  ^W (conv(Yj, , 8^) , (10)

Since Y^ Y. , as i  + " ,  f o r  a l l  i  ^  i. (&)
J J+1 0

we have

W(conv(Yj^^, z ) ,6 j )  -  W(conv(Yj, z ) ,  Gj)< J  , (11)

Then by (8) and (11) we have

W(conv(Yj. z ) ,  8 j)  > W(Yj^^. 8^) + |  (12)

and so by (10)



-  150 -

W(conv(Yj, z ) , 9j) 7 W(conv(Y^, 8j) + •“  (13)

fo r  a l l  i  > ig^6) .

We show nex t th a t  z eV(Y^) fo r  each i  w ith  1 < 1 < ®, fo r

W(Yj) < W(conv(Yj, z))

< W(conv(Y. z ))

-  W(Yj^^) by (9)

-  W(Y ) by (4)

« W(Yj)

fo r  a l l  i  w ith  1 < i  < » .

Thus W(Yj) " W(conv(Yj, z)) and so z é V(Y^).

But e Uj(Yj) and so

W(conv(Yj, y j*^ ) ,  6^) ^  W(conv(Y^, z ) , 0^) (14)

fo r  each i  w ith  1 < i  < * .

But (13) and (14) a re  c o n tra d ic to ry  and so

W(Yj^^, 8 j) "  W(Yj^^) fo r  each j  w ith  1 ^  j  < ~.

(15)

Again th e  sequence {Y.} i s  a uniform ly bounded monotonie
 ̂ j * l

in c re a s in g  sequence o f compact convex s e ts  and so converges in  th e  

H ausdorff m e tric  to  a compact convex s e t  Y, which by (5) co n ta in s  X,

Also fo r  each k w ith  1 k < *,

W(Y. Y

-  W(?k+i) by (15 ),

•  W(Y) by c o n tin u ity ,

> W(Y, 8%).
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Since the  sequence {8 } was chosen to  be dense in  [o,
k-1

i t  fo llow s th a t  Y i s  a ro to r  of T(X). The theorem i s  proved.

In  our nex t theorem the  geom etric meanings of the  I - s t r e t c h  

and K -s tre tc h  of a compact convex s e t  X a re  brought to  l i g h t .

We s h a l l  see th a t  the  I - s t r e t c h  o f X, I(X) i s  th e  maximum o f the  

minimum w idths taken  over a l l  t r ia n g le s  which c ircum scribe  X, and 

th a t  the  K -s tre tc h  o f X, K(X) i s  the  maximum of th e  w idths o f a l l  

eq u ila te ra l t r ia n g le s  which c ircum scribe  X.

Theorem 26

Let X be a compact convex s e t .

(! )  Of a l l  e q u i la te r a l  t r i a n g le s  which c ircu m scrib e  X th e re  i s  

a t  l e a s t  one T(X) whose minimal w idth  W(X) i s  maximal. Then 

K(X) -  W(X).

( i i )  Of a l l  t r ia n g le s  which c ircum scribe  X th e re  i s  a t  l e a s t  one 

S(X) whose minimal w idth  V(X) i s  maximal. Then S(X) i s  

is o sc e le s  w ith  i t s  two longer s id e s  equal and I(X) * V(X).

( i l l )  I(X) ^  K(X) w ith  e q u a li ty  i f  and only i f  th e re  e x is t s  an

e q u i la te r a l  t r i a n g le  o f minimal w idth  V(X) which c ircum scribes X,
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Proof

( i )  By compactness th e re  e x is t  p o in ts  x , y and z in  X fo r  which

K(X) ■ K(x, y , z ) .  Then by theorem 21 c o ro lla ry  3 we have

W(X) ^  K(X) . (1)

Suppose the  th re e  edges o f T(X) support X in  the  p o in ts  x , y and 

z re sp ec tiv e ly *  Then by lemma 16,

K(X) & W(X) . (2)

Thus (1) and (2) imply K(X) -  W(X) and p a r t  ( i )  i s  proved.

( i i )  By compactness th e re  e x i s t  p o in ts  x , y and z in  X fo r  which

I(X) -  I ( x ,  y , z ) .

Now i f  i n t  X -  4» then  we can suppose th a t  X i s  th e  segment xy

and i t  i s  easy  to  see  th a t

I(X) * |x  -  y I * V(X) whence p a r t  ( i i )  i s  proved.

Thus we may suppose i n t  X «j»

Then by theorem 18 c o ro lla ry  3 i t  fo llow s th a t

V(X) % I(X ), (3)

and p a r t  ( i i )  i s  proved in  th e  one d ire c tio n *

Next suppose th a t  S(X) has a p a i r  o f p a r a l l e l  s id e s  which support 

X in  th e  p o in ts  x and y re sp e c tiv e ly *  Then c le a r ly

I(X) Î. |x -y | > V(X). (4)
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Thus by (3) and (4) p a r t  ( i i )  i s  proved i f  S(X) has a p a i r  o f 

p a r a l l e l  sides*  We suppose then  th a t  S(X) has v e r t ic e s  p q r.

Now I(X) * D(X) i f  and only i f  X i s  a segment and we a re  assuming 

th i s  i s  no t the  case .

Thus by (3)

V(X) > D(X), (5)

and so no v e r te x  o f S(X) belongs to  X. We show nex t th a t  we may 

assume S(X) i s  is o s c e le s  w ith  i t s  two equal s id e s  a t  l e a s t  as long 

as i t s  th i r d  s id e . For i f  th i s  were n o t the  case we could choose 

n o ta tio n  so th a t

|p -q | > |q - r |  ^  | p - r | .  (6)

9L

Let r^  be a p o in t on q r on the  s id e  o f p r o p p o site  to  q .

Let p^ be th e  p o in t on pq such th a t  p^r^ i s  th e  support l in e  

to  X which i s  d i f f e r e n t  from q r .
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Now s in ce  th e re  i s  a p o in t o f X on pq i t  fo llow s by (5) th a t

r   ̂ X. Thus th e re  i s  a p o in t o f X on p r  which i s  n o t r .

I t  fo llow s then  from (6) th a t  i f  r^  i s  taken  s u f f ic ie n t ly  c lo se

to  r  then  the  minimal w idth  o f t r i a n g le  p^qr^ i s  g re a te r  than

the minimal w idth of t r ia n g le  pqr or S(X). This i s  co n tra ry  to  

the  d e f in i t io n  of S(X)« Hence we can assume th a t  S(X) i s  is o sc e le s  

w ith  i t s  two equal s id e s  pq and p r m eeting X in  y and z 

re s p e c tiv e ly  and w ith  i t s  th i r d  s id e  q r which i s  no longer than  

pq and p r  m eeting X in  x . L et e , m and n be the  f e e t  o f the  

p e rp en d icu la rs  from p on to  q r ,  from q on to  p r and from r  

on to  pq re s p e c t iv e ly .  Suppose S(X) has a re a  y . We co n sid er 

d i f f e r e n t  c a se s .

9.

(a) Suppose C(x, y , z) has th re e  segments and c en tre  o f connection  w.
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Then

2]i -  |p -q | |n - r  I < |p -q | |w-y | + |p - r | |w - z |  + [q - r ||w -x |

^  |p -q |( |w -y l  + |w -z | + |w - x |) .

But V(X) » |n - r |  and I(X) ^  |w -x| + |w -y| + |w -z | and so

V(X) < I(X ). (7)

(b) Suppose C(x, y , z) has two segments and c e n tre  o f connection  

w ■ X .  Then

2u -  |p - q | |n - r |  ^ |p - q | |x - y l  + |p - r | |x - z |

and again

V(X) < I(X) s in ce  I(X)% |x -y | + |x -z |. (8)

(c) Suppose th a t  C(x, y , z) has two segments and c e n tre  of 

connection  w * y o r w * z .

We suppose w -  y w ithou t lo ss  in  g e n e ra l i ty  and then

2u » |p - q | |n - r |  < |q - r | |x - y |  + |p - r | |y - z |

^ |p - r |  ( |x - y | + |y - z | ) .

Thus V(X) < I(X) s in ce  in  th i s  case  (9)

I(X) ^  |x -y | + |y - z | .

Thus a l l  cases have been considered  and so by (3)

V(X) « I(X) and p a r t  ( i i )  i s  proved.
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( i l l )  This i s  an immediate consequence o f p a r ts  ( i )  and ( i i ) . The 

theorem is  then proved.

Thus in  view of theorem 26 i t  i s  easy to  see th a t  theorems 24 

and 25 are  e q u iv a le n t.

In  our nex t theorem we g ive an in e q u a l i ty  concerning th e  minimal 

w idth  H(X) and diam eter D(X) o f a compact convex s e t  X which i s  

com pletely  I - s t r e tc h e d  w ith  I - s t r e t c h  X, This enab les us to  g ive 

a c h a r a c te r is a t io n  o f the  ro to r s  of a re g u la r  hexagon.

Theorem 27

Let X be a compact convex s e t .

( i )  I f  X i s  com pletely  I - s t r e tc h e d  w ith  I(X) ■ X then

0 ^  H(X) ^  | x  ^ D(X) < X .

2 X( i i )  X i s  a ro to r  fo r  a re g u la r  hexagon o f s id e  i f  and only

i f  X i s  com pletely  I - s t r e tc h e d  w ith  I(X) ■ X and e i th e r  

H(X) -  jX o r D(X) "  Y A*

Proof

Suppose th a t  I(X) » I(X ; x) * X fo r  each x e f r  X.

( I f  X i s  a segment then  ( i )  i s  t r i v i a l l y  tru e  and so we s h a l l  

suppose i n t  X “f* < .̂)
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We s h a l l  suppose f i r s t  th a t  fo r  some x in  f r  X,

I(X ; x) ■ I ( x ,  y , z) say , where C(x, y , z) has two segm ents, and

y\ ^ 2assume th a t  yxz& ~  ir.

Then X ■ |x -y | + |x - z | and (1)

(D(X))^ ^  | y - z •  |x - y 1̂  ♦ |x - z |^  -  2 |x - y | |x - z |  cos yxz

2 2 ^  |x -y | + |x - z | -  |x - y | |x - z |

^  ( |x - y |  + |x -z  |)^  + X ( | x - y |  -  |x - z |) ^ .

Thus by (1)

(2)

Now (2) im p lies  th a t  X co n ta in s  a segment uv o f len g th  X.

Let be th e  sm all a rc  o f a c i r c l e  which co n ta in s  u and v and

2i s  such th a t  uv subtends an angle  -jff on Let be th e

r e f le c t io n  o f in  uv* L et L and M be support l in e s  to  Y^

and Y^ re s p e c tiv e ly  which a re  p a r a l l e l  to  uv and a re  on e i th e r  s id e  

o f uv.

I t  i s  then  c le a r  by lemma 13 th a t  X l i e s  in  th e  s t r i p  bounded by 

L and M which co n ta in s  uv.

Now p(L, M) -  Y thus

H(X) < Y ^ f  (3)

Thus p a r t  ( i )  o f the  theorem i s  proved i f  th e re  e x is t s  x e f r  X fo r  

which I(X ; x) ■ I ( x ,  y , z) say , where C(x, y , z) has two segm ents.
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We suppose now th a t  th i s  i s  no t the  ca se , and fo r  each x c f r  X 

th e re  e x is t  y and z  in  f r  X such th a t  I(X ; x) -  I ( x ,  y , z ) ,  

where C(x, y , z) has th re e  segm ents.

I t  then fo llow s by theorem 26 p a r t  ( i i i )  th a t

K(X; x) -  I(X ; x) •  X fo r  each x e f r  X,

and so by theorem 22 X i s  a  r o to r  fo r  an e q u i la te r a l  t r i a n g le  o f 

h e ig h t X.

2
Thus by [l2 ] th e  p e rim e te r o f X i s  equal to  — xX and so

2x

H(X, 0) d8 (A)

where H(X, 0) i s  the  w idth  o f  X in  the  d ire c t io n  0.

Hence,

ttD(X) "  X sup H(X, 6)

0 3 @ 3 2x

2 ,». j , r X

Î .  IT i n f  H(X, 8 )

0 3 6 3 2x

-  irH(X). (5)

Hence (2) ,  (3) and (5) imply 

H(X) « | x  « D(X).
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Let {0. } be a sequence o f ang les convergent to  x as i  +
 ̂ i-1

Let be the  is o sc e le s  t r ia n g le  whose two equal s id e s  a re  of

len g th  ~  and co n ta in  the  ang le  0^ fo r  i - 1 ,  2 . . .  .

2
We assume 0^ & "^x fo r  each i .

Then T ., by theorem 20, i s  con tained  in  a com pletely  I - s t r e tc h e d  

s e t  w ith  I(X^) -  X,

I t  fo llow s by theorem 18 th a t

H(X^) 4» 0

and D(X^) X as i  +  *.

Thus p a r t  ( i )  i s  proved and th e  l a s t  paragraph  shows th a t  th e re  e x is t  

s e ts  com pletely  I - s t r e tc h e d  w ith  non-empty in te r io r s  w ith  arb itm ry  

sm all a re a  and minimal w id th . We now prove ( i i ) .

Suppose X i s  com pletely  I - s t r e tc h e d  w ith  I(X  -  X, and

2 2 
H(X) •  "jX or D(X) -  -  X. Then c e r ta in ly  i n t  X ^  *. Also fo r

each X e f r  X th e re  e x i s t  y and z in  f r  X such th a t  I(X ; x) -  I ( x ,  y , z ) ,

where C(x, y , z) has th re e  segm ents, fo r  o therw ise  by (2) and (3)

V3 XD(X) — X and H(X) ^ ~ . This i s  no t so .

Hence as b e fo re  X i s  a ro to r  fo r  an e q u i la te r a l  t r i a n g le  o f h e ig h t X.

Thus e q u a li ty  holds in  (5) and so

H(X) "  -  D(X),

2whence X has co n stan t w idth  ~  X. \

2X \
Thus X i s  a ro to r  fo r  a re g u la r  hexagon o f s id e  —  . %
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We suppose f in a l ly  th a t  X i s  a ro to r  fo r  a re g u la r  hexagon

2X 2X
of s id e  . Then X has c o n s tan t w idth  We show nex t th a t

i t  i s  no t p o s s ib le  fo r  I(X ; x) to  equal I ( x ,  y , z) say , where

C(x, y , z) has two segm ents. For suppose th i s  i s  the  ca se . Then

2
i t  i s  c le a r ,  s in ce  X has d iam eter j  X, th a t  1(X; x) i s  sm aller

than  o r equal to  th e  sum of th e  two equal a id es  of an is o sc e le s

t r i a n g le  w ith  base ^  X and base ang les o f “  .
3 6

i . e .  I(X ; • (6)

But by [7]  page 125, th e  ra d iu s  o f the  in c i r c l e  o f X i s  a t

, .  , ,  1 .  21le a s t  (1 -  ^ )  . y  .

Then i f  o i s  the  c e n tre  o f th i s  c i r c l e  choose p o in ts  y^ and z^

1  A  X A  1  A  2
in  f r  X such th a t  y ox -  z ox -  y ox -  -  x.

Then

I(X ; x) ^ I ( x ,  y^ , z^)

T

A i
* 3V3

i. I(X ; x) by (6) . (7)

But (7) i s  c o n tra d ic to ry  and th e  s ta tem en t i s  proved.

Thus I(X ; x) -  K(X; x) -  X fo r  each x e f r X by theorem 19 s in ce  i t

2Xfo llo w s , as X i s  a r o to r  fo r  a re g u la r  hexagon o f s id e  , th a t  in  

p a r t i c u la r  X i s  a ro to r  fo r  an e q u i la te r a l  t r i a n g le  o f h e ig h t X.

The theorem i s  proved. \
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Since a compact convex s e t  which i s  com pletely  K -s tre tch ed  i s  

a ro to r  fo r  an e q u i la te r a l  t r i a n g le ,  i t  i s  c le a r  th a t  we may re p la ce  

*1* fo r  *K* in  theorem 27 p a r t  ( i i )  and th e  theorem rem ains t r u e .  The 

proof i s  then  however r a th e r  t r i v i a l  and i s  o m itted .

In  our nex t theorem we g ive an upper bound fo r  th e  p e rim e te r F(X) 

o f a com pletely I - s t r e tc h e d  s e t  X. A gain, s in ce  th e  com pletely 

K -s tre tch ed  s e ts  a re  ro to r s  fo r  an e q u i la te r a l  t r i a n g le ,  i t  fo llow s 

(see fo r  example [l2 ] page 106) th a t  a l l  such s e ts  have the  same 

p e rim e te r . However, th i s  i s  no t so fo r  the  com pletely  I - s t r e tc h e d  

s e ts  as we s h a l l  now see .

Theorem 28

Let X be a compact convex s e t  which i s  com pletely  I - s t r e tc h e d  

w ith  I(X) •  X. Then

( i )  P(X) < ^ X  w ith  e q u a li ty  i f  X $ D(X)< ^  X.

73( i i )  Given any number y w ith  ~ X  < y < X, th e re  e x is t s  a compact

convex s e t  Y, o f d iam eter D(Y) ■ y and p e rim e te r 

2
P(Y) < -jiïX , which i s  com pletely  I - s t r e tc h e d  w ith  I(Y) « X.

Proof

( i )  By theorem 26, th e  e q u i la te r a l  t r i a n g le  T o f maximal minimal 

w idth  which c ircum scribes X has minimal w id th  K(X) le s s  than  o r 

equal to  ^ . Then by theorem 24 o r theorem 25, X i s  con tained  in  a
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r o to r  Y o f T, which consequently  has p e rim e te r P(Y) le s s  than  o r

2 2 equal to  — irX. Thus P(X) 3 ^

2 »/3
Suppose now J  A D(X) X. Then c e r ta in ly  i n t  X f ' Now

th e re  does n o t e x i s t  x c f r  X fo r  which I(X) ■ I(X ; x) ■ I ( x ,  y , z)

say , where C(x, y , s) has two segments and where one o f th e  ang les

A  2
o f t r i a n g le  xy*, say yx* > y  * ' For i f  th i s  were th e  c a se , then  

th i s  im p lies  by equation  (1) o f theorem 27 th a t

(D(X))^ > ^  X̂  ♦ i  ( |x - y |  -  |x -* l)^

and so D(X) > X which i s  no t th e  case .

Hence fo r  each x e frX , th e re  e x is t s  y and z in  f r  X such th a t  e i th e r

C(x, y , %) has th re e  segments o r  C(x, y , z) has two segments where one

2
o f th e  ang les o f t r i a n g le  x y z i s  equal to  — x.

This im p lies  by theorem 26 th a t

K(X; x) ■ I(X ; x) ■ X fo r  each x e f r  X,

and so by theorem 22 X i s  a r o to r  fo r  an e q u i la te r a l  t r i a n g le  o f

h e ig h t X and thus has p e rim e te r

P(X) ■ j  xX. 

we nex t prove ( i i ) •

>/3L et li be g iven  w ith  X < y < L L et xy be a segment o f 

len g th  fi. L et w, z be p o in ts ,  one on e i th e r  s id e  xy w ith

|x-w | « |y-w | •  |x - z | "  |y~ z | •  ~  .
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Let Y be the  a rc  o f the  c i r c l e  x y z . L et X be th e  s e t  bounded 

by Y and the segments xw and yw.

Now s in  ) (x  w y)  ̂ ^

A 2ir Hence xwy >

Also |w-z I -   ̂ \  cos i (x(^)

< I  . (1)

Now suppose I(X) ■ I (x ^ , y ^ , z ^ ) .

By theorem 18 c o ro lla ry  1, none o f the  p o in ts  x \  y^ o r 

can l i e  in  r e l a t iv e  i n t e r io r  o f xw o r wy* Thus we co n sid e r two 

d i s t i n c t  c a se s .

Case I

One o f the  p o in ts  x \  y^ o r z^ say z^ i s  equal to  w. 

Then by (1)

I(X) -  I (x ^ , y^ , z^) (  Iw-x^l 4 |w -y^|

< |w-x I + |w-y I

< I(X ) . (2)

For e q u a li ty  to  hold  in  (2) we must n e c e s s a r i ly  have x •  x^ and 

y ■ y^. Thus I(X) -  X.
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Case I I

Each of the  p o in ts  x^, and l i e s  on y.

But then  i f  z^ l i e s  between and y^ i t  i s  easy to  see th a t

I ( X )  -  I ( x ^ ,  y^ , z^) (  |z^ -  x |  + |z ^ -y |

< |z -  X I + |z  - y |

< I(X ). (3)

For e q u a li ty  to  hold  in  (3) we must n e c e s s a r i ly  have

1 1 ^ 1X ■ X , y * y and z ■ z .

Thus I (x ^ , y^ , z^) » X in  bo th  cases so

I(X) -  X.

Then by theorem 20 th e re  e x is t s  a s e t  Y, which i s  com pletely

I - s t r e tc h e d  w ith  I(Y) ■ X, and which co n ta in s  X.

Since I ( x ,  y , z) ■ I(Y) i t  fo llow s by theorem 18 th a t  th e re  

e x i s t  support l in e s  L, M and N to  Y w ith  L p ass in g  through x 

p e rp en d icu la r to  xz , M p assin g  through y p e rp en d icu la r to  yz 

and N p assin g  through z p a r a l l e l  to  xy. Since N i s  th e  unique 

support l in e  to  X a t  z i t  fo llow s th a t  N i s  th e  unique support 

l in e  to  Y a t  z .

Since a lso  I ( x ,  y , w) •  I(Y) we can d e fin e  corresponding  l in e s  

L^, and through y , x and w re s p e c tiv e ly , which a re  p a r a l l e l  

to  L, M and N re s p e c tiv e ly .

\
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Let N meet L^ and M in  u and v re s p e c tiv e ly  and l e t  

meet L and M in  s and t  r e s p e c tiv e ly .

Then Y i s  con tained  in  the  hexagon x s t  y u v .

By co n sid erin g  the  p a ra lle lo g ram  x v y t  i t  i s  c le a r  th a t  

|x - y |> | t  -  v | s in ce  yz produced meets xv produced. Thus the  

diam eter o f th e  hexagon x s t  y u v i s  equal to  |x -y | ■ y.

Since Y i s  con tained  in  th i s  hexagon and Y co n ta in s  X i t

fo llow s th a t  Y has d iam eter D(Y) * y.

Now by theorem 26 th e  maximal e q u i la te r a l  t r i a n g le  which 

c ircum scribes Y has h e ig h t K(Y) "  n < X, and so by theorem 24

o r theorem 25 Y i s  con ta ined  in  a r o to r  % o f an e q u i la te r a l

2 ■ \  t r i a n g le  o f h e ig h t n . Hence Y has p e rim e te r — irX i f  and only

i f  Y i s  a ro to r  fo r  an e q u i la te r a l  t r i a n g le  o f h e ig h t X. We

sWLl show th a t  th is  i s  n o t th e  case and then  p a r t  ( i i )  o f th i s

theorem fo llow s from p a r t  ( i ) .

Suppose that Y i s  a r o to r  fo r  an e q u i la te r a l  t r i a n g le  T o f

h e ig h t X. C onsider th e  o r ie n ta t io n  o f T when one s id e  o f T \

\
\
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co in c id es  w ith  the  l in e  M. Suppose th a t  the  l in e s  M and N meet

in  r .  Since xzy > - ^  i t  fo llow s th a t  yxz  > ■”  . L et 0  be the

l in e  which supports  Y, which makes an angle j  w ith  M, and which

meets M on the  s id e  o f r  op p o site  to  y . Then 0  co n ta in s  one

s id e  o f T when T has the  above o r ie n ta t io n .  Also 0  does no t 

co n ta in  z s in ce  N i s  the  unique support l in e  to  Y a t  z .

Now s in ce  we a re  assuming th a t  Y i s  a ro to r  o f T, th e  n o rm a ls

to  the  th re e  edges o f T a t  the  p o in ts  o f co n tac t o f I  w ith  Y

a re  co in c id en t in  a p o in t t  say .

Thus in  the  above o r ie n ta t io n  o f T i t  fo llow s th a t  t  l i e s  on yz 

produced and thus e x te r io r  to  T. Let th e  th re e  p o in ts  of c o n tac t

o f the  edges of T w ith  Y be in  th is  o r ie n ta t io n .  Then

\

lA l
c le a r ly  x z y > and so

t



-  167 -

I (Y) ^ |x ^ -z ^ | + |y -z ^ |

> Ix^-c I + |y - t  I -  |z ^ - t

-  I(Y ).

But th is  i s  Im possible and so Y i s  no t a ro to r  fo r  T, 

The theorem i s  proved.

We s h a l l  now give a c h a r a c te r is a t io n  o f d is c s  among th e  ro to r s  

fo r  an e q u i la te r a l  t r i a n g le .

The proof given here  i s  due to  my su p e rv iso r and i s  co n sid erab ly  

s h o r te r  than  my o r ig in a l  p ro o f.

I f  X i s  a compact convex s e t  which i s  com pletely  I - s t r e tc h e d ,  \ 

and we co n sid er *w the  c e n tre  o f connection  o f C(x, y , 2)* in  p lace  

o f *t th e  c en tre  o f re v o lu tio n  o f D(x, y , z )*,  to g e th e r  w ith  *1* in  \

p lace  of *K' in  the  s ta tem en t of th is  theorem , i t  w i l l  be c le a r  from 

the  argument th a t  the theorem s t i l l  rem ains t r u e .

\
\
\

Theorem 29 \

L et X be a compact convex s e t  which i s  ro to r  fo r  an e q u i la te r a l  

t r i a n g le  T o f h e ig h t X. I f  th e re  i s  a f ix e d  p o in t t  th a t  i s  the 

c e n tre  o f re v o lu tio n  o f D(x, y , z) fo r  each x e f r  X, where 

y , z € f r  X such th a t
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K(X; x) » K(x, y , z) -  X

then X i s  a d is c ,  c en tre  t  and ra d iu s  —.

Proof

Let X and y be any two d i s t i n c t  p o in ts  in  f r  X such th a t

A If
X t  y ■ 6 where 0 < 6 < ^  *

Now fo r  each in te g e r  n choose p o in ts  x , x_ , . . x in  o rd er
0 1 n

on th e  a rc  x y o f f r  X which l i e s  on the  s id e  o f the  l in e  x y

o p p o site  to  t  such th a t  x * x , y ■ x and x tx  •  0 where
0 n p o p

0 ^  .0  fo r  p -  I ,  2 . . n .
P n

By theorem 21, the  l in e  L through x p e rp en d icu la r to  tx
P P P

supports  X and a s im ila r  sta tem en t i s  tru e  fo r  x fo r  p <■ 0 , • .
p+1

n -1 .

Thus the  l in e  M through x , which i s  p a r a l l e l  to  L cu ts  the
P P+1 P

lin e  X t  between t  and x fo r  p “ 0 , . . n -1 .
P P

t
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Then c le a r ly ,  i f  r^  -  p " 0 , . . n , then

'p+1 c°»(Gp+i-8p) < (1)

fo r  p ■ 0 , . . n -1 .

9
Thus r  , cos — < r  and (2)p+1 n p

S im ila r ly  r  cos — < r  , fo r  p -  0 , . . n -1 . (3)p n p+1

0 2 0
But 1 -  ( — ) < cos — < 1 (4)n n

and so by (2) and (3) 

r  r
p+1 ( l  —  ) ^ r  (5)

2 P

0 2and r  ( l - ( — ) ) < r  fo r  p * 0 , . . n -1 . (6)
P n p+1

2

Then (5) and (6) imply

■ V i  ( -  ■ 'p+1 < 'p

- f -  ^

fo r  p » 0 , • • n -1 .

Thus by (7)

>'p ■ V i ' *  ( ^  ( 'p '  'p+ i>

< A ( 2. )2  (8)

where A •  i sup | t - x |  < « fo r  p * 0 , . . n -1 .
X e f  r  X
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Hence t - x  -  t - y

n-1

'p!o V i - 'p

n-1

'* A  ' v >  -

^  by (8 ) .n

But th i s  i s  tru e  fo r  a l l  n and thus

t - x t - y

Since th e  cho ice o f x and y in  f r  X vas a r b i t r a r y  su b je c t to  

x ty  "  6 where 0 < 6 < j  i t  i s  c le a r  th a t  the  theorem fo llo w s .

Note

We can use th e  above argument to  show th a t  i f  X i s  an 

a r b i t r a r y  convex s e t  which i s  no t a  d is c ,  and t  i s  a  given p o in t ,  

then  th e re  e x is t s  a p o in t x t  in  f r  X fo r  which th e  l in e  through 

X p e rp en d icu la r to  tx  does n o t support X.

In  t u i t i v e ly  one m ight expect th e  t r i a n g le  o f maximal minimal 

w idth  which c ircum scribes a compact convex s e t  X to  be e q u i la te r a l .  

However as we have a lre ad y  seen in  theorem 26 th i s  i s  n o t always the

case,

In  our n ex t theorem we s h a l l  g ive an upper bound fo r  th e  r a t i o  

o f th e  minimal w idth  o f th e  t r i a n g le  o f maximal minimal w idth  which
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c ircum scribes X to  th e  w idth  o f th e  maximal e q u i la te r a l  t r i a n g le  

which c ircum scribes X. We s h a l l  a lso  co n sid e r th e  r a t i o  o f th ese  

q u a n t i t ie s  to  th e  p e rim e te r o f X. At th e  end o f th is  theorem we 

s h a l l  give some r e s u l t s  concerning o th e r  s e t  fu n c tio n s .

F in a lly  in  theorem 31 we s h a l l  show th a t  the  upper bounds 

ob ta ined  in  theorem 30 can be reduced i f  we co n sid e r e i th e r  the  c la s s  

o f s e ts  o f c o n s tan t w idth  o r th e  c la s s  o f ro to r s  fo r  an e q u i la te r a l  

t r i a n g le .  The lower bounds however rem ain th e  same.

Theorem 30

L et X be a compact convex s e t .  Then

( i )  1 ^ I g l  < 2

u . w '  ■

3
I(X) "  —-  P(X) only  i f  X i s  a r o to r  fo r  an e q u i la te r a l  t r i a n g le .2ir

3
K(X) "  T -  P(X) i f  and only  i f  X i s  a r o to r  fo r  an e q u i la te r a l

2  IT

t r i a n g le .

K(X) -  P(X) i f  and only  i f  X i s  an e q u i la te r a l  t r i a n g le .
V d

Proof

Since a l l  th e  s e t  fu n c tio n s  mentioned in  th e  above in e q u a l i t ie s  

a re  continuous on th e  c la s s  o f compact convex s e t s ,  we may assume.
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by th e  Blaschke s e le c t io n  theorem th a t  in  each case co n sid ered , th e re

i s  a corresponding  compact convex extrem al s e t  Y fo r  which th e  upper

o r lower bound in  q u e s tio n  i s  a t ta in e d .

We f i r s t  prove ( i ) .

By theorem 26 p a r t  ( i i i )  I(X) ^  1.
K(X)

Now l e t  Y be a compact convex s e t  fo r  which

I(Y) -  sup I(X)
K(Y) X K(X) *

We choose p o in ts  x , y and z in  Y such th a t

I(Y) -  I ( x ,  y , z ) .

S ince conv (x , y , z) CY we must have

K(conv(x, y , z)> < K(Y).

Thus we may assume th a t  Y ■> conv (x , y , z ) .

L et Y be an is o sc e le s  t r i a n g le s  which i s  such th a t  th e  two equal

s id e s  o f Y^ co n ta in  th e  ang le  ~  .
0

^1 ^ . 1 1 ^ 1 ^  lA l 1 5*Suppose Y has v e r t ic e s  x , y and z where y x z  * “7“ •
0

By theorem 18 c o ro lla ry  4

T /  ,  1 1 l . \  1 1 1.I(co n v (x  , y , z ) )  "  I ( x  , y , z )

and so

I ( yS  " |x^-y^| ♦ |x^-z^l* (1)
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By theorem 21 coro llary  4

K(conv(x^, y^ , z^)) -  K(Y^) -  |y^ -  z ^ | .

Then I(Y^) -  sec ~  -  ------— r  by (1) and (2 ) .
K(Y^ (2+J3)*

(2)

Hence I(Y) ^ 2

'  (2 + j3 )‘
(3)

Thus we may assume th a t  Y Is  a t r i a n g le  x y z f o r ,  i f  Y was 

a  segm ent, then  th i s  would imply th a t

Now no angle  o f Y can be g re a te r  than  ^  fo r  i f ,  say yxz > ^
6 6

then  by theorem 21 c o ro lla ry  4 and lemma 16 p a r t  ( i i i )  i t  fo llow s th a t  

K(Y) -  |y - z | > max ( |x - z | ,  |y - x | ,  K(x, y , z ) ) .  (4)

we now choose a p o in t x^ n ear x on th e  s id e  o f th e  l in e  xy

o p p o site  to  z and on th e  s id e  o f th e  l in e  xz o p p o site  to  y such

 ̂ A 5ir
th a t  yx z > .

1 o

11Then a g a in , i f  Y ■ conv (x^, y , z)

K(Y^^) -  |y - z | > max ( |x ^ - z | ,  |x ^ - y |,  K(x^, y , z ))  (5)

b u t by theorem 18 c o ro lla ry  4 , i t  fo llow s th a t

i(T̂ S - |xj,-y| +
> |x -y  I + |x - ï  I (6)

-  ICO.
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But (5) and (6) imply

i (y“ ) > i m

K (Y ")

which i t  c o n tra ry  to  the  d e f in i t io n  o f Y.

Thus each angle  o f Y i s  le s s  than  o r equal to  ^  .
6

2
Also each ang le  o f Y i s  n o t le s s  than  o r equal to  -j t fo r  

i f  t h i s  were th e  case  then  by lemma 15

I ( x ,  y , z) -  K(x, y , z ) . (7)

But then  a lso  in  view o f lemma 16 p a r t  ( i i i )

K(x, y , z) -  K(Y) 

and we know

I ( x ,  y , z) -  I(Y ).

Thus by (7) we have K(Y) -  1 which i s  im p o ssib le .
I(Y)

A
Hence we may assume th a t  Y i s  such th a t  yxz •  a

2 5ir
where t i t  < a ^ -7 - . 

j  0

I f  a ■ ~  then  we must have |x -y | ■ |x - z | fo r  o therw ise  we

could choose th e  p o in t x^ such th a t  |x ^ -y | <■ |x ^ -z | and

yx z "  ^  . This im p lies  K(conv(x , y , z ))  ■ K(Y) and 1 o 1

I(co n v (x ^ , y , z ))  -  Ix^-yj ^

> |x -y | + |x - z |

-  I(Y ).
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As b e fo re  th i s  c o n tra d ic ts  the  ex trem al p ro p e rty  o f 7 and so

i f  a  « then  th e  r e s u l t  i s  proved.
6

Suppose now - ^  < a < ~  . We s h i l  f i n a l ly  show th a t  th i s  i s  
3 o

im p o ssib le . On yz e re c t  th e  e q u i la te r a l  t r i a n g le  uyz w ith  u 

on th e  s id e  o f yz o p p o site  to  x .

Let x^ be th e  p o in t on ux produced such th a t  yx^z * ^

Then using  th e  same arguments m in  th e  p roof o f lemma 15 i t  fo llow s 

th a t

A
ZX̂ X

L et L be th e  l in e  through x p e rp en d icu la r to  xu which makes 

acu te  ang les g and y  w ith  yx and zx re s p e c tiv e ly .

u.

Now |x -y | -  | x - z | o

s in  x ^ ^  

e -  Y.

s in  x^zx

L



-  176 -

We s h a l l  suppose |x -y  | |x -z  | and o b ta in  a c o n tra d ic t io n .

We suppose then  w ithou t lo ss  in  g e n e ra l i ty  th a t  6 > Y* L et x,
À

be a p o in t on L n ear X on th e  same s id e  o f ux^ as y .

Let |x -y | “ a , |x - z | ■ b , |u -x |

u-x. ■ c and x-x. 6.

c ,  I x ^ - y l - a  , Ix^-z b \

y

u

L

Then (c ) 

1

1\2

"  c ( l  ♦ 62 J

r h )

(8)

1\2

1

2 2 a * 6 -  2a6 cos 3

-  ar 2 & 
6 -  2a6 cos 0 ^

a

(9)

a -  6 cos 3 ♦ 0(6 ) . (10)
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Similarly

■ b ♦ 6 cos Y ♦ 0(6 )̂. (11)

From (8), (10) and (11),

I I  2
■ — (a + b + 6(cos Y “ cos 6 )) (1 ♦ ~)  ̂♦ 0(6^).

1 c zc c

- * — (cos Y - cos 6) + 0(6̂ ) .I c c

This Implies that if is sufficiently close to x, then

8 is sufficiently small and

» —  • (12) i ce

But also if x^ is sufficiently close to x then

2 A 5,
T  * y V  ^ T

and so by (12), theorem 18 corollary 4 and theorem 21 corollary 4 

it follows that

I(oonv(x^, y. *)) - |x̂ -y| |x̂ -z| > 1(T) .
K(conv(*j, y, «)) |u-Zg|

But (13) is impossible and so

|x-y| • |x-8|.

We finally show a < ~  is impossible.
0

Suppose that D(x, y, %) has centre of revolution t.
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The e q u i la te r a l  t r i a n g le  whoae th re e  edges L, H and N pass through 

X ,  y and a  and which a re  p e rp en d icu la r to  tx ,  ty  and tz  re s p e c tiv e ly  

has h e ig h t K(T)•

L et y^ and be p o in ts  on M and N re s p e c tiv e ly  such th a t

y^xz^ •  ~  and such th a t  th e  edge L e x te rn a lly  b is e c ts  y^x z^. 
o

b

Then c le a r ly

I(co n v (x , y ^ , z S )  "  |* -y ^ | |x -z ^ |

> |x -y  I 4- |x - a | (14)

-  I(Y) ,

b u t

K(conv(x, y ^ , * S )  -  K(x, y» i )

-  K(Y). (15)

The eq u ations (14) and (15) ag a in  imply a c o n tra d ic t io n  and so 

p a r t  ( i )  o f th e  theorem i s  proved,

( i i )  By theorems 24 o r  25 i t  i s  easy  to  see  th a t

K(X)  ̂ 3 w ith  e q u a li ty  i f  and only  i f  X i s  a  r o to r  fo r  
P(X) 2

an e q u i la te r a l  t r i a n g le
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Thus 1(X) ^  3 and th e re  i s  e q u a li ty  only i f  X i s  a r o to r  fo r  an 
P(X) 2ïï 

e q u i la te r a l  t r i a n g le .

Note

The converse i s  f a l s e  fo r  l e t  xy be a chord o f an a rc  Y such

5 r  1th a t  xy subtends an angle  -r" on y . Let Y denote th e  r e f le c t io n
6

of Y in  xy. Suppose X  ̂ i s  th e  s e t  bounded by Y and Y Yt

i s  known [%2] th a t  X  ̂ i s  a r o to r  fo r  an e q u i la te r a l  t r i a n g le  o f 

h e ig h t |x -y  I . Thus K (xS  ■ _3_ / i c \

Let z be th e  p o in t on y such th a t  |x -z  | ■ |y -z  | .

Then I (x S  ^ lx - z | + |y - z | ^ ------ -— r  (17)

K(X')

and so by p a r t  ( i )  o f th i s  theorem th e re  i s  e q u a li ty  in  (1 7 ).

1
Thus by (16) I(X  ) -  . 2 ^ _3_

P (x S  (2+V3)*

We prove f i n a l ly  th a t  I(X) < P(X) w ith  e q u a li ty  i f  and

only  i f  X i s  an e q u i la te r a l  t r i a n g le .  This i s  s u f f ic ie n t  in  o rd er

to  complete th e  p roof (o f ( i i )  fo r  i f  th i s  i s  known then  

1
K(X) P(X ), and e q u a li ty  could  only  p o ss ib ly  occur i f  X was anv3

e q u i la te r a l  tr ia n g le *  But i f  X i s  th e  e q u i la te r a l  t r i a n g le  then  the  

t r i a n g le  which c ircum scribes X and which has s id e s  p a r a l l e l  to  those  

o f X b u t i s  o r ie n te d  in  th e  o p p o site  sense  has h e ig h t K(X) and

\

\
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K(X) -  P(X).

Hence th e  bound i s  a t ta in e d .

Now l e t  Y be a compact convex s e t  fo r  which

I(Y) -  sup I(X) 
P(Y) X P(X) '

Suppose I(Y) ■ I ( x ,  y , z) fo r  some x , y and z in  Y, 

Then c le a r ly  we must have Y ■ conv(x, y , z ) .

Now i f  Y^ i s  th e  e q u i la te r a l  t r i a n g le  then

i QtS  _ _L

Thus I(Y) > 1
POf) V3 ' (18)

Now X, y and z cannot be c o l l in e a r  fo r  th i s  would imply

1 2 1  -  I < .
P(Y)

which i s  im possible*

(We d e fin e  th e  p e rim e te r o f a segment to  be tw ice i t s  len g th  so 

th a t  P i s  continuous on th e  c la s s  o f compact convex s e ts  in  the  

p la n e ) .

We show n ex t th a t  each angle o f t r i a n g le  x y z i s  le s s  th a n \  

^  . For suppose th is  i s  n o t the  case  and yxz « o ^  ^  . L et x^ '

and x^ be two p o in ts  such th a t  yx^z « a ,  yx^z “ •

\

/



-  181 -

|x ^ -y | "  |x ^ -z | and [x^-yl ■ [x^-zl* Then c le a r ly

y |I(Y) -  I(X r y  ̂  z) -  
P(Y) P(Y)

*

2 < 1

x-z

x -zI + |y -z I

*1-*

Xj^-z| + |y -z

*2"* I * ly"*

24 73 J3 

which by (18) i s  im p o ssib le .

2
Thus we may assume each angle  o f Y i s  le s s  than

Now on yz e re c t  th e  e q u i la te r a l  t r i a n g le  uyz w ith  u on 

th e  s id e  o f yz o p p o site  to  x .

A 2
L et x^ be th e  p o in t on ux such th a t  yx^z -  Y*'

(The e x is tan c e  o f x^ i s  guaran teed  by lemma 15). Let L be th e  

l in e  through x p e rp en d icu la r to  ux.

u
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By lemma 15, |u -x | -  I (x , y , z ) •

Now i f  |x -y  I we cou ld , by the  same s o r t  o f arguments as those

given in  p a r t  ( i )  o f th i s  theorem , choose a p o in t x^ on L such

2
th a t  each angle  of t r i a n g le  x^yz i s  le s s  than  -pr and

I(Y) -  Iu-x  I__________
P(Y)

x-y ♦ Ix-z 4 y -z

< lu-x^

"  I(conv  Xg, y , z) (20)

P(conv(x2, y , z)

But th i s  would c o n tra ry  to  th e  d e f in i t io n  o f Y and so |x -y | ■ |x -z |

S im ila r ly

Ix-yI " |y-»l*

Thus Y must be e q u i la te r a l  so

Moreover i t  i s  easy to  s e e , by u sin g  s im ila r  s o r ts  o f arguments as 

those  in  th e  p roo f above th a t  e q u a li ty  can ho ld  only  i f  X i s  an

e q u i la te r a l  t r i a n g le .  The theorem  then  i s  proved. j
11 
\
\
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C o ro lla ry

( i )  1 < K(X) < I(X) < J3 .
D(X) D(X)

(11) I  < K 22. < $ -  .
H(X) H(X)

» I f  and on ly  I f  X la  a  r o to r  fo r  a  re g u la r  hexagon.

i  < K(X)% I(X)% -  
'  '  ir A(X) A(X)

' •> — i t  and only  I f  X la  a d la c .

Proof

( i )  Let xy be « d iam eter o f X. Then

D(X) •  I x-y  I •  K(x, X, y) < K(X).

Thus D(X) < 1(X) and e q u a li ty  i s  a t ta in e d  when X i s  a segment

L et 7 be a compact convex s e t  fo r  which

M i l  _ M i l  .
D(Y) X D(X)

Suppose 1(7) -  I ( x ,  y , z)  f o r  x , y and z in  7»

Then c le a r ly  we may suppose 7 •  conv (x , y ,  * ) .

Thus D(Y) > Y P(Y). (21)

By theorem 30

P(T) $ J3 I(T) (22)

and so D(Y) ï- ̂  I(Y) by (21) and (22).

Thus 4 IjXl < J3. ,
D(X) D(X)
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Obviously e q u a li ty  occurs when X i s  an e q u i la te r a l  t r i a n g le  and 

so the bound i s  b e s t  p o s s ib le .

( i i )  C le a rly  K(X) I(X) -  «• when X i s  a segment.
H(X) " H(X)

Now P(X) ^TTH(X) w ith  e q u a li ty  i f  end only  i f  X has c o n stan t 

w id th .

3
But by theorem 30 p a r t  ( i i ) ,  K(X) ^  —  P(X) w ith  e q u a li ty  i f  and 

only  i f  X i s  a r o to r  fo r  an e q u i la te r a l  t r i a n g le .

3
Thus K(X) ^  — H(X) w ith  e q u a li ty  i f  and only  i f  X i s  bo th  a rd o r

fo r  an e q u i la te r a l  t r i a n g le  and X has c o n sta n t w id th .

In  o th e r  words X i s  a r o to r  fo r  a re g u la r  hexagon.

3
Hence I(X) ^ ~  H(X) w ith  e q u a li ty  only  p o ss ib ly  when X i s  a ro to r  

fo r  a re g u la r  hexagon.

On the  o th e r  hand i f  X i s  a ro to r  fo r  a re g u la r  hexagon then  by

3
theorem 27, I(X) •  — H(X). Thus th e  bound i s  a t ta in e d .  F in a lly  we

prove,

2 2( i i i )  C lea rly  K(X) •  I(X) -  » when X i s  a segment.
A(X) A(X)

Now l e t  7 be a compact convex s e t  fo r  which

2 2 
K(7) -  in f  K(X)
A (7) X A(X)

Then by theorems 24 o r 25 7 i s  con tained  in  a ro to r  fo r  an 

e q u i la te r a l  t r i a n g le  T o f h e ig h t K(7) and by the  ex trem al p ro p e rty  

o f 7 i t  fo llow s th a t  7 must be a r o to r  fo r  T. I t  fo llow s then

\
\

\
\ '
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by the  is o -p e r im e tr ic  in e q u a l i ty  th a t  Y must be a d is c .

Hence i t  i s  easy to  see th a t

9 K f f i l
IT " A(X)

w ith  e q u a li ty  i f  and only  i f  X i s  a d is c .

9 2Thus — X I(X) and i t  can be seen th a t  e q u a li ty  i s  only  a t ta in e d  
A(X)

when X is  a d is c .

The c o ro lla ry  then  i s  proved.

Theorem 31

( i )  Let X be a compact s e t  o f c o n sta n t w id th . Then

(a) K(X) -  I(X) X and (b) K(X)^ -  I(X) .< 6
H(X) H(X) A(X) A(X) ,-V 3

w ith  e q u a li ty  i f  and on ly  i f  X i s  th e  Reuleaux t r i a n g le .

( i i )  L et X be a  r o to r  fo r  an e q u i la te r a l  t r i a n g le .  Then

i
(a) 2+V3 and 2(2  + /3 )  ,

H(X) H(X)

(b) K(X)2 ^ 6 and I(X )^ ^  24
A(X) 2ir-3V3 A(X) (2 + V3) (2it-3V3)

E q u a lity  ho lds in  any ex p ress io n  i f  and only  i f  X i s  the  s e t  

bounded by th e  c lo sed  convex curve c o n s is tin g  o f two c i r c u la r  

a rc s  whose r a d i i  a re  equal to  th e  h e ig h t o f the  e q u i la te r a l  

t r i a n g le ,  and fo r  which th e  d is ta n c e  between th e  two an g u lar p o in ts

\ \

\



-  186 -

i s  equal to  the  h e ig h t o f the  e q u i la te r a l  t r i a n g le .  We s h a l l  denote 

th is  s e t  by X^.

Proof

( i )  Now i f  X has c o n stan t w idth  i t  was shown in  theorem 27 th a t

I(X ; x) "  I ( x ,  y , z ) ,  say , where C(x, y , z) has th re e  segments fo r

each X e f r  X. Hence I(X) ■ K(X) as b e fo re  by theorem 26 p a r t  ( i i i ) .

Also i t  i s  w e ll known, see fo r  example [7] page 128, th a t  

2
H(X) < 2 w ith  e q u a li ty  i f  and only i f  X i s  th e  Reuleaux

TT. /7

t r i a n g le .  Hence ( i )  (b) i s  a consequence o f ( i )  (a) and we on ly  prove

( i )  ( a ) .

We show n e x t, th a t  i f  T i s  an e q u i la te r a l  t r i a n g le  pqr o f 

h e ig h t X, and x , y and z a re  p o in ts  on pq, p r and q r r e s p e c tiv e ly , 

then

f ( x ,  y , z) -  I x-y I + |y - z | + | x - z | & (1)

w ith  e q u a li ty  i f  and only  i f  x ,y  and z a re  th e  m id -po in ts  o f 

pq, p r  and q r re s p e c tiv e ly .

By theorem 30 p a r t  ( i i ) ,  i f  S -  conv (x , y , z ) ,

then
X < K(S) < _1_ 

f ( x ,  y , z) f ( x ,  y , z) i/3
\
\

and, i t  i s  easy to  see th a t  i f  x ,y  and z a re  th e  m idpoints o f pq, \\
' ■ , . '  ̂ ' \  V

p r and q r r e s p e c tiv e ly , then  f ( x ,  y , z) * ysX . \
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Thus (1) fo llow s and im plies

g (x , y , z) - m a x ( |x - y | ,  |y - z | ,  |x - z |)  (2)

w ith  e q u a li ty  i f  and only  i f  x , y and z a re  the  m id-po in ts  of 

pq, p r and q r re s p e c t iv e ly .

S t i s  e a s i ly  seen th a t  i f  x , y and z a re  the  m id -po in ts  o f pq, 

p r and q r re s p e c tiv e ly  then  the  Reuleaux t r i a n g le  o f d iam eter 

co n ta in in g  x , y and z i s  in sc r ib e d  in  T.

Thus i f  X i s  a  Reuleaux t r i a n g le  then

Now suppose X i s  any s e t  o f c o n s tan t w id th  which i s  c ircum scribed  

by an e q u i la te r a l  t r i a n g le  T(X) o f h e ig h t K(X). Suppose the  th re e  

s id e s  o f T(X) meet X in  th e  p o in ts  x , y and z re s p e c tiv e ly .

Then

K(X) < K(X)_______________________ < V3 by (2) (3)
H(X) max ( |x - y | ,  |x - z | ,  |y - z |)

and by th e  above paragraph e q u a li ty  can be a t ta in e d .

Also i f  th e re  i s  «quality  in  (3) then  by (2) x , y and z a re  the

m id -po in ts  o f th e  s id e s  of T(X). But th i s  im p lies  th a t  X i s  the

Reuleaux t r i a n g le ,  fo r  i f  n o t ,  then  by lemma 1 in  [ l 5 ] , th e  Reuleaux j

\t r i a n g le  Y o f d iam eter K(X) which co n ta in s  x , y and z i s  s t r i c t l y  \ \
V3 Y

con tained  in  X and so H(Y) < H(X). Also K(X) ■ K(Y) and so th i s
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implies

V3 -  K(X) < K(Y) which i s  im possib le  by (3 ) .
H(X) H(Y)

Thus p a r t  ( i )  i s  proved.

We now prove p a r t  ( i i ) . Suppose X i s  a ro to r  fo r  an e q u i la te r a l  

t r i a n g le .

Now i t  i s  known,see fo r  example page 106, th a t

2
K(X) ^ 6 w ith  e q u a li ty  i f  and only  i f  X -  X^.
A(X) 2TT-3V3

Thus in  o rd e r to  prove ( i i ) , i t  i s  s u f f ic ie n t  to  show

K(X) < 2  + 73 and I(X) ^ 2 w ith  e q u a li ty  i f  and only  i f
H(X) K(X) (2 ♦
X -  X j.

L et x^ and x^ be p o in ts  in  X fo r  which H(X) -  jx^-X gj. 

Then th e  l in e s  L^ and L^ through x^ and x^ re s p e c tiv e ly  

p e rp en d icu la r to  x^x^ support X.

L et and be d is c s  o f ra d iu s  R(X), w ith  c e n tre s  on x^x^ 

produced and x^x^ produced re s p e c t iv e ly ,  and whose f r o n t ie r s  pass 

through x^ and x^ re s p e c tiv e ly .

We s h a l l  show th a t  th e  s e t  Y "  co n ta in s  X. For suppose
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th is  i s  no t the  case and say e X i s  e x te r io r  to  D^. S ince X 

i s  a ro to r  fo r  an e q u i la te r a l  t r i a n g le  o f h e ig h t K(X), th e re  a re  

p o in ts  and in  X such th a t

K(X) -  K(x^, y ^ , z^) (4)

and such th a t  th e  l in e  u^x^ co n ta in s  x^x^, where u^ i s  the  

v e r te x  of the  e q u i la te r a l  t r i a n g le  u^y^z^ on the  s id e  o f y^z^ 

o p p o site  to  x^.

But then (4) im plies

K(X) -  K(x^, y ^ , z^) "

< l v * i l  

■ K (xJ, y^ , z^)

< K(X)

which i s  im p o ssib le . Thus Y co n ta in s  X and so

P(Y) ^P (X ) w ith  e q u a li ty  i f  and only  i f  Y •  X. (5)

Now, i f  K(X) > 2 + V3 i t  i s  easy to  prove th a t  
H(X)

P(Y) < 2 IT
(6)K(X) 3 •

and (5) and (6) imply th a t  X i s  n o t a r o to r  fo r  an e q u i la te r a l

t r i a n g le .  Thus

K(X) < 2 + /3  
H(X)
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I f  th e re  i s  e q u a li ty  then

-  f x  a ' i
K(X) K(X)

and so e q u a li ty  can hold  in  (7) i f  and only  i f  X * Y. Thus i f  X

K(X)
i s  a ro to r  fo r  an e q u i la te r a l  t r i a n g le  and r r r r  •  2+73 thenH (X)

X -  X^.

We show f in a l ly  th a t  

I  (X) < 2
KOO " (2+73)1 w ith  e q u a li ty  i f  and only  i f  X -  X^.

We f i r s t  no te  th a t  no th re e  p o in ts  x,  y and z in  th e  f r o n t i e r

o f a ro to r  X o f an e q u i la te r a l  t r i a n g le  T o f h e ig h t X can l i e

on a c i r c l e  o f ra d iu s  g re a te r  than  X. For suppose th i s  i s  th e  case

and y , x and z l i e  in  o rd e r on an a rc ,  which we may suppose subtends

an angle  le s s  than  j  a t  the  c en tre  o f th e  c i r c l e .  Suppose th a t

X -  K(X) ■ K(x, y^ , z^) say , and l e t  u^ be the  v e r te x  o f th e

e q u i la te r a l  t r i a n g le  u^y^z^ on th e  s id e  y^z^ o p p o s ite  to  x . Then

1 1i t  i s  easy to  prove th a t  max ( |u  - y | ,  |u  * z |)  > |u - x | .

In  o th e r  words e i th e r

K(y, y^ , z^) > K(X) o r K(z, y^ , z^) > K(X).

But th i s  i s  im possib le  and so th e  s ta tem en t i s  proved. The s ta tem en t

im p lies  th a t  i f  x and y a re  p o in ts  in  f r  X, and y i s  a  c i r c l e  o f

ra d iu s  X co n ta in in g  x and y , then  the  sm all a rc  o f y l i e s  in  X

and th e  la rg e r  a r c ,  a p a r t from th e  p o in ts  x and y l i e s  e x te r io r  to  X,

■\
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We have already shown in  theorem 30 that

I(X) < 2 .
K(X) (2 ♦ 73)*

fo r a l l  s e ta  X, and so we in v e s t ig a te  the  case o f e q u a li ty  when 

X is  a r o to r .

Suppose I(X) -  I ( x ,  y , z) fo r  x , y and z in  X.

Then

I(X) < I(co o v (x , y , z ) )  < 2 . .g.
K(X) K(conv(x, y , z ))  (2 + 73)

Now i t  was shown in  the  p roof of theorem 30 th a t

I(co n v (x , y , z ))  ■ 2 . i f  and only i f  conv(x, y , z)
K (conv(x, y , z ))  (2 + 73)

i s  an is o sc e le s  t r i a n g le  w ith  i t s  two equal s id e s  co n ta in in g  an angle

o f
o

Thus i f  e q u a li ty  holds throughout (8 ) , then  X must c o n ta in  an

is o s c e le s  t r i a n g le  w ith  i t s  two equal s id e s  co n ta in in g  an angle o f

~  , and which has d iam eter R(X), fo r  o therw ise  K(conv(x, y , z ))  <K(X). 
6

Since every  a rc  o f ra d iu s  K(X) co n ta in in g  two p o in ts  o f X i s  con tained  

in  X, i t  fo llow s th a t  Xd X  ̂ where K(X^) ■» K(X). Thus X -  X^ and 

the  theorem i s  proved.
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CHAPTER 6

INTRODUCTION

The id eas  in  th is  ch ap te r come from a study o f [l4 ] in  which

Grunbauin g ives a measure o f asymmetry o f p lane convex s e t s ,  a n o tio n

in troduced  by B esico v itch  in  [ l 3 ] •

In  [14] ,  Grunbaum d e fin es  a s e t  fu n c tio n a l which i s  a r a t io  of 

the  a reas  of c e r ta in  'p o r t io n s ' o f a compact convex s e t  X w ith  a 

non-empty in t e r i o r ,  which a re  determ ined by a p a r t i t i o n  o f X by 

th re e  non-concurren t l in e s .

In  th is  ch ap te r we s h a l l  look a t  some corresponding  r a t io s  of 

a reas  o f d i f f e r e n t  'p o r t io n s ' o f X which a re  determ ined by th re e  

concurren t l in e s .

We s h a l l  assume th a t  a l l  s e ts  considered  l i e  in  a p la n e .

Theorem 32

Let X be a p lane  compact convex s e t  X w ith  i n t  X

Let o e i n t  X and suppose L^, L^ and L^ a re  th re e  d i s t i n c t  l in e s

through o . L et L^ meet f r  X in  x^ and y^ , L^ meet f r  X in  x^

and y and L meet f r  X in  x and y , where the  p o in ts  l i e  in  o rd e r 3 3 3 1

*1’ ^1* *2* ^2* *3* ^3 Suppose L^, L^ and L^ d iv id e  X

in to  s ix  reg ions X^, X^, X^, Y^, Y^, Y  ̂ as shown below in  the  diagram .
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L

L,

Figure  1.

D efine f(X; L , L , L ) -  max A(X ) + A(X ) + A(X ) 
 ̂ ^ ^ l« iS 3  ----- - A(Yi)

3Then f(X; L^, L^, L^) ^  j  w ith  e q u a li ty  i f  and only  i f  th e  l in e s  

M , M and M through x y  , x y  and x y  re s p e c tiv e ly  a re  p a r a l l e l
* 6 Ù JL JL 6 6

to  L^» and re s p e c tiv e ly , the  r e s u l t in g  t r i a n g le  T(X) bounded

by and has c e n tro id  o , and T(X) ■ X.

Lemma 18

In  the  n o ta tio n  o f theorem 32, l e t  T(X) be the  convex s e t  

bounded by the  l in e s  M^, and through x^y^, x^y^ and x^y^ 

re s p e c tiv e ly  which co n ta in s  o . Then

f(X; L^. Lg, L^) ^  f(T (X ); L^, L^, L ^),
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and i f  T(X) i s  unbounded th e re  i s  a t r ia n g le  I  (X) such th a t

f(T (X ); L^, L^) > f(T  (X); L^. L^, L ^ ).

Proof

Suppose th a t  and d iv id e  T(X) in to  s ix  reg io n s

x j ,  X^, X y  ï j ,  T j and y J  where xj  ̂ C X̂_ and yJ 3Y ^

fo r  i  ■ 1, 2 and 3e

F igure  2

I t  i s  obvious th a t

f(X ; L^, L^) > f(T (X ); L^. L ^).

Now i f  T(X) i s  no t a t r i a n g le  then  one of th e  reg io n s  i s

unbounded, say fo r  example Y^.
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we may suppose w ithou t lo s s  in  g e n e ra l i ty  th a t  i s  p a r a l le l

to  o r meets on the  same s id e  of as y^. We

now co n sid er vary ing  in  such a way th a t  the  a rea  of the  reg ion

tends to  in c re a s e , b u t the  a rea  o f the t r ia n g u la r  reg io n

bounded by and rem ains fix ed  and equal to  A(X^)•

We vary  in  th is  manner u n t i l  the  reg io n  bounded by

and L has f i n i t e  a rea  g re a te r  than  min ACyS  and the  l in e s
U U 3

and bound a t r i a n g le  T* (X). Suppose and meet 

in  p . We may assume p ^ x ^ .*  We can then  vary  a l i t t l e ,  

keeping the  a re a  o f th e  tr ia n g u la r  reg io n  bounded by L^, and 

f ix e d  and equal to  A(xJ) in  such a d i r e c t io n  as to  in c re a se  

ACYg). I f  th e  v a r ia t io n  o f i s  s u f f i c i e n t ly  sm all then  we o b ta in

a t r i a n g le  and T^(X) and

f(T ^(X ); L^, L y  t^)  < f(T(X) ; L^, L y  L ^ ).

*(N ote. I f  p * x^ , then  p and we would then  vary  in

p lace  o f M^).

The lemma i s  then  proved.

lemma 19

In  the  n o ta tio n  o f theorem 32 d e fin e  fo r  each compact convex 

s e t  X,

f(X) -  in f  f(X ; L , L , L ) 

where the  in f  imum i s  taken  over a l l  p o in ts  o e i n t  X and l in e s
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^1* ^2 ^3 through o.

Then, given any t r i a n g le  T, th e re  e x is t s  a p o in t o* £, i n t  T and 

l in e s  L^* and L^* d i s t i n c t  and m eeting in  the  p o in t o*,

fo r  which the  reg io n s  X^* and X^* corresponding  to  ,

and L^* a re  tr ia n g u la r  and

f(T ; L * , L * , L *) -  in f  f(X) ,
 ̂ ^ X

where th e  in f  imum is  taken  over a l l  compact convex s e ts  X w ith

in t  X * .

Proof

We f i r s t  no te  th a t  fo r  any compact convex s e t  X th e re  i s  a 

p o in t o in  X and l in e s  L^, and through o fo r  which

f(X) -  f(X ; L^, L^, L g).

We may assume th a t  o e i n t  X and the  l in e s  L^, and a re

a l l  d i s t i n c t ,  fo r  i f  th i s  were n o t the  case then  f(X) would be 

i n f i n i t e .

Thus we can choose a sequence o f compact convex s e ts

M 00 00 00

1 X,} , sequences o f l in e s   ̂ L ), , ( h  J  and (L .} ,
^ i -1  i - 1  i -1  i -1

and a sequence o f p o in ts  such th a t  o^ 6 i n t  X^,
i* l

and meet in  o^,

f(X ^; L ^ i ' I-j P  -  fo r  i  -  1 , 2 . . , ( I )

and
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f  (X.) + in f  f(X) as 1 + "  . (2)
 ̂ X

By lemma 18 we may assume th a t  th e re  i s  a t r i a n g le  fo r  which

the  reg io n s  X^^, X^^ and X^^ in  corresponding  to

and a re  tr ia n g u la r  and

f  (X. : L ^ .. V  ^  f  (S. J L ^ .. L ; . .  L3P  (3)

fo r  i  ■ 1, 2 • .

Now i f  T i s  a given t r i a n g le  then  th e re  e x is t s  an a f f in e

2 2tran sfo rm a tio n  E + E fo r  which

cr^(S^) -  T fo r  i  "  1, 2 . .  . (4)

Then

f (S i;L ii ,L 2 i,L ^ i>  -  f  (T; <T. (L^.) , <r. . cr. (L ^ ,)) (5)

and the  reg io n s  corresponding

to  *^i(^2i^ ^ i ^ S i ^  t r i a n g u la r .

By e x tra c t in g  a s u i ta b le  subsequence we may assume

*  *
CTi(Lji) Lj fo r  j  * 1 , 2 and 3 and ô -*- o as i  +  *.

(6)

Thus in  th e  l im i t  as i  + *  i t  fo llow s from (1 ) , (2 ) , (3 ) , (4) and 

(5) th a t

in f  f(X) ^  f(T ; L * , L * , L *)
X 1 J

whence th e re  i s  e q u a li ty .
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A A
By the f i r s t  paragraph in  th is  lemma o*e in t  T and and

* *
are  d i s t i n c t .  I t  a lso  fo llow s from (5) th a t  the  reg io n s  ,

* * * # *
and X  ̂ corresponding  to  and a re  t r i a n g u la r .  Hence

the  lemma i s  proved.

Proof o f theorem 32

Let T be the  t r i a n g le  x y z . By lemma 19 we may choose a 

p o in t o e i n t  T, d i s t i n c t  l in e s  L^, L^ and co n ta in in g  o such 

th a t  xy meets and in  x^ and y^ re s p e c tiv e ly , xz meets 

and L^ in  x^ and y^ re s p e c tiv e ly , yz meets L^ and in  

x^ and y^ re s p e c tiv e ly  and in  the  n o ta tio n  of theorem 32, F igure  1, 

such th a t

in f  f(X) -  f(T ; L , L , L ) -  max A(X )+A(X )+A(X ) 
X 1 ^ J 1(1(3  -   ̂  ̂ ^

A(Y^)

(7)

Again l e t  be th e  l in e s  co n ta in in g  x^y^ fo r  i  « 1, 2 and 3.

L

L-
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In  o rd er to  prove theorem 32, i t  i s  s u f f i c i e n t ,  in  view of lemmas 18 

and 19, to  prove th a t  L^, and a re  p a r a l l e l  to  xy, yz and xz 

re s p e c tiv e ly  and o i s  the c e n tro id  o f T.

We may assume by tak in g  an a p p ro p ria te  a f f in e  tran sfo rm a tio n  of the  

p lane  th a t  the  l in e s  L^, and make acu te  ang les o f “  w ith  

each o th e r .

We show f i r s t  th a t

A(Y^) -  A(Y^) -  A(Y^).

For suppose th i s  i s  n o t th e  case and say A(Y^) > A(Y^). We r o ta te  

through an angle 8, keeping the  a re a  o f the  t r ia n g u la r  reg io n  

bounded by L^, and f ix e d  and equal to  ACX )̂ in  such a 

d i r e c t io n  as to  in c re a se  A(Y^). We then  r o ta te  through an angle 

n keeping the  a rea  o f the  t r ia n g u la r  reg io n  bounded by L^, and 

f ix ed  and equal to  A(X^) in  such a d i r e c t io n  as to  in c re a se  

A(Yg).

I f  6 and n a re  chosen a p p ro p r ia te ly  and s u f f i c i e n t ly  sm a ll, the  

r e s u l t in g  new t r ia n g le  bounded by and i s  such th a t

f(T ^ ; L^, Lg) < f(T ; L^, L^. L ^ ).

But by (7) th i s  i s  im p o ssib le . Hence

A(Y^) .  ACYg) "  A(Y^). (8)

We s h a l l  suppose th a t  x ,y  and z a re  la b e l le d  in  a n ti-c lo c k w ise  

o rd er w ith  re sp e c t to  o .
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Let b-Xg I - a , | - b, |o-x^ | " c , [o-y^

lo-x^ I *» e and lo-y^ I ■ f .

d .

Suppose the  l in e s  L^, and a re  given r o ta t io n s  in  a clockw ise 

d ire c t io n  through sm all ang les  d , n and -o r e s p e c tiv e ly . L et l Ĵ , 

L^ and L^ denote th e  new p o s it io n s  of L^, L^ and L^ re s p e c tiv e ly  

and l e t  xj^, X y X y  and be the  View* reg io n s  corresponding

to  X^, X^, X^> Y^, Y^ and Y^* 

Suppose bdf ^ ace . (9)

(10)

we choose  ̂> g go th a t  

1 '

2 2 2
+ G )  ( S -  + & )  f - r  + £)  

b d e
(11)
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We s h a l l  suppose 6 i s  given and then  d e fin e

2 

1.
n -  6( + e) , (12)

f '
2 2

V -  6 ( ~  + e) ( ~  + e) . (13)
d f

Then by (11) and (13) , 

2

by (12) and (13 ), 

2u c
n ,2

+ G (14)

+ e (15)

and by (12)

Then by (13) and (14 ),

2 2
b^ 6 -  a^ u » b^ e ( ~  + e) ( ~  + c) 6 (17)

d̂  r
by (16 ),

f^n -  e^« -  e « (18)

and by (12) and (15)

2 2 2 e^
d u - c n  "  d G (~ r  + e) ô . (19)

f

Now in  view of (12) and (1 3 ),
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A(yJ) -  A ( ïp  -  i(b^fi -  a^u) + 0 (« ^ ) , (20)

A(Y^) -  A(Yp -  J ( f^  n- e^6) + 0 (6 ^ ) , (21)

A(Yg) -  A (Y p  -  l ( d ^  u -  c^n) + 0 ( « ^ ) .  (2 2 )

Thus in  view o f (1 7 ), (18) and (1 9 ), i f  6 i s  s u f f ic ie n t ly  sm all 

then

A(yS  > A(Yp fo r  i  -  1 , 2 and 3 (23)

and so

A(xJ) + A(X^) ♦ A(Xj) < A(X^) + A(X^) + A(X^ . (24)

But (23) and (24) imply

f(T ; i j ,  L y  Lg) < f(T ; L^, L^. L^) 

which by (7) i s  im p o ssib le .

Thus the  assum ption th a t  b d f  > a c e was f a ls e  and so

b d f  ^ a c e . (25)

By tak in g  s im ila r  sm all n o ta tio n s  in  an an ti-c lo c k w ise  d ire c t io n  

th e  ro le s  o f a and b , c and d , e and f  a re  each rev e rsed  and 

so we have

a c e b d f  . (26)

Thus by (25) and (26)

a c e  "  b d f  . (27)

Suppose now th a t  a =)= b ,
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We suppose w ithou t lo s s  in  g e n e ra l i ty  th a t  a > b . (28)

Then suppose the  l in e s  and a re  t r a n s la te d  by a sm all

amount 6 in  a d i r e c t io n  p a r a l l e l  to  so as to  in c re a se  A(T^)•

L et and denote the  'new* p o s it io n s  of and and

suppose l J ,  and in te r s e c t  in  o^. Then suppose th e  l in e

i s  given a ro ta t io n  about o^ through a sm all angle  t) in  a

Xd ir e c t io n  so as to  decrease  A(X^). L et L^ denote th e  'new*

p o s it io n  o f L^ and as b e fo re  suppose th e  reg io n s  x j ,  X^» X^,

y} , and y J  correspond to  th e  reg io n s X ., X_, X_, Y ,, Y  ̂ and Y_* 
1 2 3 1 2 3 1 2 3

Suppose i f  p o ss ib le  th a t

> *c^ . (29)

we choose e > 0 so th a t
j  2

By (29) th i s  i s  p o s s ib le .



-  204 -

We s h a l l  again  suppose 6 i s  given and d e fin e

n -  « ( ^  + c) . (31)
f

Then by (31)

a
(5 .2 * e (32)

and by (30) and (31) 

2

h /3d* + e . (33)

Then by (32)

f^n -  e/36 -  ef^6 (34)

and by (33) and (31)

/3d6 -  * y3 c d ( ^ ^  + e)6 . (35)

Now in  view o f (3 1 ),

A (ïJ ) -  A(Yp -  ^  (a -b )«  + 0(6^) , (36)

A(t S  -  A (Y J -  J (f^ n  -  V3e6) + 0 ( j S  , (37)

A(Y^) -  A(Y,) -  l(V3d -  c^n) + 0 (« S  • (38)

2 '  '  2 

3> -  ^<"3

Thus i f  6 i s  s u f f ic ie n t ly  sm all then  by (2 8 ), (34) and (35)

we have \
\

A(Y^) > A(Y ) fo r  1 -  1 , 2 and 3. (39)

Again th is  im p lies

A(xJ) ♦ A(X^) + A(Xj) < A(X^) + A(Xj) + A(Xg) (40) ^  ,

and (39) and (40) imply
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£(T; l J .  L y  L j) < £(TJ L^, L^. L^) 

which by (7) i s  Im possib le .

2 2Thus th e  assum ption (29) th a t  d£ > ec was f a ls e  and so

df^ <ec? . (41)

Now suppose

c ^  f  . (42)

2
Then c ^  c

and so by (41)

d f ^ ec . (43)

Then (27) and (43) imply

a ^  b .

This by (28) i s  im p o ssib le .

Thus (42) i s  f a ls e  and

c > f  . (44)

Also i f  e & d , (45)

2
then  ^  £

d :  "

and so by (41) 

and d f ^ ec

which as b e fo re  i s  im p o ssib le .
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Thus e < d .

Thus we have so f a r  by (2 8 ), (44) and (46) th a t  

a > b , c > f  and d > e .

We s h a l l  show th i s  i s  im p o ssib le .

(46)

R e fle c t th e  t r i a n g le  y^y in  and r o ta te  the  t r i a n g le  so 

ob ta ined  in  a clockw ise d i r e c t io n  through an angle  o f -j .

Suppose th e  r e s u l t in g  t r i a n g le  has v e r t ic e s  x j ,  y^ and where 

xĵ  l i e s  on and on th e  same s id e  o f o as x^ and y^ l i e s

on and on th e  same s id e  o f o as y^ .

I—a

Suppose y^ z^ meets in  x^ and x^z^ meets in  y j .

Then

lo -y g l"  a > b "  jo -y^ l ,

|o - x J |-  d > e -  |o -x ^ | ,
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|o - y j |  -  e < d -  |o -y ^ |

and

lo -x jl  -  f  < c -  [o-Xgl .

1 1 1Henc® conv(o, x^ , z , y^) la  s t r i c t l y  con ta ined  in  conv (o , x^ , z ,  y^) 

This im p lies  th a t

A(Y^) -  A(conv(o, x^ , z^$ y^))

< A (conv(o, x^ , z ,  y^))

"  A(Y^) . (47)

But (47) i s  im possib le  by (8)•

Thus th e  assum ption a > b was f a ls e  and so a ■ b . Also c le a r ly  

we can apply  s im ila r  arguments to  prove c "  d and e * f .

Now th e re  e x is t s  a fu n c tio n  g(&^, Cg) th e  th re e  r e a l  v a r ia b le s

^1’ ^2**^ S ’ fixed  ^2 &nd

II, Ç fo r  f ix e d  and Ç , |J, Ç fo r  f ix e d  Ç and Ç and fo r  which

A(Y^) -  g (a , e ,  c) ,

A(Y^) -  g (c , a ,  e) ,

A(Y^) -  g (e , c , a) .

Now (8) im plies

g (a , e> c) -  g (c , a ,  e) -  g (e , c ,  a ) .  (48)

I f  we suppose w ith o u t lo s s  in  g e n e ra l i ty  th a t  a ^ c < e and 

in  f a c t  a  < e then  th i s  im p lies
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g (e , c , a) > g (a , e ,  c) which by (48) i s  im p o ssib le . 

Thus a "  c -  e and so

a * b « c » d * e » f .

The theorem i s  then  completed by c a lc u la t io n .

C o ro lla ry  1

In  the  same n o ta tio n  as theorem 32 d e fin e

g(X; L , L , L ) -  max A(X )

I : :  ■

Then g(X; L^» L^) ^  L  w ith  e q u a li ty  i f  and only  i f

f(X ; L^, Lg, L3) -  f  .

P roof

The p roof i s  t r i v i a l  s in ce

3g(X; L j .  Lg, L j) » f(X ; L^, L^, L ^).

C o ro lla ry  2

In  th e  same n o ta tio n  as theorem  32 d e fin e

h(X;L^,L2 ,L j)  -  max ^A(X^)+ A(X^) ACX^)* A(Xg) A(X^)+ A(Xg)

A(Yj) ’ A(T^) * A(Y^)

Then h(X; L^, L^» L^) ^  1 w ith  e q u a li ty  i f  and on ly  i f  

f  (X; L^, L^) "  *2 *
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Proof

The proof i s  inmiediate mince

3h(X;L ,L ,L ) max (A(X )+A(X ) )  + (A(X )+A(X ) )  + (A(X_)+A(X )
  -------- -—  ^ d

A(Y^)

C o ro lla ry  3

In  th e  same n o ta tio n  as theorem 32 d e fin e

k(X; L , L , L ) -  max A(X) .
l.<i.<3 A(Y^)

9
Then k(X; L^* L^) w ith  e q u a li ty  i f  and only  i f

£(X{ L^, L j , L3) -  f  .

Proof

The p ro o f i s  again  immediate s in ce

k(X;L ,L ,L ) -  max A(X ) +A(X ) +A(XJ +A(Y ) +A(Y ) +A(Y )
U <i.<3- i --------- --------- -------------

max A(XJ+A(XJ+A(XJ ♦ 3 
AO^)

>  f(X; L^, Lj’ * 3"

We now co n sid e r a  d i f f e r e n t  fu n c tio n a l which we see  as in  the

prev ious theorem tak es  i t s  lower bound on a t r i a n g le .  The lower

bound given in  theorem 33 i s  n o t b e s t  p o s s ib le .  I  would c o n jec tu re

3
th a t  th e  c o r re c t  answer i s  ~  a lthough  I  have been unable to  prove th i s
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Theorem 33

In the same notation  as theorem 32, Figure 1 d efin e

e(X: L^, L^, L^) -  A(X^) + A(X^) + A(X^)

A(Y^) A(Y^) A(Yg)

Then e(X; L^, L^, L^) % ^  .

Proof

Throughout th i s  theorem we s h a l l  use the  same n o ta tio n  as in  

theorem 32, F igu res 1 and 2 . I t  i s  c le a r  th a t  i f  T(X) i s  defined  

as in  lemma 18 then

e(X; L^, L y  L^) e(T(X); L^, L^, L ^ ). (1)

Thus i t  i s  s u f f ic ie n t  to  prove th e  r e s u l t  fo r  T(X) in  p lace  o f X.

We suppose f i r s t  th a t  T(X) i s  unbounded. We assume then  th a t

x \  x j ,  x \  y J ,  yJ and yJ a re  de fin ed  as in  lemma 18 and yJ i s  1 2 3 1 2 3 1

unbounded. Suppose meets in  and meets in

Let be th e  l in e  through p a r a l l e l  to  and suppose

meets L^ in  and in  y j .
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n

L1

w rite  I o-Xgl -  y and | o-y^| -  ti

Now c le a r ly .

A(xJ) ACXg) A(Xg) ^  A(conv(o, x^ , y^ )) A(conv(o, x^ , y^))

A(tJ) A (ïJ) ACrJ) A (conv(o, y, ) )  A (conv(o. x^ . ?* ))

1
^  A(conv(o, x^ , y^)) A(conv(o, x^ , y^))

A(conv(o, x^ , y^)) A(conv(o, x^ , y^))

2 2
ü -  + IL- 

2 2
n y

^  2- wn_ 
ny

-  2

9
» ? • (2)

Thus i f  T(X) i s  unbounded then  th e  theorem i s  t ru e  and so we now 

suppose T(X) i s  bounded.

We may suppose tak in g  an a p p ro p ria te  a f f in e  tran sfo rm a tio n  o f the
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plane th a t  T(X) i s  e q u i la te r a l  w ith  u n i t  h e ig h t .  For s im p lic ity  

we s h a l l  now w rite  T ■ T(X),

X  ̂ ■ X  ̂ and fo r  i  ■ 1, 2 and 3.

Suppose th a t  o i s  d is ta n t  h^ from and th a t  the  segment

* i^ i  an angle  0^ a t  o fo r  i  -  1, 2 and 3. Then

IT.

(3)

(A)

Now we co n sid e r fo r  the  moment, j u s t  the r a t i o  A(X )

A(Y^)

y.X n

Let L be th e  l in e  through o p a r a l l e l  to  which meets

in  o. and H. in  o • Let x be th e  p o in t o f in te r s e c t io n  of 1 3  2

and L et y^x^y^ -  a and x^y^x^ 3.

We now suppose th a t  L^ and L^ a re  v a rie d  such th a t  L^ and L^ 

make fix ed  ang les a  and 6 re s p e c tiv e ly  w ith  and o th e
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p o in t o f in te r s e c t io n  o f and l i e s  on o^o^. C lea rly

A (conv (o , x^,yj^)) rem ains in v a r ia n t  and equal to  A(X^) and th e re

i s  a p o s it io n  o f o , say o -  o^ where A(conv(x, x^ , o , y^)) i s

maximal. When o -  o^ , w rite  x^ -  x j ,  y^ -  y j ,  x^ -  x^ and y^ -  y^ .

Then

A(X^) A (conv (o^, y j ) )  (5)

^^^1^ A(conv(x, X y o^, y^))

Also c le a r ly  o^c r e l  i n t  o^Og and x j  o \ ^  -  0^.

We show nex t th a t  x^y^ i s  p a r a l l e l  to  xî'yî’.3 2 X I

Suppose and a re  tr a n s la te d  in  th e  manner d esc rib ed  from

any p o s i t io n  o by a sm all amount &.

Then the  change in  A (conv(x, x , o , y ) )  i s  given by
w  A

♦  2 
-  5 ( | o - X g |  s in  13 -  jo-ygj s in  o) + 0(6 ) .  ( 6 )

Thus i f  0 * 0^ we must have \

[o^-Xgl s in  3 "  jo^-ygl s in  o . (7)

But then

|o ^ -x J | -  s in  3 "  |o ^ -y J |
 1 .  2 •

, 1 1 ,  * , 1 1,
|o -Yil |o -X3I

(8)

Thus the  t r ia n g le s  o^x^y^ and o^x^y^ a re  s im ila r  and x^y^ 

i s  p a r a l l e l  to  x^y^.

Next l e t  be th e  m idpoint o f o^Og* Suppose th e  l in e s  x^o^

\
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produced and produced meet in  y j  and x j  r e s p e c tiv e ly .

1 1 
Let y^.

Then o^ y^ ■ and by co n sid e rin g  th e  c irc u m c irc le  o f t r i a n g le  

XgO^y^ i t  can be seen th a t

^  8^. (9)

Also A(conv(o^, x^ , y^)) -  A(conv(o^, x^ , y^))*  (10)

Thus A(conv(o^, x j  y j)  -  A(conv(o^ x j y j ) )  (11)

and

A(conv(Og, X y X, y^)) -  A (conv (o^, X y x , y ^ ) ) .  (12)

Thus by (5 ) , (11) and (12)

A(X^) ^  A (conv(o^, x j ,  y j ) )  ^

A (Y ') 7 7 "  ÿ Î  1 _1 A(conv(o^, x ^ ,  X ,  y^))
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By co n sid e rin g  t r i a n g le  o^ x x^ we have

lo ^ x j l

s in  7  o

x-x.

s in

1 -  h.

(14)

Thus

I 1I03-X3 (1 -  \ )
2 s in (Ç  + ,?i) 

® 2

(15)

and x-x.

w r ite  £ ■ 1
2

Then

•  s in (1 -  **1)

B in (f  ^ y )

ACconvCo^, X y  y j ) )

A C c o n v C O g ,  X y  X ,  y ^ ) )

" ACconvCo^, X y y j))

ACconvCo^, X3 y ^ )) + A (conv(x, X y  y^))

(16)

1 . h^ sec s in  2

2 . 2

4 a ln ^ (  ~  + Ç^) s in ^ (~  +6 . 2

2
2 s in  cos sec «1

7  s in  cos • f «in* 1
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-  2( **1 s in ^  ( % + t , )

>/3
( 7  c o s  * ' Y  COS

9 IT 1
-  2 ( r r h )  » ln (  -  + c ,)  .1-h^ 6 1 cos

h i 2
-  ( n r )  (1 + >/3 ta n  P ) . (17)1-n^ 1

Now w rite  4»̂  "

Then s in ce  by (9) Ŷ  & 6^ , we have

^ 1 2  ^1 ^
(T T -)  (1 + V3 ta n  Ç ) ^  (— •) (1 + V3 ton  A ) (18) 
1-h^ 1 1

s in ce  0 < < J  •

Thus by (1 3 ), (17) and (18)

- ^ ( y y )  (1 * 73 ta n
ACT,,

we have s im ila r  in e q u a l i t ie s  fo r  ACX )̂ and ^ (^ 3) and so

A(Y^) Â(Yy

(19)

I  J  / 1 . 2
i - 1  A(Y^) i -1  ^1-h^^ *f)

(20)

3 3 r  *
where E h , ■ 1, Z *, "  % , 0 < h , < 1, and 0 ^  ^  ~  ,

i -1  i -1

fo r  i  -  1, 2 and 3.
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The rem ainder o f  the  p roof i s  concerned w ith  o b ta in in g  a lower bound

^ ^ i  2
to  th e  fu n c tio n  f (h ^ , h^ , h^ , 5^, 6^, 6^) -  Z (™ ~ )  (1+V3 ta n  4»̂ )

i -1  i
o f th e  s ix  v a r ia b le s  h , h , h . ,  , * and * su b je c t to  the

3 3 ^
c o n d itio n s  Z h , -  1, Z "  T, 0 < h , < 1 and 0 ^  ^  -r

i -1  1 i -1  ^ ^ ^ ^

fo r  i  -  1, 2 and 3.

F i r s t  co n sid er the  fu n c tio n
3

g -  g(h , h , h ) -  Z — -  su b je c t to
i -1  i

3
Z h . « 1 and 0 < h . ^  1. 

i -1  ^ ^
3

g "  E + A (1 -  h -  h -  h ) (21)
i -1   ̂  ̂ ^

fo r  some m u lt ip l ie r  X.

 — T "  1 fo r  i  -  1 , 2 and 3 (22)

. . At s ta t io n a ry  p o in ts ,

1 J

and th i s  im p lies  th e re  i s  an unique s ta t io n a ry  p o in t ( j ,  j ,  j ) . 

Also > 0 and ^ -  0 fo r  i  4= J • (24)

Thus g (h^ , h^ , h^) tak es  a minimum a t  ( j ,  j ,  ~)

and g(h^ , h^ , h^) g ( j ,  3 * 3) * f  * (25)
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We now supposa ^3 a re  fix e d  and d e fin e

**i
a  -  1 + V3 ta n  and k . •  7 —  (26)

1 1 1  1-n^

fo r  i  -  1, 2 and 3.
3

Then by (2 5 ), i f  0 h. ^  1 fo r  i  -  1, 2 and 3 and Z h. ■ 1 then
i -1

âih ■ ' 4 -  ( : ? )

Now co n sid e r the  fu n c tio n

3 2 3
h -  h(k  , k , k ) -  Z a k . su b je c t to  Z k . -  8 .

^ 2 3  1.1  i  i  i -1  ^

^ 2
a  -  Z Sj k^ + p ( 6-  k^ -  k^ -  k^) (28)

fo r  some m u lt ip l ie r  p .

^  ■ 2 * i '‘i  -  (29)

Thus th e re  i s  an unique s ta t io n a r y  p o in t (k^, k ^ , k^) where

"1 " *2 ' 2  -  “3 * 3  (2°)

and + kg + k^ * 8. (31)

Thus (30) and (31) Imply

k . ( 1 + + f l )  -  «•

•2  *3
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Thus

-  «2=3* (32)

*1*2 * *1*3 * *2*3

'̂ 2 -    (33)

*1*2 + *1*3 + *2*3 '

kg -  *1*2* (34)

*1*2 * *1*3 * *2*3 ’

Now % h -  2a > 0 and è h ■ 0 fo r  i  ^  j . (35)

) k \

Thus the  s ta t io n a ry  p o in t i s  a minimum.

Thus

“ (ki* ^2» kj) >'• ' * ( 'i( '2 « 3 )^  * *2(*1*3)^ + *3(*1*2)^

(*1*2 * *1*3 + *2*3)^

■ /* 1 * 2 * 3

*1*2 * *1*3 * *2*3

> 9   by (2 7 ). (36)

4 ( -  + —  + —  )
*1 *2 *3

Thus fo r  any given and w ith  0 < *. <

fo r  i  -  1, 2 and 3, we have
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f (h ^ . h^ . h^ . *3)----------- -----------5  . (32)

4 I  (_-------1 ---------.
i - 1  '1 + V3 ta n  <

we f in a l ly  co n sid e r the  fu n c tio n

3
k -  k ( ♦ , ♦ , * ) "  Z'  i ___ su b je c t to

i - 1  1 + / 3  tan  ^

\  K K
 ̂ * -  — and 0 ^ fo r  i  -  1, 2 and 3 .

i -1

3
k -  Ï  1 + » ( -  ♦,) (38)

i-1  1 + V3 ta n

fo r  some m u lt ip l ie r

^k -V3 sec^ *.

*̂1 '  --------------------   2 ■ ” (39)
(1 ♦ V3 ta n  * )

1

2 X
-  - V3 cosec (— + 4 )̂ -

4

At s ta t io n a ry  p o in ts ,

2 A 2 ^ Acosec ( t  ♦ Y ) m cosec (7  + * ) . (40)
o  1  o  j

Thus and th e re  i s  an unique s ta t io n a r y  p o in t
W W W

Now -  y  coaec^i— + ♦ ) -  I .
1

^ 3

H  2
cosec (7  ♦ * .)  co t * 

0 1  1

.  X
0 when *. -  -  fo r  i  -  1, 2 and 3. (41)

1 6
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2
Also — —  * 0 fo r  i  ")= j .

Thus the  fu n c tio n  k(*  , A , ^ ) takes a minimum a t  (~ , 7 , 7 ) .
1 2 j  0 0 0

Now k (4 ^ , i s  a continuous fu n c tio n  d efined  on th e  c lo sed

and bounded convex domain D given by the  in te r s e c t io n  o f the  cube 

{4̂ ,  4»2 » *2 I 0 3 4^ < w ith  the  p lane  + Og * *3 "

Thus k (* ^ , <̂2 * ^2  ̂ a ttains a bounded maximum over D, which from the  

above must be a t ta in e d  on th e  f r o n t ie r  o f D.

Thus we may assume

-  0 o r

I f  4̂  -  0 , then

k ( 4, f 4«* 4 J  < max k (o , 4«. 4J  • (43)

2

Now s in ce  we may apply the  arguments above to  a fu n c tio n  o f two 

v a r ia b le s  i t  fo llow s th a t  k (o , 42» 4^) tak es  a maximum su b je c t to  

42 + *2 "  Y when e i th e r  42 "  0 o r 42 "  "J*

Thus k (4 ^ , 4^, 42> < k (0 , 0 , "j) -  2 . (44)

I f  4^ ■ y  then  we have im m ediately th a t

k (4 ^ , 42* 4^) ^ k (~ , 0» O) -  2 . (45)

Thus in  a l l  cases k(4  , 4 , 4 ) < 2*
1 2 3

Thus by (2 0 ), (37) and(46) we have
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I  ‘*2' S'  *1 ' S' V * -  f -
i - 1  A(Y.)

The theorem then i s  proved.

In  our f in a l  theorem we look a t  a fu n c tio n  w ith  p a r t ic u la r  

re fe re n ce  to  c e n tr a l  s e t s .

Theorem 34

In  th e  same n o ta tio n  as theorem 32, F igure  1, d e fin e

m(X; L , L , L ) -  max A(X.)
l< i(3 A(Y^)

( i )  I f  X i s  c e n tr a l  w ith  c e n tre  c then  jn(X; L^, L^, L^) ^  1

w ith  e q u a li ty  i f  o -  c .  I f  m(X; L^, L^, L^) » 1 and

o 4*^* then  f r  X co n ta in s  a p a i r  a p a r a l l e l  l in e  segments 

which a re  p a r a l l e l  to  oc .

*  *( i i )  I f  X i s  no t c e n tr a l  then  th e re  e x is t  l in e s  L^, and

e *
which a re  co in c id en t in  a p o in t o c X fo r  which

■ e  *  *
m(X; L^. L^, L^) < 1.

Proof

( i )  In  th e  p roo f o f th i s  theorem we s h a l l  use th e  n o ta tio n  o f 

theorem 32, F igure  1. L et M^, and denote re s p e c tiv e ly  the
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the l in e s  x^y^, x^y^ and x^y^.

Suppose th a t  X Is  c e n tr a l  w ith  c en tre  C and th a t  th e re

e x is t  l in e s  L , , L . and co in c id en t in  a p o in t o con tained1 2  3

in  i n t  X fo r  which

m(Xy , 1<2* ^ i » ( 1)

Then c e r ta in ly  o •[» c •

We show f i r s t  th a t  C does no t l i e  in  any reg io n  fo r  any i

w ith  1 3 i  4 3.

For suppose th i s  i s  th e  case and say c. eX^.

Let th e  l in e s  x^c produced and y^c produced meet f r  X in  

1
and y2 r e s p e c tiv e ly .

C lea rly  Y. i s  con tained  in  th e  s e t  y } bounded by e x . ,  c y .i  1 J  2

and f r  X, and X  ̂ co n ta in s  th e  s e t  x j  bounded by cx ^ , c y j

f r  X.
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But th is  Im plies

A (ï^) < A (îJ ) -  A(xJ) ^  A(X^). (2)

But (2) i s  im possib le  by (1 ) , and so c does no t l i e  in  any reg io n  X^. 

We may suppose then  w ithou t lo s s  in  g e n e ra l i ty  th a t  c  e 

Let lJ denote th e  r e f le c t io n  o f in  C . We show nex t th a t  no t

both  x^ atid y^ l i e  in  the  s t r i p  bounded by and L^. For auppose

th is  i s  the  case .

1Then and H meet on th e  s id e  o f L o p p o site  to  L L et M,

nieet L^ in  y^ and meet L^ in  x^ . But then  u sin g  th e  same

arguments as those  given in  the  beg inn ing  o f the  p roof o f theorem 33 

we have



-  225 -

A(X^) A(Xj) A (conv(o, x^, y ^ )  A (conv(o, x^ , y^))

A(Y^) A ( ïj)  '^A (conv(o, x^ , y^)) A (conv(o, x^ , y^))

> 2. (3)

,A(X^) A(Xj) >

Thus m a x (—  '  —  j  >. 1. (4)

But by (1 ) , (4) i s  Im possible

Thus we may assume l i e s  e x te r io r  to  the  s t r i p ,  bounded by

and L^. Now l e t  x^ and y^ denote th e  r e f le c t io n s  in  c

o f the  p o in ts  x^ and y^ r e s p e c tiv e ly .

Let x j  and y j  denote th e  r e f le c t io n s  in  C o f th e  p o in ts  x^

and y^ .

We nex t c o n s tru c t a p a ra lle lo g ram  Y fo r  which m(Y; L^,L2 ,Lg)< 1

1Let H denote th e  c lo sed  s t r i p  bounded by L^ and L^, We co n sid er

two c a se s .

Case I

and y^ e H.
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1

We f i r s t  no te  th a t  the  l in e s  and y^x^ a re  p a r a l l e l .  Thus the

1l in e  through x^ and y^ i s  e i th e r  p a r a l l e l  to  y^x^ o r meets

1 1 
the  l in e  ygX^ on th e  s id e  o f o p p o site  to  Now the  l in e s

and must meet on the  same s id e  o f as fo r  o therw ise

we would have as b e fo re  th a t

A(X^) + A(X^) ^  2 . (5)

AfYg) A(Y^)

which i s  im p o ssib le .

Thus th e re  e x is t s  a l in e  M through y which i s  p a r a l l e l  to  M
2 2 3

and which sep a ra te s  x^ and X y 

Let be the  l in e  x^y^.
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Let Y be th e  p a ra lle lo g ram  bounded by mJ ,  and My We

s h a l l  show Y has th e  re q u ire d  p ro p e r t ie s .

Let x j  "  conv(o, y^) and l e t  yJ be the  s e t  bounded by

My XgO, oy^ and My

Since A(X^) < A(Y^) i t  fo llow s th a t

A(xJ ) < A ( yJ ) .  (6)

L et mJ meet L_ in  x}.
2 2 4

Let « conv(o, y ^ , x j ) . Then C X^,

Let Y^ be th e  s e t  bounded by oy^, M̂  and x^o.

Then T j :> Y j.

Thus A(X^) < A(X^) < A(Tj) « A ( ïj)  . (7)

Now the  su b se t x][^ o f X. which l i e s  on th e  s id e  o f x^y î o p p o site3 3 3 2

to  o has th e  same a re a  as th e  su b se t Y^^^ o f X  ̂U Y^ which l i e s  on 

the  s id e  o f th e  l in e  y^*^ o p p o site  to  o .

W rite X^ ■ conv(o, x^ , y^) and l e t  Y^ be the  s e t  bounded by o x j,

M, and y o .
2 i  1

We have

A(Xj) S A(Xj) -  A(x“ )

< A(Tj) -  A (Tj“ )

< A (? j) .  (8)



-  228 -

Hence by (6 ) , (7) and (8)

m(Y; L , L , L ) •  max A(X.) < 1.
1<1<3 -----p

a (y!;)

(9)

In  o rd e r to  make the  n o ta tio n  c o n a ia te a t  w ith  Case I I  we s h a l l  

now w rite  and so Y i s  th e  p a ra lle lo g ram  bounded by

“ i ’ “ I* “ i  “ 2 "

Case IX

f  H and y^ f  H,

c

L et mJ ,  My and be th e  l in e s  through x^y^, x^y^, 

and y^Xg re s p e c t iv e ly .

1 1  1L et Y be th e  p a ra lle lo g ram  bounded by and M^.

From th e  f ig u re  above i t  i s  easy  to  see

m(Y; L^, L^, L^) < I  i f  m(X; L^, L^. L^) < 1 . (10)
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By tak in g  an a p p ro p ria te  a f f in e  tran sfo rm a tio n  o f the  p lane  we may 

suppose, in  cases I  and I I ,  th a t  Y i s  a re c ta n g le  w ith  s id e s  bounded 

by My My M̂  and mJ where mJ i s  p a r a l l e l  to  M̂  and i s

p a r a l l e l  to  My In  vivw of the  c o n s tru c tio n  of Y we may assume 

meets and in  and y^ r e s p e c tiv e ly ,

m eets and in  and y j  re s p e c tiv e ly  and

meets and in  x j  and y^ r e s p e c tiv e ly .

X ) ,  X ■ conv(oconv (o , X , y ) ,  -  conv(o, y
=3' ' 4^

and Ŷ  ̂ i s  th e  reg io n  in  Y 'o p p o site*  to  fo r  i  « 1 , 2 and 3, 

then  we have proved

max A(X-) < 1.
K i< 3   p

A(Y‘ )

(11)

we s h a l l  show th a t  (11) i s  im p o ssib le .

L et th e  d is ta n c e  o f o from be y and th e  d is ta n c e  o f o

from be n.
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Let be the  t r i a n g le  bounded by L^» and oy^ produced.

Then A (x h  A (xS  
 i -  % i -

A(Y^) AOCjS

2
JL.

2
y

S im ila r ly

A(X^) V ’ 

A(Y^)

Thu. max /A(Xj) A(Xg)

U ( t J) A(Tg)
> 1 (12)

which c o n tra d ic ts  (1 1 ). Thus th e  o r ig in a l  assum ption (1) th a t  th e re  

e x i s t  l in e s  L^, L^ and L^ fo r  which m(X; L^, L^, L^) < 1 was f a l s e .

Thus i f  X i s  c e n tr a l  then  m(X; L^, L^, L^) ^  1 fo r  a l l  l in e s  

^1* ^2 ^3 th e  f i r s t  p a r t  o f ( i )  i s  proved.

Now suppose th e re  e x is t s  a p o in t o c i n t  X which i s  c e n tr a l  w ith  

cen tre  c fo r  which

m(X; L y  L^, L^) -  1 (13)

and o *j" C.

Now as b e fo re  c  ̂ X̂  fo r  any i  and so we may assume C cY^.

Thus

A (x p  < A(Y^) . (14)

Since m(X; L^, L^» L^) * 1 i t  fo llow s th a t
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e i th e r  AfX^) -  1 o r A(X^) “ 1.

A(Yg) A(Y^)

We suppose th a t  AfXg) "  1. (15)

AXYg)

We show f i r s t  th a t  th i s  im p lies  A(X^) « 1

A(Y^)

fo r  suppose A(X^) < 1. (16)

A(Y^)

We choose a p o in t o^ e X  ̂ and l in e s  L y  and through o^

p a r a l l e l  to  and re s p e c tiv e ly  such th a t  o^ i s  n ear o.

But by (14)and (16) i t  fo llow s th a t  i f  o^ i s  s u f f ic ie n t ly  c lo se  to

o then

m(X; lJ ,  L^, l J) < m(X; L^, L^, L^) -  1 (17)

which i s  im p o ssib le .

Thus A(X^) -  1. (18)

A(Y^)

we show nex t in  the  n o ta tio n  o f theorem 32, F igure  1 th a t

lo-Xfl o-y 2

and lo-Xgl « |o-y^

For suppose th i s  i s  n o t th e  case  and |o-X g| =f=|o-y^I *

Suppose I o-Xg I < I o-y^ | . ( \<\)
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We may r o ta te  through a sm all angle 0 to  a new p o s it io n

in  the  d ir e c t io n  so as to  in c re a se  X^.

Suppose the  reg io n s X y X y yJ and Y  ̂ fo r  correspond to  the

reg io n s  X^, X^, Y^ and Y^ fo r  L^.

Then

and

A(X^) -  A(Xg) + | |o - X j |^  e + O(e^) (20)

A(yJ) -  A(Y^) + | l o - y ^ |^  e + 0(8^) . (21)

I f  0 i s  s u f f ic ie n t ly  sm all then  (1 4 ), (1 8 ), (1 9 ), (20) and (21) 

imply

A(xJ) < A(yJ) (22)

and

A(Xg) < A(Yg). (23)

Thu» 1 -  m(X; L^. L^, L p  -  A (x p

ACYj)

> max /# j ^ )  A(Xg)

' a (yJ) ACfl)
(24)

But by re p e a tin g  th e  arguments from equations (15) to  (17) we see 

th a t  (24) i s  Im possib le . Thus (19) i s  im p o ssib le .

I f  |o-X2 |> |o - y ^ |,  then  we r o ta te  in  th e  o p p o site  d ir e c t io n  

and again  o b ta in  a c o n tra d ic t io n .
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Thus |o-Xg| -  |o -y ^ |,  (25)

and s im ila r ly

|o -x ^ | -  lo -y^ l- (26)

Now l e t  x j  and y j  be the  r e f le c t io n  o f and y^ in  c .

Let H be the  c lo sed  s t r i p  bounded by the  l in e s  x^x^ and y^yg.

Now (25) and (26) imply th a t  the  l in e s  x^y^, x^y^, x jy j  a re  

p a r a l l e l  and

I  I  "  I  X j - j j  I  ■  I  x j - y j  ! •  ( 2 7 )

Moreover th e  l in e  x^yg se p a ra te s  the  l in e s  x^y^ and x^y^. Then 

convexity  im p lies  th a t  the  l in e  segment x^y^ i s  con tained  in  H.

Also convexity  ag a in  im p lies  th a t  X C H.

Then i f  m(X; L , L , L ) * 1 we must have L i s  p a r a l l e l  to  x y \
1 2  3 2 1 1 \

1 I f'and a lso  oc  i s  p a r a l l e l  to  the  l in e  segments x y and y x . Thus
1 1  1 1

p a r t  ( i )  i s  proved.  ̂ \  %

.1' '
i

!i \

t\
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We f in a l ly  prove p a r t  ( i i ) .

I t  i s  w e ll known th a t  X i s  c e n tr a l  i f  and only  i f  a l l  th e  l in e s  

which b is e c t  the  a rea  o f X a re  c o n cu rren t. Thus i f  X i s  no t 

c e n tr a l  then  th e re  e x is t  l in e s  K^, and which a re  n o t concurren t 

and which b is e c t  the  a re a  o f X. Suppose th ese  l in e s  bound a t r i a n g le

T w ith  v e r t ic e s  x , y and z , where co n ta in s  xy, co n ta in s  \

xz and co n ta in s  y z .

Let be th e  reg ion  bounded by and f r  X, Y^ be th e  reg io n

bounded by and f r  X and

Y^ be the  reg io n  bounded by K^, and f r  X.

Suppose X. U T i s  th e  reg io n  ’o p p o s ite ' Y. fo r  i  "  1 , 2 and 3. , ^
^  ' \ '  ' \

\ \
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A(T) + A(X^) -  A(Y^) fo r  i  -  1 , 2 and 3. (28)

Kz

L et be th e  l in e  through x p a r a l l e l  to  K^.

Suppose K^, and d iv id e  X in to  the  reg ions x j ,  X^, X^

yJ .  yJ .  yJ  w h « e

* 1  C X i'  %2 -  1  ^  ^2* 4  ^  ^3" ^1 ^  ^2 “  ^2 ^3 ^  ^3*

We now w r ite  K 3-321

I \
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C le a rly  then 1 -  m(X; L , L , L ) "  max A(X^)
1?1«3 -----^

A(Y^)

■ by (28)

AC?;)

> max / A(X^) A(X^)

\  A(Y^) A(Tj )

But now ve again  apply th e  argument from eq u ations (15) to  (17) and

* * *
o b ta in  l in e s  L^, and fo r  which

* * *
ni(X; L^, L^» L^) < 1 .

The theorem then  i s  proved.

We f in i s h  th i s  th e s is  w ith  a c o n jec tu re  th a t  seems in te r e s t in g .  \

C onjecture

In  the  n o ta tio n  o f theorem 34 d e fin e  , \

r \
m(X) -  in f  m(X; L , L , L )

fo r  each compact convex s e t  X w ith  a non-empty i n t e r i o r ,  where the  '
j Î . y

in f  imum i s  taken  over a l l  co ncu rren t l in e s  1 ^ , and which ^
A ,,

meet in  th e  i n t e r io r  o f X. \

Then m(X) ^ w i t h  e q u a li ty  i f  and only  i f  X i s  a  t r i a n g le .

\ \ \
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Note

We have shown in  theorem 34 th a t  m(X) « 1 i f  and only  i f

X i s  c e n t r a l .  I t  i s  no t d i f f i c u l t  to  show th a t  m(X) tak es  i t s

lower bound when X i s  a t r i a n g le  and so the  fu n c tio n a l m i s  a

measure o f symmetry. I t  seems to  be s u rp r is in g ly  d i f f i c u l t  however

to  determ ine th is  bound even fo r  a t r i a n g le .  I t  fo llow s o f course

from theorem 33 th a t  m(X) ^  *“ •
8
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