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Abstract A major concern within the oil drilling industry remains the high
risk associated with the drilling bit and tool failure from the build-up of damag-
ing vibrations. Effective understanding of the drillstring dynamics is essential
for efficient drilling operation. Complex dynamic behaviour is often observed
in the drillstring due to friction, impact, unbalance eccentricity and energy
exchange between different modes of vibrations. The interaction between the
drillstring and borehole wall involves nonlinearities in the form of friction and
contact. Initially a two discs model was developed to analyse the behaviour
of the system. The theoretical model was tuned by altering the phase of the
eccentric mass. This excites each lateral modes of the system in isolation. The
effects of impact, friction and mass unbalance are included in the model. The
drillstring borehole interaction induces whirling behaviour of the drillstring
causing forward whirl, backward whirl or intermittent bouncing behaviour de-
pending on the system parameters. A critical steady state behaviour within
the system is the backward whirling of the drillstring, which reduces the fa-
tigue life of the drillstring. For the tuned system the backward whirl behaviour
was analysed by carrying out a rotor speed sweep spanning the lateral natural
frequencies. The influence of rotor speed on the system dynamics is explored
using a run up and run down and is analysed using a waterfall plot. The water-
fall plot indicated the frequency of maximum response corresponding to each
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rotor speed. Depending on the whirling behaviour the dominant frequency was
observed at the lateral natural frequency, the rotational speed or the backward
whirl frequency. The influence of variation in whirling behaviour due to alter-
ing of the axial load was analysed for a multiple disc case consisting of five
discs. A transition in behaviour along the length of the drillstring was ob-
served due to the axial load and bending moment interactions. Depending on
the mode excited impact and sustained contact initiation with the borehole
varied across the different stabilizer locations.

Keywords Rotor dynamics · drill string · backward whirl

1 Introduction

During extraction of petroleum and natural resources, boreholes that run many
kilometres are created using drillstrings. Drillstrings are long slender structures
which are made up of three sections namely, the drill pipe, the drill collar and
a drill bit. The purpose of the drill pipe is to transmit torque to the bit. The
drill collar is heavier in weight per unit length than drill pipe provides the
compressive load on the drill bit. The combination of the drill bit and drill
collar is called the bottom hole assembly (BHA). A major concern in the oil
drilling industry is the high cost and lead time caused due to the drillstring
and bit failure from the build up of damaging vibration.

A combination of torsional, axial and lateral vibration exist along the drill-
string. The length of the drill assembly increases the possibility of energy ex-
change between various modes of vibrations. Drilling vibration may lead to
poor efficiency of the process, excessive wear at the tools or fracture of the
drilling system. The four main problems originating from this are drill pipe fa-
tigue, drillstring component failure, well bore instability and bit damage. The
causes of vibration include impact and friction at the borehole/drill string and
bit formation interfaces, unbalance eccentricity or initial curvature in drill col-
lar sections and energy exchange between various modes of vibration.

Among the different vibrations lateral vibrations which usually result in
whirling behaviour within the drillstring however can be the most destructive.
The rotating stabilizer hitting the rock formation can send shocks through the
collars [1, 2] which can be as high as 250g [3]. If the shaft has one or more
rotors attached, more complicated whirl phenomena can occur. Field studies
[4] indicate that if a rotating drillbit is suddenly arrested, rapid whirling of
the drillstring can occur.

Various authors [5, 6, 7, 8, 9, 10, 11, 12, 13] have described the non-linear
phenomena that characterize similar phenomenon within the context of rotor
dynamics. Whirling of a shaft or rotor can result in rubbing/interaction with
the enclosure or bearing. Problems of rubbing involve investigation of two
main effects: determination of local casing rotor interaction and the global
vibration of the rotor casing/bearing. The frequencies present in the measured
vibration signal constitute some of the most useful information for diagnosing
rotor dynamics problems.
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Basically there are two common steady state vibration regimes of rotor
motion which are created by rub. These steady states are usually reached
through some transient motions involving partially rubbing surfaces. The first
steady state regime is due to unbalance and the second is a self excited vibra-
tion. The former is less dangerous but the latter can often cause catastrophic
failure. Steady state whirl due to unbalance usually occurs during transient
conditions of start-up and/or shutdowns when the rotor passes through the
resonance speed. This regime is often referred as full annular rub. The sec-
ond of the quasi stable steady state regimes, which could be more serious in
its destructive effect, is the self excited backward full annular rub known as
“backward whirl.”

One of the simplest models that can be used to study the flexural behaviour
of rotors consists of a point mass attached to a massless flexible shaft. This
model is often referred to as the Jeffcott rotor [11, 14]. Several authors have
tried to formulate the equations of motion in polar [10, 15] and Cartesian
coordinates [6, 16].

One of the key parameters during manufacturing is the eccentricity associ-
ated with the disc. Even with a fine manufacturing tolerance mass eccentricity
is bound to be present in most of the system. Previous studies have not ex-
plored the influence of an individual mode excited in isolation on the backward
whirl behaviour. Backward whirl is critical since it affects the fatigue life of
the drillstring. For the present study the location and mass of the eccentricity
will be carefully tuned to excite each modes of the system in isolation. Initially
the study will be carried out on a two disc model. A similar instability study
using an experimental set-up consisting of two discs vertically connected using
a string was carried out by Mihajlovic et al. [17, 18]. The location of each
disc represents the stabilizer location on the drillstring. This model will be ex-
tended to a multiple disc system in order to incorporate the influence of axial
loading/self weight on the whirling behaviour of the multiple disc system.

2 Modelling of a coupled two disc model

Initially the study was carried out on a model with two two disc attached on
a massless shaft as shown in Fig. 1. The rotor disc with eccentric masses were
coupled using spring elements. Each disc is modelled as a lumped mass located
eccentrically rotating at rotor speed ω. In the model one end of the rotor is
attached to the drive and the other represents the free end of the drillstring
which is modelled by altering the torsional stiffness. The mass located eccen-
trically rotates at rotor speed ω as shown in Fig. 2. The rotor is displaced from
the geometric center of the “borehole” by a distance (δ) and a linear spring
of stiffness ki is used to model the restoring force which is due to the bending
of the shaft. The angular position of the shaft centre is denoted by θi. The
position vector of the shaft centre and eccentric mass RiM and Rim are given
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by

RiM = xiî+ yiĵ (1)

Rim = [xi + ei cos(Ψ + θi + φi)]̂i+ [yi + ei sin(Ψ + θi + φi)]ĵ (2)

where (xi, yi) is the position of the shaft centre for disc i, ei is the position of
the eccentric mass with respect to the shaft centre, θi is the torsion angle of
the disc i, ψ is the rotational angle of the drive which for a constant rotational
speed (ω) will be ωt and φi is the phase angle of the eccentric mass.
The kinetic energy (T ) of the system is given as

T =
1

2

2∑
i=1

MiṘ
2
iM + Ji(Ψ̇ + θ̇i)

2 +miṘ
2
im (3)

where Mi is the mass of disc i and mi is the eccentric mass of disc i. Ji is the
polar moment of inertia of disc i. The potential energy (V ) of the system is

V =
k1
2

(x21 + y21) +
k2
2

(x22 + y22) +
kc
2

(x2 − x1)2

+
kc
2

(y2 − y1)2 +
kt
2

(θ1)2 +
ktc
2

(θ2 − θ1)2 (4)

where k1, k2 are the first and the second rotor stiffness to the ground in the
X and Y directions respectively. kc is the coupling stiffness between the two
rotor discs in the X and Y directions. The system is modelled symmetrically
with stiffness identical in the X and Y directions. kt and ktc are the torsional
stiffness and torsional coupling stiffness respectively of the shaft. Using the
Lagrange formulation the equations of motion are formulated in the X, Y and
θ directions as

d

dt
(
∂T

∂ẋi
) − ∂T

∂xi
+
∂V

∂xi
= Fx(i) (5)

d

dt
(
∂T

∂ẏi
) − ∂T

∂yi
+
∂V

∂yi
= Fy(i) (6)

d

dt
(
∂T

∂θ̇i
) − ∂T

∂θi
+
∂V

∂θi
= Mθ(i) (7)

Substituting for the kinetic and potential expressions we obtain the undamped
equation of motion. As shown in Fig. 2 damping was included in the lateral X
and Y direction and torsional θ direction. The external excitation is provided
from the unbalance eccentricity or initial curvature in drillstring sections. The
external force and moment in the X, Y and θ direction is obtained as:

Fx(i) = miei[(Ψ̇ + θ̇i)
2 cos(Ψ + θi + φi) (8)

Fy(i) = miei[(Ψ̇ + θ̇1)2 sin(Ψ + θi + φi) (9)

Mθ(i) = miei[(ẍi sin(Ψ + θi + φi) − ÿi cos(Ψ + θi + φi)] (10)
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Since the shaft is vertical gravitational force doesn’t influence the lateral mo-
tions. Substituting the external force and moment and the damping terms the
final equation of motion for the two disc rotor is obtained as:

(M1 +m1)ẍ1 + c1ẋ1 + k1x1 + kc(x1 − x2) = m1e1[(Ψ̇ + θ̇1)2 cos(Ψ + θ1 + φ1)

+(Ψ̈ + θ̈1) sin(Ψ + θ1 + φ1)]

(M1 +m1)ÿ1 + c1ẏ1 + k1y1 + kc(y1 − y2) = m1e1[(Ψ̇ + θ̇1)2 sin(Ψ + θ1 + φ1)

−(Ψ̈ + θ̈1) cos(Ψ + θ1 + φ1)]

(J1 +m1e
2)θ̈1 + ct1θ̇1 + kt1θ1 + ktc(θ1 − θ2) = m1e1[(ẍ1 sin(Ψ + θ1 + φ1)

−ÿ1 cos(Ψ + θ1 + φ1)]

(M2 +m2)ẍ2 + c2ẋ2 + k2x2 + kc(x2 − x1) = m2e2[(Ψ̇ + θ̇2)2 cos(Ψ + θ2 + φ2)

+(Ψ̈ + θ̈2) sin(Ψ + θ2 + φ2)]

(M2 +m2)ÿ2 + c2ẏ2 + k2y2 + kc(y2 − y1) = m2e2[(Ψ̇ + θ̇2)2 sin(Ψ + θ2 + φ2)

−(Ψ̈ + θ̈2) cos(Ψ + θ2 + φ2)]

(J2 +m2e
2)θ̈2 + ct2θ̇2 + kt2θ2 + ktc(θ2 − θ1) = m2e2[ẍ2 sin(Ψ + θ2 + φ2)

−ÿ2 cos(Ψ + θ2 + φ2)] (11)

where c1 and c2 are the damping coefficients of first and second rotor discs.

2.1 Contact modelling

The next phenomenon that needs to be modelled is the effect of the contact be-
tween the borehole wall and the whirling drillstring especially at the stabilizer
location. The expression without impact given in eq. (11) contains geometric
non-linearities in the inertia terms due to coupling between the torsional and
lateral motions. However a stronger non-linearity is induced due to impact and
friction at the borehole/drill string and bit formation interfaces.

Similar to the impact of a rotor against a stator within the rotor-dynamic
context the whirling drillstring can impact the borehole wall. In addition to the
plastic deformation the contact between the system also causes dissipation due
to the frictional force. There are a plethora of models available for friction. The
present study is analysing the drillstring borehole interaction, not involving
detailed analysis on the stick-slip or the drilling cutter behaviour. Hence for
the present model the frictional force is assumed to be Coulomb [19, 20] with
no Stribeck or viscous effect even though there is an uncertainty in the type of
model to be used [10]. For numerical stability in the simulation, the variation
in the friction coefficient with relative velocity (Vrel) was smoothed using a
continuous function, such that

µ = µd tanh

(
Vrel
V0

)
(12)
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where µd is the dynamic friction coefficient, Vrel is the relative velocity at the
contact interface given by

Vrel(i) = (Ψ̇ + θ̇i)Ri − ẋi
yi
ρi

− ẏi
xi
ρi

= (Ψ̇ + θ̇i)Ri − ẋi sinαi − ẏi cosαi (13)

where ρi =
√
xi2 + yi2 and αi = arctan( yixi

). V0 is a constant and its value
can be varied to obtain different velocity profiles at the contact region. The
model is a reasonable first approximation of the forces acting in the real system
except that the effect of drilling mud influences the response in the form of
fluid-structure interaction, which is neglected.

Contact with the borehole generates a normal force in the radial direction
(Fn) and a frictional force in the tangential direction (Ft). Contact is modelled
using a spring of relatively high stiffness. Damping is included in the model to
incorporate the effect of a coefficient of restitution. The contact force generated
in the radial direction is given by

Fn(i) = ks(ρi − δi) + csρ̇i for ρi > δi

= 0 for ρi ≤ δi (14)

where δi is the clearance. The frictional force is modelled using Coulomb fric-
tion which generates the tangential force (Ft(i))

Ft(i) = µFn(i) (15)

Transforming the forces to Cartesian coordinates we obtain the forces in
the X and Y directions as

Fx(i) = −Ft(i) sinα− Fn(i) cosα

Fy(i) = Ft(i) cosα− Fn(i) sinα (16)

The frictional moment generated in the torsional direction is:

Mext(i) = RiFt(i) (17)

These additional external forces and moments were incorporated in eq. (11)
to obtain the expression for the equation of motion for the coupled two disc
system with contact.

2.2 Results and discussion for the two disc model

Using the theoretical model the system was simulated for the parameters given
in Table 1. Torsional damping is assumed to be small for the present study
similar to rotor dynamic systems [19]. However within an actual drilling envi-
ronment the torsional damping could be higher due to the drilling mud and
formations. The natural frequencies of the system and the mode shapes are
given in Table 2. For the given set of parameters the two lateral modes are
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well separated in frequency. The coupling stiffness in the lateral direction was
chosen higher than the stiffness to the ground since during whirling motion
the system is general supported by the coupling spring.

A case study by exciting each mode in isolation was carried out by altering
the relative phase of the eccentric mass location. Initially the eccentric mass
was located at the same angular position for both the discs. This implies
that the external excitation forces due to unbalance acts in phase for both
the discs, therefore exciting the first mode of the system. Since the initial
condition is also important the rotor speed range was chosen to span near
the first lateral natural frequencies of the system. A frequency sweep was
carried out by varying the rotor speed during the forward sweep from 0.096
to 0.4 Hz. The speed was incremented by 0.0016 Hz after every 500 seconds.
The temporal variations in the responses of both rotors are shown in Fig. 3.
The duration and step size for the speed increment was chosen to reduce the
initial transient in the response. In eq. (11) the speed increment also induces
a phase change in the eccentricity force which induces artificial transients on
the rotor disc during each speed increment. This artefact was corrected by
incorporating a phase correction to compensate for the phase change during
the speed increments. Figure 3 clearly indicates that the system establishes
contact at nearly the same instant on both discs. For clarity only the run up
is shown, during the run down test the drillstring is continuously in contact
with the borehole.

A waterfall spectrum may be used to study the key response frequencies.
A waterfall spectrum is a three dimensional frequency response spectrum cor-
responding to various rotational speeds. The frequency response was averaged
by sampling across sections of the time series. The contour plot of averaged wa-
terfall spectrum is shown in Fig. 4. The contour plot during the forward sweep
shown in Fig. 4(a) indicates that the frequency correspodning to maximum
response jumps when the rotor speed is near the lateral natural frequency of
the system. The subsequent peaks are observed at R

δ ω where ω is the rotor
speed which corresponds to the backward whirl frequency with the drillstring
rolling along the borehole surface. The averaged contour plot of the waterfall
spectrum during reverse sweep is shown in Fig. 4(b). A hysteresis in the fre-
quency content near the jump frequency was also observed. During run down
the backward whirl frequency was persistent beyond the lateral frequency.

Next the initial position of the eccentric mass on the second rotor was
altered to be 180 degree out of phase to that on the first rotor. This excites the
second lateral mode and thus delays rotor speed at which continuous contact
between the drillstring and borehole is establishment. Since the excitation
force is dependent on the square of the rotor speed the starting speed for
the sweeping was more offset from the second natural frequency at 0.72 Hz.
The frequency sweeping was carried out from 0.57 to 0.96 Hz. For brevity
the response of the system for the same sweeping range as the one used in
exciting the first mode is not shown however the behaviour was as expected
for a system with no contact established since the first mode is not excited.
The variation in the temporal response is shown in Fig. 5 similar to Fig. 3 for
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forward sweep. The jump in frequency content occurs when the rotor speed
approaches the second lateral natural frequency of the system is observed in
Fig. 6 which is hysteric similar to Fig 4 .

3 Modelling of drillstring

The study until now indicates that the position and phase of the eccentricity
on the two discs influences the instant when the backward whirl is initiated. In
practice the drilling operator alters the surface controlled drilling parameters,
such as axial loading, drilling fluid flow through the drill pipe, the drillstring
rotational speed and the density and viscosity of the drilling fluid to optimise
the drilling operation. For the present study fluid modelling is not considered.
In order to understand the behaviour of a long drillstring the two disc model
has to be extended to a multiple disc which can be envisaged as the multiple
stabilizer attached to the drillstring. For the multiple disc model the axial
loading due to self weight is incorporated in the model.

The self weight causes the axial force to vary from tension along the drill
pipe to compression on the drill collar. The location of the neutral point deter-
mines the static weight on bit. The drilling operator applies an axial load at
the surface end called the hook load. This is a controllable parameter which the
driller alters during the drilling operation to adjust the weight on bit (WOB).
The WOB needs to be altered to prevent buckling of the drillstring [21]. This
modifies the location of the neutral point along the drillstring. The drill pipe is
generally in tension and the thicker drill collar is under compression. The net
axial load at the bit arises from a combination of the axial load and gravity.
The present study will consider the modification in the bending stiffness due
to axial loading. The influence of the axial loading on the bending stiffness of
the drillstring is bound to increase with increasing length of the drillstring.
Generally a reduction in out of plane bending stiffness can be expected with
increase in drillstring length.

The actual drillstring is asymmetric with the lighter drillpipe forming the
upper section and heavier drill collar forming the bottom section which applies
weight on the bit. The drillstring parameters [22] are given in Table 3. The
density and the inner diameter was different for the drill collar as shown in Fig.
7. Drill collar material was chosen four times denser than the drill pipe and
inner diameter was 0.5 times the inner diameter of the drill pipe. This creates
a variation in the axial force along the drillstring. A finite element model was
developed for the drillstring. The drillpipe and drill collar were modelled as an
Euler- Beuroulli beam with 20 elements. The boundary condition was taken as
pinned at the ends. The bending stiffness change for a 2 node Euler-Bernoulli
beam of length l due to axial compression force (fe) is given by [12, 23, 24]:
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Kc(i) =
fe
30l


36 3l −36 3l
3l 4l2 −3l −l2
−36 −3l 36 −3l
3l −l2 −3l 4l2

 (18)

Axial force across each individual coupled disc section will be the equilib-
rium force resulting from the hook load and the gravitational force. The net fe
in eq. (18) at the node was determined by averaging the axial load across the
nodes of the element. A typical variation in the first five natural frequencies
of the drillstring is shown in Fig. 8 . Minimum hook load was chosen such
that the first natural frequency is almost zero. Corresponding to the minimum
hook load the lower section of the drillstring is in compression as shown in
Fig. 9. The first natural frequency corresponds to the buckling mode. Increase
in the hook load causes the antinode location to shift more towards the centre
as shown in Fig. 10.

The finite element study provided an understanding on the influence of
axial load on the natural frequency and the buckled mode shape of the drill-
string. Using the minimum hook load a mutliple disc system was modelled in
order to excite the different modes of the system individually.

3.1 Modelling of multiple disc model

A lumped parameter model with five discs was chosen as a typical example.
In contrast to the two disc system, in order to excite the different modes of
the system both the mass and position of the eccentricity have to be altered
simultaneously. As a typical example to excite the third mode of a five disc the
position of the eccentric masses should be e =

[
1 0 1 0 1

]
and the particular

combination of phase should be φ =
[
0 0 π 0 0

]
.

A static condensation is carried out in eq. (18) treating the translational
DOFs as master DOFs and the rotational DOFs as slave DOFs. The reduced
stiffness matrix is then obtained as:

Kc(i) =
fe
l

[
1 −1
−1 1

]
(19)

Compared to the finite element model of the drillstring with 20 elements
the lumped model consists of five mass elements. Hence the hook load was
chosen slightly higher than the minimum hook load obtained from the finite
element model. A typical case study was carried out for a hook load of 3.5 MN.
This induces compression at the bottom drillcollar section of the drillstring.
The eccentricity mass position and phase were modified to initiate the system
in the first mode. A frequency sweep study was carried out by varying the
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rotor speed from 0.005 to 0.04 Hz with a step change of 0.005 Hz after every
500 seconds. Since the frequencies are small the damping in the lateral and
torsional direction was chosen slightly higher. The step size, duration and
damping was chosen to reduce the trasients during the frequency sweep study.
The frequency sweep range spans the first natural frequencies of the drillstring.
The normalised temporal response shown in Fig. 11 indicates that the contact
is not initiated at the same instant for all the discs. The disc which initiates the
impact and sustained contact depends on the mode shape. This is correlated to
the fact that higher deflection occurs at the drill collar section in the buckled
state of the drillstring.

4 Conclusion

The behaviour of a rotor disc system considering the initiation of critical steady
regimes such as backward whirl was analysed. The initial study on a two disc
rotor identified different steady state regimes including backward whirl be-
haviour. Each mode of the coupled two disc model was excited in isolation by
varying the initial phase difference between the eccentric masses of the two
discs. This controlled the initiation of backward whirl or continuous contact
between the drillstring and the borehole. The frequency content of the rotor
response during run up and run down was analysed using the waterfall spec-
trum by extracting the frequency which produced the peak in the averaged
lateral response. It was observed that the natural frequency dominates the re-
sponse when the drillstring undergoes forward whirl with no contact with the
borehole. However with continuous contact a jump in the frequency contents
was observed. The jump in frequency content is observed when the rotor speed
is near the lateral natural frequency. The frequency content is then dominated
by the backward whirl frequency. A hysteresis in the jump behaviour of the
system was observed with the backward whirl frequency dominating the re-
sponse even at rotor speeds beyond the lateral resonance frequency during run
down.

The study was extended to a multiple disc rotor to replicate the behaviour
of a long drillstring with multiple stabilizers. The model incorporated the in-
fluence of axial loading due to self weight which can lead to the buckling of the
drillstring. The axial loading changes from compression to tension along the
drillstring. The axial loading induced a negative bending stiffness along the
drillstring. A transition in behaviour at the stabilizer location was observed
with continuous contact established along the drillstring at the stabilizer lo-
cation depending on the excited mode.

The study indicates that the system parameters such as the eccentric mass
position and phase, axial load and rotor speed are critical for the backward
whirl behaviour. The two important parameters which are controllable while
in operation are the rotor speed and the hook load. Hence during an actual
drilling operation the backward whirl, which reduces the fatigue life of the
drillstring, is influenced by the rotor speed and the axial hook load. A careful
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tuning of these two parameters can control the mode excited and alter the
backward whirl behaviour.
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Units
M1 1 M2 1 kg
m1 0.05 m2 0.05 kg
e1 0.05 e2 0.05 m
J1 0.0025 J2 0.0025 kg m2

k1 1 k2 1 N/m
kt1 0.5 kt2 0 N/m
c1 0.02 c2 0.02 Ns/m
ct1 1.83E-04 ct2 1.83E-04 Ns/m
R1 0.05 R2 0.05 m
δ1 0.01 δ2 0.01 m
kc 10 N/m
ktc 0.5 N/m
cs 0.1 Ns/m
ks 105 N/m

Table 1: System parameters corresponding to the two disc model.

ω1 ω2 ω3 ω4 ω5 ω6

Natural frequency (Hz) 0.16 0.16 0.71 0.71 1.36 3.42
x1 -0.71 0.00 0.00 -0.71 0.00 0.00
x2 -0.71 0.00 0.00 0.71 0.00 0.00
y1 0.00 -0.71 -0.71 0.00 0.00 0.00
y2 0.00 -0.71 0.71 0.00 0.00 0.00
θ1 0.00 0.00 0.00 0.00 -0.52 -0.85
θ2 0.00 0.00 0.00 0.00 -0.85 0.52

Table 2: Natural frequencies and mode shapes corresponding to the system
parameters, without contact.
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Units
E1 210 × 109 E2 210 × 109 N/m2

ρ1 8050 ρ2 4×8050 kg/m3

e1 0.05 e2 0.05 m
do 0.2286 d2 0.2286 m
di 0.0762 d2 0.0381 m
G1 77 × 109 Gt2 77 × 109 N/m
c1 0.1 c2 0.1 Ns/m
ct1 0.08 ct2 0.08 Ns/m
δ1 0.01 δ2 0.01 m
 L1 150  L2 150 m
kc 10k1n N/m
ktc kt N/m

Table 3: System parameters corresponding to the multiple discs model in-
cluding drillstring and drillpipe.

Mode 1
frequency Eigenvector

0.12 0.95
1

0.85
0.24
0.1

Table 4: The natural frequency and mode shape corresponding to first mode
for the multiple discs case.
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Fig. 1: Schematic of the two disc rotor model

Fig. 2: Model of the two disc system including the contact model.
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Fig. 3: Temporal variation in the lateral response of the two rotors during
run up when the eccentric masses are in phase.
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(a) Contour map of the waterfall spectrum dur-
ing upsweep.

(b) Contour map of the waterfall spectrum
during reverse sweep.

Fig. 4: The variation in frequency content of the response with change in rotor speed. A
jump in frequency is observed near the first lateral mode.
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Fig. 5: Temporal variation in the normalised clearance during run up (red)
and run down (green). The eccentric masses are out of phase.
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(a) Contour map of the waterfall spectrum dur-
ing upsweep.

(b) Contour map of the waterfall spectrum
during reverse sweep.

Fig. 6: The variation in frequency content of the response with change in rotor speed. A
jump in frequency is observed near the second lateral mode.
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Stabilizer

Drill pipe

Drill collar

Fig. 7: Drillstring system comprising of drill pipe and drill collar with stabi-
lizers. The drill collar is heavier than the drill pipe.
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Fig. 8: Variation of first five bending natural frequencies for different hook
loads.
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Fig. 9: Variation in axial force along the drillstring corresponding to different
hook load.
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Fig. 10: Variation in the mode shape of the first mode (buckling mode) for
different hook loads.
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Fig. 11: Variation in the response of the system, normalised with respect
to clearance.Rotor speed was swept (ωe) from 0.005 to 0.04 Hz. The initial
position and phase of the eccentric mass was tuned to excite the first mode of
the system.


