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Abstract

In this paper, a novel optimal adaptive radial basis function neural network (RBFNN) control has been investigated for
a class of multiple-input-multiple-output (MIMO) nonlinear robot manipulators with uncertain dynamics in discrete
time. To facilitate digital implementations of the robot controller, a robot model in discrete time has been employed. A
high order uncertain robot model is able to be transformed to a predictor form, and a feedback control system has been
then developed without noncausal problem in discrete time. The controller has been designed by an adaptive neural
network (NN) based on the feedback system. The adaptive RBFNN robot control system has been investigated by a
critic RBFNN and an actor RBFNN to approximate a desired control and a strategic utility function, respectively. The
rigorous Lyapunov analysis is used to performed to establish uniformly ultimate boundedness (UUB) of closed-loop
signals, and the high-quality dynamic performance against uncertainties and disturbances is obtained by appropriately
selecting the controller parameters. Simulation studies validate that the control scheme has performed better than
other available methods currently, for robot manipulators.

Keywords: Discrete-time system; Neural networks; Robot manipulator; Adaptive control; Dynamics uncertainties

1. Introduction

Robot manipulators are typically modelled as MIMO
systems with high nonliearity, and they are usually sub-
ject to unmodelled dynamics and uncertainty [1, 2, 3].
Control signals of nonaffine nonlinear robot manipula-
tors have nonlinear inputs with coupling effect,uncertain
parameters and unknown nonlinear functions, and thus,
it is still a challenging problem to design reliable con-
trol for general uncertain robot manipulators. With ad-
vances of robot technologies, application of manipula-
tors in industry and other fields become increasingly
popular, and the researches on control design for robot
manipulators have attracted much attention, e.g., feed-
back linearization method [4, 5], sliding mode control
methods [6, 7, 8, 9], have been investigated for robot
trajectory tracking control and optimal control. Further-
more, intelligent control methods and complex control
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schemes have been proposed or extended for robot sys-
tem control, e.g., adaptive control, adaptive and fuzzy
complex control, and adaptive with sliding complex
control [10, 11, 12, 13, 14] for robot manipulators. To
compensate for the effects caused by robot uncertain dy-
namics, adaptive neural network (ANN) researches have
been extensively exploited, due to its capacity of online
learning and universal approximation of smooth nonlin-
ear functions in [15, 16, 17].

In recent years, adaptive RBFNN methods have been
developed to be more powerful to deal with dynamics
uncertainties that are more complex in practical applica-
tion, In [18], an adaptive RBFNN algorithm based con-
trol guaranteeing stability of closed-loop robot system
online, has been investigated. In [19, 20], the robust
controller with a adaptive RBFNN has been presented
for the effects caused by dynamics uncertainties. The
closed-loop control systems achieve UUB stability for
robot manipulators, and their stability analysis has been
well established in continuous time. At the same junc-
ture, the controllers of robot manipulators using digi-
tal control technology and high-speed data transmission
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based on digital computers are playing important roles
and have more convenient in practice. Hence, recent
research works for robot manipulators gradually focus
on discrete-time control. In [21, 18], a robot dynam-
ics model and a robot control method are applied in
discrete time, these approaches to on-line control using
acceptable discrete-time robot models seem to be very
convenient. In [22], by combination of one-step-ahead
control and ANN, a stable ANN approach has been de-
veloped for a class of nonlinear MIMO robot system in
discrete time. In [23], an ANN control is presented for a
class of MIMO nonlinear robot systems with block tri-
angular structure in discrete time, and the systems can
be separated into n subsystems in pure-feedback form,
and which has unknown control directions and complex
couplings. In [24], a stable adaptive controller employ-
ing neuro-fuzzy method as an estimator for a class of
robot manipulators has been proposed in discrete time.
In [25], by employing an adaptive fuzzy estimator, a
discrete-time model-free control law has been devel-
oped to compensate for dynamics uncertainties of robot
manipulators. These approaches have performed well
to guarantee robot stability, and most of them mainly
concern in stability of robot manipulators in discrete
time. However, the researches can well guarantee stabil-
ity of closed-loop robot systems, but realizing trajectory
tracking optimal control are seldom. Thus, an optimal
control scheme proposed in discrete time for a class of
robot manipulators with uncertain dynamics is the main
research objective in this paper.

To address the optimal trajectory tracking performance
based on stability closed-loop robot control systems, we
develop a novel discrete-time optimal adaptive RBFNN
control for a class of robot manipulators with uncertain
dynamics. To predict control output, the output feed-
back control is first studied by extending our previous
research works [26] for the robot manipulators in dis-
crete time, and an output-feedback system is investi-
gated by transforming the discrete-time robot dynamics
into a two-step ahead predictor form, the model relates
to the inputs and the outputs of robot systems. Further-
more, based on the output-feedback system, a novel op-
timal adaptive neural control is investigated by extend-
ing our recent research results [27], which uses deter-
ministic learning technique for a class of SISO nonlin-
ear systems. The proposed control method includes an
actor RBFNN as an approximation to the desired con-
trol input, and a critic RBFNN as an approximate to the
desired strategic utility function to optimize the control
process. And the weight rule is designed by applying
the output of the critic RBFNN and trajectory track-
ing error. And stability of the closed-loop robot sys-

tems is rigorously proved by Lyapunov theory. Finally,
the novel optimal adaptive RBFNN control is applied to
robot systems with uncertainty dynamics, whether ex-
isting larger or smaller external disturbances or not, to
achieve supreme control performance.

The main contributions of this paper are highlighted as
follows:

i. Transformation of a high order discrete-time robot
model to a two-step ahead predictor form, to en-
able output-feedback system design without non-
causal problem

ii. Investigation of optimal performance based on the
predictor form of robot dynamics, and RBFNN ap-
proximation.

iii. To achieve optimal trajectory tracking perfor-
mance, an utility function is defined, and a critic
RBFNN is designed to approximate the function.

iv. The actor RBFNN update law is designed using
both the strategic utility function and tracking er-
TOr.

Throughout this paper, the following notations used are
detailed in Table 1

2. Problem Formulation and Preliminaries

In this paper, we consider a class of n-degrees of free-
dom (DOF) rigid robot manipulators with uncertain dy-
namics. The dynamics model is described as follows,

M(g)g +C(q. g+ G(q) =7+ 74 ey

where g € R" denotes the joint position, and ¢ € R” is
the joint velocity, § € R" denotes the joint acceleration,
M(q) € R™" is the symmetric positive definite iner-
tia matrix, C(q,q) € R™" is the Coriolis-Centrifugal
torque matrix, G(g) € R" denotes the gravity torque
vector; T € ‘R" is the vector of control input torque,
74 € R" is the external force torque caused by robotic
uncertainty.

According to [1], the following properties hold for the
rigid robot manipulators described in (1):

Property 1. The matrix 2C(q,§) — M(q) € R™" is a
skew-symmetric matrix, such that

xT[M(q) - 2C(q,¢)]x = 0,Vx € R" 2)

Property 2. The M(q), a symmetric and positive defi-
nite inertia matrix, is uniformly bounded, there m > 0



Table 1: NOMENCLATURE

Notation

Description

qdd
M(q)

C(g,9)

G(g)

T

T4
T

the Euclidean norm of vectors and in-
duced norm of matrices

a is defined as b

the transpose of a vector or a matrix

the inverse of a n-order reversible matrix
p-dimensional zero vector
m-dimensional identity matrix

the ideal neural net weight matrix at the
kth step

the estimate of W*

Wk — W*, the weight estimate error

the n-dimensional joint position

the n-dimensional joint velocity

the n-dimensional joint acceleration

the n-dimensional ideal joint position
the n X n dimensional symmetric posi-
tive definite inertia matrix
the nXxn  dimensional
Centrifugal torque matrix
the n-dimensional gravity torque vector
the n-dimensional vector of control in-
put torque

the n-dimensional external force torque
the sampling time interval

the sampling time, and #;, = kT

the sampled joint angle at time #;, and
P =qm)

the sampled joint velocity at time #, and
v =gt

the sampled joint force at time #;

the sampled external disturbance force
at time

the sampled ideal joint position at time
Iy

£¥ is defined as p* + TV

the trajectory error, X is defined as p* —
P

the ideal control input

the strategic utility function

the diagonal critic learning rate matrix
the diagonal action learning rate matrix
the scaling factor, the proportion param-
eter

the scaling factor, the integral parameter
the scaling factor, k4 is defined as k,, +
ka

the new error function

Coriolis-

and m > 0 are constants, and thus, M(q) satisfies the
following inequality

m < ||M(q)ll < m 3

Property 3. The matrix C(q, q) and the vector G(q) are
bounded by ||C(q, @Il < kellgll, and IG(@)I| < ke, respec-
tively, where k. and k, are positive constants.

2.1. RBFNN Constructure

The RBFNN is able to approximate any nonlinear
function, and it has good generalization ability and fast
learning convergence speed. The RBFNN structure is
described as follows [28]:

F(W,2) = W'S(z), We RN Si)eRY @)

where z = [z1,22,* »2v,] € RN in Q, is input vector,
N, is control input dimension, Ny is neuron node num-
ber and N, is output dimension, W = [wy,wy, -+ ,wy, ]
is weight matrix with w; € R, i = 1,2,---,N,,
S = [512), $2(2), .-» sy, (2)]7 with hidden layer out-
put function s;(z) is RBFNN function, and the Gaussian
function is chosen as follows,

si(2) = e—llbi—Cijll/Zb,?“ ®)

wherei=1,2,---,N,, j=1,2,---,Ny, c;jis the cen-
ter of the jth neuron node for the ith input signal, and b;
is the width of the jth neuron.

Numerous results indicate that for any continuous
smooth function ¢(z) : Q, — R over a compact set
Q. c RM, applying RBFNN (4) to approximate ¢(z),
if N; is sufficiently large, a set of ideal bounded weights
W* exist, and we have

@) = WS (2) + pu(2) (©6)

Considering the basis functions of RBFNN in (4), we
use the following property to select relevant design pa-
rameter:

S@)"S () < N (7

Noting that the ideal network weight W* is unknown in
(6). We often use the estimated weight W to replace
W* to approximate a unknown, continuous, nonlinear
function, and W can be trained by a weight learning law,
and thus,

@) » W'S(2) or ¢(z2) = W'S(2) ®)



2.2. Discretization for Robot Manipulator Model

Designing a robot controller is very important and
meaningful in discrete time. We set the sampling time
interval be T, and the sampled angle at time #; = kT is
p¥ for the n—DOF rigid robot manipulators in (1).
Define p* = g(t;) € R" and v} = §(1;) € R”", the dy-
namic equation (1) in the continuous-time can be dis-
cretized [29, 30, 24] as

(ME) T = = (ME) - MpH)»* ©)

- P+ + Tf,
where M(£) € R™" is an inertia matrix with & =
pr+ TVvE e R, f(pr v = C(pF, vk + G(pr) e R”,
C(p*, V%) € R™" is Coriolis-Centrifugal torque matrix
and G(p*) € R" is gravitational synthetic torque vector.
According to Property 1 and Property 2, M(£) is also
a symmetric, positive definite inertia matrix, and it is
bounded as m < ||[M(£X)|| < i with m > 0 and i > 0 is
able to be satisfied.

3. Robot Manipulator Feedback system

To avoid the possible noncausal problem in robot
control, we extend our previous research works [26] to
the MIMO robot systems in discrete time. The discrete-
time robot dynamics in (9) is transferred into an output-
feedback control system, and thus,

pk+] — pk + Tvk

V= [(1+ DIy - TM' EYMPY)
— TM'C(pF VOV = TM L EHG(Y)
+ TM (T + TM (&,

(10)

where 7F € R” and p* € R" are system input and out-
put in discrete time, respectively. TS is bounded by an
unknown constant 7; which makes ||TZ|| <7,

It is easy to know M~! (&%) is also bounded, there m* > 0
and m* > 0 are constants, and thus, the inequality
m* < ||M~'(EN)| < m* is satisfied.

The control objective of this paper is to synthesize an
adaptive RBFNN control 7* for system (10), then, all
signals of the closed-loop robot system are bounded,
and the joint position output p* well tracks a bounded,
ideal, reference trajectory 1’];1 € Q’;d, finally, the optimal
control performance is able to be obtained, where Q,, is
a compact set.

Noting (10), for the future states at the (k + 1)th step, the
last state v**! depends on the control output 7*, while
p**1is associated with p* and V.

We rewrite the first equation of the robot model (10)

as pM*t! — pk — Tv& = 0y, and V* is designed as v} =
L(p**! = p*). For the prediction (k +2) step of the robot
manipulator system, we can obtain

pk+2 — pk+1 + Tvk+1

= [Q@+ DIy - TM ' (EOWM(PY)

- TM~'(EHCP", V1P

—[(1+ Dy - TM'EMPY (D)

- TM™N(EHCPt V1P

- T*M™'(EHG(p")

+ T*M (Y + TP ()7
To predict the output at the (k + 2)th step, we move the
(k + 2)th step back the (k + 1)th step in (11), such that

we get the pX*! using the output-feedback method as
follows

P = 1@+ DIy - TM T E DM
_ TM_I(.fk_l)C(pk_], vk—l)]pk
—[(1+ D)y — TM ' (EHMP')
_ TM_l(fk_l)C(pk_l, vk—l)]pk—l
-TMNETHGH
+ T2M—I (fk_])Tk_] + TZM—l(é:k—I)TI‘;—I

12)

Substituting (12) to (11), we see that no future output
is necessary to compute the control input. For conve-
nience, let us define that

L= Q+ Dy - TM EMPY) - TM (EHC(PF V)
R =(1+ Dy — TM ' (EMPY) — TM (HCP* V)
ME=T*M7'(&, G* =G

Then, by getting the values of current the k step and past
the k — 1 step, we can obtain the output p**? as

pk+2 - (LkLk_l _ Rk)pk _ LkRk—lpk—l
- L*MMIGR - MEGE + M (13)
+ MEF o+ LM R - Mk
and we can define
LI; — (LkLk—l _ Rk)pk _ LkRk—lpk—l + Lka_lTk_l
L = L'ME'GRY + MEGH
Ly = LM+ ik,
Furthermore, we rewrite (13) as
P =L - LG + Myt + LY

7klkkk1kklk1k (14)
=y(p P VIV T T T, Ty)



Noting that (-, -, -, -, 0, 0) is continuous, such that all the
arguments and continuously differentiable with respect
to 7¥ is continuous.

Lemma 1. According (9) and (10), Mf is symmetric,
positive definite matrix, there m_ = T*m* and i, =
T%m* are positive constants, then, M’T‘ is bounded with
m_ < |ME| = T*IM~ (€] < .

Therefore, it is easy to obtain that ||LZ|| < (3+2T +
Tin'k)inty := 75

4. Adaptive NN Control Design

4.1. Desired Control

The system ideal tracking output is pX*?, the dynam-

ics of tracking error ¢*2 € R” can be obtained by

o2 = p2 _plyz _ L’; — I+ ME +L1; _p1;+2 (15)

It is noted that a ideal force torque control input 7% [31],
such that

Ly — L+ Mtk = pi =0 (16)

or
% -1
T,,k = M]T‘ (p’;+2 - Llli’ + L’(‘;) 17

Lemma 2. There m; = 1/, and m; = 1/m are posi-
tive constants, M¥" is bounded with mi < M| < .
Then, the two-step predictor for trajectory error ¥+ can
be constrained as

421 = LG < 7 (18)

We know the desired control 7:* is not obtained with
the unknown M’;_l, Lf, and L’é. Applying RBFNN to

approximate the desired input by adaptive learn 7:* will
make tracking error e¥*2 = 0 after 2 steps, if T’d‘ =0and

T];_l =0in (15).

4.2. Actor RBFNN Control

From Section 2.1, the ideal weight matrix W exists,
we use a Gaussian function S -(z%) to approximate T,’;k as
follows

(7 = WIS () + () (19)

where the vector Z is RBFNN input signal, and it is de-
signed as

= K k=17 kT k=17 k=17 _k+2TqT
z=[p",p Vvt L py T €Q;

Q: is a sufficient large compact set and corresponds to
Q. The number of neuron in hidden layer of RBFNN
is N, and the ideal weight matrix W =€ RN~ is given

*
Wi =1wi,wa, o Wy Wy
[ wir o wiz e oWy e Wy
War W o s W2t Wy
Wil Wip  =o0 0 Wij e Wi
L WN,1 WN2 o WN o WNa

wherei=1,2,--- ,N", j=1,2,--- ,n, w, is the weight
vector from all hidden layer neurons to the rth output
T, r = 1,2,---,n, the $.(Z) € RN is the regressor
matrix, ||e.(Z)|| < €, &* > 0 is an approximation error.
We known the ideal control T:(Zk) can easily be
bounded.

Noticing (15) and (17), we use RBFNN as an approxi-
mation of 7% (z") with proportion integral (PD) control to
optimize control performance. Then, the system control
input is given as:

= ket — ky(e* — &) + 1,
or 7% = —kpget + kgt + 2, (20)
(2 = W' 5.
where, k, > 0 and k; > 0 are scaling factors, kpq = k), +
kg > 0. Wf € RN is used to approximate unknown

function TZ(Z") in (19) with compact set ;.
According to the equation (16), we have pf{” = L’; -

LE + MEik,
The equation (15) is rewritten as follows

=Ly -yt =M - H L @D
For convenience, we define:
SE=5.2). € =€)

From Lemma 1, it is obvious that M’T‘ is bounded with
m_ and .. Noting W& = WX — Wk, and substituting
(19) and (20) into (21), we obtain

2 = ME(—kpae* + ke ") + MEWE S5+ 25 (22)

ko_ _agk ko gk
where 7, = -Mre + L.
It is easy to show that ||z}, || < [IMzefll + ILY|| < if-e; +
,7.* L T*
d - dp . .
The error equation in (22) can be converted to:

2+ MEkpae* — Mikge!™" = MEWE SE 4 (23)



There defines a new error function as below
& = &+ Mk gt — MEkget!
and thus, the new error function equation is obtained
k+2 _ agkyik” ok ok
e =MWr ST 41y, (24)

To improve tracking performance, the neural net weight
adaptive law AWX = W*! — W* is tuned using both a
tracking error and a critic signal, therefore, critic control
algorithm is introduced in the next subsection.

4.3. Critic RBFNN Control

To achieve optimal control performance and high-
quality trajectory tracking performance, we extend our
recent research results [27] from SISO nonlinear con-
trol using neural networks method to MIMO nonlinear
control using a novel adaptive RBFNN mehod. And the
adaptive RBFNN controller in (20) is designed for the
robot manipulators in (10),

Based on tracking error ¢ = p* — p¥ and error func-
tion €2, we define an utility function vector r* € R”

1
represented the current system-performance index as

= ﬁde§+2 (25)

2=e2 1 g1k —gref !l gy >0and go > Oare

where e5*
error coefficients.
The long-term system-performance measure or the

strategic utility function Q is defined using
OF = Ber** ! 4 N A2 g g N 1 (26)

where 0 < By < 1 is a system design parameter, N, is a
horizon.
Thus, the equation (26) can also be expressed as

0" = mina[BoQ*" — By ]

The RBFNN in (6) is applying to approximate the
strategic utility function vector QF as

0" = WK S u(2) + eu(?) @7)

where W; € RN js weight matrix, Ny is num-
ber of neuron in hidden layer of the critic RBFNN,
S 4(z*) € RN is regressor matrix, ||e;(Z)|| < €%, € > 0
is a critic approximation error, and €, is a sufficient
large compact set. B

k K k=17 kT k=17 _k=17qT
F=1pt pt W A

Because there is a mapping between the states p, v
and gk, such that the vector gk is selected as the critic

RBFNN input in (27). The approximation matrix Wj €
RN of the critic weight W is estimated as

O0F = WAT'S 4(h) (28)

where 0% € RN is the critic signal, and we select the
desired critic signal Q’(} = 0y, at each step.

For convenience, S¥ = §4(zh).

To further analyze the strategic utility function QF, we
define a prediction error vector as

dy=0" o0+ (29)

To minimize the prediction error, we design the critic
RBFNN weight matrix update rule AWQ‘ in (28) as fol-
lows

WA = W+ AWK = WE -8k (30)
where [y = y,Ijn, € RV?N is a diagonal critic learn-
ing rate matrix with y,; > 0.
Substitute (28) and (29) into (30), the approximation
matrix of the (k + 1) step is updated as

WA = WE 4 AW
= Wk —T,skWh sk 31)
—ﬁon;_lTSZ_l +ﬁ6V,,+lrk)T

Noting that the adaptive neural net algorithm in (24) is

tracking error of the (k + 2)th step, then, we can derive
the kth step error by defining k, = k — 2 that

k _ agkavirka! ok k.
e; = MPW2 S2 + ‘rdzp (32)
k — .
where m_ < ||[M7’|| < i, according Lemma 1, and
k_ k k k kap k-1
el = e + MZ?k,qe” — M?kqe™

Based on the error €% = Q* — 0% and the tracking error
e’{, the actor RBFNN update rule for (20) is given by

W = Wk AWER 33)
T 2 A T
= Wp —TS2e; - 07
where I'; = y. Iy, € RN is a diagonal action system
learning rate matrix with y, > 0, and QX = ﬂd,BIOV 1Ok,

4.4. Stability Analysis

It has been shown that there exists an ideal control
input 7(zX), which can guarantee the predictor error
€2 = 0, if the unknown disturbance 75, = 0. Because
all assumptions are only valid in compact set Q;, all out-
puts and inputs of the robot system must be proved that

they will remain in these compact sets in all the time



indeed. Therefore, we can suppose that all past control
inputs 757! are in Q., all current output p* and all past
outputs p*~! are in Q,, all future outputs p**! are also
in Q,, all past RBFNN weight errors AWZ}’I , AVAVf2 are
in Q,,, and Q,,_, respectively.

In this subsection, we will focus on to prove that all
these conditions still hold after time instant 7', and fur-
ther prove the trajectory tracking error converges into a
small neighbourhood of zero.

For analysing the system stability in (14), the theo-
rem is presented to show how the controller parameters
and adaptive parameters can appropriately be chosen to
achieve the satisfied performance and optimality of the
closed-loop robot system.

Choose a positive definite Lyapunov function V¥ for the
system (14) as

VE=Vi+ Vs + VS
= tr[WX' T, WA
|
+p—<W§ PsEhTavEtsih 64
1
4+ — Ztr[Wk 2+l F Wk 2+l]
pr =

where ['; and I'; are diagonal learning rate matrices for

critic RBFNN and actor RBENN in (30) and (33), re-

spectively. Wk Wk W*k Wk = Wk — W, p, and p,

are positive demgn constants

Noting the Lyapunov function V* in (34) is consisted

of V¥, VX and V. According to the kth error function in

(32), we know that V¥ contains the system tracking error
ek, the strategic utility function error ed and the design

parameters.

The first difference of (34) is given by

AV = AVf + AVE + AVE (35)
Note (31), the first term of (35) is given by

AVE = oW T WA - WA T W)

= tr{-2W¥ ShsE Wk

2T S4By WA

—2WE kgt

— WA kSR TSk B s ko k-

+2WA ShSK T, skpN

— 2B WAV SELSKT 5 kgt K

+ WA ShSE T sks K Wk

+ oW AT s kpos kT WA

+ By kS TSk 4]

(36)

where W& = Wk + W and WA-! = W1+ W,
For convenience to analyse we define
~ 1T T T —
A=W sk, 8- =wy sk -pgow; skt
k =ﬁ0Wk71TSk71 .Dk — MkZWkZTSkZ (37)
BdﬁNa+l Tk 8k k+2’ Sk Fde =c
then, the equation (36) is rewritten as
AV} = 2AKA + B + 7 - ChHT
+ (A + B+ FH -
X (A + B+ FF-CH
<—(1 - o)A+ B+ FF T
x (A + B+ Fr - Ch - A A
+38" 85+ 3¢M CF + 37K 7

(38)

According the equation (25), we have
Tk — 8k€§+2 — Sk(€k+2 + glek _ gZek_l)
Noting that
Fr = &eh = EFer + g1 — g™
Considering (32), we define a new vector ¥ € R”" as
FE = &rel = " + MPkyae — M2k (39)
Analyzing vector F¥ and vector ¥, it is easy to obtain
FHFk = Skzegreg <& (3g; 2k gha
+3g2ek2_1T kol 36k o k)
EF ek o (40)
<&¥ (3k§deszM§2 ek

T _ T
+ 3207 MRkl 4 36k k)

FHFk =

ke _ arka’ g gk
where M, = M7> M7’.
We see M'f is a symmetric positive definite matrix, and
it is bounded with m? < ||M2|| < i

Theorem 1. According the properties of symmetric
positive definite matrix, the eigenvalues A{ of Mk2 are
positive values, let us define A¢,,. = max(/le) and 6. =

max min
min(A9), i = 1,2,--- ,n. According matrix norm prop-
erty, we have nl<,

T
S IMPIP = YL, ANME M) <
n/le

max

Define

k: k
G =k M = gili, Gy =kgMp — gl



It is noted that ¥ % < FX F* can be satisfied, when
the error coefficients g; and g, are given

2 kzzwl 2 kcztm
8 = » & =
Vi Vi
Substituting (32) to 7"" T" EF ek ek in (40), we get
FEFk < ¢kT¢k e kT k — gl ph
+28° D 7+ ak ke (41)

<285 D" D + 28,
Substituting (41) to (38), we can obtain
AV < (1= o)A + B+ FF - T
X (A + B+ FE - - A A
+38" 84 + 30K ¢t
+ 688 DN OF + 6851,

(42)

Taking the second term difference AV§ of (35), we get

1 . -

AVE = p_d[(wjfsf,)T x (WA sk)
_(Wl(;—lTSfJ—l)T X(Ws—lTSIZI—l)] (43)

1 1

_ _(ﬂkrﬂk _ _2€kTCk)
Pd B
The third difference AVé‘ of (35) along (28), (30) and

(33) is given by
2 o

AVf ===} - O WS
Pt (44)

0n'(e} - 09)

b
+ —(e’]‘ -
T

where b = § ]T‘ZTFTS ];2. It is noted that
0 = BB 0F = EWH sk + 4w

Defining U* = * dp > gk W* S k and substituting (32) into
(44), we have

1
AVE < ——(DF + Ut - AT
pr
x (M2 = bl
x (DF + U - EFA)

_ iMchz"Dk (45)
Pr

+2UKT — Mkz ‘Ut
Pr

+2el A’ e At
pr

Combining equations (42), (43) and (45) in (35), we fur-
ther obtain that

T 1 1 -1
AVE < —AY (I - p_dI[n] - 28" p—Mfz A

T T 1
3)Cck ¢k - DF (—
pr

_ (_ Mk

paf;
- 68X T, D
—( - A+ B+ FE-CHT
x (A + B+ FF -

(46)

- pi(@k + U - EAY (M — by)
x (D + U - A + TP

where
T r 1 _
ITHP = 38" 8" + 68 ¢ +2UX — Mk Ut
pr
We see that

¢ = SKT.Sk = 3,88 sk < yuN,
b=SKT.8%=5,.85 5k < y.N,
And thus,

kzﬁd

T—T

TP < TP = (6 + 685 + ——)IW,II* Ny

%2

po k2 x2
2 46t
p‘fm‘r

-1
Note Theorem 1 and Lemma 2, we know M’f.z is also
a symmetric positive definite matrix, and is bounded

with m? < IIMIT‘Z?lII < m;. Then, we define the eigen-
values of Mk’il are /lkz i = 1,2,---,n. It is obvious
k k k
that 4> > 0. We define /lmzax = max(/l ) and /lﬂfm =
min(A?), i = 1,2, < IMETP =
1T
,nzl /li(Mfz
Define

-, n, then, n/lmzm

My < il

1 I
HE = (1 - —)I,, —28° — Mk

= Ly _egtry,
" P

OF =M% — b,

The matrices H*, 7% and OF are symmetric positive
definite, and they need satisfied the following condi-
tions:



1 » 1 m
1-—)-28———X>0
\/_

Pd Pr \n
1 m; 2 m:
—==-68">0, 1-b—L>0
Pr An \n

Theorem 2. The optimal adaptive RBFNN control in
(20) with RBFNN weight adaptation law (30) and (33)
for the robot manipulators in (10). All signals in the
closed-loop system are UUB, we provide the design pa-
rameters selected as follows:

1
0< < —
Pd 3,83

3
0<ﬁ0<T\/_

28F m’
—— = <p< 5=
a- p—d)\/ﬁ 6EF \n

1
O<y; < —
Yd N,

i

Nt

(47)

0<y;: <

Assuming that the condition set above are satisfied, we
have

T 1 1 _
AVF < — A (1 = )y — 288 —MP Ak
Pd Pr
(-3 - D %)
paby Pr
— 6 LD + 1T
Existing invertible matrix Py and $; make H = PEPH
and 7% = SDITSD], accordingly, AV¥ < 0 can be well sat-
isfied under the following conditions:
ITHP < (PuAD (PrAY)
AP > 1T E NP w I
or 49)
ITHP < (PO (P DY
IDM1 > 1T P

Introducing a discrete-time delay factor z™! into (24),
we have

e = (T + Mkpa? ™ — MFky?3)71 ek (50)

Noting (49) and (50), we know there exists a finite run-
ning step K, which makes ||[A|> < IT¥lPxlI") or
IDAI* < IITAIP Y, and makes [le*]] < [leX|| under

Xy + Mk a2 = MEk4253) ™! being Hurwitz-stable for
all k > K.
From the definition of A and D, the boundedness of
WsTSZ and WfTSf can be deduced. W;TS’; and W:TS’T‘
are bounded, then, VAVs[S Z and WfTS ’; are also bounded.
We see that the boundedness of W%’ S and W' S* fur-
ther implies that W and W¥ are bounded. with the
boundedness of M’T‘ and TZP, we know the tracking er-
ror e’f is bounded as

||eII‘||2 = elfTelf <20M DF + ZTZ;TTS;

k (=1 2 (51)
<2ATHNPN + 27,

or, we can get

Ml < llefll < A2ATHMPAID + 225, (52)

the proof is complete.

5. Simulation Studies

To verify the efficacy of the above developed control
approach, a 2-DOF rigid robot manipulator as a testing
example, is put foreword in this section.

5.1. Robot Manipulator Dynamics Model

The following parameters of the robot manipulator
are given as follows: The mass are m; = mp = 1.0kg,
the length are /; = I, = 0.2m, the inertia are I = I, =
0.003kgm?, the distance are I.; = I, = 0.1m.
The dynamics of the robot manipulator with G(g) = 0y
is given as follows:

| My Mp
M(q)_[le Mzz]

Cn  Cp ]

(53)
Clg.9) = [ Gy Cxn

where
My = miB, + myB + By + 2L Lacos(qa)) + 1) + I
My = My = my(I%, + Lilacos(qa) + I
My = ml, + I
Ci1 = —malileasin(q2)gn
Cia = —-mylil2sin(q2) (g1 + ¢2)
Co1 = malylasin(ga)qr Cn =0

The external disturbance may be a smaller or a larger
amplitude force torque 7,45 Or T4 in testing, respectively.
They are assumed as

745 = [0.05¢05(0.01t)cos(q ), 0.05c0s(0.01t)c0s(q2)]T
Tap = [40005(0.01t)cos(q1),40c0s(0.01t)c0s(q2)]T



The desired trajectory g, is assumed as

1.5 + 0.5(sin(0.3¢) + sin(0.2¢))

T _
] 1.5 4+ 0.5(cos(0.4¢) + sin(0.31))

qa = (914> 924

5.2. Test Results

The initial states of the robot manipulate is assumed
in (53), ¢(0) = [0,0]” and ¢(0) = [0,0]”. We construct
the critic RBENN W' S¥ approximating the strategic
utility function by using N; = 1024 with all the cen-
tres of Gaussian function are evenly in [—1; 1] and the
widths=1, while the actor RBFNN WfTS k approximat-
ing the system tracking error using N, = 4096 with
all the centres of Gaussian function evenly in [—1; 1],
and the widths=1. The design parameters are chosen as
va = 0.0005, v, = 0.0001, B; = 0.8, N, = 3, By = 0.5,
k, = 0.5, kg = 120, The initial weights W,(0) = Opxn, ;>
WT(O) = Opaxwn, ], and we choose the controller sampling
interval T = 0.01s..

To show the effectiveness, we have done the relevant
comparative analysis for trajectory tracking accuracy
and capability for the robot manipulator with 7,4, and
Tap, €.2., PD control and robust control in Figs. 1-10.
In contrast with PD control, the PD controller 7% =
—kpek — kq(e* — 571 is applied.

And in contrast with robust control based on bounded
observer, the controller 7 = sat(K,ef + K f(k)) is ap-
plied , where K| and K, are gain matrices, and f (k) is
the estimation of all uncertain terms f(k). The parame-
ters K1 = [K;1K;2] and K, obtained by using LMIs the-
ory as K, = [-10-5; -5-22], K}, = [-10-5; -2-10],
and K, = [0.0150.025; 0.0350.05], respectively.
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Figure 1: Position trajectory tracking curves of ¢; and g, for a small
disturbance

Fig.1-2 show tracking curves of joint positions g; and
q», Fig.3-4 show control input curves of control inputs
71 and 1,, Fig. 5-6 show the proposed method can be
depicted by designing the critic utility function Q, Fig.
7-8 shows critic RBFNN weight norm ||W,|| and actor
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Figure 2: Position trajectory tracking curves of ¢; and ¢, for a large
disturbance
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Figure 3: Control input curves of 7; and 7, for a small disturbance
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Figure 4: Control input curves of 71 and 7, for a large disturbance
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Figure 6: The strategic utility funcitons O and Q, for a large distur- Figure 10: Tracking error curves of e; and e; for a large disturbance
bance

RBFNN weight ||W,||, and Fig. 9-10 show tracking er-
ror curves of e; = g1 —qq1 and e; = g, — g With a small
external disturbance 7,4 or a large external disturbance
10‘00 20‘00 30‘00 40‘00 50‘00 60‘00 70‘00 80‘00 90‘00 10(‘}00 Tdb’ respeCtlvely.

mefsecond) Analyzing all above simulation results, the proposed op-
timal adaptive RBFNN control, in comparison to the PD
control and the robust control, is applied for robot tra-
jectory tracking.

L L L L L L L L L |
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

sampiing times It is obvious that the first joint has an small initial error,
and the position value g; deviates from the desired joint
Figure 7: The Euclidean norm curves of critic RBFNN ||W,|| and actor position traj ectory g1y for less than 5, but the controller

RBENN [[W- | for a small disturbance is able to regulates quickly the joint position g; to track

the desired trajectory g4, and make overall control op-

= timization by using the proposed control system. The

second joint has the excellent performance for a small

external disturbance torque in Fig. 1. The method also

‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ . is able to achieve satisfied control performance for ex-

O e 0P idting a large external disturbance in Fig 2.
The control inputs 7; and 7, are well bounded in Fig.
3-4, and the critic utility function O converge to a small
of neighbourhood of zero in Fig. 5-6.

w0 Most of the adaptive RBFNN weight norm W] esti-

mates remain in or converge to a small neighbourhood

Figure 8: The Euclidean norm curves of critic RBFNN weight ||[W,|| of zero for a small disturbance, and also can gradually
and actor RBFNN weight ||W-|| for a large disturbance converge to 0.1 for a large disturbance in Fig. 7-8.

Therefore, the effectiveness and optimal performance of

the proposed control algorithm has been successfully

demonstrated despite the presence of the external force
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5 af In this paper, the adaptive RBFNN control has been
37T investigated for a class of rigid robot manipulators with
g, ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 10 20 30 40

imeeeconsy .~ **® uncertain dynamics to optimize control performance in

discrete time. The control system is designed with the
Figure 9: Tracking error curves of e; and e; for a small disturbance actor RBFNN and the critic RBFNN to eliminate the
strategic utility function and system tracking error. Con-

11



trol laws are real-time adaptive are tuned online. Based
on the output feedback method, the control method to
compensate for the influences of dynamics uncertain-
ties and external disturbance, not only guarantees the
system is Lyapunov stability, but also achieves the opti-
mal trajectory tracking performance.
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