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Dual Quaternion Based Fault-tolerant Control
for Spacecraft Tracking with Finite-time
Convergence

Hongyang Dong, Qinglei Hu, Michael I. Friswell, and Guangfu Ma

Abstract—Results are presented for a study of dual quaternion
based fault-tolerant control for spacecraft tracking. First, a six
degrees of freedom Lagrange-like model with a
dual-quaternion-based description is employed to describe the
relative coupled motion of a target-pursuer spacecraft formation.
Then a novel fault-tolerant control method is proposed to enable
the pursuer to track the attitude and position of the target even
though its actuators have multiple faults. Furthermore, based on a
novel time-varying sliding manifold, finite-time stability feature of
the closed-loop system is theoretically guaranteed, and the
convergence time of the system is given explicitly. Multiple-task
capability of the proposed control law is further demonstrated in
the presence of disturbances and parametric uncertainties.
Finally, numerical simulations of the proposed method are
presented to demonstrate the effectiveness and kinds of
advantages of the proposed controller.

Index Terms—fault-tolerant, finite-time, dual quaternion,
spacecraft.

I. INTRODUCTION

PACECRAFT tracking [1-4] is one of the most important

research areas of spacecraft control, which has been
identified by the USA’s advanced space transportation plan
(ASTP) as one of the key technologies of multi-spacecraft tasks
due to its crucial application in space surveillance, rendezvous
and docking, and so on. In the process of spacecraft tracking,
accurate mathematical models and control algorithms are
required for the relative attitude and orbit motion between two
spacecraft, namely a pursuer and a target. Kawano et al. [5]
presented a tracking control test of the Engineering Test
Satellite-VII. Wang et al. [6] applied the target-pursuer strategy
to spacecraft formation, even in the presence of actuator
saturation. An architecture for the multi-agent coordination
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system, including the target-pursuer strategy, and agent
behavioral and virtual-structure approaches, was proposed in
Ref. [7]. A schedule for the online generation of safe,
fuel-optimized rendezvous trajectories was presented in Ref.
[8]. Der-Ren et al. [9] introduced solutions for the problem of
orbital rendezvous, and the issues considered included
minimum fuel, fixed time, and path constraints.

In many on-orbit spacecraft formation missions, such as
refueling, monitoring and on-orbit assembly, the pursuer
spacecraft is required to track both the time-varying relative
position and the reference attitude trajectories accurately and
synchronously. For spacecraft formations, a controller based on
a six degrees-of-freedom (6-DOF) model has significant
advantages over a controller designed using a traditional
3-DOF separated model, and can be deduced in a much more
compact form. Over recent years, studies about 6-DOF
controller design for spacecraft formations have aroused
general interest. An integrated position and attitude control for
spacecraft final docking with a non-cooperative controller was
proposed in Ref. [10]. Lv et al. [11] introduced a 6-DOF
synchronized controller for spacecraft formation flying in the
presence of input constraints and parameter uncertainties.
Compared to other description methods, dual quaternions have
been widely used recently due to their clear physical meaning
and natural representation. Furthermore, the dual quaternion
description takes into account the coupling between the rotation
and translation automatically. Wang et al. [12] presented a
6-DOF model for spacecraft with a dual-number-based
description, and then proposed sliding mode based finite-time
control laws. A further adaptive robust control method based on
this model was presented in Ref. [13].

Safety is the most fundamental and crucial requirement for
spacecraft; if an actuator has an uncontrollable failure during
the tracking process, it may cause huge economic losses. Some
data [14] shows that over half of the task failures are related to
actuator faults, and for this case, the fault-tolerant ability of
controllers is very important and has received widespread
attention. An indirect approach to spacecraft attitude
fault-tolerant control for limited thrust was presented in Ref.
[15]. Xiao et al. [16] introduced an adaptive robust control law
for the spacecraft attitude tracking problem with actuator faults
and saturation. Schetter et al. [17] proposed a multiple
agent-based fault tolerance algorithm for satellite formation
flying. Lee et al. [18] employed finite-time sliding mode
control, and introduced a fault-tolerant attitude control scheme
for satellites.
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However, the fault-tolerant methods applied to fully coupled
models of spacecraft are very conservative. Furthermore, the
questions not merely consider 6-DOF synchronous control and
fault-tolerant control, but also some other engineering
requirements such as finite-time control, still remain open
issues. In this paper, the 6-DOF coordinated tracking problem
of spacecraft is considered. Specifically, a Lagrange-like
dual-quaternion-based model is employed to describe the
proximity operations between the two spacecraft (namely the
target and the pursuer). Then, based on this structure and
combined with the global sliding mode method [19, 20], a
novel adaptive fault-tolerant control law is proposed to enable
the pursuer to track the expected attitude and position of the
target, even in the presence of multiple actuators faults,
parameter  uncertainties, and external disturbances.
Furthermore, by introducing a novel nonlinear function into the
sliding manifold, the tracking errors can be theoretically
guaranteed to converge to zero in finite time, and this finite
time is designed and expressed explicitly. The paper is
organized as follows: an introduction about dual quaternions is
given in Section 2, and then the 6-DOF coupled model used in
this paper is presented in Section 3. In Section 4, the
time-varying sliding manifold and the fault-tolerant finite-time
controller are designed. Numerical simulation results are given
in Section 5 to demonstrate the effectiveness of the controller.
Finally, the paper ends with some conclusions.

II. DUAL NUMBERS AND DUAL QUATERNIONS

A. Dual Numbers and Dual Vectors

The concept of dual numbers and dual vectors was first
proposed by Clifford [21], and then improved by Study [22].

Throughout this paper, the superscript * denotes the
corresponding variable or constant is a dual variable or
constant. The definition of a dual number is given by

d=a+ea’ (1)

where a,a” € R are called the real part and the dual part of the

dual number 4 respectively, and & is called the dual unit
which satisfies the conditions:

g=0and €0 )

Dual vectors and dual matrices are classes of special vectors
and matrices whose elements are dual numbers. Hence

a=a+ea 3)
A=A+eA )
where a,a’ € R" are real vectors and 4, 4° € R™" are real

matrices. Some common operations of dual numbers, vectors
and matrices used in this paper are given below.

atb=(a+ea’)t(b+eb)=(atbyte(a +b)  (5)

a'=a" +a” (6)
Ha=H(a+¢a’)=Ha+ c¢Ha’ (7
ab=ab+&(ab’ +a’b) (8)
Ad=Aa+e(Aa’ + Aa) )
axb=axb+e(axb +a xb) (10)
lal=lal+ela"| (11)
sgn(a) = sgn(a)+ ¢sgn(a’) (12)
A(A) = A(A) + eA(A") (13)

where a, b are dual vectors, A is dual matrix, and H is a real

matrix, A(A4) and A(A°) are the eigenvalues of 4 and A’

respectively. Furthermore, in order to simplify the design and
deduction in subsequent sections, some special operations are
defined:

Inversion
A=A —eA4'A4AY), A4 =4"'4=1 (14
Respective product
A0d=a+ela (15)
AOCd=Aa+cAa (16)
where A is a dual number.
Inner product
<d,1§> —a'b+a’b (17)

B. Dual Quaternions

Dual quaternions are special quaternions in which the scalar
part and the vector part are both dual numbers. Hence

(78] =qreq (18)

where 7=n+¢n’, é =&+&&" are called the scalar part and
vector part of ¢ respectively, and ¢, ¢° are called the real part
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and dual part of § respectively. ¢ is a unit quaternion, which

is defined as

n
q{gz i =n+i& +j&, +k& (19)
&
with
nwHE+E +E =1 (20)

and 1, j, k are imaginary units. The conjugate and multiplication
of dual quaternions are described by

21

qu °‘iz=q1 ®q,te(q, ®q; +4, ®q,)

L aA A Aaa T (22)
:|:771772 =& 6, (76, + 1,6, + 6, %6, )Ti|

AT A T
where g, =[#,&' | =g, +2q; and 4, =[ .8 | =a:+eq..

and also here

9 ®qz:|:’71772 =& 6, (1&, T8+ sz)T]T (23)

A

For define  1=[1,0,0,0]+£[1,0,0,0] and

0=[0,0,0,0]+ £[0,0,0,0].

Throughout the paper, when a quaternion or a dual
quaternion is multiplied with a three-dimensional vector, the
three-dimensional vector is regarded as a four-dimensional
quaternion or a dual quaternion in which the scalar part is equal
to zero, to guarantee that the dimensions are matched.

convenience,

III. 6-DOF RELATIVE MODEL OF SPACECRAFT
A target-pursuer spacecraft formation is considered in this
paper, and the coordinate frames employed in this paper
include: the inertial coordinate frame F, the target body
coordinate frame F, and the pursuer body coordinate frame j—; ,
as shown in Fig. 1.

Fig. 1. Coordinate frames

Let ¢, denote the dual quaternion of f}j with respect to F,

and let ¢, and Py, denote the relative attitude quaternion and
relative position between the pursuer and the target respectively.
Throughout the paper, a” represents the variable a expressed
in the coordinate frame F. . Then 4, can be written as [12, 13]

" 1
Dot =t +8Eqpt OpSt (24)

and the 6-DOF kinematics and dynamics of the pursuer can be
described in dual quaternions as [12, 13]

zépt :épt Oé)gt (25)
M iy

= —((()(A):))t +(§;t oc’!\)tt oépt)XMp (C?)gt +é:t o()(’\)tt o(}p‘)) (26)
_Mp(‘i:n Oé’: oépt)

N N, A .
+M (&) (G ot oq )+ F+F + Ff

where @f=w), +&(pl +o} xpl)e R’ +&R’ is the relative
dual angular velocity, o}, € R’ is the relative angular velocity
of the pursuer with respect to the target, and @ is the dual
angular velocity of the target, FP = fP+s1P € R® + &R’ is the
dual control input, £, and z are the control force and the
control torque respectively, de is the external disturbance
input, and I:"gp = f7+et] € R + &R’ is the gravitational input.
The gravitational force and the gravity gradient torque are
£ :—( um, / r;)rp and 7} , respectively, where u is the
gravitational constant and r, is the position vector of the
pursuer with respect to the mass center of the Earth. The matrix

Mp:mp dil +e&J, is called the dual mass, where m; and J,
&

are the mass and the inertia of the pursuer respectively.
Rewriting the relative dual quaternion as a combination of

A~ T
the scalar part and the vector part, t}m=[ﬁpt,§;J , and

substituting into Eq. (25), gives

A __lATé)p
t
2 p

o @7)
épl = E(f;xn + ﬁptl)d’gt

& =& vel

skew-symmetric matrix of vector a =[a, a

X

where and here a° denotes the

T .
y a,] :
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0 -a a
a=a 0 -a (28)
-a, a o0

A A A A -1
Define Z=Z+52" =05, +A,D), 0=[0.5; +7,D] |
so that Qépt = and éém + Qém = c?);’t Substituting these
equations into Eq. (27), a Lagrange-like dynamics based on
dual quaternion is obtained as

M (06,)+BOE)+G=FP+ P +FP (29)

where
G=(0&, +} o o4,) (M, o®) °4,))
FM(08,)+ M, (5 06 0d,)
SN (08, (@ 26l 0dy)

and B =(0&, +4, 06! 04, ) M, .

The actuators of the pursuer spacecraft are assumed to be
faulty, and the fault types considered in this paper include [23]:

a) Partial energy loss: actuator can only output part of the
expected force or torque;

b) Complete energy loss: actuator cannot output any force or
torque;

C) Zero and continuous float: actuator can’t output the
expected force or torque accurately, and a small DC offset
exists.

d) Locking: actuator has a fixed and uncontrolled output.

One expression for the control input that can describe all
categories of the faults mentioned above is

FP=A0F)=ACIHOOF, +F]  (30)

where A= A+&A° is called the control allocation matrix,
AeR™ and A° e R*™, and n and | are the numbers of the
force and actuators

actuators torque respectively.

H ) =H@®)+cH"(t) is called fault matrix, and here we
assume H =diag(hh,,..,h), H* =diag(h’,h;,..h’) , where
h,h; €[0,1],i=1,2,..,n, j=1,2,..,1 . H(t)is used to describe
faults aand b. F, = F, +¢7,, is the expected control input of

the actuators, while F, e R" and 7, € R' are the expected

control force and control torque respectively. F; = F; +¢&t; is
the float or locking value of the actuators. Notice that for

matrices/vectors A s H and F_, the dimensions of their dual

uc ?
parts are different to the dimensions of their real parts; these
matrices/vectors are a kind of “special dual matrix/vector”, and

only a few operations defined previously, such as “+” and “©
”, can be applied to them.

Then substituting Eq. (30) into Eq. (29), the 6-DOF relative
dynamics of the pursuer spacecraft used in this paper is
obtained as

M,(Q6,)+ BOS,)+G=ACIHOOF, + Fi ]
+FP+ ng

Based on the 6-DOF dynamics given by Eq. (31) and the

assumptions above, the control objective of this paper can be

given as: design a control law I:“uc , so that the tracking error

¢ pt converges to zero within a finite time t;, formulated as

Vit &, (1) =0+e0 (32)

Remark 1: The Lagrange-like model described in Eq. (31) is
a 6-DOF coupled model. It can be embodied by

A AP P P Py P
qpt_qp[ +‘S‘0'5qpt opg[ and wpt_a)pt +g(ppt +wpt prt) s
which shows that relative position motion contains attitude
information.

IV. CONTROL LAW DESIGN AND STABILITY ANALYSIS

In this section, a novel adaptive fault-tolerant controller is
proposed, and the finite-time convergence of the closed-loop
system is discussed.

Before proposing the control law, some reasonable
assumptions and deductions are made. The mass and inertia of
the pursuer is likely to be uncertain, but must be bounded
within certain ranges. Hence there exists dual numbers

~ d . )
b =b—+ebl . with b>|m, b5, |, and

d . . .
—+eéby . with b, >[|J;"[l,b; >|m™ |, which are
&

known and satisfy the following two inequalities:

~ d
1M, ||=||mpd

d ~
—gI—i-ng lI=lI'm, ||E+5||Jp\|ﬁb1 and

. d d .
-1 -1 -1 -1 -1
M, =1, 3 Tem L= J, II$+€Hm I<b, The

derivative of the expected dual angular velocity satisfies
l|@]| < b, =b, +&b;, with b,,b: >0 . The float errors of the
actuators and the external disturbances are also bounded, so
that || F, |<b, =b, +b; | b,.b; >0

with , and

| Ep +ng I<b; =by+&b;, with b,,b; >0 . Based on these
assumptions, we review the formulas of B and G , and since

Q¢ = &}, one can obtain:



TCST-2015-0663R1
I BIHI Q&+ o 0, ) M, |1< (| 5 [ HI@ DBy (33)

G |=1/(QE +5 0@ 0q ) (M, (4 0 &L 0G,,)
+Mp(Q§pt)+Mp(é;t od)tt Oqut)
~M,((0€,) (5 0@ o4,) |

<(Il &3, I +Ia{]bllé])

(34)

1M, 11O 11 3, 11 B+ [ M, 11l ] o 1)
Then according to Egs. (33) and (34), one can further obtain

| 200, (-B(0E,) -G+ A F, + F} + EP)ké, - F(1) |
<|| Z ||, (| &%, [| Hié{ Db | &3 )
11 Z 116,168 1+I68 DG 160+ 11 2 1] 08, |
+1 Z |1+ Z || (I &%, 1)
HIZ 16,6, 1| Al 6+ KIE, I 1| FO)
= Z |10, (|| &} 1| (b, [| @F 1) +11 Z |/ b, (& (b, [| & 11)
+( [l D11 & D+ Z 1| (@1l &%, 1)
A ZUB,G, I AD+KE, 1+1 FO I+ Z 11 0, |
+11Z || by ((By I DI D+ 11 Z || by +1 Z || b,b,
=0+ Z]|¢

(35)

where ¢ = 62(64 | A H)+63 +5265 , and

vl Z (16,31 &% 1| (B, | &% 1)+ Z |, (&), || % 1)

+ Ol [l @ D+ Z || Qe | 1)

+k | éém I+l @1+ 21| Qém 1+ 11 Z 111, ((by 13 Dl a )

For convenience, the form of ||Z |& is changed to
1Z|¢=4q"07 n=lctec 0+e’]
7=U1Z|+& Z || 0+¢llZIll", so that

where and

120 (-BQ,) =G+ AOF, + Ef ykéy = FOI| 3
<v+i" Op

Note that v and 7 can be estimated while # is unknown

for the controller.
The main result of the paper is summarized as follows.

Theorem 1: Considering the 6-DOF target-pursuer
spacecraft control system given in Eq. (31), and employing the
novel time-varying sliding manifold:

=&, +ké, - F O (37)
£ O+KE,(0)  ost<t,
0=t =1))E,(0)
ty={ . _ ift, <t<t, (38
j® +k§m(0))cos(;? _ttm))) ift, <t<t, (38
0 if t>t,

where k>0 is a constant, épt(O) and épt (0) are the initial

values of ém and ém respectively, t, and t; are finite times

with 0<t, < t;, and 7 is a constant dual matrix to be designed.
The control law and adaptive laws are defined as

F, =-A"0BQ(hov+ 7" 07)0sgn(s))

rohed (39)
— A" O (b (Q(k, ©sgn(s))))

7 =—af+x,(5,5gn(9))5, 7(0)>0 (40)
h = —a”h+x, (3, sen(8)) %, (0) > 0 (1)

where k>0 is a constant dual number, a,,,,;,k, >0 are
constant real numbers, and y is the estimated value of #. If
A=min(4,4), where 4 =4 +&l =1, (AOH)OA"),

satisfies 4 >0, then by choosing an appropriate z , the
closed-loop system is guaranteed to be finite-time stable, and

ptEO, vt>t, .

Proof: The proof'is divided into two steps. First, it is proved
that the sliding condition holds after t >t , and second, it is

satisfies &

proved that the tracking error &, converges to zero within the

finite time t;.
Step 1: Define a candidate Lyapunov function as

S TP
V=- — (h-Ahh-A
2<s,s>+ Py (n=Ax.0-2%) -
! <i—1ﬁ,i—/u%>
2,1

The derivative of V with respect to t is:
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. A A A A% A A N an 2n T
v :<S’Q IMPI(MD(Qépt))-'_kgpt _f(t)> <’7_/1X:a1 X>+<1 ﬂ’h’az h>
~ A A K K,
<’7—/1Xal> 1 /~ ﬁﬁ a2 o o
B a—— L =———(g-Ax.n-Ax-10)- 1-2h,1-4h-1
! 2 Ak, K, (46)
o[BG+ o (2l-1 ol . .
5,0°'M)| (ng”t) L. < —12(;“ M- 220 Azt i)
= AG[HW)OF, + F,1+E} 2 5
PO @@=y e e
+héy S (1) (43) e (- #h1-aR)+ 2 (R )
”_/1191. 1/~ A A
< . >_K_<1 —4h, h> Substituting Eq. (46) into Eq. (45),
1 2
§,0'M,)(AOHMWOF,) . 2o-y ..
S Q Af( ) . —<§,/1kcOsgn(§)>—u<n—lx,n—/ﬁx>
+H v+ Op)Osgn(s) 22x,
A% 7 | a,’(21-1) NPT
n=A%.x L 4 ) -2 2 (T R T- Ak
ML/ RN Ry (RPN
Kl KZ 2
Substituting control law Eq. (39) into Eq. (43) yields n 0;2 I <ﬁ’ﬁ>
2k,
5,0"'M; (A0 H o IR ) o
50" M, (A0 H(t) O _<s’ﬂkc@sgn(s)>_%<,,_gx,,,_lx>z
V< (4" 0 (B (Q(hOV+ 7" ©F) Osgn(s))) | 1 !
h a,” (21 -1 ~ ~\ >
~A70(6,Q(k, Osgn(3))) %( ~ARI-AR)
HV+4' OF) Osgn(d)
i~ 22.5) 2D s - ag)
n=Ax,x ~ A A ?
———i<1—zh,h> (44) 220k,
K K o 220 - 1)< Y ﬁ_ﬂf{>
3 <§,((zﬁ—i)oo)osgn(§) > 21k, ’
> A . " A o 2 2091 1Y /. A R
+(/1)(—1.1)®yOsgn(s)+/1kC Osgn(s) +202’1 (i A>+a22512||’( 1)<1—/1h,1—lh>2
_<ﬁ—15{,f{>_i<i_lﬁ ﬁ> ) 12| 1 ! |
K 3 ’ Gl )<i—,1ﬁ,i—,1r3>+ % <h,h>
22k, 2k,
Then substituting adaptive laws Eq. (40) and Eq. (41) into < —CV% N a’ (2l —1)<A 15 ﬁ—ﬂf{)g
Eq.(44), gives - 2k ’
q 1
2
o -, .. .
i (b or : R !
V<o 5,(Ah—=1) ©v) O sgn(s) > 2k <'I 4y X>
+(A7 - 1) ©F Osgn(§)+ Ak, O sgn(s) @@y o zﬁf 47)
s +2———(1-Ah,1-
<f1 —Az—a’ g+ (8, sgn(s)>y> 241k,
_ N
s (45) —%‘D i-2h.i-ah)
~n ~ K
_L<1—/1h,—a22h+;c2<§,sgn(§)>u>> 2
K | )l jp e
? A +a‘—<ﬁ,ﬁ>+;<h,h>
. (h-2g.a’7) (1-2h.ah) 22k, 20k,
—<§,/1kC Osgn(§)>+ +
K
hi ? where
According to the properties of the sum of squares, for any 2oy 201
constant number [>0.5 ¢ =min{ik_, Ak: o (2l 1)’0‘2 @l 1)}
2k, 2k,

-min {(N2,24x, 22K, }
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The following two cases are now analyzed.

1
Case A: If <ﬁ—/1f(,ﬁ—lf(>%zland <i—iﬁ,i—/lﬁ>§ >1, then

2
a Cl=D,. .. a0
—(p—=Ay,n—Ax)?
2ix (n-22.1-2%) .
2
a’@ =1, .. ..
A - Ag- A7) <0
2ix (h=22:1-2%)
P ] ) YRR
2T<1—/1h,1—1h>2
= (49)
_M<i_1ﬁ’i_ﬂﬁ>go
2k,

1

1 ~ A A A\ —
Case B:If (1~ 27,7-2%)2<1lor <1—ﬂh,1—/lh>2 <1, then,
by completing the square,

a’@l-1),. A o
%}()(n—ﬂx,n—ixﬁ
1
(50)
2 2
a’@=1),. .. . a’@l-1)
Agi-Ag)<
24k, < w ) 8l
2011y e mn ad
%’D@—Ah,l—zhy
KZ
51
a2 =1) s e a2(2l—1)()
SCD G R ) <% @D
2k, 8Alk,

Based on these analyses and Egs. (47), (49) and (51), it
follows that

a2 -1 a’@l-D

8l 8lx,
2 2
a l jooall .
h,h)+ , 52
2/1K2< > 2k, <” > (52)
1
<—cV2+w
a’l-1) a’@QI-1) &’ jx o]l
here w=— +2 +=2—(h,h)+—=—{(n.n).
W 81k, (hf) (1)

8k, 21k, 2k,

For further analysis, the following Lemma is introduced.
Lemma 1 [24]: Consider a system x= f(x,u) and a

Lyapunov candidate V;(x). Suppose there exist scalars
#>0, 0<p<l1 and 0< 3 <o that satisfy

V, <—gV,"(x)+ 3 (53)

Then the residual set of the solution of this system is given by

vls( g jp vt>T (54)
p(1-0)

where T <V,(X,)" "/ (#0(1— p)) is a finite time, V,(X,) is the
initial value of V,, and 0<@<1 .V, is called practical

finite-time stable.
According to Lemma 1, and based on Eq. (52), one obtains

2
vl Y Vit
c(1-6)

where t_ =2V (0)*° /(c8), V(0) is the initial value of V , and
0 < @ < 1. Notice that by choosing appropriate «; and ¢, i=1,

(55)

2, the region (w/ (C(I—H)))2 can be arbitrarily small, so that

when t >t , we have § = 0, and the sliding condition holds.
Step 2: s is a time-varying sliding manifold, and has the

following three properties:

1) For t>t,, f(t)=0+0 and &, (t)+ké,(t)=0 . This

property guarantees the asymptotic stability of the sliding
manifold.

2) lim f(t)=lim £(t)=0 and lim f(t)=lim £(t)=0, so that
t-ty, (S tty [

f (t) is continuous and f (t) is bounded. This property is
required for the existence of the controller.

3)  f(0)= f(t,)=E,(0)+kE,(0)
§20, vt>t, , we have épt(tm)+képt(tm) =f(tm)

= E(0)+KE, (0) -

Furthermore, since

According to Step 1, when t >t , the sliding condition
holds. Substituting Eq. (37) into Eq. (38) yields
& +ké, = (1) for t>t, (56)

For t, <t<t,,solving Eq. (56) and using Property 3 of §,

we obtain
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(57)

Py

where

b=prep’ =&, (0)+kE,(0),

2 2
D=k | —— | k+| K| —— 1 ¢,
2t, —t) 2t, —t)
2
T
B DS e
& (2af—%)] ’

3
and p, = — T4 LA, S —
2(tf _tm) z(tf _tm) 2(tf _tm)

When t=t;, setting ém (t)= 0, one gives

~ T A
kp2p1+7 p4p1 ~
B 2(t -t,) . kzp,

P,
k 1 p,’ P,

e-k(tq ~tn)

(58)
p4131 T T . 0
+ 482 b =0
P’ 2p

According to Eq. (58), one can further obtain

kpsp, + P Py

n p;‘} = p.h, (59)

3

T
et A~ 2(tf _tm)
< |7 p;’

where

8
2
=K+ —T | k,
s [2af—m)J
3
P = id Kk —" ,and
2(tf _tm) 2(tf _tm)
2
b, =L2e’k(" |2 z e 4 1
Ps z(tf _tm) Ps
2
T 1 VA 1 2 —k(t; ~tn) T
- >+ +—¢e _—
2(tf _tm) p; 2 Ps P, 2(tf _tm)
Thus choosing 7 as
kp T P
e—k(tf—tm) 5 Z(If _tm) 6 D,
7= 1- 5 +— (60)
kp, P; Py P,
guarantees that épt (ty) =0 , and furthermore, since
f(t) =0 for t >t,, one can get
&, +ké =0 for t>t, (61)
Finally, it is proved that
&, =0 for vt>t, (62)

Remark 2: The dual-quaternion based Lagrange-like model
used in this paper is a 6-DOF coupled model, based on this
model, the controller proposed in this paper has the ability to
cope with attitude and orbit actuator faults at the same time, and
the pursuer spacecraft can track the expected attitude and
relative motion synchronously.

Remark 3: To further explain the convergence of the states,

Figure 2 illustrates the convergence curve of § in a qualitative

way. The initial value (point A) of § is set to 0 , which ensures
the system will not deviate too far from the sliding manifold.
Then, under the effectiveness of the proposed control law,

when t =t , the system states can reach the sliding surface (at
point B) and the sliding condition holds. The orange dashed
lines in Fig. 2 denote the points satisfying §=0 t=t,).
Subsequently, due to the influence of f (t) , the curve
approaches zero, and finally reaches point O when t =t, .
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\_ §=0(t<t,)
§20(t<t,)
§=0(t, <t<t,)

A
A

Fig. 2. Convergence of §

Remark 4: By employing the time-varying sliding manifold,
the tracking error of the pursuer is guaranteed to converge to
zero within a finite time t. A significant advantage of this

method is that t is explicitly expressed in f (t) , so that

designers can easily change the expected convergence time by
changing t; directly, which is much more convenient than some
other finite-time controllers [25, 26] for spacecraft.

Remark S5: One important requirement of the controller is

that 2 = min(4,,4) >0 (4 =4 +& =4, (AOH) 0 A")).
This means that the numbers of actuators n and | (the number of
force actuators and torque actuators respectively) should be

sufficiently large. Furthermore, since H(t) is full-rank, to

guarantee 4 > 0 there must be at most n-3 attitude actuators and
I-3 orbit actuators that have Fault b or Fault d. If 2 >0 cannot
be satisfied, then the system is under-actuated, this situation is
not considered in this paper.

Remark 6: In Theorem 1, it is explained that by choosing
proper control parameters, the convergence domain of V can be
arbitrarily small, but this requires the increase of control gains
and the extension of t,. So in practical applications, the
designers should balance the accuracy and efficiency of the
controller. In the subsequent simulation cases, an appropriate
choice of V(t,), tn and t; is identified as V(t,)<10” and

0.25t, <t <0.5t, .

V. NUMERICAL SIMULATION AND ANALYSIS

In this section, by using the 6-DOF spacecraft model
proposed in Eq. (31) with the control law and adaptive laws in
Eqgs. (39)-(41), some numerical simulation results are given and
analyzed. The orbital parameters of the target spacecraft are
shown in Table I. The main control parameters of the pursuer
are shown in Table II.

TABLEI
PARAMETERS OF TARGET’S ORBIT
Target’s orbit parameter Value
Eccentricity 0.02
Inclination 30°
Longitude ascending node 15°
Semi-major axis 7000 km
Argument of perigee 30°
Initial true anomaly 15°
TABLEII
OTHER SIMULATION PARAMETERS
Parameters Value
mp 400 kg
Jy [55 1.5 -3
1.5 65 -0.5
-3 -0.5 58] kg m?
z 120,-50,80,0.2,-0.2,0.2]"
0! [ ]
k 0.1
7(0) [0.5+£0.5, £0.3]"
ﬁ(o) 0.2+£0.2
b 410+ £ 70
1
K 0.001+ &£ 0.005
c
K, 1.5
K, 1.5
a, 0.15
a, 0.15
1% 0.5

The control objective in this simulation is that the pursuer
tracks the attitude of the target, and moves to the expected

relative position pj 4 =[15,0,0]m . The attitude of the target
iS [Wt,d s ¢t,d s gl,d ] = [03 T COS(ﬂ't / 180) / 65 0] ’ Where v, ¢9 9
denote the yaw, pitch and roll angles respectively. The initial
relative quaternion and position between the two spacecraft are
0p(0)=[0.4945,0.2483.,-0.6187,0.5577] and p},(0) =[120,-50
,80]m respectively.

In this simulation, the actuators of the pursuer spacecraft are
flywheels and thrusters. There are four flywheels totally, and
the configuration structure of the flywheels is shown in Fig. 3,

three of them along the axes, and the last one is symmetrical
with others.

Xp

Fig. 3. The configuration of the flywheels
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The moment distribution matrix of flywheels is

0 0 3/3
1 0 +3/3
0 1 \3/3

1
D =0 (63)
0

There are four pairs of thrusters; their configuration is
illustrated in Fig. 4. Each pair of thrusters can give thrust in two
directions, and the installation directions and positions of each
thruster pair are given in Table 3.

\ /
T.hs N -
3 \ | -
~ 4 - Z
_ ! - \(\)p/—'}/' T, p T,
- T P NS
[ NN
Xp T N A
L--— i N
| ,/ AN
N B RN v A
7 7
7z i,
L / Xy
7 /
,
A
'Zp Ta A ‘Tg

Fig. 4. The configuration structure of thrusters

TABLE I1I
INSTALLATION DIRECTIONS OF THE THRUSTERS
Thruster Index Direction
Tl [0,v2 /2,42 /2]
T2 [0,~2/22/2]
L= V2 /2,42/2,0]
T4 N2 /2, -2 /2,0]

From D, and Table III, the control allocation matrix A can
be obtained:

0 0 1 1 300\/5
A

M2 211 —1+80 3 0 B
1100 003 3

(64)

The external disturbance input of the pursuer spacecraft is

[27]
ﬁ=m2p16—ﬂﬁ{mﬁ;}q
4

(65)
+ﬂ¢ﬂ12—ﬂ%%&nﬂqu

3
C

where r.=7000000m is semi-major axis of the target spacecratft.

10

A. Simulation for the normal case

In this case, all of the actuators work normally. Setting
tn=300s and t=600s, then the time responses of the relative
position and the relative attitude (which has been converted to
rotation angle) between the target and the pursuer are shown in
Fig. 5. The pursuer does reach the expected position, with the
steady error less than 10"°m. Furthermore, the pursuer tracks the
attitude of the target with a tracking error less than 10rad, and
the whole 6-DOF tracking task is accomplished within 600s, as

required.
4 T T T T T T T T
JE——
3 J
5 Pot
g ———g |
5T bt
£}
Z 10 4
- - =
£ ot -
2, e
2 . . . , . .
0 100 200 300 400 500 600 700 800 900 1000
150 . . . . . . . =P |~
P
Ppty
100} »
——,
- SSeea — — y-I5m
E sof  Teell
o= R
150 - = = SS~aa
H )
50 ; , . . . . . , .
0 100 200 300 400 500 600 700 800 900 1000

Time(s)

Fig. 5. Time response of states for normal operation

Figure 6 shows the time response of velocity and angular
velocity. The tracking error of the dual angle velocity
converges to zero within 600s, and then the motion of the two
spacecraft is synchronous.

— ]

o,

Py |
—p

2 o002 LEI

E

@oL

L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000

. (m/s)

P
Vo |
P
Vo

»
Y

——? |
Voix

L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000
Time(s)

Fig. 6. Time response of relative angle velocity and velocity for normal
operation

TABLE IV
SIMULATION PERFORMANCES OF NORMAL CASE

States Stable errors
Rotation Angles 1x10™ rad
Po 1x10° m

o3 2x10°° rad/s

vh 5x107 m/s

The control outputs of the thrusters and flywheels are given
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in Fig. 7 and Fig. 8, which shows that all of the actuators work
normally. To summarize, for this simulation case, the proposed
control scheme successfully accomplishes target tracking task,
the states of the closed-loop system converge to the expected
value within the required finite time t;, and the controller is

robust to parameter uncertainties and external disturbances.
1 1

05 05
FTl FTZ
opli——+— 0
z 05 05
ER El
£ o 500 1000 0 500 1000
=]
z 1 1
g
E
& 05 Fra 05 Fra
al—"r—— o[l
05 -05
-1 -1
0 500 1000 0 500 1000
Time (s)

Fig. 7. Thruster outputs for normal operation
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3 0 500 1000 0 500 1000
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£ 02 0.2
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= 01 0.1
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0 e 0 p——————
-0.1 -0.1
-0.2 -02
0 500 1000 0 500 1000
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Fig. 8. Flywheel outputs for normal operation

B. Simulation for the fault case

In this case, the flywheels and thrusters of the pursuer
spacecraft have multiple faults, and the fault-tolerant ability of
the controller is illustrated. The fault condition of each actuator
is shown in Fig. 9. In this figure, 7,; and F,; denote the
expected outputs of flywheels and thrusters respectively, while
7 and Fyj are the real outputs of flywheels and thrusters
respectively, with i=1,2,3,4 and j=1,2,3,4. Every actuator has a
different kind of fault, and some of them have very serious
malfunctions such as complete energy loss and locking. From

Fig. 9, the numerical values of H(t) and ﬁ'f can be obtained.

|
Fo =

T
Normal | Ty 0.657,,
f

g
=0s t=15s =255 Time

Fig. 9. Fault conditions of actuators
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For the actuator fault situation shown in Fig. 9, setting
tn=300s and t=600s, Fig. 10 shows the time response of
relative positon and relative rotation angle. Although there are
some fluctuations caused by the existence of faults, the tracking
trajectories still converge within the finite time t;, and the
steady errors of relative position and rotation angle are less than
5x10°mand 1x107rad respectively.

—_—

=== |1

Rotation Angles (rad)
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Time(s)

Fig. 10. Time response of states for the faulty actuator case

Figure 11 demonstrates the time responses of relative
velocity and angular velocity between the two spacecraft. Due
to the existence of actuator faults, the responses are not as
smooth as the normal responses shown in Fig. 6. But the control
results are similar, and the pursuer can track the motion of the
target after 600s.

006 T T T T T T T T ——
004 Ay |
———dfy
Z 002 4
]
g
= 43
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S 7
i 1%
002 % 4
004 . . \ , , , \ , ,
0 100 200 300 400 500 600 700 800 900 1000
02
—_—P
pix | 1
P
Voix
[—— —
i
06 . . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000

Time(s)
Fig. 11. Time response of velocity for the faulty actuator case

TABLEV
SIMULATION PERFORMANCES OF FAULT CASE
States Stable errors
Rotation Angles 1x107 rad
Pt 5%107° m
oy 1x107° rad/s
vh 2x10° m/s

Figures 12 and 13 illustrate the actual outputs of the
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actuators. The existence of faults means that some actuators are
not functioning properly, and some are not working at all. But
the controller still enables the control objective to be achieved.

04 1
0.2 0.5
F F
0 T1 0 T2
- 02 -05
Z
2
5 -04 -1
& 0 500 1000 0 500 1000
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5 1 1
Z
2
ﬁ 05 05 .
F
0 0 T4
-0.5 -05
| K
0 500 1000 0 500 1000
Time (s)
Fig. 12. Thruster outputs for the faulty actuator case
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Fig. 13. Flywheel outputs for the faulty actuator case

To demonstrate the finite-time ability of the proposed control
law, Figure 14 shows the time responses of relative position and
rotation angle when t; is changed (setting t,=0.5tf ). The
convergence time is different when t; differs, but it is always
less than t;. This result confirms Theorem 1, and one can design
the required convergence time by choosing t; directly.

200 - 4
t=600s t,=600s
1003 2
S
L s L S S - T I . . |
0 0
\ =
-100 2
0 500 1000 0 500 1000
E 200 T 4
é 100 3 ;=400s %;D ) \\ t;=400s
3 N N <
S0 Ch— g0 f- S —
; = e
< -100 S 2
& 0 500 1000 & 0 500 1000
200 4
t,=800s t,=800s
100 \ ’
~om,
of = @ oe=Smm=== 0 h‘..’ - S—
-100 2
0 500 1000 0 500 1000

Time (s)

Fig. 14. Time responses of the states for different t;
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To illustrate fault tolerance abilities of the proposed
controller, the 3-D trajectories of relative rotation angles and
positions are given in Fig. 15 and Fig. 16 respectively. In these
two figures, “DFF” denotes the simulation results using the
control law proposed in this paper, “ADF” denotes the results
using the other adaptive dual-quaternion-based finite-time
controller introduced in Ref. [12], and “H-inf” denotes the
results using the Hoo controller proposed in Ref. [28]. The
results show that though all the three controllers illustrated here
can finally stable the system, but “ADF” and “H-inf” only have
limited robustness to actuator faults and can’t guarantee the
tracking accuracy, what’s more, the trajectories of “ADF” and
“H-inf” can’t meet the safety requirements of practical
engineering. In contrast, the performance of the presented
controller is much better, the precision is improved and the
convergence process is shorter and smoother.

05

ADF

Desired Point
DFF

05

v(rad)

Initial Point

¢ (rad) 6 (rad)
Fig. 15. Trajectories of relative rotation angles

100
Initial Point

80—

60 —|

2, (m)

40

Desired Point

-50 R
60 100 Xy (m)

Ypr (M)

Fig. 16. Trajectories of relative positions

One of the main control objectives is for the pursuer to track
the attitude and position of the target synchronously. To
illustrate this performance of the proposed controller, let

® =2arccos(77,,) denotes the rotation angle between F, and

fp, and ry denotes the desired distance error between centers of
mass of the pursuer and the target. Thus @ can show the
convergence of the attitude motion while ry can demonstrate
the approach process of orbit motion. Figure 17 demonstrates
the polar curves between @ and ry, it shows that comparing
with “ADF” and “H-inf”, the controller given in this paper has
much smoother and better polar trajectory.
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DFF
= === ADF
=*w:= H-inf

270°
Fig. 17 Polar curves of different controllers

Finally, we use Monte Carlo techniques to evaluate the
control method’s performance and analyze the worst cases. To
proceed the Monte Carlo simulation, first we need to choose the
random parameters and their ranges. Since our purpose is to
demonstrate the controller’s robustness to unknown faults and
uncertainties, so the following random parameters are chosen
for the simulation:

h,h €[0,1],i=1,2,3,4 (66)
F, €[-0.02,0.02]N, i =1,2,3,4 (67)
7, €[-0.005,0.005]Nm, i =1,2,3,4 (68)
m, €[200,600]kg (69)
52 1 4 58 2 -5
J,e4]05 61 -15|t0|2.5 69 0.5|kg-m’ (70)
-5 -1.5 55 -1 05 6l

The process of a single simulation can be described as: firstly
using Monte Carlo techniques to generate a set of new random
parameter values as mentioned above, and then simulate the
closed-loop system with the generated random values and the
fixed control parameters, finally record the final tracking errors
of the simulation. The relative attitude tracking errors and
relative position tracking errors of 1000 times simulations are
shown in Fig. 18 and Fig. 19 respectively. The subfigures in the
left of Figs.18 and 19 shows the overall distribution of tracking
errors, and the partial enlargements in the right shows the stable
part of tracking errors. It can be seen from Figs. 18 and 19 that
overwhelming majority of simulations have very good results
even though under the unknown actuator faults and
uncertainties, and can finally complete the control task with

high precision (® <1x107rad , r, <1x107m ).
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Fig. 18 Relative attitude tracking errors under Monte Carlo simulation
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Fig. 19 Relative position tracking errors under Monte Carlo simulation

Then we analyze the few unstable points shown in Figs. 18
and 19 (the points not converge to areas near the origin, which
means the corresponding simulations can’t meet the control
requirements). The conclusion is that these unstable results are
caused by underactuation, for example, for the worst case P1 in
Fig.19, the real part of its fault matrix is

H" =diag(h/",h}*,h/",h/*)

0.0087 0 0 0
|0 04975 0 0 (71)
| o 0 00149 0

0 0 0  0.8003

It can be seen from Eq. (71) that, in this case, Thruster 1 and 3
almost can’t work, Thruster 2 and 4 can only provide partial
actuation to the system, and one can further obtain that:

AP =4 (AH" A")=0.0157 ~0 (72)
Just as we mentioned in Theorem 1 and Remark 5, the
controller proposed in this paper can’t handle this situation. In
summary, Monte Carlo based simulations shows that the
proposed control method has good performance and robustness
to hundreds of random actuator faults and uncertainties, and
also shows the limitation that our control law can’t deal with
under-actuated situations.

Summarizing all of the simulation cases, it is noted that by

employing the control method proposed in this paper, the
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pursuer can accomplish the 6-DOF target tracking task
successfully even in the presence of severe actuator faults,
external disturbances and parameter uncertainties. In addition,
extensive simulations have been performed using different
initial values, fault types and controller parameters. Moreover,
the flexibility in the choice of convergence time and control
parameters can be utilized to obtain the desired performance.

VI. CONCLUSION

In this paper, a novel fault-tolerant control method is
proposed for a target-pursuer spacecraft formation.
Specifically, a 6-DOF Lagrange-like model with dual
quaternion description is employed to describe the coupled
motion between the target and the pursuer. This model is then
combined with a novel time-varying sliding manifold, and an
adaptive fault-tolerant control law is presented. With the
proposed control law, the pursuer can track the 6-DOF motion
of the target, and the arrival and convergence to the sliding
manifold are proven to occur in finite-time. Furthermore, the
proposed control law is robust to external disturbances and
parameter uncertainties. Numerical simulation results are given
to illustrate the effectiveness and performance of the proposed
controller with respect to fast tracking, disturbance
suppression, fault tolerance and finite-time stability.
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