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Gauge-invariant quasi-free states on the algebra of
the anyon commutation relations

FEugene Lytvynov
Department of Mathematics, Swansea University, Singleton Park, Swansea SA2 8PP,
U.K.; e-mail: e.lytvynov@swansea.ac.uk

Abstract

Let X = R? and let ¢ € C, |g| = 1. For z = (z!,2?) and y = (y',y?) from X2, we define
a function Q(z,y) to be equal to ¢ if ! < y!, to g if 2! > y', and to Rq if 2! = y'. Let
dF, 9, (z € X) be operator-valued distributions such that 9 is the adjoint of 9;. We
say that 0, 0, satisfy the anyon commutation relations (ACR) if 0;f 0, = Q(y, z)0,f 0; for
x #yand 8,0 = 0(x —y) + Q(x,y)89; for (x,y) € X*. In particular, for ¢ = 1, the
ACR become the canonical commutation relations and for ¢ = —1, the ACR become the
canonical anticommutation relations. We define the ACR algebra as the algebra generated
by operator-valued integrals of 9;, d;. We construct a class of gauge-invariant quasi-free
states on the ACR algebra. Each state from this class is completely determined by a positive
self-adjoint operator 7" on the real space L?(X,dr) which commutes with any operator of
multiplication by a bounded function 1 (z'). In the case Rq < 0, the operator T additionally
satisfies 0 < T < —1/Rq. Further, for T = x%1 (k > 0), we discuss the corresponding
particle density p(z) := 99, . For Rq € (0,1], using a renormalization, we rigorously define
a vacuum state on the commutative algebra generated by operator-valued integrals of p(z).
This state is given by a negative binomial point process. A scaling limit of these states as
K — 0o gives the gamma random measure, depending on parameter Rq.

Keywords: Anyon commutation relations; gauge-invariant quasi-free state; parti-
cle density; negative binomial point process; gamma random measure.

2010 MSC: 47L10, 47L60, 47190, 60GH5, 60G57, 81R10

1 Preliminaries and introduction

The main aim of this paper is to construct a class of gauge-invariant quasi-free states
on the algebra of the anyon commutation relations. Let us first recall the definition of
the anyon commutation relations and their representation in the anyon Fock space.

1.1 Fock space representation of the anyon commutation re-
lations

Let X := R9 let Z(X) denote the Borel o-algebra on X, and let m denote the Lebesgue
measure on (X, #(X)). We denote by

H = L*(X,m), Ht:=L*(X—C,m)
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the L%-space of real-valued, respectively complex-valued functions on X. (The scalar
product in ¢ is supposed to be linear in the first dot and antilinear in the second
dot.)

Consider a function Q : X? — C satisfying Q(z,y) = Q(y,x) and |Q(z,y)| = 1
for all (z,y) € X2 In 1995, Liguori and Mintchev [34,35] introduced the notion of a
generalized statistics corresponding to the function (). Heuristically, this is a family of
creation operators J; and annihilation operators d, at points x € X such that 9 is
the adjoint of 0, and these operators satisfy the following commutation relations:

rof = Qy,x)of o, (1)
9,0, = Q(y, )9, 9, , (2)
9,0, =0(x —y) + Q(z,y)0) 0, . (3)

(Formula (2) is, in fact, a consequence of (1).) A rigorous meaning of the operators
JF and 0, and the commutation relations (1)—(3) is given by smearing these relations
with functions from the space 7. More precisely, for any h € ¢, one defines linear
operators

ot (h) = /X m(dz) h(z)0F, a-(h) = /X m(dz) A(z) O (@)

on a dense linear subspace © of a complex Hilbert space ¢ such that the adjoint of
a®(h) restricted to © is a~(h), and these operators satisfy the commutation relations:

a*(g)at(h) = [ m®(dxdy) g(x)h(y)Q(y,x)d} (5)

X2

a~(9)a”(h) = | m®(dzdy) g(x)h(y) Qy, )9, 0, (6)

X2

@ (9)a*(h) = [ G@ b mlda) + [ mdedy S Q00 (1)
X X2

for any g, h € ;. Of course, the linear operators on the right hand side of formulas

(5)—(7) should be given a rigorous meaning. In the case @ = 1, formulas (5)—(7) be-

come the canonical commutation relations (CCR), describing bosons, while in the case

Q@ = —1, formulas (5)—(7) become the canonical anticommutation relations (CAR), de-
scribing fermions. In the general case, we will call (5)—(7) the Q-commutation relations
(Q-CR).

Liguori and Mintchev [34,35] derived a representation of the @-CR in the Fock
space of Q-symmetric functions. By using also [10], we will now briefly recall this
construction.

A function f™ : X" — C is called Q-symmetric if for any i € {1,...,n — 1} and
(T1,...,x,) € X™

f(n) (.%1, Ce ,SL’n) = Q(xz, xi+1)f(n)(x17 ey L1, X1, Ly Ljg 2y - - - ,SL’n). (8)
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For each n € N, we have #2°" = L*(X™ — C,m®"). We denote by J#*" the subspace
of #¥™ which consists of all (m®"-versions of) Q-symmetric functions from 2", We
call " the n-th Q-symmetric tensor power of H¢.

Consider the group S, of all permutations of 1,...,n. For each 7 € S,,, we define
a function @, : X™ — C by

Qn(z1, .. w0) = [[ Qaixy). (9)
1<i<j<n
w(i)>m(j)

Note that, in the case Q = 1, we get (), = 1, while in the case Q = —1, we get
Qr = (—1)"l = sgn7. Here || is the number of inversions of 7, i.e., the number of
i < j such that 7(i) > 7 (7).

For a function f™ : X™ — C, we define its Q-symmetrization by

1
(Pof™)(z1,... 2) = . > Qulwr ) [ (@) Teor). (10)
" 7ES,

The operator P, determines the orthogonal projection of " onto ™. Further-
more, for any k,n € N, k < n, we have

Po(Pe® Pyy) = P (11)

Here P, denotes the identity operator in 5. For any f™ € J%" and g™ € 5™,
we define the Q-symmetric tensor product of f™ and ¢'™ by

fM @ g™ = P (fM @ g™,

By (11), the tensor product ® is associative.

For a Hilbert space H and a constant ¢ > 0, we denote by Hc the Hilbert space
which coincides with H as a set and the tensor product in Hc is equal to the tensor
product in H times c¢. We define a QQ-Fock space over € by

FUKH) = @ HEE !
n=0

Here 54°° := C. The vector Q := (1,0,0,...) € F9(H#) is called the vacuum. We
denote by .Z2 () the subset of .ZQ(H#) consisting of all finite sequences

F:(f(0)7f(1)7""f(n)70707"')

in which f® ¢ A for i = 0,1,...,n, n € N. This space can be endowed with the
topology of the topological direct sum of the " spaces. Thus, convergence in .7-}%(7{)



means uniform finiteness of non-zero components and coordinate-wise convergence in
T

For each h € ¢, we define a creation operator a™*(h) and an annihilation operator
a~(h) as linear operators acting on .Z () that satisfy

IO =he [, [0 e 0 (h) = @ D) Trey - (12)

These operators act continuously on .Z2 (#). Furthermore, for h € #% and f €
HE", we have:

(= (h) f™)(x1, ... 2py) = n/)(wf(”)(y, 1,y Tpo1) m(dy). (13)

Thus, if we introduce informal operators 9] and d; by formulas (4), we get, for ™ €
<%(C@n
3;rf(n) =3, ® f™, Qv—f(n) =nf™(z,.).

where ¢, is the delta function at z. Now, one can easily give a rigorous meaning to the
operators on the right hand side of formulas (5)—(7) and show that the @Q-CR hold.

We note that, in the obtained representation of the ()-CR, we only used the values
of the function  m®?-almost everywhere. Hence, for this representation, we could
assume from the very beginning that there exists a set A € Z(X?) which is symmetric
(ie., if (z,y) € A, then (y,x) € A) and satisfies m®*(A) = 0, and the function Q is
only defined on the set X2 = X2 \ A. Since the measure m is non-atomic, we may
also assume that D C A, where D := {(z,z) | * € X} is the diagonal in X2

In physics, intermediate statistics have been discussed since Leinass and Myrheim
[32] conjectured their existence in 1977. The first mathematically rigorous prediction of
intermediate statistics was done by Goldin, Menikoff and Sharp [20,21] in 1980, 1981.
The name anyon was given to such statistics by Wilczek [50,51]. Anyon statistics were
used, in particular, to describe the quantum Hall effect, see e.g. the review paper [46].

Liguori, Mintchev [34,35] and Goldin, Sharp [22] showed that anyon statistics can
be described by the Q-CR in which X = R2, the set A is chosen as

A= {(z,y) € X*|z' =y'} (14)
and
q, ifzt <yt
) = 15
Q) {@ R (15

Here, ¢ € C with |¢| = 1, and for z € X we denote by z* the ith coordinate of z. With
such a choice of the function @, formulas (5)—(7) are called the anyon commutation
relations (ACR). We note that Goldin, Sharp [22] realized the ACR by using operators
acting on the space of functions of finite configurations in X (or, equivalently, in the
symmetric Fock space).



Goldin and Majid [19] showed that, in the case where ¢ is a kth root of 1 and
q # 1, the corresponding statistics satisfies the natural anyonic exclusion principle,
which generalizes Pauli’s exclusion principle for fermions:

a™(f)F =0 for each f € . (16)

For further discussions of anyons in mathematical physics literature (including the
discrete setting), see e.g. [13,15,17,19,33,36-41] and the references therein. We also
refer to the paper [8] which deals with a Fock representation of the commutations
relations identified by a sequence of self-adjoint operators in a Hilbert space which
have norm < 1 and which satisfy the braid relations.

1.2 Gauge-invariant quasi-free states on the CCR and CAR
algebras

In the theory of the CCR and CAR algebras, quasi-free states, in particular, gauge-
invariant quasi-free states, play a fundamental role. We refer the reader to e.g. Sec-
tions 5.2.1-5.2.3 and Notes and Remarks to these sections in [11], and [16, Chapter 17],
see also the pioneering book [6, Chapter I1] and paper [7]. We note that gauge-invariant
quasi-free states describe, in particular, the infinite free Bose gas at finite tempera-
ture [3] (see also [14] and Section 5.2.5 in [11]) and the infinite free Fermi gas at both
finite and zero temperatures [4] (see also [14] and Section 5.2.4 in [11]). Free analogs
of quasi-free states have been discussed in [45], see also [24].

Let us recall that the CCR algebra (or the CAR algebra), A, is a complex alge-
bra generated by linear operators a™(h), a=(h) (h € ) satisfying the CCR (the
CAR, respectively). Because of the commutation relations, each element of A can be
represented as a finite sum of a constant and operators

aﬁl(hl)"'aun(hk% hla"-yhk € %7 ﬁl:"'aﬁk € {+’_}7

which are in the Wick order. The latter means that there is no ¢ € {1,...,k — 1}
such that f§; = — and #;,1 = +, i.e., there is no creation operator acting before an
annihilation operator.

Let 7 be a state on the algebra A. One defines n-point functions by

S® ™ (gry ..o gi by hy) = T(at(gr) - at(gr)a () - a” (ha)), (17)

where ¢1,..., 9k, h1,...,h, € ¢ and k,n € N. One says that the state 7 is gauge-
inwvariant if it is invariant under the group of Bogoliubov transformations

at(h) — a™(e®h) = e®at(h), a (h)— a (eh) =ePa"(R), 6€]0,2n).

By (17), 7 is gauge-invariant if and only if S*™) = 0 for k # n. Thus, a gauge-invariant
state is completely determined by S™™ (n € N).
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A state 7 is called a gauge-invariant quasi-free state if S®™ = 0 for k # n and
the n-point functions S™™ are completely determined by SV, More precisely, in the
case of the CCR algebra, we have

S(n’n)(gm...,gl,hh...,h )—pel" [S(ll gu ZHSll) gza 7ri ) (18)

WESn =1

and in the case of the CAR algebra, we have

S(n’n)(gn, . 7glvh17 s 7hn) = det |:S gl? Z Sgnﬂ_HS Y g“ @) (19)

TESH

A gauge-invariant quasi-free state on the CCR algebra is completely identified by
a bounded linear operator T in ¢, with T > 0, which satisfies

StV (g, h) = (Tg, h) .. (20)

Respectively, a gauge-invariant quasi-free state on the CAR algebra is completely iden-
tified by a bounded linear operator 7" in ¢, with 0 < T < 1, which satisfies (20).

The corresponding representation of the CCR/CAR algebra can be given on the
symmetric/antisymetric Fock space over 7@ .7 by using the bounded linear operators
VT and 1 +T in the CCR case and VT and v/1—T in the CAR case, see e.g.
Examples 5.2.18 and 5.2.20 in [11].

1.3 A brief description of the results

While our main interest in this paper will be the ACR, we will actually deal with a
slightly more general form of the Q-CR: we will assume that X = R? with d > 2
and the function @Q : X? — C satisfies Q(z,y) = Q(z',y') (with an obvious abuse of
notation). Here X2 := X2\ A with A being given by (14).

We saw in the Fock space representation that defining a function () on X2 was
enough. However, we will see below that, in the general case, this is not enough for
relation (3) and we need to specify the values of Q(z,z) for x € X. In the case
of the bose and fermi statistics, we take, of course, Q(z,z) = 1 and Q(z,z) = —1,
respectively.

So from now on we will assume that, for some constant n € R, we have Q(z,y) =7
for all (z,y) € A, in particular, Q(z,x) = n for all x € X. We will define a Q-CR
algebra so that the value n will matter for relation (3), but n will be of no importance
to relations (1), (2) as they will still depend on the values of the function Q m®?-almost
everywhere.

We see that, in the anyon case (with ¢ # +1), the function () cannot be extended
to a continuous function on X?, so there is a freedom in choosing the value of 7. A
natural choice for 7 seems to be n = R(q) = (¢ + q)/2.



The form of the )-CR means that it is not enough to consider a complex algebra
generated by the operators (4). Instead, in Section 2, we consider a complex algebra
A generated by operator-valued integrals

m®* (dx, - - - dry,) go(k)(xl, e, Tg) 8511 e O (21)

Xk "
where the class of functions p*) : X* — C appearing in the integral (21) will be
specified. We show that the anyon exclusion principle (see (16)) holds in the general
ACR algebra for ¢ being a root of 1, g # 1.
If 7 is a state on A, then due to (3), 7 is completely determined by the n-point
functions

S(k’n) (sp(k-&-n)) =T ( / . m®(k+n) (dxl Tt d.Tk_t,_n) Qp(k—‘rn) (‘Tla s 7wk+n)
Xk+n

X Of -+ 8;;8”“ e 8xk+n). (22)

We say that the state 7 is gauge-invariant if it is invariant under the group of
Bogoliubov transformations 9 — €9, 0, — e, , with 6 € [0, 27), or equivalently
if S = 0 for k # n.

So it is intuitively clear what it should mean that 7 is a gauge-invariant quasi-free
state: we should have S®™ = 0 if k # n and the n-point functions S should be
completely determined by S(D. However, to write down a proper generalization of
formulas (18), (19) is not straightforward: instead of the sign of a permutation 7 we
should use the function @, (see (9)), and the functions p*+™) appearing in (22) do not
necessarily factorize to separate their variables. We solve this problem in Section 2 by
properly introducing certain measures on R?" corresponding to the n-point functions.
As a result, the definition of a gauge-invariant quasi-free state for the ()-CR generalizes
the available definitions in the CCR and CAR cases.

In Section 3 we construct operator-valued integrals (21) in the @-symmetric Fock
space. The presentation in this section is given at a rather general level. In particular,
in this section we assume that X is a locally compact Polish space, while m is a
non-atomic Radon measure on X.

In Section 4, we construct a representation of the ()-CR algebra A and a class of
gauge-invariant quasi-free states 7 on it. This construction is done in a J@Q-symmetric
Fock space over 7 @ 5. Here JQ : Z? — C is a function on the space Z := X; U X5,
the disjoint union of two copies of X. Explicitly, the function J@ is defined through
the function @ by formula (54) below.

The operator T, being defined analogously to formula (20), satisfies in our setting
the following assumptions:

e T is a self-adjoint bounded linear operator in the real space 7 and is extended
by linearity to J¢;



e T commutes with any operator of multiplication by a bounded function 1 (z');

e in the case n > 0, we have T' > 0, and in the case n < 0, we have 0 < T < —1/n.

For
¢(%U(Jha~--71én) ::gn($1)"'gl(xn)hi(In+1)"'hn(x2n)

with g1,...,9n, h1,..., h, € ¢, we obtain

s =3 [ (ngxi)@hﬂ@)(xi)) Qu(a1, o) My -+ i),

TESy

compare with (18)—(20).

Finally, in Section 5, we discuss the particle density associated with a gauge-
invariant quasi-free state on the ACR algebra with n = Rq. The particle density
is informally defined by p(z) := 970, for x € X. It follows from the ACR that these
operators commute, cf. [19,22]. Hence, the state on the algebra generated by the
commutative operators p(f) := [, m(dz) f(z)p(z) (f running through a space of test
functions on X') should be given by a probability measure .

In the case of the CCR and CAR algebras, it was shown in [42,44] that, for T being
a locally trace class operator, p is a permanental (determinantal, respectively) point
process on X. Note, however, that our assumptions on the operator 7" exclude locally
trace class operators.

In this paper, we treat the case where T is a constant operator, T = x*1 with
k > 0. Under this assumption, it is not possible to give a rigorous meaning to p(f)
as a self-adjoint linear operator in the J@Q-symmetric Fock space over 5 @ 7. So a
renormalization is needed. Similarly to the construction of the renormalized square of
white noise algebra [1,2], as renormalization we will use Ivanov’s formula [25] which
suggests that the square of the delta function, §%, can be interpreted as cd, where c is
any positive constant. For our calculations, we choose ¢ = 1, so that Ivanov’s formula
becomes §2 = . We note that a different choice of the constant ¢ would lead to similar
results in which the measure m is replaced by cm.

So, using this renormalization and the ACR, we rigorously define a functional 7 on
the algebra generated by commutative operators p(f). However, due to renormaliza-
tion, it is not a priori clear whether 7 is a state, i.e., whether it is positive definite.
We prove that 7 is indeed a state if and only if n € [0, 1].

Furthermore, for n = 0, the state 7 is given by the Poisson point process on X
with intensity measure x?m, while for > 0, 7 is given by a negative binomial point
process on X, which depends on two parameters, n and x. The latter process takes
values in the space I'(X) of multiple configurations in X, i.e., Radon measures on
X which take values in {0,1,2,...,00}. Note also that the negative binomial point
process is a measure-valued Lévy process on X whose Lévy measure is finite. Finally,



we prove that, for a fixed n > 0, a (scaling) limit of the states depending on x exists as
k — 00, and the limiting state is given by the gamma random measure, depending on
parameter 7. This random measure is known to have many distinguished properties,
see e.g. [18,29-31,47-49]. We stress that the results of Section 5 are new even in the
CCR case.

2 The ()-CR algebra and gauge-invariant quasi-free
states on it

2.1 Preliminary definitions

In this section, we assume that X = R? with d > 2, m is the Lebesgue measure on
it, Q(x,y) = Q(z,y!) for (x,y) € X%, and Q(x,y) = n for (z,y) € A. To define the
Q-CR algebra, we need an appropriate class of functions ¢*) appearing in (21).

Let £ € N. We denote by II(k) the set of all partitions of the set {1,...,k}, i.e.,
all collections of mutually disjoint sets whose union is {1,...,k}. For each partition

0 € TI(k), we denote by Xék) the subset of X* which consists of all (z1,...,7;) € X*
such that, for all 1 < i < j < k, x; = z; if and only if 7 and j belong to the same

element of the partition #. Note that the sets X(Sk) with 6 € II(k) form a partition of
Xk We denote X*) := Xe(k) for the minimal partition 6 = {{1}, {2},..., {k}}.
Let 6 = {04,...,0,} € II(k) and assume that

minf; < minfy < --- < min6;.

We have m®( X"\ X®) = 0, so we can consider m®' as a measure on X ). Consider the
mapping Iy : X — Xék) given by Iy(z1,...,2;) = (y1, ..., Yx), where for each i € 6, we
have y; = x1, for each i € 5 we have y; = x5, etc. We denote by m((,k) the pushforward

of the measure m® under I,. We extend the measure mék) by zero to the whole space
X*. Note that m® = mZ* for the minimal partition 6 = {{1}, {2},..., {k}}.
Let us fix any f1,...,8x € {+,—}. We denote by II(k, 1, ..., ) the subset of II(k)

which consists of all partitions 8 = {64,...,6;} such that each set 6; has at most two
elements, and if §; = {a, b} has two elements then f, # #,. We define a measure on X*
by
(k) — (k)
mﬁl 7777 Bk " Z m9 .
0T (k 1, 4k)

For example, for a measurable function f : X3 — [0, 00), we have

) f(z1, 2, x3) m(_?’,)_7+(d:c1 dxy dxs) = i f(x1, 29, 23) mP?(dxy day dvs)
X X



+ [y, 2o, x0) m®* (day day) + [ (1, w9, x9) m**(day ). (23)
X2 pe
Completely analogously, starting with the Lebesgue measure on R rather than X,
we define a measure I/f 4, On R*. For example, similarly to (23), for a measurable

-----

function f: R3 — [0, 00), we have

f(Sl, S, 53) Vg),er(dSl dSQ ng) = f(Sl, S9, 53) d81 dSQ ng
R3 R3

+ f(Sl,SQ,Sl)dsl dSQ +/ f(Sl,SQ,SQ) dSl d82.
R2 R2

-----

~~~~~

.....

77777

if hy.o e € e, 0® € L¥(RF - C,u) L ), and o € L®(R, ds), we have

Lyeers
@ﬁwmbjmuwhmwm}:®ﬁwmmh”whwaL

where g(z) = hi(z)a(z!)) € s and w®¥ (sy,...,s,) = v®(sy,...,sp)a(s1) €

Below we will deal with linear operators in a complex Hilbert space which will be
denoted by operator-valued integrals of the form (21) with
k (k)

7777 ﬁk |:h17 Tt hk’ U( )i| 6 Fﬁl,...,ﬁk' (26>

We will also denote these operators by Iﬁ(lk)ﬁ]c [hl, coy By, U(k)] . Our next aim is to give

a rigorous definition of the commutation relations (1)—(3) satisfied by these operators.

Let £ > 2, #1,...,8x € {+,—}, and let i« € {1,...,k — 1}. Let us consider the
operator-valued integral (21) with ) given by (26). Assume that #; = #;11. Then, at
least informally, we calculate using either relation (1) or relation (2):

- m®*(dz, - - - dey) oF (1, .. 2y) 0P - .3&
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=/ m®* (dwy -+ - dag) ha (1) - hy(ze)o® (2, . 2 Qe o))
ok
X 00 O OROROR O3
= . m®k(d$1 o 'dxk> hy (5’71) T hifl(xifl)hwrl(xi)hi<xi+l)hi+2(xi+2) T hk@k)
X

x (W™ (a1, 23)0% - O (27)
Here

(\Ifiv(k))(sl, ey Sk)
= 'U(k) (51, e Sic15 841554, Si425 - - - ,Sk)Q(Si, Si+1> € LOO<]Rk — C, Véf) ﬁk> (28)

Thus, inspired by (27) and (28), we give the following definition: Relation (1)
(or relation (2), respectively) means that, for any £ > 2, ¢ € {1,...,k — 1} and
f1,..., 8k € {4, —} such that #; = 4,11 = + (or #; = ;11 = —, respectively), we have

Iﬂ(lk) s [hl, N hk, U(k)} = Iﬂ(lki)vﬂlc [hl, ceey hz’—h hi+17 hi7 hH_Q, oy hk, \sz(k)} . (29)

-----

Analogously, relation (3) means that for any k£ > 2, i€ {1,... .,k —1} and £;,..., 4 €
{+, —} such that f; = — and ;11 = +, we have

_ y(k=2) k—2
= L [Py hict, Bigas ooy By )]
(k) 1, (k
+ I Lot 1t 1o i [hl, C.. ,hifl, hiJrl, hi, hi+2, e hk> \IJZU( )}’ (30)
where
u(k_Q)(sl, ey Skg) 1= / hi(z)hiy1 ()
X
X v(k)(sl, oS, ot wt s sp_g) m(dT) € LC’O(]Rk_2 — C, Vﬁ(f’j-%giflyﬁi+2 .... ﬁk)
(31)
and
(\ng(k))(sl, cey SE) = v(k)(sl, ey 8ii15 8ty Siy Siday - -5 Sk)
fe'e) k
X Q(Si""l’ Si) €L (Rk —C, Vél,)~~~7ﬁ¢—17ﬁi+17ﬁ¢,ﬁ¢+2 ~~~~~ ﬁk)' (32)

Remark 2. In the case k = 2, the second addend on the right hand side of equality
(30) is understood as the constant operator u(?), where

u® ::/Xhl(x)hg(a:)v(2)(q:1,x1)m(dac).
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Remark 3. Note that the commutation relations (29), (30) do not depend on the rep-
resentation of p*) € Félf) 4, in the form (26).

.....

Remark 4. Note that the commutation relations (29) do not depend on 7. Indeed, for
i = fi+1, we have

k
l/ﬁ(h)m’ﬁk ({(31, oy SE) | s = si+1}) =0. (33)
Hence, in (28), for s; = s;41 the value Q(s;, s;+1) = 1 plays no role. On the other hand,
formula (33) is not true when #; = — and #;,1; = +. Therefore, for s; = s;;; the value

Q(si+1, 8;) = n does matter for (32), hence also for the commutation relation (30).

2.2 Definition of the ()-CR algebra and the anyon exclusion
principle

We are now in position to define the Q-CR algebra. Let & be a separable, complex
Hilbert space. Let © be a dense linear subspace of 4. We assume that, for any
f1,..., 8 € {+,—} and any ¢ ¢ F(k) 4, We have a linear operator mapping O into

.....

©. This operator is denoted either as in (21) or by [( ..... e (hl, ooy h, vt ) given that

©®) is as in (26). These operators will be called opemtor—fualued mtegmls.
We will assume that the operator-valued integrals satisfy the following axioms.

(A1) Consistency condition For any ¢1,...,qs h1,...,hiy € %, and v wk) €

-----

then

,,,,,

(A2) Linearity: For any f1,..., 4 € {+,—}, [1 g (P oo by, v®)) linearly depends

-----

on h; € # (i=1,...,k) and on v® € L*(R¥ — C, ’/ﬂf,)...,ﬁk)

(A3) The adjoint operator: The adjoint of any operator I g (P oo by, v®) in the

-----

Hilbert space ¢ contains © in its domain, and the restriction of this adjoint

operator to © is equal to the operator Igi 7777 Al(h_;g, ..., h1,v®*) where
lf i Ty .
JAVEES + ﬁ i=1,...,k,
— lf ﬁl =+
v®*(sy, ... sp) = v®) (s, ..., 51) € L°(RF = C, I/(k) 7777 AL

(A4) Q-commutation relations: The operators 9, d; satisfy the Q-CR (1)-(3). A

rigorous meaning of these relations is given by formulas (28)—(32).

12



(A5) Multiplication of operator-valued integrals: For any

oo m k n 00 n n
hiy b € e, v® e L™ WY ), w™ e LRy L),

we have
k " i
Iﬁ(l,).“,jjk<h1> ooy by, v(k))[ﬁ(kj1 ..... b (Rists - - s Petm,s wl ))
k+n n
:[ﬁ(l 7777 ﬁ)k+n<h1""7hk+n’v(k) ®w( ))
Here

= 0B sy, 5) W™ (Spqas - .+ Skgm) € LO(RFFT, Vﬁ(ernﬁ)Hn)
Remark 5. We stress that the value 7 of the function ) on the diagonal does not matter
for the relations (1), (2).

Let A denote the complex algebra generated by the operator-valued integrals sat-
isfying axioms (A1)—(A5), with the usual multiplication of operators acting on ©. We
will call A the algebra of Q-commutation relations, or the Q-CR algebra for short. In
the case where the function @ is given by (15), we will call A the algebra of anyon
commutation relations, or the ACR algebra for short.

The following theorem shows that the anyon exclusion principle [19] (see also [10,
Proposition 2.9]) holds in the ACR algebra with ¢ being a root of 1.

Theorem 6. Let k € N, k > 2. Let g € C be such that ¢ # 1 and ¢* = 1. Then, in
the ACR algebra, we have, for each h € J¢,

( /X m(dz) h(x)@j)k ~0.

Proof. Note that V_(f) L= v the Lebesgue measure on R*®) (R*) consisting of all

(51,...,5) € RF with s; # s; if 1 # j). By (29), we get, for any i € {1,...,k — 1} and
vk € Lo(RF pk):

.....

Here W,0®) is given by formula (28) for (si,...,s;) € R®. By the proof of Proposi-
tion 2.8 in [10], it follows from here that, for each permutation w € Sk, we get

I—(F]f),+(h7 ey h,, /U(k)) = -(‘rk) +<h7 MR h? \Ilﬂ'v(k))7 (34)

.....

where



Recall that the function @), was defined by (9), and we again used the obvious abuse
of notation Q(x1,...,71) = Q(x1,... 2}) for (z1,...,7) € X*. By (10) and (34),
we get

1 (b by =19 (b b Po™®), (35)

77777777

and the function P,v® is Q-symmetric on R®¥). Tt follows from the proof of Proposi-
tion 2.9 in [10] that if we choose v¥) =1, we get

(Pu1)(51, ..., 58) = (1 —4

1 —q)k! -

for all $; < s9 < --- < s;. Hence, P,1 = 0 v™-a.e. Now the statement of the theorem
follows by the axioms (A5) and (A2). O

2.3 Definition of a gauge-invariant quasi-free state

Let 7 be a state on the ()-CR algebra A. Because of the -CR, 7 is completely

determined by its n-point functions, which are defined by formula (22) with *+") ¢
ﬁl ~~~~~ ﬁk«kn?
in subsection 1.3 that gauge invariance of 7 means that S®™ = 0 if k # n. So our aim

now is to introduce a proper generalization of formulas (18), (19).
We denote the n-point functions by

where fij = --- =t =+ and tijy1 = -+ = g+ = — We already discussed

ST (b, hop, v®) i= (12, (B hon, v®))), (36)

where ff; = --- =4, = + and #,4,1 = -+ = fla, = —. By (A2), the right hand side of

(36) identifies a linear functional of v®® € L*(R?", Véf")

functional continuously depends on v, then, according to the general theory of linear
continuous functionals on L spaces, this functional can be identified with a complex-
valued, finite-additive measure on R?" that is absolutely continuous with respect to

4,,)- 1f we assume that this

.....

the measure Vﬁ(fn)ﬁ% We will actually assume the following stronger condition to be

satisfied.

(M) For any hy,...,ha, € S, there exists a (unique) complex-valued measure
SM™[hy ..., hyy,] on R?® which is absolutely continuous with respect to Vﬁ(?j.l.)‘,ﬁzm
# = - =4, = + and #,.1 = --- = f9, = —, and satisfies, for all v®" €

.....

S(n’n)(hl, ... ,hgn, U(Qn)) = / U(2n) (81, e ,Sgn) S(n,n) [hl, cee hgn](dsl s dSQn).
R2n
(37)

14



We will denote by S™™[hy, ... hy,](s1,...,52,) the density of the measure
Sk, ..., hoyl(dsy - - - dsa,) with respect to the measure Vé?il').7u2n with ) = -+ =

Jjn:+and ﬂn+1:"':ﬁ2n:_~
We say that 7 is a gauge-invariant quasi-free state on the Q-CR algebra A if S*™) =
0 if k # n, and for each n € N and any ¢1,..., g, h1,..., h, € H¢, we have

S("’")[gn,...,gl,hl,...,h 1(Sny o381, Snats - -5 Son)

=2 (HS“ 9is I (Slvsn+7rl)))Q7r(Sla---, n)- (38)

TESR =

Remark 7. Note the following slight difference in notations: in formulas (18), (19), the
n-point function S™™ (g, ..., g1, h1,...,hy,) is linear in each g; and antilinear in each
hi, while in our setting the n-point function in (38) depends linearly on both g; and h;.

Remark 8. Note that the measure Véf")m withfy =---=f, =4+ and .1 = -+ =
fo, = — remains invariant under the transformation
R?™ 3 (51,...,5m) = (Sp,-- -, 51, 8nt1,.- ., 82n) € R*™.

Hence, formulas (37), (38) mean that, for any gi,...,gn, h1,...,h, € 5 and v®? €

Lo (R?™, ﬁ(fn)ﬁ ), we have

S(n,n)(gna - 91, hla ceey hna U(Qn)) - / U(Qn)(sn’ SRR PEUES PR 82”)
R2n

x ) (H gl,h()](sl,smﬂm))@ﬂ(sl,... WU (dsy - dsa). (39)

TESH 1=1

Below, in Section 4, we will explicitly construct a class of gauge-invariant quasi-
free states, but before doing this we wll now construct operator-valued integrals in the
Q-Fock space.

3 Operator-valued integrals in the ()-symmetric Fock
space

In this section, we will assume that X is a locally compact Polish space, Z(X) is the
Borel o-algebra on X, and m is a reference measure on (X, #(X)). We assume m to be
a Radon measure (i.e., finite on any compact set in X) and non-atomic. Analogously
to subsection 1.1, we assume that A is a measurable, symmetric subset of X? and
satisfies m®?(A) = 0. We also assume that D C A, where D := {(z,z) | z € X} is
the diagonal in X2. We denote X2 := X2\ A. We fix € R and consider a function

15



Q : X2 — C such that |Q(z,y)| = 1 and Q(z,y) = Q(y,z) for all (z,y) € X2, and

Q(z,y) = n for all (g, y) € A.
Analogously to X2, we define, for each n > 3

—{xl,..., € X" | (zj,x;) g Aforall 1 <i<j<n}

Let n > 2. A function f® : X" — C is called Q-symmetric if for any 1 € {1,...,n—1}
and (z1,...,x,) € X", formula (8) holds. Since m®"(X™\ X") = 0, the function f
is defined m®-a.e. on X™. We define the function Q, : X” — C by formula (9), and
the Q-symmetrization of a function f™ : X" = C by (10). The definitions of J#, ¢,
S Py, FOUA), FE(A), at(h), and a~ (h) are now similar to subsection 1.1.
Let £1,..., 8 € {+, —}. Analogously to (24), (25), we define a linear mapping
=) L HEX (X s ComlY ) - LY(XF - ¢ m)

ST

Eélf) o [y ] () = (@) - ()5 (2, ), (40)

.....

where hy, ..., hy € S and »%) € L®(X* — C, m ;). We denote by G ,, the

..........

range of this mapping. Our aim now is to construct operator valued 1ntegrals of the
form (21) with ¢®) = =k) e [P, By 2.

I U
The following proposition follows immediately from the definition of the creation
operator, a*(h), and [10, Proposition 3.2].

Proposition 9. Let Z () :== @, #E" denote the full Fock space over #, and let
the space Fgn(H) be defined analogously to ﬁﬁ(%) For h € ¢, we define linear
continuous operator b (h)and b~ (h) on Fg,(H) by

b+(h)f(”) =h® fm,
B, n) = 2 | rwee- Qi)
X fO (g, wi, T, ,xn,l) m(dy), f" e e (41)
Then, on g, (), we have
a*(h)P = Ph*(h), a~(h)P = Pb=(h). (42)
Here, for f € ", we define Pf™ = P, f(.

Using the notation (4), we conclude from here the following corollary.

16



Corollary 10. For any f1,...,8x € {+,—} and any hy,..., hy € A, we have on
Fo(H):

) K(dwy -+ dwy) ha(@y) - - hy(ag) 0L - OF = Pb (hy) -+~ b (hy).  (43)
X

Here we denoted

F(day -+ - dag)hi(z) - by (g)OFL .., O

P M

= (/Xm(dgcl)Mx1 am)- (/ m(dxy)h(zy @ﬁ’,‘;)-

Let f™ ¢ H". Using Corollary 10, we can write down the action of the operator
in formula (43) on f™ through the function

©®(zq,. .. ,xk) = hy(zq) - hy(xg). (44)

(Note that this function is defined mﬁ 4,-a.e.) For example,

.....

( (dyl dyQ dy?)) (yh Y2, y3)ay18yga;_3f(n)> (xla s 7xn—1)
X3

= nl{ Z (dyl d?/z) (yl y27y2)

i=1 X2
x [Qyr,z1) - Qyr, i) F™ (@1, - T, Y1, Ty -y Ty

+Q(y27yl)Q<y27$l)"'Q(y%xi 1)f(n)($1,.. y Li— 17y2axi7"'7$n—1)]
n+1

+Z “*(dy, d?/2) (y1,y2,$1 {ZQ Y2, y1)Q(y1, 1) - - Qy1, Tj1)
X Q(y% T1)-- Q(?/Q, xi72)f( )(fl’27 ey X1, Y1, Ty T2, Y2, Ti—1, - - 7331171)

+ZQ y1,@1) - Qyr, 2j-1)Q(y2, 1) - - - Q(Y2, Ti1)

n
X f( )(l'g, ey L1, Y2, Ty o X1, Y1, Ty - 7$n1):| }

As easily seen, we can replace in the obtained formulas the function ®) of the form

(44) with a function ¢*) being given by the right hand side of formula (40). As a result,
for each ¢® = Eéf)ﬁk [hh s b, 72 k} € G ,,,,,

linear operator on .Z< () which is denoted as in (21) or by ]( g (P oo b, k).

.....

Note that this operator indeed depends on the values of the functlon OB (zy, ... 1) =

4,» We have constructed a continuous

77777



The following proposition follows from the construction of the operator-valued inte-

grals (compare with [10, Proposition 3.8] regarding the corresponding statement about
the @Q-CR).

Proposition 11. The above constructed operator-valued integrals I (hl, ooy hiy 2e))
satisfy the azioms (A1) (A5) that are obtained from the axioms (Al) (A5) by replac-

ing the space L*(R* — C, Vﬁ #) by L2(XF = C mﬁk) )

Let us note that we initially had operator-valued integrals Iﬂ(i)-..,ﬂk(hl’ ooy hy, 22))
for ) = 1 and then we extended them to an arbitrary function »* € L*(X* —

C,méf)mﬁk). The following lemma shows that, under natural assumptions on the
operator-valued integrals, this extension is, in fact, unique.

Lemma 12. Assume that the operator-valued integrals I (hl, <oy hi, %)) acting

on Z, n(,%”) satisfy the azioms (A1), (A2) and the followmg assumption: for any
hi,....,hy € H¢ and any F,G € ﬁ’ﬁ%l(ji”) the linear functional

Lo(XF > Com )2 5® = (1Y, (h,. . e, ), G) eC

FQA)
is continuous and is given by a complez-valued measure on X*. Then the equality
B9 (b i 1) =19 (b, By, 1) (45)
implies the equality
Y (b b @) = 19 (o, g, )
for all %) € L>(Xk — C’méf?---,ﬁk)'

Proof. Denote by ﬁlélf)ﬁk[F, G;hy,...,h] the complex-valued measure on X* that
satisfies, for all ) € L=°(X* — C,mjglf?__,ﬁk),

X

= (I, (... hi, ) F,G) (46)

FA)
As easily seen from the construction of the operator-valued integrals, there exists a
complex—valued measure mék) AF G ha, hk] on X* that satisfies equality (46) in

which mjj 1ot and ] 4, are replaced with mﬁ ., and I 4+ Tespectively. Hence, it
suffices to prove that

) L (FGih. ] =m L [FiGihe . . (47)

-----
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Fori e {1,...,k}, let A; € #(X) and denote by x4, the indicator function of the set
A;. We have, by axiom (A1) and (45),

ﬁiék) [F G h‘l?' . 7h‘k]<A1 X X Ak) = (fﬁ(k) ﬁk(hlu s hk?XAl ’ ”XAIC)F7 G)ﬂ‘Q(jf)

= (I s (xas - hixa DE.G) so ) = (B (hixar, - hixas DE.G) o )
k
=m? | [FGiha, .. by (Ap x - x Ay),

.....

.....

which implies (47). O

We note that, in this section, we have not yet used the value of the function ) on
the diagonal.

Proposition 13. The following relation between operators 9 and 0, holds in the
obtained representation of the Q-CR algebra in the Q-Fock space FO(H):

970, = Q(x,y)9, 95 —nd(x,y). (48)

Here [y [P (z,y)0(z,y) mP*(dzdy) = [, [P (z,z)m(dz). A rigorous meaning of
relation (48) is given analogously to formulas (30)—(32) (see also formulas (50), (52)
below).

Proof To smlphfy notation, let us consider the case of an operator-valued integral
I (hl, ha, ). Since X? can be represented as the disjoint union of X2 and A, we
have

1(2)_<h1,h2, ©) = 12 (b 5P xga) + 18 (B, o, 5 Pxa).

But I "~ (hy, ha, ¥ xA) = I ”_(h1,h2,0) = 0. Hence, in view of the relation
9, 0, = d(x,y) + Q(x,y)9, 9, ,
we get

]5’2,)—(]7/17 ha, %(2)) = ](2 " (ha, ha, 5 sz) =1° (th ha, (V)5 ))XXQ) (49)

where
‘11'1%(2)(561,1:2) = %(2)(x2,x1)Q(x2,x1). (50)
On the other hand

I£2,)+(h2, hy, ‘11/1%(2))
= 1), (hy, by, (W) 5eP)x 52) + / hi(2)ha(2) %@ (2, 2)Q(x, x) m(dx)
X

— 1) (h, b, (WD) x50) + 17 /X hi(2)ha(2)® (2, 2) m(dz). (51)
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By (49) and (51),

1P (hy, by, 52) = 1P, (hy, by, W, 5?) — / hi(2)ha(2) 3 (2, 2) m(dz).  (52)
X

[]

Remark 14. Assume that X = R? with d > 2, m is the Lebesgue measure on X and
Q(z,y) = Q(x',y'). Then, we have the inclusion ]Fé’f) g, C Gg’f 4,» Where we identify

..........

each function v®(sy,... s;) € L®(RF — C, I/ﬂ(f)ﬂk) with the function

%(k)<x1, R ,a:k) = U(k)<$%, S 71:]1@) € LOO(Xk — (C’mélf) ﬁk>‘

-----

Thus, the above constructed operator-valued integrals give a representation of the Q-
CR algebra in the Fock space .Z 9 ().

4 Construction of gauge-invariant quasi-free states

In this section we again assume X = R? with d > 2, m is the Lebesgue measure,
Q(z,y) = Qz',y') for (z,y) € X* and Q(z,y) =n € R for (z,y) € A.

4.1 The operators K, Ky

We fix continuous linear operators K; and K5 in 7. We assume that these operators
satisfy the following condition.

(C) For a bounded measurable function ¢ : R — R, let M, denote the continuous
linear operator in . given by

(Myf)(at, ... 2% =) f!, ... 2%, fe.

Then, for any bounded measurable function ¥ : R — R, both operators K; and
Ky commute with M.

Remark 15. Condition (C) implies that, for any bounded measurable function ¢ : R —
R, both operators K| and Kj commute with M.

Remark 16. Condition (C) is satisfied if K; = 1® K; (i = 1,2), where K; and K,
are any continuous linear operators in L?(R4"! dx?---dx?). In the general case, the
operators K; have the following structure:

(K f) (2, 2%, ... 2% = (I?i(xl)f(xl, N .2, i=1,2,

where, for each 2! € R, K;(x!) is a continuous linear operator in L2(R*"!, dz?- - - dx?)
such that K is a continuous linear operator in 7.
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Remark 17. The results of this section with a proper modification will also hold for
X = R. In this case, condition (C) just means that both K; and K, are multiplication
operators. In fact, under the latter assumption, we could deal with an arbitrary locally
compact Polish space X and a function @) as in Section 3.

We extend the operators K; and K by linearity to .#¢, the complexification of .77.

Remark 18. Note that, for each h € %, we get K;h = K;h and similarly for K7,
i=1,2.

Let i1, ...,4, € {1,2} and let us consider the operator K;, ®---® K;, in H°F. Let
hi,...,h, € 2% and let v®) € L=(R* »*)). Then

go(k)(xl, ooy Tg) i=hy(zq) - - hk.(xk)v(k)(a:%, . ,x,lg)

belongs to %®k. By using condition (C), we get the following equality in %®k, hence
m®-a.e.:

(Ki, @ @ K; )™ (21, ..., 2) = (K ha) (1) - (K he) (@)™ (2} ah).
Hence, we may define a linear operator
K ® - ®Ky; : Fé’f)ﬁk — FP®
by

,,,,,

.....

sentation (26).

4.2 The representation of the ()-CR algebra corresponding to
the operators K, K,

Given operators K, K, satisfying condition (C), we will now construct a corresponding
representation of the )-CR algebra. Our construction is reminiscent of construction
of quasi-free states for the CCR and CAR cases using the representations of Araki,
Woods [3] and Araki, Wyss [4], respectively.

Let X; and X, denote two copies of the space X. Let Z := X; U X5 denote the
disjoint union of X; and X;. Thus, Z = X x {1,2}. We equip Z with the product
topology of the space X and the trivial one on {1,2}. In particular, Z is a locally
compact Polish space. With an abuse of notation, we define a measure m on (7, #(2))
so that the restriction of this measure to X; (or X, respectively) coincides with the
measure m on (X, #(X)). In particular, we get

L*(Z — C,m) = L*(X; — C,m) ® L*(Xy — C,m) = ¢ © H#z.
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On some occasions, we will identify a point (x,y) € Z* with the corresponding
point (x,y) € X2, i.e., we forget which of the two copies of the space X the points
and y belong to. So, again with an abuse of notation, we define a subset A of Z2 which
consists of those points (x,y) € Z? for which (z,y) € A, where the latter A is the
above introduced subset of X2. Note that m®*(A) = 0 and A contains the diagonal in
Z?%. Similarly, if ¢ : X? — C is a function on X? and if (z,y) € Z2, we will denote by

é(x,y) the value of the function ¢ at the corresponding point (z,y) € X2
Let a function JQ : Z2 — C be defined by

Qz,y), ifx,ye Xjorazye Xy,

54
Qly,x), ifre X, ye Xoorze Xy, ye Xj. (54)

JQ(z,y) = {

In particular, JQ(x,y) = n for all (z,y) € A and |[JQ(z,y)| =1, JQ(y,z) = JQ(x,y)
for all (z,y) € Z%:= Z*\ A.

So, according to Section 3, we can define the JQ-Fock space over L*(Z, m), i.e.,
FIC(L*(Z,m)). For x € X, we denote by 97, and 0., (i € {1,2}) the creation and
annihilation operators at the point x being identified Wlth the corresponding point of
X;. Thus, analogously to (4), we may write, for h € ¢,

*(h,0) /mdm ZARH ~(h,0) mdz ) h(x) 0,1,
(0, h) /mdx (2)0y 5, ~(0,h) /mdmh (55)

We now define (informal) operators D and D, (x € X) which satisfy, for each
h € H¢:

/Xm(dx) h(z)D;} ::/Xm(d:v) (th)(x)0;1+/)<m(dx) (th)(x)a;Q, (56)
/X m(da) h(z) D = /X m(dz) (Kih) (2)0, + /X m(d) (Koh) ()05, (57)

We will now show that, under the assumption (64) below, the operators D, D, satisfy
the @Q-CR and lead to a representation of the ()-CR algebra. The latter algebra will
be generated by the operator-valued integrals

~(k
Jél) (hlv"‘vhknv(k))

= m® (dwy - - - dwy) ha(zy) - "hk(xk)v(k)(‘x%v-"7xllc)D§cl - D (58)

T
Xk g

where f1,...,8 € {+, =}, h1,...,hy € H, and v®) € L"O(Rk,yéi)wﬁk). In view of
(53)—(57), we can now easily formalize the definition (58).
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We define operators J# : A — At B A by

J4h = (K1h,0), Jhh:=(0,K2h), he HAt. (59)
We also denote
s(1,4+) ==, s(2,4) =4, s(l,—):=+, s(2,—):=—. (60)
Using these notations, we can rewrite formulas (56), (57) as follows:

/mdm /mdac ) (U£1h) /mdx ) (Aah) ()93 D),
/mdm /mdxji/l /mdm% )85(2)

For gi,...,gx € #¢ ® H¢ and >\ € L>(Z" — C, mti 77777 4.)» we denote by

Iﬁ(1,).,.,ﬁk (91,-- -, 9K, %(k‘)) o

the corresponding operator-valued integral in the JQ-Fock space .# 79 (L?(Z, m)) acting
on .Z/9(L2(Z,m)) as defined in Section 3.
We now give a rigorous formulation of the definition (58). For any f,...,8; €

+, =}, he, ..., hy € %, and v* ELOORka) , we define
1,08k

77777

~(k
30 (hy o)
= > zgg?hm (Hishis. ., Kby, B2 o), (62)

----- 5(ik,fik) Loy

where the function 9? o) e Le(ZF — C mﬁl 4,) 1s given by

-----

(%gk) v(k))(xl ) = oW (2l ), i (2, m) € Xy X X X,
Y 0, otherwise.

(63)

Theorem 19. Let K; and Ky be continuous linear operators in 7 which satisfy con-
dition (C) and

Let the function JQ : Z — C be defined by (54). Let for any t1,..., 4 € {+,—1},
hi,..., hy € %, and v®) € L>°(RF, I/ﬁ(f)ﬂk), a continuous linear operator

~(k
Jé : ﬁk(hly .- 'ah]mv(k))

on FI(L2(Z,m)) be defined by (62). These operators satisfy the azioms (A1)—(A5).
Thus, the algebra A generated by these operators gives a representation of the QQ-CR
algebra.
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Proof. Axiom (A1) follows from condition (C) and the considerations in the last para-
graph of subsection 4.1. Axiom (A2) is trivially satisfied. Axiom (A3) follows from
the corresponding property of the operator-valued integrals (61) and and Remark 18.
Similarly, axiom (A5) is trivially satisfied. So we only have to check the axiom (A4),
i.e., the Q-CR relations.

We will prove (A4) only in the case & = 2. The general case will follow from the
case k = 2 by an easy generalization, which we leave to the interested reader.

So let hi, hy € 5 and v® € L*°(R? — C, V_(f’)_f_), we get from (54), (59), (60), (62),
(63), Proposition 13, and the JQ-CR satisfied by the operator-valued integrals (61):
3, (hl, hz, ®) = 12 (A, %hz,%ﬁv@) + 19, (Hshy, Hoho, B530)
%hl,%hQ,%v(?)) P (Hoha, Hiha, B 0P)
%hz,%hl,%ﬁ D00 + Ifl(%hz,%hl,%ﬂw@)

P (A, Ay, T 00 + 1) (Hiha, Hohn, 23010

= J+,+(h2,h1,\1/1v 2).
By taking the adjoint operators, this also implies that
@) (h1, ho, v?) =32, (g, hy, U10@).
Using additionally Remark 15 and (64), we get

32, (h, ho,v®) = 1) (Jiflhl,%hQ,@ﬂv@)+J£21(%h1,%h2,%§?3v<2>)
+I++(%h1,%h2,%’12v<2>>+1 \(Hahy, Hohs, By v®)

2152,+(¢%/1h2,¢%/1h1,%’£21\11’1v )—77/(thl)(l")(thz)(iU)U@)(xl,l"l)m(dx)
X
) (Strha, Hohy, ROV 0P) + 1P, (Hsh, Hihy, B0 P)
(%hg,%hl,ﬁ22W;v( ))+/(thl)(l’)(thg)(l')U(z)(271,[L’l)m(dQT)

X

jf,)_(hg, ha, \11’17](2)) 4 / ((—nKTKl + K;Kz)h1)<x)h2($)v(2) (xl’ xl) m<dx)
X

:jf’)(hg,hl,\lﬂl?}@))—f-/ hy(2)ho(2)vP (21, 21 m(dz).
X

]
Corollary 20. Let k € N, k > 2. Let g € C be such that ¢ # 1 and ¢* = 1. Then, for

each h € ¢, .
( /X m(dz) h(az)D;) = 0.
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Proof. Immediate by Theorems 6 and 19. O

Remark 21. Tn fact, a more general statement can be shown on the space .Z4° (L*(Z,m)):
Let the conditions of Corollary 20 be satisfied. Then, for any hy, ho € ¢, we have

(/Xm(dm)h1(x)8m —|—/Xm(al:z:)h2(x)&zjvz)Ic = 0. (65)

We leave the (nontrivial) proof of formula (65) to the interested reader.

4.3 The associated state
Let A be the complex algebra from Theorem 19. We define a state 7 on A by

7(a) == (a8, Q) zrar2(zm)), @€ A. (66)

Theorem 22. The state T defined by (66) is a gauge-invariant quasi-free state on
the Q-CR algebra A.. The state T is completely determined by the self-adjoint positive

operator T := K} K, in % and satisfies, for any g,h € H#z and v® € L*(R?, l/_(f)_>,

SO (gh.0®) = [ @) (TH) @) ! 0" () (67)

or equivalently

S(l’l)[% h(s1,s2) = Xp(s1, 52)/ g(s, 2% .. ) (Th)(s1,2%, ... a%) da® - da.

Rd-1
(68)
In formula (68), D = {(s1,s2) € R* | sy = s2}.

Remark 23. Note that, by (64), in the case n < 0, the operator T" additionally satisfies
T <—1/n.

Remark 24. Note that the representation of the )-CR algebra from Theorem 19 de-
pends on operators K; and K satisfying (64), while the state 7 from Theorem 22

depends only on |K| := /K K.

Proof of Theorem 22. Forany g1, ..., Gk hi,..., hy € 5 and v#+7) € L°(RF", k)

Bkt

with iy = --- =& = +, fx41 = - - = k4 = —, We have by (59), (60), (62), (63), and
(66),

S(k’n)@k; - 01, h‘l? ey hn7 U(k+n))

(Jth ----- fetn (g’“""’gl’hl""’h”’v )Q Q)ﬁJQ(LQ(Z,m))

k+n
(I( - Breqnofinyellk (‘%/191‘“ s g,

jik;J,»l 7777
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Kb, o Ko, BV )0, 0) . (69)

""" FIQULA(Z,k))
Hence S™ = 0 if k # n, and for k = n we get from (69):
ST (o, g b, g, @)
- (1(2") i s (Kigur - Kagr, Kby, Kyhy, o), Q) . (70)

fntisns FQ(L2(X,m))

Note that formulas (67), (68) trivially follow from (70) with n = 1.
For the general n € N, analogously to the proof of Lemma 12, it suffices to consider
the case where

0(2")(51, ey Son) = Un(S1) U (Sp)wr(Spa1) <o We(S2n), (71)
where uy, ..., U, wy, ..., w, are indicator functions of sets from Z(R). Denote
gi(z) = gi()w(x),  hi(z) = hi(2)wi(a'), z€X,i=1,...,n
We get from (A1), Remarks 15, 18, and formulas (10), (70), (71)
S (g g by B, v)
(12 iy (Gl gl KGR, O, 1)9,0)

ﬁn+1 ~~~~~

FRL2(X,m))

([ mide) (Koo,

o [ mlaen (gt e, (i) -+ (im0, 0)

::(ughﬁ()~.®(K}M)JR}%)CM‘WD(KM%DgQ@wxm»

=nl (Pa(Kihy) ® - ® (Kihy), (Kigh) @ -+ @ (Kug))) om

= > ([(Kiblyy) @ -+ @ (Kihly)] Q, (Kigh) @ - @ <KI%))%®"
TESh

=D (K@ @ KNQ:(K @ @ Ki)(hpy @ -+ @ M), 1 @ D7) e
ﬂESn

ﬂ‘ES’n

=2 [ Qulats e 2) (Tha) (@) g1 (21) -+ (Thn(u)) (@) g (1)

ﬂ'GSn Xm

FQ(L2(X,m))

X un(2}) -t (2 Ygqry (2}) - gy () M (dey - - dir,)

= /X n (g gim)(Thﬂ(i))(rci))Qmi,-'w;)

TESK
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X U(Zn 711,- 351, 7r_1 ...,x}r_l( ))m®"(d:f1"'dIn)
= Z/ H/ i(si, 2%, ..., d)(Thﬂ(i))(si,xQ,...,xd)de...dxd
TESh Rd= 1
X Qr(s1, ... W(Sny e ey 81y Sn-1(1)s -+ + s Sa—i(my) dS1 -~ dsy,
o Z / (HXD Sis Sn+tm(i) / gi(Si,SL’2,...,l’d)<Th7r(i))(8i,:L’27_,_,xd) dx2dxd>
R2n Rd-1
TESK 1
X Qw S1y...,8 Sn,.. 81,5n+1,...,82n) Vﬁ(fﬁ).,ﬁzn(dsl“'dSQn)
(st S
RQ’VL i—1
X Qﬂ' S1, .- (Sn7 ey S1,Sn41, - - 75211) Vﬁ(fiL-)-7ﬁ2n(d51 e d82n>~ (72)
Hence, by (39), the theorem follows. u

The following corollary immediately follows from (68) and (72). The reader is
advised to compare it with formulas (18)—(20).

Corollary 25. Let v®") : R?" — C be identically equal to 1. Then, for any g1, ..., gn,
hl?"'7hn 6%7

S(n’n)(gna -5 g1, hl? T hn’ 1)

= Z / (H gz xz Th?f(z (xz)> QTI’(xlu N/ ) ®”(dx1 .- 'da:n).

TESH

Corollary 26. Let n > 0. Let T be a continuous linear operator in € that is self-
adjoint and positive. Assume that, for any bounded measurable function 1 : R — R, the
operator T commutes with My, (see condition (C)). Extend T by linearity to 7. Then
there exists a gauge-invariant quasi-free state 7 on the Q-CR algebra A that satisfies
(67).

If n < 0, the latter statement remains true if the operator T additionally satisfies
0<T < —1/n.

Proof. Choose K := /T, Ky := /T + 5jT. Note that K, and K, satisfy condition (C),
see Remark 16. Now the corollary follows from Theorem 22. O

5 Particle density

Let operators 0, 0

T 0, (x € X) satisfy the ACR. We heuristically define the particle
density by

plz) =00, zeX.

T T
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It follows from the Q-CR that these operators commute, cf. [19,22]. Indeed, for any
r,y € X,

p(x)ply) = 070, 0,0, = d(x — )0y 0, + Qx,y)0; 0,0, 0,

x Y Yy Ty Yy Ty Ty
= d(z —y)0y 0, + Q(y, )0, 9,0, 0,
= 0(x —y)0y 0, + 070,050, —d(x —y)070, = p(y)p(x).

In this section, we will study the particle density corresponding to the gauge-
invariant quasi-free state from Theorem 22 with T = k21, where x > 0 is a con-
stant. In the case n < 0, we additionally assume that x* < 1/n. Thus, we set
K; = k1 and Ky = /1 +nk%21. We will see below that, in order to properly define
Jx m(dz) p(z)p(x) for a test function ¢ : X — R, we will need a certain renormaliza-
tion.

We will also assume that n = Rq. Note that, with this choice of 7, we get

Q(z,x) = %( lim  Q(x,y)+ lim Q(x,y), xr e X.

=y, cl>yl =y, rl<yl

We will use this value of Q(z,z) as a ‘limiting value’ of Q(z,y) (21 # y1) when per-
forming renormalization.

5.1 Renormalization

We start with heuristic calculations. By (56) and (57) with the above choice of the
operators K and Ky, we get

Djzma;ﬁ\/wm?a;?,
D, = k07, + /14 nk20,,.

Hence, the corresponding particle density is given by

p(z) = DS D, = k\/1+nk? R(z), (73)

where

R(z) = 0;28;,1 + 650_,16;2 + 5_18;18;1 + 68;28;,2 (74)

with 6 := y/n+ k2. We denote by Z the space of all real-valued infinitely differ-
entiable functions on X with compact support. For each ¢ € &, we denote p(yp) :=
Jx m(dz) p(z)p(x). We denote by R the real commutative algebra generated by p(p)
(p € 2) and constants. The involution on this algebra is the indentity mapping. We
would like to define a vacuum state 7 on R analogously to (66). However, we are not
able to intepret p(¢) as a linear operator in .#79(L%(Z,m)). So we need a proper renor-

malization. For this, as discussed in Introduction, we will use Ivanov’s formula [25] in
the form §2 = é.
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Below we will denote by ® symmetric tensor product. Let 2%™ denote the nth
symmetric algebraic tensor power of Z, i.e., the vector space of finite sums of functions
on X" of the form fi®---® f,, where f1,..., fo € 2. For each f™ € 2" we denote

W(f(n)) = m®n(dw1 e dxn)f(n)(xlv s ,xn)3+ a+

1,27 21,1
X'I‘l

- 0F L0 Q.
We stress that W (f(™) is treated as a formal expression. Note that, for fi,..., f, € 2,

W(fio---0f)= (/X m(divl)fl(iﬁl)a;ga;,l e /X m(dxn)fn(xn)a;nza;nJ)Q?

where we used that 9,0 ; and 0, ,0, ; commute for i # j. We also set 2% := R

and for f© € R, we set W(f(©) := fO0. We denote by F4,(2) the real linear space
of vectors of the form

F: (f(0)7f(1)7'"’f(n)70707"')’
where f; € 2. For such F € %4,(2), we denote

W(F) = ZW(f@).

The following proposition will be central for our considerations.

Proposition 27. For each ¢ € &, we define a linear operator

~

R(p) : Fin(Z) — Fu(P)

R(g) = a* () + (B + B 0)a®(@) + af () + naz () + 5~ /X p(x)m(dz).  (75)

Here a™ (i) is the symmetric creation operator: for f™ € 2" we have a*t (o) f™) =
©® fM;a%(p) is the neutral operator: for fi,...,fn € D

PO Ofa=) OO (pf) O @ fu;
i=1
aj (@) is the annihilation operator:

@Dh o0 =Y [ @hle)mdn) o0 fioo f
=1
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where f; denotes the absence of fi; and a; (@) is an annihilation operator which acts
as follows:

n

(P 1@ O fu =D Y [1O O fuinfiy-1© (2fif;) O+ © fanax(iy © -+ O fo-

i=1 j#£i
Let

R(p) = /X m(d)p()R(x) = (xy/TT72)  ple).

Then, the JQ-commutation relations satisfied by 8;71», 0.4, the condition 9, ) =0, and

the renormalization formula 6% = & imply that, for each F € Fgn(2),
R()W(F) = W(R(o)F). (76)

Proof. We trivially get
| m o058, WE) = W (o)) (77)
For each f(" € 2% we have

/X m(dy) ()00, W () = /X MO (dy day - den)p(y) [ s . )

n—+1
Note that
3;28;28;::,1 = 5(9 - xi)(sa—;,l + Q(yv xi)a;:-,Qay_,2a;;,l
and for ¢ # j
8;,18;728;1 = 8;728;718;71. (79)
Hence,

r1,27x

=D 0y —2)0,,05 208 1+ (07,2, 051) "+ 05, 207 10F 2. (80)
i=1

Here and below (---) denotes the absence of the corresponding term. Similarly, we
have
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= Q(zy, ?/)a;;gé(y — ;) + 85,28;;;,18;1

= 778;“],725(3/ — i)+ 8;:_728;;718;1, (81)
Thus, using (79) and (81), we continue (80) as follows:
=1 Z Z 6(y — x:)6(y — xj)a;,za;rl,l T (a;rmx{i,j}za;max{m},1)v' ) '8;;,28;,19
i=1 j#i
+ Z 5(9 - xi)aa;,Qaa—;,l T (3;:,2, @ZJ)V' T aa_:'—n,2a:n,la;18;:,19‘ (82)
i=1
We also note that
0(y — 24)0,,0F 1Q = 0*(y — ;)2 = 0(y — 2;)Q. (83)
Hence, by (80), (82), and (83),
/X m(dy)e(y)0, 10,5 W (f™) =W ((a7 (¢) +naz () f™) . (84)
Similarly,
5’;28;23;’28;71 T 8;;726;”’1{2
= a;r,z Z oy — 551:)8;1,289;,1 T (82,2)v8:j¢,1 T 8;:;,28;,19
i=1
= Z oy — 531’)3;726;,1 e (82,2)@;28;,1 T a:mZ@;le
i=1
= Z 5(y - wz‘)ajlzagjl,l e '65,28;71 T 8:%28;:“197
i=1
which implies
m(dy)e(y) 0,50, W (f™) = W (a®() f™). (85)

X
Finally,
— a9+ a9+ o+ + ot
ay’layvlaxly2axlyl U al'n72amn»1Q
_ a9—- 9+ ot + a9+ o+
- ay,laxh?axhl o 'axn,2axn,1ay,1Q

= Z oy — xi)@;Q@:{lJ T 8;72 (8;,1) T 8;725;"718;19
i=1

OO -0 08 105,000

z1,27w1,1 )
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=n Z 6(y — Ii)a;lﬂa:;,l T 8;28;,1 t -8;7289‘;?19
i=1

+ 0,0

r1,2% 1,1

+ oot
e awngaanQ-

Here we used that

/ (@)oo = [ m®(dy du)s(y — u)p(y)0; 1009
X

X2

= [ m®(dy du)d*(y — u)p(y)Q

X2

= [ m®(dydu)d(y — u)p(y) = /XSO(y)m(dy)Q-

X2

Thus,

[ ) )25, 057 = W) f) + [ clnym@n ). (56

X

Now, formula (76) follows from (74), (77), (84)—(86). O
Corollary 28. We have
{rQ|reR}={W(F)|F e Fu(2)}.

More precisely, for each F € F4,(2), there exists a unique r € R such that W (F) =
r$). This correspondence is given through formula (76). Vice versa, for each r € *R,
there exists a unique F' € F4,(D) such that W(F') = rQ holds.

Proof. By Proposition 27, we have, for ¢ € Z,
R(p)Q =W(p) + 57

Hence
W(p) = (R(p) — 5710 (87)
By (75) and (76), for any n > 2 and fi,..., f, € Z,

W([io0fu)=RAW(f20:-0 fr)

- (|6 57 +a (0 4w (1) + 57 [ fiwyman)| o 05,
(3%)

Hence, for F' € Z4,(2), a unique representation of W (F') as rQ (r € R) follows by
induction on n and formulas (87), (88). The converse statement follows immediately
from Proposition 27 by induction. O]
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Corollary 28 implies that, for each r € fR, there exists a unique vector
F=(fO M . f™0,0,...) € Fu(?) (89)

such that

r{) = f Q + Z dxl de)f (mlv SR )8361 28;51 17 8;728;719’

Thus, we can rigorously define a linear mapping 7 : 8 — R by 7(r) := f©. However,
since we used the renormalization, from our construction of 7 is not a priori clear
whether 7 is positive definite, i.e., whether 7(r?) > 0 for each r € R. So, our next aim
is to decide whether positive definiteness holds.

5.2 Measure-valued Lévy processes and positive definiteness
of 7

We start with preliminaries on measure-valued Lévy process. For more detail, see
e.g. [23,26-28,31].

Let M(X) denote the space of all Radon measures on X. We equip M(X) with
the topology of vague convergence. Let Z(M(X)) denote the corresponding Borel o-
algebra on M((X). Let (€2, .27, P) be a provability space. A random measure on X is
a measurable mapping v : Q@ — M(X). A competely random measure is a random
measure 7 such that, for any mutually disjoint sets Ay, ..., A, € %By(X), the random
variables (A1), ...,7(4,) are independent. Here %,(X) denotes the subset of Z(X)
that consists of all bounded sets from Z(X). A measure-valued Lévy process is a
completely random measure 7 such that, for any sets Ay, Ay € HBy(X) with m(A;) =
m(As), the random variables y(A;) and 7(A,) are identically distributed.

It follows from [27] that a random measure v is a measure-valued Lévy process if
and only if there exist a constant ¢ > 0 and a measure ¢ on R, := (0, 00) satisfying

min{s, 1} {(ds) < oo

Ry

such that the Laplace transform of v is given by

E (eU) = exp {C/Xf( m(dz)+ //}R+ @ 1) ¢(ds)m(dz)|, f € Co(X), f<O.

(90)
Here Cy(X) denotes the Space of real—valued continuous functions on X with compact
support and (f,7) = [, f X . The measure ( is called the Lévy measure of the

measure-valued Levy process 'y
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Let K(X) denote the subset of M(X) consisting of all discrete Radon measures
on X, i.e., Radon measures of the form ), ; s;0,,, where the set I is either finite or
countable, s; > 0, and J,, denotes here the Dirac measure with mass at x;. We also
assume that x; # x; if i # j. A discrete random measure is a random measure which
takes values in K(X) a.s. Each measure-valued Lévy process 7 for which ¢ = 0 in
formula (90) is a discrete random measure.

The space I'(X) of multiple configurations in X is the subset of K(X) which consists
of all Radon measures of the form Zie 1 505, with s; € N. A point process on X is a
random measure v which takes values in I'(X) a.s.

The configuration space I'(X) is defined as the subset of I'(X') which consists of all
Radon measures of the form ), ; d,,. Each Radon measure ) ,_; d,, can be identified
with the locally finite set {x; | i € I} C X. A simple point process on X is a random
measure -y which takes values in I'(X) a.s.

It should be noted that if ¢ = 0 and ((R;) < oo, the measure-valued Lévy process
with Fourier transform (90) has the property that a.s. v = >, ; si0,,, where the set
{z; | i € I} islocally finite, i.e., a configuration in X. On the other hand, if {(R;) = oo,
the set {z; | i € I} is a.s. dense in X.

By choosing ¢ = 0 and the measure ¢ in (90) to be zd; with z > 0, one obtains the
simple point process v with Laplace transform

E (e9)) = exp [ /X (@ — 1) 2m(dz)].

This v is called the Poisson point process with intensity measure zm, since for each
A € Hy(X), the random variable v(A) has Poisson distribution with parameter zm(A).

Theorem 29. The functional T on the real algebra R is positive definite (i.e., T(r?*) > 0
for each v € R) if and only if n > 0.
Furthermore, if n = 0, then

T(p(fr) - p(f)) = E((fr, ) (f1.7), froee fu €2, (91)

where 7 is the Poisson point process on X with intensity measure k*m.

If n > 0, then (91) holds with ~y being a negative binomial point process. More
precisely, v is the measure-valued Lévy process with Laplace transform (90) in which

c=0 and
1S n ’“15
_ = iy 92
=32 () 1 o2

For each A € $By(X), the distribution of the random variable ~y(A) is the negative
binomial distribution

™
(1+H20)_M(A)/ni( n >n< %A)) 5. (93)

—2
p— n+rk
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Here, we used the standard symbol a™ = a(a +1)(a +2)---(a +n — 1), the so-called
rising factorial.

The proof of Theorem 29 is based on the property of orthogonal polynomials of
a Lévy white noise proved in [43, Theorem 2.1 and Corollaries 2.1, 2.3] and [5], see
also [9, Theorem 1.2]. We will now briefly explain this result in the special case of a
measure-valued Lévy process.

Let v be a measure-valued Lévy process such that ¢ = 0 in (90) (so that v is a
discrete random measure). We denote ('(ds) := s°((ds), the so-called Kolmogorov
measure of the measure-valued Lévy process v. We assume that ¢’ is a probability
measure on R, , and furthermore,

/ e® ('(ds) < oo for some € > 0. (94)
R4

The latter assumption implies that the set of polynomials is dense in L?(R,¢’). If
the support of the measure ¢’ has infinitely many points, we will denote by (pr)52, the
system of monic polynomials that are orthogonal with respect to (. These polynomials
satisfy the recurrence relation

spr(s) = prr1(s) + brpr(s) + agpr—1(s), k=0,1,2,... (95)

with p_1(s) := 0, a5 > 0, and b, € R.

Let assume that the o-algebra o7 from the probability space (€2, .o, P) is the min-
imal o-algebra with respect to which v(A) is measurable for each A € %y(X). We
denote by € &2 the set of continuous polynomials of v, i.e., the set of random variables
of the form

FO+> (D9, (96)
i=1

where f@) € 29 and n € N. If f® £ 0, we call the random variable in (96) a
continuous polynomial of v of degree n. Condition (94) implies that €< is a dense
subset of L*(Q, P).

Let us denote ¥ &2,, the subset of €< which consists of all polynomials of v of
degree < n. Let 4 &, denote the closure of € 2, in L*(Q), P) (measurable polynomials
of degree < n). Let 0P, = MP, S HP, 1, where © means the orthogonal
difference in L*(Q, P) (orthogonal polynomials of degree m). As a result, we get the
orthogonal decomposition L?(Q, P) = @:7,0%,. For f" € 29" we denote by
P(f™) the orthogonal projection of the monomial {f™, +®") onto €22,. Note that
P(f™) does not need to belong to €. For F € Fs,(2) as in (89), we denote
P(F) = Y7  P(f%). The set of all such random variables we denote by 0% %
(orthogonalized continuous polynomials).
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Theorem 30. Let v be a measure-valued Lévy process that satisfies the above assump-
tions. We have O6¢ P C € (and, in fact, OC€ P = € ) if and only is there exist
constants n > 0 and X\ > 0 with X > 2,/n such that: if n = 0 then ¢ = X\"265; and
if 1 > 0 then the measure (' has infinitely many points in its support and the system
(pr)22 of monic polynomials that are orthogonal with respect to (' satisfies the recur-
rence relation (95) with ar = nk(k+1) and by, = A(k+1). Furthermore, for any n and
A as above, we have, for o € P and F € Fy,(9),

- - -1
(e, 1)P(F) = P ([a* () + 2a’(9) + i (¢) + 13 () +2(A+ V2 —4) | F),
where the operators a™ (), a®(p), and ay (p), and a; (p) were defined in Proposition 27.

Remark 31. If n > 0 and A > 2,/7, we get from Theorem 30 and e.g. [12, Chapter VI,
Section 3] that the Lévy measure of the corresponding measure-valued Lévy process

1S
I /7 "1
= — — | = p_n
C n;(vz) Lk (v="1)k
with

vi=(A+ /A2 —4n)/2,

and for A € %y(X), the distribution of the random variable v(A) is the negative
binomial distribution

UQ—T] m(f“)/’ﬂi 0 ki m(A) (k)(s
V2 pe v2 ) k! n (v=3)k -

Thus, 7 is a negative binomial random measure.
In the case where n > 0 and A = 2,/7, the Lévy measure of v is

1 _ s
((ds) = —e Vads,
S1
and for A € %y(X), the distribution of the random variable y(A) is the gamma distri-
bution )
m A - m _u_
{n;ﬁ(m( )ﬂ u" e g (w) du.
n

Thus, v in this case is the gamma random measure, see e.g. [29,30,47]. The Laplace
transform of v can also be written in the form

E (e<f”>) = exp [— %/Xlog (1 — \/ﬁf(ﬂf)) m(dx)], feCG(X), f<0. (97)
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Proof of Theorem 29. Let n > 0. Set A = 8+ 3~ 'n. We have

2N+ /A2 —4n) " =

As easily seen, 3 > /7. Hence,
A=p+ % > 24/1).

Let vy, be the measure-valued Lévy process on X from Theorem 30 that corresponds
to the parameters A, 1. By Proposition 27 and Theorem 30, we get

T(R(fl)R(fn)) :E(<f1,'7>\,77>"'<fn7/7)\,n>)7 flv'”)an@' (98>

We define the measure-valued Lévy process v := k4/1 + nk2yy,. Let ¢ and (), denote
the Lévy measure of v and «, ,, respectively. Then ¢ is the pushforward of the measure
(ryy under the mapping Ry 3 s — ky/1 +1nk?s € Ry. By (73) and (98), we get (91).
Formulas (92), (93) follow by direct calculations from Remark 31. Note that, since the
Lévy measure ¢ is concentrated on N, « is a point process. The proof for n = 0 is
analogous.

Let us now prove that 7 is not positive definite for n < 0. Assume the contrary.
Let f € &. We easily calculate

rvirer?) =2( [ £e dx)+2n/f

From here we conclude by approximation that, for any cube A in X,
m(A)* +nm(A) > 0,
which obviously fails for A small enough. O]

Remark 32. In view of Theorem 29, we can rigorously understand p(¢) (¢ € 2) as
the operator of multiplication by (¢p,~) in the Hilbert space L?(§2, P), which maps
%2 into itself. It follows from [43, Lemma 2.1 and Theorem 2.1] that each p(yp) is
essentially self-adjoint on ¢ .

Corollary 33. Let n > 0. Denote by 7, the state T on R which corresponds to the
operator T = k*1. Let y be the gamma random measure with Laplace transform (97).
Then, for any fi,..., fn € Y, we have

Tim 7 (R -+ R(f) = Tim (sy/T402) " m(plfi) - plf2)
=E({(f,7) - (fas 7))
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Proof. The statement follows immediately from Proposition 27, Theorem 30, and Re-
mark 31 if we note that

lim ((n+ £ + (n+ 5727 20) = 2/, Jim (4 w772 =72
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