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SUMMARY

Among all 3D 8-node hexahedral solid elements in current finite element library, the best” one can produce good
results for bending problems using coarse regular meshes. However, once the mesh is distorted, the accuracy will
drop dramatically. And how to solve this problem is still a challenge that remains outstanding. This paper develops
an 8-node, 24-DOF (three conventional DOFs per node) hexahedral element based on the virtual work principle,
in which two different sets of displacement fields are employed simultaneously to formulate an unsymmetric
element stiffness matrix. The first set simply utilizes the formulations of the traditional 8-node tri-linear
isoparametric element, while the second set mainly employs the analytical trial functions in terms of 3D oblique
coordinates (R, S, T). The resulting element, denoted by US-ATFH8, contains no adjustable factor, and can be
used for both isotropic and anisotropic cases. Numerical examples show it can strictly pass both the first-order
(constant stress/strain) patch test and the second-order patch test for pure bending, remove the volume locking,

and provide the invariance for coordinate rotation. Especially, it is insensitive to various severe mesh distortions.
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1. INTRODUCTION

Because of relatively higher accuracy and lower computation cost, 8-node hexahedral isoparametric element is

often preferred in analysis of 3D problems [1]. However, for traditional tri-linear isoparametric element, when

dealing with solids and structures with complicated loadings or geometries, full integration model may suffer from

various locking problems and will be very sensitive to mesh distortions, while reduced integration model may

appear hourglass phenomena or lead to incorrect results. Among all 3D 8-node hexahedral solid elements in

current finite element library, some incompatible elements [1-5] are usually considered as the models with the best

precision because they can produce good results for bending problems using very coarse regular meshes. However,

once the mesh is distorted, the accuracy will drop dramatically again. This is a living example of the sensitivity

problem to mesh distortion, which is the core inherent difficulty existing in finite element methods. And how to

solve this problem is still a challenge that remains outstanding. Actually, the same difficulty is also hard to be

overcome even for 2D problems. MacNeal has proved that any 4-node, 8-DOF quadrilateral membrane

isoparametric element of trapezoidal shape must either lock in pure bending tests or fail to pass constant

stress/strain patch tests [6], and the similar limitation can be generalized to 3D 8-node hexahedral finite elements

[7]. It almost closes out further effort to design new element models with high distortion resistance.

For past 60 years, numerous efforts have been made to improve performance and capacity of finite elements,

such as the incompatible displacement methods proposed by Wilson et al. [2] and the modified version by Taylor

et al. [3], the reduced or selective reduced integration patterns [8-10] and the corresponding hourglass control

techniques [11-14], the enhanced assumed strain (EAS) methods [4, 5, 15, 16], the hybrid element methods [17,

18], the analytical interpolation method [19], the finite element-meshfree combination method [20], and so on.



However, it seems that no element mentioned above is truly beyond the limitation shown by MacNeal [6, 7].

Lee and Bathe [21] pointed out that the nonlinear transformation relationship between parametric and physical

coordinates may be one of the reasons that cause the sensitivity problem to mesh distortions. In order to avoid the

troubles caused by this nonlinear relationship, Long et al. successively established three forms of 2D quadrilateral

area coordinate methods (QACM-I, QACM-II and QACM-II1) [22-26] and a 3D hexahedral volume coordinate

method (HVCM) [27], in which the transformations between these new local coordinates and the Cartesian

(physical) coordinates are always linear, respectively. Subsequently, a series of new quadrilateral plane membrane

elements [25, 26, 28-33] and 3D hexahedral elements [27] were developed. Although many elements greatly

improve the distortion resistance for bending tests, all of them fail to strictly pass the constant stress/strain (Co)

patch tests. So, their convergence raised some queries and discussions [34, 35]. Cen et al. [29] and Chen et al. [36]

tried to make them pass the Co patch test, but the distortion resistance will be destroyed again for bending tests.

For developing distortion-immune elements, some researchers began to look for new formulations from other

theoretical space. Rajendran et al. [37-42] adopted the virtual work principle to establish a kind of unsymmetric

finite element method, in which the test and the trial functions for displacement fields are different and the

resulting element stiffness matrix is unsymmetric. For test functions, the conventional shape functions of

isoparametric elements are selected to exactly satisfy the minimum inter- as well as intra-element displacement

continuity requirements; and for trial functions, the polynomials in terms of Cartesian (physical) coordinates are

chosen to satisfy the completeness requirements in physical space. Since there is no Jacobian determinant in the

final formula for evaluating the element stiffness matrix, the resulting elements can still perform well even when

they are severely distorted. However, their method is only effective for constructing high-order elements, such as

8-node plane quadrilateral element US-QUADS8 [37] and 20-node 3D hexahedral element US-HEXA20 [38].

Furthermore, because the number of element DOFs usually does not equal to the number of items for a complete



polynomial in terms of Cartesian coordinates, interpolation failure may take place when the element is distorted to

certain shapes, and rotational frame dependence may also appear [43]. So, they are not convenient and effective

for practical applications. Cen et al. [44] developed a new 8-node unsymmetric plane element US-ATFQ8 by

introducing analytical trial functions and generalized conforming conditions. This element can overcome all above

defects and even produce exact solutions in linear bending problems (third-order patch test).

Recently, some significant progresses have also been made for developing low-order elements. Cen et al. [45]

successfully formulated an unsymmetric 4-node, 8-DOF plane element. The key technique is that the second

displacement field set (trial functions) employs a composite coordinate interpolation scheme with analytical trial

function method, in which the items 1, x, y and two sets of analytical solutions for pure bending state in terms of

the second form of quadrilateral area coordinates (QACM-II) are applied together. The resulting element

US-ATFQ4, which can be used for both isotropic and anisotropic cases, exhibits amazing performance in rigorous

tests. It can satisfy both the classical first-order (constant stress/strain) patch test and the second-order patch test

for pure bending, and is insensitive to various severe mesh distortions. Due to the isotropy of the natural local

coordinate QACM-I1I, US-ATFQ4 can provide the invariance for the coordinate rotation. The appearance of this

element seems that the limitation defined by MacNeal’s theorem can be broken through. Almost at the same time,

Xie et al. [46] also utilized similar procedure developed a 4-node plane element TQ4 and an 8-node hexahedral

element TH8. The major different is that they used a kind of local oblique coordinate method defined by Yuan et

al. [47, 48] together with Cartesian and isoparametric coordinates in their interpolation formulae. However, these

two elements can be used only for isotropic problems. Furthermore, an adjustable factor g varying from 0.01 to

0.0001 (B = 0.01 was adopted by [46]) is introduced into the interpolation matrix of element TH8 for enhancing

the element accuracy. In fact, because this factor has no definite physical significance, incorrect results may

appear if the factor is not appropriate (see Section 4.2 and Tables 4 and 6).



The purpose of this paper is to present an 8-node hexahedral element with high distortion resistance as well as
no obvious numerical defects. First, nine sets of analytical general solutions for linear stresses, linear strains and
quadratic displacements in terms of 3D local oblique coordinates (R, S, T) [47, 48], which are not found in other
literatures, are derived. These analytical solutions are also the Trefftz solutions [49]. Then, a new 8-node
hexahedral element is developed based on the virtual work principle, in which two different sets of displacement
fields are employed simultaneously to formulate an unsymmetric element stiffness matrix. The first set simply
utilizes the formulations of the 8-node tri-linear isoparametric element, while the second set mainly employs the
analytical trial functions in terms of 3D local oblique coordinates. Because the relationship between the local
oblique and Cartesian coordinates is always linear, and there is no Jacobian determinant needed for computing the
element stiffness matrix, the new element is expected to be insensitive to mesh distortion. The resulting element,
denoted by US-ATFHS8, contains no adjustable factor, and can be used for both isotropic and anisotropic cases.
Numerical examples show it can exactly pass both the first-order (constant stress/strain) patch test and the
second-order patch test for pure bending, remove the volume locking, and provide the invariance for coordinate

rotation. Especially, it is insensitive to various severe mesh distortions.

2. ANALYTICAL GENERAL SOLUTIONS IN TERMS OF 3D OBLIQUE

COORDINATES

As described in previous section, in order to construct finite element models insensitive to mesh distortion, a
local coordinate system which is linearly related to the global Cartesian coordinate system should be considered.

For 3D problems, the most feasible one is the oblique (skew) coordinate system defined by Yuan et al. [47, 48].



2.1. Definition of 3D oblique coordinate system [47, 48]
For an 8-node hexahedral element shown in Figure 1, the Cartesian coordinates (X, y, z) can be expressed in

terms of the isoparametric coordinates (&, 7, ¢) as
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in which (&, mi, &) and (xi, Vi, zi) (i=1~8) are the isoparametric and Cartesian coordinates of the eight corner nodes,

respectively.

Yuan et al. [47, 48] defined a kind of 3D oblique coordinates (R, S, T) as follows
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It can be easily found that the relationship of the oblique coordinates (R, S, T ) and the Cartesian coordinates (X,
y, z) is always linear. As shown in Figure 1, (R, S, T ) and the isoparametric coordinates (&, #, ') share the same
directions, respectively, and their origins also coincide with each other.

The transformation of first-order derivatives is
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2.2. The analytical general solutions in terms of 3D oblique coordinate system

In order to improve element performance, the analytical solutions of stresses, strains, or displacements
satisfying governing equations in elasticity are often taken as the trial functions in some finite element methods,
such as the Trefftz finite element method [49] and the hybrid stress-function element method proposed by Cen et
al. [50-55]. It is also noteworthy that the usage of the analytical solutions in terms of the local coordinates [32, 45]
may eliminate directional dependence problem. In this section, nine sets of analytical general solutions for linear

stresses, linear strains and quadratic displacements in terms of 3D local oblique coordinates will be derived.



For three-dimensional problems without body forces, the homogeneous equilibrium equations in the oblique

coordinate system are given by
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The first 27 sets of analytical solutions for above stresses in terms of 3D oblique coordinate system are listed in

Table 1, in which the first 3 sets, 4th to 12th sets and 13th to 27th sets are related to the rigid body, the linear and

the quadratic displacement modes, respectively. Since the constant stress solutions will not be used later, their

explicit forms are not given in the table.

According to equation (4), the stress components in Cartesian coordinates (x, y, z) can be expressed by the

stress components in oblique coordinates (R, S, T):
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Then, the strains in Cartesian coordinate system can be obtained by following stress-strain relations (generalized

Hooke law):
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where C is the elasticity matrix of compliances; E and 4 are Young’s modulus and Poisson’s ratio, respectively.
Thus, these strains can also be expressed by the stress components in local oblique coordinates by substituting
Equation (12) into (13).

Finally, by using Equation (8) and integrating following geometrical equations

ou ov ow
gxz—’ g:—’ Z=_
OX Yooy 0z
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the displacements u, v and w in Cartesian coordinate system can be solved.

Following above procedure, the analytical general solutions of stresses, strains and displacements in the global

coordinate system, but in terms of the local oblique coordinates R, S and T, can be obtained.

Only nine sets (i=13~21) of the analytical general solutions for local linear stresses in Table 1 related to pure

bending and twisting states will be considered in the new finite element formulations, which are given in appendix

A



3. CONSTRUCTION OF ANEW UNSYMMETRIC 8-NODE HEXAHEDRAL
ELEMENT US-ATFHS
For a three-dimensional 8-node, 24-DOF (3 DOFs per node) finite element model shown in Figure 2, the
virtual work principle [37, 38] can be written as
[[],.ce"6dv —[[] .suTbdV - [ su"Tdr - sulf, =0, (15)
in which V°® denotes the element volume; /¢ represents the element boundary face; & is the real stress
vector of the element; b, T and f, are the real body, surface and concentrated forces of the element,

respectively; oU_ is the vector of virtual displacements at the points of the concentrated forces; oU is the

C
virtual displacement fields and Og is the corresponding virtual strain fields.

First, the virtual displacement fields U =[ou v oJw]" should satisfy exactly the minimum inter- as

well as intra-element displacement continuity requirements. So, they can be assumed as

o = N&qe , (16)
where
a =[o, &y S - AUy O &Ns]Ta (17)
Nl 0O O Ns 0 0
N={0 N, 0 0 N, O], (18)
0 0 N, 0 0 N,

1 8

in which éui, 6vi and dw; (i =1~8) are the nodal virtual displacements along x-, y- and z- directions, respectively;
l\_li (i =1~8) are just the shape functions of the traditional 8-node tri-linear isoparametric element that satisfy all
continuity requirements, and have been given by Equation (2).
Thus, the corresponding virtual strain fields o€ are
oe=[ce, oe, o0&, oy, Iy, 5}7ZX]T =B&°, (19)

where B is the strain matrix of the traditional 8-node tri-linear isoparametric element,
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Second, assume that the real stresses & in Equation (15) are derived from the following assumed

displacement fields expressed in terms of the local oblique coordinates R, S and T;

o
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where ¢; (i=1~24) are twenty-four undetermined coefficients; Ui, Vi and W; (i=13~21) are the analytical general
solutions for quadratic displacements given by Equations (A20) to (A22); the first twelve columns of interpolation
matrix P are also displacement analytical general solutions satisfying all governing equations, as shown in Table 1.
The last three columns containing the cubic term RST are not the analytical solutions, but they can keep linear
independence between each two columns, and make the resulting stress components invariant for global
coordinate rotation.

Substitution of the Cartesian coordinates of eight corner nodes into Equation (24) yields



da=q°, (25)

where
P(X., ¥1,2,)
d=| POV n)| (26)
P(Xs, ¥s: Z5)
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in which u;, vi and w; (i =1~8) are the nodal displacements along x-, y- and z- directions, respectively. Then, ai
(i=1~24) can be solved by
o= a_lqe . (28)

And the assumed displacement fields (O given by Equation (24) can be rewritten as

a
=4V} =Pa=Pdqg°. (29)
W

Then, the corresponding strains can be obtained by substituting equation (29) into (14)
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u, :Ji(a18T +a,RT +a,RS), u, :Ji(bIST +b,RT +b;RS), u, = Ji(clsT +C,RT +¢;RS), (32)
0

0 0

inwhich (&, &y, €40 Vwiv Vyar Voa) (i =13~21) are the nine sets of analytical solutions for linear strains

given by Equations (A3) ,(A5), (A7), (A9), (A1l), (A13), (A15), (Al7) and (A19), respectively.

According to the constitutive relation Equation (13), the corresponding stresses can be solved

(=}
Il

*1=D#=DBg" = DPd'q", (33)

where D is the elasticity matrix,
D=C™". (34)
Substitution of Equations (16), (19) and (30) into (15) yields
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Due to the arbitrariness of &q° in Equation (35), the following finite element equation can be obtained
Kfg*-F°*=0, (38)
where F° is the nodal equivalent load vector of the element; K°® is the element stiffness matrix, and it is an

unsymmetric matrix. Substitution of Equations (20) and (33) into (36), the final element stiffness matrix can be



obtained

e STeBag [ BT _.
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Because there is no Jacobian determinant existing in above expression, the resulting model will avoid troubles
caused by ill-conditioned shape and be insensitive to mesh distortions. All above formulations can be expressed in
terms of isoparametric coordinates & 7 and { by using equations (4) and (23), and a 2x2x2 Gauss integration
scheme is found to be enough for evaluating K° given by Equation (39), although the 3x3x3 scheme is

theoretically needed.

The equivalent nodal load vector F® can be determined by the same procedure for the traditional 8-node
tri-linear isoparametric element. And the stresses at any point can be directly calculated by substituting the

isoparametric, or Cartesian coordinates of this point within an element into Equation (33).

The new element is denoted by US-ATFHS.

4. NUMERICAL EXAMPLES

In this section, some classical benchmark problems are employed to assess the performance of the new element
US-ATFHS8, and results obtained by other 8-node hexahedral elements listed in Table 2 are also given for

comparisons.

4.1 Constant stress/strain patch test (Figure 3)
A unit cube, as shown in Figure 3, is divided by seven irregular hexahedral elements. Nodes 1 to 8 are the

inner nodes, and their locations are also given in Figure 3. The displacement fields corresponding to the constant



strain are:
u=10°2x+y+2)/2, v=10°(x+2y+2)/2, w=10°(x+y+22)/2. (40)
And the corresponding stress solutions are:
, =0, =0,=2000, Ty =T, =7, =400. (41)
The displacements of the boundary nodes are treated as the displacement boundary conditions. Exact results of
the displacements and stresses at the inner nodes can be obtained by the new element US-ATFH8. Furthermore,
the exact stresses at any point (by substituting the Cartesian coordinates into Equation (33)) can also be obtained.

It can be concluded that the element US-ATFH8 can strictly pass the constant stress/strain patch test.

Elements Wilson_H8 [2] and HVCCS series [27] in Table 2 cannot pass this patch test.

4.2 Cheung and Chen beam tests [17] (Figure 4)

This example was proposed by Cheung and Chen [17] for testing the performance of 8-node hexahedral
elements. The geometric, material, and displacement boundary conditions are given in Figure 4. Twelve meshes
divisions are designed to analyze this cantilever beam subjected to a pure bending moment M and a transverse
shear force P at the free end, in which the x coordinates of nodes 1, 2, 3 and 4 in Meshes (2) to (10) are listed in
Table 3. The normalized deflections at point A and the results of stresses at point B are given in Tables 4 and 5,
respectively, and the results of deflections at points a;, az, as and a4 in selected mesh divisions under loading P are
also given in Table 6.

From Tables 4 and 5, it can be seen that exact displacements and stresses under pure bending state can be
obtained by element TH8 (45 =0.01 and 0.0001) [46] and the new element US-ATFH8, no matter how meshes are
distorted, and no matter whether the four corner nodes of the interface are coplanar or not. Furthermore, it is worth
mentioning that the new element US-ATFH8 can produce exact pure bending solutions in all directions when

various distorted meshes are used. For the linear bending case, the new element US-ATFH8 can also present



relatively good and stable solutions in all mesh cases. But the results obtained by element TH8 deeply depend on
the adjustable factor £ and are not stable. Especially, when £=0.0001, even wrong solutions will appear in some
cases (see displacement result for load P using Mesh (12) in Table 4). This problem is more clear in Table 6,
many incorrect results for deflections at four different end points of the beam obtained by element TH8 appear

when £=0.0001, and the results obtained by TH8 (£=0.01) are not stable in some occasions.

4.3 Rotational frame dependence test on a cantilever beam with fully fixed end (Figure 5)

Since the trial functions for displacements U given in Equation (24) may be not completed in the global
Cartesian coordinates, rotational frame dependence test should be performed for the new element US-ATFHS.

The geometric and displacement boundary conditions of a cantilever beam divided by two distorted elements
are given in Figure 5. The Young’s modulus E=100.0, and the Poisson ratio x=0.3. Let the Cartesian coordinate
system xyz rotate counterclockwise from a;=0° to 90° in steps of 10° around z-axis, and then rotate
counterclockwise a;=40° around y-axis, the displacements at point A are solved at each step. The magnitude of
displacement VUi +vi+wW at point A is monitored to study the rotational frame-dependent behavior. The
results obtained by the new element US-ATFHS8 are given in Table 7. The magnitude of displacements based on an
‘overkill” solution is used as a reference solution, which is obtained by using 50000 20-node hexahedral
isoparametric elements of Abaqus [1]. It can be seen that the present model US-ATFH8 provides the invariance

for the coordinate rotation.

4.4 Bending problems for skew beam, curving beam and twisted beam
4.4.1 Cook s skew beam problem (Figure 6)

This example shown in Figure 6 was proposed by Cook [56] to test the convergence of elements. A skew



cantilever is subjected to a shear uniformly distributed load at the free edge. The geometric, material and
displacement boundary conditions are given in Figure 6. The results of vertical deflection at point C, the
maximum principal stress at point A and the minimum principal stress at point B are all listed in Table 8. Those
results obtained by the models that can pass the constant strain/stress patch test are also given for comparison. It

can be seen that the present element US-ATFH8 exhibits good convergence.

4.4.2 Thin curved beam (Figure 7)

A thin curved beam with fully fixed end is shown in Figure 7. The inner radius R;, thickness h and width t of
the beam are 4.12, 0.2 and 0.1, respectively. The Young’s modulus E=1.0x107, and the Poisson ratio x=0.3. Two
load cases are considered: in-plane shear P; and out-of-plane shear P,. The results of the deflection at point A are

listed in Tables 9 and 10, respectively. Again, the new element US-ATFH8 performs well for this test.

4.4.3 Twisted beam problem (Figure 8)

This example was proposed by MacNeal and Harder [57] to test the effect of warping. As shown in Figure 8, a
cantilever beam is twisted 90° from root to tip. This twisted beam is fixed at the root, and subjected to unit
in-plane and out-of-plane forces at the tip. The length, width and thickness are 12, 1.1 and 0.32, respectively. The
Young’s modulus E=2.9x107, and the Poisson ratio 4=0.22. Different meshes used for this example are also given
in Figure 8, in which meshes (a), (b), (c) and (d) are distorted meshes newly designed by cutting the beam with
different planes. And most of these cutting planes are parallel to new plane xy after x-axis rotates 45° or —45°
around y-axis. The normalized solutions at tip point A are listed in Table 11 and 12. It can be seen that the new

element US-ATFH8 can produce better results, even when the severely distorted meshes are used.



4.5 Nearly incompressible problems (Figure 9)

A thick-walled cylinder is subjected to a uniformly distributed internal pressure p=1. This example, proposed
by MacNeal [57], is used to test volume locking problem when the Poisson’s ratio is very close to 0.5. As shown
in Figure 9, due to symmetry, only a quarter of the cylinder with unit thickness is considered. The nodal
displacements along thickness direction are all constrained. The exact solution of the radial displacement u; is

same as that for the plane strain state, and given by [57]

u, =é1(;2§‘—)_p§)[R§/r +(1-2u)r], (42)

where Ry is the inner radius, Ry is the outer radius. In this example, let R1=3, R2=9. When the Poisson’s ratio is u =
0.49, 0.499, 0.4999, the corresponding radial displacement urat r=R; are 5.0399x102, 5.0602x102, 5.0623x1073,
respectively.

The normalized results of the radial displacement urat r=R; are given in Table 13. It can be seen that the
standard 8-node tri-linear isoparametric element suffers from volumetric locking problem, while other improved
models can give good results. Although the solutions obtained by element US-ATFH8 are not the best answers, it

is clearly shown that the new element is free of the volumetric locking.

5. CONCLUSIONS
After successful development of plane 4-node, 8-DOF quadrilateral element US-ATFQ4 [45] which can break
through the limitation defined by MacNeal [6, 7], a new 3D 8-node hexahedral element US-ATFH8 is constructed
by employing the unsymmetric element method, the analytical trial function method and the oblique coordinate
method. This new 3D low-order element, which can be treated as an extension from the plane element US-ATFQA4,

possesses following advantages superior to most existing 8-node hexahedral element models:



(i) Its formulations contain no adjustable factor, and can be used for both isotropic and anisotropic cases;

(if) 1t can strictly pass both the first-order (constant stress/strain) patch test and the second-order patch test for
pure bending (free of trapezoidal locking), which cannot be achieved by most other existing finite element
models;

(iii) 1t is free of volume locking, and provides the invariance for coordinate rotation;

(iv) It is insensitive to various mesh distortions, and can produce stable and better solutions for higher-order
problems (the orders of the displacement fields are higher than first- and second-order).

The appearance of above new low-order elements with high accuracy and distortion resistance may open a
way for establishing new finite element system which can relax the requirements for hexahedron mesh generation.
This point may have great significance for further development of the finite element method. Although the
element stiffness matrix is unsymmetric, it is not a serious issue in most of the problems in structural analyses:
many solvers can handle this situation easily [1, 58].

Of course, before this new model can be really applied in practical engineering, many further technique
problems must be solved. Whether the present method can be extended to the applications of shell and nonlinear
problems is still a valuable and challenging research topic that should be paid attention to. Some related

developments will be reported in near future.

APPENDIX A: NINE SETS OF ANALYTICAL GENERAL SOLUTIONS FOR
GLOBAL LINEAR STRESSES, STRAINS AND QUADRATIC

DISPLACEMENTS IN TERMS OFR,SAND T

Let



h1:5263+53627 hz =a,C; +a,C,, h3 25263"'5352
h4 = b163 + b361’ hs =aC; +a,, he = 51b3 + a3b.l . (Al)
h, =B, +b,C,, hy =a,C, +3,C,, hy =ab, +a,b,

Then, from Equations (11) to (14), the resulting solutions for global linear stresses, strains and quadratic

displacements can be written as follows.

1. Nine sets of analytical general solutions for global linear stresses and strains in terms of R, Sand T

(1) The 13th set of solutions for global stresses and strains
Stresses:
2 =2 = h ~ ==D -
13 =P, R, 0,,=CR, Tyiz=4a 0,R, Tyaz = b,C,R, 7,5 =3,C,R; (A2
Strains:

for isotropic case

1, = _ 1
vz = E(az2 _ﬂbzz _IUCZZ)R =AuR, &= _(b2 ,Ua — UC, )R = AR
1, _ — 21+
Ens = E(sz —p@; — b )R = AR, Vxy1z = ( E 4) azb R=AyR , (A3a)
21+ 201+ p) _ _
yz13 = ( ,u) bz C,R= AyzlS Vs = (—EﬂazczR = AR

for anisotropic case
= (a’C,, +b/C,, +c/C, +ab,C, +b,C,C, +a,C,Cr)R=ALR
15 =(87C,, +0/C,, +T;Cpy +3,0,C,, +0,8,C 5 +A,C,C0)0R = AR
& 13 = (522C31 + 622C32 + C2 C33 + a2b C34 + b C2C35 + a2C2 SG)R Azl3
Vs = (@ Cyy +0,/Cpy, +C;Cyy +8,0,C,, +0,8,C 5 +A,C,C0)R = AR
Vyaz = (322C51 + 522(:52 + Cz Css + azb C54 + b Czcss + azcz 56) R= Ay213
Vpas = (@7C, +b,Cy, +C2C,, +a,b,Cy, +b,C,Cy +a,C,Cos)R= AR

(A3b)

(2) The 14th set of solutions for global stresses and strains

Stresses:

=2 2 2 =i -
cas =R, o,,=b'R, o0, =CR, Tyy1a = a;b;R, Tyaa = b,C,R, 7,04 =GR (A4)



Strains:

for isotropic case

(. = _ 1 - _ _

Eya = E(aaz _ﬂbsz _,chz)R = AwuR, Eg = E(bsz _/uasz _,UC32)R = Ay14R
1, _ — 20+ u) _ —

€4 = E(Csz - luasz _ﬂbgz)R = Az14R' Vs = %asbsR = Axyl4R ., (A5a)
20+ 1) — _ 200+ 1) _ _

7/yzl4 = %t%CSR = Ayzl4R’ 7le4 = %a:%CSR = Ale4R

for anisotropic case

£, = (@’C, +b’C, +C2C,, +ahC, +bcC, +aCC)R=A,R

€4 = (@;C, +b,Cy, +CICp +@0,C,, +bT,Co5 +A,T,Ch)R = AR

£, = (A2C,, + 53_2C32 +C2Cyy + 5353_C34 + 53_63C35 +aC,C,)R=AR | (asD)
Ve = (@ Cyy +0,C,, +T;C,3 +a0,C,, +bT,Cps +aT,Che)R = AR
Vyus = (@ Cysy +b,Cyy + CCy; + @P,C, +0,8,Co5 +AC,Co6)R = AR

Voas = (gazcel + 532C62 + (_:32C63 + a363(:64 + 5363(:65 + aaéacea)R = Ale4R

(3) The 15th set of solutions for global stresses and strains
Stresses:
Ous = 28,3,R, 0,5 =20,0,R, 0, =2C,CR, 7,5=hR, 7, =hR, 7,4 =hR; (A6
Strains:

for isotropic case

2, _ —— 2 —= _
Exis = E(azas — p,b; — 1T, C )R = AR, Eyis = E(bzbs — p3,3; — LC,C5)R = AR
2, _ _ == 201+ = =
s = E(Czcs — H3,3; — 1,0;)R = AR, Vs = %(azbs +8;0,)R = AysR (ATa)
21+ = = 201+ o
yz15 — %(bzca +b3C2)R = AyzlSR’ Vs = %(azcs + ascz)R = AlesR

for anisotropic case



&4 = (28,a,C,, + 2b,b,C,, + 2¢,c,C, +hC, +hC +h,C )R = AR
&5 = (28,3,C,; + 2b,0,C,, +2C,6,C5 + h,Cyy + NCps + h,Cpe)R = AR
£,: = (2a,a,C,, + 2b,b.C,, + 2C,C,C,, + h,.C,, +hC,. + h,C, )R= A R
Vyis = &AL, +2b,0,C,, + 26,6,Cps + N,Cpy +hCprs + h,Cl)R=A R
Vyus = (28,3,Cy; + 2b,0,C, + 2C,6,Cy + N,C, + hCqs + ,C )R = A 1R
7.5 = (22,a,C,, + 2b,b,C,, + 2C,C,Cy, + hC,, + NCy +h,C,)R=A R

(A7h)

(4) The 16th set of solutions for global stresses and strains
Stresses:
Oy = 3_1257 Oyis = 51281 On6 = 6128’ Tyyie = 51518’ Tyae = 516181 Tpas = 4GS 5 (A8)
Strains:

for isotropic case

1, _ — _ 1 - _ _

Exie = E(af — ub? — 1E7)S = AyS, Eyi6 = E(blz — pd — 1ie’)S = AyeS
1, _ = 200+ 1) _

€16 = E( Y — @) — 1b?)S = AyS, Vxyte = ( E 4) abS = Ay;6S , (A9a)
201+ p) —_ 201+ u) _

Vyae = ( E 4) bc,S = AyzlGS’ Vaxte = %aicls = AueS

for anisotropic case

€4 = (8°C, +b’C,, +C’Cpy +a0,C,, +bTC, +aCTCy)S = AyS
&6 = (87Cp +BC,, +TCpy + @B C,, +BTCh +AT,Ch)S =AyS
£, = (8°C,, +b’C,, +¢/C,, +abC,, +bC,C, +aCCy)S =A,S
Vs = (@ Cy +0°C,y +C/Cpy +@DC,yy +BTC,s +ACC,6)S = AyeS
Vyus = (&'Cyy +B°Cyy +CCoy + @D,Cyy +DBTCys + AT Ce6)S = A8
Vo1s = (8°Cq, +0,°C,, +T/C, +abC,, +0bTCy +aT,Cp)S = A, S

(A9b)

(5) The 17th set of solutions for global stresses and strains

Stresses:

=2 2 ) =i g -~
a7 =85S, Oyi7 = b'S, 0, =G, Ty1r = a;b,S, Tyar = b,C,S, T, =&C,S; (Al0)



Strains:

for isotropic case

1, = _ 1 - _ _

Er = E(agz _;Ubsz —,quz)S = Ay, Eny = E(baz _,uaaz —,uCSZ)S = Ay17S
1, _ — 200+ 1) _ —

a7 = E(Csz _,uasz —,ub32)S = Ay;S, Viz = %asbe,s = Axy17S ., (Alla)
20+ ) = _ 200+ 1) _ _

7yzl7 = %%QSS = Ayzl7S’ 7zx17 = %ascss = Az><17S

for anisotropic case

&£,4, = (a?C, +b’C, +CC, +ahp,C, +b,cCc +a,C,Cl)S = AS

€47 = (@;C, +b,Cy, +CICp + a0,C,, +bT,Co5 +a,C,Ch)S = ArS

£,, =(aC, + IcTiZC32 +C2Cyy + 5353_034 + 53_(_:3C35 +a,.C,C,)S=A,.S | ALLD)
V1 = (@ Cyy +b,C,, +T;Cps +@0,C,y +b,8,Chs +T,Cl)S = Ay S
Vyur = (@ Cyy +bCy, + C2Cyy + @0,Coy +b,8,Cy5 + A,C,Ce6)S = A12S

Yoz = (532(:61 + 632(:62 + c32(:63 + a353064 + 63(_:3(:65 + 5353(:66)5 = Ale7S

(6) The 18th set of solutions for global stresses and strains
Stresses:
Ous =28,3,S, 0,5 =20DS, 0,5 =2CC,S, 7,5 =hS, T, =NS, 7,=hS; (AL2)
Strains:

for isotropic case

2, _ —— _ 2 ,—— _ _
g = E(a133 — poyby — 4L C;)S = Ay, Eyig = E(blbz — {3, — UC,C;)S = AylSS
2. L —— 21+ = =
€18 E(Clcs — paa, — py,)S = A4S, Vxy1s = ( E 4) (ab; +ap,)S = Axyl8S , (Al3a)
201+ = = 2(1+ —
yz18 — ( E IU) (bICS +b3C1)S = AyleS’ Vs = ( E IU) (a103 + a3cl)S = Aless

for anisotropic case



Eap = (288,Cy; + 25163C12 +2CC,Cp3 + NCyy +N,Cpy + Cig)S = AS
&y15 = (28,3,C,, + 2b,C,, + 26C,Cy + N,Cyy + ,Co + hiCrg)S = A S

=(2aa,C, + 261_53_c32 +26,C,Cqs + NgCyy + N,Cys + NsCy)S = A4S )
(23,3,C,, +2bb,C,, +2C,C,Cp5 + NCyy +N,Cps + ;Cp)S = A 1S

yxylS =
Vyns = (25153051 + 25163052 + 2(71(_:34C53 + h6C54 + h4C55 + hscss)s = Ayzl8S
Yoas = (23 3,Cq, + 25163(:62 +2C,C,Cq3 + NsCoy + h,Cos + NCy)S = AyysS

(7) The 19th set of solutions for global stresses and strains

Stresses:

Oyo = gﬂzT’ Oy19 b12T O, 612T' Tyyig = aiblT Tyi19 = bCT, 7,,=2aCT; (Al4)

Strains:

for isotropic case

1, — _ _
19 :E(af_ﬂblz_ﬂclz)-r = Aol & __(b2 )T Ay19
1 21+
s = G~ BT = AT, 7= S aRT S LT (s
20+ 1) —_ 2 1+ _
Vyae = ( E H) bcT = AyleT’ Ve = ( 'U) acT =A,,T

for anisotropic case
(al Cll + bl C12 +C Cl3 + a1b1C14 + blc C15 + a:I.C1C:16 )T A(lg
= (a1 CZl + bl sz + (_:12(:23 + a1b1C24 + b1C1C25 + aichZG)T = Ayl9
= (512(:31 + EIZCSZ _2 33 + 5161C34 + 5.‘lClC35 + glclc% )T = Azlg (A15b)
ai C41 + bl C42 + 62C43 + alb C:44 + blc C45 + 51(_) C46 )T A(yl9

yxle
Vyze = (6\1 C51 + b1 Csz 53 + a1b1C54 + b1C1C55 + a’lC1C56 )T = AyzlgT
Ve = (a1 Cor + b1 Ceo t+ Czcss + a1b1C64 + b1C1C65 +3,C,C )T = Aol

(8) The 20th set of solutions for global stresses and strains

Stresses:

=2 R 2 =2 =h h~
Owo=a,1, ayzo—bT 0,0=C,T, rxy20=ab2T, rYZZO:bCZT, Tho0 = 8C,1 ;  (Al16)



Strains:

for isotropic case

for anisotropic case

1 . _

Ey20 :E(azz _ﬂbzz_:ucz
1 _ _

€720 _E(sz_,uazz_
200+ u) —

Vyz20 ( E,U)

1 — _ _
€y = E(bzz _,Uazz —,uCZZ)T = AyZOT

20+ ) _ —
Vg2 = %azbz-r = A<yon

20+ )

V20 = TazczT = Ayl

(9) The 21st set of solutions for global stresses and strains

Stresses:
o, =2aaT, o, =2bbT,
Strains:

for isotropic case

2(1

221 =
y E

for anisotropic case

0,, =2CC,T,

&, =—(CC, — 1a,a, _ﬂ5162)T = AT,

- IU) (51(_:2 + 5261)1- = Ay221T1

£, = (@2C,, +b,C,, +T/C, +a,b,C, +0,C,C +a,T,Co)T = A, T
&yp0 = (@7Cy +b/Cy, +C7Ch +8,0,C, +0,8,C 5 + A,C,Co0)T = AT
&,, = (8’C,, +b’C,, +T/C,, +a,b,C,, +b,C,Cy +A,C,Co )T = A, T
Vyyzo = (@7C 1 +BCpy +C7Ch +@0,Cpp +0,8,C,5 + B,L,Co6)T = AT
V20 = (33Cs; +0,/C, +T;Cy + 3,0,Cy, +b,6,C5 +,8,C)T = AT

Vo0 = (EZZCM + Bzzcez + szcea + a252064 + 5262(:65 + aZCZC(SG)T = AzxZOT

Tyyor = heT, Tyio1 = hT, 7,0 =hT

2 —— _
Eyo1 = E(ble — faa, — 1cC,)T = AyZlT

7xy21 -

x21 —

2(l+ IU) (5152 + 5251)1- = A<y21T
2(1; “) (5162 + 5261)-'- = AT

, (Al7a)

(AL7b)

, (A18)

, (A19a)



£, =(23,a,C,, +2bb,C, +2¢cC,C,, +h,Cp, +h,C\. +hC )T = A, T
&, = (28,3,C,, + 200,C,, + 26T,Cpy + NyCpy + N, Co + NCr )T = A, T
&,,, = (2a,a,C,, + 2bb,C,, + 2¢C,C,; + h,C,, +h.C, +hC T = A, T
Yy = (228,Cyy +200,C,, + 26C,Cp + NCpy + NCog + NC )T = A, T
Vo = (28@,Cs; + 2bb,Co, + 2C,C,Coy + hyCyy + h,Cyg + MeCi )T = A, T
Voo = (28a,C,, +2bD,C,, + 2CC,Cqy + hyCqy + N,Coe + h,C )T = A, T

(AL9b)

2. Nine sets of analytical general solutions for quadratic displacements in terms of R, Sand T

Ui

Vi

W,

(1) The 13th~15th sets of solutions for displacements (i=13~15)

— T EIA + - BA)EA, +BA, AL - BIA, +CA, +BEA IR -3 (@A,

+b2A, +CI A + b, A +D,C, A, +3,8,A,)S7 —a, (a8 Ay +DIA, +TIA,; +a0A , +D,TA,
+ AT +[3,(28,A, +b,A, +T,A, ) —2a,(E3,A, +bb, A, +TT,A) —a (hh A, +h A,
+hALDIRS +[J,(28,A, +b,A, +TA,) - 28, (BFA, +bb A, +TTA,) —a (h A, +h,A,
+hs A )IRT —a,(2a,3,A, + 2b,b;A; + 2C,C A, + h, A + A, +h,A,)ST}
(A20a)

— B3 A o -BB)@A, +BA, +TA) b (A TA, +EGA, IR b (@A,
+ Ezzp\ji + 622 A;+ gzﬁzAxyi + 6zc_:z A +a,C, Azxi)s2 - bl(gSZ A+ 532 A+ 632 A+ 5353Axyi + 6363Ayzi
+ aSCSAzxi)T ? + [Jo(azAxyi + Zb_ZAyi + CZAyzi) - 2b1(§1§2Axi + 6152'A‘y| + ClczAzi) - bl(hQAxyi + h7Ayzi !
+hADIRS +[Jo (A, + 2b,A, +TA ) - 2b (BE,A, +bb,A, +TT,A,) —bi(h A, +h, A,
+hAIRT —b, (2a,a,A,+ 25263Ayi +2C,C,A,; + hSAxyi + hlAyzi +h,A,)ST}
(A20D)
= 6+ (0 GO EAL DAL HGA) ~G(EA, +B7A, + DA IR~ (afA,
+ 622 A+ (_322 A;+ 6_1252 Ayt 6z(_32 A + A0S ?— (31(532 A+ 632 A+ (_332 A;+ gSBISAAyi + 53(_33 A
+ AT +[1o (@A +b,A, +28,A,) - 2¢, (3G, A, +bb, A +TT,A;) - (A +h A, -
+h AL IRS +[J, (B A +B,A, +28,A,) - 26, (A&, A, +bb,A, +TTA,) —¢ (A +h, A,
+hA)IRT —¢ (28,3,A, + 25253Ayi +2C,C,A; + Ay + A +h, AL ST}
(A20c)

(2) The 16th~18th sets of solutions for displacements (i=16~18)



U,

Vi

W,

U;

) %{—az (37 Ay +B° A + T Ayt BB AL+ BEA, + AGAIR® +[8I0A; + (Jo —83,)@A,

+0,A i+ C,AL) — 8, (B A, + T A+ D,8,A)IS? —a,(a7 Ay + b7 Ay +C7 A+ b A+ BT A,
+8CA T +[1,(28A, +B A+ TA,) - 28, (B8R, A, +Bb, A, +TC, A;) —a, (WA, +h A,
+hA)IRS —a,(2aa,A,; +2bb, A + 2CC, A+ he A+ A + h AL RT +[J,(2a,A, + 53&“
+CAy) — 28,(&,a,A,; +b0A, +C,CA;) — 8, (A +hA, +hA,)IST}

(A21a)

) %{—bz (@A +BA; +7 A+ BBA+BTA,+BGA)R [0, A, +(J, ~Db,) (@A,

+B,A; +5A,) — b, (B A + T A+ B,5,A)IS” ~b,(B7 A +D7A, +TF A+ &bA+DTA,
+a,CA)T 2+ [Jo(gip&yi+ 251Ayi + ElAyzi) —2b, (a@, A, + E162'A‘y| +CC,A;) - bz(h9A<yi+ h, Ay o
+hyAL)IRS —b,(2a,a,A,; + 2bb; A, + 26T, A+ hg A+ A+ e AL ORT +[3,(8,A i+ 2b,A,
+CA,) — 20, (@EA; + DDA +TEA) — by (hAG+ A+, AL)ISTY

(A21b)
= ZLJO{_CZ (gizAd + Eleyi + 612 A+ giﬁlA(yi-i_ Elc_:lAyzi + giclAzxi)Rz +[C0A; + (I, —C,0,) (A,
+ 62Ayzi +C5A) —C (B A, + 622Ayi + gZEZAAyi)]SZ —C, (& A+ 532Ayi +C5 A+ gSBE»AAyi_'_ BssesAyzi
+&GA)T 2+ [Jo(@ A + E1'szzi +2CA;) - 2¢c,(@a, A, + 5152 A, +CC, A;)-c, (h9A<yi+ h, A -
+hA)IRS —c,(2a,3,A, + 25153 A, +2CCA,; + h6A<yi+ h4Ayzi +h AL RT +[J(BA, + 63Ayzi
+2C,A;)-2¢,(3,3,A, + 5253'A‘yl +C,5A;) — Cz(h3'°&yi+ hlAyzi +h,A)IST}

(A21c)

(3) The 19th~21st sets of solutions for displacements (i=19~21)

=53 CR@A A T A, + DA, +BOA, +BEAIR ~a (@A, B A, 4T A,

+ &0, A L +DB,5,A, +E,TA,)SY +[EIA, + (I — &) (@A, + DA, +TA,) -3 (b7 A,
+CiA; +BC AT —a,(28a,A, + 20b, A, + 2CT, A + Ay + A + AL RS
+[3,2a A +B A +TA,) —28,(@TA, +bbA; +TTA;) —a (A +h, Ay + A )IRT
+[3,(a,A; +bA +C,A,) — 28, (&,a,A, +bb,A, + T8, Ay) — 8 (A, + hA, +hA)IST}
(A22a)



V=D (@A, +BIA, -6, +ABA,, +BOA, + AGAL R’ -b@A, +BIA, I A,

+ EZBZAAyi + BZCZAyzi +a,5,A,)S” + [t_)?,‘]OAyi +(Jp— 63b3)(§3A<yi + 63Ay| +CyA,) — b, (a7 A,

+ 632 A, +aCA)IT 2 b,(2a,a,A,; + 26162 A, +2CC, Ay + oA + A+ AL RS ’
+[I (@A, + ZEIAyi +GA,) - 2b,(aaA, + 5153A/| +CCA;) — by (h Ay + h A, + M AIRT

+ [Jo(gzp&yi + 262Ayi + CZAyzi) - 2b3(52§3A<i + 6263Ay| + CZC3Azi) - b3(h3AAyi + hlAyzi + hZAzxi)]ST}

(A22b)
W, = %{_Cs (512 A+ 512 A+ 612 A; + giﬁlpwi + Elclp\ﬂi +aC A, )R? - Cs (gZZAAi + 622 A+ 622 A,
+ gZBZAAyi + EZCZAyzi +a,0,A )S% + [C3doA, + (I —CeCo) (A, + 63Ayzi +CA;) — Cs(gszp&i
+ E32 Ayi + 3363A<yi)]T - Cs (2§1§2A<i + 25152 Ayi + 2(_:1(_:2 Azi + h9A<yi + h7 Ayzi + hSAzxi)RS
+[Jo (@A, + E.I.Ayzi +2CA;) - 2¢,(aa;A, + 5153Ay| +CCA;) - C3(h6Axyi + h4Ayzi +h;A)IRT
+[Jo (@A + BZA\/zi +2C,A;) — 26,(8,a,A, + 5263Ay| +C,CA;) —Ci(hAy + VA, +h,A)IST}
(A22c)
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Table 1. The first 27 sets of analytical general solutions for stresses in terms of 3D oblique coordinate system

i 1 2 3 4 5 6 7 8 9 10 11 12
diplagoments_displacament modes Linea lsplcement moes
Ui 1 0 0 R 0 0 S 0 0 T 0 0
Vi 0 1 0 0 R 0 0 S 0 0 T 0
Wi 0 0 1 0 0 R 0 0 S 0 0 T
ORi 0 0 0
osi 0 0 0
OTi 0 0 0 .
Constant Stress solutions
TRSi 0 0 0
STi 0 0 0
TRTi 0 0 0
i 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
Cprresponding Quadratic displacement modes
displacements
ORi 0 0 0 S 0 0 T 0 0 0 —R 0 0 0 —R
osi R 0 0 0 0 0 0 T 0 —S 0 0 —S 0 0
OTi 0 R 0 0 S 0 0 0 0 0 0 —T 0 —T 0
TRSi 0 0 0 0 0 0 0 0 T R S 0 0 0 0
TsTi 0 0 R 0 0 0 0 0 0 0 0 S T 0 0
TRTi 0 0 0 0 0 S 0 0 0 0 0 0 0 R T




Table 2. List of element models for comparison.

No. Symbol Explanation of elements References

1 C3D8 8-node tri-linear hexahedral element with full integration in ABAQUS [1]
8-node tri-linear hexahedral element with reduced integration and

2 C3D8R _ [1]
hourglass control in ABAQUS

3 C3Ds8lI 8-node incompatible hexahedral element in ABAQUS [1]

4 C3D8H 8-node hybrid hexahedral element in ABAQUS [1]

5 Wilson_H8 8-node incompatible hexahedral element by Wilson’s method [2]

6 HEXA(8) 8-node hexahedral element by MacNeal et al. [56]

7 ASQBI 8-node hexahedral element by Belytschko and Bindeman [15]

8 NEWHEX 8-node brick element based on EAS method [16]

9 HVCC8/ 8-node incompatible hexahedral elements using hexahedral volume [27]

-ES/ EM coordinate method and cannot strictly pass the constant strain patch test.
10 THS Unsymmetric 8-node hexahedral element with adjustable factor 5 (=0.01)  [46]




Table 3. The x coordinates of nodes 1, 2, 3 and 4 in Meshes (2) to (10) (Figure 4).

x-coordinates Meshes
@ 6 @4 6 © O @ (9 (10
X1 5 5 5 5 2 2 6 8 8
X2 5 5 4 6 8 5 5 5 8
X3 5 6 5 6 8 5 5 6 8
X4 5 6 6 5 2 8 8 2 2




Table 4. The normalized deflections at point A for Cheung and Chen tests (Figure 4).

Model TH8 TH8
C3D8 C3D8R  C3D8I  Wilson_H8 HVCC8 US-ATFH8

Mesh $=0.01 $=0.0001
Load M: normalized deflections at point A, exact solution: 100
@) 0.0956 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
) 0.3382 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
(3) 0.2684 0.8756 0.8931 0.9397 1.0027 1.0000 1.0000 1.0000
4) 0.2529 0.7652 0.7911 0.8962 1.0020 1.0000 1.0000 1.0000
(5) 0.2441 0.7738 0.7717 0.8836 1.0000 1.0000 1.0000 1.0000
(6) 0.0919 0.4516 0.4085 0.7875 1.0000 1.0000 1.0000 1.0000
©) 0.1435 7.0712 0.2638 — — 1.0000 1.0000 1.0000
8) 0.1570  11.4629  0.5900 — — 1.0000 1.0000 1.0000
9) 0.1322 6.8514 0.1923 — — 1.0000 1.0000 1.0000
(10) 0.0956 4.4017 0.2111 — — 1.0000 1.0000 1.0000
(11) 0.8013 0.9956 0.9578 0.9826 1.0000 1.0000 1.0000 1.0000
(12) 0.6905  46.0988  0.7228 — — 1.0000 1.0000 1.0000
Load P: normalized displacements at point A, exact solution: 102.6
@) 0.0942 0.7554 0.7554 0.7554 0.7554 0.7554 0.7554 0.7554
) 0.3329 0.9367 0.9353 0.9340 0.9340 0.9380 0.9381 0.9340
®3) 0.2648 0.8440 0.8445 0.8773 0.9254 0.9370 0.9358 0.9262
4) 0.2692 0.7650 0.7696 0.8479 0.9295 0.9378 0.9367 0.9270
(5) 0.2485 0.7694 0.7658 0.8491 0.9383 0.9380 0.9381 0.9343
(6) 0.1330 0.5368 0.4800 0.8723 1.2292 1.0038 1.0039 1.0135
)] 0.1829 22.2781 0.3260 — — 0.8595 0.8586 0.8615
(8) 0.1787 23.9254 0.6263 — — 0.9529 0.9491 0.9929
9) 0.1713 21.3401 0.2803 — — 0.8052 0.8002 0.9026
(10) 0.1275 18.0603 0.2549 — — 0.7409 0.7368 0.7062
(11) 0.8690 0.9922 0.9536 0.9770 0.9999 0.9889 0.9889 0.9875

(12) 0.7733  49.7021 0.7717 — — 0.9618 2.6592 0.9926




Table 5. The results of stress at point B for Cheung and Chen tests (Figure 4).

Model ) TH8 TH8
C3D8 C3D8R C3D8l  Wilson_H8 HVCC8 US-ATFH8 Exact
Mesh p=0.01  5=0.0001

Load M

() -131.1 2.51x10712 -3000 -3000 -3000 -3000 -3000 -3000 -3000
2) -463.8 9.99x10°13 -3000 -3000 -3000 -3000 -3000 -3000 -3000
3) -377.7 -2.33x10°1 -2632 -2775 -3007 -3000 -3000 -3000 -3000
4) -380.3 -24.16 -2249 -3161 -3003 -3000 -3000 -3000 -3000
(5) -238.8 -18.30 —2404 -2251 -3000 -3000 -3000 -3000 -3000
(6) -30.63 2775 -1950 -241.3 -3000 -3000 -3000 -3000 -3000
©) -187.5 7.79 x10°8 7199 — — -3000 -3000 -3000 -3000
(8) -270.8 -130.8 -1500 — — -3000 -3000 -3000 -3000
9) -154.6 40.72 -636.2 — — -3000 -3000 -3000 -3000
(10) -82.50 204.1 -925.5 — — -3000 -3000 -3000 -3000
(11) -1316  -321.9 —2999 -2340 -3000 -3000 -3000 -3000 -3000
(12) -1266 -261.6 -2810 — — -3000 -3000 -3000 -3000
Load P

@) -98.36 2.76x10712 2250 -2250 -2250 -2250 -2250 -2250 -2250
2 —427.4 5.66x10718 2841 -3375 -3375 -3375 -3375 -3375 -3375
®3) -320.6 0.000 -2419 -3037.2 -3211.4 32575 -3252.2 -3229.6 -3262.5
@) -360.9 -18.14 -2212 -3667 -3348 -3408.8 -3403.4 -3373.5 -3375
(5) -219.6 -6.908 —2243 -2518 -3238 -3225 -3225 -3226.6 -3150
(6) -57.09 208.1 -1823 -209.8 -3641 -3150 -3150 -3198.9 -2700
)] -332.1 755.3 -925.9 — — -2883.6 -2877.9 -3038.6 -3375
(8) -229.5 -124.2 -1647 — — -32395 -3226.7 -3369.9 -3375
9) -292.2 22.04 -820.7 — — -2695.9 -2677.9 -3083.2 32625
(10) -109.1 197.0 -667.2 — — -2248.8 -2234.6 -2170.9 —-2700
(11) -1781 -371.0 -3947 -3234 -4179 41254  -41254 —4125.5 —-4050
(12) -1746  -321.4 -3738 — — -4123.4  -4123.7 —4125.3 —-4050




Table 6. The results of deflections at points ai, a2, as and as under load P (Figure 4).
Mesh  Node TH8 5=0.01 TH8 5=0.0001 US-ATFH8

a 88.20 88.09 88.39
- a 88.18 88.09 88.40
as 65.01 88.87
& 112.29 88.97
a 97.57 97.19 100.44
a 97.77 97.38 101.87
®) as 95.92 100.42
a 99.64 206.51 102.01
a 81.87 81.33 91.71
a 82.62 82.10 92.61
®©) as 99.02 92.49
a4 66.23 -1530.77 92.59
a 75.20 74.73 69.19
(10 a 76.01 75.60 72.45
a3 82.38 69.54
a4 69.15 680.72 72.38
a 105.17 102.35
(12 a 98.68 101.84
as 102.04 102.14 102.31
a4 101.72 101.76 101.77

Reference solution: 102.6



Table 7. Results of the displacement at point A calculated for the rotational frame invariance test (Figure 5).

o o2 U, A W, Juz +vi +w>  Normalized

0° 0° —0.235778E-01 —0.454176E-01 0.336472E-03 0.051174 0.96260
0° —0.182779E-01 —0.454176E-01  —0.148978E-01 0.051174 0.96260
10° —0.258869E-01 —0.415536E-01  —0.148978E-01 0.051174 0.96260
20° —0.327094E-01 —0.364271E-01  —0.148978E-01 0.051174 0.96260
30° —0.385379E-01 —0.301938E-01  —0.148978E-01 0.051174 0.96260
40° —0.431956E-01 —0.230430E-01  —0.148978E-01 0.051174 0.96260
45° 40° —0.450395E-01 —0.191906E-01  —0.148978E-01 0.051174 0.96260
50° —0.465407E-01 —0.151921E-01 ~ —0.148978E-01 0.051174 0.96260
60° —0.484717E-01 —0.687962E-02  —0.148978E-01 0.051174 0.96260
70° —0.489300E-01 0.164193E-02 —0.148978E-01 0.051174 0.96260
80° —0.479015E-01 0.101136E-01 —0.148978E-01 0.051174 0.96260
90° —0.454176E-01 0.182779E-01 —0.148978E-01 0.051174 0.96260
90° 90° —0.454176E-01 0.336472E-03 —0.235778E-01 0.051174 0.96260

Overkill solution — — — 0.053162 1.00000




Table 8. Results of Cook’s skew beam problem (Figure 6).

Element Mesh

2x2x1 2%2%2 4x4x4 8x8x4 8x8x8 16x16x16
Deflection at point C: vc (reference solution: 23.86?)
C3D8 13.95 14.05 19.81 22.48 22.50 23.36
C3D8R 20.56 20.50 2251 23.32 23.32 23.58
c3Dal 20.39 20.32 22.50 23.32 23.32 23.58
TH8 5=0.01 22.73 22.59 23.27 23.67 23.67 23.81
US-ATFHS8 22.67 22.56 23.27 23.67 23.67 23.81
Maximum principle stress at point A: camax (reference solution: 0.2352?)
C3D8 0.1389 0.1423 0.1889 0.2164 0.2159 0.2267
C3D8R 0.1299 0.1300 0.1861 0.2138 0.2134 0.2248
C3DslI 0.1741 0.1746 0.2172 0.2320 0.2317 0.2340
TH8 =0.01 0.1952 0.1949 0.2218 0.2326 0.2324 0.2345
US-ATFH8 0.1973 0.1952 0.2214 0.2325 0.2322 0.2345
Minimum principle stress at point B: ogmin (reference solution: —0.2023?)
C3D8 —0.0970 —0.0974 —0.1337 —0.1747 —0.1727 —0.1912
C3D8R —0.0664 —0.0664 —0.1282 —0.1666 —0.1663 —0.1848
c3Dal —0.1689 —0.1664 —0.1804 —0.1976 —0.1963 —0.2013
TH8 =0.01 —0.1548 —0.1534 —0.1869 —0.1979 —0.1977 —0.2013
US-ATFH8-A —0.1554 —0.1574 —0.1874 —0.1976 —0.1975 —0.2013

aResults by traditional 20-node hexahedral isoparametric element using 46x46x46 mesh in Abaqus [1].



Table 9. Normalized deflections at point A for a thin curved beam subjected to an in-plane shear P4

(Figure 7).
Number
of elements C3D8 C3D8R C3D8I ASQBI NEWHEX HVCCS8 _ US-ATFH8
2 0.006 0.049 0.049 0.669 0.669 0.107 1.043 0.947 0.909
4 0.033 0.581 0.580 0.895 0.895 0.717 1.015 0.991 0.974
6 0.077 0.883 0.881 0.978 0.978 0.935 1.012 1.002 0.992
8 0.136 0.966 0.964 0.997 0.997 0.984 1.011 1.007 0.999
10 0.208 0.992 0.990 1.003 1.003 0.999 1.011 1.009 1.003
12 0.289 1.002 1.000 — — 1.004 1.011 1.010 1.005
14 0.378  1.006  1.005 — — 1.007 1.011 1.011 1.007
16 0.471  1.009  1.007 — — 1.009 1.011 1.012 1.008
20 0.664  1.011  1.010 — — 1.010 1.012 1.012 1.009
Analytical 1.000?

2 Standard solution: 0.08734.



Table 10. Normalized deflections at point A for a thin curved beam subjected to an out-of-plane shear P

(Figure 7).

Number ) TH8

of elements C3D8 C3D8R  C3D8I  Wilson_H8 HWVCC8 $=0.01 US-ATFH8
2 0.132 0.192 0.160 0.190 0.799 0.896 0.968
4 0.202 0.604 0.570 0.666 0.890 0.952 0.934
6 0.230 0.847 0.821 0.865 0.920 0.964 0.945
8 0.250 0.920 0.901 0.918 0.934 0.969 0.952
10 0.269 0.944 0.929 0.936 0.942 0.972 0.956
12 0.289 0.953 0.942 0.945 0.947 0.973 0.960
14 0.311 0.958 0.948 0.949 0.950 0.974 0.962
16 0.334 0.960 0.952 0.952 0.952 0.975 0.964
20 0.386 0.962 0.956 0.956 0.955 0.976 0.966

Analytical 1.0008
2 Standard solution: 0.5022.




Table 11. Normalized deflections at point A for a twisted beam subjected to an in-plane force (Figure 8).

Mesh C3D8 C3Dsl THS $=0.01 US-ATFHS
4x2 0.0313 0.9750 1.0646 1.0567
8x2 0.1145 0.9911 1.0155 1.0106
8x4 0.1144 0.9977 1.0090 1.0057
16x2 0.3728 0.9967 1.0035 1.0014
16x4 0.3767 0.9992 1.0023 1.0009
16x8 0.3799 1.0000 1.0023 1.0010
@) 0.0584 0.6137 1.0407 1.0235
(b) 0.0528 0.6238 1.0388 1.0289
© 0.0446 0.1024 1.1403 1.0203
(d) 0.0374 0.0842 1.3741 0.7756

Exact 1.00002
2 The standard value is 0.005424.




Table 12. Normalized deflections at point A for a twisted beam subjected to an out-of-plane force (Figure 8).

Mesh C3D8 C3Ds8I THS8 $=0.01 US-ATFHS8
4x2 0.0834 0.9246 1.0222 1.0252
8x2 0.2297 0.9780 1.0029 1.0033
8x4 0.2242 0.9820 0.9974 0.9985
16x2 0.4998 0.9926 0.9991 0.9991
16x4 0.4909 0.9942 0.9980 0.9983
16x8 0.4912 0.9947 0.9980 0.9982
) 0.1538 0.8886 0.9472 0.9885
(b) 0.1377 0.8925 0.9359 0.9995
(c) 0.1377 0.3056 1.0361 1.0094
(d) 0.1156 0.2679 1.1296 1.0613
Exact 1.0000?

2 The standard value is 0.001754.



Table 13. Normalized radial displacements at inner radius for a thick-walled cylinder (Figure 9).

Poisson’sratio ~ H82 C3D8H C3Ds8lI HEXA(8)  ASQBI TH8 p=0.01  US-ATFH8
0.49 0.849 0.993 0.986 0.986 0.988 0.978 0.978
0.499 0.361 0.993 0.986 0.986 0.987 0.978 0.978
0.4999 0.053 0.993 0.986 0.986 0.987 0.978 0.978

@ H8: The standard 8-node tri-linear isoparametric element
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Figure 1. The definition of 3D oblique coordinate system.
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Figure 2. An 8-node hexahedral element.
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Figure 3. Constant stress/strain patch test.
Outer dimensions: unit cube; E=1.0 X 106; 4=0.25.
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Figure 5. Rotation dependence test: cantilever beam problem and mesh. E=100.0; £=0.3.

N
N

. u=v=w=0
Figure 4. Cheung and Chen beam tests. E=1500; x=0.25
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Figure 6. Cook’s skew beam problem and a typical 2x2x2 mesh.



Typical Mesh: 4 elements

Figure 7. Bending of a thin curved beam.
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Figure 8. Twisted beam problem and meshes. E=2.9X 107, 4=0.22




9.00

6.75 Free
SYM
5.20

4.20
3.50
3.00

10°
P=1

SYM

Figure 9. A quarter of thick-walled cylinder and mesh division.



