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In this paper, we are concerned with the stochastic averaging principle for stochastic
differential equations (SDEs) with non-Lipschitz coefficients driven by fractional Brown-
ian motion (fBm) of the Hurst parameter H € (2, ). We define the stochastic integrals
with respect to the fBm in the integral formulation of the SDEs as pathwise integrals
and we adopt the non-Lipschitz condition proposed by Taniguchi (1992) which is a much
weaker condition with wider range of applications. The averaged SDEs are established.
We then use their corresponding solutions to approximate the solutions of the original
SDEs both in the sense of mean square and of probability. One can find that the similar
asymptotic results are suitable for those non-Lipschitz SDEs with fBm under different
types of stochastic integrals.

Keywords: Stochastic differential equations; non-Lipschitz coefficients; fractional Brow-
nian motion; stochastic averaging; pathwise integrals.

AMS Subject Classification: 34F05, 37H10, 60H10, 93E03

1. Introduction

We are concerned with the following SDEs with non-Lipschitz coefficients driven
by fractional Brownian motion (fBm) on R

X(t) = X(0) +/0 b(s, X(s))ds —|—/0 o(s,X(s))dB(s), te [0,7], (1.1)

1750013-1



2ndReadmg

May 31, 2016 15:5 WSPC/S0219-4937 168-SD 1750013 2-16

Stoch. Dyn. Downloaded from www.worldscientific.com
by NORTHWESTERN POLY TECHNIC UNIVERSITY on 06/04/16. For personal use only.

Y. Xu, B. Pei & J.-L. Wu

where the initial data X (0) = X, is a random variable and E|Xo|? < 00, 0 < T <
00, the process B (t) represents the fBm with Hurst index H € (1,1) defined in a
complete probability space (Q, F, P) and b(¢, X (t)) : [0,7] x R — R is a measurable
function, o (¢, X (t)) : [0,7] x R — R x R is a measurable function and f(f -dBH(s)
stands for the stochastic integral with respect to fBm.

The above mentioned fBm, which is a family of Gaussian processes, was intro-
duced by Kolmogorov [11], Hurst [8] and Mandelbrot and Van Ness [16]. Due to the
long-range dependence of the fBm (expecially for 3 < H < 1), the SDEs driven by
fBm have been used as models of a number of practical problems [2, 3, 19]. How-
ever, the powerful tools for the classical SDEs theory are not applicable, because
the fBm is neither a semi-martingale nor a Markov process. This motivates us to
investigate other techniques to study such SDEs with fBm.

Now, we would like to mention that the theory of the stochastic averaging for
SDEs has been studied intensively. In Khasminskii [10], the author initiated to
study a stochastic averaging method for SDEs with Gaussian random fluctuations.
Stoyanov and Kolomiets [12, 20] investigated the stochastic averaging method for
SDEs driven by Poisson noises. Xu [24, 26-28] proved the stochastic averaging for
SDEs driven by Lévy noise or by fBm, where an averaged system is presented to
replace the original one both in the sense of convergence in mean square and in
probability.

In all the above works, one notices that the coefficients of SDEs are usually
assumed to satisfy the Lipschitz condition. However, many practical models of SDEs
do not satisfy the Lipschitz condition. For example, the one-dimensional semi-linear
SDEs with Markov switching

dy(t) = a(r(t))y(t)dt + b(r(£))a (ly(H))dW (1), t € 0,71,

where the process W (t) represents Brownian motion (Bm), r(¢) is a continuous-time
Markov chain and 6 : R™ — R™T is defined in the following manner

) uy/—In(u), 0<u<e,
a(u) =
et +05u—et), u>el.

Such models appear widely in many branches of science, engineering, industry and
finance [4, 6, 13]. In view of the pressing need, the importance, and the impact
on many diverse applications, it is necessary and also significant to consider some
weaker conditions than the Lipschitz one. Fortunately, Yamada [29] and Taniguchi
[21] have given much weaker conditions which are regarded as the so-called non-
Lipschitz conditions.

Up to now, there are only a few results on the stochastic averaging of non-
Lipschitz SDEs [25] and most of the papers concentrated on the case of the Lipschitz
condition. Given the widespread applications of the long-range dependence of the
fBm and non-Lipschitz SDEs, in this paper, we will make the first attempt to study
the stochastic averaging for SDEs driven by fBm with non-Lipschitz coeflicients
proposed. Let us also point out that, the SDEs driven by fBm could not be treated
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by the method for SDEs driven by Bm. For example, due to the fact that the
stochastic integral with respect to fBm is no longer a martingale, we definitely lost
good inequalities such as Burkholder—Davis—Gundy inequality which is crucial for
SDEs driven by Bm. This point motivates us to carry out the present study. As
expected, our obtained convergence results is in general weaker than those results
for SDEs driven by Bm.

We close this section by mentioning the paper Lan and Wu [14] for the most
recent account of SDEs with (much weaker) non-Lipschitizian coefficients driven
by Brownian motion. It would be interesting to investigate the stochastic averaging
for SDEs with weaker non-Lipschitz coefficients, for instance, of Lan and Wu type,
driven by fBm. This topic will be addressed in different work.

2. Preliminaries

In this section we present some notations, conceptions on the pathwise integrals
with respect to fBm and we also introduce non-Lipschitz condition proposed by
Taniguchi [21].

2.1. Fractional Brownian motion
Let ¢ : RT x R™ — R* be defined by
o(t,s) = H2H — 1)t —s* 72, t,s € RT,

where H is a constant with % < H < 1. Let g : R™ — R be Borel measurable.
Define

12(R*) = {g: o= [ [ at0apte.s)asde < oo}.

If we equip Li(R*) with the inner product

(91,92)¢ =/ / 91(t)g2(s)(t, s)dsdt, g1, g2 € L2, (RY),
Rt JR+

then L2 (R") becomes a separable Hilbert space.
Let S be the set of smooth and cylindrical random variables of the form

T T
F(w):f</0 wl(t)dBf7...,/() wn(t)dBtH>7

where n > 1, f € C;°(R™) (i.e. f and all its partial derivatives are bounded), and
Y € Hyi=1,2,...,n. H is the completion of the measurable functions such that
[4]|2 < oo and {4, } is a sequence in H such that (¢;,4;), = di;. The elements of H
may not be functions but distributions of negative order. Thanks to this reason, it
is convenient to introduce the space | H| of measurable function h on [0, T satisfying

T T
Il = [ [ IOt )asar < .
And it is not difficult to show that |H| is a Banach space with the norm ||||‘2H|

1750013-3
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The Malliavin derivative D of a smooth and cylindrical random variable F' € S
is defined as the H-valued random variable:

Then, for any p > 1, the derivative operator Df is a closable operator from
LP(Q) into LP(Q; H). In addition, we denote D" as the iteration of the derivative
operator for any integer k > 1. And the Sobolev space D*? is the closure of S with
respect to the norm, for any p > 1 () denotes the tensor product)

k

H,j
IFII;, = EIE[P +EY | DM Fllf g,

j=1
Similarly, for a Hilbert space U, we denote by D*?(U) the corresponding Sobolev
space of U-valued random variables. For any p > 0 we denote by D"?(|H|) the
subspace of D' (H) formed by the elements h such that h € |H|.

Now, we introduce the ¢-derivative of F":

DYF = o(t,v)DH Fdv.
R+

Biagini [2], Alos [1], Hu [7] and Borkowska [9] have given more details about the
fBm.

2.2. The pathwise integrals with respect to fBm

There are several ways to define integrals with respect to fBm. Here we follow
[2] (see Definition 6.1.15 on p. 154 there) to introduce the forward and backward
integrals, and the reader is referred to [2] for more detailed explanations.

Definition 1. ([18]) Let u(t) be a stochastic process with integrable trajectories.

(D1) The symmetric integral of u(t) with respect to B (¢) is defined as

1 T
lim — / u(s)[B (s +¢) — B (s — ¢)]ds,
e—0 2¢e 0
provided that the limit exists in probability, and is denoted by
[ u(s)d°BH (s).
(D2) The forward integral of u(t) with respect to B (t) is defined as

T

lim [ u(s) [

e—0 0

BH(s+¢)— BH(s)
€

ds,

provided that the limit exists in probability, and is denoted by
fOT u(s)d= B (s).

1750013-4
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(D3) The backward integral of u(t) with respect to B (t) is defined as

r B (s —¢)— Bf(s)

i [t | :

ds,
prov1ded that the limit exists in probability, and is denoted by
Jo u(s)d* B (s).

Remark 1. ([2], Proposition 6.2.3, p. 159) Let u(t) be a stochastic process in the
space D"2(|H|), and satisfies

T T
/ / IDHu(t)||t — s]*" Pdsdt < oo,
o Jo

then the symmetric integral coincides with the forward and the backward integrals.
In terms of the result of Proposition 6.2.3 in [20], we obtain Remark 1.

Definition 2. The space £,[0, T'] of integrands is defined as the family of stochastic
processes u(t) on [0, T, such that Efu(t)||2 < oo, u(t) is ¢-differentiable, the trace
of Dfu(t) exists, 0 < s <T,0<t<T, and

E// [Dfu( dsdt<oo

and for each sequence of partitions (m,,n € N) such that |7,| — 0 as n — oo,

ZE

() )

B N (M) Do (™) @ ®
i e |DEu™(t; ) Dfu™ () — DZu(t) D u(s)|dsdt

and
Ef[Ju™ —ul2],

tend to 0 as n — oo,where m,, = t(()") < tg") << tgi)l <t =T.

2.3. Non-Lipschitz condition
Hypothesis 1. There exists a function G(¢,x) : [0, +00) x RT — R* such that
(a) for any fixed z > 0, t € [0,+00) — G(t,x) € R* is locally integrable, and for
any fixedt > 0,z € RT — G(t,z) € RT is continuous, non-decreasing, concave,
and fulfills G(¢,0) = 0 and for any fixed ¢, [, mda: =00
(b) for any fixed ¢ € [0,7],b(t,-),o(t,-) € D“2(|H|) N L,[0,T], we have
‘b(th) - b(t’Y)‘Q + ‘U(th) - U(t7 Y)|2 + ‘Df(U(L X) - O'(t,Y))|2
< G(t7 |X - Y|2)7
(c) for any constant K > 0, if a non-negative function Z(t) satisfies that
t
20) <K | G(s,2(s))ds,
0
for all t € R, then Z(t) = 0.

1750013-5
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Hypothesis 2. There exists a function H(t,z) : [0,4+00) x RT — R such that

(a) H(t,x)islocally integral in ¢ > 0 for any fixed > 0 and is continuous monotone
non-decreasing concave in x for any fixed ¢ > 0,
(b) for any fixed t € [0,T7],b(t,-),a(t,-) € DV2(|H|) N L,[0, T], we have

b(t, X)? + o (t, X)* + |Df o2, X)* < H(t,|X]"),
(¢) for any constant K > 0, the differential equation

dz
— =KH
= KH (1),

has a global solution for any initial value z.

To obtain more detailed descriptions about the above non-Lipschitz condition,
see e.g., [15, 17, 21-23).

Remark 2. Let G(t,z) = A(t)['(z),t > 0,2 € R, where A\(¢) : [0,00) — R" is a
locally integrable function, I'(z) is non-decreasing, continuous and concave function
from RT to Rt such that I'(0) = 0 and

/OJr ﬁdm -

Then the function G(¢,z) satisfies Hypothesis 1.

Now, we give some concrete examples of the function I'. Let K > 0 and let
w €10, 1[ be sufficiently small.
Define

Ti(x) = Kx,z > 0.

zlog(z 1), 0<z<p,
F2(x) - -1 /
plog(p™") + Ty(u=)(x —p), = >p,
ry(2) xlog(z~ 1) loglog(z~1), 0<z<upu,
3(z) =
plog(n=t)loglog(p™") + T (u—)(z — p), = >p,

where TV denotes the derivative of function I'. They are all concave and non-
decreasing functions satisfying

1
——dr=00, i=1,2,3.
/0+ Li(z)

In particular, we see clearly that if let I'(x) = z, A(t) = K then the non-Lipschitz
Hypotheses 1-2 reduce to Lipschitz condition. In other words, non-Lipschitz con-
dition is weaker than the Lipschitz condition.

1750013-6
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Hypothesis 3. Suppose that there exist functions b(X),5(X) € D"?(H|) N
L,[0,T], we have
I
Ty Jo
I
T]_ 0

[b(s, X) = b(X)|ds < @1 (T1)p(IX]), (2.1)

o (s, X) = 6(X)[Pds < pa(T)p(|X ), (2.2)

where 77 € [0, 7] and ¢;(71) are positive bounded functions with limp, o0 i (71) =
0, = 1,2, p(-) is a non-decreasing, continuous and concave function from R to
Rt and ¢ : R — R, b: R — R are all measurable functions.

3. The Stochastic Averaging Principle

In this paper, we are concerned with SDEs involving forward stochastic integral
with respect to fBm. One can follow [2, 21] to verify the existence and uniqueness
of the solutions of the SDEs under Hypotheses 1-2 introduced in the previous
section. We present the existence and uniqueness results and their proofs in the
Appendix.

Now, we consider the approximate solutions for non-Lipschitz SDEs (the forward
integral case) with fBm as follows:

Xa(t):X(O)—i—EQH/O b(s,XE(s))ds—i—EH/O o(s, X(s))d"B(s), (3.1)

where X (0) = X is a given random variable as the initial condition, ¢ € [0,7T] and
the coefficients satisfy Hypotheses 1-2, and € € (0, &¢] is a positive parameter with
g0 a fixed number.

Let us present some auxiliary results.

Lemma 1. If u(t) € D"*(|H|) N L£,[0,T], then the symmetric integral is well
defined and the following relations hold

T T T
u(s)d° B (s) = u(s Hg Pu(s)ds .
/0 (5)d°B (s) / <><>dB<>+/ODS(>d, (3.2)

where { denotes the Wick product (see Duncan [5], p. 588). Moreover, the forward
and backward integrals are also well defined, and by Remark 1, they both coincide
with the symmetric integral under the condition of Lemma 1.

Lemma 1 can be found in the work of Biagini and Hu et al. ([2], Theorem 6.2.5).
By Remark 1, the symmetric integral coincides with the forward and backward
integrals under the condition of Lemma 1, so three types of pathwise integrals have
same relations as Eq. (3.2).

1750013-7
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Lemma 2. Let BY(t) be a fBm with & < H < 1, and u(t) be a stochastic process
in DV2(|H|) N L,[0,T], then for every T < oo, there exists a constant C such that

/ " fu(s) P

2
T
E / u(s)d"BH(s)| <2HT*"-1E +4CT?.
0

Proof. We have

2 T T 2
= u(s H(g “u(s)ds
B =8| [ ueoas™ )+ [ Ds<>d]

/0 ' Dfu(s)ds] 2
/0 ' Dfu(s)ds]

- .
< 2HT?H-1E / lu(s)|*ds +4TE/ [D¥u(s)]?ds.
0 0

T
/ w(s)d= B (s)
0

<2E +2F

T
/0 u(s)OdBY (s)

T
§2HT2H‘1E/ lu(s)*ds| + 4E
0

2

s
§2HT2H‘1E/ lu(s)[ds| +4CT?.
0

This completes the proof. O

The detailed proof of Lemma 2 can be found in the authors’ work [26].

Remark 3. In the same conditions with Lemmas 1-2, and under Remark 1, the
symmetric, forward and backward integral cases have same conclusions.

In the rest of the paper, K; are all constants, | = 1,2,3,4,5,6,7. Our main
result is the following.

Theorem. If Hypotheses 1-3 are satisfied and Z-(t) denotes the solution process
to the SDEs

Z.() = X(0) 4 &2 /0 B(Z.(s))ds + e /0 FZ()d-B(s),  (3.3)

then for a given arbitrarily small number 6; > 0, there exist 1 € (0, 0], such that
for any € € (0,e1],t € [0, T,

BX.(t) - Z.()[*) < 1.
Proof. Through Egs. (3.1) and (3.3), taking expectation and employing the fol-
lowing inequality for m € Ny and z1,29,...,2,, € R:

w1+ @2 4+ w? <m(lan P+ w4+ o], (3.4)

1750013-8
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we obtain that
2

EIX.(t) - Z.(t)? < 2 /0 [b(s, X..(s)) — B(Z.(s))]ds

2

4o /0 [0(s, X..()) — 5(Z. (s))]d~ B (s)

:II2+I22v

where [0,¢] C [0,a] C [0,T],1;,7 = 1,2 denote the above terms respectively.
Firstly, we apply inequality (3.4) for I? to yield

2= 9t /0 [b(s, X.(s)) — B(Z.(s))|ds
<4t /0 [b(s, X..(s)) — b(s, Z.(s))|ds
RES /0 [b(s, Z.(s)) — B(Z.(s))|ds
=17 + I,

By Cauchy—Schwarz inequality for I 121 and Hypothesis 1(b), we arrive at
t
I <4 E (t/ b(s, X(s)) — b(s, Za(s))|2ds>
0
t
< 4G / Gls, |X.(s) — Z.(s)|)ds.
0

Then, for IZ,, using Eq. (2.1) and ¢;(7}) a positive bounded function to yield:
1 ’
iy < 428 [ (s, 22060) ~ 622 o))
0
2
<4 (s 0 Blo (s 12.001)|
0<i<a 0<t<i

Now, we employ inequality (3.4) for I2 to obtain
2
IZ <4*E

A[d&&@»—d&&@meWQ

2

et g /0 (0(s, Z.(5)) — 6(Z.(s))]d~ B (s)

= .[221 + 1222

1750013-9
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By, Lemma 2 and Hypothesis 1(b), we obtain
2

i =astE /o [o(s, Xe(s)) — (s, Ze(s))]d™ B (s)

< 4% {2Ht2H1E/t [0(s, Xo(s)) — o(s, Z(s))]*ds + 4Cﬁ2}
0

t
< 82H 21K, (E / G(s,| X (s) — Zs(s)|2)ds) + 1627 Kyii®.
0

Due to Eq. (2.2), we have
2

2, = 4e*E /O [0(s, Ze(5)) — 5(Z-(s))]d” B (s)

< 4e2H {2H@2H—1E [/Ot 0 (s, Zo(s)) — J(Zs(s))|2d5] n 40@2}
<8 HPH-Y4E {%/Ot lo(s, Z.(s)) — U(Za(s))|2ds} +16e2H 12K

< 82 gyt ( sup <p2(t)> E |:,0< sup Zs(t)z)} + 162232 K.
0<t<a 0<t<a

Therefore, from the above discussions, and G(t,z) is concave in = for any fixed
t >0, we get

B|X.(t) — Z.(t)]* < (4P i+ 8 a2 1K) / G(s, E|X.(s) — Z-(s)|*)ds

+ 440 2 ( sup w%(ﬂ) EP’( sup 'Zs(t)')r

0<t<a 0<t<a

+8e2 ! < sup s@z(t)) E [f’< P |Z€(t)|2)]

0<t<i 0<t<a
+ 1627 4? Ky + 1627 4% K.
Note that there exist a(t) > 0,b(¢) > 0, such that
T T
Gt z) < alt) + b(t)z, / a(t)dt < oo, / b(#)dt < oo,
0 0
we have

E|Xs(t) - Zs(t)|2

< (4e* i + 8?1 Ky) ( sup a(t))

+ (4 + 82 a1 Ky ) <Sup b(t )/ E|X.(s) — Z(s)ds

o<t<a

+ 42 Ky + 82 327 Ky + 1627 02 Ky + 16227 02 Ky

1750013-10
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t
< (4e*aKs + 8 a* 1K) / E|X.(s) — Z(s)|ds + 4e* K7
0

+ 8ZHGPH1 K 4 452 K, + 827 2T K

+16e*1 02 Ky + 162702 K3
t
= (4" aKg + 82 a1 1K) / E|X_(s) — Z(s)ds
0

+ 4 (K 4+ K2 !+ Ky a0? + K2 + Kya? + Ksil?).
Now by the Gronwall-Bellman inequality, we obtain
B|X.(t) = Z.(t)* < 4 [K,e?H i+ Kot + a*H V(K + Ksa) + (K4e® + K3)i?]
x exp(4e i’ Ko + 8> a2 K y).
Select 8 € (0,1), L > 0, such that for all ¢ € [0, Le~##] C [0, T], we have
B|X.(t) — Z:()]* < Q17

where
Q = 4e2HHHA=L oy (4 AH2HB 2 o 8L2H52H72H25K1)[K7€2HL€7Hﬁ

+ KoL2e2H0 o [2H=1—HBCH-V) (¢, | K Le B4 L2 (KM 4 K3)e 210

is a constant.
Consequently, given any number §; > 0, we can select £1 € (0, g¢], such that for
every ¢ € (0,e1], and for ¢ € [0, Le~HP] C [0, TY,
E‘Xs(t) - Zs(t)P < 51~

This completes the proof. O

Corollary. Assume that the original SDEs (3.1) and the averaged SDEs (3.3) both
satisfy the Hypotheses 1-3. Then for any number do > 0, there exist L > 0 and
6 € (0,1), such that

lim P(X.(1) ~ Z:(1)| > d2) = 0.

E—
Proof. On the basis of Theorem and Chebyshev—Markov inequality, for any given
number Jo > 0, one can have

1 , _ Qel~HP
P(‘Xs(t)_zs(t” >52) < 5—2E|X5(t)—Z5(t)| < T
2 2
Let ¢ — 0 and the required result follows.
This completes the proof. O

Remark 4. Similarly, we get the same results for three types of pathwise integrals
of SDEs.
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Remark 5. We would like to compare our main result with the corresponding

result for SDEs with standard Brownian motion (H = %) in which the stochastic

integral is just the usual It integral. In fact, in the Brownian motion case, we have

E ( sup | X () — Zs(t)|2> < 4.
te[0,Le—1]

However, due to the fact that stochastic integral with respect to fBm is no longer
a martingale (It6 integral is a martingale but it is not well defined with respect to
fBm), we definitely lose good inequalities such as Burkholder-Davis—Gundy inequal-
ity which is crucial for SDEs driven by Bm. So we cannot obtain the uniform con-
vergence result. As expected, our obtained convergence result is in general weaker
than those results for SDEs driven by Bm as follows:

E|X.(t) — Z-(t)]? < 61, tel0,Le P

The obtained convergence result in this paper is in general weaker than that of Bm
case, but this is an interesting theoretical result to study the solution of complex
equations with fBm through the solution of simplified equation.

Remark 6. In this paper, Hypotheses 3 are to ensure that the coefficients between
original Eq. (3.1) and averaged Eq. (3.3) can be controlled. If not, we cannot obtain
the convergence for the solution. Here, we mainly emphasize the convergence of the
solutions. In fact, the rate of convergence in this result is about —H (3 compared
with —1 in Brownian motion case (namely, H = 1/2).

Finally, let us give an example of SDEs driven by fBm to illustrate the compu-
tation of @ and b. We also derive the associated averaging process.

Example. Consider the following SDEs driven by fBm:
dX. = - \X sin® (t)dt + d~BH (1), (3.5)

where X (0) = X, and E|Xo|? < oo,t € [0,T], b(t, X.) = —AX sin?(t),0(t, X.) =
1, and ) is a positive constant, B () is a fBm. Then

~ 1" 1
b(Xe) = ;/0 b(t7Xe)dt = _5)\X67 5(X€) = 1’

and define a new averaged SDEs
dZ. = E8p(Z)dt + € 6(Z.)d- B (),
namely,
dZ. = —%62H)\Zedt +ed=BH(t). (3.6)

Obviously, Z(t) is the well-known Ornstein—Uhlenbeck process, and the solution
process can be obtained as:

Z.(1) = exp (%m) X0+ \/z/ot exp (—%E/\(t - s)) B (1).

1750013-12
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As all the Hypotheses 1-3 are satisfied for functions b, o, b, & in SDEs (3.5)(3.6),
thus the Theorem and Corollary hold. That is,

E(|Xc(t) = Ze()]?) < 1,
and consequently, as € — 0,

| Xe(t) — Ze(t)] — 0 in probability.

Appendix: Existence and Uniqueness of Solutions of SDEs with
Forward Stochastic Integrals

We are concerned with the following SDEs
t t
X(t)=Xo —|—/ b(s, X(s))ds —|—/ o(s,X(s))d"Bf(s), t€[0,T], (A.1)
0 0
with the initial data Xy being a random variable. Following [2, 21], we have the
following.
Theorem A. Under the assumption Hypotheses 1-2, there is a unique solution of

(A.1).

Proof. By using an iteration of the Picard type, we construct an approximate
sequence of stochastic process {Xj(t),k € N4} as follows:

Xk+1(t)=X0—|—/0 b(s,Xk(s))ds—F/O o(s, Xg(s))d"BH(s), te0,T], (A.2)

where X1 (t) = Xj is the initial condition with E|X|?* < cc.
By Lemmas 1-2 and Hypothesis 2(b), we have
2
+ 3K

2

B\ X1 (t))? < 3E|X0|* 4+ 3E /0 b(s, Xi(s))ds /Oa(s,Xk(s))d’BH(s)

t t
§3E|X0\2+3TE/ |b(s,Xk(s))\2ds+6HT2H—1E/ (s, Xa ()2t
0 0
t
+12TE/ \DPo (s, Xy(s))dt
0

t
< 3| X, +0T7H/ H(s, B|Xx(s)[2)ds, (A.3)
0

for all ¢ € [0, T, where the constant Cp g only depends on T', H.
Next, by Hypothesis 2(c) and inequality (A.3), there is a u(t),t € [0, T satisfying

t
u(t) = 3E|Xo[* + CT,H/ H(s,u(s))ds.
0
By induction, we obtain for any k& € N,

B X1 (t))* <u(t) <u(T) < cc.
This proves the uniform boundedness of {X}(¢),0 <t < T,k e N }.
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On the other hand, by the same way as above, for ¢ € [0, T], we have

2

Bl X1 (t) = Xomia (O < 2 /0 [b(s, X (5))ds — b(s, Xm(s))]ds

2

+2F /0 lo(5, Xu(s)) — (s, X (s))]d~ B (s)

< 2TE/ |b(s, Xr(5))ds — b(s, Xn(s))|?ds
0
+4HT2H1E/t (s, Xk (5)) — (s, Xon(s))|?dt
0
+8TE/ |D?[0(s, Xi(s)) — o (s, Xpm(s))]|?dt
0

t
< Cron / G(s, E|Xi(s) — Xon(s)|?)ds,
0

where C'r i is also a constant.
To proceed, it is routine to derive

sup B|Xkr1(s) — X (5)?

0<s<t
t
<Cru [ G(s, sup E|Xk<sl>—xm<sl>|2) . (Ad)
0 0<s1<s
Let
Z(t) = limsup sup E|Xus1(s) — Xomp1 ()7, (A.5)

k,m—oo 0<s<t

then Eqgs. (A.4)-(A.5) together with Fatous lemma yield

Z(t) < Crp /0 G(s, Z(s))ds. (A.6)

At last, through the above inequality (A.6) and Hypothesis 1(c), we immediately
get Z(t) =0, i.e.

Z(t)= lm_ sup E|Xes1(s) — Xsa(s) =0,
k,m—o0 0<s<t
indicating that {Xx(¢),0 < ¢ < T,k € N4} is a Cauchy sequence. The limit is
denoted by X (¢). Let k — oo in (A.2) yields that X (¢) satisfies (A.1) for all ¢ € [0, T7.
In other words, we have shown the existence of solutions of (A.1). Then, by the
same way, we obtain the uniqueness of solution of (A.1). O
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