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Highlights

o Invariant definition of the transversely isotropic constitutive tensor based on rep-
resentation theorem of functionally graded materials (FGM) in oblique coordi-
nates.

e Study of influence of fiber direction and skew angle on natural frequencies of
(FGM) nanocomposite skew plates.

o Consideration of one asymmetric and three symmetric distributions of function-
ally graded nanocomposite skew plates.

o The underlying shell theory is formulated in oblique coordinates, based on the
Hu-Washizu principle and first-order shear deformation theory (FSDT).

o Independent approximations of displacements, strains and stresses.

Abstract

The remarkable mechanical and sensing properties of carbon nanotubes (CNTs)
suggest that they are ideal candidates for high performance and self-sensing compos-
ites. However, the study of CNT-based composites is still under development. This
paper provides results of static and dynamic numerical simulations of thin and moder-
ately thick functionally graded (FG-CNTRC) skew plates with uniaxially aligned rein-
forcements. The shell element is formulated in oblique coordinates and based on the
first-order shear deformation plate theory. The theoretical development rests upon the
Hu-Washizu principle. Independent approximations of displacements (bilinear), strains
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and stresses (piecewise constant subregions) provide a consistent mechanism to formu-
late an efficient four-noded skew element with a total of twenty degrees of freedom. An
invariant definition of the elastic transversely isotropic tensor is employed based on the
representation theorem. The FG-CNTRC skew plates are studied for a uniform and
three different distributions (two symmetric and one asymmetric) of CNTs. Detailed
parametric studies have been carried out to investigate the influences of skew angle;,
CNT volume fraction, thickness-to-width ratio, aspect ratio and boundary conditions.
In addition, the effects of fiber orientation are also examined. The obtained results are
compared to the FE commercial package ANSYS and the limited existing bibliography
with good agreement.

Keywords:
Vibration analysis, skew shells, Hu-Washizu functional, shell finite elements,
uniaxially aligned CNT reinforcements, functionally graded material

1. Introduction

Since the discovery of carbon nanotubes (CNTs) by Ijima [1] in 1991, many re-
searchers have investigated their unique capabilities as reinforcements in composite
materials. Due to their remarkable mechanical, electrical and thermal properties, car-
bon nanotubes are considered ideal reinforcing fibers for advanced high strength mate-
rials and smart materials with self sensing capabilities [2, 3]. In actual structural appli-
cations, it is important to develop theoretical models in order to predict the response of
structural elements made of carbon nanotube-reinforced composites (CNTRC). In par-
ticular, skew plates are widely employed in civil and aeronautical engineering applica-
tions such as panels in skew bridges, construction of wings, tails and fins of swept-wing
aircraft, etc. However, due to the mathematical difficulties involved in their formula-
tion, works on the static and dynamic analysis of CNTRC skew elements are scarce in
the literature [4].

The number of publications dealing with static and dynamic analysis of CNTRC
structural elements have increased considerably in recent years. Wuite and Adali [5]
studied the bending behavior of classical symmetric cross-ply and angle-ply laminated
beams reinforced by aligned CNTs and isotropic beams reinforced by randomly ori-
ented CNTs. By using a micromechanical constitutive model based on the Mori-Tanaka
method, they highlighted that small percentages of CNT reinforcement lead to sig-
nificant improvement in beam stiffness. Vodenitcharova and Zhang [6] developed a
continuum model for the uniform bending and bending-induced buckling of a straight
nanocomposite beam with circular cross section reinforced by a single-walled carbon
nanotube (SWNT). The results showed that although the addition of a matrix to a
SWNT increases the load carrying capacity, the thicker matrix layers the SWNT buck-
les locally at smaller bending angles and greater flattening ratios. Formica et al. [7]
studied the vibrational properties of cantilevered CNTRC plates with an Eshelby-Mori-
Tanaka approach and finite element modeling. The results demonstrated the ability of
CNTs to tune the vibrational properties of composites and increase the fundamental fre-
quencies up to 500%. These exceptional properties have motivated many researchers



to optimize the contribution of CNTs. According to this principle, Arani et al.[8] in-
vestigated analytically and numerically the buckling behavior of CNTRC rectangular
plates. Based on classical laminate plate theory and the third-order shear deformation
theory for moderately thick plates, they optimized the orientation of CNTs to achieve
the highest critical load. Another example of this interest is the research carried out by
Rokni et al. [9]. By dividing a beam along its longitudinal and thickness direction with
the inclusion proportion as the design variable, they proposed a new two-dimensional
optimum distribution of reinforcements of a polymer composite micro-beams to maxi-
mize the fundamental natural frequency given a weight percentage of CNTs:
Functionally graded materials (FGMs) belong to a branch of advanced materials
characterized by spatially varying properties. This concept has promoted the develop-
ment of a wide range of applications of functionally graded composite materials since
its origin in 1984 (see e.g. [10]). Inspired by this idea, Shen [11] proposed non-uniform
distributions of CNTs within an isotropic matrix. In this work, nonlinear vibration of
functionally graded CNT-reinforced composite (FG-CNTRC) plates in thermal envi-
ronments was presented. Researchers have employed many different methodologies
to model FG-CNTRCs and most of them are recorded in a recent review by Liew
et al. [12]. Zhu et al. [13] carried out bending and free vibration analysis of FG-
CNTRC plates by using a finite element model based on the first-order shear deforma-
tion plate theory (FSDT). Ke et al. [14] presented nonlinear free vibration analysis of
FG-CNTRC beams within the framework of Timoshenko beam theory and Ritz method
solved by a direct iterative technique. They concluded that symmetrical distributions of
CNTs provide higher linear and nonlinear natural frequencies for FG-CNTRC beams
than with uniform or unsymmetrical distribution of CNTs. Zhang et al. [15] proposed
a meshless local Petrov-Galerkin approach based on the moving Kriging interpolation
technique to analyze the geometrically nonlinear thermoelastic behavior of function-
ally graded plates in thermal environments. Shen and Zhang [16] analyzed the thermal
buckling and postbuckling behavior of uniform and symmetric FG-CNTRC plates un-
der in-plane temperature variation. These results showed that the buckling temperature
as well as thermal postbuckling strength of the plate can be increased with functionally
graded reinforcement. However, in some cases the plate with intermediate nanotube
volume fraction may not present intermediate buckling temperature and initial thermal
postbuckling strength. Aragh et al. [17] proposed an Eshelby-Mori-Tanaka approach
and a 2-D generalized differential quadrature method (GDQM) to investigate the vibra-
tional behavior of rectangular plates resting on elastic foundations. Yas and Heshmati
used Timoshenko beam theory to analyze the vibration of straight uniform [18] and
non-uniform [19] FG-CNTRC beams subjected to moving loads. Alibeigloo and Liew
[20] studied the bending behavior of FG-CNTRC plates with simply supported edges
subjected to thermo-mechanical loading conditions by three dimensional elasticity the-
ory and using the Fourier series expansion and state-space method. This work was
extended by Alibeigloo and Emtehani [21] for various boundary conditions by using
the differential quadrature method. Zhang et al. [22] proposed a state-space Levy
method for the vibration analysis of FG-CNT composite plates subjected to in-plane
loads based on higher-order shear deformation theory. This research analyzed three
different symmetric distributions of the reinforcements along the thickness, namely
UD, FG-X and FG-O. They concluded that FG-X provides the largest frequency and



critical buckling in-plane load. Whereas, the frequency for the FGO-CNT plate was
the lowest. Wu and Li [23] used a unified formulation of Reissner’s mixed variational
theorem (RMVT) based finite prism methods (FPMs) to study the three-dimensional
free vibration behavior of FG-CNTRC plates. Free vibration analyses of quadrilateral
laminated plates were carried out by Malekzadeh and Zarei [24] using first shear de-
formation theory and discretization of the spatial derivatives by the differential quadra-
ture method (DQM). Furthermore, mesh-free methods, employed in many different
fields such as elastodynamic problems [25] and wave equations [26], have also been
widely employed in the simulation of FG-CNTRCs. Zhang et al. [27] employed a
local Kriging mesheless method to evaluate the mechanical and thermal buckling be-
haviors of ceramic-metal functionally graded plates (FGPs). Lei et al. [28] presented
parametric studies of the dynamic stability of CNTRC-FG cylindrical panels under
static and periodic axial force using the mesh-free-kp-Ritz method and the Eshelby-
Mori-Tanaka homogenization framework. Lei et al. [29] employed this methodology
to carry out vibration analysis of thin-to-moderately thick laminated FG-CNT rectan-
gular plates. Zhang and Liew [30] presented detailed parametric studies of the large
deflection behaviors of quadrilateral FG-CNT for different types of CNT distributions.
They showed that the geometric parameters such as side angle, thickness-to-width ra-
tio or plate aspect ratios are more significant than material parameters such as CNT
distribution and CNT volume fraction. Zhang et al. [31] employed the ILMS-Ritz
method to assess the postbuckling behavior of FG-CNT plates with edges elastically
restrained against translation and rotation under axial compression. Some other results
can be found in the literature dealing with the buckling analysis of FG-CNTRC thick
plates resting on Winkler [32] and Pasternak foundations [33], free vibration analy-
sis of triangular plates [34]; cylindrical panels [35, 36], three-dimensional free vibra-
tion analysis of FG-CNTRC plates [37], vibration of thick functionally graded carbon
nanotube-reinforced composite plates resting on elastic Winkler foundations [38], vi-
bration analysis of functionally graded carbon nanotube reinforced thick plates with
elastically restrained edges [30], etc.

In the case of skew plates, the verification of their mathematical formulation is dif-
ficult because of the lack of exact solutions, and those available in literature are based
on approximate methods. Over the past four decades, a lot of research has been carried
out.on the study of isotropic skew plates [39—42]. In contrast, research work dealing
with the analysis of anisotropic skew plates is rather scant, and even more so for FG-
CNT composite materials. However, Zhang et al. [30] obtained the buckling solution
of FG-CNT reinforced composite moderately thick skew plates using the element-free
IMLS-Ritz method and first-order shear deformation theory (FSDT). The same authors
[4] also provided approximate solutions for the free vibration of uniform and a sym-
metric distribution of the volume fraction of CNT in moderately thick FG-CNT skew
plates. This methodology was also employed by Lei et al. [43] to perform buckling
analysis of thick FG-CNT skew plates resting on Pasternak foundations. Geometri-
cally nonlinear large deformation analysis of FG-CNT skew plates resting on Pasternak
foundations was carried out by Zhang and Liew [44].

In this paper, we develop an efficient finite element formulation based on the Hu-
Washizu principle to obtain approximate solutions for static and free vibration of var-
ious types of FG-CNTRC skew plates with moderate thickness. The shell theory is



formulated in oblique coordinates and includes the effects of transverse shear strains
by first-order shear deformation theory (FSDT). An invariant definition of the elas-
tic transversely isotropic tensor based on the representation theorem is also defined in
oblique coordinates. Independent approximations of displacements (bilinear), strains
and stresses (piecewise constant within subregions) provide a consistent mechanism to
formulate four-noded skew elements with a total of twenty degrees of freedom. A set of
eigenvalue equations for the FG-CNTRC skew plate vibration is derived, from which
the natural frequencies and mode shapes can be obtained. Detailed parametric stud-
ies have been carried out to investigate the influences of skew angle, carbon nanotube
volume fraction, plate thickness-to-width ratio, plate aspect ratio, boundary conditions
and the distribution profile of reinforcements (uniform and three non-uniform distribu-
tions) on the static and dynamic response of the FG-CNTRC skew plates. The results
are compared to commercial codes and the limited existing bibliography with very
good agreement.

2. Functionally graded CNTRC plates

Figure 1 shows the four types of FG-CNTRC skew plates considered in this paper,
with length a, width b, thickness ¢ and fiber orientation angle ¢. UD-CNTRC repre-
sents the uniform distribution and FG-V, EG-O and FG-X CNTRC are the functionally
graded distributions of carbon nanotubes in the thickness direction of the composite
skew plates. The effective material properties of the two-phase nanocomposites mix-
ture of uniaxially aligned CNTs reinforcements and a polymeric matrix, can be esti-
mated according to the Mori-Tanaka scheme [45] or the rule of mixtures [3, 46]. The
accuracy of the extended rule of mixtures (EROM) has been widely discussed and a
remarkable synergism with the Mori-Tanaka scheme for functionally graded ceramic-
metal beams is reported in [17]. Due to the simplicity and convenience, in the present
study, the extended rule of mixture was employed by introducing the CNT efficiency
parameters and the effective material properties of CNTRC skew plates can thus be
written as [11]

Ei =mVentESYT + V,E” (1a)
m _ Venr | Vi
= +

Ey - EgZNT ﬁ
V V
3 Vonr 4 m (1¢)

G  GM G

(1b)

where EICIN T EZCZN T and GICZN T indicate the Young’s moduli and shear modulus of SWC-
NTs, respectively, and E™ and G™ represent corresponding properties of the isotropic
matrix. To account for the scale-dependent material properties, the CNT efficiency
parameters, 17; (j=1,2,3), were introduced and can be calculated by matching the effec-
tive properties of the CNTRC obtained from a molecular dynamics (MD) or multi-scale
simulations with those from the rule of mixtures. Veyr and V,, are the volume fractions
of the carbon nanotubes and matrix, respectively, and the sum of the volume fractions
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Figure 1: Geometry and configurations of the functionally graded carbon nanotube-reinforced (FG-CNTRC)
skew plates.
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of the two constituents should equal unity. Similarly, the thermal expansion coeffi-
cients, @] and @y, in the longitudinal and transverse directions respectively, Poisson’s
ratio v, and the density p of the nanocomposite plates can be determined in the same
way as

CNT
Vi = VCNTV12 + Vme (Za)

CNT
p=Venrp ™" + Vyp™ (2b)

CNT
) = VCNTCVH + Vmam (2C)

CNT CNT

ay =1+ 127 )VCNTazz + (1 + vm)Vma’" — V9211 (2(1)
where szN T and v™ are Poisson’s ratios, and alclN T agzN T and o™ are the thermal ex-

pansion coefficients of the CNT and matrix, respectively. Note thatv, is considered
as constant over the thickness of the functionally graded CNTRC skew plates.
And the other effective mechanical properties are
E3 = E»n, Gi3=Gp, Gin= %IEZV;,
Vi3 =Via, V31 =Van,| VR = Va3 = Vap, 3
Va1 = Vlzg—ﬁ

The uniform and three types of functionally graded distributions of the carbon nan-
otubes along the thickness direction of the nanocomposite skew plates shown in Fig. 1
are assumed to be

Venr = Viyr (UD CNTRC)
Vewr =22Ve, (FG-X CNTRC)

)
Venr =1+ E)Vey,  (FG-V  CNTRC)

Venr =2(1 - 2z (FG-O CNTRC)

3. Finite element formulation

3.1. Parametrization of the geometry

Consider CNTRC skew plate of length a, width b, thickness ¢ and skew angle « as
shown in Fig. 1. The midsurface of the shell to be considered in this paper is given in
terms of skew coordinates (6!, 6%), hence the change of coordinates is given by

x=06"+6*cosa
y=6*sina ®)

z=6°

This parametrization leads a covariant basis a, defined by Egs. (6)



1 cosa 0
=3 0}, dp={ sina and a3 =4 0 6)
0 0 1

The covariant metric tensor is noted by a has a value of sin’* @ and leads a con-
travariant basis a" defined by Egs. (7)

1 0

P . -1 =2 23 o

a ={ —tan @ ;, d =4 csca and d@’ =a3 (@)
0 0

3.2. Variational formulation, displacement field, stresses and strains of CNTRC skew
plates
The theoretical formulation is derived by a variational formulation. Denoting by
U(y) the strain energy and by y and o the vectors containing the strain and stress
components, respectively, a modified potential of Hu-Washizu assumes the form [47]

Mw [V, 7,01 = [, [UG) =7 (y=DV) = T,]dV = [ (v- ) ondS - [ T,dS  (8)

In Eq. (8), v and the index b represent the displacement vector and the body forces,
respectively, whereas ¥ are prescribed displacements on the part of the boundary in
which displacements are prescribed (S';).

The displacement field is constructed by first-order shear deformation. Hence the
in-plane deformation y,z is expressed in terms of the extensional (Y4 p) and flexural
(174 p) components of the Cauchy-Green strain tensor as

Yop = 0Yap+0 1Vap - 9)

Denoting by V,, and V; the tangential displacements of the midsurface in the 6
and & directions, and by ¢, the rotations about the 6% lines, the strains in terms of the
aforementioned displacements and rotations have the form

1
Extensional strains : ¢¥,p = 3 (VQHIB + V,Bna) R (10a)
1
Flexural strains : Y5 = 3 (\/Ee(w ‘#\Il/i + Vaeg, ¢ﬁa) , (10b)
Shear strains : 2y,3 = V3 o + Vaeq, ¢ (10c)

In Egs. (10) e,p denote the permutation tensor associated with the undeformed
surface and a double bar (.); signifies covariant differentiation with respect to the un-
deformed surface. In vectorial form

oY1 1711

o¥=3 oY ¢, 1Y=9 172 and ys ={ Z; } (11)
2 0Y12 21712



The thin body assumption is considered in the z-direction, and thus it is often pos-

sible to neglect the transverse normal stress s°>. The stress-strain relationships are
defined by
00

(B = T = CoPro . s

57 = 2EW g (12)

B -0

And the free-energy density takes the form
1 )
D= 3 CPY Yop vys + 2 EP 3 yp3 (13)

3.3. Linearly elastic transversely isotropic constitutive anatrix in non-orthogonal co-
ordinates

The definition of non-orthogonal coordinates requires a coherent definition of the
stress-strain relationships. On the basis of the representation theorems of transversely
isotropic tensors developed by Spencer [48], Lumbarda and Chen [49] obtained the
constitutive tensor of linear elastic transversely isotropic materials in a general coordi-
nates system as

6
Ciju = ) e/l (14)
r=1
The I" are a set of linearly independent fourth order tensors that form a basis of
an algebra of order 6 and the c, are six elastic parameters. In component form, the
fourth-order tensors /, are defined by

Ly = %(aik“ﬂ +a''a’) (152)
Iizjkl — 4iigh (15b)
I?jkl = n,nja’d (15¢)
I?jkl = dinen; (15d)
Iy = %(a”‘n ju+ a'njn + @ ning + a’'ning) (15¢)
Iiﬁjk] = mnmny (151)

where n; are the rectangular components of an unit vector parallel to the axis of the
transverse isotropy, defined in the mid-plane of the skew plate as /== (cos ¢, sin ¢, 0)
(see Fig. 1), and @/ are the components of the contravariant basis a™ defined in Eq. (7).
The material parameters, c,, are defined as



c1 =2u, =4, c3=c4=aq,
cs =2 — ), c6=p

The material parameters c, depend on five elastic constants: y and A, shear modu-
lus within the plane of isotropy and the Lamé constant, the out-of-plane elastic shear
modulus o, @ and 8. In matrix notation the 4th order elasticity tensor of transversely
isotropic material for a preferred x direction in a Cartesian coordinate system gives

(16)

2 +B+A-2u+4yy a+d a+d1 0 0 O

a+ A A+ 2u A 0 0 0

_ a+Aa A A+2p 0 0 0
C= 0 0 0 o0 .0 an

0 0 0 0 w O

0 0 0 0 0 uo

The relation between elastic invariant constants and the engineering constants can
be found by comparing Eq. (17) with the classical transversely isotropic stiffness tensor.
This comparison leads to

En(En — Exn)Exnvip

o= (18a)

(E11 + Exvip)(E11 = Exvip(l + 2vy2))
EnE2vin(1+v

1 1nE3via( 12) (18b)

(Evi + Exvip)(Eqp — Exvia(l + 2vyp))
EE

p=-——nz2 (18¢)
2E11 + 2E22V12

Ho = G2 (18d)
1 E L E E1(2E| + Eyy — 6F

g2 1(28G, + nkan 11(2En 2 2V12) (18¢)
2 Ei + Exnvip Ei — Exnvip(1 +2vy2)

Once the constitutive tensor is obtained, the plane stress stiffness matrix can be
obtained numerically by deleting the rows and columns associated with the z-direction
in the compliance matrix. By inverting the resulting compliance matrix, the constitutive
equations are written in Voigt’s notation in the form

S11 011(2) 012(2) 0 0 0 Y1
522 O On( 0 0 0 Y22
s |=] 0 0 Oes(2) 0 0 -] 2 (19)
523 0 0 0 Qu4(2) 0 Y23
513 0 0 0 0 Oss(2)] | yi3

ij ~ij ~if h/2 ..
(€}, CLC) = [, 0@ (L,z,2)dz (i, j=1,2,6),

ij h/2 ..
¢ = 4 [ Qude =49
Note that Q;; varies with z according to the grading profile of the CNTRC along
the thickness. ks denotes the transverse shear correction factor for FGM, given by [50]

(20)

10



6 — i‘G + m‘Cn

ks = (V—V) 21

5

3.4. Stiffness matrix of skew plate element

The strain-energy density per unit of area at the reference surface can be defined by

h/2
U= f Ddz 22)

~h/2

From Eq. (9) and Eq. (13), the strain-energy density can be expressed as

h/2
U= [0 [3CP (0Yap+6 Yap) (0Yys + 6 1Vys) + 2EBypaym|dz (23)

Expression (23) for the strain energy can be represented as the sum of the exten-
sional (Ug), bending (Up), coupling (Uc) and transverse shear (Uy) strain energy as

Urota = Up +Up + Uc + Ug =

24
= % (OVTCE oY + 17TCB 1Y+ Q')’TCC 1Y+ ﬁ’TCc 07+y§Csys) 24)

3.4.1. Discretization

202

26)

Figure 2: Four node skew quadrilateral shell finite element.

The shell element derived in the present study is a four-noded skewed isoparametric
finite element (see Fig. 2) with five degrees of freedom at each node: three physical
components of the displacements u;, uy, u3 and two components of the rotations ¢, ¢,
Eq. (25). Bilinear shape functions N are chosen for the physical components of the
displacements and rotations in the following way

4 4
=) ufNe and gy = > @ENi; (25)
k=1 k=1

11



1
Ne=Z(+&60+mm, i=1.23 and a=12. (26)

As mentioned before, the use of the Hu-Washizu principle and the independent ap-
proximation of strain and stress yields a series of desirable features important for the
reliability, convergence behavior, and efficiency of the elemental formulation such as
the avoidance of superfluous energy and zero energy modes. Furthermore, the discrete
approximation is drawn in a consistent manner from the general theory of the contin=
uum and the mechanical behavior of the finite element, without resorting to special ma-
nipulations or computational procedures. In addition, it has been shown [47, 51, 52]
that essential prerequisites for the achievement of these goals are: the identification
of constant and higher-order deformational modes which are contained in the dis-
placement/rotation assumptions, the realization that the constant terms are necessary
for convergence, and that higher-order terms reappear in different strain components.
Therefore, our approximation does not need to retain the higher-order terms in two
different strain components (they are needed only to inhibit a mode).

For instance, the following assumptions for the extensional strains have been shown
to serve the aforementioned goals

Y=y +yun,
Y2 =Yntyné 27
Y2 =Yoo+ Yné+ynn.

Note that, according to the above ideas, the underlined terms in Egs. (27) are not
considered. The elimination of such terms allows the reduction of excessive internal
energy and to improve convergence. Furthermore, the replacement of the linear varia-
tion of the strains and stresses by piecewise constant approximations leads to compu-
tational advantages that are most important in repetitive computations. The piecewise
constant approximations can be improved by introducing four subdomains over the fi-
nite element (see Fig. 3). For example, Fig. 4 illustrates the piecewise approximation
of y1; and 5 over two subdomains. The membrane shear strain y;, is approximated
by a constant.

Considering the piecewise approximations through the four subdomains and ex-
pressing strains in physical components (g, k, ), the extensional, bending and shear
strain over every subdomain are defined as

Extensional strains (g1, €2, €12)

B and En =& in A (28)

8ﬁ in A+ Ay 826; in A+ A]V
€11 = . > €22 =
& In A[[] +A1V

&y in A[[ +A11[

Bending strains (ky1, k2, K12)

and kpp=k;p in A (29)

B . ’
Ky In A +A]V

A c
X Kyp In A+ Ay B Ky, 1n A+ Ay
11 = 22 = .
Kyy 1N A+ A

12
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Figure 3: Subdomain areas throughout the finite element.
Shear strains (y13,7Y23)
A c
Y in Aj+Apn Y, 1n A+ Ay

Y1 = and vy, = 30)

B D -
Yy ino App+Ap Y, in Ap+Ang

As a consequence of this approximation, the strain energy term in the Hu-Washizu
variational principle takes the form of

_ _ IV _
Jyvda = [ UidA+...+ [ UydA=31 [, UdA= 30
=1&"Dge+ k" Dpk+ 18" Dck+ k" Dee+ 1y  Ds¥
where the vectors &, k and y are defined by
&l K
81191 K};l y{‘
- ¢ . v S_7
g=1{ &, , k=4 &5, , ¥ = L (32)
8D KD 72
2 2 P
2ep 2 k12 2

The matrices D, Dg, D¢ and Dy are the discretized elasticity matrices that depend
on the geometry of the surface —i.e., on the contravariant (¢*#) and covariant (aap)
components of the metric tensors— and can be represented as follows
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Figure 4: Schematic representation of the piecewise constant extensional strain approximation.

Jiyon, DE(L D dA 0 f, De.2dA [ Dp(1,2)dA [ . Dg(1,3)dA

Joa, Pe(LDAA [ De(1,2)dA [ De(L,2)dA [, Dp(1,3)dA
Dy = Ji,oa, D 2,2)dA 0 Juyoa, PE@DAA |, (33)

Join, D@ 2dA [, ., Dg(2,3)dA

sym J,De@3,3)dA
i, Ds (151)aA 0 [, Ds(1,2)dA [ Ds(1,2)dA
Dy Jooa, Ds (L DAA [\ Ds(1,2)dA [, Ds(1,2)dA (34)
Ji1a, Ds (2,2)dA 0
sym Jiia, Ds (2,2)dA

Furthermore, the parameters for the stress resultants are expressed by the following
vector forms

N7 [N;‘1 NB NS ND Nu],
M’ =[ My ME MG, M, M | and 35)
Q"= 0 0f 05 0% on].

In addition, by introducing the matrices

A[ + A][ 0 0 0 0
0 A[]] +A1V 0 0 0
AN = AM = 0 0 A[ + A[V 0 0 and (363)
0 0 0 Ap+Amn O
0 0 0 0 A
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A[ +A1[ 0 0 0

_ 0 A +Ay 0 0
AQ - 0 0 A +Ay 0 (36b)
0 0 0 A+ Am

along with the discretized strain-displacement relationships, the bilinear approxima-
tions for the displacements and rotations, and also the discrete parameters for the strains
and stresses, the discrete form of the generalized variational principle of Hu-Washizu
is given by

p—

g" ANN) - 3 (MTAM/?+7<TAMM)—% (Q"Aq7+7" AqQ)

1

+ (MTBA+ATBM)+%(QTGA+ATGQ)

(37

N

The Hu-Washizu variational principle establishes that if the variation is taken with
respect to nodal displacements and rotations (A), strains, and stresses, then all field
equations of elasticity and all boundary conditions appear as Euler-Lagrange equa-
tions. In particular, the stationary condition for the functional, 6I15w = 0, enforces the
following governing discretized field equation

ONT(EA-ANE) + M’ (BA— Ayk) +5Q7 (GA-Aq?)
+08" (D& +Dck=ANN) + k" Dpk+DcZ—AuM) + 67" Dsy - Ag Q)
+6ATE'N+B'M+G"Q) -6A"p=0.

(38)

(a) Variation of the stress resultants leads to the discrete strain-displacement relation-
ships

EA-ANE=0 = &=A,'EA,
BA-Ayk=0 = k=A;BA and (39)
GA-Ag7=0 = 7=A,GA.

(b) Variation of the strain parameters yields the discrete constitutive equations
Dp2+Dck—-ANN=0 =  N=A;'Dpgé+A;'Dck

Dpk+DcE-AyM=0 =  M=A,/ Dpik+A;/ Dc& (40)
Dsy-AqQ=0 = Q=A[Ds¥
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(c) Variation of the nodal displacements/rotations leads to the discrete form of the
equilibrium equations
E'’N+B"M+G7Q-p=0. 41

By introducing Egs. (39) in Eqgs. (40), the parameters for the stress resultants can
be expressed in terms of nodal displacements as

N= A,'DeA'EA+A;'DcA; BA,
M= A,/ DrA,, BA+A, DcAy EA (42)
Q= Ay DsA;GA.
In a compact way, the introduction of expressions (42) into Eq. (41) yields the
discrete equilibrium expressed in terms of nodal displacements and rotations as

[KExtension + KBending + KCoupling + KShear] A= p (43)
Therefore, the stiffness matrix, Kyoxoo, is defined by the sum of the following four
terms

Kpension = Ay DEAY E (44)
Kpenaing = B" Ay Dp Ay B, (45)
Kcouping =BT Ay} Dc Ay E+ETA'DcA, B, (46)
Ksiear =GTAg' Ds Ay G . 47)

3.5. The governing eigenvalue equation
The eigenvalue problem for the undamped free vibration problem takes the well-
known form

Ku=w’Mu, (48)

where K is the stiffness matrix of the system, u represents the eigenvectors, w is the
natural frequency in rad/s and M is the mass matrix of the structure. The consistent
element mass matrix is derived by discretizing the kinetic energy

1
Uy = 5 fpzmwzv, (49)
1%

and by employing the displacement field defined by first-order shear deformation, the
integral (49) assumes the form

11 Ilﬂ 0 12 Izﬂ up

Ilﬂ I] 0 Izﬂ 12 uz

671[(=fp[5i/l1 61'12 6ﬂ3 51,'[31 51,02] 0 0 ]1 0 0 usz
A 12 Izﬂ 0 13 I3ﬂ 73]

Izﬂ 12 0 13?( 13 ("2}

(50)
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where the terms Iy, I, I; and A (the contravariant components relationship) are defined
by

/2 /2 h/2
I = f pdz, I = f p(R)zdz, Iz = f p(2)z°dz (51)

—h/2 —h/2 h/2

a12

A= m = —COS(Q) (52)

In addition, by the definition of the displacements and rotations through the shape
functions, nodal displacements and nodal rotations in Eq. (25), the consistent mass
matrix can be represented by

M;; M, Mz My
My, My My

M;z; Mz,

sym My,

(53)

20%x20

Every M;; term of the mass matrix, where iiand j represent the row and the column
respectively, assumes the following form

[, NiN;dA [, AL N;N;dA 0 JiLNiN;dA [, ALN;N;dA
S, I NiN; dA 0 JyALN;N;dA [ L, N;N;dA
M;; = [, 11 NiN;dA 0 0 (54)
[iBNiN;dA [ Al N;N;dA
sym fAI3N"N/'dA 5%5

Finally, we remark that all the aspects of numerical implementation associated with
the above expressions are carried out by means of the commercial software package
MarhemaTicA [53], which is particularly useful for the treatment of symbolic and alge-
braic computations.

4. Numerical results

In this section, a set of static and free vibration analyses are presented to demon-
strate the applicability of the proposed finite element formulation to FG-CNTRC thin
and moderately thick skew plates. Firstly, some results are compared to the limited
existing bibliography, for isotropic and FG-CNTRC skew plates. Then, new bend-
ing and free vibration analyses are presented to broaden knowledge about mechanical
characteristics of FG-CNTRC skew plates by taking into consideration not previously
considered aspects such as asymmetric reinforcement distributions and orientation of
CNTs.
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4.1. Comparison studies

In order to show the validity of the proposed finite element formulation, conver-
gence analyses are carried out in order to check the stability of the solution. Also, the
free vibration results obtained by Liew et al. [54] and Zhang et al. [4] for isotropic
skew plates are compared to the ones obtained by the proposed method. Then, the free
vibration results for FG-CNTRC skew plates presented by Zhang et al. [4] are also
verified.

4.1.1. Convergence and comparison of free vibration analysis of isotropic skew plates

In these first tests, comparison studies of free vibration analysis are carried out for
isotropic skew plates with skew angles @ = 90°, 60°, 45° and 30°, thickness-to-width
ratios of /b = 0.001 (thin plate) and 0.2 (moderately thick plate) and with four different
kinds of boundary conditions, namely all edges simply supported (SSSS) or clamped
(CCCC), and two opposite edges simply supported and the other two clamped (SCSC)
or free (SFSF). The boundary conditions at any edge can be defined as follows

(55)

us = u, =75 =0 < Simply supported edge (S)
Uy, = Uy = U, =y, =y =0 & Clamped edge (C)

where the subscripts n and s denote the normal and tangential directions, respectively.
The non-dimensional frequency parameter for vibration analysis is defined by

_ b pt

= wﬂz D (56)
where w is the angular frequency of the CNTRC plates, p is the plate density per unit
volume and D = E#*/12(1 — »?) is the plate flexural rigidity. A value of v = 0.3 for
Poisson’s ratio is used for this analysis. Skew plates are characterized by the pres-
ence of stress singularities at the shell corners. Because of the simplifying assumptions
commonly adopted, these problems worsen with increasing skew angle and can lead to
divergent solutions. Fig. 5 shows the Von Mises stress field of fully clamped isotropic
skew plates with increasing skew angles. The existence of stress concentrations at
obtuse corners is highlighted. The effect of presence of these singularities on the dy-
namic characteristics of skew plates is well documented. For example McGee et al.
[42] and Huang et al. [55] analyzed the influence of the bending stress singularities
by using the Ritz method. By the implementation of comparison functions or so called
corner functions the authors studied different boundary conditions and achieved great
improvements in the convergence of the solution. The presence of these singularities
requires the development of a convergence analysis of the dynamic characteristics in
order to prove the stability of the solution. In Fig. 6, the solutions in terms of the first
frequency parameter @; are represented for four sets of mesh sizes (8 X 8, 16 x 16,
32 % 32 and 40 x 40) and for a skew plate with a/b = 1, @ = 45° and #/b = 0.2 having
CCCC and SFSF boundary conditions. As expected, fewer elements are needed for
the lower modes to reach an acceptable convergence as compared to the higher modes.
These studies show that 24 x 24 elements are sufficient to reach accurate vibration
results. Therefore, for the subsequent calculations, this mesh size is adopted.
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Figure 5: Corner stress singularities (Von Mises) of fully clamped (CCCC) isotropic skew plates subjected
to transverse uniform loading (g5 = —0.1MPa) and varying skew angle (e = 90°, 60°,45° and 30°)
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Figure 6: First frequency parameter @; convergence analysis for SSSS and SFSF isotropic skew plates in
terms of mesh size N X N (a/b=1,t/b=0.2,a =45°, ¢ =0°)
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Table 1: Comparison study of frequency parameters (w?/72)/ +[pt/D of isotropic skew plates with CCCC
boundary conditions (a/b = 1, t/b=0.001, ¢ = 0°).

Modes Skew Angle @
Vb 90° 75° 60° 45°

Present  Ref. [4]  Ref. [54] Present  Ref. [4]  Ref. [54] Present  Ref. [4]  Ref. [54] Present  Ref. [4]  Ref. [54]

0001 1 36512 36021 36360 38886 38643 3.8691 46989 46216 46698 67154 65723 66519
2 74739 73583 74362 75021 73733 73858 84284 81379 82677 110973 106458 10.7898

3 7.4739 7.3955 7.4362 8.4876 8.3593 8.3708 10.8167  10.6482 10.6554 15.6810  14.8760 15.0276

4 11.0081 10.9244 10.9644 11.2957  11.1428 11.1005 12.4007  11.9301 12.0825 162328  15.9282 15.9342

5 134939 132120 133317 145552 141079 140806 173787 165326 167159 212248 197857 _19.9365

6 13551 133697 133948 15,0431 147384 147064 173915 165452 167496 244016 23.0641 < 232526

7 168548 166561 167174 164287 160198 159652 194045 189924 188644 272306 250774 251799
8 16.8548  16.7767 16.7174 19.1739  18.6578 18.6397 23.1179 219124 22.1064 30.2685  29.2970 29.2107

0.2 1 2.6912 2.6616 2.6807 2.8173 2.8131 2.8058 3.2466 3.2220 32313 4.1853 4.0947 4.1590
2 4.7156 4.6459 4.6753 4.6739 4.6535 4.6298 5.0324 4.9674 4.9757 5.9945 5.8162 5.9021

3 4716 46636 46753 51384 51299 50963 60647 60128 60139 77144) 74336 75422

4 63248 62438 62761 63715 63372 63070 67188 66142 66217 78656 7.6724 77907
572650 70329 7149 75082 74828 74052 84143 82749 82634 95148 90902 92159

6 73664 72384 72482 78313 76600 77179 85304 83584 83595 1031790 99502 10.0921
7 8.5867 8.4610 8.4822 8.3138 8.2415 8.1914 9.1975 9.0923 9.0729 11.2759  10.6947 10.8388
8 8.5867 8.4613 8.4822 9.2214 9.1741 9.0900 10.2954  10.1002 10.0837 12.0633  11.8158 11.8618

Table 2: Material properties of Poly (methyl methacrylate)(PMMA) at room temperature of 300K and
(10, 10) single walled carbon nanotubes (SWCNT).

(10,10) SWCNT [16] | PMMA (T = 300K)

ECNT = 5.6466T Pa E™ = 2.5GPa
ESNT =7.0800T Pa v =0.34
GSMT = 1.9445T P a™=45%x107%/K

WM =0.175

The first eight frequency parameters for CCCC boundary conditions are presented
in Table 1 together with the published results in references [54] and [4]. It can be seen
that the present frequency parameters match very well for all cases. It is remarkable
that the stiffening effect of increasing skew angles in this type of structural element is
seen in all posterior results.

4.1.2. Convergence and comparison of free vibration analysis of FG-CNTRC skew
plates

The next comparison analysis refers to free vibration of FG-CNTRC skew plates.
A new convergence analysis is performed in order to check the suitability of the dis-
cretization for accurate predictions of this new scenario with transversely isotropic ma-
terials. The matrix Poly (methyl methacrylate), referred to as PMMA, is selected and
the material properties are assumed to be v = 0.34, " = 45-(1+0.0005-Af)x 1076 /K
and E™=(3.52 — 0.0034-T)GPa. The armchair (10,10) SWCNTs are selected as rein-
forcements with properties taken from the MD simulation carried out by Shen and
Zhang [16]. The material properties of these two phases are summarized in Table 2. In
this study, it is assumed that the effective material properties are independent of the ge-
ometry of the CNTRC plates. The detailed material properties of PMMA/CNT for the
FG-CNTRC skew plates are selected from the MD results reported by Han and Elliot
[56]. The CNT efficiency parameters are taken from [16] and are presented in Table 3.

In this section, the nondimensional frequency parameter @ is defined for compos-
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Table 3: Comparison of Young’s moduli for PMMA/CNT composites reinforced by (10,10) SWCNT at
T=300K with MD simulation [16]

MD [16] Rule of mixtures

VeNT TEN(GPa) En(GPa)  Eni(GPa) Uil E2(GPa) n”

0.12 94.6 2.9 94.8 0.137 2.9 1.022
0.17 138.2 49 138.7 0.142 49 1.626
0.28 2242 5.5 224.0 0.141 5.5 1.585

ccce SFSF

| e 8x8 1616 1 e §x8 16x 16 . I
Ce-24x24 -+ 2x32 / O e 24x24 -» 32x32 s
—a— 40 x40 /,’ = —m—40 x 40

)
lamental frequency parameter (&,

Fundamental frequency parameter (&)

Mode Mode

Figure 7: First frequency parameter @; convergence analysis for SSSS and SFSF FG-CNTRC skew plates
in terms of mesh size N X N (UD-CNTRC, V{.\, =0.12, a/b = 1, t/b = 0.001, @ = 30°, ¢ = 0°)

ites by using the matrix’s material properties as follows

> |pmt
W=\
72 \'D

In Fig. 7, the solutions in terms of the first frequency parameter @; for the mesh
sizes (8 X 8, 16 x 16, 32'x 32 and 40 X 40) are represented for a skew plate with
a/b=1,a =30°, UD-CNTRC, V{,, = 0.12 and ¢/b = 0.001 having CCCC and SFSF
boundary conditions. As in the previous case, a mesh pattern of 24 x 24 is considered
sufficientfor convergence, and, henceforth this mesh size is adopted.

The results obtained by Zhang et al. [4] are compared to the ones obtained by
the proposed method. Comparison of the first eight frequency parameters of the fully
clamped CNTRC skew plates with uniform and FG-X distributions of reinforcement is
given in Table 4. As previously noted, decreasing skew angles result in higher natural
frequencies. Moreover, results provided by Zhang et al. [4] about the influence of the
aspect ratio ¢/b on the non-dimensional frequency parameter are also compared with
the proposed approach in Table 5. Here it is also noticeable that increasing the a/b
ratio decreases the frequency parameters. It can be seen that the results obtained by
the proposed methodology match very well with the cited reference in both analyses.
These close agreements, in combination with the convergence analyses, serve to verify
the present approach and establish the foundation for its application to FG-CNTRC
skew plates.

o= D =E"£/12(1 -v"%) (57)
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Table 4: Comparison study of frequency parameters @ for a skew plate with CCCC boundary conditions
(a/b =1,1/b=0.001, ¢ = 0°)

Skew angle @ Mode UD FG-X
0.12 0.17 0.28 0.12 0.17 0.28

Present Ref [4] Present Ref [4] Present  Ref [4] Present Ref [4] Present Ref [4] Present Ref [4]

90° 1 13.304 13.054 16.027 15.792 20.017  19.745 16.110 15.875 19.429 19.155 24.390 24.059
2 14.803 14.382 18.087 17.714 21.848 21472 17.455 17.026 21.352 20810 26.313 25703

3 18.686 17.853 23.327 22.600 26.734  26.017 21.077 20.307 26.432 25419 31.547 30.443

4 25.623 23.172 32514 31432 35729  34.652 27.829 26.627 35.680 34.078 41.388 39.656

5 35762 31.900 43.722 41.809 49.142  45.057 37.991 35.095 49.364 45.527 56.287  52.073

6 36.386  35.743 44.862 43.768 54.927  47.702 44258 36.474 53.251 47.365 67.053 54.094

60° 1 13.741 13.447 16.625 16.264 20.550  20.160 16.503 16.192 19.988 19.602 24.949 24505
2 16351 15.672 20.164 19.278 23.809  22.934 18.912 18.243 23.386 22.489 28.421 27.454

3 22205 20.498 27.931 25.693 31.369  29.132 24.577 22875 31.171 _28.871 36.665 34.168

4 31.566 28.091 40.080 35.593 43.849  39.190 34.055 30.497 43.871 39.135 50.572 45.335

5 37.045 36.444 44.638 43.923 55712 52.351 44.835 40.615 54.080 52.372 67.861 60.275

6 38.772 37.350 47.029 45.782 57732 54.907 46.156 44.179 56.256 53.301 69.228  66.933

45° 1 14.901 14.395 18.194 17.559 21.999  21.321 17.577 17.041 21.498 ©20.817 26.492 25710
2 19.853 18.648 24770 23211 28.389  26.801 22362 21.148 28.080 26.466 33.455 31.689

3 29.062 26.713 36.695 33.674 40.720  37.565 31.745 29319 40.609 37.395 47.238 43.658

4 38.750 37.401 47.034  45.698 57.205  53.004 44.955 . 41.263 56.077 52.803 66.944  61.342

5 41.578 38.448 52318 48.114 58.827  56.759 46.743 45.500 58.302 55.338 70.466 68.774

6 43.160 41.690 53.022 51.110 63210 61322 50.347 48.869 61.946  60.005 75748 73.589

30° 1 19.519 18.708 24.306 23.390 27.984  27.144 22.076 21312 27.650 26.607 33.038 31.948
2 30.336  28.584 38.184 36.180 42701 40.691 33351 31.586 42511 40.162 49.680 47.110

3 44.851 41.961 56.232 53.285 63.394  60.238 49.561 46.447 63.029 59.042 73.849 69.254

4 47.506 46.437 58.847 58.026 68.706  68.432 54.450 53.656 67.642 66.426 81.652  80.601

5 61.500 57.751 76.983 73.156 87.185  83.244 68.285 64.292 86.573 81.438 101.831 95.940

6 62.117 57.990 78.307 74.953 87.462 - 84.869 68.430 65.105 87.017 81.967 102.007 97.367

Table 5: Comparison study of frequency parameters

ratios with CCCC boundary conditions (UD-CNTRC, Venr=0.12, t/b = 0.001, ¢ = 0°)

@ of uniform CNTRC skew plates of various aspect

Skew angle@  Mode  Frecuency parameters @
a/b=1 alb=15 alb=2 alb=25 alb=3

Present  Ref[4] Present Ref[4] Present Ref [4] Present Ref [4] Present Ref [4]

90° 1 13.304  13.054 6.308  6.087 4.055 3.863 3.156  2.959 27755 2.546
2 14.803  14.382 8.836  8.258 7304 6.698 6.349  6.151 4740 4568

3 18.686  17.853  14.212 12.940 9.461 9.193 6.799  6.169 6.596  5.946

4 25.623  23.172 16377 15918 11.458 10.959 8.927 8.430 7781  7.257

5 35762 31900 17.749 17.135 13.231 11911 11.872 11.482 8.449 8215

6 36.386  35.743  21.272 20.071 16.144 15.046 12.920 11.622 10.624 10.237

60° 1 13.741 13.447 6.792  6.572 4.626 4.379 3.800 3.491 3.445  3.108
2 16351  15.672  10.636 9.774 9.051 8219 6.766  6.563 5245 5.059

3 22205 20498  16.891 15.508 10.148  9.870 8.909 7.927 8.670  7.652

4 31.566  28.091  17.424 16.602 12.901 12.126 10.521 9.763 8.697 8.317

5 37.045  36.444  19.988 18.964 17.467 15.232 12.482 12.359 9.905 9.373

6 38.772 37350  23.960 21.826 18.827 17.214 14.747 13.946 12.015 11.405

45° 1 14.901 14.395 7.958  7.498 5910 5.371 5.183  4.572 4.888 4.243
2 19.853  18.648  14.148 13.038 10.651 10.109 7.848  7.398 6.426 5953

3 29.062  26.713  18.458 17.781 13.697 12.579 12.588 11.848 9.688  9.239

4 38.750  37.401  21.270 19.860 15932 14.820 13.094 11.850 12.890 11.718

5 41.578 38448 27367 25.013 20.423 19.632 15.258 14.315 13.893 12.811

6 43.160  41.690  29.641 27.684 22403 20.928 17.455 16.268 14.161 13.347

30° 1 19.519  18.833  12.075 10.989 10.173  8.691 9.589  8.003 9.370 7.534
2 30336 28.794  20.737 19.250 14.488 13.234 11.737 10.314 10.523 8.858

3 44851  42.532 28489 25438 21919 20.353 16.375 15.059 13.319 11.873

4 47506  47.009  30.212 27.993 26.186 22.302 22.906 21.030 17.920 16.283

5 61.500 58532  41.575 38.641 30.297 27.013 25.826 21.843 23.805 21.490

6 62.117  59.749  42.194 39.345 30.299 27.868 27.220 23.377 25.614 22.642
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4.2. Results for FG-CNTRC skew plates

The results obtained by the proposed methodology have been shown to be stable
and similar to those provided in the literature. Some new results are now presented.
Here we analyze the static response of functionally graded PMMA/CNT skew plates
under uniform transverse loads (g,), the free vibration analysis of FG skew plates with
symmetrical and unsymmetrical reinforcement distributions, and finally we show the
advantages of the invariant definition of the constitutive relationships from the anal-
ysis of the influence of fiber direction on the natural frequencies. The various non-
dimensional parameters used within this section are defined as

b? [p™
Non-dimensional frequency parameter : A = a)T g—m, (58a)
Central deflection : w = % (58b)
: ot
Central axial stress : & = — (58¢)
g0l - a

where w, is the vertical deflection at the central point.-Note the non-dimensional fre-
quency parameter is slightly different from the one employed earlier.

4.2.1. Bending of FG-CNTRC skew plates

Several numerical examples are provided to investigate the bending analysis of FG-
CNTRC skew plates under uniform transverse loading g, = —0.1MPa. Four types of
FG skew plates, UD-CNTRC, FG-V, FG-O and FG-X CNTRC are considered with sev-
eral boundary conditions. In order to demonstrate the accuracy of the FE model used
in the present study, results given by ANSYS (SHELL181, four-noded element with
six degrees of freedom at each node) for the same mesh density are provided. Tables 6
and 7 shows the non-dimensional central deflection w for the four types of FG CNTRC
skew plates subjected to a uniform transverse load g, with different values of width-to-
thickness.ratio (b/t=10, 50) and varying skew angles for SSSS and CCCC boundary
conditions. It is noticeable that the volume fraction of the CNTs has so much influence
on the central deflection of the plates. For instance, for uniform distributions only 6%
increase in the volume fraction of CNT may lead to more than 60% decrease in the
central deflection. Likewise, the values of non-dimensional deflections decrease as the
skew angle increases. It is also notable that the central deflections of FG-V and FG-O
CNTRC plates are larger than the deflections of UD-CNTRC plates while those of the
FG-X CNTRC plates are smaller. This is because the profile of the reinforcement distri-
bution affects the stiffness of the plates. This phenomenon highlights the advantage of
FG materials, in which a desired stiffness can be achieved by adjusting the distribution
of CNTs along the thickness direction of the plates. It is concluded that reinforce-
ments distributed close to the top and bottom induce higher stiffness values of plates.
Figure 8 shows the non-dimensional central deflections of skew plates with a/b = 1,
Vent = 17%, b/t = 50, for SSSS and CCCC boundary conditions. The stiffening
effect of higher values of skew angle « can be seen clearly. Similar conclusions can be
extracted from stress analysis. Fig. 9 shows the non-dimensional stress &, distribution
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Table 6: Effects of CNT volume fraction Veyr and width-to-thickness ratio (b/t) on the non-dimensional
central deflection w, /t for CNTRC skew plates under a uniformly distributed load go = —0.1MPa with SSSS
boundary conditions (a/b=1, ¢ = 0°).

Venr b/t «a UbD FG-X FG-V FG-0
Present ANSYS Present ANSYS Present ANSYS Present ANSYS
0.12 10 90  2.831E-03 2.828E-03 2.274E-03 2.271E-03 2.983E-03 2.980E-03 4.341E-03 4.337E-03
60  2.698E-03 2.558E-03 2.245E-03 2.094E-03 2.812E-03 2.678E-03 3.824E-03 3.719E-03

45 2.210E-03 2.038E-03 1.913E-03 1.721E-03 2.279E-03 2.117E-03 2.856E-03 2.741E-03
30 1.I81E-03 1.115E-03 1.073E-03 9.917E-04 1.200E-03  1.141E-03 1.364E-03 1.335E-03

50 90 1.134E+00 1.133E+00 7.736E-01 7.733E-01 1.232E+00 1.232E+00 2.105E+00 2.105E+00
60  1.045E+00 1.040E+00 7.376E-01 7.329E-01 1.125E+00 1.120E+00 1.797E+00 1.794E+00
45 8.319E-01 8.261E-01 6.202E-01 6.135E-01 8.890E-01 8.824E-01 1.282E+00 1.278E+00
30 4.300E-01 4.267E-01 3.489E-01 3.443E-01 4.586E-01 4.528E-01 5.721E-01 5.719E-01

0.17 10 90  1.836E-03 1.834E-03 1.450E-03 1.448E-03 1.935E-03  1.933E-03 2.866E-03 2.863E-03
60  1.720E-03 1.641E-03 1.404E-03 1.320E-03 1.789E-03  1.715E-03 2.480E-03 2.423E-03
45 1.380E-03 1.286E-03 1.169E-03 1.065E-03 1.417E-03  1.331E-03 1.813E-03 1.752E-03
30 7.186E-04 6.847E-04 6.361E-04 5.956E-04 7.248E-04  6.960E-04 8.440E-04 8.308E-04

50 90  7.732E-01 7.731E-01 5.277E-01 5.275E-01 8.404E-01 - 8.403E-01 1.436E+00 1.436E+00
60  7.008E-01 6.984E-01 4.940E-01 4.914E-01 7.533E-01 7.509E-01 1.204E+00 1.202E+00
45  5.440E-01 5.408E-01 4.031E-01 3.995E-01 5.796E-01 = 5.758E-01 8.390E-01 8.370E-01
30 2.710E-01 2.694E-01 2.162E-01 2.139E-01 2.873E-01  2.838E-01 3.639E-01 3.642E-01

0.28 10 90  1.320E-03 1.318E-03 1.047E-03 1.045E-03 1.359E-03  1.357E-03 1.988E-03 1.986E-03
60  1.291E-03 1.210E-03 1.041E-03 9.641E-04 1.305E-03  1.233E-03 1.820E-03  1.756E-03
45 1.089E-03 9.878E-04 8.901E-04 7.941E-04 1.080E-03  9.916E-04 1.425E-03  1.349E-03
30 6.040E-04 5.611E-04 4.992E-04 4.600E-04 5.824E-04 5.487E-04 7.218E-04 6.945E-04

50 90  4.841E-01 4.839E-01 3.281E-01 3.280E-01 5.278E-01  5.276E-01 9.280E-01 9.279E-01
60  4.570E-01 4.546E-01 3.150E-01 3.126E-01 4.905E-01 4.883E-01 8.245E-01 8.226E-01
45 3.J780E-01 3.746E-01 2.676E-01 2.641E-01 3.980E-01 3.947E-01 6.212E-01 6.188E-01
30 2.069E-01 2.046E-01 1.530E-01. 1.506E-01 2.134E-01  2.106E-01 2.965E-01 2.957E-01

along the thickness for CNTRC skew plates with a skew angle of & = 30°, subjected to
a uniform transverse load g, with the volume fraction Veyr = 17%. Due to the sym-
metric distribution (with respect to the mid-plane) of reinforcements for UD, FG-O and
FG-X CNTRC skew plates, the central axial stress distributions is anti-symmetric. In
the case of FG-V CNTRC and FG-O CNTRC skew plates, the axial stress is close to
zero at the bottom and top respectively. This is because the concentration of CNTs
vanishes at these points for these two distributions.

4.2.2. Freevibration analysis FG-CNTRC skew plates

The free vibration analyses of fully clamped and simply supported FG-CNTRC
skew plates are given in Tables 8 and 9. The presented four types of CNTRC are con-
sidered with the CNT volume fractions of 12%, 17% and 28%. The plate geometry
is defined by the following parameters, a/b=1 and b/t=10, 50. Here we present the
first free vibration analysis of asymmetric FG-CNTRC skew plates, and the results are
compared to those from the commercial code ANSYS. Figure 10 shows the evolution
of the frequency parameters with varying skew angles for each reinforcement distri-
bution separately. As expected from the previous analysis, higher skew angles give
stiffener behaviors and therefore higher frequency parameters. This can be explained
in terms of the plate area and the perpendicular distance between the non-skew edges.
With higher skew angles, the distance between the non-skew edges decreases which
increases the frequency values. Furthermore, larger volume fractions of CNTs lead to
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Table 7: Effects of CNT volume fraction Veyr and width-to-thickness ratio (b/t) on the non-dimensional

central deflection w,/t for CNTRC skew plates under a uniformly distributed load g9 = —0.1MPa with
CCCC boundary conditions (a/b=1, ¢ = 0°).
Venr b/t «a UbD FG-X FG-V FG-0
Present ANSYS Present ~ ANSYS Present ANSYS Present ~ ANSYS
0.12 10 90 1.371E-03 1.368E-03 1.263E-03 1.260E-03 1.516E-03 1.513E-03 1.673E-03 1.669E-03
60  1.318E-03 1.227E-03 1.227E-03 1.135E-03 1.415E-03 1.336E-03 1.537E-03 1.464E-03
45  1.025E-03 9.607E-04 9.628E-04 8.952E-04 1.069E-03 1.022E-03 1.145E-03 1.107E-03
30  4.942E-04 5.211E-04 4.701E-04 4.931E-04 5.016E-04 5.357E-04 5.282E-04 5.691E-04
50 90 2.406E-01 2.403E-01 1.689E-01 1.687E-01 3.420E-01 3.417E-01 4.470E-01 4.467E-01
60  2.389E-01 2.341E-01 1.720E-01 1.671E-01 3.266E-01 3.215E-01 4.164E-01 4.126E-01
45  2.119E-01 2.056E-01 1.597E-01 1.527E-01 2.717E-01 2.647E-01 3.335E-01 3.293E-01
30 1.248E-01 1.223E-01 1.021E-01 9.861E-02 1.437E-01 1.401E-01 1.662E-01 1.656E-01
0.17 10 90  8.443E-04 8.424E-04 7.646E-04 7.628E-04 9.405E-04 9.384E-04 1.050E-03 1.048E-03
60  8.037E-04 7.522E-04 7.338E-04 6.830E-04 8.656E-04 8.222E-04 9.538E-04 9.130E-04
45  6.189E-04 5.845E-04 5.686E-04 5.338E-04 6.453E-04 6.218E-04 7.031E-04 6.839E-04
30 2.956E-04 3.137E-04 2.745E-04 2.909E-04 2.986E-04 3.211E-04 3.205E-04 3.464E-04
50 90 1.635B-01 1.633E-01 1.I39E-01 1.137E-01  2:342E-01 2:340E-01 3.063E-01 3.060E-01
60 1.602E-01 1.575E-01  1.145E-01 1.117E-01  2.197B-01 2.167E-01  2.809E-01 2.788E-0l
45  1.389E-01 1.355E-01 1.036E-01 9.985E-02 1.776E-01 1.737E-01  2.197E-01 2.176E-01
30  7.862E-02 7.742E-02  6.313E-02 6.148E-02 8.982E-02 8.789E-02  1.058E-01 1.056E-01
0.28 10 90 6.910E-04 6.893E-04 6.133E-04 6.118E-04 7.297E-04 7.278E-04 8.044E-04 8.028E-04
60  6.733E-04 6.224E-04 5.920E-04 5.483E-04 6.911E-04 6.480E-04 7.648E-04 7.187E-04
45  5.298E-04 4.918E-04 4.598E-04 4.299E-04 5.295E-04 5.013E-04 5.911E-04 5.587E-04
30 2587E-04 2.705E-04  2229E-04 2368E-04  2516E-04 2.670E-04  2819E-04 2.959E-04
50 90 1.038E-01 1.037E-01 7.316E-02 7.310E-02 1.486E-01 1.484E-01 1.938E-01 1.935E-01
60  1.050E-01 1.024E-01 7.500E-02 7.249E-02 1.445E-01 1.421E-01 1.866E-01 1.844E-01
45  9.626E-02 9.260E-02 7.017E-02 6.659E-02 1.238E-01 1.206E-01 1.577E-01 1.550E-01
30  6.011E-02 5.839E-02 4.526E-02 4.347E-02 6.866E-02 6.711E-02 8.566E-02 8.484E-02
SSSS ccce
—e- UD —e- UD
= FG-V ] w FG-V
-*-FG-0 - sl -«-FG-0 R B
——FG-X e o FG-X e T

Non-dimensional central deflection W
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£
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Figure 8: Variation of the non-dimensional central deflection w, /¢t under uniformly distributed load gq
—0.1MPa with SSSS and CCCC boundary conditions (a/b = 1, Venr = 17%, b/t = 50, ¢ = 0°)
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higher values of frequency parameters, due to an increase in the stiffness of the CN-
TRC plate when the CNT volume fraction is higher. Moreover, as could be seen in the
bending simulations, we observe that the FG-X plates lead to the stiffest solutions and
possess the highest frequency parameters. The explanation of this phenomenon is the
same as mentioned before; reinforcements distributed closer to the extremes result in
stiffener plates than those distributed nearer to the mid-plane.

Fig. 11 shows the vibration mode shapes of fully clamped UD-CNTRC plates
(Vénr = 12%, a/b = 1 and t/b = 0.02) for skew angles @ = 90°, 60°, 45° and 30°. It
is observed from these figures that mode crossing occurs as the skew angle increases.

4.2.3. Effect of direction of CNTs in FG-CNTRC skew plates on natural frequencies

Taking advantage of the invariant definition of the constitutive tensor for trans-
versely isotropic materials, characterized by an unit vector parallel to the axis of the
transverse isotropy, i = (cos ¢, sin ¢, 0), we analyze the influence of the angle ¢ on the
frequency parameters A. Figure 12 shows the variation of the first frequency parameter
for several values of skew angle @ and two boundary conditions, CCCC and SSSS.
As in all the previous analyses, the frequency parameters increase for higher values of
skew angle. Moreover, the results for skew angles of @ = 90° are perfectly symmet-
ric around ¢ = 90°. In contrast, the curves for higher skew angles present increasing
levels of asymmetry. This is due to the increment of stiffness provided by fibers cou-
pled with the stiffening effect of the skew angle. The curves can be separated into two
sets divided around ¢ = 90°. For the'SSSS boundary condition set, it is clear that the
increased stiffness is associated with fibers aligning the direction of the longest diago-
nal. Otherwise, the frequency values for the second set decreases in all cases for fiber
angles above ¢ = 90°. In the case of the CCCC boundary condition set this behavior is
repeated although the maximum values are approximately obtained with fibers aligned
in the horizontal Cartesian direction. This result shows the importance of taking into
consideration the direction of the CNTs in order to optimize the mechanical response
of the FG-CNTRC skew plates. For example, with a skew angle of @ = 30° and SSSS
boundary conditions, the variation of the ¢ may increase the first frequency parameter
by up to 11.7% and decrease it by up to 18.6%.
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Table 8: Comparison study of frequency parameter 1; of skew plates with SSSS boundary conditions (a/b =
1,e=0°

Skew angle  veyr b/t Mode Types
UD FG-V FG-0 FG-X
Present  ANSYS Present ANSYS Present ANSYS Present ANSYS
90° 0.12 10 1 14.181  14.254 13.859 13.934 11.576  11.644 15734 15.810
2 18.364 18.611 18.185  18.433 16.410  16.642 19.717  19.976
3 28.090 28.710 28.086 28.707 26.660 27.272 29.345  29.972
50 1 17.808  17.807 17.167  17.164 13.264  13.263 21.343  21.341
2 22.378 22372 21.931 21913 18.738  18.738 25525 25515
3 34.465 34.485 34320 34.293 31.696 31.727 37.247 37259
0.17 10 1 17.562  17.656 17.168  17.262 14202 14.287 19.665 19.762
2 23.181 23.498 23.015 23331 20.590 20.886 25.163 25.495
3 35965 36.763 36.096 36.897 33905 34.696 38.070  38.877
50 1 21.536  21.534 20.763  20.765 16.014  16.013 25.858 ' 25.855
2 27.750 27.744 27.283 27.284 23.260 23.262 31.765 31.755
3 43779 43.808 43792 43.833 40.044  40.086 47.830 47.853
0.28 10 1 20.343  20.443 20.135  20.239 16.737  16.831 22.798 22.904
2 25.656 25998 25748 26.090 22491 22.810 28.579  28.944
3 38.461 39.303 39.124  39.976 35516  36.364 42446  43.304
50 1 26.620  26.617 25.670 25.673 19.515. 19.513 32.167 32.164
2 32.274  32.262 31.779  31.775 25.893 25.889 38.150 38.134
3 47.900 47916 48312 48345 41.894  41.924 55.183  55.200
60° 012 10 1 14592 15.087 14.327  14.784 12350 12.617 15933 16.596
2 21.101  21.661 20.926  21.465 19.411 - 19.824 22313 22987
3 32.873  34.092 32583  33.819 31.282  32.395 34.098 35414
50 1 18756 18.792 18.137  18.164 14430 14.442 22176 22242
2 26.386  26.413 25.886 25.888 22941 22956 29.410 29.457
3 43.260 43.332 42738 42.734 39.956  40.020 46.293  46.380
0.17 10 1 18216 18.776 17.904 | 18.416 15279 15.577 20,089 20.847
2 26.828  27.499 26.671 27.316 24.501  25.005 28.718 29.519
3 42.135  43.675 41.834  43.399 39.772  41.180 44262 45938
50 1 22.837 22.874 22103 22.139 17.561 17.574 27.060 27.127
2 33.050 33.080 32,515 32.547 28.664  28.680 37.090 37.139
3 55.112 55204 54.571 54.674 50391  50.472 59.812  59.924
0.28 10 1 20.691 21.498 20.640 21.373 17.549  17.995 23.004 24.033
2 29.170  30.019 29.401  30.207 26304 26923 32.254 33247
3 44903 46.607 45412 47.128 42.055 43558 48975 50.908
50 1 27.766  27.837 26.930 26.993 20.869  20.892 33.329 33451
2 37.466 31.515 37.094  37.142 31.174  31.194 43775 43.859
3 59.776 ~59.882 60.014  60.128 52.887 52.967 68.437  68.579
45° 0.12 10 1 16.146  16.980 15927  16.691 14275 14.729 17307 18.414
2 25.980 27.098 25709 26.776 24418 25270 27.110 28.420
3 38.426 41.352 37.814  40.494 36.576 38.974 39.621 42.828
50 1 21.164 21.240 20.522  20.577 17.133  17.159 24.427 24561
2 34.553  34.647 33713 33.749 30.876  30.925 37.679 37.821
3 58.642  58.931 56.577  56.720 52787 52.997 62.826  63.171
0.17 10 1 20.351  21.297 20.119 20974 17.843  18.350 22.059 23.324
2 33.204  34.560 32923 34.209 30.958  31.996 35.091 36.680
3 49.239  52.877 48510 51762 46.516  49.257 51.341 55373
50 1 26.069  26.148 25320 25388 21.086 21.111 30.201  30.339
2 43.647 43.753 42.654  42.747 38.708  38.762 48.133  48.294
3 74457 74.814 71.677  72.004 65.984  66.223 81.139  81.580
0.28 10 1 22.578 23.935 22730 23.950 19.835  20.603 24.941 26.639
2 35.630 37.291 35982 37.537 32.968 34.212 38.991 40.939
3 52467 56.634 52.827 56.658 49.821 53250 56.380 61.081
50 1 30.807 30.951 30.120  30.241 24.154 24202 36.545 36.788
2 48378 48536 47874 48.010 41548 41.621 55.836  56.083
3 81232 81.652 79.909  80.306 71204 71482 92735 93307
30° 012 10 1 22026 23.037 21.874 22.764 20556  21.132 23.076 24369
2 35790 38414 35393 37.696 34.218  36.220 36.920 39.851
3 48.488 53.298 48.046 52222 46.768  50.579 49.692  54.883
50 1 29.557  29.680 28.675 28.721 25.707 25717 32.750 32979
2 55280 55.701 52.700  52.908 48.992  49.207 59.842  60.416
3 87.659  88.906 82.247 82.849 75991  76.537 95.834  97.611
0.17 10 1 28.110  29.262 28.022  29.010 26.010  26.665 29.843  31.308
2 45913 49.113 45515 48262 43.560 45975 47942 51.523
3 62.291  68.209 61.882 66916 59.703  64.333 64.532 70.928
50 1 37.066 37.185 36.074 36.135 32.087 32.075 41427 41.663
2 69.851  70.336 66.559  66.906 61.164 61.388 76.758  77.446
3 110.133 111.529 103.367 104.241 94.491  95.031 122.063 124.135
0.28 10 1 30.267 31.889 30.870  32.269 27.752  28.780 33281 35.161
2 48.805 52635 49.540  52.880 46.258  49.343 52.755  56.928
3 65977  72.898 67.116  73.145 63.538  69.423 70.563  77.795
50 1 41.856  42.098 41.319 41478 35.068 35.121 48.609  49.020
2 77.179  71.849 74.931 75438 66.601  66.936 88.338  89.322
3 123376 125.438 117.376 118.770 104.682 105.621 141.233 144.254
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Table 9: Comparison study of frequency parameter A; of skew plates with CCCC boundary conditions
(a/b=1,¢=0°

Skew angle  veyr b/t Mode Types
UD FG-V FG-0 FG-X
Present  ANSYS Present ANSYS Present ANSYS Present ANSYS
90° 0.12 10 1 20.369  20.448 19.484  19.564 18.623  18.701 21.148 21.229
2 25232 25510 24.633  24.906 23.786  24.054 26.051 26333
3 34.791 35396 34.491  35.089 33.608  34.209 35707 36311
50 1 38.054  38.049 32419 32411 28.592  28.587 44.892  44.886
2 42.630  42.602 37.808 37.761 34.246  34.229 49.057 49.024
3 54329 54313 50.860  50.781 47515 47526 60.131  60.102
0.17 10 1 25876  25.977 24.677 24780 23.438 23.540 27.107 27210
2 32267 32.622 31.516  31.865 30.181  30.526 33.683 34.042
3 44.724 45500 44451 45222 42927 43708 46.445  47.215
50 1 46.185  46.176 39.214  39.218 34.523  34.517 54.736  54.729
2 52448 52416 46.644  46.630 42.076  42.057 60.652  60.616
3 68.167  68.154 64.227  64.254 59.471  59.487 76.050 76.024
0.28 10 1 28.134  28.242 27.543  27.653 26.259  26.370 29.863  29.972
2 34.559  34.939 34.458  34.835 32.617 32.999 37.063 37.444
3 47333 48.156 47.882  48.708 45300 46.166 50.929 51.731
50 1 56.485 56.478 48.048  48.052 42208, 42.201 66.975  66.966
2 62.123  62.080 54.966  54.945 48.674 48.642 72.979 72938
3 76.975  76.940 72173 72178 64.593  64.585 89.067 89.033
60° 012 10 1 20.995 21.788 20.341 20976 19.572  20.118 21.705 22.582
2 28.505  29.006 28.071 28.465 27.235 . 27.588 29.333  29.876
3 39.664 40.584 39.259  40.118 38313 39.136 40.634  41.594
50 1 39.016  39.367 33.764 33.949 30.082  30.205 45494 46.091
2 46.953  47.203 42731 42.814 39.258 39.328 52952 53.409
3 64.299 64.483 61.212. 61.193 57.590 57.658 69.937 70.272
0.17 10 1 26.783 27.735 25917 ' 26.651 24756 25.392 27.967 29.016
2 36.563  37.159 36.056 ' 36.508 34.675  35.099 38.064 38.691
3 50972 52.128 50.546  51.622 48951  49.992 52.775  53.981
50 1 47.613 47976 41137 41339 36.552  36.674 55.806 56.431
2 58.320 58.566 53.282  53.405 48.632  48.697 66.220  66.677
3 81.248 81435 71.704 77819 72291 72.361 89.366  89.699
0.28 10 1 28.835  30.017 28.570  29.552 27.190 28.128 30.741  31.948
2 38.887  39.640 39.105  39.716 36.993  37.662 41.814 42492
3 53.974 55258 54.567 55.781 51.980 53.203 57.729  59.042
50 1 57.446  58.103 49.673  50.034 43.827 44.058 67.649  68.698
2 67.463  67.951 61.422  61.669 54708  54.856 78.489  79.292
3 90.041 ~90.400 86.305  86.503 77569  77.692 103.276 103.859
45° 0.12 10 1 23.964 24.796 23.508  24.099 22757 23.240 24.685 25.622
2 34715 35.123 34332 34.580 33439 33.639 35.614  36.080
3 46.055 47.343 45.525  46.420 44505 45327 47.089 48.441
50 1 42216 42.823 37.542  37.851 34.005 34.208 48.288 49.334
2 56.919 57.343 53.263 53.396 49.624  49.737 62.666  63.430
3 83.101  83.549 79.404  79.513 74.587  74.805 89.449  90.149
0.17 10 1 30.698  31.660 30.133  30.764 28.919  29.454 31.980 33.041
2 44.599  45.049 44.184 44417 42.677 42.894 46.269  46.753
3 59.161  60.649 58.598 59.543 56.889  57.857 61.080 62.529
50 1 52.012  52.636 46.304  46.635 41746 41.944 59.866  60.947
2 71.468  71.889 67.115  67.310 61.937  62.038 79.478  80.243
3 105.291 105.782 100.642 100.986 93.369  93.600 114.986 115.740
0.28 10 1 32.739 34.028 32.814 33.789 31.094 32.112 35129 36328
2 47262 47921 47740  48.180 45321  45.896 50.700  51.208
3 62.687 64.676 63.290  64.809 60.688  62.663 66.746  68.223
50 1 61.307 62.454 54538 55.145 48411 48812 71.557 73371
2 80.429 81.257 75.674  76.083 67.824  68.082 92,560 93.880
3 115.650 116.436 111939 112.446 100.892 101.240 131.718 132.896
30° 012 10 1 34.495 33701 34256 33.209 33409 32.346 35.345 34.585
2 48763  48.048 48420 47397 47403 46.340 49.794  49.155
3 61.579 61.752 61.212  60.933 60.130  59.729 62.660 62.978
50 1 55.686 56.248 52.027 52.195 48.440 48528 61.383  62.441
2 85.944  86.435 81.829 81.834 76.799  76.834 92.771  93.672
3 123.356 124.589 116.680 116.894 109.135 109.356 133.297 135.273
0.17 10 1 44376 43231 44.176  42.681 42.684 41282 46.016  44.803
2 62.740  61.673 62.447  60.947 60.679  59.257 64.731  63.643
3 79.264  79.280 78.986  78.364 77.110  76.468 81.393 81479
50 1 69.859  70.391 65.521  65.688 60.453  60.493 77.763 78795
2 108.721 109.190 103.641 103.736 96.163  96.126 119.008 119.903
3 155.705 156.958 147.286 147.688 136.329 136.393 170.612 172.743
0.28 10 1 46.875  45.967 47.537 46.258 44969 44.138 50.460  49.006
2 66.249  65.481 67.215  65.999 64.235  63.505 70.664  69.377
3 83.593  84.109 84.946  84.851 81.843 82213 88.504 88.541
50 1 78.752 79.895 73.941  74.436 66.272  66.584 90.583  92.407
2 119.894 120.880 115512 115.943 104.105 104.373 136.520 138.049
3 172.463 174.709 165.228 166.406 149.274 150.027 195.486 198.796
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Figure 10: Effect of CNT volume fraction on the first frequency parameter A; (a/b=1, ¢ = 0°).
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Figure 11: First eight mode shapes of a fully clamped UD-CNTRC skew plate for skew angles & = 90°, 60°,

45° and 30°, Vi, = 12%, a/b = 1,1/b = 0.02 and ¢ = 0°.
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Fundamental frequency parameter (4;)
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Figure 12: Effect of fiber angle ¢ on the first frequency parameter 1; of a CNTRC skew plate (UD-CNTRC,
Venr = 12%, a/b = 1, b/t = 50).
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5. Conclusions

In this paper, static and free vibration analyses of moderately thick FG-CNTRC
skew plates are presented. An efficient finite element formulation based on the Hu-
Washizu principle is presented. The shell theory is formulated in oblique coordinates
and includes the effects of transverse shear strains by first-order shear deformation the-
ory (FSDT). An invariant definition of the elastic transversely isotropic tensor based
on the representation theorem is defined in oblique coordinates. Independent approx=
imations of displacements (bilinear), strains and stresses (piecewise constant within
subregions) provide a consistent mechanism to formulate four-noded skew elements
with a total number of twenty degrees of freedom. A set of eigenvalue equations for
the FG-CNTRC skew plate vibration is derived, from which the natural frequencies
and mode shapes can be obtained. Detailed parametric studies have been carried out
to investigate the influences of skew angle, carbon nanotube volume fraction, plate
thickness-to-width ratio, plate aspect ratio, boundary condition and distribution profile
of reinforcements (uniform and three non-uniform distributions) on the static and free
vibration characteristics of the FG-CNTRC skew plates. The results are compared to
commercial code ANSYS and limited existing bibliography with very good agreement.
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