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Abstract We give a comparison of two no-arbitrage conditions for the
fundamental theorem of asset pricing. The first condition is named as the
no free lunch with vanishing risk condition and the second the no good deal
condition. We aim to derive a relationship between these two conditions.
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1 Introduction

Due to the seminal work [5,6] by Delbaen and Schachermayer, the fundamental
theorem of asset pricing became pivotal in mathematical finance, which is a
key result in establishing a mathematical framework for pricing and the key
condition in the so-called the no free lunch with vanishing risk condition [7].
Since then, many investigations are devoted to generalize this remarkable
condition to cover more general situations in the mathematical modelings,
cf., e.g., [1,3,8,9,11] and references therein. Most recently, Bion-Nadal and
Di Nunno [2] proposed a new condition for pricing in incomplete markets. This
condition is named as the no good deal condition, which should be linked to
the celebrated the no free lunch with vanishing risk condition. The objective of
the present paper is to compare these two conditions in some simplified models.
We aim to seek certain links between the free lunch with vanishing risk
condition and the no good deal condition by explicating them into several
simple models so that one can compare them more concretely. Our discussion
reveal (theoretically) the essential properties of these models from stochastic
analysis viewpoint.

The rest of the paper is organized as follows. In the next section, we start
with the basic concepts of the First and Second Fundamental Theorems of asset
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pricing in the continuous model. Then a general continuous market model is
defined and the fundamental theorems of asset pricing are proved in this
setting. In the latter scenario, we focus on conditions of the model which
satisfies no free lunch with vanishing risk condition. Tools from probability
such as martingale, equivalent martingale measure, stochastic integrals, and
Girsanov transformation are all used in this framework. In Section 3, we present
a complete comparison with a thorough derivation.

2 Preliminaries on two no-arbitrage conditions

This section is devoted to explicate the two no-arbitrage conditions in a unified
and convenient framework.

2.1 No free lunch with vanishing risk condition

Throughout this paper, we fix any 7' > 0. Let (2, %#,{% }1c(0,1], P) be a given
(complete) filtered probability space. Here as usual, the filtration (F)iejo,7)
is assumed to be right-continuous and .%; contains all P-null sets. We are
concerned with a market model in which d 4+ 1 assets are priced at time t €
[0,T] with d € N and T being interpreted as the terminal time. The assets
are classified into two categories—risky stocks and riskless bonds. Here in
our model, we consider d risky stocks and denote their price dynamics by a
d-dimensional stochastic process

St - (St17 R Sg)te[QT}'

For the riskless bonds, for the simplicity, we only consider one bond which is
denoted by Sy with a fixed interest rate r > 0, namely, S = SJe"t, t > 0 with
given initial capital SJ > 0.
Let
Sy = (5197 St17 S 7Std)t€[O,T]

denote the corresponding price processes for this multi asset, which can be
viewed as a vector-valued stochastic process. In general, we take S; to be a
semi-martingale on the given filtered probability space (2,7, (F)ici0,17; P)-
The price of the i*" asset at time ¢ is modeled as non-negative random variable
S?. We assume that (S},... asg)te[O,T] is { % }-adapted.

Recall a trading strategy is an {.%; }-predictable R%*!-valued process

Et = (ggaét) = (ggagtla s agg)tG[O,T}'

The value & of a trading strategy &, corresponds to the quantity of assets of
the i*" asset held at time ¢. We simplify computation to use discounted asset
price processes. For ¢ =0,1,...,d, we define

= 50" te[0,T].
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Then . ) J
St :(SZ(’ 75:7 7--'aSZ<7 )

is the value of the vector of discounted assets prices at time ¢. Note that we
have
sV =1, vitelo,T)

Next, let us give some definitions.

Definition 1 [14, Lemma 4.2.1] A trading strategy

&= (€.¢, ..., &N

is called self-financing if the discounted value process
d . .
Vii=¢,-S = Zg;sg,z
i=0
is a continuous, {.%#; }-adapted process such that for each t € [0, 7],
d 4 ' d t 4
V=g Yo Gs+Y [ €dsi =1+ Gl Pas. ()
i=1 i=1 70
or equivalently in stochastic differential formulation
d A
dVy = dG; = Z £ds;",  P-as.
i=1

with initial data ,
Vi=&+> &Sy
i=1
Here,
=Y / giase
=10

is the corresponding discounted gain process.

Definition 2 A self-financing trading strategy &, is called an arbitrage
opportunity if V,* satisfies the following conditions:
(i) Vg =0;
(ii) 3 a constant ag such that P({w € Q: V*(w) > aop,V t € [0,T]}) = 1;
(ili) V>0, P-as.;
(iv) P(V} >0) > 0.
Moreover, a model satisfies the no-arbitrage condition if such a strategy does
not exist.
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It turns out that in the continuous-time setting, the no-arbitrage condition
does not guarantee the existence of an equivalent local martingale measure (see
[5, Example 7.7]). A stronger condition is needed. The following modification
of the no-arbitrage condition was introduced by Delbaen and Schachermayer
[5,6] and further considered by Shiryaev and Cherny [12].

Definition 3 [12, Definition 1.6] We say that a sequence of self-financing

trading strategies {Ef it € [0,T]}ken realises free lunch with vanishing risk

condition, if the corresponding sequence of value processes {Vt*k t €[0,T]}ken
fulfills that for each k£ € N,

(i) Vot =0;
(ii) there exists a constant aj such that

P({w € Q: V() 1= &) - 5, (W) > ar, Yt € [0,T]}) = 13

(iii) Vi" > —1/k, P-as.;
(iv) 3 constants d1,d2 > 0 (independent of k) such that, V k € N,

P{V" > 61} > 6.
Moreover, a model satisfies the no free lunch with vanishing risk condition if

such a sequence of strategies does not exist.

Furthermore, we introduce the following definition.

Definition 4 We say that a sequence of self-financing trading strategies {Ef ot
€ [0, T} ken fulfills the free lunch with bounded risk if it satisfies conditions (i)
and (ii) of Definition 3 as well as the following two conditions:

(a) there exists a constant a such that, for each k € N,
PweQ: Vi W) 2a, Vie[0,T]}) =1;
(b) there exist constants d1,d2 > 0 such that, for each k,
P{VF > 81} > 6y,
and for any § > 0,
Jim P{V;F < —6} =0.
A model satisfies the no free lunch with bounded risk condition if such a

sequence of strategies does not exist.

Theorem 5 [5, Theorem 1.1] (Fundamental Theorem of Asset Pricing)

Assume that the asset price process Sy is a locally bounded, (d+ 1)-dimensional
vector-valued semi-martingale. Then there exists an equivalent local martingale
measure for Sy if and only if the no free lunch with vanishing risk condition

holds.
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2.2 No good deal condition

Here, we will focus on the no good deal condition. With the same preamble as
before, we work on the same probability set-up (€2, %, {-%; }+c[o,1], P)- Following
Biog-Nasal and Di Nunno [2], we assume that the given {.%; },c[o 7y satisfies that
Fr = .%. We work in an Ls-framework and consider claims as elements of the
space

Loo(to}\t) = LOO(Q,QMP)

of random variables with finite norm
|X oo = esssuplX|, X € Loo(F).

For any time ¢t € [0,T], let L; C Lo (%) denote the linear subspace representing
all market claims that are payable at time ¢t. Note that on a complete market,
Ly = Loo(F). For a given asset X € L;, we denote the systems of prices by
Zst, 0 < s <t < T. We assume that price z4(X), 0 < s < t < T, for marked
assets X € L; are given and we describe them in axiomatic form, where x4 (X)
denote the price of asset X from s to ¢ . Here, we set the bounds on prices:

mst(X) < xst(X) g Mst(X)7

and we study the existence of a pricing measures Py that allows a linear
representation
.Z'St(X) :EPO[XLO}\S], XGLt,

fulfilling the given bounds. The pricing measure Py will reflect the choices of
bounds. When we use + in the notation of space, we refer to the corresponding
cone of the non-negative elements.

Next, we consider no good deal pricing measures. The good deal bound is
a way to restrict the choice of equivalent martingale measures, usually denoted
by @, in incomplete markets. The idea is to consider martingale measures that
not only rule out arbitrage possibilities, but also deals with ‘too good to be
true’. As usual, we work with general price systems and not with specific price
dynamics.

Following Chicharee and Sa Requejo [4], a good deal of level § > 0 is a
non-negative .#p-measurable payoff X such that

B(X) - Eg(X)
V/Var(X)

Accordingly, a probability measure () is equivalent to P is a no good deal pricing
measure if there are no good deals of level § under Q), i.e.,

EolX] > E[X] — 6y/Var(X), X >0. (2)
Note that (2) holds for all X € Lo (%) as we have

X + [ X][oe = 0.
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Hence, also the relation

EolX] < E[X] +dy/Var(X), X >0
holds true for all X € L (.%7). This motivates the following extended general
definition of no good deals pricing measure.

Definition 6 [2, Definition 6.1] A probability measure @ (equivalent to P) is

called a no good deal pricing measure if there exists a § > 0 such that there is

no good deals of level § > 0 under @ (equivalently, for any § > 0, there is no

good deal of level 9), i.e.,

_ B(X) - BolX) _
v/ Var(X)

for all X € Lo(Zr, P) N Li(Fr1,Q).

3 Comparing two no-abitrage conditions and further discussion

Let d,m € N be fixed. We consider the following stochastic differential equation
on [0,T] x R%:
dXt = /L(t, Xt)dt + O'(t, Xt)th, (3)

where
p:[0,T) x RT = R4, 5:[0,T] x RY — RI®™,

and W; is an m-dimensional Brownian motion. Under the usual linear growth
condition and the following Lipschitz condition:

ut,2)| + lo(t,2)| < C(1+z]), = eRY teloT],
’/’L(th) - /’L(t7y)‘ + ”O’(t,ﬂ?) - U(t7y)|’ < Ct‘x - y|7 T,y € Rd7 le [OaTL
for some function C; > 0 on t € [0,7], (3) admits a unique strong solution

(X¢)¢>0 for a given initial data Xy € R?. In the sequel, we will also use the
following integral formulation for the process X;:

t t
X = Xo +/ p(u, Xy)du —|—/ o(u, Xy,)dW,, te0,T].
0 0

In the special case, let (Sy)ic(o,r] be the (one-dimensional) risky asset price
process satisfying the following Black-Scholes pricing dynamics:

dS;

s, = pdt + odW;

along with a bank account dSY = rSYdt with interest rate r > 0 and the
regularised initial capital 58 =1, where i and o are positive constants. Given
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initial data Sy > 0, the risky asset S} is determined uniquely by the above
equation, and S; is given explicitly by

Si = Sy exp [(,u — 302>t—|— O'Wt].

The discounted price process is given by S; = S;/S?. We then have discounted
price

* 1 2
St:S(]eXp[<,LJ,—T—2O')t+O'Wt]. (4)
Now, applying the It6 formula to (4), we have
dS; = (u—r)S;dt + o S;{dW,. (5)

Let us clarify a bit here that our asset price processes here is S; = (SY, S;)
and according to Definition 1 (with d = 1), the discounted value process for a
self-financing trading strategy &, = (£2,&;) is

t
VeV / £dST, te0,T).
0
Since we are concerned with comparing the two no-arbitrage conditions, we
simply take V" = e"T in our later derivations. This is just for the sake to make
the comparison conditions neat in our conclusions. Of course, one can take any

non-negative constant as the initial V;* and then by a constant shift to e'T. By
(5), the terminal value for self-financing trading strategy &, is then

T
Vi=eT+ / &dS;
0
T
=l 4 / &Si{(p —r)dt + odWyi}
0
T T
_erT‘F(M—T)/ é-tS;dt‘f‘O'/ gtS;th
0 0
T 1 2
— T + (M N T)S()/ gte(,ufrffr )t+thdt
0

T
+ 080 / grelir 2ot Waqyy,
0

Next, let

flt,x) = ! §te(“*”*§‘72)te”.
o

Then we have

af —r—L1o2)t oz aZf —r—L1o2)t oz
ax = é’te(ﬂ 2 ) e, (93:2 = Ugte(u 2 ) e,
o1 = ! (w—r— ; Uz)ﬁte(“_r_é"2)te‘m + 1 eln—r=30)t g0z 0%

ot o ot’
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936
where we assumed that & is differentiable with respect to t. Clearly, in terms

of the It6 formula [10, Theorem 4.2.1],

T
| oF wwiaw
0 ox
B ey of
— F(T,Wr) — £(0, WO)—/O [0 w+ 5w ar

U, rto?yr owy 1 T L2 oW
= &rela )T Wr _ " g [ g2 )W
o o o L2

+ L (p—r— L 02)§te(“*7’*§”2)te0Wt + 1 olu—r—30%)teo Wi 3£t]dt
o o ot
_ 1 §Te(u—r—§a2)T owp 1 &
g ag

1 agt} e(,ufrf ;0'2)teO'Wt dt.

Thus, we get
T T 1 2V¢ W, 1 1.2 T W
Vi =¢e" +(u— T)S()/ el )t Wegy O'S(){ EpelrTm20 ) o Wr
0 g

T
v [ [ e | et ta
o o Lo o Ot

T
Lo?)T oWy _ So/ 3 oli—r— 302t Wi 34
0

=T 4+ S(){Te(“_ 2 5t
= /OT (; et 4 ; S(){Te(“*rféﬁ)Te”WT -5 %gtt e(“*“é”%e”wt)dt. (6)
Now, we set
X(t) = ; e’ + ; Soére® 27 TeWr _ g %it e el

Then by Definition 3 (iv), there are constants d;,d2 > 0 such that

P{ /OTX(t)dt > 51} > 5.

For any p > 0, by Chebyshev’s inequality,
B| Jy X(6)dtf?

T
5y < P{’/ X(t)dt’ > 51} < o
0 1

Foranyp,q>land11)+;:1,
T » T
E<‘/ X(t)dt‘ ) <Tp/q/ E(|X(1)P)dt.
0 0
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More generally, when p = ¢ = 2, in that case, we can get
5 52 T
2% < / E(X(t)?)dt.
T 0

Let us calculate fOT E(X(t)?)dt. To make our calculation easier, we simply
assume that & = Ct for some constant C' > 0. By the identity

E(ethf%oQt) — 17

we then have

T
/0 B(X(t)*)dt
T 2
N / E (; T4 (; So&reW 20T Wr _ SoCe(“”'*é"Q)teOWt)) dt
0
Lo 22 (2(u—r)+o2)T . 2 1
= T 4 S3C% ( 02+(M_T)+02+2(M_T))
(p—r)T 2¢q2
1aszc? © 75

o2t (n—1) 42— )

25,C 25,C
ul 0 uT 0 rT
I (P R
=1
5209
> } . (7)

Now, we let

J = e(Q(N_T)+J2)T (T _ 3 ) 2(M — T)T -+ 1 e27‘T 2ep,T ‘
2(02 + (pn—1)) o2 +2pu—r) TSEC?2  SC

Clearly,

I>S2C%.
Thus, if

6209
>

12 rezsy (8)

then

T 9 5252
/ B(X(t)*dt> -1
0 T

Obviously, (8) is stronger than (7).

On the other hand, towards the no good deal condition, we recall that
the price is given by the system {z,:}o<s<t<7, instead of price process itself,
X = {X:}o<t<r, which is determined by (3). Therefore, with d = m = 1, for
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the coefficients p: [0,7]xR — R and the non-degenerate o: [0, 7] xR — R\ {0},
we define

t t
zs4(X) = / w(u, Xy)du +/ o(u, Xy )dW,,. 9)
Furthermore, we have (cf., e.g., [13])
t —
X, = X, +/ o(u, X, )dW,, ¢ € [0,T], (10)
0
with .
W, =W, +/ o Y, Xo)p(u, Xo)du, t € 0,T).
0
Next, define @) via
dQ = eo oM X Xu)dWu—; [\ lo™" (wXu)u(wXu)Pdug p

Then, by the Girsanov theorem, Wt, t € 10,T], is a @-Brownian motion.
Taking expectation on both sides of (10) yields

t —_—
EQ(Xt) = EQ(X()) + EQ/ O’(S,Xs)dWS =Xy
0
and .
E(X:)=Xo+ E/ (s, Xs)ds.
0

Therefore,
t
E(Xy) — Eg(Xy) = E/ w(s, Xs)ds. (11)
0

Next, we turn to the special case of the (previously introduced) asset price
process Sy = (S, S;) for

ds? = rS%t, SY =1,

and
dsS; = ,U,Stdt + O'Stth, Sy > 0,

with solutions SY = e and the Black-Scholes price process
1 2
S; = Spexp [(M— 5C )t—i—aWt}, t€[0,T].

We have the associated z; defined as follows:

t t t
Tt = / rsgdu —{—/ wSydu + / oSy dW,, 0<s<t<T.
S S S
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Recall from (4) and (5) that the discounted price process

g = O

= 5 =S [fu-r s o]

and its equation
dS; = (p —r)S{dt + oS;dWy.

Recall further that, by (6), we have the discounted terminal value V;: for & =
Ct:

* ! rT (p—r—1Lto)T oWy (p—r—"Lo2)t oWy
Vi = ; (Te + CSpe 2% e — CSpe 27 e )dt

T
=T 4 TCSoe(“_T_§J2)T€UWT - / C'Soe(“_r_é‘TQ)te"Wtdt.
0

It is clear that
Vi € La(Fr, P) N Li(Fr7,Q).

Therefore, for the payoff X := V., by utilising the identity

E(eo'Wt*;C’jt) — 1’

we have . .
B(X) — Eo(X) —E( / rS0dt + / Mst*dt> (12)
0 0
and
T T
Var(X) —E< / r2(SP)2dt + / a2sz2dt>. (13)
0 0

Then, according to Definition 6 and by (12) and (13), the no good deal condition
is fulfilled if - -
E([y rSPdt+ [, pStdt)

5<
VEUT r2(s9)2de + [T 025:2d0)

<. (14)

Compute (14),

T T T T L
E < / TStOdt + / ,uSZ‘dt) =F ( / re’tdt + i / Soe(ﬂ_r— S0 t+aWy dt)
0 0 0 0

= (@7 o 1)+ M0 (T
w—=r

T T
E< r2(SP)2dt + / U2Sf2dt>
0 0

(2u—r)+o2)T _ 1
_ " (e2rT _ 2¢2 ©
\/2(e 1) + 0255 1) + 0

and
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Then we can get

E(fy rSPdt + [g uSidt)
\/E( ST r2(89)2dt + [ o25;2dt) \/ D (2T — 1) + 9282 6(2;;):)12;_1

(e = 1) + 1% (eln=n)T — 1)

Now, substituting the result above into (14), we derive

(e — 1)+ “‘j(; (e(“*”)T -1)

n
(h=r)+oe)T 1

2
Vo T 1)+ o283 0y

Now, we can summarize the above derivation as the following main result.

5 < (15)

Theorem 7 Assume
T> 3 5<\/2 > (n—puSo) VO (16)
= , < , = .
2(02 4+ (u—r)) T 0

Then condition (15) can imply condition (7), which indicates that the no good
deal condition for fundamental theorem is stronger than the no free lunch with
vanishing risk condition.

Proof We first note that (15) can be reduced to

2
U= +e?)T 5 ((1 o )eM +2(uSp +1)e'”

2
[ o Geenr _ mSolu =) + u253]2
p—r u2S3
(n=7r)? 2u—r)  2uSo  p*S]
262 + + 2
128 S0 p—r  (p—r)
ré> 620283 2(p—r) +o?
1 . 1
Ty T 2(p—r) + o? ) 620252 (7

If (15) is true, then putting (17) into the left-hand side (LHS) of (8) yields that

2
LHS of (8) > ((1 o >e2rT +2(uSo + 1)e"”

2
[ S0 (u-ryr _ 1So(p =) + ;ﬂsgr
w—r u2S3
2 202 2
_(M;?;) _2Au—r) 280 | op 502 Lo
125 S0 p—r  (p—r) 2
820252 ) 2(p — 1) + o2 ( B )
2(p — 1) + o2 620252 2(02 4+ (u—r))

2u—r)T+1 et 2erT (18)
o2 +2(u—r) TS2C?  S,C’
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Let us assume that the right-hand side (RHS) of (18) > 0. Then it is easy to
find
ré? B 3 >0
202+ (n—r)) "

C(n=r)? _2p=r) 28 | pPSE

G wSo  p—r  (p—r
Therefore, we get that under conditions (16), condition (15) can imply
condition (8). As condition (8) is stronger than condition (7), we then

verify that condition (15) implies condition (7). O
Remark 8 When

= 0.
)2

3 <0
2002+ (n—r) =
it might not be feasible to compare. We cannot compare them in a short time.

On the other hand, we would like to examine whether (7) implies (15).
Assume that (7) is true. Then we have

@u—r)+o)T (1 _ 2
¢ ( o2+(u—r)+02+2(u—r))
6%52 _ 1 eer _ 28(“7T)T + 1
T TSic? TSEC? o2+ (u—r) o2+2u-—r)
21T 2eT 2e"
_ ¢ - ¢ . (19)
SoC  TSeC(p—r) TSoC(u—r)
Letting RHS of (19) > 0, we need
2 1 1
o2+ (pu—r) o2+2u-—r) T(u—r)
We can show that
2 _
(02 + (= )0 + 2 — )] —
so that )
— 1
o’ +3(pu—r) (20)

> Y .

[0+ (u=r)llo® +2(u—7r)]  p—r

Consequently, we conclude that under condition (20), (7) implies (17). From
(17), we work backwards

2
(erT _ 1) + So (e(#*T)T N 1)] < 52<T (e2rT _ 1) +0,250
w—=r
then we obtain

(2(u—r)+02)T _
0 < (e'rT _ 1) + Iu’*SO (e(N*T)T _ 1) < 5\/T (QQT’T _ 1) + 0-2‘5’028 1
W=
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The above is equivalent to (15). We summarize our discussion by the following
theorem.

Theorem 9 Under conditions

o2 +3(u—r) 1
P2 o =i+ 20— ) e

(7) implies (15), which means that the no good deal condition for fundamental
theorem is weaker than the no free lunch with vanishing risk condition.

We now turn to the situation in higher dimensions. We consider a finite
time interval [0,7] as the interval during which trading may take place. Let
(Q, F, P;.Z;) be a given complete probability space on which defined a stranded
m-dimensional Browning motion W = {W,, t € [0,T]}. In particular, W =

(WL W2 ..., W™) is an m-dimensional process defined on the time interval
[0,7]. Our multi-dimensional model has d + 1 assets, where d is a positive
integer.

Sometimes, the money market asset is referred to as a riskless asset, denoted
by S, which is given by
ds?

S? = rdt.

We assume that there are d stock with continuous, adapted price process S; =
(SH ..., Sf), which satisfying the following higher-dimensional Black-Scholes
pricing dynamics:
ds: , i tveri

L=pide+ ) oA, 1<i<d

Here, the solution can be explicitly given as follows:
A 1 mo
Sy = Sjexp <<,u’ ~ Z(UJT)Z]>t+ZJZ]Wg>, (21)
7j=1 7j=1
where Sé is a positive constant and ' is the i*" component of a d-dimensional

drift vector, and o = (O‘ij)lgingg]‘gm is a (d x m)-matrix.
Now, applying the It6 formula yields

m
dS;" = Syt (p' —r)dt + Sy "o awy. (22)
7j=1
A self-financing trading strategy in this case is a (d + 1)-dimensional process

& =(&.¢,....¢h, telo,T).
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The value at ¢ of the portfolio associated with &, is given by

d ot
Vi=¢-S =V + Z/O gdsHt, te0,T).
=1

Putting (22) into above, we get

Vi-vi= Y [ dasy
i=1
= Z/ & <S;”(,f —r)dt + S} Zwawg)
i=1"0 j=1
d T . . . d m T . . .. .
=3 [ sttt —na 3 [ dsiiaiaws.
=1

i=1 j=1
Next, let
=1, Sh=oT
Then
‘/0* — Sg — e'I’T
and
d T o 4 1 y moo
Vi=eT + Z/ (u' — )& Sy exp ((,uZ T Z(UJT)”>t + ZJ”Wf)dt
i=1"0 j=1 j=1
d m T A 1 m 4 mo )
+ Z ZU” /0 exp ((,u’ —r—, Z(O’O’T)Zl>t + ZU”WZ)thJ.
i=1 j=1 1=1 =1

Remark 10 For fixed 4, j, (c01)¥ is given by
m
(00T)i = Zo_iko_jk.
k=1

Proposition 11  For eachi = 1,2,...,d, the price process S can be represented

as . ) )
Sée(;ﬂ—r—é(al)%t—l—alBt’
where
. m .. ..
(UZ)Q _ Z(O.Z])Q _ (O_O.T)’LZ > 0’
j=1

and By, t € [0,T], is a one-dimensional Brownian motion such that

Z AW} = o'dB,. (23)
7j=1
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Proof From (23), we have

Z}”:l o dWy

ot

dB; =

According to definition of quadratic variation, we have

d(B, B)(t) <Zo”dW] Zo”dW]> = (g2 Em: 24t = dt.
7j=1

Therefore, By is a one-dimensional Browning motion and
Si = Sie (0'—r—3(0"))t+0" Be

We are done. O

Proposition 11 shows that the result from multi-dimensional model is
essentially similar to the one-dimensional case. In other words, one-dimensional
model is a special case in higher-dimensional model. By Definition 3 (iv) and
Proposition 11, if there are constants d1, 2 > 0, then free lunch with vanishing
risk exists:

T ‘ ‘. o
{ / <11—‘ erT + 11" Ség,%e(lﬁ—f—% Z?L:I(UUT)” )Teg ;’L:l oW,
0

—Si ¢, plni=r=5 37 (00Tt ST oW )dt>51} > 0. (24)

ot
T 4 Sigiel —r—a Xiti (00 )T X5, 0/ Wy
X(t):= .
- 54 Ot (== 1 S, (00™) )t Ty W]

ot
Then (24) reduce to

P{/TX(t)dt >61} > do.

For any p > 1, by Markov’s inequality, we can get

P{‘/OTX(t)dt‘>51} ElJy X # (Hydef”

More specifically, taking p = 2 and by Cauchy’s inequality, we get

T 0



A comparison of two no-arbitrage conditions 945

We calculate fOTE (X (t))?dt. By
E(efé Z;n:l(GGT)ijt+Z;n:1 o—ithj) = 1, 52 = Czt,
where i =1,...,d, j =1,...,m. We can get the following inequality:

1{ T 4 §i2 %2 =)+, (oo™ )T

2 1
T — < g + —m y . )
( Ya(oo )+ (u—r)  3iLy(00T)T +2(uf — 1)
el =nT (ol
S0 + (it = 1) S (00T + 2 1)
. et + 4 e >
T(w —r) T —r) T

282
+25iCter T — . (25)
In the no good deal condition, the price is x?t, 0<s<t<T. We define

p: (0,T) xR —=RY  o:(0,T) x R — R¥®™,

such that
23 = [ i Xdu+ Y [ o X)W, (26)
s j=17s

Considering a special case of (26) with the riskiness bond, for each i = 1,...,d
we have

t t mooat '
w54 (St) = / rS9du —{—/ 'Sy du + Z/ o SyrdW. (27)
S S i=1 S

By the definition, the no good deal condition can be satisfied if

E(Jy rSPdt+ [§ uiSiidr) <6 (28)
VEUT ra(spde+ 5, [T (oo (S70)2dt)

We can then get the following explicit expression:

5 <

T 1 + MZSO e(ui—r)T_ 1
< s ) <5 (20)

9 W= +T T (e TY)T

3T 1) 4 oS

Let us finish our paper by summarising our above discussion as the following
results.
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Theorem 12 Under assumptions

3 2 . o
T 2 m P ; ’ (5 g \/ ) r 2 b — ZSZ \ 07
AT (00T + (i — 1)) pr T2 S)

we conclude that condition (29) can imply condition (25), which shows that in
financial markets with multi-assets, the no good deal condition for fundamental
theorem is more general than the no free lunch with vanishing risk condition.

Theorem 13 Assume that

S (00") + 3 = 7 L
D250V + (= IS5 (oo™ + 2w = 7))~ =7
Then condition (25) implies condition (29), which indicates that the no good

deal condition for fundamental theorem is weaker than the no free lunch with
vanishing risk condition.

T>
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