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Abstract

Purpose – Shells are widely used structural systems in engineering practice. These structures have
been used in the civil, automobile and aerospace industries. Many shells are designed using the finite
element analysis through the conventional and costly trial and error scheme. As a more efficient
alternative, optimization procedures can be used to design economic and safe structures.

Design/methodology/approach – This paper presents developments, integration and
applications of reliable and efficient computational tools for the structural optimization of
variable thickness plates and free-form shells. Topology, sizing and shape optimization procedures
are considered here. They are applied first as isolated subjects. Then these tools are combined to
form a robust and reliable fully integrated design optimization tool to obtain optimum designs.
The unique feature is the application of a flexible integrally stiffened plate and shell formulation to
the design of stiffened plates and shells.

Findings – This work showed the use of different optimization strategies to obtain an optimal design
for plates and shells. Both topology optimization (TO) and structural shape optimization procedures
were considered. These two optimization applications, as separate procedures produce new designs
with a great improvement when compared to the initial designs. However, the combination of
stiffening TO and sizing optimization using integrally stiffened shells appears as a more attractive tool
to be used. This was illustrated with several examples.

Originality/value – This work represents a novel approach to the design of optimally stiffened
shells and overcomes the drawbacks of both topology optimization and structural shape optimization
procedures when applied individually. Furthermore, the unique use of integrally stiffened shell
elements for optimization, unlike conventional shell-stiffening optimization techniques, provided a
general and extremely flexible tool.

Keywords Optimization techniques, Shell structures, Stiffness matrices, Plate structures

Paper type Research paper

1. Introduction
Shells are widely used structural systems in engineering practice. These structures
have been used in the civil, automobile and aerospace industries. Many shells are
designed using the finite element (FE) analysis through the conventional and costly
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trial and error scheme. As a more efficient alternative, optimization procedures can be
used to design economic and safe structures.

In this context, topology optimization (TO) and conventional structural shape
optimization (SSO) have been largely used in the literature and it has been the main
research focus of the authors in the last decade (Afonso, 1995; Belblidia, 1999;
Belblidia et al., 1999, 2001; Belblidia and Hinton, 2002; Belblidia and Bulman, 2002;
Falco et al., 2004; Gea and Luo, 1999; Luo and Gea, 1998; Maute and Ramm, 1997).

The conventional SSO procedure enables both shape and sizing optimization to be
conducted. Although both optimization applications facilitated a great improvement in
the emergence of new designs, they are still limited by the fact that a suitable topology
must be assumed initially.

Interest in stiffened plates and shell structures has been widespread in recent years
due to economic and structural benefits. It is well known that a stiffened layout can be
obtained considering both conventional sizing and also the TO procedure (Afonso and
Antonino, 1998; Bendsøe and Kikuchi, 1988; Cheng and Olhoff, 1981; Gea and Luo,
1999; Luo and Gea, 1998; Maute and Ramm, 1997; Soto and Dı̀az, 1993; Tenek and
Hagiwara, 1994). However, the thickness distribution obtained in most of the cases is
not ideal in terms of practical aspects such as ease of production, aesthetics, etc. These
aspects motivate the authors for the integration of standard algorithms for TO and
sizing optimization into a unique design tool.

In this work, the process of TO optimization, and sizing structural optimization are
combined into a fully integrated design optimization tool, FIDO, in order to produce a
reliable design of the shell. The FIDO process is conducted applying different TO
procedures to evolve stiffeners on the shell, the sizes of which will be optimized. In
order to get a stiffener like topology, the volume fraction for TO has to be set low
otherwise the topology results will be stiffened regions instead of stiffeners or a
skeleton-like topology. In this case, SSO could be applied to optimize the shape of the
stiffened regions (Belblidia, 1999).

The integrated procedure considered here involves two stages. First, TO is used to
determine optimal stiffening zones. A prescribed volume is chosen as an equality
constraint and the objective is to find the stiffest plate/shell structure subject to a given
loading, to boundary conditions and to material properties. In the second stage,
stiffening zones are extracted from the optimal topology and a set of centre lines of
equivalent, stiffening Timoshenko beams are selected. A sizing optimization procedure
is then used to optimize the stiffener dimensions.

The sizing optimization procedure is conducted using a conventional SSO
algorithm, which efficiently combines several tools such as geometric modelling, mesh
generation, structural analysis, sensitivities and mathematical programming
algorithms. The nine-noded degenerated Huang-Hinton element (Huang and Hinton,
1986) is used to carry out the FE analysis. When applied to stiffened structures the
stiffened shell analysis is based on an appropriate integration of Ahmad degenerated
shell elements and the three-noded isoparametric beam element. This FE
implementation is based on the work of Bettess and co-authors (Chipalo et al., 1994;
Thompson, 1989). It allows any number of stiffeners to be arbitrarily located in the
shell. The shell discretization is therefore independent of the stiffener layout and the
inclusion of the stiffeners does not add to the overall degrees of freedom of the problem.
Others, see for instance Lagaros et al., 2004, rely on the conventional stiffener
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arrangements that need to coincide with the shell nodal points. This could lead to an
over constrained optimization problem.

In the FIDO process, the TO stage can be carried out by means of three major
techniques. They are the homogenization/optimality criteria (Bendsøe and Sigmund,
2003; Rozvany et al., 1992; Suzuki and Kikuchi, 1991; Zhou and Rozvany, 1991), the
evolutionary methods (Baumgartner et al., 1992; Xie and Steven, 1997) and the hybrid
methods (Belblidia and Bulman, 2002; Bulman and Hinton, 1999; Paley et al., 1996). A
different classification of these methods may be found in Rozvany’s (2000) work. Here,
we concentrate on the homogenization and the hybrid methods. Both schemes may be
based on the artificial material model or SIMP method (Rozvany et al., 1992; Zhou and
Rozvany, 1991). Other common aspects involved are the iterative improvement
schemes used and the constraint satisfaction strategy. The updating scheme
considered in the homogenization approach is based on the resizing algorithm of
Bendsøe and Kikuchi (Bendsøe and Sigmund, 2003; Suzuki and Kikuchi, 1991).

The hybrid algorithm considered here is the constrained adaptive topology
optimization (CATO) (Bulman and Hinton, 1999), which updates the density
parameters for each element within a given domain using a volume preserving
scheme which may change during the interactive process. CATO also automatically
satisfies the volume fraction constraint at all stages of the iterative improvement
scheme, thereby ensuring that all designs produced are valid designs unlike with most
evolutionary methods, in which only the final design is valid.

In the TO procedures investigated here two distinguished layer models are used:

(1) a single layer model which consists of a single layer of artificial material which
allows the introduction of holes in the shell; and

(2) a three-layer model which consists of three layers with the inner layer always
solid and the outer layers consisting of artificial material.

This allows to introduce stiffening zones which are concentric to the mid-surface of the
shell (Belblidia, 1999; Belblidia et al., 2001). In the FIDO procedure the three-layer
model is considered.

This work presents some of the aspects regarding the procedures mentioned above.
It portrays some strategies that have been applied by the authors to obtain optimal
plates and shells designs. In the following section, the shell elements and models are
briefly described. Then the mathematical formulation for solving the structural
optimization problem is presented. In the subsequent sections the main aspects of the
three optimization procedures considered in this work are discussed. Some illustrative
examples are presented in each of the sections. Finally, the main conclusions of this
work are drawn.

2. Shell models
Two different shell elements are considered in this work. The first element is the
nine-noded degenerated Huang-Hinton shell element (Huang and Hinton, 1986). It is
used in the SSO procedure for shells without stiffeners and also in the TO procedure.
The one-layer and three-layer models (Figure 1) can be applied in this case. For the
stiffened shell analysis the eight-noded Ahmad shell type element (Ahmad, 1969) is
considered. The shell models used are briefly described next.
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2.1 Layered FE shell model
We first briefly describe a layered shell model, which is used in TO. Details concerning
to element geometry and displacement field can be found elsewhere (Ahmad, 1969;
Huang and Hinton, 1986; Zienkiewicz and Taylor, 2000).

For a given volume V, the strain energy (SE) of a degenerated shell element
(multi-layered through-thickness form) is expressed as:

U ¼
1

2

Z
A

1T
mDm 1m dAþ

Z
A

1T
mbDmb1mb dAþ

Z
A

1T
bDb1b dAþ

Z
A

1T
s Ds1s dA

� �
ð1Þ

where 1m, 1mb, 1b and 1s are the membrane, membrane/bending, bending, and shear
generalized strains, respectively. The rigidity matrices have the following form for a
multi-layered shell of thickness h with several layers:

Dm ¼

Z
z

Cp dz Dmb ¼

Z
z

zCp dz Db ¼

Z
z

z 2Cp dz Ds ¼
1

a

Z
z

Cs dz ð2aÞ

in which a is the shear modification factor, and where for an isotopic material of elastic
modulus E and Poisson’s ratio n:

Figure 1.
Three-layered model
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Cp ¼
E

1 2 n 2

1 n 0

n 1 0

0 0 ð1 2 nÞ=2

2
664

3
775 and Cs ¼

E

2ð1 þ nÞ

1 0

0 1

" #
: ð2bÞ

For both single- and three-layered shell models considered here Dmb ¼ 0:
The three-layered model considered here is shown in Figure 1. The central layer is

always taken as being solid, whereas the upper and lower layers may represent a
porous material. This is called the stiffening model. For this model, the rigidities have
the form:

Dm ¼ h0Cp0 þ ðh2 h0ÞCp1 Db ¼
h3

0

12
Cp0 þ

h3 2 h3
0

� �
12

Cp1

Ds ¼
1

a
ðh0Cs0 þ h1Cs1Þ

ð3Þ

In the above equations, h is the total thickness of the shell, the subscript “0” refers to
the central layer and subscript “1” refers to the top and bottom layers, respectively.

The above formulation may be used as a basis for developing a degenerated shell
FE. In the present work we have selected the Huang-Hinton nine-noded isoparametric
element (Huang and Hinton, 1986) which avoids shear and membrane locking and
mechanisms, and gives good overall behaviour.

2.2 Stiffened shell formulation
In order to perform the optimization of stiffened shells, beam stiffeners are
incorporated in the conventional degenerated shell formulation (Afonso and Antonino,
1999; Huang and Hinton, 1986).

In this work the stiffened shell analysis is based on an appropriate integration of the
eight-noded Ahmad shell element (Ahmad, 1969) and the three-noded isoparametric
beam element (Figure 2). This FE implementation is due to the work of Bettess and
co-authors (Chipalo et al., 1994; Thompson, 1989). The existing advantages inherent to
this formulation over the conventional approaches are of particular benefit for
optimization (Afonso and Antonino, 1999).

For prescribed natural coordinates j0;h0; z0 it is assumed that the beam
cross-section has the direction z0 which coincides with the direction of the
corresponding shell normal (Figure 2). This assumption allows us to express the
beam axis displacement fields as:

usðxÞ ¼ uðj0;h0; z ¼ 0Þ ¼

us

vs

ws

0
BB@

1
CCA ¼

u 0 þ y 0g 0 2 z 0b 0

v 0 þ z 0g 0

w 0 2 y 0a 0

0
BB@

1
CCA ð4Þ

where x is a local coordinate along the stiffener curvilinear axis shown in Figure 2, us,
vs and ws are the displacements of any point in the x, y and z directions and u, v and w
are the local translations at xðj0;h0; z ¼ 0Þ in the direction of the x, y and z directions,
respectively.

Structural
optimization

strategies

433



For stiffener i of a typical element e, the stiffness matrix may be expressed as:

ke
i ¼

Z
Si

BT
sti
DstBsti ds ¼

Z 1

21

BT
sti
DstBsti s;x dx ð5Þ

where

s;x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x;2x þ y;2x þ z;2x

� �r
: ð6Þ

The complete stiffness formulation for a stiffener shell element is given by the sum of
the stiffness matrix contributions of the individual stiffeners and the host shell
element. Thus for a host shell element containing m arbitrarily placed stiffeners, the
total stiffness is computed as follows:

ktotal ¼

host shell element

Z 1

21

Z 1

21

BTDBkJkdj dhþ

integral stiffeners

Xm
i¼1

Z 1

21

BT
sti
DstBsti s;x dx

� �
: ð7Þ

3. Structural optimisation
The structural optimization problem can be expressed as a relation, which involves the
objective function and the constraint functions. It can be expressed mathematically as:

minimize ðor maximizeÞ : FðsÞ ð8Þ

subject to

Figure 2.
Geometry of a stiffened
shell element
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giðsÞ # 0 i ¼ 1; . . . ;m

hjðsÞ ¼ 0 j ¼ 1; . . . ; l

slk # sk # su
k k ¼ 1; . . . ; ndv:

ð9Þ

Here s is the vector of design variables, F(s) the objective function, gi(s) and hj(s) are
the constraint functions. Finally, slk and su

k represent the lower and upper limits of a
typical design variable sk. m is the number of inequality constraints, l the number of
equality constraints and ndv the number of design variables.

4. Topology optimisation
In this work TO is conducted by both homogenization and hybrid methods. The hybrid
method considered is CATO (Belblidia and Bulman, 2002; Bulman and Hinton, 1999).
In both procedures the same type of material is used which is described below.

4.1 Material model for topology optimisation
Adopting this model, the constitutive matrices are written as:

Ch
p ¼ xðxÞCp and Ch

s ¼ xðxÞCs ð10Þ

where x(x) is a discrete function defined at each point x over the whole domain V, and
which has the form:

xðxÞ ¼
1 if x [ Vs material

0 if x [ V Vs no material:

(
ð11Þ

The discrete form of function x(x) causes some solution difficulties, which can be
overcome by replacing x by a continuous function j, where 0 # jðxÞ # 1 and x [ V :
It is desired to relate j to some geometric parameters in order to create some sort of
micro-structure representation. If we assume the micro-structure as a cellular body
consisting of unit cells with square hole of side length a where 0 # a # 1; then the
material content of a cell can be expressed as:

jðxÞ ¼ 1 2 a2ðxÞ: ð12Þ

The rigidity matrices used here in the stiffening layers will finally be written as:

Ch
p ¼ jðxÞgCp and Ch

s ¼ jðxÞgCs ð13Þ

in which g is a penalizing parameter considered to suppress the porous areas as
suggested by Zhou and Rozvany (1991). For the three-layer FE model described, the
membrane, bending and shear rigidities matrices are obtained from equation (3)
applying to the top and bottom layer the corrections indicated in equation (13).

Note that although we have assumed a micro-cellular material with a square hole
size a, we have approximated the resulting material behaviour as though it was
isotropic (with a scaling factor) rather than truly orthotropic. Truly orthotropic
behaviour could be considered by including an additional design variable u for the
orientation of the material model. In the present work, there is no dependency on
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the orientation of the square hole in the artificial material model unlike it is the case for
the more conventional homogenized model.

In the examples presented later, the normalized value U=Uinitial is used to show the
variation of the strain energy. Because we are dealing with the artificial material model
in a penalized form, the resulting strain energy value is therefore not exact (Hassani
and Hinton, 1999).

4.2 Homogenization procedure
If we parameterize the stiffener density @e ¼ 1 2 a in each element e our problem is
essentially one of determining the set of @; which minimize the strain energy of the
shell for a total, user specified volume fraction of stiffened material.
4.2.1 Basic algorithm. The full TO is summarized in the following steps.

(1) Read problem data including the mesh data, the boundary and the loading
conditions, the material properties, the definition of the design and the
non-design domains, the target volume and various solution parameters.

(2) Before starting the topology optimization loop, initialize the density parameters
@e for each element and evaluate the rigidity matrices. Set the iteration
parameter k ¼ 0:

(3) Increment the iteration number k by 1.

(4) Perform the FE analysis for the current rigidity matrices.

(5) Resize the density parameter @e within each element based on a resizing
algorithm to be described.

(6) Check the optimization termination criteria: if this is satisfied then output the
optimal density parameters and terminate the solution. Otherwise go to step 3.

Next, we will consider the necessary optimality conditions, the resizing algorithm and
some computational implementation issues.
4.2.2 Optimality criteria and resizing algorithm. The TO can be stated as minimize the
total strain energy U with a specified volume VS as a constraint (equality or
inequality). The material density parameters @ ¼ ðr1; r2; . . . ; rnelÞ

T are the design
variables of the problem and nel is the number of FEs. Considering the above objective
function and constraint, the necessary optimality conditions for the material density
parameters @ are a subset of the stationary conditions of the Lagrangian function L in
the discretized domain:

LðrÞ ¼
Xnel

e¼1

Ue þ L
Xnel

e¼1

Z
Ve

2@e 2 @2
e

� 	
dV 2 V 0

s

 !

þ
Xnel

e¼1

Z
Ve

lþ@e ð@e 2 1ÞdV 2

Z
Ve

l2@e@e dV

� � ð14Þ

where L, lþ@e ¼ lþ@1 ; l
þ
@2
; . . . ; lþ@nel

h i
and l2@e ¼ l2@1

; l2@2
; . . . ; l2@nel

h i
are positive

Lagrangian multipliers and Ue is the strain energy of the shell element e. For
uniform FE meshes, as used for all the examples here, the stationary conditions of the
Lagrangian function for the material density @e are:
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›L

›@e
¼

›U

›@e
þ 2Lð1 2 @eÞ þ lþ@e 2 l2@e ¼ 0; e ¼ 1; . . . ; nel ð15Þ

or

2
›U

›@e
¼ 2Lð1 2 @eÞ þ lþ@e 2 l2@e ; e ¼ 1; . . . ; nel ð16Þ

with the switching conditions

l2@e $ 0; lþ@e $ 0; l2@e@e ¼ 0; lþ@eð@e 2 1Þ ¼ 0; e ¼ 1; . . . ; nel: ð17Þ

For intermediate values of the density parameter, 0 # @e # 1; when the side constraint
is inactive, then l2@e ¼ lþ@e ¼ 0; and the necessary condition can be rewritten as:

1

22Lð1 2 @eÞ

›U

›@e
¼ 1; e ¼ 1; . . . ; nel: ð18Þ

In short, equation (18) can be written as:

2Bre ¼ 1 ð19Þ

in which

Bre ¼
1

2Lð1 2 @eÞ

›U

›@e
; e ¼ 1; . . . ; nel: ð20Þ

However, if for a particular iteraction k, the design variable has decreased, i.e. @k
e # 1

and therefore the upper limit is not active, yielding lþ@e ¼ 0; from equations (16) and
(17) it follows that Bk

@e
$ 1: On the other hand, for increasing @k

e we will get Bk
@e
# 1:

The above argument provides the information required in the resizing algorithm,
devised in the following form as described by Bendsøe and Sigmund (2003):

@kþ1
e ¼

MAX0 if @k
e Bk

@e

� �h
# MAX0

@k
e Bk

@e

� �h
if MAX0 # @k

e Bk
@e

� �h
# MIN1

MIN1 if MIN1 # @k
e Bk

@e

� �h

8>>>>><
>>>>>:

ð21Þ

in which MAXj ¼ max ð1 2 vÞ@k
e; j


 �
; MINj ¼ min ð1 þ vÞ@k

e; j

 �

: h is a tuning
parameter and v is a move limit. The superscript k means the kth iteration. Bk

@e
is the

value of B@e at iteration k.
4.2.3 Updating procedure and termination criteria. The resizing procedure described in
the previous section is implemented as follows.

(1) Using a given volume fraction, calculate the initial value for the design
variables which are the material density parameters @e

(2) Calculate the displacements u using the artificial material model

(3) Calculate the strain energy U and its derivatives

(4) Estimate Lagrangian multiplier L using (18)

(5) Update design variables

Structural
optimization

strategies

437



(5a) Update material density parameters @e using (21)

(5b) Check whether new material density parameters @e satisfy the volume
constraint

(5c) If yes, go to step 6. Otherwise, use bisection method until the volume
constraint is satisfied and then if it is satisfied, go to step 6

(6) If the termination criteria is satisfied, stop. Otherwise, repeat steps 2-5

In step 6, several termination criteria can be used in TO. Three eligible termination
criteria used for TO here can be summarized as follows:

(1) Maximum number of iterations. A fixed number of iterations can be provided
by the user. The TO will continue for the given number of iterations.

(2) Decrease percentage of strain energy. If the strain energy of the structure
reaches a given strain energy value, i.e. Uk # U0; the iterative process will
stop.

(3) Volume changes. If the sum of volume changes over all elements from one
iteration to the next is less than a specified value, then iterating will stop.

4.3 CATO procedure
The aim of CATO is to update the density parameters for each element within a given
domain using a volume preserving scheme, which may change during the iterative
improvement. CATO also automatically satisfies the volume fraction constraint at all
stages of the improvement scheme, thereby ensuring that all designs produced are
valid designs unlike with most E-methods, in which only the final design is valid.
4.3.1 Basic algorithm. The CATO algorithm has the following steps.

(1) Set up the data regarding the design domain, the optimization and the FE
model. Set the iteration counter k ¼ 1:

(2) For the desired volume fraction, Vfrac, initialize the material density parameters
ake for each element according to the expressions.

ake ¼

0 if non-design domain

ð1 2 V fracÞ
1=2 if design

apr if prescribed

8>><
>>:

Also, calculate the desired volume of the system Vdes using

V des ¼ V frac*
Xnel

e¼1

ve;

where nel is the number of elements present in the model and ve is the volume of
element e.

(3) Evaluate the appropriate constitutive properties using an artificial material
model considering the current ake values.

(4) Perform the FE analysis.
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(5) Order the elements according to their strain energy density values.

(6) From a specified volume preserving relationship Dakeðf eÞ evaluate the change of
the density parameters Dake for each element and update the density parameter
so that akþ1

e ¼ ake þ Dake:

(7) Given the new density parameters akþ1
e ; evaluate the overall structural volume

of the system Vsys.

(8) Check the requirement that
V sys

V des
2 1

��� ��� , V tol: If this condition is not satisfied,

adjust akþ1
e proportionately to obtain V sys ¼ V des and go to step 7.

(9) If some convergence criterion is met continue with step 10, otherwise set
k ¼ kþ 1 and return to step 3.

(10) Post-process the results prior to visualization and then terminate the solution.

4.3.2 CATO material updating scheme. The CATO algorithm uses an incremental
relationship Daeðf eÞ to adjust the elemental material parameter ae according to the
element strain energy density value fe. A special feature of this relationship is that it is
chosen so as to preserve the total volume of the structure during the iterative
optimization process. The details of such an updating scheme can be found elsewhere
(Bulman and Hinton, 1999). Here, we will briefly explain the procedure. Figure 3 shows
an example of this relationship at two stages of the scheme. The function is composed
of a curve of the form y ¼ npcur (n and pcur are described later), which join at the x-axis.

The change in the density parameter Dake for element e at iteration k, is shown in
Figure 3 and is given by:

Dake ¼ anpcur
e ; ð22Þ

where

Figure 3.
Example of the

relationship Dae( fe) at an
early stage of the iterative
scheme (solid line), and at

an intermediate stage
(dashed line)
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a ¼ 2
ðf e 2 f cutÞ

j f e 2 f cutj
; ne ¼ ðf e 2 f cutÞ=r; pcur ¼ pinit 2 ððk2 1:0Þ * iterÞ; ð23Þ

and r is defined as:

r ¼
fmax 2 f cut if f e . f cut

fmin 2 f cut if f e # f cut:

(
ð24Þ

where pinit is the initial curve exponent parameter, iter controls how the curve adapts
through the iterative scheme, and niter is the maximum number of iterations specified
by the user.

After calculating the density parameters ake for all elements, the volume of the new
system is evaluated to check the volume equality constraint:

V sys

V des
2 1

����
���� , vtol; ð25Þ

where Vsys is the current system volume, Vdes is the desired system volume and Vtol is
some allowable tolerance on the volume constraint, typically less than 1 per cent.

If it is satisfied, then the algorithm can proceed to the next iteration. However, if
equation (25) is not satisfied then the volume error for each element is calculated as:

V err ¼
V sys 2 V des

nel
ð26Þ

and the new density parameter aeiþ1 for each element is calculated as:

akþ1
e ¼ ake þ V err: ð27Þ

4.3.3 Convergence and termination criteria. Three termination criteria are used in the
CATO process. If one of them is satisfied, the TO iteration is terminated. These criteria
are:

(1) the number of iterations exceeds a number specified by the user;

(2) the change in strain energy between any three successive iterations is below a
given tolerance; and

(3) there is an increase in the strain energy in three successive iterations.

After convergence some post-processing of the results for further analysis or
optimization can be carried out. This can include thresholding, boundary fitting and
parameterization.

5. TO examples
The procedures described before to obtain optimal topologies are now illustrated for
several plates and shell problems.

In the first set of examples comparison tests are conducted on some plate examples
using both homogenization and CATO procedures. In this case, a three-layered
artificial material is considered and the parameters used for the CATO algorithm are:
volume fraction V f ¼ 50 per cent; artificial material exponent g ¼ 3; maximum
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incremental density parameter Damax ¼ 0:05; the initial curve exponent parameter
pinit ¼ 1:5; and the interative advancing parameter iter is 0.025. A maximum of 200
iterations is specified with a convergence tolerance in the change of the strain energy of
1 per cent. For homogenization the equivalent set a data is used. For each example, the
optimum topology design is given for CATO and the homogenization technique. All
units are assumed to be consistent.

In the subsequent set of examples, CATO is applied to optimize shell structures
using a single- and a three-layered material model. The parameters used for the CATO
algorithm are: volume fraction V f ¼ 35 per cent; artificial material exponent g ¼ 5;
maximum incremental density parameter Damax ¼ 0:05; the initial curve exponent
parameter pinit ¼ 3; and the iterative advancing parameter iter is 0.025. A maximum of
200 iterations is assumed with a convergence tolerance in the change of the strain
energy of 1 per cent.

5.1 Plate bending problems: comparing homogenization and CATO
We now consider some plates subjected to a vertical central point load. In these
examples, the problem data are: elastic modulus E ¼ 10:92 £ 105; Poisson’s ratio
n ¼ 0:3; load magnitude F ¼ 100; and the plate thickness h ¼ 0:1:

In all examples only a symmetric quadrant of the plate is analysed, however, the
topology image shows the result for the whole plate.

Simply supported square plate. The stiffening topology for all four edges simply
supported and centrally loaded square plate is optimized.

A structured FE mesh consisting of 625 ð25 £ 25Þ quadrilateral nine-noded shell
elements is used to idealize the plate quadrant, and the plate side length is a ¼ 10: In
this case a maximum of 200 iterations is used for the optimization.

Figure 4 shows the optimal stiffening topology and the convergence of the
normalized strain energy using homogenization (left), and CATO (right) based on the
three-layered model for the centrally loaded square plate. Good agreement is found
between the presented solutions, with CATO delivering a sharp image using fewer
iterations.

Clamped supported circular plate. The stiffening topology for the clamped supported
circular plate under central point load is to be determined. A structured FE mesh
consisting of 675 quadrilateral nine-noded shell elements is used to idealize the
symmetric plate quadrant. The plate radius is r ¼ 1: Figure 5 shows the optimal
stiffening topology and the convergence of the normalized strain energy using
homogenization (left) and CATO (right) based on the three-layered model for the
circular plate under central point load. As can be observed, similar results are obtained
using both schemes.

5.2 Shell problems: topology studies considering different layered models and CATO
In these examples, the problem data are: elastic modulus E ¼ 10:92 £ 103; Poisson’s
ratio n ¼ 0:3; load magnitude F ¼ 100; and the shell thickness h ¼ 0:1: Again, only
the symmetric quadrant of the shell is analysed. In all examples the topology image
shows the result for the whole shell structure.

For all examples a structured FE mesh consisting of 400 ð20 £ 20Þ quadrilateral
nine-noded shell elements is used to idealize the symmetric part of the shell considered
and its projection on the xy plane is a square of side length a ¼ 100: The single-layered
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model shows the topology of the remaining structure. For the three-layered model the
dark areas show the necessary stiffeners that are attached to the top and to the bottom
surface of the solid midplane, respectively.

Cylindrical shell. Here, a half cylinder with a radius r ¼ 100:0 is used to present the
shell geometry. The cylindrical shell is subjected to a central point load and it is
clamped at its four corners. Figure 6(a) and (b) shows the optimal topologies for the
cylindrical shell using a single-layered and a three-layered model, respectively.

Elliptic parabolic (EP) shell. The shell studied here is an EP shell defined
geometrically by the equation zðx; yÞ ¼ 0:57ðx 2 þ y 2Þ: The shell is subjected to a
central point load and the edges are clamped. When considering the three-layered
model the central layer has a thickness h0 ¼ 0:05 and the top and bottom layers have a
combined thickness of h1 ¼ 0:05: The optimum topologies obtained for the EP shell
when considering the single-layer and the three-layered stiffening models are indicated
in Figure 7(a) and (b), respectively. The solutions are accomplished with a 60 per cent
SE reduction and 40 per cent SE reduction, respectively.

Free form shell. The shell surface is defined by a sphere of radius r ¼ 10 and it is
clamped at its four corners. Figure 8(a) and (b) shows the optimal topologies for the
spherical shell using a single-layered and a three-layered model, respectively.

Figure 4.
Results for simply
supported square plates
under central point load
using the three-layered
model
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For all the examples analysed here, as expected, when the single-layered stiffening
model is considered all of the stiffening areas are connected to each other. However,
when the three-layered stiffening model is used some stiffening areas may not be
connected to each other due to the existence of the solid central layer in these
structures.

Figure 6.
Cylindrical shell example

– optimal topologies

Figure 5.
Results for the clamped
supported circular plate
under central point load
using the three-layered

model
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6. SSO procedure
The optimum shape of shells can be found using an automatic SSO procedure in which
the boundary and/or the thickness distribution of the structures is varied to achieve a
desired objective satisfying certain constraints.

In the current approach, when shell structures are considered, both coordinates and
thicknesses at the key points used to represent the shell geometry can be selected as
design variables (Afonso, 1995; Rao, 1992). Additionally, for stiffened structures the
dimensions and the positions of the stiffeners can be considered as design variables
(Afonso and Antonino, 1998).

The basic algorithm for the SSO of shells is now described. The main steps
presented are briefly explained and provide a general overview of the various modules
involved. More detailed descriptions of each step may be found elsewhere (Afonso,
1995; Afonso and Antonino, 1998; Powell, 1978; Rao, 1992; Sienz, 1994).

(1) Define the optimization problem.

(2) Create the design model.

(3) Create FE model.

(4) Carry out the FE analysis.

(5) Evaluate sensitivities.

(6) Carry out the optimization.

If the new structure is not optimal, we continue the whole process from step 3
producing a sequence of new designs until an optimal solution is obtained.

Figure 7.
EP shell example –
optimal topologies

Figure 8.
Free-form shell example –
optimal topologies
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7. SSO examples
7.1 Introduction
In this section, we demonstrate the application of the SSO procedure involving
different types of structures.

7.2 Variable thickness square plates
A set of square plates (Figure 9) with initial thickness to span ratio h/L of 0.1 are
considered. Each plate is subjected to a uniform normal pressure load of unity
intensity. The following material properties are assumed in the analysis so that the
results may be presented in non-dimensional form: the elastic modulus E is taken to be
10:92 £ h22; and Poisson’s ratio n ¼ 0:3; so that the flexural rigidity D ¼ 1 where
D ¼ Eh 3=12ð1 2 n 2Þ:

Two different types of boundary conditions are considered:

(1) Sh – all round hard simple support (lateral displacement w ¼ 0 and tangential
edge rotation u ¼ 0; and

(2) S – all round soft simple support ðw ¼ 0Þ:

The objective is to minimize the total SE with the constraint that the volume is kept
constant. Only a symmetric quadrant of the plates is analysed. Figure 9 shows the
patches in the symmetric quadrant and the locations of the design variables. A 10 £ 10
mesh is used to model the symmetric quadrant. Studies (Afonso, 1995; Cheng and
Olhoff, 1981) demonstrated that the results are highly dependent on the number of
design variables used, but less dependent on the FE discretization.

Different thickness distributions are obtained for the various cases optimized. The
optimization results are shown in Figures 10 and 11, respectively, for the soft simple
support and the hard simple support boundary conditions. Table I gives the percentage
reductions in the SE for the plates studied. For a particular problem, it is observed that
the reductions are greater for the hard support boundary condition and when more
design variables are used.

7.3 Stiffened plate
A square plate with side length L ¼ 2 and four stiffeners as shown in Figure 12 is now
considered. The plate is subjected to a uniform normal pressure load of unit intensity.
The following material properties are assumed: elastic modulus E ¼ 19:92 kN=m2 and

Figure 9.
Plate example – location

of the thickness design
variables
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Poisson’s ratio n ¼ 0:30: The whole structure is analysed using a 12 £ 12 mesh.
The horizontal edges of the plate are clamped while the vertical edges of the plate are
hard simply supported.

The SE of the plate is to be minimized subject to the constraint that the initial
volume remains constant. A total of eight design variables is considered. They are:
plate thickness, height of three selected regions along all stiffeners (h1, h2, h3 in
Figure 12), the position of the horizontal stiffeners (y coordinates) and the position of
the vertical stiffeners (x coordinates).

The design variable values are given in Table II. A big SE reduction of 54 per cent is
obtained in this case. This is mainly due to the inclusion of three different regions
(one design variable for each region) for each stiffener. This allowed more freedom
during the optimization process so that the plate could be stiffened where it was vital.

Figure 11.
Plate example – optimal
thickness distribution for
hard simple support

ndv 6 10 15

S 30 32 34
Sh 31 38 38

Note: Percentage reduction in SE for different boundary conditions and different number of design
variables

Table I.
Square plate example

Figure 10.
Plate example – optimal
thickness distribution for
soft simple support
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The final position of the stiffeners is shown in Figure 12(b), which seems consistent
with the plate boundary conditions.

8. Integrated optimization procedure and examples
8.1 Integration of standard algorithms
The potential of the topology and sizing optimization procedures was demonstrated in
the previous sections as independent tools to obtain optimum plates and shells
solutions. In this section, these procedures are combined as a unique design tool with
special emphasis on a specific problem. The objective is to find the stiffest structure,
subject to a given loading and to a given set material properties, which fits within a
specified design space and which has a specified volume. In the integrated procedure,
three main stages are involved in the determination of the optimum solutions:

(1) identification of areas in which the shell should be stiffened using TO results;

(2) definition of discrete stiffeners axes and zones of piecewise constant stiffeners
variables; and

(3) evaluation of optimum stiffener dimensions using sizing optimization procedure.

Figure 12.
Plate with multiple
stiffeners example

Design variables values
Heights Coordinates

Description tp h1 h2 h3 x1 x2 y1 y2

Initial 0.12 0.40 0.40 0.40 0.30 1.70 0.30 1.70
Lower bound 0.06 0.20 0.20 0.20 0.05 1.05 0.05 1.05
Upper bound 0.224 1.00 1.00 1.00 0.95 1.95 0.95 1.95
Optimum 0.081 0.628 0.343 1.00 0.74 1.26 0.72 1.28

Table II.
Plate with multiple

stiffeners – optimization
results
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8.2 Introduction to FIDO examples
The applicability of the FIDO procedure is now demonstrated for a set of examples.
The procedure is initially applied to a plate. Then some shells with different geometries
are considered. This involves an EP shell and a cylindrical shell. In all examples the
common parameters used for the topology algorithms are: the maximum number of
interactions allowed is 200 and the convergence tolerance parameters with respect to
the SE is 1 per cent, Other parameters which are related to the material updating
scheme of CATO are: maximum incremental density parameter Damax ¼ 0:05; the
initial curve exponent parameter P init ¼ 5 and the iterative advancing parameter
iter ¼ 0:025: The specific parameters when using homogenization algorithms were:
artificial material exponent g ¼ 5; tuning parameter h ¼ 0:8; moving limit z ¼ 0:8;
and volume constraint tolerance d ¼ 0:001: During the procedure the following aspects
are considered:

(1) The objective is the minimization of the strain energy keeping the total volume
constant to V ¼ V frac:

(2) The maximum stiffener thickness allowed is the maximum thickness allowed
for the plate/shell in the topology optimization.

(3) A three-layer model is considered in the topology optimization.

(4) The regions of maximum and minimum thickness are dictated by the topology
image results. Therefore, the maximum and the minimum thickness for the
stiffeners correspond to the darkest and to the brightest areas, respectively, in
the topology images (the thicknesses for the stiffeners corresponding to the
lighter areas are the same as the central layer thickness of the shell in the
topology model).

(5) Along the stiffeners, different regions are selected guided by the topology
optimization results. Each of these regions is associated with a design variable.
In the present studies the design variables are the stiffener widths in these
regions.

(6) All units are considered to be consistent.

(7) Only a symmetric quadrant of each plate is analysed.

(8) The meshes adopted consist of 40 £ 40 shell elements in the topology study and
12 £ 12 shell elements in the sizing optimization study.

8.3 Plate example
A flat roof supported by four columns and supporting a central point load is represented
by the square plate shown in Figure 13(a). The columns are attached to the roof in a
region which is a non-design domain with a thickness of hc ¼ 0:05: The size of a column
supporting the roof is c ¼ 1 and its position on the roof is b ¼ 3: The central layer has a
thickness of h0 ¼ 0:05 and the top and bottom layers have a thickness of h1 ¼ 0:05: The
thickness of the plate is h ¼ 0:1: A central load of P ¼ 2100 is applied. The prescribed
volume fraction is V frac ¼ 30 per cent: The optimum layout obtained is shown in
Figure 13(b). The design variables used in this case are the widths w1, w2, and w3 as
illustrated in Figure 13(c). The results obtained during the sizing optimization phase are
w1 ¼ 0:050;w2 ¼ 0:866 and w3 ¼ 2:882 which are in good agreement with the topology
layouts. There is an improvement of approximately 60 per cent in the SE.
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8.4 EP shell
The first shell studied is an EP shell defined geometrically by the equation zðx; yÞ ¼
0:57ðx 2 þ y 2Þ: In the present the length of the shell is bounded by [21,1]. The shell is
subjected to a central point P ¼ 2400 and the whole edges are clamped. The material
properties considered are: elastic modulus E ¼ 10; 920; Poisson’s ratio n ¼ 0:3: The
central layer has a thickness of h0 ¼ 0:05 and the top and bottom layers have a
combined thickness of h1 ¼ 0:05: The volume fraction considered here is V frac ¼
30 per cent: Figure 14(a) shows the emerging layout from TO. Two stiffening cross
lines are incorporated into the shell. For each stiffener three different regions are
assigned (Figure 14(b)). The widths w1, w2 and w3 associated to region 1, 2 and 3 are
optimized in the sizing optimization stage. The optimum values found are w1 ¼ 0:005;
w2 ¼ 0:0005 and w3 ¼ 0:1: A 60 per cent improvement in the SE is obtained.

8.5 Cylindrical shell
A cylindrical shell subject to a central point load P ¼ 240 N is now considered. The
shell is clamped at four corners and the following material properties and dimensions
are assumed: elastic modulus E ¼ 2:1 £ 108 N=m2; Poisson’s ratio n ¼ 0:3; radius
R ¼ 0:86 m; span L ¼ 1:0 m and htsh ¼ 0:005 m: For the three-layer FE model, the
central layer thickness is h0 ¼ 0:002 m: The volume fraction considered is V frac ¼
35 per cent: Figure 15(a) presents the optimum layout obtained. From this the
cylindrical shell appears to require a major stiffener along the straight line of the centre
of the cylindrical shell and other minor regions of stiffening along two diagonal lines

Figure 14.
EP shell example

Figure 13.
Flat roof example
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crossing the shell. This is represented in Figure 15(b). Along these stiffeners three
different regions which are related to three design variables w1, w2 and w3 are defined.
The results obtained in the sizing optimization stage are w1 ¼ 0:50 £ 1026; w2 ¼
0:40 £ 1022 and w3 ¼ 0:43 £ 1022 and a total of 20 per cent improvement in the SE is
obtained. It is important to mention here that the final value for w1 is the lower bound
value specified in the optimization. This is consistent with the topology layout
presented.

As can be seen from these examples the step from the TO result presented as image
to a stiffener layout and separation into individual design variables depends on the
subjective interpretation of the user. Therefore different layouts might be obtained.

9. Conclusions
This work showed the use of different optimization strategies to obtain an optimal
design for plates and shells. Both TO and SSO procedures were considered. These two
optimization applications, as separate procedures produce new designs with a great
improvement when compared to the initial designs. However, the combination of
stiffening TO and sizing optimization using integrally stiffened shells appears as an
even more attractive tool to be used. This was illustrated with several examples. This
represents a novel approach to the design of optimally stiffened shells and overcomes
the drawbacks of both TO and SSO procedures when applied individually.
Furthermore, the unique use of integrally stiffened shell elements for optimization,
unlike conventional shell stiffening optimization techniques provided a general and
extremely flexible tool.
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