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GENERALIZED INTEGRATED IMPORTANCE MEASURE FOR SYSTEM
PERFORMANCE EVALUATION: APPLICATION TO A PROPELLER PLANE SYSTEM

UOGOLNIONA MIARA ZINTEGROWANEJ WAZNOSCI KOMPONENTOW
JAKO NARZEDZIE OCENY WYDAJNOSCI SYSTEMU: ZASTOSOWANIE
W ODNIESIENIU DO UKLADU SMIGLOWCA

The integrated importance measure (IIM) evaluates the rate of system performance change due to a component changing from
one state to another. The IIM simply considers the scenarios where the transition rate of a component from one state to another is
constant. This may contradict the assumption of the degradation, based on which system performance is degrading and therefore
the transition rate may be increasing over time. The Weibull distribution describes the life of a component, which has been used in
many different engineering applications to model complex data sets. This paper extends the IIM to a new importance measure that
considers the scenarios where the transition rate of a component degrading from one state to another is a time-dependent function
under the Weibull distribution. It considers the conditional probability distribution of a component sojourning at a state is the
Weibull distribution, given the next state that component will jump to. The research on the new importance measure can identify
the most important component during three different time periods of the system lifetime, which is corresponding to the charac-
teristics of Weibull distributions. For illustration, the paper then derives some probabilistic properties and applies the extended
importance measure to a real-world example (i.e., a propeller plane system).

Keywords: system performance, importance measure, Weibull distribution, transition rate.

Miara zintegrowanej waznosci (IIM) pozwala oceniaé szybkos¢ zmian wydajnosci systemu powstalych w wyniku przejscia ele-
mentu systemu z jednego stanu do drugiego. IIM pozwala rozwaza¢ scenariusze, w ktorych szybkos¢ przejscia elementu z jednego
stanu do drugiego jest stala. Jest to jednak sprzeczne z zatozeniem degradacji, zgodnie z ktorym wydajnos¢ systemu obniza sig,
w zwiqzku z czym, szybkoS¢ przejscia moze z uplywem czasu ulegac zwigkszeniu. Rozkltad Weibulla opisuje zywotnos¢ danego
elementu, co wykorzystuje si¢ w wielu roznych zastosowaniach technicznych do modelowania ztozonych zbiorow danych. W
przedstawionej pracy, rozszerzono IIM uzyskujgc nowq miarg waznosci, ktora pozwala rozwaza¢ scenariusze, w ktorych szybkos¢
przejscia elementu z jednego stanu do drugiego w wyniku degradacji jest zalezng od czasu funkcjq rozkladu Weibulla. Przyjeto,
ze warunkowy rozktad prawdopodobienstwa elementu przebywajgcego w pewnym stanie jest rozkliadem Weibulla, gdzie dany
Jjest kolejny stan do ktérego ma przejs¢ dany element. Badania nad nowg miarg waznosci umozliwiajq identyfikacje najwazniej-
szych elementow podczas trzech roznych okresow czasu zycia systemu, co odpowiada charakterystyce rozkladow Weibulla. Dla
ilustracji, wyprowadzono pewne wlasciwosci probabilistyczne i zastosowano rozszerzong miare waznosci do analizy przykladu
rzeczywistego uktadu sSmiglowca.

Stowa kluczowe: wydajnosé systemu, miara waznosci, rozktad Weibulla, szybkos¢ przejscia.

Notation
x; (1) state of component 7 at time ¢, x;(¢) =0,1,2,...,M;
X@) (x1(2), x5 (2),...,x,(2)) : state vector of the components at time ¢

®(X(¢)) system structure function at time t and range {0,1,...,M}, ®(X(£)) = P(x;(¢), X3 (2),..., %, (1))
G- X @) (@)% ()5 Xy (15 X, (1))

BEm@®  Pr)=1]|x,(0)=m)

Bna@)  Pr(g@)=m)

b. transition rate of component 7 from state m to state /

i,ml

¢; maintenance cost of improving the system from state j to state M.

Pim(?) Pr{xi )< m}

i) Prix()<1]x(0)=m}
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1. Introduction

In reliability engineering, a bulk of research has been devoted to
evaluate the contribution of components to system reliability and per-
formance [14]. For example, Yang et al. [26] provided a method of
simulating the reliability of degradation using Monte Carlo principle
and cloud theory. Cheng et al. [6] proposed an approach to analyze the
reliability evaluation based on fast Markov chain simulations. Letu-
riondo et al. [12] presented a model to evaluate the system perform-
ance with localized damage. Werbinska-Wojciechowska and Zajac
[21] used a delay-time concept to analyze the system maintenance
performance.

The seminal work of reliability importance measure is credited to
Birnbaum, who introduce the well-known Birnbaum importance in
1969 [1]. Since then, a wide range of different importance measures
have been introduced. For example, Wu and Chan [22] proposed the
utility importance of component states in multi-state systems. Levitin
et al. [13] generalized the importance measures for multi-state ele-
ments based on performance level restrictions. Wu and Coolen [24]
extended the Birnbaum importance to a cost-based importance meas-
ure. Borgonovo et al. [2, 3] proposed differential importance measure,
and time-independent reliability importance for the risk evaluation.
Zhai et al. [27] presented a moment-independent importance to evalu-
ate the safety probability. Tyrvdinen [20] presented risk importance
measures to analyze the dynamic reliability. Wu et al. [23] proposed
a component maintenance priority importance to improve the system
performance. Dutuit and Rauzy [9] extended the importance meas-
ures to complex components. Kuo and Zhu [11, 28] summarized the
concepts of importance measures and their application in reliability
and mathematical programming. Si, Dui et al. [17, 18] proposed the
integrated importance measure (IIM) of component states, which
evaluates how the transition of component states affects the system
performance in multi-state systems. Si, Dui et al. [19] studied the [IM
from component states to the component, which can identify the most
important component for improving the system performance. Dui et
al. [7, 8] studied the IIM in system lifetime and semi-Markov process
to evaluate the change of the system performance, respectively.

The IIM evaluates the rate of system performance change due to a
component changing from one state to another. The IIM simply con-
siders the scenarios when the transition rate of a component from one
state to another is constant. This may contradict the assumption of the
degradation, based on which system performance is degrading and
therefore the transition rate may be increasing over time.

On the other hand, the Weibull distribution is one of the most
commonly used lifetime distributions in reliability modeling and life-
time testing [25]. It has been used in many different engineering ap-
plications to model complex data sets, such as life tests [15], fault
diagnosis [4, 5], oral irrigators [16], et al. The Weibull distribution
and its variants can accommodate increasing, constant or decreasing
failure rates [10]. Thus, one may extend the IIM to a new importance
measure that considers the scenarios where the transition rate of a
component changing from one state to another as a time-dependent
function. Typically, one may consider the conditional probability dis-
tribution of a component sojourning in a state is the Weibull distribu-
tion, given the next state that the component will jump to. On the basis
of such consideration, this paper proposes a new importance measure.
The research on the new importance measure can identify the most
important component during three different time periods of the sys-
tem lifetime, which is corresponding to the characteristics of Weibull
distributions. The paper then derives some probabilistic properties.
It also analyzes the properties of the proposed importance measure
of the parallel-series systems and the series-parallel systems, respec-
tively. A real-world example is borrowed to illustrate the proposed
importance measure.

The rest of the paper is as follows. Section 2 extends the IIM.
The corresponding properties of IIM in the Weibull distribution are
analyzed for typical parallel-series system and series-parallel system
structures in Section 3. An application is presented to illustrate the
proposed method in Section 4. Section 5 gives the conclusion of this

paper.

2. The extended IIM for system performance under
Weibull distributions

In this paper, the state space of component i is {0,1,..., M;} and
the state space of the system is{0,1,..., M}. State 0 represents the
complete failure state and state M (M,) is the perfect functioning state.
The states are ordered from the complete failure state to the perfect
functioning state.

We assume that the levels of maintenance cost and the system
states (¢ = ¢ =...= ¢y 2 ¢y =0) are inversely proportional. The

expected maintenance cost is

M-1 M-1
C= Y ¢;P(®(X)=j)= 3 (c;—¢;;)PH(D(X) < j) . Si, Dui et
J=0 J=0

al. [17] gave the following IIM, as in Equation (1).
M-l
M, 1y (6)= By (1) B Y (¢ =) [Pr(@(my(1). X (1) < )= Pr(®@((1). X (1)) < /)]
j=0
M-1
=B () b 2 ¢ [Pr((b(mi(l),X(t)) = j)=Pr(®(). X (1) = J)] m<l
=0

Q)

Then IIM,; ,,(?) describes the rate of maintenance cost loss due to a
component improving from state m to state / at time 7.

In Equation (1), b; ,,/, which is the transition rate of component i
from state m to state /, is a quantity independent of time ¢. Intuitively,
b; ,y may be a time-dependent quantity as the component is a dete-
riorating/ageing unit. Hence, the IIM defined in Equation (1) is too
restrictive. In order to attract wider applications, one may extend the

IIM by introducing the following importance measure.

Definition 1. The extended integrated importance measure (EIIM) is
given by:

M-1
EIIM; 1 (£3) = Py (1) By i (0) X €[ Pr(®(my(0), X (0) = /) = Pr(®(U(0), X (1)) = j) | m < 1.
j=0

2

In Equation (2), &, ,,(y) is a function of the sojourn time y. An
interesting question is what form of function &, ,,,,(y) should be. In

the following, we consider the case when the Weibull distribution is
adopted.

Let the two-parameter Weibull distribution W(t;@,y) be de-
noted by:

W(t;@,y):l—exp[—(t/B)q,O,y>O, 3)

where 6 and y are the scale and shape parameters, respectively. We
can then obtain the distribution function of the sojourn time in state m

and the transition rate for component i. Denote 6, ,,; the scale param-
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eter of component i in state m, given that the next state is I, and y; the shape parameter of component i. Then the transition rate b,-,ml( y) is
by (¥) = (7[ / 9[,»11)(y/9i,ml)yi_l .

According to Equation (2), the expression of the EIIM under the Weibull distribution is as following:
Definition 2. The EIIM under the Weibull distribution is given by:

M-
EIIM; ) (1,¥) = P (t)(yi/gi’ml)(y/@,ml)yl : > (¢; = ;)| Pr(®m(n), X () < j) = Pr(®((0). X (1) < /)]
=0
)

yi—1 M1
= B (73 Grt (91 Ot ) T e [Pr{@m(0.X (1) = /)~ Pr(@(,(0). X (1)) = /)]
j=0

It is known that with different shape parameters, the Weibull distribution becomes different distributions, such as the exponential distribution,
the Rayleigh distribution, the normal distribution. Thus, with different shape parameters, Equation (4) can be converted into different expressions
under different distributions.

When M =1, the multi-state system reduces to a binary system. Equation (4) can be converted into:

1
EIIM, 01 (1,0) = P ()71 /0001 ) (31 001 ) co[Pr(®@(0,(0), X () = 0) = Pr(@(1,(0), X (1)) = 0) ] )

It is obvious that the last term in the right hand side of Equation (5) is the Birnbaum importance measure (BM) of component 7, as in Equa-
tion (6):
BM, (1) = Pr(®(0;(2), X (1)) = 0) — Pr(®(1;(¢), X (t)) = 0). (6)

From Equations (5) and 6, the EIIM of component i is a generalization of BM based on the system performance. We will discuss the difference
between BM and EIIM for the change of different parameters in section 4.

3. Characteristics of EIIM for typical system structures

We now discuss the properties of the EIIM for parallel-series system and series-parallel system structures.
Fig. 1 gives the structure of a typical parallel-series system, where [ij] represents the component that is located in row i and column ;. The

corresponding structure function of the system is ®(X(¢)) = max min {X[ij](z‘)} .
I<i<NI<j<N;

Fig. 1. A parallel-series system

The structure of a typical series-parallel system is as in Fig. 2, where [7j] represents the component which is located in column i and row ;. The

corresponding structure function of the system is ®(X(#)) = min max {X [ij](t)} .
1IN 1</<N;

Fig. 2. A series-parallel system

Assume that the lifetime distribution function of component [ij] follows Weibull distribution W(I;Q[U],ml,y[i]-]) . We can obtain the following
propositions:
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Proposition 1. In a parallel-series system, assume Vil = Yiyja 1> then EIM iy mom+1y & 9) 2 EIM ) iy yimiy (85 9) only when

)7[!'1/'1 1 )7[1'2/'2 ]

B i@+ (1 Oy mmy Biy 11Oty iy
A (i) = ppi i 1,m () Ay ()= Priy jy1,m (1))

Proof. According to the structure function in the parallel-series systems and Equation (4), the right hand side of Equation (4) can be converted
into:

M1

> (e =) Pr(Q(m(1). X (1) < )
Jj=0

M-l
= —ci )P in {Xp1(0)},... i X t

Z: (C] Cj+1) r(max{15,1g}1v{ [1h]( )} ’13}121Nn,-_1{ [(,_1);,]( )}
min { X (0, Xy oy (O, Xy iy (0, [iNi](f)},ISI‘I;iNI}H{X[(i+1)h](f)},---,

min {X[N nON<Jj

1<h<N
= i—ci)P in {X;;1(6)} < ... i Xy Hy<j
Z: (C‘, Cj+1) r(lgnﬂl}v{ [1h]( N<J ,1S}121]\Ifli_]{ [(,_1)11]( <
mln{X[ll](t) l(] 1] (t) m Xl(]-H)(t) [lNl](t)} S], min {X[(l+1)h](t)}§j,,
1Sh<N;

1<1;11n {Xivym @O} <))

For ke{l1,2,....N},k#i,j€{0,1,...,M —1} , we can obtain:

Pr( min {X;,;7(t)} < j)=1-Pr( min {X;,1(¢)} >/
(lshst{ e (0} < 7) (lsthk{ en) O3 > /)

Ni
=1=Pr(Xpy(0) > Joeoos Xy 1 () > 1) = 1= T T (1= ppggy, ;0
h=1
min{X[il](t),...,X[i(j_l)](t),m,X[i(j+1)](t),...,X[iN[](t)}Sm 5 SO for k:i,je{m,...,M—l} 5 we have:

Pr(min{Xm](t),...,X[i(j,l)](t),m,X[,»(jH)](t),...,X[[Nl,](t)} < ]) =1 5 and for k = l,] € {0,...,m *]} , WC have:

Pr(min{Xp;3(0),- .. Xpi o1y O m, Xy (O Xpin 1 (0} < )
=1=Pr(min {X};;3(0),...., Xpi o1y @O m, Xy s X 1 (O3 > )
:l_Pr(X[ll](t)>-]””X[l(j—l)](t)>J’X[l(]+l)](t)>.]"’X[INI](I)>])

Ny
[T (- ppm, @)

h=1Lh#j

So we can get:

—_

M7
3 (¢~ ) Pr(O(m; (). X (1) < )
j=0

m—1 N Nk N; M-1 N Ni
(c;=ci) TT D-TT0= oy, O-11= TT A= ppng;N1+ 2 (c;—ciu) TT =TT~ ppa, (1

j=0 k=Lk=i  h=l h=1h% ] j=m k=Lk=i  h=l

Then the right hand side of Equation (4) is:

M-1
Y (¢ = ;)| Pr(@m (), X (0) < j) = Pr(D((). X (1) < j) |
j=0
-1 N Ny -1 N Ny
=2 (ej—¢ju) I1 [I_H(I_P[kh],j(f))]— > (¢j=cju1) IT 0-TTa- Print, ;O] [1 H (R ))
Jj=m k=Lk+i h=1 J=m k=1k#i h=1 h=1,h#j
- Ny
=2 (cj=¢ju) H I_H(l Prin),; )] H (1= ppiny,; ()
Jj=m k=Lk#i  h=l h=1,h#
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At last, we can obtain:

_ Vi1 !
EIM iy 1y (690 = By (¢ )(V[im] / 9[i111],ml)(y / "[iljl],ml) X

N N Niy
(Cm - Cm+1) H |:1 - H (I- p[kh],m(t)):l ’ H (1- p[ilh],m @),

k=Lk#i| =l h=Lh# ),

irjn17!
EIM i, jy ) s (69) = By ym (8 )(Y[z‘yz] /Oty jo1mi )(y /Oy jy1mi ) X

N Ny Nij
(em—cme) 11 {1 -I1da —P[kh],m(l))] [T A= pipgm@)
h

k=Lk=#i =1 h=Lh+#j

Then we have:

ENM ji 1 m(me1y (69) 2 EIM o3 sty (6 3)

i1 Migia) 1 12
Ba it (750 G ) (7 1) H(l Pt ® By 1 (O F16 11/ Gyt (91 Oty 1 11_11(1 = Plign).n(®)
— h=

< N = N,

1= T =P agm @) |1 = ppi, 1m0 1= TTA= oy m®) [ = opiy 1 (D)

h=1 h=1
i1~ Mizjp171
o R O 71anr/ Ot )7/ O AN ) 71is1/ 81t ) (37 Oty
&, (i)A = ppiyjy1,m (D) &, (i) = Priy jy1.m (©))
_ Mivj) Nizj)

y[im]g[izjﬂ Biy jim (t) ’ (1 /e[iljllam(mﬂ)) . N By jylm (t) ’ (1 / 9[1'2]2],'"('%1)) ”

& (A = ppi,y1,m () B & ()= Priy j,1m (©))

Since the parallel system and the series system are dual systems, according to Proposition 1, we can obtain Proposition 2.

Proposition 2. In a series-parallel system, assume yp; 11 ="7p,j,1> then  EIM e (6) 2 EIIM{;, iy mimiry(t,y) - only  when

)7[1'1.1'1 1 )7[1'2.1'2 ]

P[iljl],m(f)'(1/9[1'L,'1],m(m+1) . P[izjz],m(t)'(l/g[izjz],m(mH)
ﬁm (il )P[iljl ],m (t) ﬂm (iZ)p[izjz ],m (t)
Proof. Similarly to Proposition 1, the proof can be established.
In Proposition 1, if we consider the situation that there is only one row i, the parallel-series system reduces a series system. In Proposition 2,

if we consider the situation that there is only one column i, the series-parallel system reduces a parallel system. According to Propositions 1 and
2, we have Corollaries 1 and 2.

Corollary 1. In a parallel-series system, assume  yp;1 =71, then  EIMy; eyt ) 2 EIIM i 1 yman(t,y)  only  when

it Mij2 ]
Bij1m (@) (1 / e[y'l],m(mﬂ)) AN (1 / 9[ijz],nz(m+1))
1= Py 1m @) 1= Ppijy 1m0

Proof. Similarly to Proposition 1, the proof can be established.
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Corollary 2. In a series-parallel system, assume yp;; 1= 5,i. 15 i
lin] ~ 7Tinl I I ;
then  EINMy, 1 iminy(t ) 2 EIIMj3,1 s1) (@) only
when Engine 2 i
ijt] ij2] — || Z2outof4 J— ntr mel  —— in — in —

Hiji1m (t).(l / 9[11'1],"1('"*1)) i S Hijp1.m () .(1 / 9[11'2],m(m+l)) " system Control panel Wing 1 Wing 2
Priitn () Plijy1m () Freine 3 i
Proof. Similarly to Proposition 2, the proof can be estab-
lished. '  Engine4 — i

From Propositions 1, 2 and Corollaries 1, 2, in a paral-
lel-series system or series-parallel system, if the transition
rate function of component 7 from state m to an adjacent
state is larger than that of component j, then the effect of
component i on the system performance is larger than that of com-
ponent j. This also means that we can identify the most important
component in the system when considering the effects of improve-
ment between adjacent states of a component on system performance,
at time 7. If two components are in the same degrading state, then the
component with larger importance value should be maintained first in
the operation of a parallel-series system or series-parallel system to
get the larger improvement of system performance.

4, Application to a propeller plane system

In this section, we use a real-world example to illustrate the ap-
plication of the EIIM.

A propeller plane mainly consists of engines 1, 2, 3, 4 (compo-
nents 1, 2, 3, 4), control panel (component 5), and wings 1, 2 (com-
ponents 6, 7), as shown in Fig. 3. The four components (ie., engines)
constitutes a 2-out-of-4: G system. That is, in order to ensure safety
flight, at least two engines must be working.

We assume that when the propeller plane system fails, the main-
tenance cost is 1 million CNY. In order to analyze the difference be-
tween BM and EIIM, we assume that the lifetime of all the compo-

o o
w IS

o
N

Importance measure

Importance measure

o

- o

(a) Importance of engines when y; =0.1

(b) Importance of other components when y; =0.1

Fig. 3. A propeller plane system

nents follow the Weibull distribution with the same scale parameters

and different shape parameters y; =0.1,y; =17, =3, and 6, =1.
Fig. 4 illustrates the difference between BM and EIIM of engines and
other components for different shape parameters.

From Fig. 4, we have the following findings.

* [f the shape parameter of a component is less than 1, the transi-
tion rate decreases with time, the BM of a component is bigger
than its EIIM.

* [f the shape parameter of a component is equal to 1, the transi-

tion rate is b; o1(y)=1/6; 9 =1 based on Proposition 2, and
IIM,; 1 (t,y) = B0 (t) BM, (t) which is independent of the so-
journ time.

* [f the shape parameter of a component is more than 1, the tran-
sition rate increases with time, and component EIIM is also
higher than its BM.

When fixing y=1 and 6, ; =1, we can obtain the BM and EIIM
of engines with the change of shape parameter as in Fig. 5, which
is corresponding to Figs. 4 (a), (c), and (e) for y; =0.1,y;, =Ly; =3.
When the shape parameter becomes bigger, the value of EIIM also be-

[lem
Jim

C—Jim

(c) Importance of engines when y; =1

and other components

[lem
Jim

=3

o
o
o

o o
2 o
N w S

Importance measure
Importance measure

o
[N

- o

(d) Importance of other components when y; =1and
other components

(e) Importance of engines when y; =3 and other
components

Fig. 4. Difference between BM and EIIM of engines and other components

em
Jum

em
M

Y
o o o

Importance measure

o

(f) Importance of other components when y, =3 and
other components

284
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[IBm
[ Jim
6
5
4
3

N
L

Importance measure

N

o
)i

Shape parameter(~,)

Fig. 5. Importance of engines with the change of shape parameter

045

#1 engine
0.4 ||~ — —#2engine
----- #3 engine
.......... #4 engine

0.35

0.3
0.25
=
jas}
0.2
0.15

0.1

0.05

reliabilities of all engines are the same. So BM of all engines are the

same when /=1, as in Fig. 6(a). When 6, o; =1 and y=3, the value of
EIIM of engines increases with the increment of shape parameters,
which is corresponding to Fig. 6(b).

5. Conclusions and future work

This paper extends the integrated importance measure to a new
measure and studies the propositions of the new measure. The results
are useful for maintenance managers to evaluate which component
state generates the most improvement in providing the system per-
formance. It typically considers the conditional probability distribu-
tion of a component sojourning at a state is the Weibull distribution,
given the next state that component will jump to. Then the differ-
ence between the Birnbaum importance and the integrated importance
measure of a component with different shape parameters is discussed.
If the shape parameter is smaller than 1, the transition rate decreases
with time, and the Birnbaum importance measure of a component is
bigger than its extended integrated importance measure. If the shape
parameter of a component equals to 1, the transition rate is constant,

8r

= #1 engine
= = =#2engine
== #3 engine
........... #4 engine

0 0.5 1 1.5
&

(a) BM of engines

0 0.5 1 1.5 2

(b) EIIM of engines

Fig. 6. Difference of importance among engines

comes bigger than BM more and more. This is because that y; /6; o,
becomes bigger, and the EIIM is related to shape parameters.

As discussed above, the four engines constitute a 2-out-of-4: G
system. In case all the four engines follow different Weibull distribu-
tions, how do the engines affect the system performance? To find the
answer, we will analyze the difference of importance among engines.

We assume 6, =1,y=3, y5=y5=y7 =3, and for the shape pa-

rameter of engines, y; =3, y, =2,y3 =1,y4 =0.1. The difference be-
tween the BM and the IIM among engines is shown in Fig. 6.
From Fig. 6, the order of BM and EIIM of four engines is en-

gine 1 > engine 2 > engine 3 > engine 4. When 6, ; =1 and /=1, ac-
cording to Equation 3),

Vi —
W(tégi,m%):lfeXP[*(f/gi,m) }zlfe ' Thatis to say that the
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