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SIGN CHANGING SOLUTIONS OF A SEMILINEAR
EQUATION ON HEISENBERG GROUP

JIANQING CHEN AND EUGENIO M. ROCHA

ABSTRACT. This paper is concerned with the existence of multiple solu-

tions to the semilinear equation Agu()+ |u(§)|ﬁu(§) +g9(&u(€))=0
in a bounded domain Q of the Heisenberg group HY with Dirichlet
boundary condition. By using the variational method, we prove that
this problem possesses at least one positive solution and at least one
sign changing solution for a class of g(&,u).

1. INTRODUCTION

In this paper, we study the existence and multiplicity of nontrivial solu-
tions of the following problem

@) { (€)= [u(©)TPu(e) + g€, u()), € € .
u(§) =0, £&e€099,

where Q@ ¢ HY is a bounded domain with smooth boundary and HY is
the Heisenberg group. The Ap is the Kohn Laplacian on the Heisenberg
group and ¢ = 2N + 2 is the homogeneous dimension of HY and g is a
suitable lower order perturbation. The exponent 4/(¢ — 2) in (1.1) is a
critical exponent for the semilinear Dirichlet problem of the Kohn Laplacian,
as well as the exponent 4/(N — 2) is critical for the semilinear equation
—Au = |[u|Y N2y + h(u) in a domain of RV with Dirichlet boundary
condition. The purpose of the present paper is to prove that for suitable
g(&,u), problem (1.1) has at least one positive solution and at least one sign
changing solution.

Equations like (1.1) arise naturally in the study of the Yamabe problem
for a Cauchy-Riemann manifold (N, A), which is the problem of finding a
contact form A on N with constant scalar curvature and which is equivalent
to find a C positive function u on N such that A = u*/ (@2 A and

4
—Apnu+ au = |u]a2u,
where a is a suitable constant and A, is the sub-Laplacian on N, see also
[19] for more details.

Before stating the main results of the present paper, we give some notions
about the Heisenberg group. If we denote ¢ = (z,v,t) with , y € RY and
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2 J. CHEN AND E. M. ROCHA
t € R, then the Heisenberg group HY is identified with R2V*! under the
group composition: for all £ = (z,y,t) and & = (2/, ¢, '),

(ol =(@+ay+y t+t'+2@-y —a'-y)),

where “” denotes the inner product in RY. And for ¢ € HY, the left trans-
lations on HY is defined by

Te ‘HY - HY, Te(€) =0
For A > 0, a family of dilation on H” is defined by
oy HY — HY, Sa(z,y,t) = (A, Ay, \2t).
The Kohn Laplacian Ag on HY is defined as

N
Ap=> (X7+Y}]),
j=1
where 5 5 5 5
Xi=— 42—, Y;=-— 21, —.
1T 0z, T e N T 8y T

For every u € C§°(Q2), the subelliptic gradient is defined as
Vau= (Xiu,--, Xyu,Yiu, -+, Yyu).

The closure of C§°(£2) under the norm [, [V - [2d¢ is denoted by S(l)’Q(Q).

In 53’2(HN ), the following Sobolev type inequality holds(see e.g. [12, 13]):
there exists C; > 0 such that

(1.2) lull2g/q—2) < Callullgrogn), forall ue Sy (HN),

where |[|-[[24/(4—2) is the norm in L%4/(a=2)  The number 2¢/(q — 2) is the crit-
ical Sobolev exponent, since for bounded domain €2 and 2 < p < 2¢/(q — 2),
Sé’Q(Q) is compactly embedded into LP(€2), while this inclusion is only con-
tinuous if p = 2¢/(q — 2).

Although Ap is not elliptic at any point of HY, the above-mentioned
properties underline some similarities between Ag and the classical Lapla-
cian A on Euclidean space RY. We point out that the Poisson equation
with critical exponent of the form

(1.3) —Au = \u|ﬁu +pu, u€ W&’Z(D), D cRY

has been studied extensively after the pioneer work of Brezis-Nirenberg [1],
see [6] for the existence and multiplicity results of (1.3). The existence of
sign changing solutions of (1.3) has been obtained in [7]. While for (1.1),
only few result is known about the existence and non-existence of solutions.
We mention that when g(&,u) = 0, Citti et al.[10] has proven that (1.1) has
a nontrivial solution if {2 has at least a nontrivial homology group, see also
Lanconelli [20]. When g(&,u) = au+ f(§, u) with suitable assumptions of f,
Citti [9] has proven a Brezis-Nirenberg type result of (1.1). We also refer the
interested readers to [2, 3, 4] for other related existence and nonexistence
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SIGN CHANGING SOLUTIONS 3

results of semilinear Kohn Lapalace equations on Heisenberg group. How-
ever, to our best knowledge, we have not seen any multiplicity results for
Kohn Lapalace equation with critical exponent, nor sign changing solutions
to the Kohn Lapalace equation with critical exponent.

The purpose of the present paper is to study the existence of positive and
sign changing solutions of (1.1) under suitable assumptions of g. Throughout
this paper, we study the model case g(§,u) = plé|u with a > 0 and [£|g
the distance in HY. We always assume that 0 € Q and simply write (1.1) as

4
(1.4) —Apu = |u|T2u + pl€|fu, ue SyE().
A solution of (1.4) is equivalent to a critical point of the functional
1 1 *
L) = 5 [ (Vi = plélslof?) ds = 5 [l ds, e s,

where 2* = 2¢/(q¢ — 2). We say that u € Sé’z(Q) is a positive solution of
(1.4) if u is a critical point of L and u > 0 but u # 0; u € S3*(Q) is
said to be a sign changing solution of (1.4) if u is a critical point of L and
w =u" —u with ™ # 0 and v~ # 0, where vt = max{u(£),0} and
u” = max{—u(£),0}. For a > 0, we denote

mzinf{ [ e [ m%uﬁds:l}.

Then Lemma 2.1 implies that uy > 0. The main result of the present paper
is the following theorem.

Theorem 1.1. If 0 < p < p1, then

(1): equation (1.4) has at least one positive solution provided 0 < o <
q— 4;'

(ii): equation (1.4) has at least one positive solution and one sign
changing solution provided 0 < a < % — 3.

The method of proving Theorem 1.1 is variational. Since the embedding
relation in (1.2) is not compact, we can not use the standard variational
argument. However, as observed in Brezis-Nirenberg [1], the extremal func-
tion of inequality (1.2) should play an important role. Jerison et al. [18] has
proven that the following minimum

\V4 24
(1.5) S— e[Vl 3
u€Sy? (HN) (Jign luf2"de)

is achieved by
Co
(12 + (1 + Jo 2 + [yf2)2) 72

where C is a suitable positive constant. Moreover positive solutions of

w(z,y,t) = (z,y,t) € HY,

4
—Apu = |u|72u, wue Sy HY)
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4 J. CHEN AND E. M. ROCHA

can be obtained from w(z,y,t) with a rescaling and are of the form
—2
(1.6) Wy = )\%w<(5)\(7'£_/1))7 A >0, fl S HY.

With suitable modifications of wy ¢, Citti [9] has proven the existence of
one positive solution of (1.1). We will prove the existence of one positive
solution and one sign changing solution of (1.4).

This paper is organized as follows. In section 2, we give some preliminar-
ies. Particular attention is focused on several integral estimates for solutions
of (1.4), which will play an important role in the study of multiple solutions
of (1.4). In section 3, we will prove Theorem 1.1 by studying suitable mini-
mization problems. We emphasize that unlike the method used in Citti [9],
we use neither Palais-Smale sequence, nor Ekeland variational principle.

Notations: Throughout this paper, the norm in SS’Q(Q) is denoted by
| - ||. All integrals are taken over Q unless stated otherwise. A ball in HY
with center at ¢ and radius R is denoted by B(¢, R). O(g°) means that
|0(eP)e™P| < C; o(P) means |o(e?)e™P| — 0 as ¢ — 0, and o(1) is an
infinitesimal value. The — denotes strong convergence and the — denotes
weak convergence.

2. PRELIMINARIES

Preprint Version

We start with a compact embedding relation from Sé 2(Q) into L2(9, ¢ |%dE),

where L?(€, |€|%d€) is a weighted Sobolev space.

Lemma 2.1. Let Q C HY be a bounded open domain. Then Sé’Q(Q) is
compactly embedded into L*(Q, |€|%,d€).

Proof. Note that a > 0. We can get the conclusion by a combination of [21,
Lemma 3.2] and [8, Lemma 2.6]. The detailed proof is omitted. O

Next, let wy ¢ be defined as in (1.6). wy o is simply denoted by wy. Then
from the characterization of S, we may deduce that

(2.1) / |Vw,\\2d§:/ wy|> de = S2.
HN HN

Choose a R > 0 such that B(0,2R) C Q and a function ¢ € C}(B(0,2R))
such that ¢(£) = 1 for £ € B(0, R) and ¢(§) = 0 for £ € Q\B(0,2R). Denote

ua(§) = P(E)wa(§)-

Lemma 2.2. [11] (Heisenberg polar coordinates) Let f : RT™ — R and
R > 0. Then

R
/ F(€]m)de = / Fp)p e, q=2N+2,
B(0,R) 0

whenever one of the previous integral exists.
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Lemma 2.3. [9] Let vy be defined as above. Then vy satisfies the following
estimates: as X\ — 400,

(2.2) / Voa|2de = §3 + 012
Q)
and
(2.3) / loa? d¢ = 57 + O(A79).
Q

Moreover, we can prove the following lemma, which will paly an important
role in the proof of Theorem 1.1.

Lemma 2.4. Let 0 < a < qg—4. Then as A\ — 400,
[ttt = 00

Proof. Note that

/ € on2de = / €153 (5:(6) e
Q £

€l <2R
=\ In|%w? (n)dn
[n| g <2AR
=\ / n|%w? (n)dn + / |n|%,w2(n)dn>
[nlg<1 1<|n|m<2AR

2AR
S C)\—Q—Oc 1 _|_/ p4—q+a—1dp

1
=0\ HP ) +0o((AH7T %) for A large enough.
Therefore 0 < a < ¢ — 4 implies that for A large enough,

[ et = 001
The proof is complete. U

Next, we prove a regularity result for the solutions of (1.4). The idea is
originated from Brezis-Kato[5], see also Struwe [22]. The following lemma
will play a key role in the process of getting sign changing solutions.

Lemma 2.5. Ifu € 501,2(9) is a solution of (1.4), then uw € L"(Q) for each
r € (1,+00).

Proof. Since u is a weak solution of (1.4), we test the equation with a test
function ¢ = umin{|u|?*,m?}, where s > 0 and m > 1. Then we have that

/VHUVH(umin{\qu,mz})d{ :/|u]2* min{ |u|?*, m?}d¢

b [ el min o, m?) e
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For each sufficiently large K > 0, we deduce that
[ 1V atumin{juf*,m3)ag
< (25+2) [ [ wminluf g + € [ o minflu®,m?)dg
—(25+2) / ol i, m e + C/u min{[ul, m?}de
@s+2) [ Jul? mingluf,m)ag
jul> ¢

< (25 + 2)meas(Q) K2 +2 4 C’/u min{ |u|?®, m?}d¢

*_2

(25 +2) ( /|K |u12*da) N ( [twminglu, 2y dg)

<ot 5 [ Wutumin{juf’,m)Pde + € [ minuf,m?)

2
oF

which implies that
/|VH(u min{|u|®, m})d¢ < 4(s+1)meas(Q)K? 2540y /u2 min{|u|?*, m?}dE.
Letting m — 400, we obtain that

/ IV i (u|u]®)|?de < 4(s + 1)meas(Q) K> T2° + Oy / PIESer/3

Now iterate, letting so =0, s; +1 = (sj—1 + ) 5, if j > 1, to obtain the
conclusion. O

3. EXISTENCE OF A POSITIVE SOLUTION

In this section, we will prove the existence of at least one positive solution
of (1.4). The 0 < p < pp will be assumed throughout this section. Define
another functional

— [1VuuPds — u [ leliluac — [luPag,  wespi@
and denote the Nehari set
M = {u e SL2Q\{0} : I(u) = o} .
Define the following minimization problem

3.1 = inf L(u).
(3.) e = inf L(w)

Next, we will prove that ¢; is achieved and a minimizer of (3.1) is a
positive solution of (1.4). The following several lemmas will be useful in
what follows.
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Lemma 3.1. For any u € 53’2((2)\{0}, there is a unique 6(u) > 0 such that
O(u)u € M. Moreover, if I(u) <0, then 0 < 6(u) < 1.

Proof. For any u € 53’2((2)\{0} and 6 > 0,
2

0 62" .
L(ow =5 [ (Tl — ulefiluf?) de — T [ fulde.

Hence

0 . .
500 =0 ([ (¥i? ety as 22 [ ac).

which implies that there is a unique

o = ( [ (9 =il €)™ ([ 1o7a6) ™

such that 6(u)u € M. Clearly 0(u) > 0 since 0 < p < p1. Moreover if
I(u) <0, ie, [(IVaul® — plg%lul?) dé < [|u/*d€, then we know that
0<0(u) <1. O

Lemma 3.2. Let (up)neny C M be such that u,, — u weakly in Sé’Q(Q) and

I(un) — d, but u, does not converge strongly to u in Sé’Z(Q). Then one of
the following conclusions holds:

: (1) d> %S% provided u = 0;
: (2) d> L(0(u)u) provided v # 0 and I(u) < 0;
: (3)d> L(O(u)u) + %S% in the case that u # 0 and I(u) > 0.

Proof. The idea is originated from Hirano et al.[17]. Note that u, — u in
Sy%(Q), by Lemma 2.1, [ [€]%]u, — ul?d€ — 0 as n — co. We may assume
that as n — oo,

/\VH (un, — u) |2dé — a®  and /|un—u|2*d§—>62*.

Since u,, does not converge strongly to u in Sé’Q(Q), we have that a # 0.
(1) In the case of u = 0, we deduce from Brezis-Lieb lemma that

0= 1I(upn) :I(u)+/|VH (up, — u) ]2d§—/|un—u|2*df+o(1)

:/\vH (un—u)|2d§—/|un—u|2*d§+0(1).

Combining this with a # 0, one deduces that b # 0. It is deduced from the
Sobolev inequality that a? = " > S 3. Therefore

i> a2 Ly s let
2 2% q
(2) When v # 0 and I(u) < 0, we denote J(6) = L(0u),
a? b .
B(O) = —6? 6" and ~(0) = J(0) + B(6).

27 2r

Preprint Version



8 J. CHEN AND E. M. ROCHA

From Lemma 3.1, one has a §(u) with 0 < §(u) < 1 such that O(u)u € M.
Since J'(1) < 0 and /(1) = 0, we have /(1) > 0 and then a? — " > 0.
Hence from

B(0) =a?0—b¥ 6% > 01 — 67 2%,

one deduces that §'(#) > 0 for 0 < § < 1. So we have that 5(f(u)) > 0.
Therefore

d=~(1) > y(O(u)u) = L(O(w)) + A(6(u) > L(O(u)u).

This proves the second statement of the Lemma.
(3) Now we prove the third statement. Firstly we consider the case of
u # 0 and I(u) = 0. Similar to those proofs in case (1), we have that b # 0

and a? = b¥" > S3. Brezis-Lieb lemma implies that
d+ o(1) = L(uy)

= L(u) + % / Vi (un — u) [2de — ;/\un —ul? dé + o(1)

> L(0(u)u) + (1153,

where we have used the fact that v # 0 and I(u) = 0 imply 6(u) = 1.

Secondly we prove the case of u # 0 and I(u) > 0. Noticing that 6(u) > 1,
we claim that b # 0. Indeed if b = 0, then from ~/(1) = 0, we have
that J'(1) = —a? < 0, which contradicts 6(u) > 0 and J'(f) > 0 for all
0 < 6 < 6(u). So we have that b # 0. Denoting 6, = (a?/b>")}/(2"=2),
we know that 3 attains its maximum at 6, and '(6) > 0 for 0 < 0 < 6,
and B'(6) < 0 for § > 60,. Moreover 3(0,) = %S%. Next we claim that
0. < O(u). Suppose that this is not the case, i.e., 1 < 6(u) < .. From
0>+/(0) =J'(0) + B(0) for all > 1, we have that J'(§) < —3'(0) < 0 for
6 € (1,0.), which contradicts 1 < 6(u) < 6, and J'(6(u)) = 0. So we have
proven that 0, < 6(u). Hence we obtain that

d=~(1) > 7(0,) = L(Ou) + B(0.) > L(O(w)u) + ;SS.

These complete the proof of the third statement and hence we have proven
Lemma 3.2. ([l

Lemma 3.3. If0<a<qg—4,then0<c < %S%.

Proof. 1t is easy to see that ¢; > 0. To prove that ¢; < %S%, the idea is
to find an element in M such that the value of L at this element is strictly
less than éS 2. As observed by Brezis-Nirenberg [1], the extremal function
w(z,y,t) of inequality (1.3) will play an important role. From Lemma 3.1,
we know that for vy, there is a

O(on) = ( JAGZEET N df)“ ( / mr?*dé)”
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such that §(vy)vy € M. We claim that there is Ay > 0 such that
1 4
L(Q(U)\O)U)\O) < 652 .

Indeed, note that from the definition of vy,

L(O(vx)vy) = %—— /|0 vy ol de
(53¢ ) G [1oa e |
= ([ (sl = igflonr) ) (/ w*dg)q” "
= ([ (v wiglent) ) (frra) ™
= L (st ot — o) (st o)
= ZS% + O(()\*l)Q*Q) _ O((}\fl)2+o¢)

as A large enough. Therefore we know that there is a Ag > 0 sufficiently
large such that

—_

L(B(v,)vr,) < =S%.

Q

This completes the proof of the lemma. U

Theorem 3.4. If 0 < p < py and 0 < o < q — 4, then there is a positive
function 1 € 53’2((2) such that ¢c1 = L(¢1) and ¥y is a positive solution of

(1.4).

Proof. Let (un)neny C M be such that L(u,) — ¢1 as n — co. From Lemma
3.3, one knows that 0 < ¢ < %S%. Next, from (up)peny C M we have that

[ mual? = sl ) de = [ fun e
Note also that for n large enough,

c1+o(l) = L(uy)

1 1 .
=5 [ (Vi = wielslunl?) de - 5 [ 1uaf? de
2 1 a
B2 o [ (Vaf? = el ) de
1
>-(1- “) /vaunPdg.
q H1
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On the other hand, using Sobolev inequality, one has that
(1= 2 [19uuaPde < [ (ol = plllonf?) a

2
. T
Therefore

(3.3) (/ ]VHun\2d§> > 5% (1 - :1> .

Then (3.2) and (3.3) imply that there are positive constants Cy, Cy such
that

(3.4) C) < / |V g |2dE < Cs.

Going if necessary to a subsequence, we may assume that (uy)nen con-
verges weakly to v in 5(1)’2(9). Assume that (up)neny does not converge
strongly to v in Sé’Q(Q), we obtain from Lemma 3.2 that one of the follow-
ing three cases occurs:

(i): if v =0, then ¢; > éS%;
(ii): if v # 0 and I(v) < 0, then ¢; > L(#(v)v);
(iii): if v # 0 and I(v) > 0, then ¢; > L(6(v)v) + %S%.

Since in the case of v # 0, §(v)v € M implies that L(f(v)v) > ¢;. We
obtain from the fact of ¢; < %S 3 that any one of the above-mentioned three
cases will not occur. This means that (uy,)nen converges strongly to v in
Sé’Q(Q). It is deduced from (3.4) that v # 0 and v € M. Hence L(v) = ¢;.
Using Lagrange multiplier rule, one has a 6 € R such that

L'(v) = 0I'(v).
From (L'(v),v) = I(v) = 0 and

(I'(0),0) = 2 /Q (IVaol? — e[ ]of?) de—2° / o[ de = (2-2°) / w[?"de < 0,

one obtains that § = 0 and v is a nontrivial solution of (1.4). Note that if
(Un)nen C€ M and L(u,) — c1, then (Juy|)ney € M and L(|uy|) — ¢1, we
may assume that v > 0. Hence the proof is complete by choosing ¢y =v. [

4. EXISTENCE OF SIGN CHANGING SOLUTION

In this section, we prove that (1.4) has also at least one sign changing so-
lution. Note that H” is identified with R2V*! we know that if u € Sé’z(ﬂ),
then ut, u~ € Sy(Q), where ut = max{u(€),0} and u~ = max{—u(¢),0}.
Denote

M, ={u=ut —u" €85,*Q) : v € Mand u~ € M}
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and set
4.1 co = inf L(u).
(4.1) Jnf (u)

Next, we will prove that co is achieved and a minimizer is a sign changing
solution of (1.4). To attain this goal, we need several additional lemmas.

Lemma 4.1. If0 < p < pp and0<a<%—3, thencz<61+%S%.

Proof. The strategy is to find a suitable element in M, such that the value of
L at this element is strictly less than cl+%S 3. Let 11 be the positive solution
obtained in the previous section, we claim that there are ag > 0 and by € R
such that agy; +bovy € M,. Indeed, denote ((s) = 11+ svy with s € R, and
we define s1 € [—00,00) and sg € (—00,00] by s1 = inf{s € R : ({(s))" #
0} and so = inf{s € R : ({(s))~ # 0}. Since 6((¢(s))") —0((¢(s))") = o0
as s — s1+0and 0((¢(s))) —0((¢(s))") = —o0 as s — s3 + 0, there exists
sp € (s1,s2) such that 6(({(s0))™) = 6((¢(s0))~), which implies that there
are ag > 0 and by € R such that agiy1 + bovy € M.,.
Next, we claim that there is A, > 0 such that

1
(4.2) sup  L(ahy 4 buy,) < ¢1 + =53,
a>0, beR q

Note that
1
Dot +on) =3 [ 1Vnta +bon)de 2 [ el o + bus g
1 .
—2*/|a¢1 + buy ¥ de.

We can infer that there is Ry > 0 such that L(ay; + buy) < 0 for all a > 0
and b € R with a2 + b> > Ry and for all A > 1. Hence it is sufficient to
estimate sup,~ per L(ath1 + bvy) in the case that a® +b* < Ry. Since 1y is
a solution of (1.4), we have that as \ large enough,

L(ay + buy)
= Llawn) + L(bwn) + ab [ (VartnViron = plélfpinen) dé
+2—1* (|a1/11]2* + [bual* — awy + boy 2*) dg

s <L)+ Lbe) +ab [T

+C/ (lwllmlm + yw|2**1¢1) de

< L) + 8% = O(A 7))

10 [P todg+ [ ond e

where we have used the fact that

/ (Va1 Vs — plélyunon) dé = / |72 4 nde.
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12 J. CHEN AND E. M. ROCHA

Next, choosing 71 € (1, q%), we know from Lemma 2.5 that

Jronitonie< (fovae)”™ (f )

holds. Since

/ e = / (wa (2 (€))7 de = A2 / WM ()i
Q €l <2R Il <2AR

711
21

2AR -1
:)\%’Ylfq C—I—/ p’dp
1 p(q—2)’h

=O0((A"HT ™) as A sufficiently large,

we obtain that

(4.4) / [ Losde = o((A1)2H).

q

Similarly from 0 < a < 3

sufficiently large,

— 3, we can choose a 9 > 1 such that as A

* 7_ﬁ
(45) [ g = o[ ETE) —oatye)
It is now deduced from (4.3), (4.4) and (4.5) that there is a A, > 0 such that
(4.2) holds. The proof is complete. O

Lemma 4.2. There exists a 1o € M, such that L(i)2) = ca.

Proof. Let (up)neny € M, be such that L(uy,) — c2. Then (up)nen C M.
implies that we have that

[ (¥t P = el ) de = [ 1 a
and
[ (5srl? = pletati ) ds = [ fu 2 e

Using a proof similar to those in the proof of (3.2), (3.3) and (3.4), we can
obtain that

0 < inf [Ju,} || < sup||uf]| < oo, 0 < inf||u, || < sup|lu, || < oc.
n n n n

Therefore we may assume that as n — oo, L(u,}) — dy and L(u,) — da,
c2 = dy +ds and that (u)})pen and (u;, )nen converge weakly to u™ and u™,
respectively. If u™ = 0 or v~ = 0, by Lemma 3.2, one has ¢y > ¢1 + %S’%,
which contradicts Lemma 4.1. Thus we have that both u* # 0 and u~ # 0.
Using Lemma 3.1 again, we have one of the following:

(I1): (u;)nen converges strongly to u™ in S52();

(I2): if I(u™) < 0, then dy > L(O(u™)u™);
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(13): if I(ut) > 0, then dy > L(A(ut)ut) 4+ 157,

and we also have one of the following:

1
q

(T11): (u,, )nen converges strongly to u™ in 53’2(9);
(T12): if I(u™) <0, then dy > L(O(u™)u™);
(T13): if I(u™) > 0, then dy > L((u™)u~™) + 152,

Next, we will prove that only the case (I1) and the case (II1) hold. Indeed,
if (I1) and (I12) hold, then from u™ — 0(u™)u~ € M., we have that

co < Lut —0(u )u") <dy +dy = ca,
which is a contradiction. If (I1) and (II3) hold, then

1 1
o1+ 55% < Lut = 0(u )u) + 55% < dy +dy = cg,

which contradicts Lemma 4.1. Similarly, one can prove that the cases (II1)
and (I2) do not hold, and the cases (II1) and (I3) do not hold either. If (12)
and (I12) hold, then from O(ut)u™ — 0(u~)u~ € M,, we have that

co < LOuM)ut —0(u")u™) < dy +do = co,
which is again a contradiction. If (I2) and (II3) hold, then we have that
O(ut)ut —O(u~)u~ € M, and hence
1 1
c1+ ;S% < LOwu™ —0(u")u™) + 65% < di + da = c,

which again contradicts Lemma 4.1. Similarly, one can prove that the cases

(I12) and (I3) do not hold. Finally, if the cases (I3) and (II3) hold, then
2 2
¢ 428 < LOW ) ut —0(u ) u) + 28% < dy + dy = ¢,
q q

which also contradicts Lemma 4.1. Therefore we have proven that only the
cases (I1) and (I11) hold. Hence u™, u~ € M. Choosing ¢ = u™ —u~, we
have that 19 € M, and L(2) = co. O

In the following, we are going to prove the s is a sign changing solution of
(1.4). Note that M, is usually not a manifold, the usual Lagrange multiplier
rule may not be applied.

Theorem 4.3. If 0 < p < py and 0 < o < 2 — 3, then (1.4) has at least
one sign changing solution.

Proof. By Lemma 4.2, we have that 1) € M, is sign changing and L(t2) =
co. Arguing by a contradiction, we assume that 1o is not a critical point of
L, ie., L'(12) # 0. Note that for any v € M, I'(v) # 0 because

(I'(w),0) =2 /Q (IV0f? — pulelg|o]?) dé — 2° / o[ de

=(2—2 / [v|?"d¢ < 0.
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14 J. CHEN AND E. M. ROCHA
Define e - I
Pl = P = O e M

Then we infer that ®(12) # 0. Let & € (0, min{||v5 ], ||v5 ||}/3) such that
[®(v) — @(1h2)|| < &[|@(¢2)|| for each v € M with ||v — || < 26. Let
X : M — [0,1] be a Lipschitz mapping such that

(v) = 1, for v e M with |jv — e <4,
XY= 0, for v e M with [v — ] > 26.

Let n : [0, so] x M — M be such that the solution of the differential equation
n(0,v) = v
dn(s, v)
ds = —X(U(va))@(n(svv))
for (s,v) € [0, so] x M, where sq is some positive number. We set

r(r) = 0((1 =)y — 7dy (1 — )by — 743)
and ¢(7) = (s, 7(7)) for 0 < 7 < 1. Here we recall that 1 = max{1s,0}
and 1, = max{—19,0}. If 7 € (0, %) U (%, 1), we have that

L(s(r)) < L(r(1)) = L(r(7) ") + L(r(7)7) < L(v3) + L(ty ) = L(t2)
and L(g (%)) = L(r(3)) = L(y2), ie., L(s()) < L(1p2) for all 7 € (0,1).
Since 0(c(7)")—0(s(T)") = —oc as 7 — 0+ and O(s(7) ") —0(c(7)”) — +o0
as 7 — 1 — 0, there exists 71 € (0,1) satisfying 0(s(m1)") = 0(s(m1)7). So
we have ¢(71) € M, and hence L(s(71)) < L(v2), which is a contradiction.

Thus we have proven that L'(12) = 0. Hence v is a sign changing solution
of (1.4). O

Proof of Theorem 1.1: The first statement of Theorem 1.1 follows direct-
ly from Theorem 3.4. The second statement of Theorem 1.1 follows from
Theorem 4.3 and Theorem 3.4. The proof is complete.

Remark. We have proven that for 0 < pp < py and 0 < a < £ — 3, (1.4)
possesses at least one positive solution and at least one sign changing solu-
tion. Since (1.4) is odd with respect to u, we have obtained that (1.4) has at
least one pair of fixed sign solutions and at least one pair of sign changing
solutions.
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