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GAUSS MAPS OF CUSPIDAL EDGES IN HYPERBOLIC
3-SPACE, WITH APPLICATION TO FLAT FRONTS

YuTA OGATA AND KEISUKE TERAMOTO

ABSTRACT. We study singularities of de Sitter Gauss map images of
cuspidal edges in hyperbolic 3-space. We show relations between singu-
larities of de Sitter Gauss map images and differential geometric prop-
erties of cuspidal edges. Moreover, we apply this result to flat fronts in
hyperbolic 3-space.

1. INTRODUCTION

The hyperbolic 3-space H? is a 3-dimensional Riemannian spaceform
with constant sectional curvature —1 and the de Sitter 3-space S*! is a
3-dimensional Lorentzian spaceform with constant sectional curvature 1 in
Lorentz-Minkowski 4-space R31. There are several articles on the study of
surfaces in H? and S?! (for example, [4, 5, 6, 7, 10, 12, 13, 14, 15, 16]).
Galvez, Martinez and Mildn [7] showed the representation formula for flat
surfaces in H?. For flat fronts in H?, Kokubu, Rossman, Saji, Umehara
and Yamada [14] showed that generic singularities on flat fronts are cuspi-
dal edges and swallowtails (see also [8]). Moreover, the criteria for cuspidal
edges and swallowtails were obtained. Recently differential geometric prop-
erties of fronts are studied (cf. [17, 18, 20, 24, 25]). In particular, normal
form and isometric deformation of cuspidal edges are obtained in [17, 20].

On the other hand, the Gauss map plays important roles to investigate
differential geometry of surfaces in the Euclidean 3-space R3. Singulari-
ties and stabilities of Gauss maps for surfaces in R?® were studied by [3, 2].
Bleecker and Wilson [3] showed that generic singularities of the Gauss map
are fold and cusp singularities. Banchoff, Gaffney and McCrory [2] studied
geometric meaning of cusp singularities of Gauss maps. The differential of
Gauss map, that is, the Weingarten map, gives the Gaussian curvature, the
mean curvature and the principal curvatures for the surface. Therefore, for
surfaces in H3, such maps also play important roles. In [7, 15, 16], flat fronts
in H? and their hyperbolic Gauss maps were studied. Izumiya, Pei and Sano
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[10] studied singularities of hyperbolic Gauss maps and hyperbolic Gauss in-
dicatrices for surfaces in H3. They regard hyperbolic Gauss indicatrices as
wave fronts and show that generic singularities of hyperbolic Gauss map
images are cuspidal edges and swallowtails to apply the Legendrian singu-
larity theory. Moreover, Izumiya [9] introduced Legendrian duality theorem
for pseudo-spheres in the Lorentz-Minkowski space. Using this duality the-
orem, the de Sitter Gauss map image and the lightcone Gauss map image of
surfaces in H? can be constructed. Thus one can study extrinsic differential
geometry of surfaces in H.

In this paper, we clarify relations between differential geometric properties
called ridge points of cuspidal edges in H? and singularities of de Sitter Gauss
map images in S*!. In Section 2, we consider local differential geometric
properties of cuspidal edges in H?. We shall define the principal curvature,
the principal direction and ridge points for cuspidal edges. In Section 3, we
show relations between differential geometric properties of cuspidal edges
and singularities of de Sitter Gauss map images (Theorem 3.3). In Section
4, we consider the normal form of cuspidal edges in H3. The normal form
of cuspidal edges in R3 was introduced in [17]. We give condition that the
origin is a ridge point in context of the coefficients of the normal form. In the
last section, we apply results obtained previous sections to flat fronts in H?
and S?>!. We show conditions of singularities of de Sitter Gauss map images
for flat fronts in the context of the data which appear in the representation
theorem for flat fronts in H? given by [7] (Theorem 5.4). Furthermore, we
consider the Enneper-type flat fronts as global examples. We give the duality
between of Enneper-type flat fronts and their de Sitter Gauss map images
(Theorem 5.8).

2. LOCAL DIFFERENTIAL GEOMETRY OF CUSPIDAL EDGES IN H3

Let R* = {(z0, 21,22, 73)|7; € R, i = 0,1,2,3} be a 4-dimensional vector
space. For & = (w9, 21,22,73), ¥y = (Y0, y1,¥y2,y3) € R, the pseudo scalar
product (,) of & and y is defined by (x,y) = —zoyo + x1y1 + T2y2 + T3Y3.
We call this space (R%, (,)) the Lorentz—Minkowski 4-space or briefly the
Minkowski 4-space. We write R*! instead of (R*,(,)). For & € R>!\ {0},
there are three kinds of vectors called spacelike, lightlike or timelike and
defined by (z,x) > 0, = 0 or < 0 respectively. The norm of z € R>! is
defined by |[|z| = /|{(x,x)|. Especially, for a spacelike vector x, the norm
of ¢ is ||x|| = v/{(x,x). We now define the pseudo wedge product x1 Nxo Axs3
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as follows:
—€y) €1 €2 e3
1 1 1 1
x Ty Ty X
_ 0 1 2 3
1 NTo N3y = 9 3 5 51>

Lo Xy Xy T3

vy @i 23 af
where {eg,er,es,e3} is the canonical basis of R*! and vectors xz; =
(28,2, 25, 2%) € R¥ (i = 1,2,3). One can easily check that (z,z; A
xo ANx3) = det(x, x1, T2, x3) holds. Hence o1 A xo Ax3 is pseudo orthogonal
to any x; (i = 1,2, 3).

There are three kinds of pseudo-spheres in R3!': the hyperbolic 3-space

H? is defined by

H3 = {a: e R | (xz,z) = —1, 7o > 0},
the de Sitter 3-space S*>! is defined by
S = {z e R*! | (z,x) =1}

and open lightcone LC* is defined by
LC* = {z e R*'\ {0} ]| (z,z) = 0}.

We recall that wave fronts in H3. Let f : U — H? C R*! be a C*°-map,
where U C R? is a simply-connected domain with local coordinates u,v. We
call f a wave front (or front, for short) if there exists a unit vector field
v:U — S*! along f such that the following conditions hold:

(1) (df(Xp),v(p)) =0, for any X, € T,U, p € U, and

(2) the pair Ly = (f,v) : U — TyH? is an immersion, where T1H? =
{(v,w) € H* x $*! | (v, w) = 0} is the unit tangent bundle over H?
equipped with the canonical contact structure.

Here, we call this vector v a unit pseudo normal vector of f and Ly a
Legendrian lift (see [1, 13, 14, 24]). A map f is called a frontal if f satisfies
(1) of the above condition. A front f might have singularities. Arnold and
Zakalyukin showed that the generic singularities of fronts in R3 are cuspidal
edges and swallowtails (for example, see [1, 27]). A cuspidal edge is a map-
germ f : (R%,0) — (R3,0) A-equivalent to the germ (u,v) — (u,v?,v3)
and a swallowtail is a map-germ f : (R2,0) — (R3,0) A-equivalent to the
germ (u,v) — (u,4v3 + 2uv, 3v* 4+ uv?) at the origin, where two map-germs
f, g: (R?,0) — (R3,0) are A-equivalent if there exist diffeomorphism-germs
Zs : (R?,0) — (R?,0) on the source and =, : (R3,0) — (R?,0) on the target
such that foZg = Z; 0 g holds (see Fig. 1).
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Fig. 1: Cuspidal edge (left) and swallowtail (right).

For a front f, we define a function called the signed area density func-
tion X as follows: A\ = det(f, fu, fu, V), where f,, = 0f/0u and f, = 0f/0v
respectively. We denote by S(f) the singular set of f. By definition of
the signed area density function, the relation S(f) = A7!(0) holds. For
a singular point p € S(f), we say that p is non-degenerate if the condi-
tion dA\(p) # 0 holds. Let p € S(f) be a non-degenerate singular point
of f. Then, by the implicit function theorem, there exists a regular curve
v (—&,e) 5t — () € U(e > 0) with v(0) = p such that v locally
parametrizes S(f). Since non-degenerate singular points are corank one sin-
gular points, there exists a vector field 7 on S(f) such that df(n) = 0 holds.
We call such a vector field the null vector field. Under the above situation,
the following criteria are known.

Theorem 2.1 ([14, Propositin 1.3]). Let f : (U,p) — H? be a front-germ
and p € U be a non-degenerate singular point of f. Then
(1) f at p is A-equivalent to a cuspidal edge if and only if nA\(p) # 0
holds.
(2) f at p is A-equivalent to a swallowtail if and only if nA\(p) = 0 and

nmmA(p) # 0 hold.

We consider (extrinsic) differential geometric properties of cuspidal edges
in H3. Let f: U — H? be a front and p € U a cuspidal edge. In this case,
we can take a special local coordinate system called the adapted coordinate
system (see [17, 18], for example).

Definition 2.2. A coordinate system (U; u, v) centered at p is called adapted
if the following conditions hold:

1) the w-axis is the singular curve,

2) n = 0, gives a null vector field along the u-axis, and
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3) there are no singular points other than the u-axis.

We use this coordinate system in Sections 2, 3 and 4. With this coordi-
nate, df (n) = f, = 0 and f,, # 0 hold along the u-axis. Thus there exists a
smooth map ¢ : U — R3!\ {0} such that f, = vy holds. We define a map

Lo dNfuNe o

ALl

From the definition of v, we have

(fusv) = {p,v) =(f,vy =0, (r,v)y=1.

We call this map v the de Sitter Gauss map image or the de Sitter Gauss
image of f.
The signed area density of f is given by

A =det(f, fu, fo,v) = VA (5\ = det(f, fu, o, v)).

Since n = 9y, a point p is a cuspidal edge of f if and only if A = X £ 0
holds along the u-axis. Thus f, f,, ¢ and v are linearly independent.
We define the following functions:

N

(2.1) E = (fu, fu), F = (fu, ), G = (p,9),
(2.2) L=—{fu, 1), M= —{(p, 1), N = —(p, ).

We note that EG — F2 # 0 near p and —(f,, v,) = vM holds. Using these
functions, we have the following (cf. [26]).

Lemma 2.3. The differentials v, and v, can be written as

_ FM-GL, FL-EM

Uy = —=—= = ~ A ~ )

T EG T RG 2T
FN —vGM , vFM —EN
szﬁfu—i—ﬁ(p.
EG — F? EG — F?

We set
»(t) = det(5,4, DI (v o v),v 0 )(2),

where 4 = f o, Df is the canonical covariant derivative along a map f
induced from the Levi-Civita connection on H?® and ’ = d/dt. We note that
¥(0) # 0 if and only if (f,v) is a Legendre immersion at p, that is, f is a
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front at p when 4/(0) # 0 (see [6, 13]). Taking an adapted coordinate system

(U;u,v) around p, D,J; v = v, holds. Thus we have
Y(u) = det(f(u,0), fu(u,0), vy(u,0),v(u,0))
EN
= —————det(f(u,0), fu(u,0), p(u,0),v(u,0
e 2 (f (1, 0), fu(u,0), ¢(u,0),v(u,0))
by Lemma 2.3, and we see that N does not vanish along the wu-axis.

Remark 2.4. Let f: U — (M3, g) be a front with non-degenerate singular
points, where (M3, g) is an oriented 3-dimensional Riemannian manifold.
We set

fn = df(n), fm] = vnf'm fmm = vnfnm

where V is the Levi-Civita connection of (M3,g). In [18], a differential
geometric invariant k. called the cuspidal curvature is defined by

_ A @O detg (7' (2), fon(v(£)): frm(V(1)))

19/ () xg fan(v()II5/2
along the singular curve 7, where 4 = f oy, det, is the Riemannian volume
element of (M3, g) and (ax b, c) = det,(a, b, c) for each a,b,c € T,M? (q €
M?3). If M = R3, then det, can be identified with the usual determinant. By
[24, Corollary 3.5], f at p € S(f) is a cuspidal edge if and only if k.(p) # 0
holds. For details about the cuspidal curvature k., see [18].

Ke(t)

Here the Gauss-Kronecker curvature function K¢ and the mean curva-
ture function H of f are given by

LN —ud? BN — 20PN +vGL
v(EG — F2)’ w(EG — F2)
We define the matrix

~ ~\ —1 ~ ~
G__(EF L oM
- \F G Mo N )

and we call S the modified shape operator of f. Then the relation

(23) Kext —

det Sd = UKext = Kext

A

holds. By definition of Ky given by (2.3), Koyt is C°°-function of u,v. See
[18, 24] for behavior of Ky and H near non-degenerate singular points on
fronts.
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We consider the principal curvatures for cuspidal edges. We now define

two functions as follows:
A+ B A—-B
(2.4) K1 = = :'_ ~——, kg = = ~.
20(EG — F?) 20(EG — F?)

Here A = EN — 20PN +0GL, B = \/ 42 — 40(EG — F2)(LN - olI?). By
definitions of k1 and ko, we have Koyt = k1Ko and 2H = k1 + ko. Thus we
may regard k1 and ko as principal curvatures of f. However, we note that
one of k; (i = 1,2) may not be well-defined along the singular curve. Two
functions k1 and k9 in (2.4) can be rewritten as
ALN —vi?)  2(LN — i)

A-B T A+B
Here, A = EN and B = E|N| hold on the singular set {v = 0}. Thus
A+ B #0 (resp. A— B # 0) holds on {v = 0} if N > 0 (resp. N < 0).
By the above arguments, if N is positive (resp. negative) along the singular

(2.5) R1 =

curve, ko (resp. k1) is well-defined along the singular curve. So we can
regard ko as the principal curvature for the cuspidal edge if and only if
N (u,0) is a non-zero positive C*°-function of u along the u-axis. We note
that Murata and Umehara [19] introduced the notion of principal curvature
maps for fronts in R3.

Let us consider the principal direction v = (£, () with respect to the

principal curvature k5. In this case, v satisfies the following equation:

L oM\ (¢ e E oF 3
oM oN | \¢) T P \wF w2G) \¢)-
Thus the principal direction v = (£, () can be taken as

(2.6) v = (N — Uligé, —M + KJQF).

Since N # 0 holds on {v = 0}, the principal direction v is also well-defined
along the wu-axis.

Using the principal curvature ko and the principal direction v correspond-
ing to k9, we define a notion of ridge point.

Definition 2.5. Let f : U — H? be a cuspidal edge, o the principal
curvatures of f and v the principal directions with respect to ko. The
point f(p) is called a ridge point relative to v if vka(p) = 0, where vky
is the directional derivative of k2 in direction v. Moreover, f(p) is called
a k-th order ridge point relative to v if ¥(™ky(p) = 0 (1 < m < k) and
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vFtD g, (p) # 0, where (™) k4 is the directional derivative of ko with respect
to v applied m times.

Properties of ridge points for regular surfaces in R3 were first studied by
Porteous to investigate caustics of them. For details, see [21, 22].

3. SINGULARITIES OF THE DE SITTER GAUSS MAP IMAGE

In this section, we consider the de Sitter Gauss image v : U — S*! of
f. From arguments in Section 2, the pair Ly = (f,v) gives a Legendrian
immersion. Thus v can be regarded as a front in S*»! with unit normal
vector f. We assume that the principal curvature ko is well-defined on the
source, namely, N is positive on the u-axis.

We consider the signed area density function \* of v. Using v, v, v, and
f, AV is given by

(3.1) A = det(f, vy, vy, v).
By Lemma 2.3 and (2.3), it can be written as
(3.2) N = 0Ky det(f, fu, @, v).

We note that det(f, fu, v, v) is a non-zero function. By definitions of the
Gauss-Kronecker curvature Keyt, k1 and ko, we have

(3.3) VEKext = (VK1) Ka2.

In this case, vk; is a non-zero function on U. From (3.1), (3.2) and (3.3),
we can consider the signed area density as

(3.4) AN = KR2.
Thus we have the following:

Proposition 3.1. Under the above conditions, a point p € U is a singular
point of the de Sitter Gauss image v if and only if ka(p) = 0 holds.

We remark that relationships between singular points of the de Sitter
Gauss image v of a front f in H? and the limiting normal curvature of f are
shown in [18]. We denote by S(v) = {q € U |k2(q) = 0} the set of singular
points of v and we call a point p € S(v) a parabolic point for cuspidal edges.
For p € S(v), a point p is a non-degenerate singular point of v if and only if
(k2)u(p) # 0 or (k2)y(p) # 0 hold, that is, p is not a critical point of ks.
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We consider the case that p € S(v) is non-degenarate. In this case, there
exists a vector field ¥ on S(v) such that dv(n”) = 0. We will find a concrete
form for n”. Let us take n* = nY0, + n50,. Then

, FM - GL FL - EM ,
(3.5) dv(n”) = ( w) Ui

— + ===
EG-F2""  EG- F?
PN —oGN, oW BN\
EG—F2 T BG—F2 7)™
holds on S(v) by Lemma 2.3. Since f,, and ¢ are linearly independent, this
equation is equivalent to the following:

N (N R [

holds on S(v). Now N # 0 along the u-axis, so we can take n” as
(3.7) n’ = N8, — M,
on S(v). Moreover, n” can be extended on U by the form

n’ = (N — vkaG)dy + (=M + ko), = v,

where v is the principal direction with respect to k3. Thus we can regard
the principal direction v as a null vector field n”.

Using Theorem 2.1, the signed area density M and null vector field n",
we obtain conditions for singularities of v.

Proposition 3.2. Let f : U — H3 be a front, p € U a cuspidal edge and
v:U — S?! the de Sitter Gauss image of f. Suppose that p € S(v) is a
non-degenerate singular point of v. Then the following assertions hold.

(1) v at p is a cuspidal edge if and only if vka(p) # 0 holds.
(2) v at p is a swallowtail if and only if vea(p) = 0 and vPka(p) # 0
hold.

Combining the results obtained in Sections 2 and 3, we have relations
between singularities of v and the differential geometric properties of f.

Theorem 3.3. Let f : U — H3 be a front, p € U a cuspidal edge and
v:U — S?! the de Sitter Gauss image of f. Then the following properties
hold.

(1) A pointp € U is a singular point of v if and only if k2(p) = 0 holds.
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(2) A point p € S(v) is non-degenerate if and only if p is not a critical
point of Ko.

(3) For a mon-degenerate singular point p € S(v), v at p is a cuspidal
edge if and only if p is not a ridge point of f.

(4) For a non-degenerate singular point p € S(v), v at p is a swallowtail
if and only if p is a first order ridge point of f.

In [25], duality between Aji-inflection point (K < n) of immersed C*°-
hypersurfaces f : M™ — P(R"2) and Aj-singularity of dual front g : M™ —
P((R"2)*) were shown, where M™ is an n-dimensional C*°-manifold and
Ag-singularity and As-singularity correspond to a cuspidal edge and a swal-
lowtail for fronts respectively. We also remark that cusp singularities of
Gauss maps of regular surfaces in R? are related to parabolic points and
ridge points for surfaces (see [2, Theorem 3.1}).

4. NORMAL FORM OF CUSPIDAL EDGES IN H?

In this section, we consider the normal form of cuspidal edges in H?. For
cuspidal edges in R3, the following normal form obtained by Martins and
Saji in [17] is known.

Proposition 4.1 ([17, Theorem 3.1]). Let f : (R?,0) — (R3,0) be a smooth
map-germ and 0 a cuspidal edge. Then there exist a diffeomorphism-germ
¥ : (R%,0) — (R2%,0) on the source and an isometry-germ ¥ : (R3,0) —
(R3,0) on the target such that

(4.1) o fou(u,v)

2 b b b
— (u, %fzﬂ + %zﬁ + %, %uz + %u?’ + %wﬂ + %31)3) + h(u,v)

with bag > 0 and by # 0, where
h(u,v) = (0, uthi (), uho(u) + v?v?hs(u) + uvdhy(u) + v hs(u, v)),
with h;(u) (1 <i<4), hs(u,v) smooth functions.
See [17] for detailed descriptions and geometric properties of the coef-
ficients in (4.1). We extend (4.1) to the case of H? by analogy to the
hyperbolic-Monge form (or the H-Monge form, for short) for regular sur-

faces which is introduced by Izumiya, Pei and Sano (see [10, Section 8]).
Let f : U — H? be a cuspidal edge. Then we have H-Monge form f =
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(fo, f1, f2, f3) for surfaces with cuspidal edge as follows:

fo= 1+ 2+ f2+ 2
by 9 D30 3 D12 o bos 3
J1i= 2u+GU+2uv+6U
+ uthy(u) + v?v*hy(u) + wvdhy(u) + v*hs(u,v),

f2:u7

a20 a3o
J3 = 7u2+ 6 2034+ 5 +u4h1( )-
Using H-Monge form of cuspidal edge, we consider the conditions of ridge
for cuspidal edge in terms of the coefficients. Let us assume that by > 0

holds, that is, ko is well-defined. Here f, f,, and ¢ are
f=1(1,0,0,0), f, =(0,0,1,0) and ¢ = (0,0,0,1)

at the origin. We can take the de Sitter Gauss image v of f with v =
(0,1,0,0) at the origin. In this case, the coefficients of the first and the
second fundamental forms are £ = 1, F= 0, G = 1, L= boo, M = b12, N =
bo3/2 at the origin. Moreover, the principal curvature satisfies ko = L / E=
bgo, (Kg)u = b30 — a20b12 and (KQ)U = —(4()%2 + agobgg)/2b03 at the origin.
Thus we have the following lemma.

Lemma 4.2. Let f : U — H? be a H-Monge form of cuspidal edge. Then
k2(0) = 0 if and only if byg = 0. Moreover, the origin 0 is not critical point
of ko if and only if byp — agobia # 0 or b2y + aggb3s # 0 hold.

We assume that byg = 0 holds in what follows.

Lemma 4.3. Let f : U — H? be the H-Monge form of a cuspidal edge, ko
the principal curvature and v the principal direction corresponding to kKo.
Then the following assertions hold.

(1) The origin is not a ridge point if and only if 4b3, + bsgb3s # 0 holds.
(2) The origin is a first order ridge point if and only if 4b35 + bsgb3s = 0
and

bosha(0) + 4b7b53h3(0) — 8bisbosha(0) + 16b15h5(0,0) # 0.
hold.

Proof. First we show the condition (1) of Lemma 4.3. By defunitions of
the principal curvature and the principal direction, we have (k2), = bsg —
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asobio, (lig)v = —(46%2 + a20b33)/2603, & = b03/2, ( = —bio at the origin.
Using these conditions,

_ 4b?2 + b30b(2)3

vr2(0) = £(0)(k2)u(0) + ¢(0)(K2)4(0) 2bo3

holds. On the other hand, the condition that the origin 0 is not a ridge
point is vk2(0) # 0. Thus it follows that the first assertion holds.
Next we show (2) of Lemma 4.3. Let us assume that

0
2bo3

’UKJQ(O) =

holds, that is, the origin is a ridge point. By direct computations, we have

§u(0) = 3h4(0), £(0) = 8hs5(0,0), ¢u(0) = —4h3(0), ¢,(0) = —3h4(0) and

(Iiz)uu(O) = —2&30b12 + 24h2(0) — 4&20h3(0)),
1

(KQ)UU(O) = W<_a30b33 — 32b12b03h3(0) + 6(45%2 — agobgs)h4(0>),
03
4
(F«]Q)UU(O) = bT(bg3h3(O) — 6512b03h4(0) -+ 2(85%2 — agobgg)h5(0, O))
03

Thus it follows that

1
U(z)/ig(()) = m(6b03(4bg3h2 (0) + 16b%2b03h3(0)
03
— (28b75 — b3obs3)ha(0)) + 32b12(8b1s — baobigs )5 (0,0)).
Since the condition bgg = —4b3, /b5 holds, we have
6
v@ k4(0) 55—(b§3h2(0)-+-4b%2b%3h3(0)-— 8b35b03h4(0) + 16b15h5(0,0))).
03
This shows that (2) of Lemma 4.3 holds. O

We show some examples of cuspidal edge in H?® and corresponding de
Sitter Gauss image in S*!. To visualize surface in H? and S*!, we will use
the Poincaré model P and the hollow ball model H in what follows. For
details of the hollow ball model, see [4]. Here the Poincaré model P is given
by a map

T i) I3
H® 5 (wo, w1, w2, v3) — : : €P
(0, 21,22, 3) (1+xo 1+ o 1+960)
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and the hollow ball model H is given by

arctan xg

9.1 e earctan xo earctan xo
S“* 3 (zo, 1, x2,23) > x r3 | € H.

Vit Uit it

Then we can view the Poincaré model P as the Euclidean unit ball
B? = {(x1,20,23) € R® | 2% + 23 + 23 < 1}
in R3. Moreover the hollow ball model H can be viewed as
H = {(x1,20,23) ER3 | ™™ < 22 + 22 + 22 < €™}

Example 4.4. Let f = (fo, f1, fo, f3) : U — H? be a cuspidal edge with

u? wd v? 4

3
3 v
f0:\/1+f12—}—f22_|_f§, f1:u ‘|‘§,f2:u, f3:7+€+5+u .
This form satisfies the conditions of Lemma 4.2 and (1) of Lemma 4.3. Thus,

by Theorem 3.3, de Sitter Gauss image of f has cuspidal edge at the origin.

Fig. 2: Pictures of Example 4.4. Cuspidal edge in H? (left) and its de Sitter
Gauss image in S*! (right).

Example 4.5. Let f = (fo, f1, f2, f3) : U — H? be a cuspidal edge with
3 2 3 2
_ 2, 2, g2 g V4 v v v
o= I+ R+ BB A=l o= =0+ S+
This form satisfies the conditions of Lemma 4.2 and (2) of Lemma 4.3. Thus,

by Theorem 3.3, de Sitter Gauss image of f has swallowtail singularity at

the origin.
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Fig. 3: Pictures of Example 4.5. Cuspidal edge in H? (left) and its de Sitter
Gauss image in S*! (right).

5. APPLICATION TO FLAT FRONTS

In this section, we consider constant Gauss-Kronecker curvature Keyt = 1
surfaces, called flat fronts in H? and S*!. First we introduce explicit formula,
for flat fronts in H3, called the Bryant-type representation, as in [7].

Proposition 5.1 ([7]). Let U be a simply-connected domain in C with the
usual complex coordinate z = u + iv. Then, any flat front f : U — H3 is
given by

(5.1) f=FFt, where dF = ]—"< g(Oz) h(oz) )dz

for some holomorphic functions g and h.
We also have the following well-known fact as in Proposition 5.2:

Proposition 5.2. For flat fronts f in H? as given in Proposition 5.1, the
unit normal vector v of f becomes (spacelike) flat fronts in S*', and v can
be described as

(5.2) 1/:.7-"((1) _01>ﬁ

5.1. The singularity theory of flat fronts in H?> and S?!. Here we
introduce criteria for singularities of flat fronts f in H® as in [14], and we
give criteria for singularities of the de Sitter Gauss image v (i.e. flat fronts
in S1) of f in the same way.
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Proposition 5.3 ([14]). Let U be a simply connected domain, and let f :
U — H? be a flat front given as in Proposition 5.1.

(1) A point p € U is a non-degenerate singular point if and only if

l9(p)| = |h(p)| and (g:h — gh)| # 0.
(2) f has a cuspidal edge at a non-degenerate singular point p € U if
# 0.

: (gzh - ghz>
m 3
(gh)> P

(3) f has a swallowtail at a non-degenerate singular point p € U if and

only if
=0 and Re —gzh _ th (g_z — E)
P (gh)i 2 9 h

g:h — gh,
Im | =—F—
(gh)?

Here we give criteria for singularities of the de Sitter Gauss image v. The

and only if

£ 0.

p

following theorem can be proven by the same way as in the proof of the
above proposition. Thus, we omit that proof.

Theorem 5.4. Let U be a simply connected domain, and let v : U — S?1
be a flat front given in Proposition 5.2.

(1) A point p € U is a non-degenerate singular point if and only if

l9(p)| = |h(p)] and (g:h — gh.)| # 0.
(2) v has a cuspidal edge at a non-degenerate singular point p € U if
# 0.

zh - hz
Re (_g Z )
(gh)2 P

(3) v has a swallowtail at a non-degenerate singular point p € U if and

only if
Re —gzh — g3hz =0 and Im —gzh — ‘th (g_z — E) £ 0.
(gh)2 ) lp (g2 ) N9 h) )|

We note that Fujimori, Noro, Saji, Sasaki and Yoshida [5] study fronts in
S?! from the viewpoint of the de Sitter Schwarz map and they give criteria,

and only if

which correspond to Theorem 5.4 for singularities of flonts in S?! in terms
of de Sitter Schwarz map (for details, see [5, Proposition 6]).

By the above Proposition 5.3 and Theorem 5.4, we get the following
Corollary 5.5.
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Corollary 5.5.

(1) The singular set of f coincides with the singular set of v, i.e. S(f) =
S(v).

(2) We define the set of non-degenerate singular points of f as X(f),
which is the subset of S(f). We define ¥(v) similarly. Then, ¥(f) =
Y(v).

We note that (1) of Corollary 5.5 is a special case of [18, Corollary C] (see
also [5]).

5.2. Global example: Enneper-type flat fronts and their singulari-
ties. Here we introduce Enneper-type flat fronts in H? and S?!, which are
flat fronts and have reflective symmetry (see Fig 4 and 5), as global appli-
cation of Theorem 3.3

Define g(z) = z* and h(z) = 1 for k € N. Applying Proposition 5.1, we
get (k + 2)-legged Enneper-type flat fronts in H3. See Fig 4. We also have
(k +2)-legged Enneper-type flat fronts in S*! applying Proposition 5.2. See
Fig 5. Using polar coordinates z = re? and applying Proposition 5.3, we
get the following lemma:

Lemma 5.6. Let f be a (k+ 2)-legged Enneper-type flat front in H3. Then:
(1) S(f) ={(ro,0) |rf =1,0<0 < 2r}.
(2) f has (k + 2)-swallowtails at (ro,00) such that v = 1 and 0y = 22
(i=0,1,2,... .k +1).
(3) f has cuspidal edges at (rg,01) such that vk = 1 and 0; # 2im
(i=0,1,2,....k+1).

Similarly we also get the following lemma by applying Theorem 5.4.

Lemma 5.7. Let v be a (k+2)-legged Enneper-type flat front in S>1. Then:
(1) S()=S(f) ={(ro,0) | 7§ =1,0<60 <2r}.
(2) v has (k+2)-swallowtails at (rg, 02) such thatrk =1 and 0 = %
(i=0,1,2,....k+1).
(3) v has cuspzdal edges at (rg,03) such that r§ = 1 and 03 # 2;:;12
(i=0,1,2,....k+1).

By the above two lemmas and Theorem 3.3, we get the following theorem:

Theorem 5.8 (Duality of Enneper-type flat fronts). Let f be a (k + 2)-

legged Enneper-type flat front in H3, and let v be a de Sitter Gauss image
of f. Then:
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(1) Points (r9,02) such that rf =1 and 6 = (22112)7T are first order ridge
points of f (i =0,1,2,...,k+1).

(2) Points (rg,03) such that 7“’0" =1 and 03 # (2;;12)77 are not ridge points
of f (i=0,1,2,....k+1).

Fig. 4: The left image is a 3-legged Enneper-type flat front in H?, and the
right is one portion of it between 0 < 0 < %’r

Fig. 5: The left image is the de Sitter Gauss image of a 3-legged Enneper-
type flat front, and the right is one portion of it between 0 < 6 < %77
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