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PERIODIC ORBITS OF PERTURBED ELLIPTIC OSCILLATORS
IN 6D VIA AVERAGING THEORY

FATIMA EZZAHRA LEMBARKI AND JAUME LLIBRE

ABSTRACT. We provide sufficient conditions on the energy levels to guarantee
the existence of periodic orbits for the perturbed elliptic oscillators in 6D using
the averaging theory. We give also an analytical estimation of the shape of
these periodic orbits parameterized by the energy. The Hamiltonian system
here studied comes either from the analyze of the galactic dynamics, or from
the motion of the atomic particles in physics.

1. INTRODUCTION

The Hamiltonian studied in this paper consists of a three coupled harmonic
oscillators known as perturbed elliptic oscillators.

1
(1) H= §(x2 +y? 422 4 p2 —|—p§ +p?) + e(z?y? + 2227 + 22 — 2%y?2?).

Perturbed elliptic oscillators appears very often in several fields of nonlinear me-
chanics, as in galactic dynamics, and in atomic physics. During the last three
decades, in galactic dynamics, in order to describe the local dynamics properties
of galaxies we consider Hamiltonian systems. Many studies have been made, see
mainly [2, 3, 4, 5, 6, 7, 9]. Despite of the simple form of the perturbation (gen-
erally, they are cubic and quartic polynomials) they lead to chaotic phenomena
as was shown in the work of Henon and Heiles [8]. In this work we analyze the
periodic orbits of the Hamiltonian system associated to the Hamiltonian (1) stud-
ied by Caranicolas and Zotos in [5]. We present conditions on the energy level to
guarantee the existence of periodic orbits which, we hope, be useful information on
the study of periodic motion not only in galactic dynamics but in the general field
of nonlinear dynamics.

Our objective is to compute analytically the families of the periodic solutions of
the Hamiltonian system defined by the Hamiltonian (1). The Hamiltonian system

Key words and phrases. periodic orbits, perturbed elliptic oscillators, averaging theory, galactic
dynamics.
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associated to (1) is

. OH

T = S = Daz,

. oOH

Yy = 87;7,, = Py,

. OH

(2) = ap. = Dz,

. oH 2 2 2,2
Dy = 7%:75575(2@/ + 2x2% — 2xy°2?),
Py = *%I = —y — 22y + 2y2° — 22%y2?),
P, = f%—i] = —2z — (2222 + 2y%2 — 22%y%2),

where p;,py,p. are the components of the momentum per unit mass, € is a small
positive real parameter, in fact € is the perturbation strength. The dot denotes
derivative with respect to the independent variable ¢, the time.

We study the existence of families of periodic orbits of the Hamiltonian system
(2) and we compute them analytically. The tool used for studying these families
of periodic solutions is the averaging theory, for more details about this technique
see section 2.

As it is well known the study of the periodic orbits is very interesting because
they form with the equilibrium points the most simple solutions of the system and
their stability determines the kind of motion in their neighborhood. In this paper
the periodic orbits studied are isolated in every energy level.

The averaging method transforms the problem of finding periodic solutions of a
differential system in finding zeros of some convenient finite dimensional function.
Once we have the zeros of that function we check the conditions under which the
averaging theory guarantees the existence of periodic orbits, and finally we estimate
the analytical shape of the periodic orbits in function of the energy. The main
results and statements of this research are the following theorem and preposition.

Theorem 1. At every fized energy level H = h with h > 0, the perturbed elliptic
oscillator Hamiltonian system (2) has at least

(a) Ten periodic orbits if h € (0,6/5);

(b) Twenty periodic orbits if h € (6/5,9/5) U (9/5,27/10) U (27/10,3],-
(¢) Twenty two periodic orbits if h € (3,6);

(d) Thirty two periodic orbits if h € (6,5 + 2v/6);

(e) Forty two periodic orbits if h € (5 + 2v/6, +00).

Theorem 1 is proved in section 3.

Proposition 2. The family of periodic orbits of system (2) generated by the zeros
(r*,a*, R*, B*) of the averaged function (fi1, f12, f13, f14) given in (13) at every



PERIODIC ORBITS OF PERTURBED ELLIPTIC OSCILLATORS IN 6D 3

fized energy level H = h > 0 are given by
x(t,e) = r*cost+ Oe),
V2h — r*2 — R*? cos(a* +t) + O(e),

y(t,e) =

t,e) = R*cos(f* +1t)+ Ofe),
):
)=

z
r*sint + O(e),

py(t,e msin(a* +1t)+ O(e),
p:(t,e) = R*sin(8* +t) + O(e).

Proposition 2 is proved at the end of section 3.

Dty €

(
(
(
(

2. THE AVERAGING THEORY OF FIRST ORDER
In this section we remember the main results of averaging theory that we shall
use for proving Theorem 1 .
We deal with the differential system
(3) X = eFy(t,x) + 2 Fy(t, x,¢), x(0) =xq
with x € D, where D is an open subset of R", ¢ > 0. Additionally we assume that

the functions F (¢,x) and Fy(¢,x,¢) are T—periodic in t. The averaged differential
system in D is defined as follows

(4) y=cfily), ¥y(0)=xo,
where

1 7
(5) hy) =7 /O Fi(t,y)dt.

Later on we see under convenient hypotheses that the equilibria solutions of the
averaged system will provide T'—periodic solutions of system (3).

Theorem 3. Consider the two initial value problems (3) and (4). Suppose that
(i) the functions Fy, OF;/0x, 0°F,/0x?, Fy and OF,/0x are defined, continu-
ous and bounded by a constant independent of € in [0,00)x D ande € (0,&0];
(ii) the functions Fy and Fy are T—periodic in t (T independent of ).
Then the following statements hold.
(a) If p, an equilibrium point of the averaged system (4), satisfies

of

y=p
then there is a T—periodic solution ¢(t,e) of system (3) such that (0,¢) —
pase— 0.

(b) If p, an equilibrium point of the averaged system (4), is hyperbolic then it
has the stability behavior of the Poincaré map associated to the periodic
solution p(t, ).

For a proof of Theorem 3, see Theorems 11.5 and 11.6 of Verhulst [10].

We proceed as follow, first we do some changes in the variables of the Hamiltonian
differential system (2) in order to write it into the normal form of system (3) to apply
the averaging theory. For doing that we use some generalized polar coordinates in
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RS. After, we need the periodicity of the differential system so we take an angle
coordinate as a new independent variable, instead of the time, ¢. Then, fixing the
energy level and omitting a redundant variable in every energy level, we will obtain
a differential system written in the normal form for applying the averaging theory
(Theorem 3). Finally we apply the averaging theory to prove the existence of some
isolated periodic solutions in every positive energy level.

3. PROOF OF THEOREM 1

The periodicity of the independent variable of the differential system is needed
to apply the averaging theory, so we change the Hamiltonian system (2) to a kind
of generalized polar coordinates (r,0, p, a, R, ) in RS defined by

x=rcos, y=pcos(d+a), z=Rcos(d+p),

(7) py =rsing, p, = psin(d +a), p.= Rsin(f + B),

where 7 > 0, p > 0and R > 0.
The first integral H in the new variables is
1
H= 5(,02 +r24+ R?) +¢ [rQ cos? 9(/)2 cos?(0 + a)
(1 — R2cos?(0 + B)) + R? cos®(0 + 6))
+p?R% cos?(0 + a) cos?(0 + ﬂ)} ,
and the equations of motion (2) become
7= 2resinfcosd [p2 cos?(0 + a) (R? cos?(0 + B) — 1)
2 cos?(0 + ,6’)}
6= —1+2ecos® [p2 cos?(0 + ) (R cos?(0 + B) — 1)
2 cos?(0 + ,6’)}
p= 2pesin(f+ a)cos(f + ) {R cos?( + B)(r? cos? 0 — 1)
—r2 cos? 0],
&= 6[00529(( — p?) cos?(0 + a) (R? cos2(6 + B) + R* — 2)
+2R? cos?(B + 9)) — 2R? cos?(0 + ) cos? (0 + ﬂ)} ,
R= 2Resin(f+ B)cos(d + B) [pz cos?(0 + a) (r cos?(0) — 1)
—r? COS2(9)],
B = s[ —2p? cos?(0 + a) cos?(0 + B) + 2 cos? 0
(p2 cos?(0 + o) + (r? — R?) cos?(0 + B) (p? cos*(0 + a) — 1))]

If we take the variable # as the new independent variable instead of ¢ in the
system (8), we obtain the necessary periodicity to have the system of equations of
motion in the normal form of the averaging theory. From now on the independent
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variable will be 6. Then the new differential system will have only five equations.
Expanding system (8) in Taylor series in € we have

' = —2resinfcosf [pQ cos?(0 + a) (R2 cos?(0 + B) — 1)
—R?cos?(0 + ﬁ)} + 0O(g?),

p'= —2pesin(f + a)cos(f + a) [R2 cos?(0 + B)(r? cos? 6 — 1)
—7? cos? 9} + 0O(g?),

o = ¢ {2R2 cos?(6 + a) cos?(0 + ) — cos? 0((1"2 — p?) cos?(0 + a)
(R2 cos2(0 + B) + R* — 2) +2R? cos?(0 + B) } +0(g?),

R' = —2Resin( + B) cos(d + B) {,02(7“2 cos?f —1)
cos?( + o) — r? cos? 9} + 0O(g?),

g = 2 [pQ cos?(0 + B) cos?(0 + a) — cos? 9(p2 cos?(0 + a)
H(r? — R?)(p? cos?(0 + a) — 1) cos?(0 + 5))} +O(2).

The prime denotes derivative with respect to the angle variable 6. System (9)
is 2m-periodic respect to the variable 6, i.e. it is written in the normal form (3) of
the averaging theory but we should fix the value of the first integral H = h with
h € R to make it ready for applying the averaging theory. Otherwise the Jacobian
(6) will be zero because the periodic orbits are non-isolated leaving on cylinders
parameterized by the energy, see for more details [1].

We fix the energy level and we solve H = h with respect to p, we get two
solutions, but we take only the one with physical meaning and we expanded it in
Taylor series in e

(10) p=+vV2h—r2—R2+0().
Since p > 0 we need that 2h — r?2 — R2 > 0.

Substituting p in system (9) we get the differential system written in the normal
form of the averaging theory

"= —2resinfcosb {cosz(G +a)(2h —r? — R?)(R?cos?(0 + ) — 1)
—R2 cos?(0 + B)} +0(e?),

o = 5[0052 9((}052(9 + a)(2h — 2r2 — R%)(R?cos2(6 + B) + R? — 2)
—2R%cos?(6 + ﬁ)) +2R? cos?(0 + o) cos? (0 + ﬁ)} + 0(£?),

(11) R = 2Resin(0+ B)cos(0 + B) [7’2 cos? 0 — cos?(0 + a)(2h — r? — R?)

(r? cos 6% — 1)} + O(e?),

B = 2 [(R2 + 12 — 2h) cos? O cos?(0 + a) — cos?(0 + )
((R2 —712)cos? 0 — (r2 + R? — 2h)((r* — R?)cos®0 — 1)
cos?(0 + a))} + O(g?).
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Following the notation of the averaging theory given in section 2, the function
Fy = (Fu1, Fia, Fig, Fia) of (3) is

Fi; = 2rsinfcosf [(Qh — 7%= R*)(1— R?cos?(0 + B))
cos?(0 + o) + R? cos?(0 + ,8)} ,

Fio = 2R?cos?(0 + ) cos?(0 + B) — cos? 0 [0082(9 + a)
(—2h + 2r? + R?)(R?cos2(0 + ) + R* — 2)

+2R? cos?(0 + 6)}

" Fiz= 2Rsin(0+ B)cos(0 + B) | cos®(0 + o) (2h — r* — R?)

(1 —7r2cos? ) +r2cos? 0|,

Fiy= 2cos?(6+B) [(Qh — 72— R?) —2cos?(0 + )
(1 —cos? ) — (r? — R?) cos? 9((2h —r? - R?) — 1)
cos?(6 + a)},

where Fi; = Fy;(0,r,a, R, B) for j =1,2,3,4.
From (5) and (12) we calculate the averaged function f1 = (fi1, fi2, fi3, f14)
and we obtain

fi1 = %7‘{(2 — R%)(R? + r? — 2h) sin 20 — R2(R? + 12 — 2h + 2)

sin 25},

é [(zh _ 272 _ R?) (2R2 cos a cos(a — 28) + (R? — 2) cos 2a)
+4R(R? - 2) — 2(2r2(R2 —2)+ R4) +2R2(cos 2(a — B) + 2)
—2R? cos 25} ,

12

fiz= éR{@ —r?)(=2h +1? + R*)sin2(a — f)
+72(=2h +r?% + R? 4 2)sin 26] ,

é [(TQ — R?* = 2)cos2(a — B)(—2h + 12 4+ R*)+

cos2a(r? — R? + 2)(—2h +r? + R?)+
(r? — R?)(=2h + 12 + R? 4+ 2)(cos 23 + 2)} ,
where f1;, = f1,(r,o, R, ) for j =1,2,3,4.
According to Theorem 3 our objective is to find the zeros S* = (r*, a*, R*, 8*)

Jf1a

of
(13) fli(T7a7R7B):0 fOI"L.:1,2,3,47

and after we must check that the Jacobian determinant (6) evaluated at these zeros
are nonzero. Note that in all numerical calculations the numerical value h, the
energy, is treated as a parameter.

Solving f11(r,a, R, ) = 0 we obtain three cases:
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(a) r=0;
b) T\/(2h—R2)(2—R2)sin2a+R2(2—2h+R2)sin25

2sin 2 — R?%(sin 2 + sin 2a)

if 2sin2a — R%(sin 23 + sin 2a) # 0;

(c) 2sin2a — R?(sin 2/ + sin 2a) = 0.
Case 1: r = 0. Substituting r in f12, fi3 and f14 we have
1
f1200,, R, B) = 3 [(Qh — R?) (2R2 cos avcos(a — 283) + (R? — 2)(2 + cos 2a)>
—4R? sin asin(a — 2ﬁ)} ,

Fi5(0,0, R, B) = iR(RQ — 2h)sin2(a — B),

Fia(0, 0 R, B) = % [(2h — B2)(B2 — 2) cos 20+ (2h — B)(2 + R?) cos 2o — )

—R%(2 — 2h + R?)(2 + cos 25)]
Solving f13(0,, R, ) = 0 we obtain three subcases: R = 0, R = V2h, a =
B+ %T with k € Z.

Subcase 1.1: R =0, f12 and f14 become
h
f12(0,,0,8) = —5(2 + cos 2a),

f14(0,,0,8) =  hsin(2a — 3) sin 3.

The system f12 = fi4 = 0 has no solution in this subcase. The averaging theory
does not give results.

Subcase 1.2: R = v/2h, Then fi5 and f14 become
f12(0, 0, vV2h, 8) = —hsin(a — 28) sin«,

h
f14(07a7 \/2h,6> = —5(2+COS25)
As in the previous case, the averaging theory does not give information.
k
Subcase 1.3: a = [+ % with k € Z. Due to the periodicity of the cosinus and
the sinus we study two subcases, either (k=0 and k = 2) or (k =1 and k = 3).

Subcase 1.3.1: Assume that either kK = 0 or k = 2, i.e. either @« = 8 or
a =+ . Then

f12(0,a, R, 8) = = [6(h+1)R? — 2cos26(R* — 2h(R? — 1)) — 8h — 3R*],

O | = 0O =

f14(0,a, R, 8) = = [6(h — 1)R? — 2cos 26(R* — 2h(R? — 1)) + 4h — 3R*].

. 3 1
Solving fi12 = f14 = 0 we obtain R = Vh and 8= i§ arccos m

R in formula (10): p = v2h — r2 — RZ, we get p = V/h.

. Substituting
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Supposing that

2—3h
14 h>0 and L————‘ 1,
(14) >0 an 2 —2) <
. . 6
which is equivalent to 0 < h < 3

System (13) has four zeros S* = (*,a*, R*, 3*) with p = v/h given by

1 2 — 1 2—3h
) Sio= O,i§ arccos ———— 20— 2) AV, :l:2arccos 2(h—2)>’
. 1 2 3h 1 2 3h
5374 = 07Zl:§ arccos m,\/ﬁ,ii arCCOSm +7T>,

which reduce to two solutions if A > 0 and ‘2 ’ =

Now we check if the Jacobian of f; evaluated at these solutions is different from
zero. By definition the Jacobian is

Ofir Ofin Ofun Ofu
or e OR ap

O0fi2 0fi2 Ofi2 Of12
or Oa OR ap
T = [Prarsfi(87)] = O0fis O0fis 0fis 0fiz
or oo’ OR ap
Ofia Ofia Ofia  Ofa
or Oa OR ap

(r,o,R,B3)=S*

3
If (14) hold, then Jy (s« # 0 and the four solutions (15) of system (13) can
provide four periodic solutions of differential system (11). However, going back from
the differential system (11) to the differential system (2) and using the Proposition
2 we obtain only two different periodic orbits S} and S3, because S} and S5 are
in the same family of periodic orbits as well as S5 and S}. Note that these two
6
solutions exist for h € (0, 7) and they constituted two of the six periodic orbits

mentioned in (a) of Theorem 1.

Subcase 1.3.2: Assume that either £ = 1 or k = 3, i.e. either « = 8+ g or

a=p+ 3% Then
f12(0,0, R, B8) = —[—=8h+2(14h)R? — R* + 4(h — R*)cos 23],

f14(0, 0, R, B) = [ —4h +2(=1+ h)R? — R* + 4(h — R?) cos 26].

| = 0o =

Solving fi2 = fi4 = 0 we do not have solutions. Therefore the averaging theory
does not give information.
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Case 2: 7 — (2h — R?)(2 — R?) sin.2a + R?(2 - 2h + R?)sin 23 under the
(2 — R?)sin2a — R?sin 28
condition D = 2sin 2a — R?(sin 2« + sin 23) # 0.

We cannot study this general case due to the difficulty of the calculations and
to the huge expressions obtained when replacing r in fio, f13, f14, but from the
expression of D we can study the following two particular subcases, either (2 —
R%*)sin2a = 0 and R?sin283 # 0 or (2 — R?)sin2a # 0 and R%sin28 = 0.

Subcase 2.1: (2 — R?)sin2a = 0 and R%sin23 # 0.
Subcase 2.1.1: R = /2 and R?sin2asin2f # 0. Replacing R in r we get
r = /2(h — 2) then substituting R and r in formula (10): p = V2h — R* — r2 we

2

g(h — 3)sin2(a — §). When
f13 = 0, we have either a = § + % with m € Z or h = 3. Due to the periodicity
of the cosinus we study the subcases m = 0 and m = 2, and the subcases m = 1
and m = 3 together.

get p = v/2. Substituting r in fi3 we obtain fi3 =

Subcase 2.1.1.1: either m = 0 or m = 2 i.e. either « = f or a = § + 7.
Replacing « in f12 and f14 we get

1
fi2 = —5[(h—4)—i—(h—2)cos2ﬁ]7
1
f14= —5[(}1—4)4‘(]’),—2)(30526]
. 4—h
Solv1ngf12=f14=0vveget5:iarccosh72.
With the condition
4—h
(16) h>0, h—2>0 and ‘m’a,

which is equivalent to h > 3, system (13) has four zeros S* = (r*, o*, R*, 8*) with
p = /2 given by

1 4—h 1 4—h
Sty = 2(h —2), :|:§ arccos 7o V2, 4+~ arccos ) ,

2 2 h—2

(17)
1 4—h 1 4—h
S§’4: \/2(h—2),i§ arccosH,\/i,iQarccosh_2—|—7T>,

4—h
Ifh>0,h—2>0and ’m’ = 1i.e. h =3 we have only two zeros.
The Jacobian evaluated on these solutions is J¢, (g+) = 8(h — 3)3.

We conclude that if (16) hold we get Jy, (s+) # 0 and the four solutions (17) of
system (13) can provide four periodic solutions of differential system (11). Never-
theless, going back to the differential system (2) and using the Proposition 2 we
obtain only two different periodic orbits S} and S5 since ST and S5 are in the same
family of periodic orbits as well as S5 and S}. These two periodic orbits exits for
h > 3 and they constituted two of the ten periodic orbits cited in (¢) of Theorem
1.
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Subcase 2.1.1.2: Assume that either m = 1 and m = 3, i.e. either « = 8 + g

ora:ﬁ+3§. Then

f12

[(h—4) = (h—2)cos 28],

— N

fia = 5[(h74)+(h72)0032,8].

The averaging theory does not give information because solving fio = f14 = 0, we
do not obtain any solutions.

Subcase 2.1.1.3: h =3, sin2(a — 3) # 0 and R?sin28 # 0. We obtain r = /2
and R = v/2 and fi2 and fi4 become

fi2 = —sinasin(a — 20),
fia = sinBsin(2a — B).

Solving f12 = f14 = 0 with respect to (a, ) we obtain eight solutions. System
(13) has eight zeros S* = (r*,a*, R*, 3*) with p = /2 given by

2
ST: \/ia_;a\/iv_ﬂ->v

2 2
S;: ﬁa_;7ﬂ7;>v

2
S;:: \/ia_zyﬁa_j )
3 3
SZ: \/ia_za\/ivz )
3 3
(18)
7 s
S* = 2 P 27_7 )
° vz 3 v2 3
2
ng \/§7z7\/§71 )
3 3
2 2
S;: \/iai,\/i7 1 P
3 3
2
ng \/57771-7\/57z )
3 3
. . . 81
The Jacobian evaluated at these eight solutions J¢, (g+) = 16 #0.

Despite the eight solutions (18) of system (13) which can provide eight periodic
solutions of differential system (11), we have only four different periodic orbits ST,
S5, S3 and S}. Because going back to the differential system (2) and using the
Proposition 2 we get that S and S§ are in the same family of periodic orbits as
well as S5 and 57, S5 and Sg, S} and S5.

l
Subcase 2.1.2: a = g with [ € Z and (2 — R?)R?sin23 # 0. Due to the

periodicity of the cosinus and sinus we study the subcases [ = 0 and | = 2, and the
subcases [ = 1 and [ = 3 together.
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Subcase 2.1.2.1: either [ =0 or I = 2. i.e. either & = 0 or a = 7. Substituting
1
« in r we have r = v/2h — 2 — R2. Replacing r and « in f13 we get fi3 = ZR(4 —

2h + R?)sin2B. Solving fi3 = 0 we get R = \/2h — 4 because by hypothesis
R?sin283 # 0. Then p = v/2. So replacing r and R in fio, f14 we get

f12: Oa
fua = —%[h—4+(h—2)cos26].

4—-h
h—2

1
Solving fi14 = 0 we have 8 = :t§ arccos
Assuming that
4—h
(19) h>0, h—2>0 and ‘m’a,

which is equivalent to h > 3.
Then system (13) has four zeros S* = (r*, a*, R*, *) with p = v/2 given by

*
51,2

1 4—h
V2,0,v/2h — 4,:&5 arccos N ),
4 —

(20)
1
S34= \/ivﬂ,\/m,iQarccosh_2>,

>

The Jacobian evaluated on these solutions Jy, (s« = 8(h — 3)2.

When (19) hold we have Jy, (g+) # 0 and the four solutions (20) of system (13)
can provide four periodic solutions of differential system (11). But going back to the
differential system (2) and by the Proposition 2 we get only two different periodic
orbits ST and 53 since ST and S5 are in the same family of periodic orbits likewise
S3 and S}. So for h > 3 adding these two new periodic orbits to the two ones found
in the subcase 2.1.1.1, we obtain four periodic orbits of the ten periodic orbits cited
in (¢) of Theorem 1.

Subcase 2.1.2.2: [ = 0and [l = 3. ie. a = g and a = 3% Replacing
o in r we get r = v/2h — 2 — R2. Substituting r and « in fi3 we obtain fi3 =
1
_1R<4 — 2h + R?)sin28. Solving fi3 = 0 we have R = \/2h — 4 because by

hypothesis Rsin23 # 0. Then we get 7 = /2 and p = V2. fi2 and fi4 become
fiz= (2 h)cos2B,
1
f14 = —§[h—4+(h—2)C0826].

Solving f12 = fi14 = 0 we do not have solutions for 3. The averaging theory does
not give information.

Subcase 2.1.3: sin2a =0, (2 — R?) = 0 and R%sin2f3 # 0.

Subcase 2.1.3.1: Eithera =0 or a = 7 and R = v/2. Replacing o and R = V2

2
in r we get r = +/2h — 4. Substituting r in f13 we obtain fi3 = fg(h —3)sin2p.
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Solving fi13 = 0 we have h = 3 because sin 23 # 0. fi2, f14 become
fiz= (3 —"h)cos28,
Jia = —%[h—2+(h—4)cos26].
System f12 = f14 = 0 does not give solutions for 5.
Subcase 2.1.3.2: Either o = g or a = 3% and R = V2. Substituting «
and R = /2 in r we obtain » = /2h — 4. Replacing 7 in fi3 we have fi3 =

2
fg(h —3)sin2f. Solving f13 = 0 we have h = 3 because sin2 # 0.

fiz = —cos2p,
1
fia= §[h—2+(h—4)cos26].
System f12 = f14 = 0 does not provide solutions for 5.

Subcase 2.2: (2 — R?)sin2a # 0 and R?sin2j3 = 0.
Subcase 2.2.1: R =0, sin28 # 0 and (R? — 2)sin2a # 0. Then r = v/2h and

f12 = g(? + cos 20{),
h
f1a = 5(2+COS25).

The system f12 = f14 = 0 does not have solutions. The averaging theory does give
information.

Subcase 2.2.2: R # 0, sin28 = 0 and (R? — 2)sin2a # 0. Because of the
periodicity of the sinus and the cosinus we study g = k%r for k =0and k = 2
together and for £k = 1 and k = 3 together.

Subcase 2.2.2.1: either k =0 or k = 2, i.e. either =0 or § = 7. So we have

r =+v2h — R? and

1
fu= 3 [Sh — 6(1+ h)R? + 3R* + 2(R* — 2h(R? — 1)) cos 264,
fis= 0,
3
f14 - i(h - R?)
Solving fi4 = 0 we obtain R = v/h then p = 0. Replacing R in fi» and solving
2—3h
fi2 = 0 we have a = + arccos m
If
2—-3h
. 28y
(21) h>0 and 20 —2) <

which is equivalent to 0 < h < g
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System (13) has four zeros S* = (r*, o*, R*, 8*) with p = 0 given by

1 2 —3h
1o = Vh, £= arccos ———— V/h, O) ,

2 2(h—2)
(22)
S3, = vh ilarccosﬂ Vh,
3,4 — ) 9 Q(h— 2)7 ) )

which reduce to two solutions if h > 0 and ‘2 ’ =

The Jacobian read Jy, (g+) = —G%h‘l(h +2)(5h — 6).

If (21) hold, then Jy (s+y # 0 and the four solutions (22) of system (13) can
provide four periodic solutions of differential system (11). However going back to
the differential system (2) and by the Proposition 2 we obtain only two different
periodic orbits ST and S3 which they formed with the two ones find in the subcase
1.3.1, four periodic orbits of the ten mentioned in (a) of Theorem 1.

3
Subcase 2.2.2.2: either £k =1 or k = 3. i.e. either g = g or = g Then
=+/2h — R? and

1
g = g[gh_2(1+h)1~22+1-24+4(h—1~22)cos2a},
fiz= 0,

1 2
f14: §(h7R>

h
Solving fi4 = 0 we get R = v/h. Replacing R in fi, we have fio = §(6 —h) =
constant. The Jacobian will be zero and the averaging theory does not give results.
Subcase 2.2.2.3.1: R =0, 8 =0 and (R? — 2)sin2a # 0. We have r = v/2h
and

h
f12 = 5(2 + cos 2a),

3h

f14: 7

We have f14 = constant. The Jacobian will be zero and the averaging theory does
not give results.

Subcase 2.2.2.3.2: R=0, f = g and (R? — 2)sin2a # 0. So r = v2h and

fizo= =(2+ cos2a),

fia=

As in the anterior subcase fi4 = constant. The Jacobian will be zero and the
averaging theory does not give information.

Case 3: D = 2sin2a — R?(sin 2a + sin23) = 0.
Subcase 3.1: sin2a + sin 25 # 0. Then solving D = 0 we have

NSRS Nl Iy
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2sin 2
R = HM' The new averaged function fi = (fi1, fi2, fi3, f14)

becomes
fin = rsin 2a:8in 25
11 — 4(COSO[SiIlOl +COS,BSiH6)’
1
) in 28 ((h = r? + 1) sin(da — 26) + 2(h — 1
frz 4(sin 2 + sin 23)2 [Sm Bl ( r? 4+ 1) sin(4da — 28) + 2(h — r?)

sin2(a — ) + sin20( — 2cos 28 — 3h + 3r% + 3)) + sin2a< —2sina
cos(a +28) + (h — r?) sin(da — 28) + (2h — 2r? — 3) sin 2(a — ﬂ))

+(—3h+3r? +1)sin’ 25],

i = \/16( sin v cos [(2 — ) sin2(a — ) (7.2 —oh+ M)

sin 2« + sin 23) sin 2« + sin 23)
2sin 2«
2gin 2 (2—2h 2 —)
+rsin2f tr +sin2a—|—sin25 ’
1 2sin 2« 2sin 2a
= = 2 — 2977 V2 -2h+ —""
S 8 [COS (o 'B)(T sin2a+sin26)(T * sin2a+sin26>
2sin 2« 2sin 2«
202412 - ————  V(r2—2h+ ———
+cos a( tr sin2a—|—sin2ﬂ)(r +sin2a+sin26)
2sin 2« 2sin 2«
2 2 2 . T\ (2-2h 2y ———— ).
(24 cos ﬁ)(r sin2a+sin26)( +r +sin2a+sin2ﬂ)

k
Solving f1; = 0 we obtain three main subcases: r = 0 (studied in case 1), a = ?ﬂ

witthZandB:%WithmEZ.

k
Subcase 3.1.1: @ = = with k € Z. Due to the periodicity of the cosinus and

sinus we study the subcases £ = 0 and k& = 2, and the subcases k =1 and k = 3
together.

Subcase 3.1.1.1: either k = 0 or k = 2. i.e. either &« = 0 or & = 7. Substituting
a in f1o we have fio = —g(h —r2). Solving fi2 = 0 we obtain 7 = v/h. Replacing

1 2—3h
r in fi4 and solving fi4 = 0 we get § = i§ arccos 2h—2) Then R = 0 and
p=Vh.
Supposing
2—3h
23 h>0 and Sl <1,
(23) >0 an 50— 2) <

which is equivalent to 0 < h < g
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System (13) has four zeros S* = (r*,a*, R*, 3*) with p = v/h given by

. 1 2 3h
51,2 = \/E,0,0,Zté arccos 2(}1—2))’
(24)

. 1 2 —3h
S34= Vh,m,0, ii arccos M) ;

which reduce to two solutions if h > 0 and ‘27' =1.

The Jacobian evaluated on these solutions J, (g-) = f%h‘l(h +2)(5h — 6).
When (23) hold, J¢, (s+) # 0 and the four solutions (24) of system (13) provide
only two periodic solutions of differential system (11) because when R = 0 the two
6
solutions of f provide the same initial conditions in (7). Then when 0 < h < —

we obtained two new periodic orbits which they formed with the four ones find
in the subcases 1.3.1 and 2.2.2.1 six of the ten periodic orbits mentioned in (a) of
Theorem (1).

3
Subcase 3.1.1.2: either £ = 1 or £ = 3. ie. either a = g or a = g
1
Substituting « in f12 we obtain fi5 = 5(7“2 — h). Solving fi» = 0 we get r = vV/h.
h
Replacing 7 in f14 we have f14 = ——(h —6) = constant. The Jacobian will be zero

and the averaging theory does not give results.

Subcase 3.1.2: § = % with m € Z. Due to the periodicity of the cosinus and
sinus we study the subcases m = 0 and m = 2, and the subcases m = 1 and m = 3
together.

Subcase 3.1.2.1: either m = 0 or m = 2. ie. either § = 0 or § =

V2

Substituting £ in fi3 we get fi3 = —?(r —2)(r? + 2 — 2h)sin2a. Solving

f13 = 0 under the hypothesis sin 2a + sin 23 # 0 we get two subcases r = v/2 and
r=+2h—2.

Subcase 3.1.2.1.1: r = /2. Replacing r in fi5 and solving fi2 = 0 we obtain
. Then we get R = V2 and p=+v2h—4.

With the Condltlon

o = + arccos

4—h
h—2
which is equivalent to h > 3, system (13) has four zeros S* = (r*, o*, R*, 5*) with

= +/2h — 4 given by

(25) h>0, h—2>0 and ‘ ’<L

4 —
Si’:2: \f iarccosh g,\f O)
(26)
4—h
S§,4: f j:arccosh 5 \f w)

which reduce to two solutions if A > 0, h — 2 > 0 and ‘ ‘ =1.
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The Jacobian evaluated on these solutions is Jy, (g+) = 8(h — 3)3.
If (25) hold, then Jy (g+y # 0 and the four solutions (26) of system (13) can
provide four periodic solutions of differential system (11). But going back to the

differential system (2) and using the Proposition 2 we have only two different peri-
odic orbits S} and S3.

3
Subcase 3.1.2.1.2: r = v/2h — 2. Substituting r in f14 we have f14 = §(h—2):

constant. The Jacobian will be zero and the averaging theory does not give results.

3
Subcase 3.1.2.2: either m=1orm=3,ie. = g and 8 = g Replacing S
V2

in fi3 we have fi3 = ?( 2 —2)(r? — 2h + 2) sin 2a. Solving f13 = 0 we get either

r=+2orr=+2h-2.

Subcase 3.1.2.2.1: r = v/2. Then

Ji2 = %(4*]17 (h72)c032a),
fia= —(h—2)cos2a.

fi2 = f14 = 0 does not have solution. So the averaging theory is not available.

1
Subcase 3.1.2.2.2: r = /2h —2. We have fi; = i(h — 2)= constant. The

averaging theory does not give results.

Subcase 3.2: sin2a+sin23 = 0. Solving D = 2sin 2a— R?(sin 2a+sin 28) = 0
Weobtaina:%WithmeZandﬁzgwithneZ.

Subcase 3.2.1: For the values of («, 5) = (0,0), (7, 7), (0,7), (7,0) we have

1
fiz = g(2h —2r?2 — R?)(5R? — 6),

1
fia = g(ﬁ — R?)(5R* 4 5r* — 10h + 6).

Solving fi12 = f14 = 0 we obtain four pairs of (r, R) :,

6 2(bh — 6 6
When ™ = \/;7 Rl = % then p1 = \/;

Assuming that

(27) h>0 and 5h—6>0,
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6
which is equivalent to h > 5

6
p1 = \/; given by

JTpi(se) =

15625

17

system (13) has four zeros S* = (r*, a*, R*, *) with

The Jacobian evaluated at these solutions is
36

——_(5h — 9)%(5h — 6)(10h — 27).

Under the assumption (27), we get Jy, (s«) # 0. Therefore the four zeros (28) of
system (13) provide four periodic solutions of differential system (11).

[2h [2h
If ro = g,RQZ gwehavepgz

If
(29)

2h

3

h >0,

2h
system (13) has four zeros S* = (r*, a*, R*, 8*) with ps = ,/? given by

[2h
0,4/ —=,0
) 37 )7

S*l

(30)

Si

2h
30
2h
ER
2h
30
2h
ER

2h

0, ?, s
2h
—,0

T, 3
2h

,

?a

The Jacobian evaluated at these solutions is

Tri(s%) =

4

729

L (h—3)2(5h — 9)2.

If (5h —9)(h —3) # 0 and (29) hold. The set of conditions on the energy level h is
not empty because for h = 1 it satisfy it. Then Jy, (g+) # 0 and the four solutions
(30) of system (13) provide four periodic solutions of differential system (11). Then
for h > 0, h # 3, and h # 9/5 we obtained four periodic orbits which they formed
with the six ones obtained from the subcases 1.3.1, 2.2.2.1, 3.1.1.1 the ten periodic

orbits mentioned in

) of Theorem 1 .

When r3 = \/7 Rs = \/7we obtain ps =

2(h—6)
5
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Assuming that
(31) h>0 and 5h—6>0,

6
which is equivalent to h > E then system (13) has four zeros S* = (r*,a*, R*, 8*)

2(5h —
with p3 = w given by
6 6
ST = —,0,4/=,0
1 \/;7 a\/;v )7
6 6
S*: — —
i= (Vi)
(32)

. 6 6

S?)* \/;77(7\/;30 )
6 6

SZ: \/;’ﬂ.?\/;7ﬂ->7

The Jacobian evaluated on these solutions

36
Jrs = ~Trags (Bh = 9)*(5h — 6)(10h — 27).

If (5h —9)(10h — 27) # 0 and (31) hold. The set of conditions on the energy level
h is not empty because for h = 3/2 it satisfy it. Then Jy s+ # 0 and the four
solutions (32) of system (13) provide four periodic solutions of differential system
(11).

2(5h —
Finally lf T4 = w, R4 = \/E we get pPa = \/E

Assuming that
(33) h>0 and 5h—6>0,

which is equivalent to h > g, then system (13) has four zeros S* = (r*, a*, R*, 5*)

with py = \/E given by

5 = /<h5>ﬁ)
s /2(5h5—6)’0’\/§’7r ’
S5 = \/72(5}15_6),7r7\/§,0 ,
Sy \/2(5}156),7r,\/§,7r>,

The Jacobian evaluated at these solutions is

36
Tnis) = ~ 15625

(34)

(5h — 9)2(5h — 6)(10h — 27).
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If (5h —9)(10h — 27) # 0 and (33) hold. The set of conditions on the energy level
h is not empty because for h = 3/2 it satisfy it. Then Jy s+ # 0 and the four

solutions (34) of system (13) provide four periodic solutions of differential system
(11).

Subcase 3.2.2: If (o, 3) = (0, g), (0, ?), (m, =), (m, 3%) we get
1
f12 = §(2h — 27“2 — R2)(R2 - 6),

1
fu= 3 (*+ 612 = 2012 + 2B2(1 + h) — R - 8h).
Solving fi12 = f14 = 0 we obtain four pairs of (r, R) :,

_ 2 _ _ 2 _
Whenrl—\/1+h Vh 10h+17R1: 2(2h — 14+ vh2 —10h + 1)

- 3 3 we
get p1 = 1.
If
(35) h>0, 1+h—+vh2—10h+1>0, h>—10h+1>0,

and 2h—1++hZ—10h+1 >0,

which is equivalent to h > 5 + 2v/6, then system (13) has four zeros S* = (r*, a*,
1+h—+vVh?2—-10h+1
R*,8*) with p; = \/ + 3 +

G \/1+h—\/h2—10h+1O\/2(2h—1+\/h2—10h+1) ™
1 — » YUy

given by

3 3 2 )
) 1+h— V2 _10h+1 _ [22h—1+VEZ_10h+1) 3«
S; = 3 ,0, 3 cuE

(36) > >

. 1+h—vhZ—10h+1 202h —1+VhZ—10h+1) =
53: 3 5, Ty 3 75 )
. 1+h— VA 10kt 1 22h — 1+ VA2 —10h + 1) 3
S4: 3 , T, 3 77 9

The Jacobian is

Vh2 —10h + 1
Jp(s7) = W(l +h—+vh2—10h +1)%(5—h+ vh2 — 10h + 1)

(2h — 10 + VAZ — 10h + 1)(2h — 1+ Vh® — 10h + 1)
(h%+17h — 14 + (14 — h)VhZ — 10h + 1).

The Jy, (s+) does not vanish for h # 5+2v/6. Therefore with the condition (35), the
four solutions (36) of system (13) can provide four periodic solutions of differential
system (11). Although, going back to the differential system (2) and using the
Proposition 2 we obtain only two different periodic orbits S} and S53.

1+h+vh?—-10h+1 2(2h —1—+h%2 —10h +1
IngZ\/++ 3 +,R2:\/( 3 +1)

then we

obtain ps = 7a.
With the condition

h>0, 1+h+vVh2—10h+1>0, h2—10h+1>0,

(37) and 2h—1—+Vh%2—-10h+1>0,
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which is equivalent to h > 5 4 2v/6, system (13) provide four zeros S* = (r*,a*,

1+h+vh2 —10h
R*, B*) Withpzz\/ tht 3 +1 given by
G _ \/1+h+\/h2—10h+1 0 J22h—1- V2 —10h+1) «
te 3 Y 3 "2
§ \/1+h+\/h210h+ \/ (2h—1—VhZ—10h + 1) 3
52: s o |0
3 2
(38)
g \/ h—i—\/h?—th—i— \/ 22h—1- VA2 —10h +1) ©
3 — 3 72 9
§ \/1+h+\/h210h+ \/ 2h717\/h2710h+1) 37
54: )
3 2
The Jacobian is
VhZ = 10h
s = _T+(1+h+\/h2—10h+ 12(h — 5+ VA2 — 10k + 1)

(10 —2h +vh? —10h +1)(2h — 1 — Vh? —10h + 1)

(h? +17h — 14 + (h — 14)v/h2 — 10h + 1).
For h # 5+ 26, Jy, (s+) does not vanish. Then with the condition (37), the
four solutions (38) of system (13) can provide four periodic solutions of differential

system (11). Nevertheless, going back to the differential system (2) and using the
Proposition 2 we obtain only two different periodic orbits S} and S3.

When r3 = \/h—3— Vh2Z —10h + 33 and Ry = /6, then we get
ps = Vh — 3+ VhZ —10h + 33.

Assuming

h>0, h—3—vVhZ—10h+33>0, h2—10h+33>0,
and h—3—+h2—10h+33 >0,

which is equivalent to A > 6. Then system (13) provide four zeros S* = (r*, a*, R*, 5*)

with ps = Vh — 3 + VA2 — 10h + 33 given by
St = \/h—S—\/h2—10h+33,0,\/€,g>,

(39)

S;= (Vh-3-VhZ— 10h+33,0,\/6,327T>,
(40)

St = \/h—3—\/h2—10h+33,7r,\/5,72r>,

3
Si= \/h3\/h210h+33,7r,\/6‘,27r>,

The Jacobian is

Jf(s7) = g(h —6)(h* — 10k + 33)(3 — h + v/h? — 10h + 33)
(h =3+ Vh? —10h + 33).

For h # 6 the Jacobian does not vanish. So with the condition (39) we get J¢, (g+) #
0, therefore the four solutions (40) of system (13) can provide four periodic solutions
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of differential system (11). But, going back to the differential system (2) and using
the Proposition 2 we obtain only two different periodic orbits S and S3.

f 7, = Vh — 3+ A2 — 10h + 33 and Ry = v/6, we have
ps = Vh—3—+hZ—10h + 33.

Supposing

h>0, h—3—+vh?>—10h+33>0, h*—10h+33>0,

(41) and h—3++vh?—10h+33 >0,

which is equivalent to A > 6. Then system (13) provide four zeros S* = (r*, a*, R*, 5*)

with ps = V/h — 3 — VhZ — 10h + 33 given by

St = \/h—3+\/h2—10h+33,07\/5,727>,

3
Sp = \/h—3+ h2—10h+33,07\/6,27r>7

Si= [Vh-3+ h2—10h+33,7r,\/5,g>a

Sr = \/h—3+\/h2—10h+33,7r,\/6,327r>,

The Jacobian is

Thise = ;(h —6)(h2 — 10h + 33)(3 — h+ /AT — 10% + 33)
(h — 3+ A% — 10% + 33).

If h # 6 we have Jy (g5+) # 0. The condition (41) guarantees the fact that
Jf (s+y # 0. Moreover the four solutions (42) of system (13) can provide four
periodic solutions of differential system (11). However, going back to the differen-

tial system (2) and using the Proposition 2 we obtain only two different periodic
orbits ST and S5.

Subcase 3.2.3: If (o, ) = (%,0), (3777,0)7 (g,w), (3%,%) then fi2, f14 become
fi2 = J(R‘* —2R?*(h—1—1%) —4r? + 4h>,
8
1
fia= é(r2 — R?)(R*+1r? —2h +6).

Solving fi12 = f14 = 0 we obtain four pairs of solutions (r, R),
1+h—+vh?—-10h+1 2(2h — 1+ +vh?2 —10h +1
T1:R1:\/+ 3 i andplz\/( + 3 +)

Whenever

h>0, 1+h—+vh?—10h+1>0, h®—10h+1>0

4
(43) and 2h —1+4++vh? —10h+1 > 0,
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which is equivalent to h > 5 + 2/6, then system (13) has four zeros
2(2h —1 h? —10h +1
S* = (., B*, 6 with py :\/ ( +\/3 +1)

G _ \/1+h—\/h2—10h+1 w\/1+h—\/h2—10h+10
1 — ) )
2

given by

3 3 ’
. 1+h—+vh?—10h+1 37 1+h—+vh?—-10h+1
SQZ 3 7?7 3 70 ’

(44) = >

. l+h—Vh2—10h+1 7 [1+h—VEZ—10h+1
53: 3 757 3 T
. 1+h—+vh?—10h+1 37 1+h—+vh?—-10h+1
54: 3 7?7 3 y T

The Jacobian is

1+ h— VAZ = 10h +1)2
T = U o U7 (9 — 10 + VAT = T0h 7 1)(56 — 596k

1749
+413h2% — Th® 4+ 7Th* — h® — 56vh2 — 10h + 1 + 316hAvVh2 — 10h + 1
+9h%V/h2 — 10h + 1 — 2h3Vh2 — 10h + 1 + h*V/h2 — 10h + 1).

The Jy, (s+) does not vanish for h # 5+ 2v/6. Therefore with the condition (43),
the four zeros (44) of system (13) can provide four periodic solutions of differential
system (11). But, going back to the differential system (2) and using the Proposition
2 we obtain only two different periodic orbits ST and S5.

1+h+vh?—10h+1 2(2h —1—+vh? —10h + 1)
3 then ps = 3

rog = Ry =
With the condition

h>0, 1+h++vhZ—-10h+1>0, h>—10h+1>0
and 2h—1—+vh2—10h +1 >0,

which is equivalent to i > 5+ 2v/6, system (13) provide four zeros S* = (r*, a*,
2(2h — 1 —+h%2 —10h +1
R, 8) with py = \/ ( h}) + 1)

G \/1+h+\/h210h+1 ™ \/1+h+\/h210h+1 0
757 ’

(45)

given by

1=

3 3 ’
. 1+h++vVh?—-10h+1 3x 1+h++vh?—10h+1
%= 3 X 3 0
(46) > =
. 1+h+vVh?—=10h+1 = 1+h++vVh?—10h+1
S3: 3 757 3 T,
o \/1+h+\/h2—10h+1 37 \/1+h+\/h2—10h+1 )
4 = Y o ) T,
3 2 3

The Jacobian evaluated at theses solutions is

1 VRZ 10k ¥ 1)?
T = —QthEVh - 0+ 1) (9h — 10 — A7 —T0R +1)(56 — 596h

1749
+413h% — 7h® + 7Th* — h® +56vh2 — 10h + 1 — 316hv/h2 — 10h + 1
—9h%V/h2 —10h + 1+ 2h3Vh2 —10h + 1 — h*Vh2 — 10h + 1).
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For h # 5+ 26, Jf, (s+) does not vanish. Then with the condition (45), the
four solutions (46) of system (13) can provide four periodic solutions of differential
system (11). Although, going back to the differential system (2) and using the
Proposition 2 we obtain only two different periodic orbits S} and 53.

When 73 = Vh — 3+ vVhZ — 10h + 33 and R3 = Vh — 3 — vVhZ — 10h + 33 we

have p3 = v/6.
Assuming
(47) h>0, h—3++vh?—10h+33>0, h—3—-+vh?>—-10h+33>0

and h2—10h+33 >0,

which is equivalent to h > 6. Therefore system (13) provide four zeros S* =
(r*,a*, R*, B*) with p3 = /6 given by

Si= (Vh-3+ h2710h+33,g,\/h—3— h210h+33,0>7

Si= (Vh-3+ h2—10h+33,3§,\/h—3— h2—10h+33,0>,
(48)

S;= (Vh-3+ h2710h+33,g,\/h—3— h210h+3377r>,

3
Si = \/h—3+\/h2—10h+33,2777\/h—3—\/h2—10h+33,7r>,

The Jacobian is

Jp(s+) = fg(h —6)(h2 — 10h + 33)(h — 3 — VhZ — 10h + 33)
(h — 3+ vhZ —10h + 33).

For h # 6 we have Jg, (g+-) # 0. With the condition (47), the four solutions (48)
of system (13) can provide four periodic solutions of differential system (11). Nev-
ertheless, going back to the differential system (2) and using the Proposition 2 we
obtain only two different periodic orbits S} and S3.

If ry = Vh — 3 — VA2 — 10 + 33 and Ry = Vh — 3+ VA2 — 10h + 33. We get
pa = 6.

Assuming

h>0, h—3—+vh?—10h+33>0, h—3++vVh?2—-10h+33>0

(49) and h?—10h+33 >0,
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which is equivalent to h > 6 then system (13) provide four zeros S* = (r*, o™, R*,
£*) with ps = v/6 given by

St= (Vh-3- h2710h+33,g,\/h73+ h210h+33,0>,

Sy = \/h—3—\/h2—10h+33,327r,\/h—3+\/h2—10h+33,0>,

S;= (Vh-3- h2—10h+33,g,\/h73+ h210h+3377r>,

3
Sy = \/h—3—\/h2—10h+33,277,\/h—3+\/h2—10h+33,7r>,

The Jacobian is

Tr(s = —%(h —6)(h? — 10h + 33)(3 — h + vhZ — 10h + 33)
(h—3— VEZ—10h + 33).

If h # 6 we have Jy (g+) # 0. Then with the condition (49), the four zeros (50) of
system (13) can provide four periodic solutions of differential system (11). However,
going back to the differential system (2) and using the Proposition 2 we obtain only
two different periodic orbits S} and S3.

Subcase 3.2.4: If (o, 8) = (z E), (I 3—7T)7 (3—71- z), (3?71-, 3%) then fi2, f14 be-

272
come
1
fiz= —5(R'= 2R (h+3—12) - 41 + 41),

1
Fla= 7§(R4 ~2R2(h = 3) = + 20%(1 4 h) - 8h).

Solving f12 = f14 = 0 we have four pairs of solutions (r, R),

2 1+h—+vVh?2—-10h+1
If’r’l\/?)(thJr\/thOthl) ande\/ + 0h + , we

3
1+h—+vh?2—-10h+1
get p; = 3 .

‘Whenever

51) h>0, 2h—1+VRZ—10h+1>0, h2—10h+1>0
and 1+h—+vh%2—-10h+1 >0,
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which is equivalent to h > 5 + 2/6, then system (13) has four zeros

1+h—+h%2—10h
S* = (r*,a*, R*, *) with p; = \/ + 3 1 given by

(52)

2 m [1+h—vVh2—10h+1 =
r = Z(2h -1+ VhZ —10h + 1 \/ u
S \/3(h + VR =T0h 4 1), ; =l

2 1+h—+Vh2—-10h+1
S3 = \/3(2h1+\/h210h+1),g,\/ i Oh 1 3m)

3 2
5t = \/(%_Hm) 37 \/1+h—\/h32—10h+1’727 |
51 \/(%Hm) 3n \/1+h\/h3210h+1’327r),
The Jacobian evaluated on these zeros
This) = —Wum_mm_mm)

(2h — 10 + VA2 —10h + 1)(2h — 1 + VA2 — 10k + 1)
(h? +17h — 14 + (14 — h)vh2 — 10h + 1).

The Jy, (s+) does not vanish for h # 5 + 2v/6. Therefore with the condition (51),
the four zeros (52) of system (13) can provide four periodic solutions of differential
system (11). Although, going back to the differential system (2) and using the
Proposition 2 we obtain only one periodic orbits S7.

2 1+h++vh?—-10h+1
Ifr2:\/3(2h—1—\/h2—10h+1) anngz\/ o Oh + , we

3
1+h++vh?—-10h+1
get po = .

3
With the condition

(53) h>0, 1+h+VAZ_10h+1>0, h?2—10h+1>0
and 2h—1—+h%2—-10h+1 >0,

which is equivalent to h > 5+2+/6, system (13) provide four zeros S* = (r*, a*, R*, 3*)

1+h++vh?—-10h+1

with ps = 3 given by
(54)
2 T+ htvVhZ_10ht1
i = \/(thx/h210h+ 1), T,/ Oh + ,“),
2 3 2
2 7w [1+h++vVh?—10h+1 37
Y — \/ v
\/3 2 VIZ=T0h+1), 7, . )
2 T+ htvViZ_10ht1
\/ oh—1—VEZT0hF 1), o8, /L Oht1m)
5 2 3 2
2 3t [1+h+vVhZ_10h 1 37
- _ 1 2 _ _
\/32h 1-VRZ—10h + 1 10h+)2\/ . ,2>,
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The Jacobian evaluated at theses solutions is

VhZ =10k + 1
Tnsy = ~— g0 (2h = 1= VB2 =T0R+ 1)(h — 5+ VR =100 + 1)

4
(10 — 2h + v/h2 —10h + 1)(1 + h + Vh2 — 10h + 1)?
(h? +17h — 14 + (h — 14)vh2 — 10h + 1).

For h # 5+ 26, Jf,(s+) does not vanish. Then with the condition (53), the
four solutions (54) of system (13) can provide four periodic solutions of differential
system (11). But, going back to the differential system (2) and using the Proposition
2 we obtain only one periodic orbits S7.

When 73 = v/6 and R = VVh — 3 — VhZ — 10h + 33, we have
ps =V h—3+VhZ—10h + 33.

Assuming

h>0, h—3++vh?—10h+33>0, h—3—-+vh?—-10h+33>0
and h? —10h + 33 >0,

(55)

which is equivalent to & > 6. Therefore system (13) provide four zeros S* =

(r*,a*, R*, B*) with p3 = Vh—3+VhZ—10h + 33 given by

Si = \/é,g,\/hf:af h210h+33,72r>,

3
Si = \/6,%,\/11—3—\/h2—10h+33,§ :

3
Si = \/é,g,\/h73f\/h2710h+33,g :

3 3
Sy = \/6,;,\/h—3—\/h2—10h+33,;>,

The Jacobian is

Triss = SVRZ T0R T 33(h — 6)(3 — h+ VAZ —10% 1 33)
h? — 10h + 33 + (h — 3)VAZ — 10h + 33).

For h # 6 we have Jy (g+) # 0. Then with the condition (55), the four solutions
(56) of system (13) can provide four periodic solutions of differential system (11).
But, going back to the differential system (2) and using the Proposition 2 we obtain
only one periodic orbits S7.
If r, = V6 and Ry = VVh — 3+ VA2 — 10k + 33, we have
p1=Vh—3—+hZ—10h + 33.

Assuming

h>0, h—3++vh2—-10h+33>0, h—3—+vh2—-10h+33>0
and h?—10h+33 >0,

(57)

which is equivalent to h > 6. Then system (13) provide four zeros S* = (r*, o™,
R*, f*) with



PERIODIC ORBITS OF PERTURBED ELLIPTIC OSCILLATORS IN 6D 27

p4:\/h—3—\/h2—10h+33givenby
S = \/6,727,\/h—3+\/h2—10h+33,;>,

3
Sk = ﬁ,g,\/h—3+ h2—10h+3,§ :

Si = %,37”,¢h—3+\/h2—10h+33,g :

3 3
Sy = \@,g,\/h—3+\/h2—10h+3 2”)

The Jacobian is

3
Jps = —5 VA7 —10h+33(h = 6)(3 — h— VA — 10h + 33)
(h2 —10h + 33 + (h — 3)VRZ — 10h+33).

If b # 6 we have Jy, (g« # 0. With the condition (57), the four zeros (58) of system
(13) can provide four periodic solutions of differential system (11). Nevertheless,
going back to the differential system (2) and using the Proposition 2 we obtain only

one periodic orbits S7.

Proof of Proposition 2. (r*,a*, R*, 8*) is a periodic solution of (11) using the av-

eraging theory means that

r(t,e) = r* 4+ 0(e),
(59) a(t,e) = o*+0(e),
R(t,e) = R*+O0(e),
B(0,e) = B+ 0(e)
Adding the expression of p = \/2h — r*? — R*? in system (59) we have
r(t,e) = r*+0(e),
pt,e) = V2h—1*2 — R*> 4+ O(e),
(60) a(t,e) = o+ 0(e),
R(t,e) = R*+O(e),
Blt.e) = B +O0(e).
Instead of § we reconsider the variable, t, the temps, then (60) becomes
r(t,e) = 1+ 0(e),
O(t,e) = t+ O(e),
(61) p(t,e) = V2h—1r2—R*? 4+ 0(e),
a(t,e) = o+ 0(e),
R(t,e) = R*+O(e),
Blt.e) = B"+O(e).
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Finally, using the change of variables (7), the system (61) becomes
x(t,e) = r*cost+ Oe),

(t,€)
(t,€)
pz(t,e) = r*sint+ O(e),
(t,€)
(t,€)
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