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ABSTRACT. The usual averaging theory reduces the computation of
some periodic solutions of a system of ordinary differential equations,
to find the simple zeros of an associated averaged function. When one
of these zeros is not simple, i.e. the Jacobian of the averaged function
in it is zero, the classical averaging theory does not provide informa-
tion about the periodic solution associated to a non simple zero. Here
we provide sufficient conditions in order that the averaging theory can
be applied also to non simple zeros for studying their associated peri-
odic solutions. Additionally we do two applications of this new result
for studying the zero—Hopf bifurcation in the Lorenz system and in the
Fitzhugh—Nagumo system.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In this paper we introduce an improvement to the first order averaging
theorem and use it to study the zero-Hopf bifurcations of periodic orbits
which take places in the Lorenz and Fitzhugh-Nagumo systems.

The first order averaging theorem, as presented in [17], can be use to deter-
mine periodic orbits coming from the simple zeros of the averaged function,
see Theorem 1. Here we use the Lyapunov-Schmidt reduction method(see
Lemma 7) in order to make the averaging theorem able to determine peri-
odic solutions coming from degenerated zeros of the averaged function, i.e.
zeros for which the Jacobian determinant of the averaged function vanishes,
see Theorem 2.

Here a zero—Hopf equilibrium is an equilibrium point of a 3-dimensional
autonomous differential system, which has a zero and a pair of pure imag-
inary eigenvalues. In general the zero-Hopf bifurcation is a 2-parameter
unfolding of a 3-dimensional autonomous differential equation with a zero-
Hopf equilibrium. This kind of zero-Hopf bifurcations has been studied by
Guckenheimer, Han, Holmes, Kuznetsov, ... in [9, 8, 10, 12], and it was
shown that some complicated invariant sets can bifurcate from the isolated
zero-Hopf equilibrium doing the unfolding. Due to the lack of a general
theory describing all these kinds of bifurcations that the unfolding of a zero-
Hopf bifurcation can produce, most of the systems exhibiting this kind of
bifurcation must be study directly.

Using Theorem 2, here obtained, we could detect the bifurcation of a
periodic orbit from a zero-Hopf bifurcation in the famous Lorenz system of
differential equations. As far as we know this was the first time this periodic
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solution was detected. We also apply this theorem to detect the bifurcation
of new periodic solutions in the Fitzhugh-Nagumo system, improving the
results obtained in [4].

1.1. Averaging theory. The averaging method is a classical theory for
studying nonlinear dynamical systems and their periodic solutions. It was
conceived by Lagrange in the 18th century, without formal proof, what was
only achieved in 1928 by Fatou [5]. After the formalization of the theory
important contributions were made by Krylov and Bogoliubov [2] in 1930
and Bogoliubov [1] in 1945. The classical averaging method for computing
periodic solutions can be summarized as follows.

We consider the initial value problem
x = eF(t,x) + °Fa(t,x,¢), x(0) = xq, (1)
and
y :Efo(y)v y(O) = X0, (2)
with x, y, and x¢ in some open Q of R", t € [0,00), € € [—&0,e0]. We
assume F1, Fo are T—periodic in the variable ¢, and

T
Po) =7 [ Fiey ®

Theorem 1. Assume that F1, Fo, DxF{, DxF; and DxF5 are continuous
and bounded by a constant M independent of € in [0,00) X Q X [—€q, 0], and
that y(t) € Q fort € [0,1/|e|]. Then the following statements hold.

(a) Fort e [0,1/|e]] we have x(t) —y(t) = O(e) as e — 0.

(b) If s is a singular point of system (2) and det (Dyfo(s)) # 0, then there
exists a T—periodic solution ®(t,e) of the differential system (1) such that
®(0,e) - s ase — 0.

(¢) The stability of the periodic solution ®(t,e) is given by the stability of
the singular point s.

For a proof of Theorem 1, see for instance Theorem 11.1, 11.5 and 11.6
of [17], where it is stated for € € [0,e0) but in fact following the proof the
same result works for € € [—¢eq, €], as it is stated here.

The averaged function (3) is a smooth function. Using the notation of
Theorem (2), whenever this function vanishes at Z, we have Df%(z) =
0, Vz € Z. Thus, in order to compute periodic solutions for system (1), we
cannot apply Theorem 1 at any singular point z € Z. Our aim is to show
that, under the assumptions of Theorem 2 , is possible to use the Lyapunov—
Schmidt reduction method in order to still apply first order averaging for
finding periodic orbits to the differential system (1).

Therefore, using the near-identity relation

x(t) = z(t) + eu(t, z(t)), (4)
where .
u(t,z(t)) :/ [Fi(s,2) (z)] ds,
we do the change of variables x 0—> z and equation (1) becomes
2=cf'(2) +£°R(t,2) + O(”), (5)
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where

R(t,z) = %Fl(t,z)u(t,z(t)) - %u

Our main result is:

(t,z(t))f°(z) + Fa(t, z,0).

Theorem 2. Suppose that system (1) satisfies:

(a) F1, Fo, DxF, DxxF and DxF, are continuous and bounded by a
constant M independent of € in [0,00) X Q and € € [, E|.

(b) There exists a C* function 8 = (B1,.... Bu—i) : V. — R" % where
V C R* is an open and bounded set, such that %(za) = 0, Vzq €
Z={(o,f(e)),a € V}.

(¢) The Jacobian matriz D f%(z4) has in the right up corner the k x (n—

k) matriz Ty, while in the right down corner has the (n—k) x (n—k)
matriz A, with det(Agy) # 0.

T
(d) Define the function h : V. — R¥ where h(a) = / R(t,zq)dt. Con-
0

sider

i) = —Ta (A;lwlh(a)) + mh(a), (6)

where wh and T h are the decomposition of function h in its first
k and last n — k coordinates respectively. Assume that there exists
of € V satisfying the equation f'(a*) = 0 such that the Jacobian
det (Df1)(a")) #0.
Then for |e| sufficiently small there exists a T-periodic solution ®(t,e) of
the differential system (1), such that ¢$(0,e) — (™, B(a™)) while e — 0.

Theorem 2 is proved in section 2.

Now our objective is to apply Theorems 1 and 2 for studying the peri-
odic orbits bifurcating from zero—Hopf equilibrium points of two important
differential systems, the Lorenz and the Fitzhugh-Nagumo.

1.2. Application to Lorenz system. The Lorenz system of differential
equations in R?® arose from the work of meteorologist /mathematician Ed-
ward N. Lorenz [14], who studied forced dissipative hydro-dynamical sys-
tems. It has become one of the most widely studied systems of ODEs be-
cause of its wide range of behaviors (see for instance [16]). Although the
origins of this system lies in atmospheric modeling, the Lorenz equations
also appear in other areas as in the modeling of lasers see [6], and dynamos
see [15]. The Lorenz equations are

T :CL(,CC - y)a
y=x(b—=z)—y, (7)
z =x1y — Cz,

with a, b, ¢ being real coefficients.

The next result characterizes when the origin of coordinates is a zero—Hopf
equilibria of system (7).

Proposition 3. If a = —1, ¢ = 0 and b < 0 then there is a 1-parameter
family of the Lorenz differential system for which the origin of coordinates
is a zero—Hopf equilibrium point.



4 MURILO R. CANDIDO AND JAUME LLIBRE

Theorem 4. Let a = —1 + a262 and ¢ = ci1e. Assume that b > 1, as < 0,
c1 # 0 and ¢ # 0 sufficiently small. Then the Lorenz differential system
(7) has a zero—Hopf bifurcation in the equilibrium point at the origin of
coordinates, and the following periodic orbit

z(t,e) =2e/—2as(b — 1) cos(vVb — 1t) + O(g?),
y(t,e) =2ev/—2aq (sin (\/b — 1t> — cos (\/b — 1t>) + O(e%), (8)
z(t,e) = — 574@(() )

C1
born at this equilibrium when € = 0.

+0(e%),

Theorem 4 is proved using the averaging result given in the new Theorem
2. Proposition 3 and Theorem 4 are proved in section 3.

1.3. Application to Fitzhugh-Nagumo system. These equations arise
in mathematical biology as a model of the transmission of electrical impulses
through a nerve axon. The Fitzhugh—Nagumo equations consist in a sim-
plified version of the Hodgkin—Huxley equations which are described using
a non—linear diffusion equation coupled to an ordinary differential equation

Ut = Upg — f(u) —v, vy =06(u—v), 9)
where f(u) = uw(u — 1)(u —a), 0 < a < 1/2 is a constant, § > 0 and
v > 0 are parameters. In [11] was stated that a single nerve impulse ap-
pears to tend, as t increases, to a traveling wave, i.e. a bounded solution
(u,v)(x,t) = (u,v)(§) where £ = x 4 ct. Hence one is lead to seek for solu-
tions of (9), not identically zero, of the form (u,v) = (u(£),v(&)) for some
¢ # 0. Substitution into (9) gives a set of ordinary differential equations
which, upon introduction of the variables x = u, y = v and z = 4 takes the
form

T =z,
Y =b(x — dy), (10)
Z=x(x—1)(xr —a)+y+cz

where the dot denotes the derivative with respect to £ and (a,b,c,d) € R*

are parameters. For a detailed study concerning traveling waves in (9) see

[7]. Hereafter the differential system (10) will be called Fitzhugh—Nagumo
differential system.

Proposition 5. There are two parameter families of the Fitzhugh-Nagumo
differential systems for which the origin of coordinates is a zero-Hopf equi-
librium point, both families are 2—parameter. Namely:

(i) forad+1=0, bd —c =0 and d(1 — b*d*) > 0; and
(ii) forb=c=0 and a < 0.

Proof. A proof for this proposition can be obtained in [4]. O

Theorem 6. Leta:—g—i—ala—i—age ,c=bd+ ce” and w = —

Assume that d(1 — b*d®) > 0, (d — 1)arb # 0 and € # 0 sufficiently small.
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Then the Fitzhugh—Nagumo differential system (10) has a zero—Hopf bifur-
cation in the equilibrium point at the origin of coordinates, and the periodic
orbit

a(t,e) =O(c?),

y(t,e) =O(%), (11)
aid
2(t,e) =e— + O(?),

born at this equilibrium when € = 0.
Moreover if

7d 4 \/(d—191)(d+ 1)+ 7 2bd?® (24b%d3 — 13
(a) b#+ VI 3 d+1)+ andCQ;«éal ( 5 )
12d3(d + 1) 24 (b%2d3 — 1)
Then the Fithugh—-Nagumo differential system (10) has four periodic so-
lutions emerging from the origin.

Theorem 6 is proved using Theorem 1 and 2. Theorem 6 is proved in
section 4.

2. PROOF OF THEOREM 2

In order to proof Theorem 2 we shall use a particular case of Lyapunov—
Schmidt reduction method for finite dimensional functions. First we need
some definitions and notation. In what follows the functions 7 : RF xR ™% —
R* and 7t : R¥ x R** — R"* denote the projections onto the first k
coordinates and onto the last n — k coordinates, respectively. We have the
following lemma;

Lemma 7. Assume that k < n are positive integers. Let ) and V' be open
subsets of R" and RF, respectively. Let g1(z) and 5 : V. — R"™* pe C?
functions and take g : Q x (—¢, €) = R"™ such that

9(z,€) = go(2) + eg1(2) + O(e?), (12)

and let Z = {zq = (o, B(a))} C Q. We denote by Ty the upper right corner
k x (n — k) matriz of Dgo(za), and by A, the lower right corner (n — k) x
(n — k) matriz of Dgo(za). Assume that for each z, € Z, det(Ay) # 0 and
9(2a) = 0. We consider the function f':V — R” as

fH(@) = —Ta (A7 91(20) ) + 71 (20).

If there exists a* € V with f'(a*) = 0 and det(Df(a*)) # 0, then there
exists az such that g(zqa., €) =0 and zo. — 2o+ when € — 0.

Proof. A proof for this lemma can be found in [13]. O

Proof of Theorem 2. First we do the change of variables x — z (4) in order
to write the differential system (1) into system (5). The solution ®(¢,z,¢) of
equation (5) satisfying ®(0,z,e) = z, where ® : [0,w) x  x [—e9,e0] — R",
is

O(t,z,e) = z+5/t O(®(s,2,¢))ds +e2 /t R(s,®(s,2,¢))ds+O(e%), (13)
0 0
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where ®(¢,z, ¢) is defined in its maximal interval for positive time [0, w4) C
[0, 00). Moreover the solution ®(¢, z, ) is T-periodic if, and only if ®(0,z,¢) =
®(T,z,¢), which leads to equation

O(T,z,e) —z

H(z,e) = -

T T
:/ o(®(s,2,¢))ds + 8/ R(s,®(s,2,¢))ds + O(e?) = 0. (14)
0 0

Then we have

0 o 0 T
gH(z,e) = /0 @fo (@(s,z,s))agé(s,z,e)dsjt/o R(s, ®(s,z,¢))ds

+ O(e),
(15)
and from (13) we obtain that
t
gg@(t,z,s) = / fo(®(s,2,¢))ds + O(e). (16)
0
Since for € = 0 we have ®(s,2,0) = z, from (14), (16) and (15) we obtain
that
= f e
Q@(t 2,0) = / 0(2)ds, (17)
88 .
—H (z,0) / 0(z) (/ fo(z)du> ds—l—/ R(s,z)ds,
0 0
respectively.

Doing the Taylor expansion of the function H(z, €) and using the func-
tions in (17) we obtain that

/fo ds+8(/ —fo </ fO(z) du)ds .
/()R(sz)d)—l—(’)( ) -

Hence the zeros of (18) correspond to periodic solutions of system (5) and
provide, going back through the change of variables (4), periodic solutions
of system (1).

Notice that function (18) is in the form (12) with

/ e
g1(z) = ; (/ () du> ds + /T R(s,z)ds.

Thus the result follows by Lemma 7. In addition, using the notation of
Lemma 7 observe that g1(z,) = h(«), where h(«) is defined in (d) of Theo-
rem 2. (|

In this section we prove Proposition 3 and Theorem 4.
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3. APPLICATION TO LORENZ SYSTEM

Proof of Proposition 3. The Jacobian matrix of system (7) evaluated at the
origin is

—a a 0
My = b -1 0
0 0 —c

Thus its characteristic polynomial is P(A) = A(a(b—1) — (a + 1)¢) + a(b —
e+ A3 (—a—c—1) — X3, consequently the origin is a zero-Hopf equilibrium
point if, and only if P(\) = —\ (/\2 +w2) with w > 0. This equation has
only one real solution a = —1, ¢ = 0 and b > 1 proving the proposition. [J

Proof of Theorem 4. Assume a = —1 + ase? and ¢ = ¢y in system (7).
Doing the change of variables (z, y, z) = ¢ (X, Y, Z) the system becomes

X =2a5(Y — X))+ X -,
Y =—eXZ+4bX -, (19)
7 =e(XY — 1 2).

In order to write the linear part of system (19) in its normal Jordan form,
we do the change of variablesT = X, T = vb— 1Y 4+ X and Z = Z obtaining

Z =—Vb— 17 + axe®Vb — 17,

7=Vb— 17 — 5\/% — e%ay7, (20)

3 —¢ (\/b —1Zy— iz 4 52) .

Using the cylindrical coordinates T = rcos 6, 7 = rsinf and Z = z in system
(20) we have

f:—sw+s2a2rsin9 (\/b— 1cost9—sin0>,

Vo—1
. 2
o —Vb—1- g“bo\/Lf — caysing (VO —Tsing+cos0),  (21)

z =€ (r2 cos 6 (\/ﬁSinﬁ + cos 6’) — clz) .

Taking 6 as the new independent variable in system (21) we came to system

ﬂ__5M+€2TSiI}9 —M—f—a COSQ—M
do b—1 Vo—1 °? (b—1)2

+ &3F31(0, (r, 2), ),
Q (7“2 (\/msin(29) + cos(QQ)) — 212 + 7“2)

= 22
o - 2b— 1 (22)
L zcos? 0 (r? (Vb — 1sin(20) + cos(20)) — 2¢1z + r?)
: 2(b— 1)32

+ 53F32(9, (r,z),¢).
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The system (22) is in the normal form for applying the averaging theorem
with T'= 27. Function (3) corresponding to (22) is

£, 2) = <o, %) | (23)

2
Equation (23) has the continuum of zeros Z = {<a, Q) o€ R}. Ap-

2 C1
plying Theorem 2, function (6) corresponding to system (22) is
(a) Ta (8az(b— 1) + a?)
a) =—
8(b— 1)3/2
The positive zero of function (24) is a® = 24/—2ay(b—1). Furthermore,
2a9m

Df'(a*) =

a*2

(24)

so by Theorem 2 there is a periodic solution emerging

*

from [ « > Thus we can write the following periodic solution for

’ 201
system (22)

(r(0,2), 2(0,)) = (2 “aa(b— 1), —4“2(6_1)> +0(),

C1

consequently system (21) has the periodic solution

(r(t,e), 0(t,e), z(t,e)) = (2\/—2(12(6 —1), Vb—1t, ) + O(e).

Going back through the cylindrical coordinate change we find the periodic
solution (Z(t,¢), y(t,¢), z(t,e)) =

(2\/—2@(1; ~ 1) cos(Vb — 1t), 2y/—2a3(b — 1) sin(vb — 1t), _4a2(b—1)>
C1
+ O(e).

for system (20). Finally undoing the linear change of variables and the
rescaling of system (19) we obtain the periodic solution (8) for system (7)
under the conditions of Theorem 4. O

_4@2(b — 1)

C1

4. APPLICATION TO FITZHUGH-NAGUMO SYSTEM

The following lemma will be useful in the proof of Theorem 6, it was
proved in [3].

Lemma 8. Consider p+ 1 linearly independent functions & : I C R — R,
1=0,1,..., p.
(a) Given p arbitrary values z; € I, i = 1,2, ..., p there exist p + 1
constants C;, 1 =0, 1, ..., p such that

fw) =Y Citila) (25)
=0

is not the zero function and £(x;) =0 fori=1,2, ..., p.

(b) Furthermore, if all & are analytical functions on I and there exists
J€1,2, ..., p such that & |1 has a constant sign, it is possible to
get an & by (25), such that it has at least p simple zeroes in I.
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1
Proof of Theorem 6. Assuming a = 3 + are 4 ase?, ¢ = bd + c9e? and
d(1 —b*d®) > 0. Doing the change of variables (z,, z) — &(X,Y, Z) system
(10) becomes

X =2Z,

Y =b(X —dY), (26)
Z:—§+Y+de+5a1d+)§(1_d)

+e2(X (ag + X (X — 1)) + &2Z) — ap X263,

in order to write the linear part of system (26) in its normal Jordan form
b

we do the following change of variables X =2+ —9y+ 2, Y = —y + 2,
w w

1
Z = bdT — wy with w = 4/ 'l b2d?2, obtaining

zzwxcf’di?) ((bdy + (T +Z)w)) (b(d — 1)dy — (a1d — (d — 1)(T + 2)) w)
_ i <<a2+ <x+z+ bf) <—a1 +ZT+z+ bdj)) <a:—|—z+ lw:f’)
(27)

+ CQ(bdf — wy)) ,

7= — i—i(bd@ b (@ +2)(b(d — 1)dy — w(ard — (d— 1)@ + )

bd bdy bdy bdy
w w w w
+ a2> + co(bdx — yw)> + O(e%),

Using the change of variables (Z, 7, Z) — (u, v, w) where T = ucos(wt) —
vsin(wt), y = vcos(wt) + usin(wt) and Z = w, system (27) becomes

U :M(sin(tw)(bdu — vw) + cos(tw)(bdv 4+ uw)

dw?
+ ww)((d — 1)(sin(tw) (bdu — vw) + cos(tw)(bdv + uw))

— w(ard — dw + w)) — 52812(’5“’) ((sin(tw) (bi“ - v)

+ cos(tw) <MZU + u> + w> (;2 ((sin(tw)(bdu — vw) + cos(tw)(bdv
+uw) + ww)(w(w — a1) + sin(tw) (bdu — vw) + cos(tw)(bdv + uw)))
+ag) — co(sin(tw) (bdv + uw) + cos(tw)(vw — bdu))) + O(e?),

o 2SS e ) (bt — ) + cos(tw) (bl + 1) + wiw) ((d

C dw?
— 1)(sin(tw)(bdu — vw) + cos(tw)(bdv + uw)) — w(ard — dw + w))
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- 52“;5(’5‘*’) ((sin(tw) (bdw“ _ v) + cos(tw) (biv 4 u> 4 w>

(;(sin(tw)(bdu — vw) + cos(tw)(bdv + uw) + ww)(w(w — a1) (28)
+ sin(tw) (bdu — vw) + cos(tw) (bdv 4+ uw)) + az) — ca(sin(tw)(bdv
+ uw) + cos(tw) (vw — bdu))) + O(e?),

( n(tw)(bdu — vw) + cos(tw)(bdv + uw) + ww)(w(ard — dw + w)
( — 1) (sin(tw) (bdu — vw) + cos(tw)(bdv + uw)))

i ((sm (1) ( - v) T cos(tw) ( u> +w)

( (sin(tw)(bdu — vw) + cos(tw) (bdv + uw) + ww)(w(w — ay)

+ sin(tw) (bdu — vw) + cos(tw) (bdv + uw)) + az) — co(sin(tw) (bdv + uw)

)
)(vw = bdu)) ) + O(=?).

+ cos(tw

The above system is under the normal form for applying the averaging

2
Theorems 1 and 2, where T' = —W, y = (u,v,w) and the function (2)
w

corresponding to system (28) is

B (a1d — 2(d — 1)w)(bdu — vw) (a1d — 2(d — 1)w)(bdv + uw)
Py =- < : 2dw? = 2dw? ’
b((d—1) (u?+v?) (b*d* + w?) — 2w?w(ard — dw + w)) )
2w? ’

a
The zeros of this function are s = (0, 0, 11> and the continuum of zeros

d—
Z1 ={(a,B+(e)), o € R} where

B W? (a3d? — 2(d — 1)%a?) — 20%(d — 1)2d%®  ayd
Be(a) = (i\/ 1 2(d — 1) (b2d? + w?) ’ 2(d1— 1)) '

3 272 2
aybd (b°d” 4+ w
Furthermore, since det (Dfo(s)) =2 (4 5 ) # 0 by Theorem 1

w
we can ensure the existence of a periodic solution of system (28) emerging
from the origin. Consequently, going back through the change of variables,
system (10) has the periodic solution (11).
For z,, € Z_, we have

Tatd* Vb2 d? + w? (afbd + 24cow)
24(d — 1)w? (2(d — 1awVBZ + o? — bdAa) ’

fia) =
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4(d—1)%a?
where A, = \/a% (2d — 2b%d*) — ﬂ. As fl(a) # 0 Va € R we

cannot apply Theorem 2 in this case. On the other hand, for z, € Z,,
Fla) Co + Cr1a? + Cora* + CsAga + CyA a3
o) = )
24(d — 1)2dw8 (2(d — 1awyVBZ + o? — bdAa)

(29)

where

Co=m (—a%) (d —1)d3w? (b2d2 + w2) (a%bd + 2402w4) ,

Cy =4n(d — 1)*dw?® (b®d® + w?) (af (13b%d* — 11bdw?) + 24w (b2d® + w?)),

Cy = — 96mb(d — 1)°(bd — w) (bd + w) (V*d® + w?)?,

Cy =2mduw /D22 + w? (a? (b%d? (3d(d + 8)w? — 14(d — 1)?) + 3d(d + 8)w*
—2(d — 1)*w?) + 24as(d — 1)*w?* (®d* + w?)) ,

Cy =96mb2(d — 1)*dw (Bd? + w?)**.

a?b*d® (1 — b*d?)
2(d —1)2
dition, the domain of definition of A, is the interval J C R such that

d a?d(1 — b*d®)
oV
I=J\{a*}.

In order to study the maximum number of simple zeros of function (29)
we are going to apply Lemma 8. Thus, we define the functions &y(a) = 1,

4
&i(a) = a?, Gla) =o', &(a) = Aae, &(a) = Apa® and (o) = Z Ci&i(a)

=0
with @ € I C R. We observe that the five functions of the set {C; | i =

0,1, ..., 4} are linearly independent. Indeed due to hypothesis (a), the
9(Co, C1, C3, C3, Cy) "
8(a17 as, b, Cc9, d)

4246732875 a1 b%(d — 1) (b2d® — 1)
- W38ﬂa1(&4) ( )(d@%d+1m2wﬁf—ﬂ)+ﬁ

+10) (afbd? (246%° - 13) - 24c, (1d® — 1)) £ 0.

The denominator of f! vanishes at o™ = + . In ad-

la|< Thus, the domain of definition of f' is

determinant of the Jacobian matrix

Thus statement (a) of Lemma 8 ensures that the function £(«) has 4 zeros.
In addiction, &y(«) does not changes sign, so by statement (b) of the same
lemma, £(«) has 4 simple zeros. Finally, we observe that the simple zeros
of £(a) are also simple zeros of f!(a) so there exist values oy € I for i =
1, 2, 3, 4 such that f'(a;) = 0 and det (Df'(a;)) # 0. So the conclusion of
Theorem 6 follows from Theorem 2. 0
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