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ABSTRACT. For almost periodic differential systems & = ef(xz,t,¢) with z €

C™, t € R and € > 0 small enough, we get a polynomial normal form in a neigh-
1

borhood of a hyperbolic singular point of the system & = ¢limp_, T fOT f(z,

t,0) dt, if its eigenvalues are in the Poincaré domain. The normal form lin-
earizes if the real part of the eigenvalues are non-resonant.

1. Introduction and statement of the main result. Normal form theory has
a long history. The basic idea of simplifying ordinary differential equations through
changes of variables can be found in the work of Poincaré [12]. Recently this theory
has been developed very rapidly since it plays a very important role in the study of
bifurcation, stability and so on. Usually, normal form theory is applied to simplify-
ing a nonlinear system in the neighborhood of a reference solution, which is almost
exclusively assumed to be a singular point (sometimes a periodic solution). For an
outline of normal form theory, we mentioned the work of Dulac [6], Sternberg [15],
Chen [4], Takens [16], and many others.

Normal form theory has a long history. The basic idea of simplifying ordinary
differential equations through changes of variables can be found in the work of
Poincaré [12]. Recently this theory has been developed very rapidly since it plays a
very important role in the study of bifurcation, stability and so on. Usually, normal
form theory is applied to simplifying a nonlinear system in the neighborhood of
a reference solution, which is almost exclusively assumed to be a singular point
(sometimes a periodic solution). For an outline of normal form theory, we mentioned
the work of Dulac [6], Sternberg [15], Chen [4], Takens [16], and many others.
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There are several known equivalent definitions of almost periodic functions. Here
we choose the one given by Bochner, which is very direct and useful in its applica-
tions to differential equations. Let f(x,t) € C(D x R,C™), where D is an open set
in C™(more generally, a separable Banach space), and assume that for any sequence
{hi} of real numbers, there exists a subsequence {hy,} such that {f(x,t + hy;)}
converges uniformly on S xR, where S is any compact set in D. Then we say f(z,t)
is almost periodic in t uniformly for x € D. Moreover, for the fixed z let

T

the set
I(f)={veR:aly,f) #0}
is called the set of Fourier exponents of f. The module generated by I'(f) is
defined as the module m(f) of f. For instant, if f is periodic of period 27 /w, then
{m(f) =nw,n = Oailv 7}'
Suppose that x € C™ and that ¢ > 0 is a real parameter, then we say f €
F(D,[0,00)), if
(i) the function f: D x R x [0,00) — C™ is continuous,
(ii) f(=z,t,e) is almost periodic in ¢ uniformly with respect to x in compact sets
of D for each fixed ¢,
(iii) f(=,t,¢e) is analytic with respect to = € D for fixed ¢ and ¢,
(iv) f(z,t,e) = f(x,t,0) as € = 0 uniformly for ¢ in (—o0,c0), z in compact sets.
We associate to the system of differential equations

gt:ef(x,t,s), (1)
the averaged system
= =efo(z), (2)

where

folz) = hm—/fxt()

By the classical averaging theorem (see [8, 7]), if zy € D is a hyperbolic singular
point of system (2), then system (1) has an almost periodic solution z*(t,e) — zg
uniformly as ¢ — 0.

Let Us = {x € C" : ||lz|]| < ¢}. Set A(A) = (A1,...,\,) be the eigenvalues
of A = 9fo(xg)/0z. Denote by re the real part of a complex. Without loss of

generality, we can assume red; < --- < re)d,. We say that the eigenvalues A\(A)
are in the Poincaré domain if reX, < 0 or reA; > 0. Moreover, the n—tuple
number p = (p1,...,4n) € C" is said to be [-th order non-resonant if for all

k= (ki,...,ky,) € Z7 with | = |k| =Y. k; > 2, we have that

Z%M-W%Q 1<j<n. 3)

i=1
And if the inequalities (3) are satisfied for arbitrary |k| > 2, p is called to be
non-resonant. As usual Z, denotes the set of non—negative integers.
We do to system (1) the change of variables x — y given by
.’I,':y-i-l'*(t,E), (4)

then the system becomes
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where F(0,t,e) =0 and F(y,t,e) = f(y+a*(t,e),t,e) — f(x*(t,€),t,€) satisfies the
same conditions as the function f(z,t,¢).

The following are our main results. One is to deal with formal normal forms of
system (5) by the fact that the linear part system

. oF
Yy = eaiy(oatvs)y (6)

can be turned into the block diagonal form with respect to the different real parts
of eigenvalues in the Jordan normal form of A (See Lemma 3.1). The other is to
consider its analytic normal forms in the Poincaré domain.

Theorem 1.1. Let AN(A) = (A1,...,\n) and k = (ky,... . k,) € 2. Assume A
is in the Jordan Normal Form and system (6) is in the block diagonal form with
respect to the different real parts of eigenvalues of A. Then for any positive integer
N > 0 there exists eg = €9(N) > 0 such that for 0 < e < ¢ under the change
of coordinates y = z + cwn(z,t,€), where ewn € F(Us,[0,0)) is a polynomial of
degree N with respect to z, ewn(z,t,€) = 0 as € — 0 uniformly for (z,t) € Us x R
and m(w) C m(f), system (5) becomes

z2=eQn(z,t,e) +eR(z,t,¢) (7)

where QN s a polynomial of degree N in z and the coefficient qi(t,s) of terms
zFe; satisfies q(t,e) = 0 if re(3 i kidi — Aj) #0 for 1 < |k| = 3" ki < N,
R(z,t,e) = O(||z|| V1) as z — 0.

Therefore, the N-th iteration system, i.e.,
z2=eQn(z,t,¢),

is called the N-th normal form of system (7). As usual, JetZZOF is denoted by
the set of functional coefficients of the Taylor expansion for the function F' of order
d with respect to the variable y at y = 0. Let [] be the classical greatest integer
function.

Theorem 1.2. If M\(A) is in the Poincaré domain, then there ezists g > 0 and
0 > 0 independent of € such that for 0 < € < gy under the change of coordinates
y = z+ew(z,t,e), where ew € F(Us,[0,€0)), ew(z,t,e) — 0 as € — 0 uniformly
for (z,t) € Us x R and m(w) C m(f), system (5) becomes

zZ=¢ePy(z,t,¢), (8)

where Py is a polynomial of degree d with respect to z, Jetl_oPy = Jet‘;ZOF, the
integer d = max{[reA /re\,], [re\,/reA1]}. In addition, if the real parts of A\(A) are
non-resonant, then d =1; i.e.

zZ= 52—5(07 t,e)z.

On one hand under the view of normal form theory, there are some obvious dif-
ference between our theorem and other theorems. Normally, if the linear part of
original system is not an autonomous one, dichotomy spectrum will be applied to
character non—resonant conditions. However, how to calculate the exact dichotomy
spectrum is still an unsolved technical problem. Whereas for our theorem the res-
onant condition is given out by the eigenvalues of fixed point of averaged system
and it can be verified easily. In this sense, our theorem is more straightforward and
clearer. Moreover, if averaging systems are degenerated to the systems independent
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of the time t, i.e., autonomous systems with small parameter €, our theorem coin-
cides with the classic one. So our paper also can be seen as the extension of the
work in [9] to special non—autonomous systems.

On the other hand under the view of averaging methods, our work gives a new
aspect to characterize the close relationship between system (1) and the averaged
system. Instead of concerning about the approaching of trajectories of original
and corresponding averaged systems in finite time interval, we pay more attention
to the long time behavior of solutions. In fact, in Fink’s book [7] (pp.266), he
regards system (1) as a perturbation of the linear system at the singular point of
the averaged system under a stronger condition. Here using our methods, by a
more reasonable condition we can obtain a better result, i.e., the linearization and
polynomialization of the original system.

The paper is organized as follows. In Section 2, a series lemmas and some use-
ful facts are collected. In Section 3 and 4, we present proofs of main theorems,
respectively.

2. Preliminary results. In this section we introduce some basic definitions and
lemmas, which are important for our proof. First, we describe some of the hyperbolic
properties of a non—autonomous system. By studying the exponential dichotomy
we can characterize the asymptotic speed of the solutions tending to infinity, which
implies a close relationship with the unique bounded solution of a non—autonomous
system.

Let ®(¢) be the fundamental matrix such that ®(0) = I (as usual I denotes the
identity matrix) for the linear differential equation

&= A(t)z, 9)
where the n x n coefficient matrix A(t) is continuous in R. Equation (9) is said to

possess an exponential dichotomy if there exists a projection P, that is, a matrix P
such that P2 = P, and positive constants K and « such that

[@(t) PR~ (s)]| < Ke=(t=9), t>s,
I1B(£)(1 — P&~ (s)]| < Ke =0, s>,

Then, the following lemma show the toughness of the exponential dichotomy. A
detailed proof can be found in [5].

Lemma 2.1. Suppose the linear differential system (9) has an exponential di-
chotomy and the n X n coefficient matriz B(t) is continuous in R. If

=sup | B(O)] < o/ (45),

then the perturbed system

y=(A(t)+ B(t)y (10)
also has an exponential dichotomy
12(6)QPD™(s)]| < (5/2)KPe (@ 2K (=), t>s,

|2()(I — Q)2 (5)]| < (5/2)K2e(—2KDE=0 5> ¢,
where ®(t) is the fundamental matriz of (10) with the initial condition ®(0) = I

and the projection Q has the same null space as the projection P.

It is well known that the exponential dichotomy implies the existence of a unique
bounded solution, which is almost periodic for almost periodic systems. Here, the
statement of the next lemma is from [5], see also [8, 7].
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Lemma 2.2. For the non—-homogeneous equation
&= A(t)x + f(t),

where A(t) and f(t) are almost periodic functions, if the corresponding homogeneous
equation & = A(t)x has an exponential dichotomy on R, then there exits a unique
almost periodic solution 1 of that non—homogeneous equation which satisfies m(y) C

m(A(t)z + f(t)).

We recall the next lemma due to Bibikov [3], which plays a key role in the proof
of Theorem 1.2.

Lemma 2.3. Denote by Hy ,(C") the linear space of the n—dimensional vector
valued homogeneous polynomials in n variables of degree k with complex coefficients.
Let A be an n xn matriz with eigenvalues A = (A1,...,\,). Define a linear operator
L on Hy,(C™) as follows,

oh
LAh = Ah— —A
k i

3

for h(z) € Hy, »,(C"). Here Oh/Ox denotes the Jacobian matriz of h with respect to
the variable x. Then the set of eigenvalues of Ly is

{)\J—Zn:k'z)\zkl€Z+,zn:k122,1§]§n}

i=1 i=1

The following is a strong version of the Gronwall type integral inequality, which
comes from a result of Sardarly (1965), and its proof can be found in [2].

Lemma 2.4. Let u(t), a(t), b(t) and q(t) be continuous functions in J = [a, (], let
c(t, s) be a continuous function for a < s <t <, let b(t) and q(t) be non-negative
in J and suppose that

u(t) < a(t) +/ (g(®)b(s)u(s) + c(t, s))ds, for allt € J.

Then for allt € J we have that

u(t) < a(t) + / et $)ds + q() /

« [e3

t

b(s) [a(s) —|—/ C(S,T)dT:| els bamdr g

3. Proof of Theorem 1.1. The next two lemmas support the proof of Theorem
1.1.
Consider the linear system

i =e(A+ Ae,t))z, (11)

where A is in the Jordan normal form, A is almost periodic in the variable ¢ uni-
formly for the variable ¢ and A(e,t) — 0 uniformly as ¢ — 0. The following one
mainly follows Proposition 1 in [5] (pp.42).

Lemma 3.1. There exists an invertible transformation y = (I + S(t,¢))x, which
turns system (11) into the block diagonal form with respect to the different parts of
(reA1,reda, -+ ,reN,). Here S(t,e) is almost periodic in t uniformly for e, m(S) C
m(/i) and S — 0 uniformly fort € R ase — 0.
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Proof. Note again that without loss of generality, we can assume reA; < --- < re),.
First we consider the case that there exists p such that rel, < 0 < rel,;;. Denote
two matrix operator M; and Ms by

(M 0O - 0 Mo
Ml_( 0 M22>’ M2_<M21 0 )

My Mg
M =
( My Moo )’

where My, and May are of p x p and (n — p) X (n — p), respectively. Then let
P = diag(I,,0) be the projection with the identity matrix I, of CP.
If the change = (I + S(t,¢))y turning system (11) into the form

§=e(A+ {A(t.e)I +5(t.e) h)y,

for

then S admits
ds N R
o = S(AS = SA+ {A(te)(I + )}a — S{A(, )T + S)Hh). (12)
Consider the operator equation
TS =15 (13)

with

TS(t)=¢ / t A P4 — S(u)) A(u) (I + S(u))es*(I — P)e=**du

—e/ AT — P)e =4I — S(u)A(u) (I + H(u))etA" Pe~ 4t du
t
for t € R. Here for the simplicity of notations, we omit the parameter ¢ in function

S and A. Set u = min;{|re);|} and use the matrix norm ||M|| = sup,cg ||M(t)]]-
When ||S|| < 1/2 and ||S’]| < 1/2, we can obtain that

TS| < en2</

—0o0

t

e Aldu+ [ 0 Alfd) = 4],
t
and
IT(S — S| < 4n’u1|S — SJ[[|A]l
by the fact
(I-S)A(I+58)—(I—-SYA(I+S"
= (S~ 8)A— A(S" — S) + (8" — S)AS" + SA(S' - 9).
So if we make 8n2p 1| A|| < 1, then T maps all S satisfying ||S]| < 1/2 into itself

and is a strong contraction. Thus we get the unique solution S such that 7S = S
by Contracting Mapping Principle, which is also the solution of
ds

== A(t)S — SA(t) + {(I — S)A(I + S)}2.

Note that S always satisfies
PSP=0, (I-P)SI-P)=0,

which implies
S{A(e, t)(I +S)h = {SA(e, ) (I + 9)}a.
That is to say, that S is also the solution of equation (12).
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At last, we verify the almost periodicity of the solution. Arbitrarily choosing
{hi}ken C R there is a subsequence {hg,} such that A(e,t + hy,) is convergent
uniformly for £ and t € R as | — co. Then using the notation A;(-) = A(e, - + hy, )
and make 8n2u~'||A)]| < 1 for any I, we can find the unique solution T;S; = S
for the fixed I, where ||S;|| < 1/2 for all I, T} is similar as equation (13) and the
l in Tj refers to A; instead of A. By the uniqueness of the solution, we know that
Si(+) = S(g,- + hy,). Moreover, we obtain that

1St = Sigpll = TiS1 — Thsp Sty

+,3n2OL4AI+\L4H¢H)
2u

A

[151 — Sitpl|

9n2 . "
Zﬂ&—&wﬂ

IN

In? . N 3
Tl = Al + 1S = Sull

So it admits ||S; — Si1,|| < C||4; — Ar4p|| with the constant C' independent of I
and p, which implies the result m(S) C m(A).

Anyway, if we have the gap between two real parts of eigenvalues, i.e., re), <
re\p+1, considering the e\p-shift system

i =e(A+ Ae,t) — NIz,

with A\g = (reA, + red,41)/2 instead of (11) we can turn it into the two block
diagonal form by the similar arguments. Then so do system (11) with the same
transformation. Now repeating such steps with respect to the different real parts
of eigenvalues, we can get the final block diagonal form. O

Lemma 3.2. Let &1 > 0, there exists a function eu(z,t,e) € F(Us, [0,€1)), eu — 0
as € — 0 uniformly on Us X R, such that the transformation of variables y =
z 4 eu(z, t, ) is invertible for 0 < e < &1 and transforms system (5) into

i =eFy(z) +eF(z,t,¢), (14)
where
1 /7
Fo(2) :Th_{réof/o F(z,t,0) dt

is analytic in z € Us and Fy(0) = 0, F € F(Us,[0,€1)), F(z,t,e) = 0 as e — 0
uniformly for (z,t) € Us x R and F(0,t,e) = 0. Furthermore, m(F) C m(F).

Proof. For fixed (z,t) € Us x R, we define

¢
u(z,t,¢€) :/ e =9 7(2,5) ds,

— 00
where Z(z,t) = F(z,t,0) — Fy(z). By Lemmas 2.1 and 2.2, it can be seen as the
unique almost periodic solution of the system

&= —ex+ Z(z,t)

for a fixed z € Us. So u(z,t,¢) is analytic in z € Uy for fixed (t,e) € R x [0,e1) and
so also Fjy and F are analytic. The rest of the proof can be seen in [5, 7]. O

Proof of Theorem 1.1. By Lemma 3.2 and 3.1, we can turn the original system into

i =cA(t,e)z +eG(z,t,¢),
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where A(t,e) — A = 8fy(z0)/0x uniformly for t € R as € — 0, A is in the Jordan
normal form, A is in the block diagonal form with respect to the different real parts
of eigenvalues of A and G = O(]|z||?) as z — 0 uniformly for ¢ € R and fixed
e € (0,¢&0).

By induction assumptions, we can assume that

G(z,t,e) = NFj_1(z,t,e) + G4(z,t,e) + O(||Z||j+1),

where NF};_; is a polynomial of degree j — 1 with respect to z and contains terms
x“eg only for 2 < |a] < j —1 and re(d, arAr — Ag) = 0, G; is a homogeneous
one of degree j with respect to the same variable. Now we do the j—th substitution
z = x + h(x,t,e), where h is the homogeneous polynomial of degree j but with
respect to the variable z, then the transformed system becomes

i =cA(t,e)z 4 cA(t,e)h — e%ﬁ@, e)x+eNFj_ +eGj — 88—? + O(||=] ),

where G'j is the homogenous polynomial of degree j of the following expression

oh
Gj + NF771($ + h7t, E) — 7NF7‘,1.

Ox
So by comparing the j-th order terms, we get that
dh(t,e) i A
—n = ELf(t,s) +eGj(t,e), (15)

where the e-depending linear operator ng(t, ¢) on H; ,(C") is defined as follows

Oh(x) ~
= o At e)a.

On one hand, we show that the representation of the operator ng has the block

L2 h(x) = A(t,e)h()

diagonal form. Now A = (auy) is in the block diagonal form, i.e., a, = 0 if
re), # re),. For the term 2%eg, by careful computation we obtain that

n n n
A _« _ o a—ey
ij eg = E a,grve, — E E 00,2 %y, | eg,

p=1 v=1p=1

where 2/ = xfl xgz ---xB7 and eg is the unit vector with the S-th component 1.
Then for typical terms a,gx%e, and oy a,,r% % x,eg, we calculate

n n
Z aprel, —re), = Z aprel, — relg
k=1 k=1
and
n n
Z aprel —reX, +re), —relg = Z opTeA, — relg,
k=1 k=1
for a,p # 0 and a,, # 0. That is to say, by the different values of Y )_, ayrel, —

reAg the representation of the operator Lj‘ is in the block diagonal form. Specially
making the space decomposition H; ,(C") = Vi @ Va2 together with

Vi = {xaeﬂ | re(D>ardr = Ag) #0, ol J}
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and

Vo= {$a65 | re(z arAp —Ag) =0, |a]= j} ,

k=1

system (15) has the precise form

dh(® (t,¢) A (4)
— = eLi(t,e) +eG; " (t,e)
for i =1 and 2. Here

ﬁ%:Lﬁﬂ,hm:M% Gly, =GV,

On the other hand, we have that LJ‘-Z — Lj‘ uniformly for ¢ € R and ¢ € (0,¢0).
Make L# = diag(Li, Ly) for Ly, = L;. Thus we set h(2) = 0, so all terms in V5
of degree j are left. By Lemma 2.3 and the induction assumptions, we know that
the real parts of eigenvalues of the linear operator L, are different from zero, so the
system

dh)

dt

admits an exponential dichotomy. Then doing the time scaling u = <t, we get the
new system

= Ll (t, E)h(l)

dﬁ( 1)
du

— Li(u/e,e)n + GP(uee).

This system has a unique almost periodic solution E(l)(a,u) and the module
m(ﬁ(l)(s,u)) cm (Ll(u/e,z—:)ﬁ(l) + C;’;l)(u/s,s)) for 0 < & < g9. That is, (V) (e, t)

= E(l)(e,st) solves all terms in V; of degree j and m(h(e,t)) C m (L]g(t,a)h

+G,(t,¢)) for 0 < e < ¢p. O

4. Proof of Theorem 1.2. The next five lemmas prepare the proof of Theorem
1.2. We specially note that the block diagonal condition is not necessary here, so
proofs of Theorem 1.1 and 1.2 are independent.

Now using Taylor expansion in z system (14) can be written as

i =cA(t,e)z +eG(z,t,¢), (16)

where A(t,e) — A = 8fy(x)/dz uniformly for t € R as € — 0 and G = O(||2||2) as
z — 0 uniformly for ¢ € R and fixed ¢ € (0, &¢).

Lemma 4.1. If the real parts of A(A) are non—resonant until the -th order, then
there exists a coordinate substitution

z=x+ h(z,t,e),

where h(x,t,€) is a polynomial of degree | with respect to x and the coefficients of x
are all almost periodic functions in t, under which system (16) can be changed into

i =cA(t,e)x 4 eRigy (2, t, ),

where Riv1 = O(||z||"*tY) as @ — 0 uniformly for t € R and fized ¢.
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Proof. By induction assumptions, we have got the normal form of system (16) till
the (j — 1)-th order; i.e., in system (16) we have

G(z,t,€) = Gj(z,t.e) + O(|l=|"),

where G is a homogeneous polynomial of degree j with respect to z. Now we do

the j—th substitution z = z + h(z,t, ), where h is the homogeneous polynomial of

degree j but with respect to the variable x, then the transformed system becomes

~ ~ oh ~ oh ,
t=cA(t,e)r +ecA(t,e)h — ea—A(t, e)x +eGj — 5 + O(|Jz||" ). (17)
T

Note that the coefficients of z* are all almost periodic functions of ¢ for a fixed &,

where k € Z. By comparing the terms of degree j with respect to the variable x

in system (17), we can obtain

dhgt’ &) _ st(t, e)h(t,e) +eGj(t, e), (18)

where the e-depending linear operator Lf (t,e) on H;,(C™) is defined as follows

~ - h -
Lf sh(z) — A(t,e)h(z) — %?A(t,s)x.
Let ¢ — 0, then we can get another linear operator LJA defined on H; ,(C") as
Oh(x)
A,
Li 2 h(w) = Ah(z) — WA.%’.

Since A(t,e) — A uniformly for ¢ € R and a fixed & and every entry of the matrix
representation of the linear operator L;‘(e, t) is the multiplication and addition of

the entries of E(t7 ¢), we have the uniform convergence
sup ||Lf(s7t) - Lj‘|| —0, as —0.
R

By Lemma 2.3 and the induction assumptions, we know that the real parts of
eigenvalues of the linear operator Lﬁ are different from zero, so the system

dh

— = L%

dt J
admits an exponential dichotomy together with positive constants K and a. Thus
there exists eg > 0 such that

sup | LA(e,t) — LA < o/(4K?), 0<e < e
R

Doing a time scaling u = ¢t in system (18), we get the new system
dh
du

This system has a unique almost periodic solution h(e,u) and the module

m(h(e,u)) C m(Lf(u/e,e)EJr Gj(u/e,e)) for 0 < ¢ < g9. That is, h(e,t) =

h(e, et) is the solution of system (18) and m(h(e,t)) C m (Ljﬁ-(t, e)h + G]-(t,e)) for

0<e<egg. O

Lf(u/&,s)ﬁ—i—Gj(u/s,E).
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Let v(z,y,e) and w(z,y,e) be two families of e-depending continuous skew—
product vector fields defined on D =DxRC C"xR and analytic in x € D for fixed
y and e, where € € (0,£¢) is the parameter. More precisely, v = (v1(x,y, ), v2(y,€))
and w = (wy(z,y,¢),v2(y,€)), where vy € C(R x (0,20),R), vy and w; € C(D x
(0,e0),C™) are analytic in € D for fixed y and . Moreover, we say v and w
are analytically equivalent if there exists an e-depending coordinate substitution
z = u(w,y,e), which changes one vector field into the other, where u € C(lN))7
e € (0,g9) is the parameter and u is analytic in € D for fixed y and . Let

R=w-v, wvs=v+sR,
then vg = v, v1 = w. Consider the e—~depending vector field on the D x A
Vi(z,y,e,8) = (vs(z,9,€),0), s€A,
where A = {z € C: |jz| < 2}.
Lemma 4.2. Assume there exists an e—depending vector field

Ulz,y.e,s) = (h(z,y,e,5),1), (z,9,8) € D x A,

satisfying

[h,vs] = R, (19)
where h € C(E x A) is analytic on D X A for fized y and €, € € (0,e9) is the
parameter and [-,-] is the Lie bracket taken with respect to the variables x and y.

Let Dy, D1 C D be two domains satisfying
gt(Do x {0}) = Dy x {1},
where gi; is the time-1 map defined by the vector field U, then the two vector field

v|[~)0 and w|51 are analytically equivalent.

Proof. Note that the set {s = constant} is invariant under the vector field V.
Moreover, the homological equation (19) implies [U,V] = 0, where [+, -] is the Lie
bracket taken with respect to the variables x, y and s. Together with the condition
that g}, maps Dy x {0} into Dy x {1}, it follows

1 t _t 1
90 © 9|,y = V|, © 90

Thus we complete the proof by the differentiability on the initial values and the fact
that Vl]s—o = (v,0) and V|21 = (w,0). O

Lemma 4.3. The function
h(.%', Y, &, S) = / Xﬁl(tv z,Y,¢€, 8) “Ro gt(xv Y, &, S)dt
0

is a formal solution of the homological equation (19), where g*(x,y, ¢, s) is the time—
t map defined by the vector field vs and the matriz solution X (t;x,y, e, s) is defined
as

99" (2,y,¢, 5)
Xtz y,e8) = —F
9(z,y)
Proof. For simplicity of notation, we fix ¢, s and denote Z = (x,y), ¢/, = =

g'(x,y,e,5) and X (t;T) = X(t;2,y,¢,5). Let b7 := (g7 )«h which is defined as
h7(z) = (X(t,7)h) 0 9,7 (T) = X(73 9,7 T)h(g,. 7).

Vs
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Since we have

9T = x4+ 7vs(T) + o(7),
X(r;T) = I_'_Tavg;x) +o(7).
It follows that
hT(Z) = hog,'T+ T(%h) 0 g, "%+ o(T)
z
o ohE) L on@),
= h(@) = T (@) + T (@) + o(7),
which means
dh™
dr |,._, = [va, h-

Again by definition, we have

hT = / X~ T)X Nt 9,7 Z)R(g,'T) dt

/thTI R(g\7z) dt

- X—l(t;f)R(ggsz) dt.

—T

So
dh™
= —X"10,7)R(g,,7) = —R(T).
dr 7=0 °
This completes the proof of this lemma. O

Let A(A) = (A1, ..., \n) € C™ be the eigenvalues of the matrix A = 9fq(z0)/0x.
Assume re); < ... <re)\, < 0. Now we consider the following system

i =eA(t,e)x + G, t,e) + ser(z, t,¢), (20)
where A(t €) — A uniformly for t € R as ¢ — 0 and it is almost periodic in ¢
for a fixed e, G and r € F(Us, [0,20)), G(2,t,0) = r(z,t,0) = 0. Moreover, G is a

polynomial of degree d = [reA; /re,] with respect to z, G(z,t,&) = JetﬁZOG(x t,e),
r(z,t,e) = Gz, t,e) — G(z,t,e) and s € A = {z € C: ||z| < 2}.

Lemma 4.4. Let W(x,t,e,s) = G(r,t,s) + sr(z,t,e). Consider the following
system

dx ~

5 — At Ty ez +eW(z,t+y.e ), (21)
where y is a real parameter, g, G and r are just defined before the statement of
the lemma. Let G'(z,y,€) be the solution of system (21) with the initial condition
GO(x,y,€) = x. Then there exists e, > 0 and 51 > 0 independent of & such that

p(er, 81) = 2K +(5/2)K?p

with the dichotomy constant K, p = supy; g |0W (z,t,¢,5)|| and =supg At e)—
Al for 0 < & < &1, fulfilling u(e1,01) — 0 as (e1,61) — 0, and for a fized
(y,e) € R x (0,e1) the following statements hold.

(a) ||r(z,t,e)|| < CH:CHJ‘H for all (z,t) € Us, x R.
(b) |G (t; z,y,€)|| < CecTeAntrlen.0E for gl (t, ) € [0,00) x Us,, s € A.
(c) 10;1G(t; z,y, )| < Ces"T®MFR(=E1I for gll (t,2) € [0,00) x Us,, s € A,
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Proof. By the Cauchy’s integral representation
ORIW (z1,... xp,t,e,8)
At ... xn
k! / W(z,t,e,s) dz
v ), (e -a)FFe

OfW (2,t,e,8): =

where |k| =37 1 ki,e=(1,...,1) € Z} and y={z: |z| =r—x,i=1,...,n} for
0<x<<1,0*W(x,t,e,s)is an almost periodic function in the variable ¢ uniformly
for ||z|] < 69 < 0 and k € Z7. Furthermore, the following norm estimations are
valid for 0 < g < 6/3

CiM

SupU(sz]R ||833W(l',t,€7 S)” =p S 507
. GiM(d+ )" (d+1)

- §d+1

! ~
H’I“(I,t,&)” Hx|ld+1v (Ivt) € U5o xR,

where C is a constant depending on n, supy, g [|[W| = M < oo and 9, W is the
Jaccobian matrix of W with respect to the variable . This completes the proof of
statement (a).

Consider the linear part of system (21) & = e A(t +y,£)x. Let ®(t) be its funda-
mental matrix with the initial condition ®(0) = I and denote ®(¢, s) = ®(t)®~1(s).
Then by Lemma 2.1, we have

1B+, )| < (5/2) K2 Ter+2E)t
where = supy ||Z(t, g)— Al < —reX, /2K for 0 < £ < g5. Now we can rewrite system

(21) as the integral equation

t
Gt y,e) = @t +y,y)x + / e@(t+y,v+y)W(G(v;z,y,€),v+y,e,5) dv,
0
Since p = supy; g [|0W(z,t,¢€,5)|| , we have
1G(t; 2, y,€) ||
< /7 (L g 1O G0y, ) o)
An+2K
< 5/ K2 NV 4 (579 K22 [1 1G5, ,9)]| do
Then, by Lemma 2.4, the strong type Gronwall inequality, we obtain
1G(t; 2, y,8)|| < (5/2)K2e=TAT2EEG/DE 0t f5r a1 ¢ >0, s € A.

So this proves statement (b) for p(eq,d1) = 2K+(5/2)K?p and Cy = (5/2) K2.
Now we study the Jaccobian matrix 9,6 (¢;z,y,€). By take derivative with re-
spect to x in system (21), we can get the matrix differential equation

d 3 ~
0= 'G(tiw,y,e) = —e0;'G(ta,y,e)(Alt +y,e) +
aTW(g(tv z,Y, S)a t + Y&, S))a
which can also be written as the matrix integral equation

97'G(tw,y,e) = By, t+ )

t
—/ €0, 'G(v;3,y,€)0.W(G(v; 2, y,e,8), v+ y,6)®(v +y,t +y) do.
0
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Here, ®(s,t) can be seen as the fundamental solution of linear system

%¢@¢)2_¢@¢k2@@.

So, again by Lemma 2.1, we have

19(s + gt + y)l| < (5/2) ]2 TN s

which means that

10,6, p.0) < (5/2)K (ef”e““)t

¢
+ ep/ eE(fre’\lJrQK)(t*U)Hc');lg(v;x,y, 5)|dv>.
0

Therefore, again using Lemma 2.4, we have
105 1G(t; 2y, )|

5/2)K2p _ 2
< ((5/2)K2 ( e(—Trex;+2K+(5/2)K?p)t
= <( Kt k62K ) ¢

— 0366(71'6)\1%*#(61,51))25.

Thus taking C' = max{C; M (d + 1)"(d + 1)!/5‘7“,02, C3}, £1 = &2 and &1 = dg, we
get statement (c). O

Lemma 4.5. Let f(x,t) be a continuous function, which is almost periodic in the
variable t uniformly for x in any compact set D and satisfies

1 (@1,8) = f@2, )| < Lfjwy — 2.
Consider the non—autonomous system
T = f(xv t+ y)v

where y is a real parameter. Let g'(x,y) be the solution with initial condition
g (z,y) = x, then g*(x,y) is almost periodic in y for a fized t and m(g') C m(f).

Proof. The solution g* satisfies the integral equation

t
g'(z,y) :r+/0 f(g°(z,y),s +vy) ds.
Note that
A= [T @,y +an), s +y+an) — Fg°(@,y + an),s +y +an)]| ds

<t SUP( )eDxR [f(z,t+on) — flz,t + am)l,
and

B= [y If(g° @,y +an)ys +y+am) = [(g°(@,y + am),s +y+an)| ds

<L [ lg* (@, y + an) — ¢° (@, + o) ds.
Thus we have
gt (@, y + om) — g'(x,y + )| < A+ B.
By Lemma 2.4, we get

lg* (2,5 + en) = g (@, y + am) | < te™ sup | f(a,t+an) = flz,t +am)ll,
(z,t)e DXR
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which means gt(x,y) is almost periodic in the variable y for a fixed ¢, and by the
definition m(g*) C m(f). O

Proof of Theorem 1.2. First we do the change of variables (4), and we get system
(5), which can be transformed into system (16) using Lemma 3.2. In order to
eliminate the discrepancy of order great than d, we study system (20) instead of
system (16). Considering the corresponding autonomous system of system (20) in
higher dimension, we get

t=cA(y,e)z+eW(zy,e,s), §=1,

where W is the function defined in Lemma 4.4. Applying Lemma 4.2 to this system,
we get the homological equation (19) for vs = (W,0), h = (h1, he) and R = (r,0).
By Lemma 4.3, it has the formal solution

h(l‘,y,E,S) = _/ X_l(t;'rayvgas)'Rogt(xvyagvs)dt
0

*/ 9;'G(tm,y,e) (Gt y,e), t +y,e)dt
0
0

where G is defined in Lemma 4.4. By the norm estimation of Lemma 4.4, we know
that the increasing of the norm of the integrand of h is control by a exponential
function Ce, t > 0, where § = (d 4 1)reA, — reA; + (d + 2)u(e1,01). Since
d = [red, /reA1], we can choose €; and §; small enough such that n < 0. So
h converges with the maximum norm. Therefore, by the differentiability of the
solutions with respect to the initial value and parameter, the time—-1 map w of h is
analytic in the domain Us, with ¢ and € fixed. Moreover, by the result of Lemma 4.5
and similar arguments, h is an almost periodic function in y uniformly for € Us,
with fixed €, and so the same occurs for the time—1 map w.

In addition, when the real parts of A(A) are non-resonant, we can apply Lemma
4.1 to eliminate any finite order of W with respect to the variable x. By the same
arguments, we get the final result of the theorem. O
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