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ON THE PERIODIC SOLUTIONS OF PERTURBED
4D NON-RESONANT SYSTEMS

JAUME LLIBRE!, DOUGLAS D. NOVAES? AND MARCO ANTONIO TEIXEIRA?

ABSTRACT. We provide sufficient conditions for the existence of periodic solutions of a 4D
non-resonant system perturbed by smooth or non—smooth functions. We apply these results
to study the small amplitude periodic solutions of the non-linear planar double pendulum
perturbed by smooth or non—smooth function.

1. INTRODUCTION

A major problem in general perturbation theory is to detect how persistent are some given
properties. In other words we want to translate some dynamical properties from the unper-
turbed system to the perturbed one. Often the unperturbed system is linear and the objects to
be continued to the perturbed system are equilibrium points, periodic orbits or invariant torus.
In this direction, the aim of this paper, is to deal with the periodic solutions of the following
kind of differential systems

"(t) =wiy +ePi(t,x,y, z,w) + 2R (t, 2,9, 2, w, €),
'(t)
(t)

2 (t

8

—wi x +ePy(t,z,y, 2z, w) + €2 Ry(t, z,y, 2, w, €),

<

w2w+5P3(t,£E,y,Z,w) +52R3(t,x,y7z,w,5),
w' (t) = —wy 2z + ePy(t, 2, y, z,w) + > Ry(t, 2,9y, 2, w, €),

where

Pi(t,x,y, z,w) = P}t x,y, z,w) + sign(h;(t, z,y, z,w)) P(t, z,y, z,w), and
Rl(t7 €r,Y,z, W, E) = Rzl(ta €r,Y,z,w, 6) + Slgn(hl(t7 €r,Y,z, w))RlQ(t? €r,Y,z,w, 6)'

Here P/ :Rx D — R, R} : R x D x (—¢g,60) — R for i = 1,2,3,4 and j = 1,2 are smooth
functions T—periodic in the variable ¢ being 7" the period of some periodic solution of (1) when
e = 0, and D an open subset of R*. The functions h; for i = 1,2,3,4 are smooth having 0
as a regular value. The prime in (1) denotes derivative with respect to time t. We denote by
Y ={(t,x,y,z,w) € Rx D : (hihahshs)(t,z,y,z) = 0} the set of discontinuity. Furthermore
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we assume that hy = hg and hs = hy. The function sgn(z) denotes the sign function, i.e.

-1 if 2 <0,
sgn(z) =9 0 ifz=0,
1 ifz>0.

Observe that system (1) with € = 0 is simply the unperturbed system. Otherwise we have the
perturbed system.

Our goal is to provide an algorithm, via tools in advanced averaging theory, for detecting
the periodic orbits of the perturbed system which emerge from the set of periodic orbits of the
unperturbed system. It is to be noted that a very similar scenario holds for a model of the
double pendulum in which our main results will be applied.

1.1. Background and historical facts. The first serious proofs in the averaging theory for
differential systems can be traced back to the works of Fatou [6] in 1928, Krylov and Bogoliubov
[4] in the 1930s and Bogoliubov [3] in 1945. For a modern point of view on this theory see the
book of Sanders and Verhulst [13].

The method of averaging plays an important role in the study of nonlinear systems related
to complex behavior patterns such as bifurcation and stability of the periodic solutions of such
systems. Here we need to deal with systems in the normal form of the averaging theory given
by

(2) %x(t) = Go(t,x) + G (t,x) + 2Ga(t, x, €),

see the basic results on this theory in section 3. One of the basic problems for applying the
averaging theory is to write the system under study in the normal form (23).

Another tool used in this paper is the regularization process for discontinuous differential
systems introduced by Sotomayor and Teixeira in [14]. In this process a discontinuous vector
field Z(t,x) is approximated by an one—parameter family of continuous vector fields Zs(¢, z).

As far as we know, the two methods cited above has been firstly used together in [10] by
Llibre and Teixeixa where it was studied the stable limit cycle of a weight—driven pendulum
clock. In this paper we use the ideas presented in [10] to study the periodic solutions of (1).

1.2. Setting the problem. The objective of this paper is to provide a system of equations
whose simple zeros provide periodic solutions of (1). In order to present our results we need
some preliminary definitions and notations.

The unperturbed system (1) has the origin as its unique singular point with eigenvalues
+wy i, two i. If the non-resonant condition wy/wy € R\Q is satisfied then this system has, in
the phase space (z,y, z,w), two planes filled with periodic solutions except the origin. The
periods of such periodic orbits are

T1 = 21 or T2 = 2i
w1 w2
These periodic orbits live into the planes associated to the eigenvectors with eigenvalues 4w @
or tws i, respectively. We shall study which of these periodic solutions persist for the perturbed
system (1) when the parameter ¢ is sufficiently small and the functions of perturbation are either
Ty or Ty periodic.

Let ¢1(t, u,v) be the periodic function
(3) w1(t,u,v) = (u cos(wit) + vsin(wit), v cos(wit) — usin(wst), 0, O).
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Define Fi(x,y):
T
| (costant P ton(t,) = sin(ert) P 1 o1 6,7,0)) )
0

T
4 [ (costnt) P2t ,0) = sinfent) PR o ,) signn (b1 (0., ),
0

and Fa(z,y):

(4)

Ty
) /0 (COS(wlt)Pgl(t»sol(tw,y))+sin(wlt)Pf(t,wl(t,x,y)))dt
Ty
—I—/O (cos(w1t)P22(t,s01(t,x,y)) — sin(wlt)Pf(t,gol(t,x,y)))sign(hl(t,gol (t,z,y)))dt.

Now let @2 (t,u,v) be the periodic function
(6) wa(t,u,v) = (O, 0, u cos(wat) 4+ v sin(wat), v cos(wat) — usin(wgt)).
Define F!(z,w):
T>
| (costwatI Pt palt, ) = sin(unt) P 1 01 6,7,0)) )
0
T
b [ (contwnt) PRt palts 1) — sinoat) P (1.2, 9))sign(hat, et 2, ),
0

and F2(z,w):

(7)

T
- /O (cos(wzt)P41 (t, pa(t, z,y)) + sin(wat) P3 (t, pa(t, z, y)))dt
T
+/0 (cos(wgt)Pf(t,@Q(t,x,y)) — sin(wzt)Pz?(t,m(t,x,y)))sign(h;;(t,<p2(t,x,y)))dt'

A zero (z*,y*) of the system of functions

9) Filw,y) =0, Faolw,y) =0,
such that
et (M > £0,
0(2,Y) (ay)=(a* )

is called a simple zero of (9). Similarly, we define a simple zero of the system of functions
(10) Flz,w) =0, F*(z,w)=0.

Remark 1. For p € D, let o(t,p) be the solution of (1) such that p(0,p) = p. We say that
the Crossing Hypothesis is satisfied if there exists a compact set V. C D such that the curve
t — (t,p(t,p)) reaches the set ¥ at points of crossing regions (see Appendix) for every p € V
and t € [0,T7].

1.3. Statement of results. Our main result on the periodic solutions of the perturbed system
(1) which bifurcate from the periodic solutions of the unperturbed system with period 77 is the
following.

Theorem A. Assume that the functions P? and R} of (1) are Ty periodic in the variable t.
Also assume that the Crossing Hypothesis (see Remark 1) is satisfied for e € (0,e0) with eg > 0
and (z,y,z,w) € V. Then for e > 0 sufficiently small and for every simple zero (x*,y*) of (9)
such that (z*,y*,0,0) € V, the perturbed system (1) has a Ty —periodic solution p(t,e) such that

»(0,e) = (z*,y*,0,0) when € — 0.
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For £ > 0 sufficiently small the solution ¢(¢,¢) of Theorem A is close to the plane defined by
the eigenvectors of the eigenvalues +iw .

With a change of variables we can also state a result on the periodic solutions of perturbed
system (1) which bifurcate from the periodic solutions of the unperturbed system with period
Ts.

Corollary 1. Assume that the functions Pij and Rf of (1) are Ty—periodic in the variable t.
Also assume that the Crossing Hypothesis (see Remark 1) is satisfied for e € (0,e0) with eg > 0.
and (z,y,z,w) € V. Then for ¢ > 0 sufficiently small and for every simple zero (z*,w*) of
(10) such that (0,0,z*,w*) € V, the perturbed system (1) has a Ty—periodic solution ¢(t,¢)

such that ©(0,e) — (0,0, 2%, w*) when ¢ — 0.

Again, for e > 0 sufficiently small the solution ¢(¢,e) of Corollary 1 is close to the plane
defined by the eigenvectors of the eigenvalues +iws.
Theorem A and Corollary 1 are proved in Section 4. Its proof is based in the averaging
theory for computing periodic solutions, see Section 3.
Remark 2. The theory could be developed for a more general system by considering the smooth
functions P! and R!, T'pi —periodic and T'y; —periodic in the variable t and respectively in reso-
nance pp;qpi and pp; :qé;‘ with some of the periodic solutions of the unperturbed system (1),
being p and q relatively prime positive integers for p = Ppis Pris 4 =dpi, qpi, 1 =1,2,3,4 and
7 = 1,2. Howewver, in this case we may assume that the functions Pij and Rf fori=1,2,3,4
and j = 1,2 are kT —periodic being T the period of the periodic solution of the unperturbed
system (1) for which the functions are resonant. Indeed, if we take k the least common multiple
among ppi and pp; for i =1,2,3,4 and j = 1,2, then there exists integers np; and ng; such
that k =np; ppi = npi ppi. Hence '
Ppj DPri
kT = N piqpi —T = Npiqpi —T,
i i quij i i qRZ
fori=1,2,3,4, and j = 1,2. Here to make the notation simpler we assume that all functions
have the same period.

2. APPLICATION: DOUBLE PENDULUM MODEL

The planar double pendulum model consists in a system of two point masses m; and msy
moving in a fixed plane, in which the distance between a point P (called pivot) and m; and
the distance between m, and mo are fixed, and equal to [; and [y respectively. We assume the
masses do not interact. We allow gravity to act on the masses m; and ms.

The position of the double pendulum is determined by the two angles ¢; and ¢2 shown in
Figure 1. The corresponding Lagrange equations of motion are

(m1 + ma)l11 + malas cos(¢pr — ¢2) + (M1 +m2)gsin(¢r)
(11) +maladh sin(¢y — ¢2) = 0,
malyr cos(d1 — a) + malaghs + magsin($2) + maly¢? sin(¢1 — ¢a) = 0,

where g is the acceleration of the gravity. For more details on these equations of motion see [8].
Here the dot denotes derivative with respect to the time 7.

The authors in [9] have studied, in the vicinity of the equilibrium ¢; = ¢ = 0, the persistence
of periodic solutions of system (11) perturbed smoothly in the particular case when m; = mq
and /1 = l. In this paper stronger generalizations are considered.
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FIGURE 1. The planar double pendulum.

Denote the expressions for é1 and 5 in (11) respectively by Hi(¢1, b1, o, qﬁg) and Ha(¢1, b,
@2, d2). In this section we consider the following perturbed problem:

G1(T) = Hi(pr, 1,02, 02) +¢ (F1(7'7 b1, 1, b2, d2) + sgu(¢1) F
+e? (Gl(ﬂ b1, 01, G2, ) + 580(61)Ga(7, 61, b1, b2, da) ) + O(€?),

$2(7) = Ha(¢1,d1,00,62) + ¢ <F3(Tv b1, 01, b2, a) + sgn(da) Fu(r, ¢1,¢1,¢2,¢2))
+e? (Gs(ﬂ b1, 01, b2, da) + sgn(d)Ga(r, ¢1,¢1,¢2,¢32)> +0(e%).

The smooth functions F; and G; for i = 1,2,3,4 define the perturbation. These functions are
respectively T—periodic in the variable 7, being T the period of some periodic solution of (12)
when ¢ = 0, if there exists. We also assume that F;(7,0,0,0,0) =0 for i = 1,2, 3,4.

Roughly speaking, the functions F; and G; for i = 1,2, 3,4, can be taken in a certain way
arbitrary. It makes us able to provide, in a physical context, the real meaning of these functions.
In our case, since we are working with discontinuities in the variables ¢, and ¢5, the functions
Fi, F5, Gy and G5 could model the escapement for the particle mq, and the functions F3, Fy,
(i3 and G4 could model the escapement for the particle ms. If discontinuities in the variables él
and ¢52 are considered instead discontinuities in the variables ¢1 and ¢5, the respective functions
could model the Coulomb Friction. We can also work by composing these two phenomena. For
more details on physical systems with discontinuous models see, for instance, [1] and [2].

T, ¢17 ¢17¢27 ¢2))

(12)

I~ — —~

The objective of this section is to provide a system of equations whose simple zeros provide
periodic solutions (see Figure 2) of the perturbed planar double pendulum (12). In order to
present our results we need some preliminary definitions and notations.

In what follows we define the real parameters

{ l
(13) po fhm ot g e AlmEme)
gmso mo 12m2

the frequencies

a+b— VA a+b+ VA

14 w1 = and wy = ,
() 1 2 \/Q
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(2, $2)

>¢1

e
b1

FIGURE 2. Periodic solution of the perturbed system (12) converging to the origin
when ¢ — 0.

with A = (a — b)? 4+ 4b > 0, and the periods

2 2
(15) =" and T,=2".
w1 w2

We shall study the persistence of periodic solutions for the perturbed system (12) when the
parameter ¢ is sufficiently small and the functions F; and G; for i = 1,2, 3,4 have period either
T, or yT5.

Now let
(16) Fi(t,un, ug, ug, ug) = di (H)uy + d>(t)ug + d3 (t)ug + d} (t)ua,
with
di (t) =2 OF; (vt,0,0,0,0), d3(t) = 781.% (t,0,0,0,0),
o pof, o
(0 =755, 0:0,0,0,0), di(t) = v57-(31,0,0,0,0),
and let

(17) Gi(t) = v*Gi(11,0,0,0,0).
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We define the functions:
T R R
R = [ st (2 + Gi6) + (B + Galt)) (a - b+ VA))

0
+ / " (w1 1) (21@2 +Gu(1)
O ~
+(Ey+Ga(t) (a— b+ VA)) sgn(m o pa(tz,y)) dt,

(18)
Falw,y) = /OTI cos (wi 1) (26(F, + Cr (1) + (Fy + Go() (a — b+ VA) ) dt
+ /O . (w1 1) (zb(EQ + Ga(t))
+(Ey + Ga) (a = b+ VA)) sgn(m o itz y)) dt
where
(19) F; = Fy(t, A1, By,C1, Dy)

for i =1,2,3,4 with

(—a—&-b—l-\/Z)

A = BT T (2 cos (w1 t) + ysin (wy 1)),
(—a—i—b-&-\/Z)

B = sy (ycos (wy t) — xsin (wr t)),

Oy = wi (wcos (wit) +ysin (w1 1)),
1

Dy =ycos (wy t) — zsin (wy t),

and 7 is the projection onto the first coordinate.

We also define the functions:
T, - R - R
Flzw) = / sin (w2 ) (~20(Fy + G1 (1)) + (Fy + Ga(1)) (—a+ b+ VA) ) ar

0
+ / . (wa t) (21)(?2 +Ga(1)
+(Fy + Gy(t)) (—a +b+ \/Z)) sgn(ms o @a(t, z,w)) dt,

o

(20)
P2z w) = /:2 cos (w2 ) (721)(?1 + Gy (1) + (Fs + Gs(t)) (a b+ \/K)) dt
+ /OT2 cos (wa t) (2b(?2 + ég(t))
+(Fy + G4(t) (a —b+ \/K)) sgn(m3 o pa(t, 2, w)) dt.
where

F’L = Fi(t7A27BQ7027D2)
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for i = 1,2,3,4 with
(a—b4-¢A)

Ay = BT (zcos (wat) + wsin (wat)),
(a—b—i-\/g)
By = R T— (wcos (wa t) — zsin (wa 1)),
1
Cy = — (zcos (wat) +wsin (wat)),
w2

Dy = wcos (wat) — zsin (wa t),

and 73 is the projection onto the third coordinate.

Consider the systems

(21) -Fl(xay):()a FZ(Z’y):Oa
and
(22) Flz,w) =0, F*(z,w)=0.

In the next proposition we state a result on the existence of periodic solutions of the non-
smooth perturbed double pendulum (12).

Proposition 2. Assume that F; and G; of (12) are vT1—periodic in the variable t. Also assume
that the crossing hypothesis is satisfied for e € (0,g¢) with g9 > 0 and (x,y,z,w) € V. Then for
e > 0 sufficiently small and for every simple zero (x*,y*,0,0) € V' of the non-smooth system
(21) such that the orbits pass by D, the non-smooth perturbed double pendulum (12) has a
~Ty—periodic solution ¢(t,e) such that ©(0,g) — (0,0,0,0) when € — 0.

In a similar way we can also state a result on the periodic solutions of the non-smooth
perturbed double pendulum (12) which bifurcate from the periodic solutions of the unperturbed
one with period T5.

Proposition 3. Assume that F; and G; of (12) are vTx—periodic in the variable t. Also assume
that the crossing hypothesis is satisfied for e € (0,e9) with g > 0 and (x,y,z,w) € V. Then
for e > 0 sufficiently small and for every simple zero (0,0,z*,w*) € V of the non-smooth
system (22) such that the orbits pass by D, the non-smooth perturbed double pendulum (12) has
a yTy—periodic solution p(t,e) such that ¢(0,£) — (0,0,0,0) when € — 0.

We provide now an application of Propositions 2 and 3.

Corollary 4. Suppose that Fy = (ki/7?)z + f1, Fy = (k3/v))x + f3, Go = 1/9% + g2, and
Gy = 1/92% + g4, where

2 2
—w —4bw
ki=—2, and k3= —— L ——
DT P 7 ((a—b2—A)’
with f1, f3, 92, g4, Fo, Fy, Gy, and G3 being vT;—periodic functions in the variable T having no
linear terms and no constant terms in relation with the spatial variables. Then the differential

system (12) for |e| > 0 sufficiently small has two ~T;—periodic solution bifurcating from the
origin. Herei=1,2.

Propositions 2 and 3, and Corollary 4 are proved in section 5.



PERIODIC SOLUTIONS OF PERTURBED NON-RESONANT SYSTEMS 9

3. BASIC RESULTS ON AVERAGING THEORY
For proving the main results of this paper we present the basic result from the averaging
theory that we need here.

Consider the differential systems of the form
(23) %x(t) = Go(t,x) + G (t,x) + 2Ga(t, %, €),

with |e| > 0 sufficiently small, where the functions Go,G; : R x A — R™ and G2 : R x A X
(—e0,€0) — R™ are C? functions, T-periodic in the variable ¢, and A is an open subset of R™.
Assume that the T-periodic solutions of the unperturbed system

(24) X(t) = Go(t,X),
form a submanifold Z of dimension &k in R™. In the study of the periodic solutions the objective
of the averaging theory is to detect which periodic solutions of the unperturbed system (24)

persist as periodic solutions in the perturbed differential system (23) for |¢| > 0 sufficiently
small.

We denote by x(t,z,¢€) the solution of system (24) such that x(0,z,¢) = z. The first varia-
tional equation of system (24) on the periodic solution x(t,z,0) is
(25) y = DXGO(th(taZ7O))Ya
where y is a n x n matrix. From now on let M,(t) be the fundamental matrix of system (25)
such tat M,(0) =Id. Let ¢ : R¥ x R"~* — R¥ be the projection &(x1,...,2,) = (z1,...,2x).
The T—periodic solutions of the perturbed system (24) coming from the unperturbed system
(23) for |e| > 0 sufficiently small can be computed using the following result.

Theorem 5. We denote by V an open and bounded subset of R containing the submanifold Z,
and we denote by 3 : CI(V) — R" =% a C? function such that Z = {z,, = (o, B(a)), a € CI(V)} C
A, where for every z,, € Z the solution x(t,zs) of (24) is T—periodic. Let My, (t) be fundamen-
tal matriz of (25) associated to the solution x(t,z,). Assume that the matriz M, *(0)— M, *(T)

z

has in the lower right corner a (n — k) x (n — k) matriz A, with det(Ay) # 0, and in the upper
right corner the k x (n — k) zero matriz. Let G : CI(V) — RF be the function defined by

(26) ( / )G (t,x(t, za))dt> .

If there is a € V such that G(a) = 0 and det ((dG/da) (a)) # 0, therefore there exists a T -
periodic solution o(t,e) of system (23) satisfying ©(0,€) — 24 as e — 0.

Theorem 5 was proved by Malkin [11] and Roseau [12], for a shorter and new proof see [5].

4. PROOFS OF THEOREM A AND COROLLARY 1

The averaging theory we shall use here (see Appendix) deals with smooth system. So, first
of all, instead of working with the discontinuous differential system (1) we shall work with the
smooth differential system

'(t)
Y (t) = —wi & + ePos(t, ,y, 2,w) + > Ros(t, x,y, 2, w, €),
)

At

wl(t) = —w2z+ 6P45(t,.’£, y,zaw) + 52R45(t,:r,y, Z7w7€)7

w1y +ePis(t,x,y, z,w) + > Rys(t, x,y, 2,w, €),

(27)

2w+6P35(t7xayasz) +e Rsé(t7$79727w75)7
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where
Pis(t, 2, 2,0) = PL(t,,y, 2w) + 5 (hi(t, 2, 2,0)) P (t, 7, , 2, w),
Ris(t,x,y, z,w,e) = FMNt, 2, y, z,w, ) + ss(hi(t, 2, y, 2, w)) F2(t, ©,y, 2, w, €).
where ss(x) is the smooth function defined in Figure 5, such that

li = .
lim s5(z) = sgn(x)

sign(z) ss(z)

FIGURE 3. The functions sign(z) and s;s(z).

Lemma 6. The functions (3) and (6) are periodic solutions of the unperturbed system (27)
respectively with periods Ty and Ts.

Proof. Since system (27) with € = 0 is a linear differential system, the proof follows easily. [

Proof of Theorem A. It is well known that a Poincaré map defined in a smooth differential
system is smooth. So the Poincaré maps associated to the periodic orbits of the differential
system (27) are smooth.

The Poincaré maps, restricted at V', associated to the periodic solutions of the non-smooth
differential system (1), which are perturbations of the periodic solutions (3) are also smooth,
indeed, since the orbits starting in V' reach the discontinuity set only at points of crossing region
(see Appendix), such Poincaré maps are compositions of smooth Poincaré maps. In a similar
way it follows that the Poincaré maps, restricted at V, associated to the periodic solutions of
the non-smooth differential system (1), which are perturbations of the periodic solutions (6)
are also smooth.

We can use Theorem 5 (see Section 3) for computing some periodic solutions of the smooth
systems. The periodic solutions are zeros of the displacement function, which is the Poincaré
map associated to periodic solutions minus the identity. In fact, the non-linear function (26)
whose zeros can provide periodic solutions, is the first term of order £ of the displacement
function. See for more details the proof of Theorem 5 in [5].

Since the Poincaré maps associated to periodic solutions of system (1), coming from the
perturbed periodic solutions (3) or (6), are smooth and these Poincaré maps are the limit of
the Poincaré maps associated to the smooth system (27), for which we can use Theorem 5, it
follows that we also can use Theorem 5 for computing some of the periodic solutions of the
non-smooth system (1). In other words, we can apply Theorem 5 to the smooth systems (27)
and then pass to the limit, when 6 — 0, the function (26) for obtaining a function whose zeros
can give periodic solutions of the non-smooth system (1).
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We note that system (27) can be written as system (23) taking

Pl(;(t, X)
T w1y
Y —w1 T Pas(t,%)
X = 5 t_Ta Go(t,X) - >G1(t7x) =
z wo W Pis(t,x)
w —wsy 2
P45(t, X)
Rhs(t, X, 6)
Ros(t,x,€)
and Ga(t,x,¢e) =
Rss(t,x,¢€)
R4§(t, X, 6)

We shall describe the different elements which appear in the statement of Theorem 5 in the
particular case of the differential system (27). Thus we have that A = R*, k = 2 and n = 4. Let
r1 > 0 be arbitrarily small and let ro > 0 be arbitrarily large. We take the open and bounded
subset V of the plane z = w =0 as

V = {(x,4,0,0) € R* : 7} < /22 + 92 < ro}.
As usual Cl(V') denotes the closure of V. If & = (z,y), then we can identify V with the set
{a € R?: 1y < ||a]| < 72},

here || - || denotes the Euclidean norm of R?. The function 8 : CI(V) — R? is B(a) = (0,0).
Therefore, in our case the set

Z ={2, = (o, B(a)), a € CU(V)} = {(2,¥,0,0) € R*: 7 < ya2+y2 < ro}.

Clearly for each z, € Z we can consider the periodic solution x(¢,z,) = ¢1 (¢, z,y) given by (3)
with period T7.

Computing the fundamental matrix M,_(7) of the linear differential system (27) with e =0
associated to the T—periodic solution z, = (z,y,0,0) such that M, (0) be the identity of R,
we get that M (1) = My,_ (7) is equal to

cos(wyt) sin(wt) 0 0
—sin (wyt) cos(wt) 0 0
0 0 cos (wot)  sin(wat)
0 0 —sin (wat) cos(wat)
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Note that the matrix M, (7) does not depend on the particular periodic solution x(7,z,).
Since the matrix

0 0 0 0
0 0 0 0
MO =M GT) = | ggn2 (PT92) g (22Te2) |
w1 w1

2
0 0 —sin( p7rw2> 2 sin? <p7rw2>
w1 w1

satisfies the assumptions of statement (ii) of Theorem 5. Indeed

9 gin2 [ P72 . [ 2pmwa
S1n S111 T W
9 w1 w1 = 4sin® b # 0.
. ( pﬂw2> . 2<pﬂw2) Wy
—sin | ——= 2sin” (| ——

because pws/wy ¢ Z. So we can apply Theorem 5 to system (27).
Now & : R* — R? is £(x, 9y, z,w) = (z,y). We calculate, when § — 0, the function

1
g(CL’, y) = g(a) = (T Mz—al(t)Gl(t>x(t’ Za))dt> )
1.Jo
and we obtain the function Gi(x,y)
(28)
e ! , |
7 | (costan Pt gi(t.2.0) —sin(it) P (1o (1. 2,)) ) de
0
1 : .
+i (cos(wlt)Pf(t, ©1(t,2,9)) — sin(wit)PE(t, ¢1(t, z, y)))51gn(h1(t7 v1(t,z,y)))dt,
0
and the function Go(z,y)
(29)
]. Tl 1 . 1
7 | (cos@n)P(tor(ta.p) +sin(wit) Pt i (1 2,)) ) dt
0
I : .
| (cosan) PRt pa(t2,)) = sin(nt) PRt (0, ,) ) sign(a 1, 0112, ).
0

Then, by Theorem 5 we have that for every simple zero (z*,y*) € V of the system
(30) Gi(z,y) =0 , Ga(z,y) =0,
we have a periodic solution ¢(¢,¢) of system (27) such that
©(0,e) — (z*,y%,0,0) ase — 0.

Note that system (30) is equivalent to system (9), because both equations only differs in a
non—zero multiplicative constant. Hence Theorem A is proved. (I

Proof of Corollary 1. This proof follows immediately from Theorem A. O



PERIODIC SOLUTIONS OF PERTURBED NON-RESONANT SYSTEMS 13

5. PROOFS OF PROPOSITIONS 2 AND 3, AND COROLLARY 4

5.1. Proofs of Propositions. In order to apply Theorem A to system (12) we have to write
this system in the standard form (1). For this purpose firstly we follow the steps:

(i) proceed with the change of variable ¢1 = €67 and ¢ = €fy;

01(7) = le (e61,01,205,205) + Fi(7,e61,e01,02,205) + sgn(6y) Fa(T, 591,591,592,592)
+e (Gl (T 891, 591, 892, 592) + sgn(@l)Gg (T 691, 891, 892, 892
92(7’) = 2H2(591, 891, 892, 602) + F3(7', 891, 591, 692, 692) + sgn(ﬁg) 4(7’, 601, 591, 892, 592)
+e (Gl(T, 591,591,502,692) + sgn(02)Ga(T, 591,591,592,502)> +0(e?
(ii) expand in Taylor series, for € = 0, the expressions of 6, and 6y;

(iii) take a new time t given by the rescaling 7 = ¢, with v = /I3 m1/(gma2);
(iv) and finally, denote

a= m t me >1 and b= 7ll(m1+m2)

> 0.
ma lameo

Hence, we obtain the following equations of motion for the double pendulum

H;_/(t) = _ael + 92 +e (Fl (ta 917 /1’ 9278/2) + él(t))
tesgn(6)) (Fg(t, 0,,0,,05,0,) + G’g(f)) +O2),

eél(t) = bh; —bOy +¢ (F:;(LL, 91, /1792, 9/2) + ég(t))
tesgn(8) (Falt,00,01,02,04) + Ga(t)) + O(e?),

where now the prime denotes derivative with respect to the new time ¢. Here the functions F,
and G; for i = 1,2,3,4 are given in (16) and (17). It is worth to say that the parameters v, a
and b defined above are the same defined in (13).

Introducing the variables (X, Y, Z, W) = (01,0},02,60}) we write the differential system of
the non-smooth perturbed double pendulum (31) as a first-order differential system defined in
R*. Thus we have the differential system

X't = v,
Y(t)= —aX+Z+e (Fl (t,X,Y,Z,W) + él(t))

) tesign(X) (FQ(t, X,Y, Z,W) + ég(t)) +O®?),
Z'(t)y= W,

W/(t)= bX —bZ+e (Fg(t, XY, Z, W) + ég(t))
tesign(2) (F4(t, X,Y, Z,W) + é4(t)) +O(2).

Finally, we write system (32) in such a way that the linear part at the origin of the un-
perturbed system will be in its real normal Jordan form. Then, doing the change of variables
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(tha Y7 Zv W) - (taxayazaw) given by

bwy w1 (a —b+ \/Z)
x ﬁ " 2VA ' X
0 i 0 a—b+ VA
(33) Y= VA 2vA e
z b wy (—a+b+ \/Z) Z
w _ﬁ ! 2vVA ! w
o b 0 —a+b+VA
VA 2VA
the differential system (32) becomes
= wiy,
Y = —wiz+ 52\}E (2b (Fl +Gy(t) + (FQ + ég(t)) SigIl(A)))
- N +€2\;Z ((a —b+ \/K) (F3 + Gs(t) + (F4 + é4(t)) sign(C))) + 0(e?),
W= —wazt ENIZ (7217 (Fl LGt + (FZ n ég(t)) sign(A)))

1 o . . )
-I-Em ((—a +b+ \/Z) (Fg + G3(t) + (F4 + G4(t)) Slgn(C))) + O(e%),
where F(t,x,y, z,w) = Fy(t, A, B,C,D) for i = 1,2,3,4 with

(—a+b+\/ﬁ> (a—b+\/Z>

A: 2bw1 v QbUJQ
(—a—&-b—i-\/Z) (a—b—&-\/Z)
B: y_ w,

2b 2b
1
C=—zx+ —z,
w1 w2
D=y+w

Proof of Proposition 2. Computing the functions (4) and (5) for the differential system (34) we
obtain the functions given in (18). Consequently, the system of functions (9) is equivalent to
the system of functions (21). Then, by Theorem A we have that for every simple zero (z*,y*)
of the system (21) there exists a periodic solution (z,y, z, w)(t,&) of (34) such that

(z,y,z,w)(0,e) = (z*,y*,0,0) ase— 0.
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Going back through the change of coordinates (33) we get a periodic solution (X, Y, Z, W)(t, )
of system (32) such that

—a+b+ VA | .
X(t,e) e (2* cos (w1 t) + y* sin (wq 1))
— VA
Y(te) —atbrva (y* cos (w1 t) — o™ sin (w t))
. 2
1
Z(t,e) o (* cos (w1 t) + y* sin (wq t))
1
Wit e)

y*cos (wy t) — x* sin (wq t)

as ¢ — 0. Consequently we obtain a periodic solution (7, ) of system (12) such that

s (o (2] 2 (5) o (22) v (1))

which is clearly yT;—periodic. Moreover ¢(0,e) — (0,0,0,0) when € — 0. Hence Theorem A is
proved. (|

Proof of Proposition 3. Computing the functions (7) and (8) to the differential system (34) we
obtain the functions given in (20). Consequently, the system of functions (10) is equivalent to
the system of functions (22). Then, by Corollary 1 we have that for every simple zero (z*, w*)
of the system of functions (22) there exists a periodic solution (z,y, z, w)(t,€) of (34) such that

(z,y,z,w)(0,6) = (0,0, 2", w*) ase— 0.
From here, the proof follows analogously to the proof of Proposition 2. O

5.2. Proof of Corollary. To obtain the expression of the functions given in (18) and (20)
we have to study the changes of sign of the functions m o ¢1(¢,z,y) (defined in (3)) and
73 0 @a(t, z,w) (defined in (6)) respectively for ¢ € [0,77] and t € [0, T5].

Note that 71 0 v1(t,2,y) = 0 only for

i (rnmon (7))
t, = — | mn — arctan | — .
w1 y

So, if xy < 0, then t,, € [0, 7] only for n = 0, 1; and if zy > 0, then ¢,, € [0,71] only for n = 1, 2.
We know that for all ¢ € [t,, t,,11] the function m o 1 (¢, x,y) has the same sign and different
sign of any t € [t,,—1,t,], thus the integral can be computed using the partitions {0, ¢to,¢1,771}
when zy < 0 and {0, t1,%2, 71} when zy > 0 as the limits of integration.

The study of changes of the sign of the function m3 o @a(t, 2z, w) for t € [0,T] and zw # 0 is
completely analogous.

Proof of Corollary /4. Firstly, we have to check the crossing hypothesis for the system (12) or
equivalently for the system (32). Note that we have four different vector fields defined in four
different regions (see Figure 4).

In the region R1 = {X > 0 and Z > 0} we have

Y
—aX+Z+e(l+k 2)
w
bX — bZ +e(1 + ks Z),

X =
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In the region Ry = {X < 0 and Z > 0} we have
Y
—aX+Z—-ec(1-k 2)
w
bX —bZ +c(1+ks 2),

Xy =

In the region R3 = {X < 0 and Z < 0} we have

Y
—aX+Z—e(l—k 2)
w

bX —bZ — (1 — ks Z),

X3 =

Finally, in the region R4y = {X > 0 and Z < 0} we have

Y
—aX+Z+e(l+k 2)
X, =
w
bX —bZ —e(1— ks Z),
X=0
X X
—1
73 (0)
X X,
™1 1 (0)

FIGURE 4. TFour different vector fields.

To study the types of the sets M;; (see Appendix), we have to compute Lie derivative of the
functions 7 and w3 with respect to the vector fields X; for i = 1,2, 3,4, i.e.

(ﬂXi)(Wj)(vava 27 W) = <V7Tj>Xi>(X7KZa W)7

where 7; is the projection onto the jth coordinate.
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Proceeding with these calculations we have

(L )(m)(X, Y, Z,W) = (La,)(m)(X,Y, Z,W) = Y,
(La)(m2)(X, Y, Z, W) = (L, )(m2)(X, Y, Z,W) = W,
(Lay)(m)(X,Y, Z,W) = (La,)(m)(X, Y, Z,W) = Y,
(L )(m)(X,Y, Z,W) = (La,)(m2)(X, Y, Z,W) = W.

Hence we can conclude that in the set
T ={(X,Y,0,0)}_J{(0,0,2, W)},

the flow is tangent to the discontinuous set, and in any other point the flow cross the set of
discontinuity.
In the coordinates defined in (33), we have that

T = {(:c,y, —%% —y) } U { (x’y’ﬁﬁ%ﬁy) } ’

3 a—b—VA
a—b+vVA
Observe that the periodic orbits given by Lemma 6 filling the planes {(x,y,0,0)} and {(0,0, z,w)},
except the origin, do not reach the set 7. Thus, for || > 0 sufficiently small, there exists a neigh-
borhood of {(z,y,0,0)}\(0,0,0,0) and {(0,0, z,w)}\(0,0,0,0) such that the orbits cross the set
of discontinuity. In other words, the crossing hypothesis is satisfied for every ¢ € (—ep,&q) for
some &g > 0.
Now assume that the function are y7T1—periodic in the variable 7. By studying the changes
of the sign of the function m o 1 (¢, z,y) for t € [0,T1] we conclude that the functions (18) and
(20) are given by

where

+4(a+b+\/g)

if y>0,

22

w1 1+y72

F =

1(7,y) _4(a—|—b—|—\/x) <o

w 1—|—£2

1 2
4x(a+ b+ VA) £ g0
x? 7

wiyy/ 1+ —

Falay) = !

' dr(a+b+VA) |

r— —————=—= if y <0,

/ 22

wiy 1+ —

Y

So the system Fj(z,y) = 0 and Fa(z,y) = 0 has the following simple solutions:

4a+b+\/Z>

w1

(z1,91) = <0,
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and

w1

(25, 43) = (07 _4“+b+‘/z> .

Hence, by Theorem A we have two ~Tj—periodic solution of the non-smooth perturbed dou-
ble pendulum. The argument in the case when the functions are y7T5—periodic is completely
analogous. So we have conclude the proof of corollary. O

APPENDIX: BASIC CONCEPTS ON FILIPPOV SYSTEMS

We say that a vector field X : D C R" — R"™ is piecewise continuous if its domain of
definition D can be partitioned in a finite collection of connected, open and disjoint sets D;,
i=1,--,k,such that UD; = D, and the vector field X |5 is continuous for i =1,--- k.

We denote by Sx C 0D;U---UJDy, the set of points where the vector field X is discontinuous.
By assumptions, the set Sx has measure zero.

If ¥ C Sx is a manifold of codimension one, then 3 can be decomposed as the union of the
closure of the following three kind of regions (see Figure 5):

Y ={zex: (Xh)(Yh)(z)>0};
Y ={reX:(Xh)(x)>0e (Yh)(z)<0};
YW={zxeX:(Xh)(z)<0e (Yh)(z)>0}.

ZC

S
/4
N
Ve
S
/e

FIGURE 5. Crossing region (3°), escaping region (X°) and sliding region ().
For p € ¥¢ U X% we define the Sliding Vector Field as

1
(35) %) = i) - KR p)

Consider the following equation
(36) &= X(z),
where X : D C R™ — R" is a piecewise continuous vector field. The local solution of the
equation (36) passing through a point p € ¥ is given by the Filippov convention:

(i) for p € 3¢ such that (Xh)(p),(Yh)(p) > 0 and taking the origin of time at p, the
trajectory is defined as ¢z (t,p) = @y (t,p) for t € I, N {t < 0} and ¢z (t,p) = ¢x(t,p)
for t € I, N {t > 0}. For the case (Xh)(p), (Yh)(p) < O the definition is the same
reversing time;

(YR)(XR)(p) = (Xh)(Y'R)(p))-
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(i) for p € ¥°UX° such that Z(p) # 0, ¢z(t,p) = ¢z, (t,p) for t € I, CR.

Here o denotes the flow of a vector field W.
For more details about discontinuous differential equation see Filippov’s book [7].
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