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THE 3-DIMENSIONAL CORED AND LOGARITHM
POTENTIALS: PERIODIC ORBITS

MAITE KULESZA! AND JAUME LLIBRE?

ABSTRACT. We study analytically families of periodic orbits for the cored and
logarithmic Hamiltonians H(z, y, 2, Pz, Py, Pz) = (p2 +p§ +p2/q)/2+ (1+22+
(y2+2%)/¢*)/?, and H(x,Y, 2,px, Py, pz) = (p3 +p3 +02/0)/2+ (log(1 + 22 +
(y? +22)/4?))/2, with 3 degrees of freedom, which are relevant in the analysis
of the galactic dynamics. First, after introducing a scale transformation in
the coordinates and momenta with a parameter €, we show that both systems
give essentially the same set of equations of motion up to first order in e.
Then the conditions for finding families of periodic orbits, using the averaging
theory up to first order in g, apply equally to both systems in every energy
level H = h > 0. The averaging method used proves the existence of at most
three periodic orbits, for € small enough, and gives an analytic approximation
for the initial conditions of these periodic orbits.

1. INTRODUCTION

In this paper we are interested in 3 degrees Hamiltonian systems of the form

1 P2
H(2,y,2,p2,pysp2) = 5 (pi +p, + qz) + V(2% %, 2°),
where V' a smooth potential with an absolute minimum and a reflection symmetry
with respect the three axes. The motivation for the choice of these symmetries
becomes from the interest of these potentials in galactic dynamics. In particular,
we considered the cored potential

2 2
(1) Ve=[1+22+ L322
and the logarithm potential

1 y2 +22

such potentials in 2 degrees of freedom have been studied by several authors, see
for instance, [1, 3, 4, 6, 7, 8|.

Our goal is to study the periodic orbits of the corresponding Hamiltonian differ-
ential system using the averaging theory.

Belmont et al. [8] applied the method of resonant detuned normal forms to in-
vestigate properties of the logarithmic galactic potential. These forms are obtained
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with a method based on the Lie transformation which is analogous to the Pren-
dergast method applied by Contopoulos and Seimenis. In Pucacco et al. [7], they
showed that it is possible to find periodic orbits with this method.

The averaging method has already been applied to others particular galactic
potentials. Jiménez—Lara and Llibre [3] obtained two families of periodic orbits in
the plane, when the parameter ¢ is irrational. Lacomba and Llibre [4] studied the
potential with a general perturbation of fourth order and obtained four families of
periodic orbits in the plane, when the parameter ¢ is equal a 1. The parameter ¢
gives the ellipticity of the potential, which ranges in the interval [0.6, 1].

In this paper, we find new families of periodic orbits parameterized by the energy
and depending on the parameter q.

2. STATEMENT OF THE PROBLEM

We shall study the periodic orbits of the Hamiltonians systems associated to the

1 P y? + 2
(3) Hc:2<pi+p§+q>+\/1+x2+ et
Ly, o P 1 2, Y2

(4) HL=2(pm+py+q +§log 1+a2°+ 2 ;

called the cored and logarithm Hamiltnonians, respectively.

The cored Hamiltonian system is

. 0Hc
r = - x
Opz b
O0Hc
Yy = = Py
Opy Y
. O0Hc Dz
z = = —,
Op. q
. - ch o X
Pz = O = e ,
(5) 142242
7
) O0Hc Y
Dy = _37 = - )
Yy 24 52
q2\/1 +a2 Y .
. OHc¢ z
P = ———FH— = s

0z 2, .2
qz\/1+x2+y tz
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and the logarithmic Hamiltonian system is

. 0H¢
r = - T
Opa P
O0H¢o
Yy = = Dy,
dpy Y
. 8HC Pz
z = = -,
Op. q
. 6Hc X
Yo = - = - )
6 8 2 2
(6) z Lpa2 Y tz
q
b B _8HC B Yy
Yy p) - 2 2\ ’
Y Yy t+z
- <1+x2+ ¢ )
. O0H¢o z
p. = ——F;— = - :
0z 2 422
¢? (1+x2+y p )

After introducing a non-canonical scale transformation with a small parameter
e >0,

{xayvzvavpyapz} — {\/gxlaﬁylvﬁzlaﬁpmlaﬁpyn\@pzl}

Note that in what follows the six variables (z1,y1, 21, Dz, Py, Pz, ) are denoted
again by (z,y, 2, Dz, Dy, p-) respectively. Thus both Hamiltonian systems (5) and
(6) can be reduced to study the same differential system

"t = pma
y = Py
. Y2
z = =,
q
2,2 2 2
z(qg°x z
(7) o = —ot TV ) L o2y
2q>
.y w2 2
py - _q72+€ 2q4 +O(€ ),
2,2 2 2
. z z(qgex” + + z
b = - gte @ qu/ )+(9(52).

This is the cored Hamiltonian system. The logarithm Hamiltonian system has
the small modification that, instead of ¢, it has 2e. Then we proceed the study of
the system (7) which includes both Hamiltonian systems.

We summarize our main results as follows.

Theorem 1. If q,¢"/? and ¢*/? are irrational, then for ¢ > 0 sufficiently small,
at every energy level H = h > 0 the perturbed differential system (7) has at least
three periodic solution ¥ (t,e) = (z*(t,€),y"(t, ), 2¥(t, ), ph(t, ), pl(t, ), ph (t,€)),
for k=1,2,3 such that

(i) v*(0,e) — (v/2h,0,0,0,0,0) when & — 0;



4 M. KULESZA AND J. LLIBRE

(ii) 72(0,e) — (0,2v/hq,0,0,0,0) when € — 0;
(iii) 3(0,e) — (0,0,v/2hq,0,0,0) when & — 0.

Moreover, the families of periodic solutions y'(t,e), v2(t,e) and ~3(t,€) bifur-
cate from planar periodic solutions of system (7) with ¢ = 0 living in the planes
(2,0,0,p:,0,0), (0,4,0,0,p,,0) and (0,0,2,0,0,p,), respectively.

Theorem 2. If q is rational and ¢3/? is irrational, then for e > 0 sufficiently small,
at every energy level H = h > 0 the perturbed differential system (7) has at least
two periodic solution v*(t,e) = (x*(t,e),y"(t,e), 2" (t, ), ph(t, ), pl(t, ), ph(t,€)),
for k=1,2 such that

(i) v1(0,e) — (v/2h,0,0,0,0,0) when € — 0;
(ii) 2(0,e) — (0,0,v2hq,0,0,0) when e — 0.

Moreover, the families of periodic solutions vy'(t,e) and v2(t,€) bifurcate from pe-
riodic solutions of system (7) with e = 0 living in the planes (,0,0,p,;,0,0) and
(0,0,2,0,0,p,), respectively.

We remark that the periodic solutions v1(¢,&) of Theorems 1 and 2 bifurcate
from the same unperturbed periodic solution in each energy level h, but the results
are different because in Theorem 1, ¢ is irrational and in Theorem 2, ¢ is rational.
Theorem 3. If q is irrational and ¢/ is rational, then for ¢ > 0 sufficiently
small, at every energy level H = h > 0 the perturbed differential system (7) has at
least one periodic solution y(t,e) = (z(t,€),y(t,€),2(t,€), pz(t,€),py(t,€), p-(t,€))
such that v(0,e) — (0,v/2hq,0,0,0,0) when & — 0. Moreover, the families of
periodic solutions ¥(t,€) bifurcates from periodic solutions of system (7) withe =0
living in the plane (0,y,0,0,p,,0).

We cannot study using the averaging theory if from the families of periodic
solutions living in the space (z,0, z,p.,0,p,) of system (7) with ¢ = 0 under the
assumptions of Theorem 3 bifurcate to ¢ > 0 same families of periodic solutions.
The problem is that we cannot compute some integrals which appear when applying
the averaging method.

On the other hand, the case that remains also not covered by Theorems 1, 2 and
3 is the case ¢ and ¢%/? rationals. In this case, system (7) with ¢ = 0 has a family
of periodic solutions which fills the space (z,y, 2, ps, Py, P-). But again in this case
when we apply the averaging method appear integrals that we cannot compute.

We observe that the families of periodic solutions ! and ¥? of Theorem 1, and
the one of Theorem 3 have already appeared in the work [3] where this problem
was studied with only 2 degrees of freedom.

3. THE RESCALED DIFFERENTIAL SYSTEM
The differential system (7) has the first integral

(q2x2+y2+22)2

8 +0O(£?).

1 102 y2+22
(8) H_2<pi+p§+q;+x2+ 7 —€
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The solutions of the unperturbed equations (7) with ¢ = 0 and arbitrary initial
conditions SU(O) = Zo, y(O) = Yo, Z(O) = ZOva(O) = pmoapy(o) = pyovpz(o) = Pz, are

x(t)

pz(t) = pg,cost — xgsint,

t . t
y(t) = wyocos p + Dy, g sin 7))
t yo . [t
py(t) = p cos()—sn(),
y( ) Yo q q q
2(t) = 2zpcos L + V2 gin (L
- 0 q3/2 Pzoq q3/2 )

- t Z0 . t
Pz (t) = Pz, COS W — qlﬁ Sin W .

Then for the unperturbed system the follows statements hold:

T COSt + Py, Sint,

(a) If ¢,q'/? and ¢/? are irrational, we have:
e one 2-parametric family of periodic orbits with period 27 in the sub-
space (z,0,0,p.,0,0),
e one 2-parametric family of periodic orbits with period 2mq in the sub-
space (0,¥,0,0,p,,0), and
e one 2-parametric family of periodic orbits with period 2m¢®/? in the
subspace (0,0, z,0,0,p.).
(b) If q is rational and ¢3/2 is irrational, we have:
e one 4-parametric family of periodic orbits with period 2m¢q in the sub-
space (z,,0, pz, py,0) and
e one 2-parametric family of periodic orbits with period 2mg®/? in the
subspace (0,0, 2,0,0,p.).
(c) If g is irrational and ¢*/? is rational, we have only one 2-parametric family
of periodic orbits with period 2mq in the subspace (0,y,0,0,p,,0).

4. PROOF OF THEOREM 1
We consider the case ¢,¢'/? and ¢*/?
of periodic orbits.

are irrational and we obtain three family

Proof of Theorem 1 for case k = 1. We consider the unperturbed periodic solutions

x(t) = mocost+ pg,sint,
Px(t) = Dy, cOSt — x0sSint,
y(t) = 0,
py(t) = 0,
z(t) = 0,
p=(t) = 0

in the plane (z,0,0,p;,0,0). Note that these periodic solutions living in the plane
(2,0,0,p.,0,0) are not in resonance with the other periodic solutions of system (7)
for ¢ = 0 living in the planes (0,y,0,0, p,,0,0) and (0,0, 2,0,0,p.) due to the fact
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that ¢ and ¢*/? are irrational. The first integral (8) when ¢ = 0 takes on these
periodic solutions the value

1
©) h= 50, +23).

We apply the First Order Averaging Theorem, see Theorem 4 of the appendix, to
every fixed energy level, H = h > 0. This allows to eliminate one of the coordinates,
in this case p;, and to reduce the study to dimension 5. Then p, at the energy
level H = h with h given by (9) is

2 2 2
p Yy +z
pe = %azopz;maz? -

(q2x2+y2+22)2

2 2 2

p y-+=z
8q4\/p%0_p5_q‘z—|—gjg—m2_

where we choose the plus sign for the determination of the square root, but the
results that we shall obtain will be the same choosing the minus sign. This will
be the case in all the proofs of this paper and we do not mention this in the next
proofs.

The equations of motion (7) on the energy level H = h > 0 are given by

2 2 2
. p Yy +z
& = \/pio—pi—;+w%—w2— Z

+£

(q2x2+y2+22)2

+e - — + 0(e?),
2 Yy +z
8q4\/pio—p§—+w%—x2— 5
q q
Yy = Dy
y . y(@Pa® +y? +2?) )
= -z o
p'l/ qQ + 2q4 + (E )7
. Pz
z = —,
q
) = = 2$2+ 2+Z2
p. = —= e (g i ) L o2,

q 2¢4

Now this differential system has the form x = Fy(¢,x) +eF1 (¢, %) + 2 Fa(t, x, €),
where x = (z,y,py, 2, p2),

2 2

2
_ 2 2 P 2 o Y FZ b =
FO(xﬂyaplﬁzapz)_ \/pzo_py_qz“"xo_x - q2 apy>_y7;7_? 9
and Fl(xvyapyazapz) is
(¢°2® +y* +2%)? o Y@+ 7+ 2%) o z(gPa 4yt + 27

8(14\/102 —p2 - B paf a2 - B - 24" - 24"
Lo Y q q
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Observe that the order of the variables is very important in the application of the
Averaging Theorem (see Theorem 4 in the appendix). In what follows we use the no-
tation introduced in the appendix. In this case we take the order {z,y, py, z,p. } and
have k = 1,n = 5,a = g, B0 : R — R* is Bo(a) = (0,0,0,0),2z, = (20,0,0,0,0)
is the initial condition of the unperturbed periodic orbits, for each z,, the solution
X(t,24,) = (g cost + py, sint, 0,0,0,0) is 2r—periodic, and &(z, y, py, 2,p2) = T.

Let My, (t) be the fundamental matrix satisfying My, (0) = I solution of the
variational equation (22) along the periodic solutions x(t,z;,). Then M, (t) is
given by
xosint

Pxq

cost —

b 1/2 g [ 1
0 0 0 cos <(]3/2> q'/* sin (q3/2>

1 . t t
0 0 0 —qlﬁ Sin (q3/2) 0S <q3/2>
-1

c
Now we verify the condition detA,, # 0, then we compute Mz_ll0 (0) — Mt (2m)
and we obtain

0 0 0 0 0

2
0 2sin? <W> qsin (W) 0 0
q q
1 2
0 —-sin (W> 2 5in2 (”) 0 0
q q q
. of t 179 . t
0 0 0 2sin (qB/Q q'/?sin W
_ b _t

Zaz

So

—16sin2 [ " Vsin2 (T
detA,, = 16sin <q3/2) sin (q) # 0.

The function F; along the periodic orbit is given by

t + pg, sint)t
Fa(t, x(t,2,)) = (LZ0COSLE PS4 )
8(pg, cOST — T sint)

then
Dao (To COST + Py SIN t)4

8(py, cOSE — T sint)?

Mgawwx@%m:(
Thus, from (23) we have

2 : 4
P, (l‘o cost + Pz SI t) 3 2 2
10 Flzg) = dt = —2mp, ,
10)  Flag) = [ B~ L (0 422,

,0,0,0,0).
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where p,, = \/2h — 22 at the energy level H = h > 0. Thus

F(zo) = —%wh\/Qh — 2.

The zeros of F(xg) = 0 are xg = ++/2h, which implies p,, = 0. Since F'(£v/2h) #
0, both zeros of F(x() provide two initial conditions of the same periodic orbit for
the perturbed differential system in the energy level H = h > 0. Hence the proof
of Theorem 1 for case k = 1 follows. O

Proof of Theorem 1 for k = 2. We have the unperturbed periodic solution

z(t) = 0,

in the plane (0,y,0,0,p,,0). Note that these periodic solutions living in the plane
(0,4,0,0,py,0,0) are not in resonance with the other periodic solutions of system
(7) for € = 0 living in the planes (z,0,0,p.,0,0) and (0,0, 2,0,0,p.) due to the
fact that ¢ and ¢!/? are irrational. The first integral (8) when ¢ = 0 takes on these
periodic solutions the value

1/, yg

We apply the Averaging Theorem to every fixed energy level H = h > 0. This
allows to eliminate one of the coordinates, in this case p, and to reduce the study
to dimension 5. Then p, at the energy level H = h with h given by (11)

2 2 2, .2
p Yo Yy +z
_ 2 _.2_ Pz Y% o
Dy = \/pyo Dz q +q2 z P

(q2x2+y2+22)2

+€

2 2 2 2

p Y Yy +z
8q4\/p§0—pi—;+qg—x2— .
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The equations of motion (7) on the energy level H = h > 0 are given by

2 2 2 2
0 — 2 2 Pz Yo 2 Y+ z
Yy = Dy, — Dz — — +—= —z“—
\/yo x q q2 q2
(q2x2+y2—|—z2)2
€
P Y% 242
84 PZO—pi—i+7—x2—dyT
q q
j" = p:v7
2,2 2 2
. (g +y“ + 2
Pe = —xz+e¢ ( 2 )+CX¥%
. Dz
z = —=,
q
) z 2(q?x% + y? + 22) 9
D, = —?4—5 2 + O(e%).

Now this differential system has the form x = Fy(¢,x) +eF1 (¢, x) + 2 Fa(t, %, ),

where x = (y, z, ps, 2, 02),

2 2 2 2
_ p Yo Yotz Pz Z
-F()(y7x7pxaz7pz)_ \/pig_pgg_z"‘qQ—xQ— q2 y My = 7;7_? )
and Fl(y7x7p:mz7pz) iS
(q2x2+y2—|—z2)2 0 m(q2x2+y2—|—22) 0 z(q2x2+y2+z2)
02 w2 o 20 2(]2 » Uy 2(]4
8(14\/2750 B i e e

We have k = 1,n = 5,a = 90,20 = (40,0,0,0,0),580 : R — R* is By(a)

(0,0,0,0), is the initial condition of the unperturbed periodic orbits, for each z,,
the solution x(t,z,,) = (yocos(t/q) + py,¢sin(t/q),0,0,0,0) is 2mg—periodic, and

W, T, P2, 2,p2) = Y-

Let My, (t) be the fundamental matrix satisfying My, (0) = I solution of the
variational equation (22) along the periodic solutions x(t,2y,). Then M, (t) is

given by
cos <t> _ W n (t) 0 0
q DPyod q
0 cost sint
0 —sint cost
0 0 0
0 0 0

(¢0)] (

1 .
—an si

0
0
t

772

d

)

t
PIE

)

0
0

. t
q1/2 sin <q3/2>
t
COS W
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Now we verify the condition detA,, # 0, then we compute M ! (0) =M, * (27q)
and we get

0 0 0 0 0
0 2sin’(mq) sin(27q) 0 0
0 —sin(2mq) 2sin®(mq) 0 0
N 1/2 g 2
0 0 0 2sin (qlz) q'/?sin (ql/z)
2m 9
0 0 0 7 sin ((]12> 2 sin <ql/2>
Therefore
. ™ .
detA,, = 16sin® ((]1/2) sin?(rq) # 0.
The function Fj along the periodic orbit is given by
t e
Pyo (yo cos(;) + Pyod sm(a))
(12) Fl(t7x(t7zy0)) = 707()’070 )
8% (py,acos(t) — yosin(1))
then

4
Puo (0 0s(2) + pygsin(L) )

(13) M, (Fi(t,x(t.2y,)) = 5,0,0,0,0

o+

842 (py,qcos(t) - yosin(t)

Q

From (23) we have

4
21q Py, (yo cos() + Pyed sin(é))

2
862 (puoacos(t) — yosin(2))

3
dt = — o TPy (yg +p§0q2)7

1) Fa = [ =

where p,, = v/2h — y2/q? at the energy level. Thus

3
(15) F(yo) = fzﬂ'hw/thQ — 3.

The zeros of F(yo) = 0 are yo = +2v/hg, which implies p,, = 0. Since
F'(£2vhq) # 0, both zeros provide two initial conditions of the same periodic
orbit for the perturbed differential system in the energy level H = h > 0. So the
proof of Theorem 1 for case k = 2 is done. O
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Proof of Theorem 1 for k = 3. Now we consider, the unperturbed periodic solu-
tions

x(t) = 0,
pe(t) = 0,
y) = 0,
py(t) = 0,
2(t) = 2zpcos (;/2) + P2y q"/? sin (;/2) ,
q q

- t Z0 . t
Dz (t) = Pz, COS qu — W Sin qu .

in the plane (0,0, 2,0,0,p.). Note that these periodic solutions living in the plane
(0,0, 2,0,0,p,) are not in resonance with the other periodic solutions of system (7)
for ¢ = 0 living in the planes (z,0,0,pg,0,0) and (0,y,0,0,p,,0,0) due to the fact
that ¢'/2 and ¢°/2 are irrational. The first integral (8) when £ = 0 takes on these
periodic solutions the value h = (p2 q + 23)/(24%).

We apply the Averaging Theorem, to every fixed energy level, H = h > 0. This
allows to eliminate one of the coordinates, in this case p,. Then p, at the energy
level H = h is

2 2 2
Z Yy +z
b = \/P§OQ(P%+P§)+;Q$2

2,2, 2, .22
+e (2" +y" +77) + O(e?).
2 2, .2

Z Yy +z
8q3\/p§0 —q(p3 +pj) + ;0 —qr? - ——

q

The equations of motion (7) on the energy level H = h > 0 are given by

2 2 2
. Z Yy +z
: = \/pio—q(pier%,)Jr;—qx?—

2.2 2 2\2
e+ + z
+e (q Y ) + 0(62),

2 2, .2
Z Yy +z
8q3\/p30 —q(p2 +p) + > —qa? -
q q
T = Pa
2.2 4 2 .2
R (g +y“ + 2
P = —x—i—g( 2q2y >+0(52),
Yy = Dy,
2.2 4 2 2
xt+y +z
p = L4 y(q y )+O(€2)
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Now this differential system has the form x = Fy(¢,x) +eF1(t,x) + 2 Fa(t, %, ),
where x = (2,2, pz, Y, py),

y2+z2

2
2 Yy
Fo(z,2,pe, Y, py = \/pﬁo—Q(p%+p§)+;—qw2— Par =Py g |

and FI(vavp:my?py) is

y(?z? + y? + 22)
2q¢*

(q2m2+y2+z2)2

8(] \/pr _pzpz +IO
We have k = 1,n = 5, = 20,30 : R — R* is By(a) = (0,0,0,0), 2z,
(20,0,0,0,0) is the initial condition of the unperturbed periodic orbits, and for

each z.,, the solution x(t,z.,) = (20cos(t/q>/?) + p.,q'/?sin(t/q*/?),0,0,0,0) is
3/2

) )
_y242?
q2

2nq*/?—periodic, and £(z, z, Pz, Y, py) = 2.
Let M,, (t) be the fundamental matrix satisfying M. (0) = I solution of the
variational equation (22) along the periodic solutions x(,2s,). Then M,_ (t) is

given by

20

t . t
COS <q?’/2) — m S11 <q?’/2> 0 0 0 0
0 cost sint 0 0
0 —sint cost 0 0
t t
0 0 0 cos <> g sin (>
q q
1 t t
0 0 0 ——sin <) cos <>
q q q
We have M, ¢ (0) — M ¢ (27¢%/?) equal to
0 0 0 0 0
0 2sin®(7¢*?) g¢sin(2rq*/?) 0 0
0 —sin(2rg/?)  2sin’(ng®/?) 0 0
0 0 0 2sin?(mq'/?)  gsin(2mq!/?)
in(2 1/2
0 0 0 _sin(2rq 77 2sin?(mq'/?)
q
Then

detA,, = 16sin?(rq'/?) sin?(7¢/?) # 0.
The function F; along the periodic orbit is given by

4
(zocos( —t) + P2/ sin( 3t/2))

Fi(t,x(t,z,,)) =

8q7/2 (pZOql/2 cos(qa}%) — 2 sin(qif/2

)

0,0,0,0 |,
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then M, ! (t)F1(t,x(t,2.,)) is given by

4
(zo cos( 5) + D20t/ ﬁln(q; . ))
8q7/2 (pzoql/2 COS(q3t/2) — 20 Sln( 3»/2 )) (COS( 3/2> - onqu/2 Sln( 3t/2 ))

Therefore, from (23), the function F(z) is

,0,0,0,0

4
/271'(1 / (20 cos( 3,/2) + P2y qt/? sin( ;/2 ))
0 8q7/2 (pZOql/2 cos(q3t/2) — 2o sin( =ty a7 )) (cos(q:;ﬁ) — 5 2 sin( s a7 ))

q/2 pzg

dt

3
= —goaaPa (0”4 PLa),

where p,, = \/(2hq? — 22)/q at the energy level. Thus

Fl(zo) = —?%Th\/thQ —z2.

The zeros of F(z)) = 0 are zp = 4V/2hg, which implies p,, = 0. Since
F'(£V2hq) # 0, both zeros of F(z) provide initial conditions of the same pe-
riodic orbit for the perturbed differential system in the energy level H = h > 0.
This completes the proof of Theorem 1 for case k = 3. O

5. PROOF OF THEOREM 2

3/2

We consider the case q is rational and ¢°/~ is irrational and we shall obtain two

families of periodic orbits.

Proof of Theorem 2 for k = 1. We consider the unperturbed periodic solutions
x(t) = mocost+ pg,sint,

Px(t) = Dg cOSt — x0Sint,

(t) cos <t> + i (t)
Y = Y% - Pyogsm | — |,
q v q
t Yo t
py(t) = p cos()—sm( ),
y( ) Yo q q q

z(t) = 0,
p.(t) = 0.

in the subspace (z,y,0,ps,py,0). Note that these periodic solutions living in the
space (z,y,0,ps,py,0) are not in resonance with the periodic solutions of system
(7) for € = 0 living in the plane (0,0, z,0,0,p.) because q is rational and ¢*/? are
irrational. The first integral (8) when ¢ = 0 takes on these periodic solutions the
value

_1 y

We apply the Averaging Theorem to every fixed energy level H = h > 0. This
allows to eliminate one of the coordinates, in this case p, and to reduce the study
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to dimension 5. At the energy level H = h with h given by (16) we have that

2 2 2 2
p Y Yy t+z
Pz = \/p§0+p50—p§—;+x3+qg—z2— "

2,.2 2 2\2
_|_
e (2" +y" + =) +0(2).
2 2 2 2
P y v+ 2
8q4\/pio+p§0—p§—;+$3+qg—$2—

q2

The equations of motion (7) on the energy level H = h are given by

y2 + 22
q2

»: Yo
b= PR P TSt g et

2,.2 2 2\2
te oty +2) +0(e2).

2 2 2 2
p y yi+z
8q4\/p§,0+p§0—p§—;+x3+qg—x2— e
17 g = py
y | ylPa® +y? +27) 2
= -2 o
. Dz
z = —=,
q
2,..2 2 2
. z 27" +y* + 2z
b = _q2+5( qu’ ) 1 o).

Now this differential system has the form x = Fy(t,x) +eFy (¢, x) + 2 Fa(t, x, €),
where x = (xvyvpya vaz) and FO(xayvpyv Z;pz) is

2 2 2, .2
p 2 Yo Yy +z Yy Pz z
\/pﬁo+p§0p§qz+xo+q2x2 Z T e

The function
(% + 4 +2)
2q¢*

Fl(x’yapyazapz> = (A7Oa 4

with

A= (q2m2 + y2 + 2’2)2

v? + 22

7

We have k = 3,n = 5, = (20, %0, Pyo ), Bo : R* — R? is SBy(a) = (0,0),2z, =
(%0, Y0, Pyy» 0, 0) is the initial condition of the unperturbed periodic orbits, and for
each z,,, the solution x(, z,) = (zo coS t+py, sint, yo cos(t/q)+py,qsin(t/q), py, cos(t/q)—
Yo/gqsin(t/q),0,0)) is 2rm-periodic, where ¢ = m/n with (m,n) = 1 and {(z, y, py, 2, p:) =
(@9, py)-

The fundamental matrix M,_(t) satisfying M,_(0) = I is the solution of the
variational equation (22) along the periodic solutions x(t, z,). Then M, (¢) is given

P Yo
SqH\ PR, TP Py — A g R
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by

Tosint Yo sint Dy, Sint
Pz Pzoq? Pzo

q q
0 —1 sin <t> cos (t> 0 0
q q q
t . t
0 0 0 cos <(]3/2> q'/?sin <(13/2)
1 . t t
0 0 0 —W sin (q3/2) COS <q3/2>

With the calculus of M, 1(0) — M, ! (2rm), we verify that

cost —

) 7.‘.n3/2
detAza = 4S1n2 (W) # 0.

The function Fy along the periodic orbit is given by Fi (t,x(t,z.)) = (B,0,C,0,0),
where

1 nt
B = 2,2 0ne2 [
8m*(pg, cost — zgsint) [n LCha
nt\? 2nt ’
+m (m ((mo Cost + Py, sint)? 4 p2 sin (m) ) + npy, Yo sin (m))] ,
C— n? nt n m . nt
= 51 \vocos | — —Dyo SN {
m? . N2 nt m . [ nt 2
ﬁ(xo cost + Py, sint)” + | yo cos o + Zpyo sin - .
Then M, ! (t)Fi(t,x(t,24)) = (D, E, F,0,0), where
D n® nt + m . (nt
= cos | — — sm | —
2mP(pg, cost — g sint) vo m n Dy m
m nty . . . (nt
(pyo cos () sint — yo sintsin (>>
n m m
m?2 . nt m . nt 2
— (zo cost + pyy sint)* 4 | yocos | — | + —py, sin | —
n m n m
1 9 9 _ofmt
T8 (Pay cOST — T sint)? {pzo {n LCR N

9 9 . ofmnt . [ 2nt 2
+m | m ( (zocost + ps, sint)® + py sin - + npy, Yo sin — ,
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P " (™ AT § .
= 55 s | | yocos | — Dyosin {
m? . N2 nt m . [nt 2
el (o cost + py, sint)* + | yo cos - + Py sin | — ,
r nt nt nt n m . nt
= — — — — in —
5acos | ) (wocos | — —Pyo 5 -
m? . 9 nt m . nt 2
—2(330 coSt + Py, sint)® + | yocos | — | + —py, sin | — .
n m n m

The function F(«) = (Fp, Fg, Fr) where Fp, Fg, Fr are the projections in the
first, second and third component, respectively, of the integral of M, ! (¢) Fy (¢, x(¢, 24))
in one period, i. e.,

2Tm
s
Fp(a) = / Ddt = =gy Do (mQ(Bpfc0 + 2p§0 + 323) + 2n%y3),
0
2m
T
(18) Fe(a) = / Edt = —8—mpy0 (m2(2pfﬂU + Spfm + 25(}(2)) + 3nQy§)7
0
Zmm n’m 26,2 2 2 2 2
Frla) = / Fdt = %yo(m (2pz, + 3Py, +275) + 3n"yg),
0

where p,, = \/2h —xf — p2, — (n?/m?)yg at the energy level H = h > 0. Thus

2
T n
Fp(a) = %(mQ(—Gh +p§0) +n2y§)\/2h —p2 - x3 — Wyg,
Vs
(19) Fela) = f%pyo(m2(4h+p§0)+n2y§),
mn? 2 2 2,2
Fr(a) = Wyo(m (4h + py, ) + n7yg).

The zeros of F(a) = 0 are (xo, Yo, Py,) = (£V2h,0,0), which implies p,, = 0.
Since

et (3(.7:[),}—1«77.7:1:)
a(-r07 y07pyo)

) ‘o
(%0,90,Pyg ) =(+V2h,0,0)

both zeros provide initial conditions of the same periodic orbit for the perturbed
differential system in the energy level H = h > 0. This completes the proof of
Theorem 2 for k = 1. ([l
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Proof of Theorem 2 for k = 2. We consider the unperturbed periodic solution

z(t) = 0,
p=(t) = 0,
y(t) = 0,
py(t) = 0,
z(t) = zpcos ( 3t/2> + P2 q'/? sin (3/2> ,

- t Z0 . t
p.(t) = pg,cos T —W&n 7))

in the plane (0,0, z,0,0,pz). Note that these periodic solutions living in the plane
(0,0,2,0,0,p,) are not in resonance with the periodic solutions of the system (7)
living in the space (z,v, 0, ps, py,0) because ¢ is rational and ¢*/? is irrational.

The rest of the proof is analogous to the proof of case k = 3 of Theorem 1. O

6. PROOF OF THEOREM 3
We consider the case ¢ is irrational and ¢3/2

family of periodic orbits.

is rational and we obtain only one

Proof of Theorem 3. In this case, the unperturbed periodic solutions

p.(t) = 0.
in the plane (0,y,0,0,p,,0). Note that these periodic solutions living in the plane
(0,4,0,0,p,,0) are not in resonance with the periodic solutions of system (7) living
in the space (z,0, z, ps, 0, p.) because ¢ is irrational and ¢%/? is rational.
From now the proof is analogous to the proof of case k = 2 of Theorem 1. ([

7. APPENDIX: AVERAGING THEORY
Consider the differential equation
(20) X = Fy(t,x) + eF1(t,x) + eFa(t, x,€),

with € > 0 sufficiently small, x € 2, where € is an open subset of R™, and ¢ > 0.
Moreover, we assume that both Fy, F; and Fy are C? functions and T-periodic in
the first variable.

Let x(t,z) be the solution of the unperturbed system
(21) x = Fy(t,x),
such that x(0,z) = z.
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We write the linearization of the unperturbed system along the periodic solution
x(t,z) as

(22) y(t) = DxFo(t, x(t,2))y.

Now we denote by M,(t) some fundamental matrix of the linear differential
system (22), and by ¢ : R x R"~* — R¥_ the projection of R™ onto its first k
coordinates; i.e., £(x1,...,2,) = (z1,...,Tk).

Theorem 4 (First Order Averaging Theorem). Let V C R* be open and bounded,
and let By : CL(V) — R be a C? function. We assume that

(i) 2 = {za = (o, B0(a)),a € CU(V)} C Q and that for each z, € Z the
solution x(t,zq) of (21) is T- periodic;

(i) for each zo € Z there is a fundamental matriz M, (t) of (22) such that
the matriz My ' (0) — M, ' (T) has in the upper right corner the k x (n— k)

zero matriz, and in the lower right corner a (n — k) X (n — k) matriz A,

with det A, # 0.
We consider the function F(a): Cl(V) — RF

(23) (/ M, " (t)Fy(t,x(t, za))dt> .

If there exists a € V' with F(a) =0 and
det((dF/da(a)) # 0,

then there is a T- periodic solution ¢(t,€) of system 20 such that ¢(0,€) — z, as
e — 0.

For an easy proof of Theorem 4 see Corollary 1 of [2]. In fact the result of
Theorem 4 is a classical result due to Malkin [5] and Roseau [9]

ACKNOWLEDGEMENTS

The first author is partially supported by CNPq grant 201802/2012-0. The
second author is partially supported by a MINECO/FEDER grant MTM2008-
03437, a CIRIT grant number 2009SGR-410, an ICREA Academia, and two grants
FP7-PEOPLE-2012-IRSES 316338 and 318999.

REFERENCES

[1] C. BELMONTE, D. BOCALLETI AND G. PUCACCO, On the structure of the logarithmic potential,
Astrophys. J. 669 (2007), 202-217.

[2] A. BuicA, J. P. FRANGOISE AND J. LLIBRE, Periodic solutions of nonlinear periodic differ-
ential systems with a small parameter, Comm. on Pure and Appl. Anal. 6 (2007), 103-111.

[3] L. JIMENENEZ-LARA AND J. LLIBRE, The cored and logarithm galactic potentials: Periodic
orbits and integrability, J. Math. Phys. 53, 042901 (2012).

[4] E. A. LACOMBA AND J. LLIBRE, Dynamics of a galactic Hamiltonian system, J. Math. Phys.
53, 072901 (2012).

[5] I.G. MALKIN, Some problems of the theory of nonlinear oscillations, (Russian) Gosudarstv.
Izdat. Tehn.-Teor. Lit., Moscow, 1956.

[6] G. Pucacco, Hamiltonian normal forms and galactic potentials, Chaos in Astronomy, As-
trophys. Space Sci. Proc., Springer—Verlag, Berlin, 2009, pp. 137-149.

[7] G. Pucacco, D. BOCALLETI AND C. BELMONTE, Periodic orbits in the logarithmic potential,
Astron. Astrophys. 489 (2008), 1055-1063.

[8] G. Pucacco, D. BoCcALLETI AND C. BELMONTE, Quantitative predictions with detuned nor-
mal forms, Celes. Mech. Dyn. Astron. 102 (2008), 163-176.



THE 3-DIMENSIONAL CORED AND LOGARITHM POTENTIALS 19

[9] M. RoSEAU, Vibrations non linéaires et théorie de la stabilité, (French) Springer Tracts in
Natural Philosophy, Vol.8 Springer—Verlag, Berlin—New York, 1966.

1 DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE FEDERAL RURAL DE PERNAMBUCO, 52171~
900, RECIFE, PERNAMBUCO, BRASIL
E-mail address: maite@dm.ufrpe.br

2 DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193 BEL-
LATERRA, BARCELONA, CATALONIA, SPAIN
E-mail address: jllibre@mat.uab.cat



