This is a preprint of: “Periodic orbits for the generalized Yang-Mills Hamiltonian systems in

dimension 0, Fatima L. Lembarki, Jaume Llibre, INonlinear Dynam., vol. (0, 18071819, 2014.
DOLI: [10.1007/311071—014—1249—9}

PERIODIC ORBITS FOR THE GENERALIZED YANG-MILLS
HAMILTONIAN SYSTEM IN DIMENSION 6

FATIMA EZZAHRA LEMBARKI AND JAUME LLIBRE

ABSTRACT. We apply the averaging theory to study a generalized Yang-Mills
Hamiltonian system in dimension 6 with six parameters. We provide sufficient
conditions on the six parameters of the system which guarantee the existence
of continuous families of period orbits parameterized by the energy.

1. INTRODUCTION

We study the generalized classical Yang-Mills Hamiltonian system in dimension
6. It consists of a harmonic oscillator plus a homogenous potential of fourth degree
with six real parameters a,b,c,d,e and f.

1 1
(1) H= 5(p?o—i—pi—|—p§—&-9{:2—&—3/2—1—2:2)—i—i(cwc‘l—i—Qbacgy2—1—20952,22—|—dy4—&—2@y222—&—fz‘l).
When z = p, = 0 the previous Hamiltonian contains the planer classical Yang-Mills
Hamiltonian system. The periodic solutions of this system when z = p, = 0 were
studied in [1]. Our aim is to study the periodic solutions in the different energy
levels H = h of the Hamiltonian system associated to the Hamiltonian (1).

The mentioned planar Hamiltonian system (z = p, = 0) for a = 0 was studied by
Contopoulos and co-workers during many years, such a Hamiltonian is now known
as the Contopoulos Hamiltonian which describes the perturbed central part of an
elliptical or barred galaxy without escapes. For more details see the references [2],
[3], and [4]. When the quadratic part (z? + y?)/2 = 0 we obtain the mechanical
Yang-Mills Hamiltonian H = (p? +p§)/2 + bx?y?/2; where the term 22y? char-
acterizes the Yang-Mills potential, which arises in connection with the classical
Yang-Mills field with gauge group SU(2) for a homogeneous two-component field,
see [7]. Several authors studied quartic homogeneous potentials (without quadratic
terms), see for instance the references [8], [9] and [10]. Moreover, when b # 0 it
is well known that the Hamiltonian of Yang-Mills is non integrable and strongly
chaotic. Others studies and investigations related with generalizations of the me-
chanical YangMills Hamiltonian have treated quartic terms with three up to five
terms in [11], [12], [13], and [14]. Maciejewski et. al. [14] studied generalized Yang
Mills Hamiltonian systems, which have a quadratic potential plus a homogeneous
of fourth degree potential with five parameters, and they proved the existence of
connected branches of non stationary periodic trajectories emanating from the ori-
gin. Caranicolas and Varvoglis [11] studied a Hamiltonian with a quartic potential
of three parameters plus a quadratic harmonic potential with frequencies w; and
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wo being two extra parameters of the form

(2) H= %(pi —&—pz + wiz? + wiy?) + e(ax? + 2b2%y? + ey,
and they calculated numerically families of periodic orbits and its characteristic
curves. In [15] the generalization of the Yang-Mills potentials H = (p2 + p3 + x* +
y?)/2 + ax* /4 + bx?y? /2 was studied with two real parameters a and b, in order
that the problem be tractable in a two-dimensional parameter space, although these
calculations can be generalized to higher dimensional parameter spaces. Here we
study a harmonic oscillator plus a homogenous potential of fourth degree with six
real parameters.

The Hamiltonian differential system associated to the Hamiltonian (1) is

. 0H

xr = 8727;1: = Px,

. 0H

y= aipy = Dy>

. O0H _

@) Z = ap, = Dz,

. oH 2 2 2
De = —%:—x—x(ax + by* + ¢z?),
by = —%I = —y —y(ba® + dy* + ez?),
D = —aa—i[ = —2— z(ca?® + ey?® + f2?).

The dot denotes derivative with respect to the independent variable ¢, the time.

We study the periodic orbits of the Yang-Mills Hamiltonian system by using
the averaging theory, see section 2 for more details about this tool. More pre-
cisely through the averaging method we will provide sufficient conditions on the
six parameters a,b,c,d,e and f for the existence of periodic orbits of our Yang-Mills
system.

The periodic orbits studied in this paper are isolated in every energy level and
they are of special interest because after the equilibrium points the periodic or-
bits are the most simple non—trivial solutions of the system, and their stability
determines the kind of motion in their neighborhood.

The averaging method provides periodic orbits of a perturbed periodic non—
autonomous differential system depending on a small parameter €. Roughly speak-
ing, the problem of finding periodic solutions of a differential system is reduced to
find zeros of some convenient finite dimensional function. We check the conditions
under which the averaging theory guarantees the existence of periodic orbits, and
we find them as a function of the energy. In this way we can find analytically peri-
odic orbits in any energy level as function of the six parameters of the Yang—Mills
systems (3). We summarize our main result on the periodic orbits as follows.

Theorem 1. At every positive energy level H = h with h > 0 the Yang-Mills
Hamiltonian system (3) has at least
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3a — 2c

(a) one periodic orbit if b c(a—b) (3a—b)(a—c)(3a—c) #0, | ,
3a —2b
<1;
| b ‘ — ?
(b) two periodic orbits if one of the following conditions hold:

(i) ’?’d;% <1 26;3d’g1, (b—3d)(b— d)(d — €)(3d — e)be # 0;

<1

’

2e —3f
e

2c—3f
c

(i) <1, ce(c=3f)(c—flle=3f)e—f) #0;

<

(iii) (¢—=3f)(—=3a+2c—3f) >0, (c—3a)(—3a+2c—3f) >0,
c(—3ae+9af+3bc—9bf—c2 +ce) :
(—9ae+9af—|—bc—3bf—c2 —|—3ce) #0

6ae — 9af — 2bc + 6bf + 2 — 2ce
3ae +bc—3bf — ce

(iv) c(—ae+af+bc—bf —c*+ce)-(ae —bc+bf —ce) -
(—ae+3af +bc—bf —3c? + ce) #0,

2ae — 3af — 2bc + 2bf + 3¢ — 2ce
—ae+bc—bf 4 ce

(c—a)(—a+2c—f)>0;

<1;

)

gl; (f*C)(a72C+f)>0,

(c) eight periodic orbits if one of the following conditions hold:
—3e? + 2¢(—d +e) + 2b(e — f) + 3df
c(d—e)+b(—e+f)

e(—be+bf+cd—ce—3df+3€2) (—be+bf—|—cd—ce—df+62) .
(c(d—e)+b(f—e)) #0, (f—e)(d—2e+f) >0, (d—e)(d—2e+ f) > 0;
~ 6ed — 2be — 2ce + e? + 6bf — 9df

3cd + be — ce — 3bf
—be + 3bf + 9cd — 3ce — 9df + €) - (3cd + be — ce — 3bf) -

3be+9bf+3cd—ce—9df+ez) #0,
—3d+2e—3f)(e—3f)#0, (=3d+2e—3f)(e —3d) #0.

(i) |

<1,

(i)

<1,
(
Theorem 1 is proved in section 3.

2. THE AVERAGING THEORY OF FIRST ORDER

Now we shall present the basic results from averaging theory that we need for
proving the results of this paper.
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The next theorem provides a first order approximation for the periodic solutions
of a periodic differential system, for the proof see Theorems 11.5 and 11.6 of Verhulst
[5].

Consider the differential equation
(4) X = eFy(t,x) + 2 Fy(t, x,¢), x(0) =xo

with x € D, where D is an open subset of R", t > 0. Moreover we assume that both
Fi(t,x) and Fy(t,x,e) are T—periodic in t. We also consider in D the averaged
differential equation

(5) y=¢fi(y), ¥y(0)=xo,
where
(6) ) = /O Fult,y)dt.

Under certain conditions, equilibrium solutions of the averaged equation turn out
to correspond with T'—periodic solutions of equation (4).

Theorem 2. Consider the two initial value problems (4) and (5). Suppose:

(i) Fy, its Jacobian OFy/0x, its Hessian 0*Fy /0x?, Fy and its Jacobian OF»/dx
are defined, continuous and bounded by a constant independent of € in
[0,00) x D and € € (0,].

(ii) Fy and Fy are T—periodic in t (T independent of ).

Then the following statements hold.

(a) If p is an equilibrium point of the averaged equation (5) and

(7) det <8fl>
dy
then there exists a T—periodic solution p(t,e) of equation (4) such that
©(0,6) > p ase — 0.

(b) The stability or instability of the limit cycle ¢(t,e) is given by the stability
or instability of the equilibrium point p of the averaged system (5). In fact
the singular point p has the stability behavior of the Poincaré map associated
to the limit cycle p(t,€).

70,
4

y=

For a proof of Theorem 2, see sections 6.3 and 11.8 in [5].

To apply the averaging theory we will do some transformations in the Hamilton-
ian differential system (3) in order to write it in the normal form of equation (4).
So first we do a rescaling transformation with a factor /¢ in order to have a small
parameter € > 0 in the Hamiltonian system. Second, using a kind of generalized
polar coordinates in R® and taking as new independent variable an angle coordi-
nate instead of the time, we obtain a 2m—periodic differential system. Third, fixing
the energy level and omitting a redundant variable in every energy level, we will
get the differential system written in the normal form for applying the averaging
theorem of first order (i.e Theorem 2), and finally we shall prove the existence of
some isolated periodic orbits in every energy level.
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3. PROOF OF THEOREM 1

We do a rescaling using a small parameter € > 0. In the Hamiltonian system (3)
we change the variables (z,y, 2, pz, Dy, p2) by (X, Y, Z,px,py,pz) where z = /e X,
y =+VeY,z = \eZ p. = \Vepx, py = Vepy and py = /epy. In the new
variables, system (3) becomes

X = DX,
Y = py,

(8) Z = Dz,
px = —-X—eX(aX?+bY?+cZ?),
py = —Y —eY(bX?+4dY?+eZ?),
pz = —Z—cZ(cX?+eY?+ f2?).

This system again is Hamiltonian with Hamiltonian

(% +p% +p% + X2+ Y2+ 2%+

e~ (aX* +20X%Y? + 2eX2 22 +dY* 4+ 2eY2 2% + fZ*) .

As the change of variables is only a scale transformation for all € > 0, the original
and the transformed systems (3) and (8) have the same topological phase portrait,
and additionally system (8) for e sufficiently small is close to an integrable one.

The averaging theory needs the periodicity in the independent variable of the
differential system, so we change the Hamiltonian (9) and the equations of motion
(8) to a kind of generalized polar coordinates (r,6,p,a, R,3) in RS. Thus the
explicit change of variables is

X =rcosl, Y =pcos(0+ ), Z = Rcos(d+p5),

(10) px =rsinf, py =psin(@+«a), pz = Rsin(0 + ).

This change of variables is done when > 0, p > 0 and R > 0.

The first integral H in the new coordinates becomes

1 1

H= 5(7"2 +p?+ R?) + 61[ar4 cos? 0 + 2br2p? cos?  cos? (0 + a)
+dp* cos* (0 + a) + 2R%(cr? cos? 0 + ep? cos? (0 + a)) cos? (6 + 3)
+fRYcos*(0 + B)],
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and the new equations of motion are

7 = —ercosfsinb [ar®cos?f + bp?cos® (0 + o) + ¢ R? cos*(6 + B)]
f = —1—ecos’f [ar? cos? 0 + bp? cos® (0 + o) 4+ cR? cos?(0 + B)],
p = —epcos(f + a)sin(f + a)[br? cos? 6 + dp* cos* (6 + o)
+eR? cos*(6 + B)],
& = elar?cos* 6+ cos? 0(b(—r* + p*) cos?(0 + o) + cR? cos?(0 + 3))
(12) — cos? (0 + o) (dp? cos?(0 + o) + eR? cos®(0 + 3))],
R = —Recos(f+ B)sin(0 + B)[cr? cos? § + ep? cos?(0 + o)
+fR%cos®(60 + B)],
B = elar?cos’ 6+ bp?cos® O cos?(0 + a) — (c(r? — R?)

cos?  + ep? cos?(0 + ) cos? (0 + B) — fR? cos*(0 + B)].

We observe in this last system that if we take the variable 6 as the new indepen-
dent variable of the system instead of t, we will obtain the periodicity necessary for
applying the averaging theory.

From now on the independent variable will be 6. This means that our system
has now only five equations. We denote by a prime the derivative with respect to
0 and we expand the previous system in Taylor series in powers of €. Thus, the
system (12) becomes

' = ersinfcosb [ar?cos®f + bp® cos?(0 + a) + cR? cos® (6 + S3)]
+0(e?),

P = epcos(f+ a)sin(0 + a)[br? cos® 6 + dp?® cos?(0 + )
+eR?cos*(0 + B)] + O(e?),

o = e[— ar’cos’§+dp?cos?(0 + a) + eR? cos? (0 + ) cos* (0 + B)+

(13) cos? 0 (b(r? — p?) cos?(0 + o) — cR? cos?(0 + B))]| + O(e?),

R = eRsin(f + ) cos(0 + B)[cr? cos® § + ep? cos? (6 + o)
+fR?cos?(0 + B)] + O(e?),

B = e[—cos?0 (ar?cos? 0 + bp® cos* (0 + a))+
(c(r? — R?) cos? 0 + ep? cos? (0 + a)) cos?(0 + B)+
fR?cos*(0+ B)) |+
+0(e?).

Now system (13) is 27w-periodic respect to the variable 6. In order to apply the
averaging theory we must fix the value of the first integral H = h with h > 0.
Otherwise when we apply the averaging theory to system (13) the Jacobian (7)
will be zero because the periodic orbits are non-isolated leaving on a cylindric
parameterized by the energy, see for more details [6]. So we shall restrict system
(13) to every positive energy level H = h > 0.

By solving equation (11) for p we obtain two solutions, we choose the positive one,
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and expanding it in Taylor series in € we have

(14) p=1+v2h—1r2—R%2+0(e).
Substituting p in the system (13) we obtain the differential system
r = ersinfcosf|ar?cos? 0+ b(2h — r* — R*) cos?(0 + )
+cR? cos?(0 + B)] + O(e?),
o = e[— ar’cos’+d(2h —r? — R?)cos?(0 4+ a) + eR? cos*(0 + )

cos?(0 + B) + cos? 0(b(—2h + 2r? + R?) cos?(0 + )
—cR?cos?(0 + B))] + O(£?),

R = eRsin(+ ) cos(f + ) [cr? cos? 6 + e(2h — r* — R?) cos? (0 + )
+fR?cos?(0 + B)] + O(?),
B = e[— ar’cos 6+ cos?(6 + B)(e(2h — r? — R?) cos®(0 + )

+fR?cos®(0 + B)) + cos® 6(b(—2h + 1% + R?) cos®(6 + o)
+c(=R? +r?)cos?(0 + B))| + O(g?).

Using the notation of the averaging theory, the function F; of (4) is

Fy = (Fu1, Fia, Fig, F14) where

Fiu = rsinfcosf [ar?cos® 0+ b(2h — r® — R?) cos®(0 + a) + cR* cos*(0 + B)],
Fio = —ar?cos®0+d(2h —r? — R?) cos* (0 + a) + eR? cos? (0 + a) cos (0 + f3)
+cos? 0 (b(—2h + 2r® + R?) cos? (0 + ) — cR* cos® (0 + J3)) ,
Fi3 = Rsin(0 + B)cos(6 + B) [cr2 cos? 0 + e(2h — 1% — R?) cos?(6 + a)
PR co(8+ B)],
Fiy = —ar?cos®0+e(2h —r* — R?)cos®(0 + o) cos®(0 + ) + fR? cos* (6 + B)

+cos? 0(b(—2h + 1> + R?) cos®(0 + @) + ¢(—R* 4+ r?) cos*(0 + B)).

Computing the function f; = (fi1, fi2, f13, f14) using the expression (6) we ob-
tain

1
fu(r,a, R, B) = gT[b(—Qh + 72 4+ R?)sin2a — cR?sin 23],

1
fi2(r,a, R, ) = g[ﬁdh —3ar? — 3dr? — 3dR? + (—2bh + 2br? + bR?)(2 + cos 2q)

+eR?(2 + cos2(a — B)) — cR%(2 + cos 283)] ,

fis(r,a, R, 3) = éR[e(—Zh + 72+ R?)sin2(a — B) + er?sin 23],

1
f1a(r,a, R, B) = §[4(—b +e)h—3ar? +2(b+c—e)r? + (2b—2(c+e) + 3f) - R?
+(=2h + 72 4+ R?)(bcos2a — ecos 2(a — B)) + c(r? — R?) cos 23] .
We have to find the zeros (r*,a*, R*, 5*) of

(16) fli(r7a7Raﬂ):0 fOTi:1,2,3,4.
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and to check that the Jacobian determinant (7) at these zeros are different from
zero.

Then

cR?sin 23

fii(rya, R, 8) =0 = either =0 or r:\/Qh—R2+ - )
bsin 2«

Case 1: r = 0. We substitute r in fi;, for i = 2, 3,4, we obtain

f12(0,, R, B) = é[6dh — 3dR? + (—2bh + bR?)(2 + cos 2a) + eR?
(2 + cos2(a — ) — cR?(2 + cos 2/3)],
f13(0,0, R, B) = éRe(—?h + R?)sin2(a — B),
Fia(0,0, R, B) = é[4(—b +e)h+ (2b—2(c+e) + 3f)R2 + (—2h + R2).
(beos2a — ecos2(a — B)) — cR? cos 203] .
So
e=0,
R=0,

flg(T,a,R,B):Oé R = /2h7
ozzﬁ—l—k;?7T with k€ Z.
Subcase 1.1: e = 0. Then f13 = 0 so the Jacobian is zero. So the averaging theory

does not provide information on the periodic orbits in this case. Hence, in what
follows we assume that e # 0.

Subcase 1.2: R = 0. We substitute R in fi;, for i = 2,4, and we obtain

1
f12(0,, R, B) = é[Gdh — 2bh(2 + cos 2a)] ,
1
f14(0,, R, B) = Zh[_% + 2e — bcos2a + ecos 2(a — B)].
So
3d —2b
Qi = 5 arccos ——,
R =0=
f12(7’,04, 7B) 3d — 2b
=—_ar :
Qg 5 arecos —

If we substitute ay in f14(0, o, R, 8) we get

1 2h —
f14(0,, R, B) = _Zh [e cos (arccos b—3d

b

+25> +3d—2e} .
So

2b — 3d 2e — 3d
b1 = — arccos 5 + arccos - ,

,o, R, 5) =0=
Salr e B, B) % — 3d 26—3d>

— arccos

1
2
1
2

Biz2 = — <arccos
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If we substitute ap in f14(0, o, R, 8) we get

1 3d —2b
f14(0, 0, R, 8) = Zh [e cos (arccos + 25) —3d+ 26:| )
So
1 3d —2b 3d — 2e
Bo1 = —5 arccos b -+ arccos s
e
r,a,R,[6)=0=
Fuel 2 1 3d — 2b 3d — 2¢
Boo = —= [ arccos arccos .
2 b e
The four zeros of (15) in the subcase R = 0 are
T = 0,
p1 = V2h.
1 arccos 34— 2b
of = —ar
(17) ! 2 ’
Ry = 0,
1 2b—3d 2e — 3d
gf = 5 | —arecos — 3 + arccos . 3 .
ry = 0,
ps = V2h.
oy = 1 arccos 3d — 20
(18) T2 b
R; =0,
2b d—2
B = —3 {arccos =+ arccos 3 ¢
e

Referencing to (10) we see clearly that the unique angle which plays a role in the
initial conditions of the periodic solution is « because of the nullity of » and R so

d—2b d—2b
(15) admits two solutions if 3

=1

‘ < 1 and one solution if

Now we calculate the Jacobian of f; applied in this possible solutions. By definition
the Jacobian is

Ofi1 Ofun Ofin  Ofnn
or Oa OR op
Ofi2 0fi2 Ofi2 Ofi2
or daa OR 0B
Ihi(sv=(r 0. R= 7)) = |Drarpfi(s¥)| = 0fis 0fis 0fiz 0Ofis
or da OR OB
Ofia Ofia Ofia Ofa
or b  OR 0P
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So

3d —2b 9

‘ ' <1= Jpse) = —=h*(b—3d)(b—d)(d —e)(3d —¢).

64
(19) 3d —2b
b :1é<]fl(s*):0.

Summarizing the results of this subcase, the system (15) admits two solutions with

. . . 3d —2b 2e — 3d
the following existence’s conditions <1, <1,

e

be(b — 3d)(b—d)(d —e)(3d — e) # 0.
Subcase 1.3: R = v/2h. We substitute R = v/2h in f1;(r,a, R, 8), for i = 2,4 and

we obtain

f12(0,a, R, B) = ih[Qe —2¢—ccos2f) 4+ ecos2(a— B)],

1
f14(0, 0, R, B) = _Zh[% —3f +ccos2f].
So
1 3f — 2
b3 = §arccos e
f14(0,, R, 8) =0 =
f—2c
B4 = —= arccos .
2 c

We substitute 83 in fi2 we have

f12(0, 0, R, B) = % [2@ —3f —ecos (2a+arccos 26_03f>] .

Q31 = — arccos

2¢ — 3f 2c—3f]
f12(07a7Ra6) =0= ‘ ¢

gy = — arccos

2e —3f 2c—3f
e c ]

We substitute 84 in f12 we have

-2
fo0.a.R,8) =" [26_3f+ecos (2a+arccos I c>]

Qg1 = — arccos

3f —2e 3f —2¢c
e c ’

|:3:I'CCOS
f12(0, «, R, ﬁ) =0=

gy = — arccos

N~ N

3f —2e 3f —2c
e c ]

l:— arccos
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The four zeros of (15) are

o= 0,
pi = 0,
. 1 2e —3f 2c—3f
af = - |ftarccos — arccos ,
(20) 2 c
Ry = +/2h,
g 1 3f —2¢
= —arccos .
! 2 c
o= 0
ps = 0,
. 1 3f —2e 3f —2c
a3 = - |Earccos — arccos ,
(21) 2 c
RS = +/2h,
1 3f —2¢c
85 = ——arccos
c

Referencing to (10) we see clearly that the unique angle which plays a role in the
initial conditions of the periodic solution is 3 because of the nullity of  and p so (15)

—2c+3f —2c+3f

admits one of the above zeros if = 1 and two solutions if < 1.

So
’M’ <1= Jp(en) = _3%}‘4(0— 3f)(c—f)le=3f)e—f)

=1=Jpen =0

(22) —2c Jcr 3f

c
Summarizing the conditions of the existence of the two solutions chosen we have
2e —3f 2c —3f
e c

<1

<1, (c=3f)(c—f)le—=3f)(e— f)#0 and ce # 0.

9

k
Subcase 1.4: a =+ 777 We substitute a in fy;, for i = 2,4 and we obtain

f12(0,a, R, B) = é( —2bh ((—1)* cos 28 + 2) + bR? ((—1)* cos 28 + 2)
—cR?(cos2f + 2) + 6dh — 3dR? + e ((—1)* + 2) R?),
f14(0,, R, B) = %(Rz(% —2(c+e)+3f) +e(-1)* (2h — R?)
—b(—1)" (2h — R?) cos 23 + 4h(e — b) — cR? cos 23).
So solving f12(0, «, R, 8) = 0 with respect to the variable R we get

R 2h (b(—1)% cos 23 + 2b — 3d)
~\ b(=1)*cos2B + 2b — ccos 2B — 2¢ — 3d + e(—1)k + 2¢
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We substitute R in f14(0, a, R, ) and we have

>
f14(0,0, R, 3) = =*  with
Yo

1 = h(cos2B(c(3d—e((—-1)F +2)) —b(—1)ke ((-1)* +2)))
+h (3bf(—1)* cos28 — 2b (e ((—1)F +2)))
+h (e (6d = 26 (~1)F +2)) = 9df + € ((-1)" +2)7),
Yy = 4(cos2B (b(=1)" —¢) +2b—2c—3d+e((-1)"+2)).

So solving f14(0, «, R, ) = 0 with respect to the variable 8 we obtain

5 = :I:;arccos(_26(_1)k(b+0_26)_4be+6bf+60d_4ce_9df+5e2).

(—1)*(2be — 3bf + ce) + be — 3ed + 2ce

If we substitute 3 in the expression of R we find

[Aq .
R = E with

A = 2h(( (e(=1)* (4(= )—3d( +1)) = 2¢ ((-1)F —1)
(e(— +2)))+2h(6bcd( )+3cd(3d e((- ) +2))),

A = (( 2(~ 1)k(3d—56+3f)—3d+86—3f))—2bc(( 1)k —1)
(e(=1)% —=3(d— e+ f))) +b (3cd (3d — 2¢ ((—1)* +2) +37)) .

e The zeros of (15) for k=0

T*1 = 0,
pl - d— 2€+ fa
1 <362 +2¢(—d+e)+2b(e — f) + 3df>
ax; = Z£—arccos )
(23) 2 c(d—e)+b(—e+ f)
B 2h(d —e)
Bx = d—2e+ f’

—3¢2 — —
Bx1 = :l:;arccos< 3¢” +2c(—d + e) + 2b(e f)+3df>.

c(d—e)+b(—e+f)
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e The zeros of (15) for k =2

T*9 = 0,

P = d—2e+ f’
1 —3e? + 2¢(—d +e) + 2b(e — f) + 3df

(24) Qxg = ii arccos ( A=)+ b(—c+ ) ) + 7,

B 2h(d —e)

T =\ Ter p
1 —3e? + 2¢(—d +e) + 2b(e — f) + 3df

Bxo = i2arccos( A=)+ bl—c+ f) ) .

Referencing to (10) we see clearly that the angles which play a role in the initial

conditions of the periodic solution are # and « because the nullity of r so if

—3e% + 2¢(—d + e) + 2b(e — f) + 3df
c(d—e)+b(—e+f)

—3e? + 2¢(—d +e€) +2b(e — f) + 3df’ -1
c(d—e)+b(—e+f) )

= 1 our system (15) admits two solutions and

eight solutions if

—3e? 4 2¢(—d +€) + 2b(e — f) + 3df
If‘ c(d—e)+b(—e+ f) ‘<1SO
9eh?*
(25) Jhise) = — (1 [(e— f) (=be +bf + cd — ce — 3df + 3e?) -

(d—e) (=be+bf +cd—ce—df +€?)].

Where A = 32(d — 2e + f)3.

—3e? 4 2¢(—d +€) + 2b(e — f) + 3df
c(d—e)+b(—e+ f)
Summarizing the conditions of the existence of this subcase
| —3e? + 2¢(—d +e) + 2b(e — f) + 3df
c(d—e)+b(—e+f)
e(—be+bf+cd—ce—3df+3€2) (—be+bf—|—cd—ce—df+62) (c(d—e)+b(f —

€)) #0, (f—e)(d—2e+[) >0, (d—e)(d—2e+[f) >0.

If =1 we have Jy, (s = 0.

| <1,
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e The zeros of (15) for k=1

T*3 = 0,
. 2h(e — 3f)
P = A\ T3d+2e -3/
1 ( 60d2b6206+e2+66f9df> ™
axz = =<£—arccos| — -,
(26) 3cd + be — ce — 3bf 2
R 2h(3d —€) ’
3d—2e+3f
Bry = il ATCCOS _ 6ed — 2be — 2ce + e? +6bf — 9df
5T 2 3cd + be —ce — 3bf
e The zeros of (15) for k =3
T4 = 07
. 2h(e — 3f)
Pi = A Tar o ap
—3d + 2e — 3f
axs - il ATCCOs ~ bed — 2be — 2ce + €2 + 6bf — 9df 3T
(27) T T 3cd + be — ce — 3bf 2
2h(3d —e)
R -~ @7
" 3d— 2¢ + 3f°
Bry = il ATCCOs _6cd — 2be — 2ce + €2 + 6bf — 9df
T 2 3cd + be — ce — 3bf

Referencing to (10) we see clearly that the angles which play a role in the initial
conditions of the periodic solution are 8 and « because the nullity of r so (15)
6cd — 2be — 2ce + €2 + 6bf — 9df

its f th s if — =1 igh
admits two of the above zeros i 3ed + be — co — 30f and eight
solutions if
_ 6ed — 2be — 2ce + €% + 6bf — 9df -1
3cd + be — ce — 3bf '
.. 6cd — 2be — 2ce + €2 + 6bf — 9df )
The Jacob f]— <1
e Jacobian if | 3ed T be —ce—3bf | is
eh*(3d — e)
(28) Jp(se) = —aq [(—be + 3bf + 9cd — 3ce — 9df + €?)-

(—3be 4+ 9bf + 3cd — ce — 9df + €*)(e — 3f)].
Where Q = 32(3d — 2¢ + 3f)%.

_6Cd—2b6—206—|—€2 + 6bf — 9df

If
3cd + be — ce — 3bf
Summarizing the conditions of the existence of this subcase

_60d—2be—266+82+6bf—9df <1
3cd + be — ce — 3bf ’

(fbe + 3bf + 9¢cd — 3ce — 9df + 62) (73be + 9bf + 3cd — ce — 9df + 62) ‘

=1 we have Jfl(s*) = 0.
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(Bcd+be—ce—3bf) #0, (—3d+2e—3f)(e—3f) #0, (—3d+2e—3f)(e—3d) #0,

2 o3 2
Case 2: r = \/Qh - R2+ M Then substituting r in fy;, for i = 2,3, 4,
bsin 2a
1,1 in 2
1 (Lpesin2s (—6ac + 4bc cos 2a + 8be — be cos 4o + be — 6¢d)

le(TaO‘aRaﬁ): 8b(4 sin 2a
+b (R*(3a — 2(b+ ¢ — €)) — 6ah + beos 2a (2h — R?) + 4bh) +
bR? cos 283(e cos 2 — ¢)),

fra(r o R, B) = cRsin(28) (b(2h — R?) + R Csc8(b2a)(csin(2ﬂ) +esin(2(a — B)))) ,

in 2
fra(rya, R, ) = R2(6ab — c(8b+ ¢€) + 6bf) + CR2%(—6G + 2bcos(2a)

+4(b+c—e)) +sindf(c —ecos2a)) + ecos4f) + ih(?c —3a)

+4bccos28 (h — R?) .

So
c=0,
R=0,
2bh sin 2«
fis(r,,R,3) =0= 1 R =
( ) bsin2a — csin 28 — esin 2(a — )’

k

ﬁ:% with k€ Z.

Subcase 2.1: ¢ = 0. Then fi3 = 0 and the Jacobian is equal to zero so we cannot
apply averaging theory.

Subcase 2.2: R =0. Then r = v/2h. So substituting r and R in fi;(r, o, R, 3), for
i = 2,4, we obtain

fi2(r o, R, B) = ih(—?)a + beos(2a) + 2b),
fia(r,a, R, B) = ih(—?)a + ccos(28) + 2¢).

1 3a —2b
Therefore solving f12(r, , R, 8) = 0 with respect to o we obtain o = :i:§ arccos - b

1 3a —2
and solving f14(r, «, R, ) = 0 with respect to 5 we obtain § = :|:§ arccos =€,
¢
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The zeros of (15) in this subcase are

r« = +/2h,
pP* = 0;
. — il . 3a —2b
(29) ax = 3 arccos b
Rx = 0,
1 -2
Bx = == arccos 3 c.
2 c

Referencing to (10) we see clearly that (15) admits only one solution because the
nullity of R and p.
The Jacobian is

(30) Thron) = _%m (a—b)(3a—b)(a—c)(3a—c).

Summarize the conditions of existence of the solution of this subcase,
3a — 2¢ 3a —2b

be(a—b)(Ba—b)(a—c)(3a—c)#0, | p <1, | 5 | <1
2bh sin 2«
Sub 23: R= .
Hbease \/bsin2a —esin2(a — f) —c¢sin2f
2ehsin2(a — f)
Th = d
T \/csin?ﬁ—bsinZa—l—esinQ(oz—ﬂ) an

fi2(r,a, R, 3) = % [ —sin2(a — B)(—3ae + bc + 2be) + sin 28(2bc + be — 3cd)

+2b(e — ¢) sin 2a],

fra(r,a, R, B) = % [(2bc + ce — 3bf) sin 2 + (bc — 3ae + 2ce) sin 2(a — 3)

+2c(—b + €) sin2].
Where D = 4(bsin 2« — esin 2(a — ) — ¢sin25).
To calculate the zeros of this two last functions we need their numerators:
h(sin(2(a — B))(3ae — bc — 2be) + sin(25)(2bc + be — 3cd) + 2bsin(2a)(e — ¢)) ,
h(sin2(a — B)(3ae — be — 2ce) + 2¢(b — €) sin 23 + sin(2a) (—c(2b + €) + 3bf)).

Expanding the trigonometrical terms of these numerators and using one notation

of sina = s; cosa = £v/1 — s%; sin3 = S; cos 8 = +v1 — 52 we obtain

Pis(s,8) = 2hsV1— s2 (—6aeS? + 3ae + 2bcS? — 3be + 4beS?)
—2hSV/1 — S2 (—6a652 + 3ae + 2bes? — 3be + 4bes? — 3be + 3cd) ,
Piy(s,8) = 2hsV1— s (—6aeS? + 3ae + 2bcS? — 3bc + 3bf + 4ceS? — 3ce)
—2hSV/1 - S2 (—6a652 + 3ae + 2bcs? — 3be + 40652) .



PERIODIC ORBITS OF YANG-MILLS IN DIMENSION 6 17

The other three notations provide the same previous expressions. So Pja(s,S) =0
and Pi4(s,S) =0 implies that Q12(s,S) =0 and Q14(s,S) = 0.

Where
(31)
Qi2(s,5) = 4h%S? (1 — 5?) (—6aes? + 3ae + 2bcs? — 3bc + 4bes? — 3be + 30d)2
—4h?s? (1 — 52) (—6@652 + 3ae + 2bcS? — 3bc + 4b652)2 ,
Qua(s,S) = 4h25% (1 — 5?) (—6aes® + 3ae + 2bcs® — 3bc + 40652)2

—4h?s? (1 — 52) (—6a652 + 3ae + 2bcS? — 3bc + 3bf + 4ceS? — 366)2 .

We calculate the resultant of Q12 and Q14 with respect to s and S, we obtain

R12(S) = 47775744h'5(—1 + S)4S8(1 + S)*K?(S)L%(9),

(32) Ris(s) =47775744h16(—1 + 5)*s8(1 + )2 M2 (s) N2(s).

with K(S) and M(s) two polynomials of the form AS?+ B and C's?>+ D respectively
with A, B, C, D constants, and L(S) and N(s) two polynomials of the form ES* +
FS? 4+ G and Hs* + Is? 4 J respectively with E, F, G, H, I, J constants. So if we
calculate so and Sy the zeros of Rio and Ry4 then (sg, Sp) is a zero of (31).
Solving (32) we obtain 81 pairs of (s,.5). Only 9 of this pairs are solutions of (31).
When we calculate (o) corresponding to (s,S) solution we find the zeros

2eh 2ch
* = , R* f15 hich :I: 2k O:E
z (r*, p*, ,0%) o ) whic aresli croVer o + 2k, +
2eh 2eh 2ch
21 i 2 0,0 OOif 2 ;
m); 83 ( Vet+e VeJrc + m,0,0); 55,4 e—c Ve—c " 2+ n);

2¢h 2N 0,0), with k, 1, m, n € Z.
e —C e —C

The Jacobian applied in all this zeros is equal to zero so we cannot apply averaging
theory in this case.

k
Subcase 2.4: 8 = % So substituting 5 in fi2 and f14 we obtain

fi2(r,a, R, B3) = é(RQ(?)a —2(b+c—e)) — 6ah — R?*(cos2a (b — e(—1)¥)
+c(=1)%) + 2bh cos 2a + 4bh),

fra(r,a, R, B) = % (3a (R? = 2h) +2¢ ((—1)* +2) (h — R?) 4+ 3fR?).

Solving f14 = 0 with respect to R we obtain

\/2 —3ah + ch(—1)k + 2ch)
 /=3a+2c(—1)F +4c—3f
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Subcase 2.4.1 k =1 and k = 3.Then

2h(c — 3a)

R=\ oo =35

and fi2 becomes

h (cos(2a)(—3ae — be + 3bf + ce) + 6ae — Yaf — 2bc + 6bf + ¢* — 2ce)

frz(r,a, R, B) = 4(3a — 2¢ + 3f)

Solving f15 = 0 with respect to « we obtain

6ae — 9af — 2bc + 6bf + ¢ — 2ce
3ae + bc — 3bf — ce '

1
o= ii arccos (

Substituting « in r and R we obtain
e the zeros of (15) for k=1

e — 2h(c—3f)
! —3a+ 2c — 3f’
pP*1 = 07
. :I:l 6ae — 9af — 2bc + 6bf + ¢ — 2ce
(33) a = g AHCCOS 3ae + be — 3bf — ce ’
2h(c — 3a)
Re, = | —Re—20)
1 30+ 2¢—3f’
T
ﬂ*l = 5

e the zeros of (15) for k=3

2h(c—3f)
T*o = — %,
—3a+2c—3f
pr2 = 0,
are — :tl ATCCOs 6ae — 9af — 2bc + 6bf + ¢ — 2ce
(34) S 3ae + be — 3bf — ce ’
B 2h(c — 3a)
Ber =\ Zarac—3p
37
/6*2 = ?

Referencing to (10) we see clearly that the unique angle which plays a role in the
initial conditions of the periodic solution is 5 because the nullity of p so (15)admit

two of the above zeros.
The Jacobian is

h4
(35) Tty (s0) = ;—C(?)a —¢)(c—3f) (—3ae + 9af + 3bc — 9bf — c* + ce)

(—9ae—&—9af—|—bc—3bf—c2 +3ce).
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Where DC = 16(3a — 2¢ + 3f)3.
Summarizing the conditions of existence of the solution of this subcase,

(c=3f)(=3a+2c—3f) >0, (c—3a)(—3a+2c—3f) >0,
6ae — 9af — 2bc + 6bf + c* — 2ce
3ae +bc—3bf — ce
c(—3ae+9af+3bc—9bf—62 +ce) (—9ae+9af—|—bc—3bf—02—|—3(:e) #0.

Subcase 2.4.2 k =0 and k = 2. Then

<1,

2h(c—a)
—a+2c—f

and f12 becomes

h (cos(2a)(ae — c(b+ €) + bf) + 2ae — 3af + 2b(f — c) + 3c* — 2ce)

fi2(r, o, R, B) = Ha—2et ) .

Solving f12 = 0 with respect to o we obtain

2ae — 3af — 2bc + 2bf + 3¢? — 2ce
—ae +be —bf +ce '

1
o = +— arccos (
2

Substituting « in » and R we obtain
e the zeros of (15) for k=0

2h(f —¢)

T*3 = )
a—2c+ f

P*3 = 07

ke — il ATCCOS 2ae — 3af — 2bc + 2bf + 3c% — 2ce

(36) 5T 2 —ae+bc—bf +ce ’

2h(a — ¢)

R =

*3 a—2c+ f’
5*3 = 0.

e the zeros of (15) for k =2

vy = 2h(f —¢)
a—2c+ f’

P*4 = 0,

s — il N 2ae — 3af — 2bc + 2bf + 3c% — 2ce

(37) T 2 —ae+bc—bf +ce ’

2h(a — ¢)

R =

= a—2c+ f’

Bxgy = .
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Referencing to (10) we see clearly that the unique angle which plays a role in the
initial conditions of the periodic solution is 5 because the nullity of p so (15) admits
two of the above zeros .

The Jacobian is
7 _ _9ch4
(38) Ji(s*) = DD
(fae+3af+bc—bf —3c? +ce) (ae — be + bf — ce)?.
Where DD = 16(a — 2¢ + f)3(—ae + be — bf + ce)?.

(a—c)(c—f)(—ae+af +bc—bf —c*+ce) -

Summarizing the existence’s conditions of the solution,
c(—ae+a,f+bc—bf—62—|—ce) (—ae—|—3af—|—bc—bf—302—|—ce)

2ae — 3af — 2bc + 2bf + 3c% — 2ce
—ae+bec—bf + ce -

(f—=¢cla—2c+ f) >0, (c—a)(—a+2c—f)>0.

(ae —bc+bf — ce) # 0,
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