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ABSTRACT. We study the maximum number of limit cycles that bi-
furcate from the periodic solutions of the family of isochronous cubic
polynomial centers

x:y(fl+2ax+2ﬁx2), y:x+a(y27x2)+2/3xy2, aeRaﬁ<07

when it is perturbed inside the classes of all continuous and discontinu-
ous cubic polynomial differential systems. We obtain that the maximum
number of limit cycles which can be obtained by the averaging method
of first order is 3 for the perturbed continuous systems and for the per-
turbed discontinuous systems at least 12 limit cycles can appear.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

One of the main open problems in the qualitative theory of real planar
differential systems is the determination of their limit cycles. A classical
way to produce limit cycles is perturbing a system which has a center. Thus
the limit cycles bifurcate in the perturbed system from some of the periodic
orbits of the period annulus of the center of the unperturbed system, see for
instance Pontrjagin [22], the second part of the book [8] and the hundreds of
references quoted there. In this paper we shall perturb isochronous centers.
The perturbation of some of these centers have already been studied see for
instance [7, 14]. For a survey on isochronous centers see [6].

In [5] the authors studied some classes of isochronous cubic polynomial
differential systems. In particular they obtained the family

(1) z = y(*1+2a$+2/8552) = P(z,y),
y = z+aly’—2%)+20zy> = Q(z,y),

where o € R and 8 < 0. This family has a rational first integral of degree
2, see system (iv) of Theorem 7 in [5], see also [16, 17]. An open ques-
tion is: What happens with the periodic orbits of the unperturb system (1)
when it is perturbed inside the class of all cubic continuous and discontinu-
ous polynomial differential systems? More precisely consider the following
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systems
@) o= y(-1 + 202 + 232?) + ep1(z,y),
y = ztaly’ —a®)+28zy" +eqz,y),
and the discontinuous system
(3) (9§>:{X1($ay) if y>0,
] Xa(z,y) if y <O,

where

Xi(z,y) = ( xyi;}yt 3a352;_fggi)yji}2q(i’ag)y) > ’

5w = (e oot s ) )
with
p1(z,y) a1 + agy + asr® + agzy + azy® + agz® + arz’y + asvy® + agy’,
a1 (z,y) = bz + by + bsa® + bazy + bsy® + bex® + bra’y + bsxy® + boy?,
p2(2,y) = iz + ey + esr® + camy + 5y’ + cex’ + eraty + cszy® + oy,
@(z,y) = diz+ doy + dzz® + dyzy + dsy® + dex® + drx?y + dgzy® + doy®.

In this paper we study the maximum number of limit cycles of systems
(2) and (3) which can be obtained using the averaging theory of first order.

Essentially there are four methods for determining the number of limit
cycles which bifurcate from the periodic orbits of a period annulus of a
center. The first method is based in the Poincaré return map, see for instance
[2, 7]. The second method uses the Poincaré-Pontrjagin-Melnikov integrals
or the Abelian integrals. These two methods are equivalent in the plane,
see section 6 of Chapter 4 of [12] and section 5 of Chapter 6 of [1]. The
third method is based on the inverse integrating factor, see section 6 of
[9] or [10, 11, 25]. The last method is based on the averaging theory, see
for example [3, 23, 24]. From [3] it is easy to check that in the plane the
averaging method of first order is equivalent to the method of the Abelian
integrals. Moreover the first two methods only give information on the
number of periodic orbits of the unperturbed system that become limit
cycles after the perturbation. The last two methods also can give the shape
of the bifurcated limit cycle up to the order of the perturbation parameter,
see [10, 11, 15].

In what follows we state our main results.
Theorem 1. For |g| # 0 sufficiently small the mazimum number of limit
cycles of system (2), bifurcating from the periodic solutions of isochronous

center (1), is at most 3 using the averaging theory of first order, and this
number is reached.

Theorem 1 is proved in Section 3.
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Theorem 2. For |e| # 0 sufficiently small the mazimum number of limit
cycles of system (3), bifurcating from the periodic solutions of isochronous
center (1), is at least 12 using the averaging theory of first order.

Theorem 2 is proved in Section 4.
In Section 2 we present the basic results that we need for proving Theo-
rems 1 and 2.

2. PRELIMINARIES

In this section we give some known results that we shall need for proving
our results. The following theorem provides periodic solutions of a periodic
continous differential system. See [24] for a proof.

Consider the differential equation
(4) & =eF(t,x) + *R(t,x,e), x(0) =z,

with € D, where D is an open subset of R", and ¢ > 0. Moreover we
assume that F'(¢,x) is T—periodic in t. Separately, we consider in D the
averaged differential equation

(5) y=¢ef(y), y(0)=zo,
where

Theorem 3. Consider the two initial value problems (4) and (5). Suppose:
(i) F, its Jacobian OF /Ox, its Hessian 0*F/0x?* are defined, continuous
and bounded by an independent constant of € in [0,00) x D and
e € (0,¢0).
(ii) F is T—periodic in t (T independent of €).
(iii) y(t) belongs to D on the interval of time [0,1/¢].
Then the following statements hold.
(a) Fort e [0,1/¢] we have that x(t) —y(t) = O(e) as € — 0.
(b) If p is an equilibrium point of the averaged equation (5) and

of
det <8y> #0,

y=p
then there exists a T-periodic solution z(t,e) of equation (4) such
that x(0,e) — p as e — 0.

(c) The stability or instability of the periodic solution x(t,¢c) is given by
the stability or instability of the equilibrium point p of the averaged
system (5). In fact the equilibrium point p has the stability behavior
of the Poincaré map associated to the periodic solution xz(t,€).

The following theorem is a discontinuous version of previous theorem
which provides periodic solutions of a periodic discontinuous differential
system. See [18] for a proof.
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Theorem 4. Consider the following discontinuous differential system
(6) i(t) = eF(t,x) + *R(t, x,¢),
with
F(t,z) = Fi(t,z)+ sign(h(t,x))Fs(t,x),
R(t,x,e) = Ri(t,z,e)+sign(h(t,z))Ra(t, x,€),
where F1,Fp : Rx D — R", Ri,Ry : R x D x (—€g,e9) — R"™ and h :

R x D — R are continuous functions, T —periodic in the variable t and D
is an open subset of R™. We also suppose that h is a C' function having
0 as a reqular value. Denote by M = h™1(0), by ¥ = {0} x D € M, by
Yo =X\M # 0 and its elements by z = (0,2) € M.

Define the averaged function f : D — R"™ as

T
o) = /0 Pt 2)dt.

Assume the following three conditions.
(i) F1, F>, R1, Re and h are locally L— Lipschitz with respect to x.

(ii) For a € g with f(a) = 0 there exist a neighborhood V' of a such that
f(z) #0 for all z € V\{a} and dg(f,V,a) # 0, (i.e. the Brouwer

degree of f at a is not zero).
(iii) If (Oh/0t)(t,z) # O then for all (to, z0) € M we have (Oh/0t)(to, z0) #
0. If (Oh/0t)(to, 20) = 0 then ((Vih, F1)% — (Vih, F5)?)(to, z0) > 0,
for all (to, z0) € [0,T] x M.
Then for |e| > 0 sufficiently small there exists a T—periodic solution x(-,€)
of system (6) such that x(t,e) — a as e — 0.

If the function f of Theorem 4 is of class C', then it is sufficient to see
that the Jacobian of the function f evaluated at a is non-zero for showing
that dg(f,V,a) # 0. For more details see Theorem 1.1.2 of [21].

Consider a planar system

where P, @ : R? — R are continuous functions. Suppose that system (7) has
a continuous family of ovals

{Fh} C {(Ji,y) : H(I‘,y) = h’ hl <h< h2}
where H is a first integral of (7). Consider the following perturbations of
system (7)
(8) &= P(z,y) +ep(z,y), §=0Q(zy)+eq(z,y),
where p, ¢ : R> — R are continuous functions.

The next theorem (see Theorem 5.2 of [3] for a proof) provides a tool for
transforming the perturbed system (8) in the standard form of the averaging
theory given in Theorem 3.



CUBIC POLYNOMIAL DIFFERENTIAL SYSTEMS 5

Theorem 5. Consider system (7) and its first integral H. Assume that
xQ(x,y) — yP(x,y) # 0 for all (z,y) in the period annulus formed by the
ovals {T'y}. Let p: (vhi,vh2) x [0,27) — [0,00) be a continuous function
such that

(9) H(p(R, ¢) cos ¢, p(R, ) sing) = R?,

for all R € (vh1,vVha) and all ¢ € [0,27). Then the differential equation

which describes the dependence between the square root of the energy R = v/h
and the angle ¢ for system (8) is

dR _ _pl=* +y*)(@Qp — Pg)
dip 2R(Qz — Py)
where = p(x,y) is the integrating factor of system (7) corresponding to
the first integral H, x = p(R, p)cosp and y = p(R, @) sin p.

(10) +0(e?),

We recall that p is the integrating factor corresponding to the first integral
H of system (7) if

OH OH

Let I be a real interval and let fy,..., f,, : I — R be functions. We say
that fo, ..., fn are linearly independent functions if and only if

n
Vsel > Nfi(s)=0 = Jdo=l=..=X=0.
i=0
The next result well-known can be found in Proposition 1 of [19].

Proposition 6. If fy, ..., fn are linearly independent then there exist s1, So, ...,
sp € I and Xg, .., \p, € R such that for every j € {1,...,n} we have

Z Aifi(s5) = 0.
1=0

The functions (fo, f1,..., fn) defined on I form an FExztended Chebyshev
system or ET-system on [, if and only if any nontrivial linear combina-
tion of these functions has at most n zeros counting their multiplicities and
this number is reached. We say that F' is an Fxtended Complete Chebyshev
system or an ECT-system on [ if and only if for any & € {0,1,...,n},
(fo, f1s .-y fr) form an ET-system. For proving that (fo, f1,..., fx) is an
ECT-system on [ is sufficient and necessary to prove that W ( fo, ..., fx)(s) #
Oon I for k € {0,1,...,n}. We denote by W( fo, ..., f)(s) the Wronskian of
the functions ( fo, ..., fx) with respect to s. We remember that the definition
of the Wronskian is

R
W) A )
W (fo, s fr)(s) = : : .. :

) 1P - 1P
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For more details on ECT-system see [13].

3. PROOF OF THEOREM 1

We note that the integrating factor

2
(—1+ 20 + 2[22)?

iz y) = -

and the first integral

ac—i—y

Hw,y) = 1—2z(a+ px)

of system (1) satisfy P = —H, and p@Q = H,. So p is the integrate factor
corresponding to the first integral H. The function p : (0,+/—1/(28)) x
[0,27) — [0, 00) given by

R (\/(a2 +28) R?cos? p + 1 — aR cos gp)
2BR? cos? p + 1

p(Ra 90) =

satisfies hypothesis (9) of Theorem 5. We shall see later on that zQ(z,y) —
yP(z,y) # 0 in the period annulus. Thus system (10) of Theorem 5 for our
system (2) becomes

(11) Z B(%O;ﬁ’a ;))Ri—I-O(EQ),

where a = (aq, ..., a9), b = (b1, ..., bg) and

A; = ajcos? o+ (ag+ by)sinpcos g + by sin? ¢,

Ay = /(a2 +2B) R2cos?p + 1 ( (az — 3aay) cos® ¢ + (—3aag + a4
—4aby + b3) sin pcos? ¢ + (a5 + a(ag — 4by) + by) sin® ¢ cos ¢
+ (g + bs) sin® ),

As = (bara® —4daza + ag + 10a13) cost o + ( (5ag + 8by)a? — (day
+5b3) a + a7 + 10a23 + 88b1 + bg) sin p cos® ¢ + ((8b2 — 3ar)a’
+ (a3 — 4as — 5by)a + ag + 2a1 8 + 83bs + b7) sin? g cos? ¢
+ (—3a20¢2 + (aq — 5bs)a + ag + 2a28 + bg) sin® ¢ cos ¢
+ (a5 + by) sin® ¢,




Ay
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V(a2 +2B) R2cos? ¢ + 1 ((—4ar1a® + 8aza® — Saga — 24a1 B

+ 8azf) cos® ¢ — (4(ag + 2by)a® — 4(2a4 + 3b3)a’® + (5ay + 6(4asf
+4b13 + b)) a — 2B(4ay + 3b3)) sin p cos® ¢ + (4(ar — 2b7) o
—4(a3 — 2as — 3bg)a® + (ag — Sag — 6(48bs + by))a + 26(az + 4as
+3by) ) sin? p cos® ¢ + (4aza’® — 4(ay — 3bs)a® + (a7 — Bag

+6bs) o + 28(as + 3bs)) sin® p cos® p + (—4aza® + (ag — 6bg)ax

+ 2a53) sin? ¢ cos ¢ + aag sin® gp) ,

(4a1a4 — 12aga? + 13aga? + 40a16a2 — 32a3fa + 40a1B2

+ 8agf) cos® o + (4(12044 + 8b1at — 12a403 — 20303 + 13a70°
+40as302 4 488b1a2 + 18bgar® — 32a4Ba — 308bsa + 40as 3

+ 8azf8 + 245%b, + 66b6) sin @ cos’ ©+ (—4a1a4 + 8byat + 8aza®
+12a50% — 20b40° — Saga® + 13aga® — 8ay Ba® + 488bra2
+18b70 — 2a3Ba — 32a5Ba — 30Bbscx + 16a1 8 + 2a¢3 + Sag

+ 243%by + 65()7) sin? ¢ cos* p + (—4a2a4 + 8aga® — 20bza®
—5ara® + 13aga® — 8azBa’® + 18bga® — 2a4Ba — 308bsar + 16as5
+ 2a7 + 8ag S + 63bg) sin® o cos® o + (8a5a3 — Baga? + 18bga®

— 2asfa + 2agf3 + 65by) sin* gpcos2 Y — ag (5a2 - 25) sin® ¢ cos ¢,
2cos? /(a2 + 2B) R2cos? ¢ + 1 ((daza* — 2(5ag + 6a18)a’

+ 24a3Ba® — 38(5ag + 12a1B)a + 12a35%) cos® ¢ + (4(aq

+2b3)a* — 2(5a7 + 6aa3 + 86b1 + 8bg)a® + 245 (as + b3)a?
—3B(5ay + 4(3az8 + 2b13 + b)) + 65%(2a4 + b3) ) sin pcos?

— (4(ag — a5 — 2bs)a* — 2(3ag — Sas + 2a13 — 88by — 8b7)a’
—240(as + bs)a® 4 3B(ag + Sag + 4a1 3 + 88by + 4b7)a — 632 (a3
+2a5 + by) )sin® @ cos® o — (4(ay — 2bs)a’ — 2(3a7 — Hag + 2a23
—8bg)a® — 24Bbsa’ 4 36(ar + Hag + 4azf + 4bg)a

—62(ay + bs) sin® @ cos? ¢ — (4a5a4 + (16bg — 6ag)a® + 33(asg
+4bg) v — 6a562) sin? ¢ cos ¢ + 3 aag (2042 — ﬁ) sin® go)

2 cos® (( 4aga® + 2(7ap + 6a16)a —36a38a° + 38 (13ag
+20a18) o? — 48a3B%a + 458%(3ae + 10a13)) cos® ¢ — ((4(ay
+2b3)a® — 2(Tar + 6azB + 88b1 + 12bg)a’* + 46(9ay + 10b3)a’
—36(13a7 + 4(5asB + 4b1 B + 3bg) ) + 66%(8ay + 5b3)ar — 26%(6ay
+20ay/3 + 8b; + 3bg) ) sin g cos? ¢ + (4(a3 — a5 — 2by)a® — 2 (5ag
—Tag + 2a16 — 88by — 12b7)a* + 4B (a3 — 9as — 10bs)a> + 36(ag
+13ag + 4a16 + 168by + 12b7)a® — 68%(3as + 8as + 5by)a
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+26%(3ag + 6as + 12a15 + 88by + 3b7)) sin? ¢ cos® ¢ + ( 4(ay
—2b5)a’ — 2(5ay — Tag + 2a3 — 12bg)a* + 48(ay — 10bs)o®
+36(ar + 13ag + 4azf + 12bg)a? — 632(3a4 + 5bs)a + 65%(ar
+2ag + 4ag S + bg) ) sin® p cos? ¢ + (4aza® + (24bg — 10ag)a’*
+4asBa> + 36(ag + 12bg)a? — 18a55%a + 65%(ag

+bg)) sint ¢ cos ¢ — ag (IOa4 —3 Ba’® - 6ﬂ2) sin® ©),

4cost py/(a? +2B) R2cos? p + 1 ((—4aga® + 8azfat — 48 (Sag
+3a18) o 4 24a33%a* — 382 (5a6 + 8a18)a + 8(1353) cos® ¢

— (4(ay + 2bg)a® — 8B(ayq + b3)a + 4B(5a7 + 3as B + 28y
+4bg)a® — 123%(2a4 + b3)a* + B%(15a7 + 24as3 + 88y + 6bg)a
—26%(4ay + bs) ) sin p cos* ¢ + (4(a6 — ag — 2b7)a® + 853(as
+bs)a* — 4B(ag + 5as + a1 8 + 2By + 4b7)a® + 126%(ag + 2as
+by)a? — 5%(9ag + 15ag + 16a1 8 + 88by + 6b7)a + 233 (3as

+4as + ba)) sin? ¢ cos® p + (4(@7 — ag — 2bg)a® + 83bsa’

—4B(a7 + bag + a8 + 4bg)a® + 1252 (ay + bs)a? — 5%(9ay

+15ag9 4 16ag3 + 6bg)a + 233 (3a4 + bs) ) sin® ¢ cos? ¢ + (4(ag
—2bg)a® — 4f3(ag + 4bg)a® + 12a55%a® — 35%(3ag + 2by)a
+6a5,6’3) sin ¢ cos ¢ + aag (4(14 — 4802 — 952) sin® gp) ,

4 cos® @ ((4a6a6 — 8azfa® 4 4B(Tag + 3a168)a’ — 36a35%a3

+ 8%(39ag + 40a18)a? — 32a353a + 453 (2a¢ + 5a1ﬁ)) cos® ¢

+ (4(a7 + 2bg)a’® — 86(ag + b3)a® + 4B(Tar + 3azB + 28by
+6bg)at — 45%(9aq + 5b3)a’ + B%(39ar + 40a23 + 168by + 18bg)a”
—263(16a4 + 5b3) o + 263 (4ar 4+ 1003 + 28b; + bs)) sin @ cos? ¢
— (4 (ag — ag — 2b7)a® + 8B(as + by)a® — 46(ae + Tag + a1 8 + 20bs
+6b7)at + 46%(4as + 9as + 5by)a® — B%(21ag + 39ag + 24a, 3
+16by + 18b7)a? + 283 (11ag + 16as + 5by)a — 263 (3a6 + 4asg
+8a18 + 28bs + by) ) sin? ¢ cos® ¢ — (4(@7 —ag — 2b8)a6 + 83bsa°
—4B(a7 + Tag + a8 + 6bg)a* + 48%(4ay + 5bs)a® — 36%(Ta7 + 13aqg
+8af + 6bg)a + 263 (11ay + 5bs)a — 233 (3a7 + 4ag + 8azf3

+bs) ) sin® o cos? p — (4(as — 2by)a® — 45 (as + 6by)a’ + 16a55%a’
— 33%(Tag + 6bg)a® + 22a55%a — 283 (3ag + bg)) sin ¢ cos ¢

— ag (4&6 —4Ba* — 218%a% — 653) sin® cp) ,

86 cos® o/ (a2 4+ 26) R2cos2 o + 1 ((—4a6a5 + dazBa’ — 26 (5ag
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+2a16) o 4 8azf?a? — B%(5ag + 6a18)a + 2a363) cos® ¢ — (4a7a5
—dayBa* 4+ 26(5a7 + 2a26)a’ — 8asB2a® + B2(5ar + 6a )
—2a4/33 )singpcos2 w— (4a8a5 — 4asBa’ + 10agBa® — 8as 20
+ 5agfB’a — 2a5ﬂ3) sin? ¢ cos p — aag (4a4 + 10802 + 5ﬂ2) sin® <p) ,

Ay = 88 (a2 + Qﬂ) cos’ ¢ ((4a6a4 — dazBa® + 2B(3ag + 2a15)a?
— dasf?a + B2 (ag + 2a1ﬁ)) cos® o + (4&7@4 — dayBa’ + 25 (3az
+2ayp3) o? — daysfPa + B2(a7 + 2a25)) sin @ cos? ¢ + (4aga4
—4 asBa® + 6agBa’ — dasBa + agBQ) sin? o cos ¢
+ ag (4a4 + 6802 + 62) sin® cp) ,

B = (—25R2 cos? ¢ — 1) (2 (a2 + ﬁ) R%cos? ¢

2
—2 aRv\/(a? +2B) R%cos? ¢ + 1 cos ¢ + 1) ((a® +28) R?cos® ¢

— aRV/ (a2 +2B) R2cos2 o + 1cosp + 1) :
For proving that B is non-zero we have to show that equations
2(a®+ B) R*cos’p = 2aRv/(a?+2B) R2cos? o+ lcosp + 1,
(a? +28) R*cos®p = aR\/ (a2 +28) R?cos? o+ 1cosp + 1,

do not have solutions in the interval (0,+/—1/(25)). In fact we take the
square in both sides of the two previous equations and we obtain respectively

(28R*cos? o +1)° =0, (28R%cos® o+ 1) (R? (a® +28) cos® p+ 1) = 0.

Since R € (0,+/—1/(25)) the previous two equations do not have solutions.
So zQ(x,y) — yP(x,y) # 0 in the period annulus of the unperturbed center

(1).
Now we compute the averaged function f : (0,y/—1/25) — R defined by
ox 11
A’L'(Spvavﬁvaﬂ b) ]
f(R) = / — " R'dp.
( ) 0 ; B(R,Q0,0Z,,B) v

By computing the previous integral, we obtain that f(R) = N(R)/D(R),
where

N(R) = B(ag+3as +2a18 + 28bs + by — 3by)go — 28° (2a10* + azax
+asa + ag + ag + 2a15) g1 + 2B(ag + bg) g2 + (ag — ag — by
+b9)9g3,

D(R) = 452R7 g0 :R27 g1 :R47 g2 :R2V 1+2BR27
gz = 1— \/1—|-2,8R2.

The previous computations were verified using the software Mathematica.
The zeros of the function f correspond to zeros of the function N. In order to
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find the maximum number of zeros of f, we have to prove that (go, g1, 92, 93)
is an ECT-system, and this is the case if W(go, ..., gx)(R) # 0, for 0 < k < 3,
where W(go, ..., gx)(R) denotes the Wronskians of the functions (g, ..., g )-
More precisely we have

8R9ﬁ2

W(QO)(R) = Rz? W(g()vgl) = 2R57 W(90791792)(R) = _Wa

. 2 6
W(go,....g3)(R) = M[\/l+2ﬁR2R4B2+4mﬁR2

(1+28R2)"?
+2\/1+26R2—4R462—6ﬁR2—2} .

Since f < 0 and R € (0,/—1/(28)), the first three Wronskians are
nonzero. Now, to get the zeros of W(go, ...g3)(R) is equivalent to solve the
following equation

V14 28R2RY3? + 44/1 + 2BR2BR? +2+/1+2BR2 = 4R*3% + 6 BR? + 2.

We take the square in both sides of the previous equation and after some
simplifications we get

(1+2B8R*)R*B* =0,
which is it impossible because R € (0,4/—1/(28). Thus, the Wronskian

W (9o, -..g3)(R) is non-zero in (0,/—1/(23)). Hence, since (go, g1, g2, 93) is
an ECT-system f has at most 3 zeros and they are reached.

System (11) is analytic and satisfies the assumptions of Theorem 3. There-
fore the zeros of f correspond to periodic orbits of perturbed system (2) and
Theorem 1 follows.

4. PROOF OF THEOREM 2

The functions H, p and p are the same than the ones given in the proof
of Theorem 1. Denote a = (ai,...,a9), b = (b1,....,b9), ¢ = (c1,...,¢9),
d = (dy,....,dg), j1 = (a,b,cr, 8) and js = (¢,d,, ). We transform system
(3) into the system

w(@? + y?)(Qp1 — Pq1)

+0(%) if y>0,

dR 2R(Qx — Py)
T AP e
€ SR(Qz — Py) +0(%) if y<O.

As in the proof of Theorem 1, we have R(Qx — Py) # 0. We must study
the zeros of the averaged function f : (0,1/—1/(28)) — R given by

" @+ y?)(Qp1r — Pq) T (2% 4 y?) (Qp2 — P)
fR) = /0 2RQr Py P / 2R(Qr— Py)
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Computing these integrals we get

21
=Y fiBi,
i=0

where
fo= (VI¥2RE 1), fi=RVIZ2R, h=R fi=R"
\/1 1—32;]%225 R¥8  for i=4,..,8,
2
1 ) aR+ /1+ (a? + 2B)R? .
2R(1+25R) ( it R > , for i=09,
2
1 95 19 ) aR+/1+ (a? + 2B)R2
S B+ 28R) log (aR—\/1+(a2+2ﬁ)R2> ;
5 = for i=10,...,13,
%sinh_1 (R\/oa2 + 25) , for i=14,
Rsinh~! (R\/a2+2,8), for =15,
1 1 aR .
Rtanh (\/1 RSN > for ¢ =16,
R%-33 tanh~1 alt . for i=17,..,21
\ V1+ (a2 +23)R?
and
By = Co(— P0(31)+P0( 2)), By = Ci(Pi(5) — Pi(52))s
By = Co(—Pa(j1) — P(j2)), By = Cs3(=P3(j1) — P5(j2)),
By = Cu(Ps(j1) — Pa(d2)), Bs = Cs5(=PF5(j1) + Ps(j2)),
Bs = Cs(—Ps(j1) + Ps(i2)), By = Ci(Pr(j1) — Pi(j2))s
By = Cs(=PFs(j1) + B(j2)), By = Cy(Py(j1) — Po(j2))s
By = CIO( Pio(j1) + Pio(j2)),  Bu = Cu(Pu(h) — Pu(j2)),
Bis = Ciao(—Pi2(j1) + Pi2(j2)),  Bis C13(P13(j1) — P13(j2))s
By = Cu(—Pu(jr) + Pu(j2)), Bis Ci5(—Pi5(j1) + Pi5(j2))
Big = C'16( Pi(j1) + Pi6(j2)),  Bir = Cur(Pir(j1) — Pir(J2)),
Bis = Cis(Pis(j1) — Pis(j2)), By Ci9(—Piro(j1) + Pio(j2))
Bay = Co(Pao(j1) — Pao(42)), Bay C21(—P21(j1) + Po1(j2))

11

9

i

9
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Cs3

Co10

C13,21

C16,17
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7T Y T
W} Cl = %a CQ - 4[87
T 1 1
z - - - c- = - -
2’ Ca 2a58(a? 4 28)’ > ad(a? +2p8)’
2 8(B—1
P Cr = (ﬁa5 )ﬂ, Cy = 2C(a*+2p),
1 a?+2 4(a® +2p)?
L g, = 2 O = HZH287
40[8ﬁ6 204855 ad
1 1 1
a 232(a2 + 28)3/ B/ a2 +2p
1 1 2
wip T o Go = L
168(a? + 2p)

cg — cg — d7 + dy,

cg — dy,

28c1 4 28ds — cg + 3cg + d7 — 3dy,

20%¢1 + acs + acs + 2Be1 + ¢ + cs,

—20%8¢y — 2a88d; + aber — abeg + abdg — aldg — 2a° ey
—2a°Bds + 20° Bds — 3202 B¢y — 320 B2dy + 320 Bey + 3204 Bdy
+200°38%¢4 + 2003 B2ds — 2003 32ds — 2003 Bey — 2003 Bds
+2003Bds — 960283y — 9602 33d; + 9602 3% ¢y — 402 B2 e;
+4a25209 + 96a2B2d1 — 4a2ﬁ2d6 + 4a2ﬁ2d8 + 4a2BC7 - 4a2B09
+402Bdg — 4a%Bds + 40a3cs + 40a83ds — 40a83ds — 40082y
—40a8%ds + 40a8%ds — 6484 — 648%d) + 6433 ¢y — 833 ¢y
+833¢cq + 6433d, — 833ds + 833ds + 8%¢c7 — 8¢y + 83%dy
—8%ds,

208¢o + a’cq + 14046502 + 18a66d1 —8a8¢cy — a607 + a609
—16a°%d; — a%dg + abds — 200° Bes — 38a° Bds — 2a° Bds + 240 ¢y
+400°ds + 9602 B¢y + 12804 B2dy — 960 Bes + 260 Ber
+10a*Bey — 12804 8d; + 360 Bdg — 26acr — 100ty — 36adg
—112a38%¢4 — 14003 8%ds + 11203 Bey + 14003 Bds + 2400233 ¢y
+2400283d; — 24002 % ¢y + 6802 %y + 1602 8%¢y — 24002 6%d;
+84a26%dg — 6802 ey — 1602 Bey — 8402 Bdg — 128a83¢y
—120a83ds + 128a8%¢cs 4+ 120a8%ds + 1608% ¢y + 9684 d;
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—160833¢cy + 328%c; — 883¢co — 9683dy + 248%ds — 32/8%¢c7 + 83%¢y
—248%d,

2a6ﬁ02 — 7015504 — 16a5ﬁd3 + 8a°¢cy + 16a°ds + 24(145202
+320482dy — 240 Bey + 280 Ber — 3204 Bdy + 480 Bdg — 28t er
—48atdg — 7203 3% ¢y — 8003 B2 ds + 7203 Bes 4+ 800> Bds

+12002 8¢y + 9602 83dy — 12002 B%co + 7802 B%c; — 9602 5%dy
+72023%dg — 7802 Ber — 202 Bdg — 96a83¢cs — 60a83d3
+96a8%¢s + 60a8%ds + 8084y + 328%d; — 8033 ¢y + 2453 ¢;
—32B3d; + 1283dg — 245%c; — 1232ds,

408¢7 — 8abcq — 8aldg + 8a®Bds — 4a*B%ey — 4o Ber — 240 Beg
—240*Bds + 160> 8% ¢4 + 2003 82ds — 240283y — 2102 B%¢r
—18a2B3%¢co — 1802 3%ds + 22083 ¢c4 4+ 10aB3ds — 1684 ¢co — 683 ¢y
—23%cy — 23°%ds,

32(8 — 1)Bey (@ +28) (4o + 6a°B + 5°),

—16a!7cy — 16a'7d3 + 1601 7ds + 320° By + 3201°3d; + 4801,
—48a"0¢cq + 48a0d — 480 ds — 120a° Bey — 1200'° Bd;
+1200'° Bds + 1760 3% ¢ + 176014 52d; + 1920 Ber — 192 Beg
+192aM Bdg — 192014 Bdg — 280a'3 5%¢cs — 28003 3% d;
+280038%d5 + 31202 B3¢y + 312012 63d; + 25202 5% ¢,
—252012 8% ¢y + 252012 32 dg — 252012 3% dg — 2500t B3 ey

—250a B3ds 4 2500 B3ds + 200010 B4 ey + 20010 54d,;
+1200°83¢7 — 120a1°33¢g 4 120010 83dg — 1200033 dg
—750°B*cs — 75a°B4ds 4+ 750 4ds 4+ 4008 8% ¢y + 4008 5°d;
—}—15@85407 — 150485409 + 15a8B4d6 — 15a8B4d8 + 16a6B602
+16a58%d; — 8a°B%¢y — 8a°B0ds + 80 B%ds + 640t BT co
+64a87d; — 600 8%¢7 + 600t B5¢y — 600t B8dg + 600t B0 ds
+200287¢q + 2003 87ds — 200387 ds + 4802 B3¢y + 4802 B3 d,
—600287cr + 600287 cg — 600287 dg + 600237 dg + 326%¢y + 32874,
16018¢7 — 480! 8¢y — 320 8ds + 320" Bds — 16018 5% ¢y + 24a1%Bey
—200a"%Bcq — 176010 Bdg + 64! B2 cs + 1600 B2ds — 136014 53¢,
—104a 8%c; — 24801 8%y — 352011 B2 dg + 24803 B3¢y
+280a383ds — 324012 B¢y — 2540233 c; — 54at? B3¢
—308a'283dg + 300at Bley + 2000t BAds — 280010 B¢y
—165a'°8%; + 55a1°8%cq — 11000 8%dg + 110a°8%c4 + 5007 8°d;,
—112088%¢; — 32088%d; — 30088 c7 4+ 20a86%cy — 10a° 5% dg
+32a7 8%, + 4847 8%d5 — 1607 B%ds — 2400587 ¢y — 256a°87d;
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+32088%¢; — 640°8%¢q + 240°8%ds — 560°3%ds + 168a° 57 ¢cq
+2160°87ds — 560°87ds — 65602 38¢o — 67204 58d; + 124047 ¢;
—26802 87 ¢ + 240 B7ds — 1680137 dg + 27207 88¢4 + 36003 58d3
—80a388d5 — 70402 8%y — 70402 B%dy + 4802 B%¢7 — 21602 B3¢y
—72a%%ds — 9602 5%ds 4+ 208037 ¢4 + 24003%d3 — 80037 ds
—32081%, — 2568, — 483%¢; + 163 ¢o — 48°dg + 165%ds,
160 ¢cq + 640 Beg + 840?82 ¢y + 400083 cg + 5aBBiey
—16a"B%cs — 3207 %ds + 48a58%¢5 + 64a58%d; + 72a58%¢;
—24058%¢o 4+ 9605 3%dg — 3205 3%ds — 1760° %¢cy — 2240°3%d5
+320°8%d5 + 3200 87 ¢o + 3200 87d; + 2520 B%¢7 — 280t B0 ¢q
+3360*8%ds — 960 B0ds — 416> 87 ¢y — 44003 B7d3 + 800> 87 d5
+54402 38 ¢y 4 4480233y + 2760287 ¢7 + 31202 87dg — 720257 dg
—29608%¢y — 24003%d3 4+ 40a8%ds + 2565 co + 12837,

+7238¢7 — 163%¢cy + 483%ds — 85%ds,

408¢; — 8¢y — 8aldg + 8a56d5 - 4044ﬁ202 — 4044507 - 20a4ﬁ09
*240[45618 + 16a3ﬁ204 + 2001352d5 — 24a2ﬁ302 — 210425207
—120%3%¢co — 18a%%dg + 22a83cs + 10a83ds — 168%¢co — 653¢7
—B3ey — 2B%ds,

86co (02 +28)° (40 + 6028 + £2)

ader — aleg + oddg — oddg — 208%¢co — 208%d; + 3aBer — 3afc
+3aBds — 3afds — 2%cs — 26%ds + 26%ds,

acy — 20cg — adg — Beyq + 28ds,

—16a!7cs — 160 7ds + 1607 ds + 32015 Bes + 32a1%Bd; + 48015 ¢;
—48a"0¢cq + 48a0dg — 480 ds — 120a° Bey — 1200'° Bd;
+120'° Bds5 + 1760 B¢ + 176014 52d; + 1920 Ber — 1920 Beg
+192aBdg — 192 Bds — 28003 B%cs — 280a'3 8%ds + 280 B2 d
+312a1283 ¢y + 312012 83d; + 25202327 — 252012 5% ¢y
+252a'282dg — 252012 8%dg — 2500 B3¢q — 2500t B3ds

+250a B3ds + 200010 B4 ey 4+ 20001084 d; + 120010 53¢,
—120a'°33¢y + 120010 83dg — 1200°83ds — 75a° Bres — T5a° B ds
+750° BAds + 4008 85 ¢y + 4002 8°dy + 1408 B4 er — 1408 B ¢q
+14a86%dg — 1408 8%dg + 16a55%¢5 + 160°3%d; — 8a° ¢y
—8a°3%d5 + 8a°B%ds + 9604 B¢y + 960 B7dy — 3204 B¢y

—60a* %7 4+ 60a %y — 320185d; — 600t B5ds + 600t B0dg
+2003 %4 + 2003 55d5 — 2003 85d5 + 8002 B8¢o + 800233 d;
—32&25702 — 560425707 + 56a25709 — 3204267d1 — 560[2B7d6
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+56a267dg — 402 B%¢r + 402 8%¢cy — 402 3% + 402 B8dg + 328%¢,
+325%;,

16c7a'® — 48cqar'® — 32dgal® + 32Bcaa’™ + 32Bd30l” — 808%¢coat®
—72Bc7a® — 1048c9a'® — 648%d1 a0 — 963dsa'® — 808dgt®
+3048%csal® + 24082 d30t® — 808%dsat® — 48833 crat?
—4883%crat +1368%coa* — 35283d1 o' — 3848%dgat?
+323%dga* + 80833 i’ + 56083dzal® — 28083 d5at?
—9488%coa'? — 7583 cral? + 45083 coar'? — 62484 di o t?
—50483dgal? + 19633dgat? + 8008%csatt 4+ 5008%dsalt
—3008%d5a!! — 6808°caa'® — 4058%c7at? 4 2958%coart”
—4008°d; "0 — 2408%dgat® + 1308%dga® + 2608% s’
+1508°d3a” — 1008°dsa” — 1928%¢5a® — 588°cra® + 468°coa®
—1128%d;0® — 308°dga® + 183°dga® + 3285¢csa” + 483%d3a”
—168%d50" — 28837 o8 + 164%coa® + 328%¢7a° — 6485¢oa’
—32087d1a® + 328%d1a° + 248%dsa® — 563%dsal + 23287 csa®
—483%40° + 31287 d3a® — 808%d3a° — 7287 dsa’ — 94488 ¢oat
+16087coat + 19287 cra* + 528%¢cra* — 40887 cga* + 208%cyat
—9923%d1a* + 19287d o + 7287 dga* + 728%dga* — 28867 dgat
+3608%¢csa® — 1287 cha® + 4408%d50> — 12087 dsa® — 4088d5a
—9608%c20? + 1608%caa® + 13635 cra? + 3287 cra® — 3283%¢coal®
—887cga® — 8964%d 02 4 966%d102 + 2488dga® + 2487 dgo?
—2168%dga® + 2083 cuaor + 2408%d30 — 808%dsr — 38430¢,
—488%7 + 168%y — 3208'0d; — 488%ds + 163°ds,

160 c; — 64a'8cq — 32018ds + 327 Bds — 16015 8%¢o + 2406 Ber
—296a'%Beg — 17601%8dg + 640 B2 cq + 160a° 52d5 — 1360483 ¢y
—104aM B%c; — 4600t B2y — 35201 B2 dg + 24813 53¢y
+280a383ds — 32402 Brey — 25401283 ¢ — 26201233 ¢y
—308a283dg 4+ 300! ey + 2000t Brds — 280a105% ¢y
—165a10ﬁ407 — 3004105409 — 110a1064dg + 1260[9ﬁ564 + 32agﬁ5d3
+500°3%ds — 16008 8%¢o — 9602 85d; — 102a88%¢7 + 3208 ¢y
—96023%dg + 22083 ds + 25607 35¢4 + 3687 35d5 — 48a7 B0 ds
—16a78%cs — 3207 8%d5 — 7040887 ¢y — 76805 87dy + 48035 ¢y
—420a°8%¢7 + 12a°8%¢q + 64a°5%d; — 600a°5%ds + 1040535y
+56083%¢7 + 9608 3%dg + 1080a° 87y + 12640°B7ds — 200a° 57 d5
—1440°8%¢4 — 160a° 88ds — 20800 B3¢y — 195204 53d,
+240a 87 ¢y — 81204877 — 2120 87 ¢y + 19202 87d; — 11040* B7d
+960*87ds + 1560 8%¢7 + 1440 B%dg + 159203 8¢y + 1600083 d5
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—2800388d5 — 1920287 ¢y — 1200387 d3 — 22080237 ¢y
—1792023%d, + 16002 88¢y — 6240283 ¢7 — 2000283 ¢o + 6402 83dy
—768a288ds + 5602 88dg + 4802877 + 240287 dg + 800037 ¢y
+72003%d3 — 16008%ds — 83230¢y — 5128194, — 1923%¢; + 4837 ¢
—1445%ds + 328y,

160®cq + 96018 Beg + 2120 B%cg + 208012 B3¢y — 1600847
+117a°8%¢y + 32a1°8%ds — 160°3%¢cs — 320°B%ds — 320° 3% d5
+64028%¢y + 64028%d + 8aBB%cr + 2260837 co + 960237 d;
+224088°ds + 160884 — 32a88%cy — 3208 Bdg — 27207 8¢y
—288a78%d3 — 208a" %d5 + 3207 %ds5 + 5920587 s + 448a°587dy
—16a°8%¢5 + 496a°5%¢; + 5160°3%¢y + 52808 3%dg + 52008 5%dg
—16a58%¢7 — 9605 3%co — 9608 3%dg — 11760° 87y — 888037 d;5
—4240587d5 + 6405 85¢4 + 800° B0ds + 17920 B3¢y + 108804 83d;
—96a*87¢cy 4+ 1288 87¢r + 5320 87 co + 9840t 87 dg + 488 7 dg
—84a48%¢; — 720 8%¢o — 7204 5ds — 18240> B¢y — 112003 88d5
—3200°388d5 + 88a387cq + 4003 87d5 + 204802 8%¢y + 102402 8%d,
—6402 8¢y + 108002887 + 20002 B8¢q + 67202 88ds + 1760233 dg
—240%87c; — 8028 ¢co — 802 B7dg — 944a5%cy — 4800 3%d3
—8003%d5 + 7683 0cy + 256510y + 2408%¢; — 163%¢o + 9637 ds
+163%ds,

408e7 — 12a8¢y — 8aBds + 87 Bds — 4a°%¢s + 4a5Ber — 6205 Bey
—40a8%8dg + 4a5¢q + 160 B%cs + 36a° 2ds — 3204 83co — 290 B%¢7
—99a*5%cy — 660 52dg + 60t Beg + 54al B3 ey + 5003 53 ds
—640%B%cy — 48a% B3¢ — 54a?B3ey — 382 B3dg + a®Bey
+44aB%cq + 200845 — 328°¢co — 128%; — 68%¢o — 458%dg,

326%¢q (a2 + 2B)3 (4a4 + 6026 + 52) .

We claim that at least 15 of the functions fy, ..., fo; are linearly inde-

pendent.

Indeed we expand these functions up to twenty-first order in the

variable R around R = 0, and we obtain that the rank of the coefficient ma-

trix of 1,

R, ..., R?' of the functions fo, ..., fo1 is 15. So the claim is proved.

The coeflicients

By =

4L62((a6—as—b7+b9)+(06—08—d7+d9)),
%((as —bg) — (cg — dy)),
T

—@((26(11 + 26bg — ag + 3ag + by — 3bg) + (2501 + 28do — cg

+3cg + d7 — 3d9)),
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T
By = —5((2012@1 + aas + aas + 2Bay + ag + ag) + (2a201 + acs + acs
+28c1 + cg + 68)),

are mutually linearly independent and are linearly independent with the
remaining coefficients because in By appears the parameter by which does not
appear in the coefficients B; for j = 4,...,21, in B; appears the parameter
ag which does not appear in the coefficients B; for j = 4,...,21, in B»
appears the parameter a; which does not appear in the coefficients B; for
7 =4,...,21, and in B3 appears the parameter a5 which does not appear in
the coefficients B; for j = 4,...,21. We write the coefficients By, ..., By in
the following matrix form

By

where v = (ag, a4, ar, ag, by, b3, bs, bg, by, 2, c4, 7, C9, d1, d3, ds5, dg, dg) and M
is an 18 x 18 matrix. Due to the size of the matrix M we do not give it
explicitly here. The calculations have been done with the algebraic manip-
ulator Mathematica. The rank of M is 9. Thus there exist 4 + 9 = 13
independent coefficients. So we can write

21 12
(13) F(R)=>fBi=>_ fiBi.
i=0 =0

Now we check the assumptions of Theorem 4. Note that h(x,y) =y, M =
{(z,y) € R?: y = 0}, and system (12) can be written in the following way

dR
d Z(¢,R) = eF (¢, R) + O(c?),

where

F(p,R) = Fi(¢,R)+sign(h(p, R))Fa(p, R),

Fi(p,R) = w(z? + y*)((Qp1 — Pagr) + (Qp2 — qu))7

AR(Qz — Py)
2 4+ 92 _ _ B
(g, R) = p(z® +y )((Cﬁ(g ﬁl})y)@m PqQ))7

with z = p(p, R) cos¢ and y = p(p, R)sin . The assumptions (i), (ii) and
(iii) of Theorem 4 are satisfied. In fact the assumption (i) is satisfied because
f is analytic in R € (0,/—1/(20)).

We note that a simple zero of a function of one variable always has non-
zero Brouwer degree, for more details see [20]. So by (ii) we only need to
look for the simple zeros of the function f given in (13).



18 J. LLIBRE, B.D. LOPES AND J.R. DE MORAES

The function h(p, R) = p(¢, R)sin ¢ is equal to zero if and only if ¢ = 0
or ¢ = m. Moreover we can check that (dh/dy)(0, R) = 0 if and only if

(28R* +1) (a®R* + 2bR? + 1)

VER%2(a? +28) +1
Again, we take the square in both sides of the equation obtained passing
the second member to the right hand side of the previous equality and we
obtain after some simplifications (23R? + 1)3 = 0, and as before it is not

possible. In a similar way it can be proved that (dh/dy)(m, R) # 0. Thus
the assumption (iii) is satisfied.

+aR (-28R* - 1) =0.

Since the assumptions of Theorem 4 are satisfied the simple zeros of
the function (13) provide 27—periodic solutions of system (12). Finally,
by Proposition 6 it follows that the function f given by (13) can be have at
least 12 simple zeros. So Theorem 2 is proved.
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