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LIOUVILLIAN INTEGRABILITY OF GRAVITATING STATIC
ISOTHERMAL FLUID SPHERES

ROBERTO IACONO? AND JAUME LLIBRE?

ABSTRACT. We examine the integrability properties of the Einstein field equations
for static, spherically symmetric fluid spheres, complemented with an isothermal
equation of state, p = mp. In this case, Einstein’s equations can be reduced to
a nonlinear, authonomous second order ODE for m/R (m is the mass inside the
radius R) that has been solved analytically only for n = —1 and n = —3, yielding
the cosmological solutions by De Sitter and Einstein, respectively, and for n = —5,
case for which the solution can be derived from the De Sitter’s one using a symmetry
of Einstein’s equations. The solutions for these three cases are of Liouvillian type,
since they can be expressed in terms of elementary functions.

Here we address the question of whether Liouvillian solutions can be obtained
for other values of n. To do so, we transform the second order equation into an
equivalent authonomous Lotka—Volterra quadratic polynomial differential system
in R?, and characterize the Liouvillian integrability of this system using Darboux
theory. We find that the Lotka—Volterra system possesses Liouvillian first integrals
for n = —1, -3, —5, which descend from the existence of invariant algebraic curves of
degree one, and for n = —6, a new solvable case, associated to an invariant algebraic
curve of higher degree (second). For any other value of n, eventual first integrals
of the Lotka—Volterra system, and consequently of the second order ODE for the
mass function must be non Liouvillian. This makes quite unlikely the existence of
other solutions of the isothermal fluid sphere problem with a Liouvillian metric.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Exact solutions of Einstein’s field equations describing static, spherically symmetric
fluid spheres have been sought for decades, both in cosmological contexts and as
possible models of the internal structure of neutron stars. The inherent mathematical
underdetermination of the problem (three equations for the four variables: density,
pressure, and two metric coefficients) has allowed for the derivation of a considerable
number of such solutions, even though very few of them satisfy all the requirements
for physical acceptability (see, e.g., the classical work by Delgaty and Lake [1], where
the 127 non cosmological solutions available at the time were classified and tested for
physical relevance).

The underdetermination can be removed by specifying an additional physical con-
straint, such as, for example, an equation of state, but this usually makes it very
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difficult to derive explicit analytic solutions. The case of a simple isothermal equa-
tion of state,

(1) p = np,

has been considered since the first years of life of general relativity, leading to the
discovery of two cosmological solutions: one by De Sitter, for n = —1, and the other,
for n = —3, by Einstein himself (see [1]). A solution that is singular at the origin was
then found by Tolman [2], and rediscovered by other authors at later times. Much
more recently, Ivanov [3] has shown that the De Sitter solution can be used to solve
the n = —5 case, exploiting a symmetry of the Einstein equations originally pointed
out by Buchdhal [4]. On the other hand, no regular analytic solution with positive n
has ever been found.

It has been argued in [3] that this scarsity of solutions can be understood by
noticing that the isothermal problem can be reduced to the solution of a second
order, nonlinear, autonomous ODE that can in its turn be transformed into an Abel
equation of the second kind. Then, one finds that the cases n = —1, —3 are precisely
those for which the resulting Abel equations are known to be solvable. We note,
however, that while this is certainly of help in focusing on the mathematical difficulty
of the problem, it does not exclude the existence of other solvable cases, and even
of other solvable cases with solutions expressible in terms of elementary functions,
because a complete classification of the solvable Abel equations is still lacking.

To make further progress, here we follow a different approach. Our basic observa-
tion is that the problem at hand, for n # 0, can be reduced (see the derivation in
section 2) to the Lotka—Volterra quadratic polynomial differential system

U+ v+

1—

u:u< 2n n1—3 n;—?):P(u,v),
n

(2)

D:v(—u+%v+1> = Q(u,v),

whose Liouvillian integrability can be studied using established results from the Dar-
boux theory of integrability (see, e.g., [6]). We recall that, roughly speaking, Liou-
villian integrable polynomial differential systems are polynomial differential systems
having first integrals given by elementary functions or by integrals of elementary
functions. Here a function is elementary if it is the composition of exponential func-
tions, trigonometric functions, logarithmic functions and polynomial functions. For
a rigorous definition of Liouvillian integrability see section 2 of Singer [5].

Our main result is the following one where we characterize the differential systems
(2) which are Liouvillian integrable.

Theorem 1. The Lotka—Volterra quadratic polynomial differential system is Liou-
villian integrable if and only if n € {—1,—-3,—5,—6}, and a Liouvillian first integral
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18

2u — 3v — 6)

u(2u = ) ifn=—1,

2u — 3v — 6)?

u(2u ;} ) if n= -3,
v

3(2u — 5v)% — 20 1500)?

u(3(2u — 5v) - u + 1500) ifn=_5

Hi(u,v) — Hy(u,v) + Hs3(u,v)  if n = —6,

where
i 64/ |v| (bu* + 150u?v — 45u3v + 864v* — 450uv? + 135u*v? — 135uv?)
L u (u? — 6uv + 92 + 18v)° ’
5(2u—|—\/9—6u—3) 30|
Hy, = arctanh ,
V3= 2u)(3 —u— I~ 6u) 3—u—+v9—6u
5(2u—\/9—6u—3) 30|

H; = arctanh\/ )
VB —2u)(3 - u+ 9 6u) 3—u++v9—6u

The proof of the “if” part of Theorem 1 can be found in section 4, and of the “only
if” in section 5.

Thus, we find a new case of integrability, for n = —6, together with the cases with
n = —5,—3, —1 that were already known. These four cases of integrability are of
Liouvillian type, and Theorem 1 shows that there are no other cases of Liouvillian
integrability for system (2). It may be worth noting that our method naturally yields
the case n = —5, which could not be found in [3] through the approach based on the
reduction of the problem to an Abel equation, since the resulting Abel equation was
not in the list of the known solvable ones. Note also that for n = —5, —3, —1 the first
integral is given by a rational function, and that this is not the case for n = —6.

2. DERIVATION OF THE LOTKA-VOLTERRA SYSTEM (2)

In a spherically symmetric configuration, the Einstein equations can be reduced to
the so-called Tolman-Oppenheimer-Volkoff (TOV) equation,

dp  (p+p)(2m+pR?)

3) dR 2R(R—2m)

which relates the pressure p to the density p. Here R = R(r) is a generic radial
coordinate, and the mass m(R) is given by

(4) m(R) = % /O " ORR

(we refer to [3] for further details, such as those concerning the normalizations). If
we now specialize to the equation of state (1), it is clear that the TOV equation can
be seen as a nonlinear second order ODE for m(R), or some related variable.
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Following [3], we can introduce the new variables M = m/R and D = pR*/2, and
a new radial coordinate 7 = In R, and rewrite (3) and (4) as the autonomous system

. n+1
5) 2M —1)D =D |(n+5M—2+ -

M=-M+ D,

Dy,

where the overdot denotes derivation with respect to 7. At this point, one may
proceed as in [3], and reduce system (5) to a second order autonomous equation for
the variable x = M — 1/2. We instead rewrite (5) as

. n+5 n+1D n+1
D=D —
( 2 + 2n x+ 4x )’

i=—x+D-1/2

(6)

and note that this implies

(7)

i(Q)_n—i—?Q 1-nD*> n+3D
dr\z/) 2 =« 2n a2 4 g2
Then, we only need to introduce the new variables

(8) u=D/x=(t+x+1/2)/x, v=1/x,

to rewrite (7) and the second of (6) as the Lotka—Volterra system (2) of the previous
section.

To complete the picture, we recall the relations that yield the two metric coefficients
(see [3]) in terms of p and p:

dv 1 dp

9 .
) dR p+pdR’

and

1 m 1
10 ARP=- - — ==
(10) ‘ 2 R v’
where the prime denotes derivation with respect to the radius r (the R’ term would
equal unity for the choice R = r, which yields the so-called curvature coordinates).
Note that (3), (4), (9), and (10) imply that if m is Liouvillian, then the metric is also
Liouvillian.

We can now state more clearly the consequences of Theorem 1 on the integrability
of the isothermal Einstein equations. It follows from (8), and from the construction of
(6) that any first integral of (2) yields a first integral of the second order authonomous
equation for x derived in [3], and viceversa. Thus, when n # —1, -3, -5, —6, the
second order equation for x can only have non Liouvillian first integrals. This does
not explicitly forbids the existence of Liouvillian solutions, but makes it quite unlikely.
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3. BASIC RESULTS FROM THE DARBOUX THEORY OF INTEGRABILITY

In this section we recall the basic definitions and results from the Darboux theory
of integrability that we shall need for proving Theorem 1. For more details on this
theory of integrability than the ones described in this section see the Chapter 8 of
[6].

We consider polynomial differential systems in R? defined by

(11) I:P(I7y)7 yzQ(I,y),

where P and () are polynomials with real coefficients. We say that this polyno-
mial differential system has degree d if d is the maximum degree of P and ). The
dot denotes derivative with respect to the independent variable. Associated to the
polynomial differential system (11) we have the polynomial vector field X given by

0 0

As usual C[z, y] denotes the ring of all complex polynomials in the variables = and
y. Let f = f(z,y) € Clz,y]. We say that f = 0 is an invariant algebraic curve of
the polynomial vector field X if f satisfies

of f

(12) Xf= P —i— Qa = Kf,
for some polynomial K = K(z,y) € (C[x,y], called the cofactor of f = 0. Note
that the polynomial K has degree at most d — 1. Moreover if f & R[z,y| then the
conjugate of f provides also an invariant algebraic curve with cofactor the conjugate
of K. Independently of working with real polynomial vector fields X when we study
their Liouvillian first integrability we need to consider the complex invariant algebraic
curves, because sometimes these complex invariant algebraic curves force the real
integrability.

We say that an invariant algebraic curve f = 0 is irreducible if the polynomial f is
irreducible in C[z,y].

Proposition 2. Suppose f € Clz,y] and let f = f{" ... f' be its factorization
into irreducible factors over Clz,y|. Then for a polynomial differential system (11)
f = 0 s an wnwvariant algebraic curve with cofactor Ky if and only if f; = 0 is an
invariant algebraic curve for each i = 1,...,r with cofactor Ky,. Moreover Ky =
anfl + ... +TL,~KfT.

An exponential factor F of the polynomial vector field X of degree m is an expo-
nential function of the form F = exp(h/g) ¢ C with g, h € C|x, y] satisfying

(13) XF = Pa—F Q

for some polynomial L of degree at most d — 1, called the cofactor of the exponential
factor F'. Exponential factors of the form exp(h/g) with g # 1 appear when the
multiplicity of the invariant algebraic curve g = 0 is larger than one, and with g =1
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appear when the multiplicity of the invariant straight line at infinity is larger than
one, see for more details [7].

Let U be an open and dense set in R2. We say that a non-constant C! function
H:U — Ris a first integral of the polynomial vector field X on U, if H(xz(t),y(t))
is constant for all values of ¢ for which the solution (x(t),y(t)) of X is defined on U.
Clearly H is a first integral of X on U if and only if YH =0 on U.

A non-constant function R: U — R is an integrating factor for the polynomial
vector field X, if one of the following three equivalent conditions holds

ORP)  9(RQ)

(14) e = oy div(RP,RQ) =0, XR=—Rdiv(P,Q)
on U. As usual the divergence of the vector field X is defined by
or 0Q
div(P,Q) = — + —.
W (PQ) Ox + Oy

Knowing an integrating factor R of the differential system (11) we can compute a
first integral H of X as follows

(15) H =~ [ R(e,y)P(e.y) dy+ h(a)

H
where the function h(z) is determined from the equality %—x = R(z,y)Q(z,y).

Let fi,g;,h; € Clz,y] fori=1,...,pand j = 1,...,¢. Then the (multi-valued)
function
A .flfpemgl/hl ... eMada/ha

with A;, u; € C is called a (generalized) Darboux function.

We say that a polynomial differential system (11) is Liouvillian integrable if it has
a first integral or an integrating factor given by a generalized Darboux function, for
more details see Singer [5].

Now we recall the characterization under suitable assumptions of the multiplicity
of an invariant algebraic curve using the number of exponential factors associated to
that curve.

Let m be a positive integer. We say that an invariant algebraic curve f = 0 of
degree k of a vector field X has (algebraic) multiplicity m if f™ is a factor of the
so-called extactic polynomial of X but f™*! is not a factor of the extactic polynomial,
where the extactic polynomial of X is the polynomial

1 x y [N xk xk_ly .« yk
o xw xw o xey ey xe
lel(l) lel(l,) lel(y) . lel(xk) lel(xkfly) . lel(yk)
where [ is the number of elements in the basis {1,z,y,...,2% 25 1y, ... y*¥} of all

polynomials of degree at most k. For more details on the definition and properties
of the extactic polynomial, see [7].
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Proposition 3. Let f = 0 be an irreducible invariant algebraic curve of degree k of
the polynomial vector field X. Then f has multiplicity m if and only if the vector
field X has m — 1 exponential factors exp(g;/f*), where g; is a polynomial of degree
at most ik and (g;, f) =1 fori=1,...,m — 1.

The invariant straight line at infinity has multiplicity m if and only if the vector
field X has m — 1 exponential factors exp(g;), where the polynomials g; are linearly
independent.

In the next theorem we summarize the Darboux theory of integrability that we
shall use in this paper, for a proof see Chapter 8 of [6].

Theorem 4. Suppose that a polynomial differential system (11) of degree m admits
p irreducible invariant algebraic curves f; = 0 with cofactors K; fort=1,...,p, and
q exponential factors exp(g;j/h;) with cofactors L; for j =1,...,q.

(i) There exist A\;, jn; € C not all zero such that i NG+ i pilj =0, if and
i=1 j=1
only if the (multi—valued) function

v (o () (o ()

is a first integral of system (11).

(i) Ifp+q>1+m(m+1)/2, then there exist \;, uj € C not all zero such that
p q
i=1 j=1

(ili) There exist \;, pu; € C not all zero such that i MK+ Xq: piL; = —div(P,Q),
‘ =

=1
if and only if function (16) is an integrating factor of system (11).

(iv) If p+ q = m(m + 1)/2, then function (16) is a first integral if ij MK+
i=1

q p q
> piL; = 0, or an integrating factor if Y NK; + 3. p;L; = —div(P,Q),
j=1 i=1 j=1

under the condition that not all \;, u; € C are zero.

4. THE INVARIANT ALGEBRAIC CURVES OF SYSTEM (2)

The main steps in the proof of Theorem 1 are given in the following lemmas.
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Lemma 5. The unique invariant algebraic curves of system (2) of degree 1 are

— 3 7
u=20 with cofactor P + nt v+ nt for all n,
2n 4 2
1
v=20 with cofactor — u + o +1 for all n,
1
2u —3v—6 =0 with cofactor —u+§v ifn=-—1,
. 2 1 .
2u —3v—6 =0 with cofactor — gu + v ifn=-3,
2
u—3=0 with cofactor — gu ifn= -3,
. 3 1 .
2u —5v =0 with cofactor — gu + §v +1 if n = —=5.

Proof. We substitute
f=a9+ a1u+ ayv,

P (1—n n-+3 +n+7>
T\ Ty YT T YT T )

1
Qzu(—u+§v+1>,
K:k0+k1u+k2v,

in the definition of invariant algebraic curve (12). The polynomial that we get must
have all its coefficients equal to zero, this provides a system of equations to solve whose
unknowns are the coefficients of the polynomials f and K, and also the parameter n.
Solving this system by direct computation we find the five invariant straight lines of
the statement of the lemma with their corresponding cofactors. This completes the
proof of the lemma. O

Lemma 6. The unique irreducible invariant algebraic curves of system (2) of degree
2 are

4

(2u — 3v)> —12u=0 with cofactor 2 — U +v ifn= -3,
6

3(2u — 5v)? — 20u + 150v = 0 with cofactor 1 — U +v ifn=-5,

7
(u—3v)?+ 18v =0 with cofactor 1 — gY +v ifn=—6.
Proof. Taking f = ag + a1u + asv + asu® + ayuv + asv? the proof is analogous to the
proof of Lemma 5 . 0

Now we can prove the “if” part of Theorem 1. The difficult part is the “only if”
that shall be proved later on.

Proof of the “if” part of Theorem 1. When n € {—6, —5,—3, —1} by Lemmas 5 and
6 system (2) has at least three invariant algebraic curves f; =0, fo =0 and f3 =0
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with cofactors K; for ¢ = 1,2,3 given in the statement of Lemmas 5 and 6. By
the statement (iv) of Theorem 4 with p = 3, ¢ = 0 and m = 2 it follows that

p
system (2) for these values of n has either a first integral e f§\3 if > NK; =0,
i=1

p
or an integrating factor fi fo2fs* if > MK; = —div(P,Q). So these systems are
i=1
Liouvillian integrable.
Case 1: n = —1. Then taking fi =u =0, fo =v=0and f3 =2u—3v—6 =0 with
their corresponding cofactors K; for ¢+ = 1,2, 3, we obtain that K; — 3Ky + 2K35 = 0.
Therefore f1fy % f2 is a first integral of system (2) with n = —1.
Case 2: n = —3. Again taking fi =u =0, fo =v =0 and f3 = 2u—3v—6 = 0 with
their corresponding cofactors K; for ¢+ = 1,2, 3, we obtain that K7 — 2K, + 2K35 = 0.
Therefore f,fy 2f2 is a first integral of system (2) with n = —3.
Case 3: n = —5. Now taking fi = u =0, fo = v = 0 and f3 = 3(2u — 5v)? —
20u + 150v = 0 with their corresponding cofactors K; for ¢« = 1,2, 3, we obtain that
K, —3K,+2K3 = 0. Therefore ffy°f2 is a first integral of system (2) with n = —5.
Case 4: n = —6. We take fi =u =0, fo =v=0and f3 = (u—3v)*+ 18 = 0
with their corresponding cofactors K; for « = 1,2,3. Then we obtain that —2K; +
3K, — 3Ky = —div(P, Q) = —(18 — 26u + 3v)/12. Therefore R = f; 23 f;% is an
integrating factor of system (2) with n = —6. Now computing the integral (15) we
get the first integral given in the statement of Theorem 1 for n = —6. This completes
the proof of the “if” part of Theorem 1. 0

From the “if” part of Theorem 1 for n = —1, —3, —5 the polynomial differential
system (2) has irreducible invariant algebraic curves of degree 3 of the form

w(2u — 3v —6)* — hv* =0 ifn=-1,
uw(2u — 3v —6)? — hv? =0 if n = -3,
w(3(2u — 5v)% — 20u + 1500)? — hw* =0 if n = —5,

for some values of h € R3. Note that all the solutions curves of system (2) when
n = —1,—3, —5 are invariant algebraic curves of degree 1, 2 or 3.

Lemma 7. Ifn ¢ {—1,—3,—=5} then the polynomial differential system (2) has no
wrreducible invariant algebraic curves of degree 3.

Proof. Taking f = ag+a,u+av+asu? +asuv+asv? +agu® + a;uv 4 aguv? +agv?® the
proof is analogous to the proof of Lemma 5. In this proof we have used the program
mathematica for helping us in the computations. 0

Lemma 8. Ifn ¢ {—7,—5,—-3,—1,1,3} then the polynomial differential system (2)
has no wrreducible invariant algebraic curves of degree k > 3.

Proof. Assume that f = 0 is an irreducible invariant algebraic curve of degree k > 3
of system (2), and let f; be the homogeneous part of degree i of f for i =0,1,... k

with fk 7& 0.
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Let ko + kyu + kov be the cofactor of the invariant algebraic curve f = 0. From (2)
and (12) we have that the terms of order k + 1 in the variables u and v in (12) are

(1) (g ) G o (e ge) Gy = G ki

Since fr is a homogeneous polynomial of degree k& by the Euler theorem for the
homogeneous functions, we obtain that

Ofe . Ofk

Considering equations (4) and (18) as a linear system of two equations with the two
unknowns Jfy/Ou and Jfy/0v, since n # —1 we get that

Ofx _ 2n(2(k + ki)u + (2ks — k)v)

(19) ou (n + Du(2u + nv) Ji:
Ofr  n(nk + 3k — 4ky)v — 2(nk — k + 2kin)u
v (n+ 1)v(2u + no) Ji-
Solving the first differential equation of (19) we obtain that
2(2kg —k) 2(kn+k—2kg+kqn)

(20) frlu,v) = gv)u™ =7 (u+nv)~ =1 |

where g(v) is an arbitrary function in the variable v; and solving the second differential
equation of (19) we get that

k—kn—2kin 2(kn+k—2ko+kqn)
(21) filw,v) = hujo™ 7 (Qu o)™
where h(u) is an arbitrary function in the variable u. So, from (20) and (21), since an
invariant algebraic curve is determined unless a non—zero constant and since fi(u,v)
is a homogeneous polynomial of degree k, we have that

2(2ko—k) k—kn—2kin 2(kn+k—2ko+kin)
fk(u’ U) =y ntl p  ntl (2U + an) nti

Of course
2(2ky — k) N k—kn —2kin  2(kn+k — 2ke + kin)
n+1 n+1 n+1

and every one of the three exponents which appear in the expression of fi(u,v) must
be a non-—negative integer.

Now the terms of order & in the variables v and v in (12) are

y (1 —n n—l—Sv) Ofp_1 . (—u+ %v) O fr-1 _

2n 4 ou v

. 7 0 0
(ogtt + o) oy + o fi — "Ly 2 O

U—— — v—=—.
2 ou v

Again since fr_; is a homogeneous polynomial of degree k — 1 by the Fuler theorem,
we obtain that

JOher | Ofi

2
(23) ou ov

= (k—=1) fr-1-
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Considering equations (22) and (23) as a linear system of two equations with the two
unknowns 0fy_1/0u and Of_1/0v, since n # —1 we get that

Ofr— 1 2k (k+2k)n Aky
fk L Qnu_n_-H_lv_ n+1 (2u+nv)_n_+1_2

ou  (n+1)2
K (et (k1))
(Qu:_ﬁlvniﬂ (2u + nv)%( —2k(n(n+6) + 1)u+

dknv — 2n(n + 5)(k1u + kov) + ko(n + 1) (2u + nv))+

(k+2k1)n 4k
Wy At (2u + nv)= i (n + 1)

(2(k+ k1 — Du — kv + 2kv 4+ v) f (u, v)),

(24) aflcfl 1 _2Tk1 _ kn+2k:_n1+n+1 _4ky o
— n n 2 n+1
5 (n+1)2u v (2u + nw)

2(k+(k+k1)n)

<4nu%vn¢+l 2u+nv)” 1 (2n(n + 5)(kiu + kov)+
2k((n(n+6) + Du — 2nv) — ko(n + 1)(2u + nv))—
ok (k+2kp)n

untty et (2u+nv)r%21+1(n+1)

(2(=k + (k + 2k — 1)n + Du+

n(4ks +n —k(n+3) + 3)v>f(u, v)>

Solving the first differential equation of (24) we obtain that

22k —k+1)  2(2kg—k+1) 2(kn+k—2kg+kin—n—1)

(25)  fui(u,v)= 27 wFt wT ot g(v)(2u + ) T — A(u,v),
where g(v) is an arbitrary function in the variable v, and
A(u, U) _ 22n 1u2(2:?r;k) kak::;fkln (2u n n'u) 2(kn+k721:3++1k1n7n71)
/,’I/ —

(4( — ko(1 +n) + kin(5 +n) + k(1 +n(6 + n)) Ju+

(n— 1)n(4k + ko(14+n) — 2ka(5 + n))v),

recall that n # +1. Solving the second differential equation of (24) we get that

k—kn—2kin4n—1 2(kn+k—2ko+kin—n—1)

(26)  fia(wo) = hlupp =T (2u+mw) s — A(u, v),
where h(u) is an arbitrary function in the variable w.
From (25) and (26) it follows that

2(2kg—k+1) 2(2kg—k+1) k—kn—2kini4n—1 2(kn+k—2ko+kin—n—1)
fro1(u,v) = 12”7 T wT i w n+l (2u + nv) el —

A(u,v),

where ¢,_1 € R.
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Looking at the exponents of u and v in fi(u,v) and in fi_1(u,v) it follows that
ck—1 = 0 because n # 1. So

(27) fr—1(u,v) = A(u,v).

The terms of order k£ — 1 in the variables v and v in (12) are

u(l—nu+n+3v> 3fk2+v< ot v) Ofr— 2 _

(28) 2n 4 ou 2 ov
n+7 0fi_ 0
(k1w + kov) fx—o + ko fr—1 — 5 U J(;I; L _ J(,;k;} L

Again since fi_s is a homogeneous polynomial of degree k — 2 by the Euler theorem,
we obtain that

(29) ua"gku2 + U(?J;z)z = (k —2) fr—2.

Considering equations (4) and (4) as a linear system of two equations with the two
unknowns Ofy_o/0u and Of_o/0v, since n # —1 we get that

afk_g 2n 2k__q _ (k+2k1)n _ 4(kg+n+1)
= w YT e (2u 4 no n+
ou (n—1)(n+1)3 ( )

4k 2(nk+k+kqn)
Anurri UT(ZU + no) e F(u,v)—

(k+2k1)n 4ko+3n+3

(n—1)(n+ 1)2un2_+klv w1 (2u 4 nv) T A

(@—2@r+nn—2@+ky—mmfmw0,

8fk_2 o kn+2k ntntl  4(kgtn+1)

— s N ) ]
v m/l)n+1)“ v (2u+mw)

2(nk+k+kqn)
( 8n2ynt gt (2u + nv) e F(u,v)—

(k+2kq)n 4ko+3n+3
n—1)(n+1)> urt Ty (2u 4 nv) =

(
(2(k(n —1) +2(k1 — 1)n + 2)u+

n@@@+n+a—km+awﬁww0,




where
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F(u,v) = <8k2((n2 +6n + 1)%u?+

n(n® +3n? — 17n — 3)vu — 2(n — 1)n202)—

2(2(n2 +6n -+ 1) (1 — dka)n? + (8 — 20k )n + dko(n + 1) + 7)u?—
n<n4 + 4k1n3 + 6n® + 8kin? + 4n? — 60kin + 26n+

ko(n* +4n3 — 18n? — 12n + 9) — 2ko(n* + 8n3 — 2n* — 88n — 15)+
27 Jou + 2(n — 1)n?*(n + 2ko(n + 1) — 4ko(n + 5) + 1)v2>k’+
k2(n+ 1) (8u2 —2(n = 3)nvu — (n — 1)n2fu2) +ko(n+1)

( — 4((4ky — D)n? +4(5k; — 2)n — 7)u? + 2n((ky — 1)n*+

(2k1 — T)n? = 3(5ky + 1)n + 2ks(n? + 2n — 15) + 3)vu+

(n — 1)n?(—n + 4ko(n +5) — 1)1)2> +2n(n +5) (4k%n(n + 5)u+
ky (n(n2 +4n — 2ko(n? + 2n — 15) + 3)'0 —2(n?+8n + 7)u> u+

ko(n — 1)v(2(n2 +Tn+6)u+n(n — 2ka(n+5) + 1)1})))

Solving the differential equation of Jfy_2/0u we obtain that

(30)

2(—k+2ko+2)  2(—k+2k9+2) 2(nk+k—2kg+kin—2n—2)

fr—o(u,v) = 27 n 1w ~t1 g(v)(2u + nv) ntl + B(u,v),

13
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where g(v) is an arbitrary function in the variable v; and

N2 2(2kg—k) k—kn+2kin _ kit+2ky
Blut) = g M S )

<8(n — 3)( — kn?® — kyn® — 6kn + kon — Skin — k + ko)
( — 2kn? — 2kn2 + n? — 12kn + 2kon — 10kyn + 8n — 2k + 2ko + 7)u2—

8(n — 1)n( ki — kkon® + kon® — kokan® — kit + 2kkon+

2kykont — 2kon® — 4k*n3 + k2n3 — 6kn? — dkkon® + 8kon®—
Akkyn® — 3kokin® — 9kin3 + 16kkan® — 2kokan® + 14k kon®—
22kon® — 12k%n? — k2n? — 4kn? 4+ 18kkon? + 10kon® — 8kkin?+
13kokin® — 23kin? — 4kkon® — 6kokon® — 10k kon? — 58kyn’+
68k>*n — 5]{:871 — 26kn + 12kkon + 60kkin + 15kgkin — 15kin—
176kkon + 26kokon — 150k kon + 22kon + 12k* — 3k% — 27k—

Okko — 3ko — 30kky + 30koks + 6Ok2> v+ (n—3)(n — 1)%n?

(4]{3 + k?o - 10]{32 + k?on - 2]{7271)(4]{3 + k?() - 10]{32 + k?()n - 2k2n +n+ 1)U2> .

Recall that n ¢ {—1,1, 3}.
Solving the differential equation of Jfy_o/0v we get that

k—kn—2kin+4+2n—2 2(k+kn—2ko+kin—2n—2)

(31) fk_g(u, U) = h(u)vn—H(ZU + ny) ntl ,

where h(u) is an arbitrary function in the variable u. From (30) and (31) it follows
that

2(2ko—k+2) 2(2kg—k+2) k—kn—2kin42n—2 2(k+kn—2ko+kin—2n-2)
fr—a(u,v) = 92" nFT w1 w T (2u 4 nv) i
+B(u,v),

where c,_o € R.

Looking at the exponents of u and v in fi(u,v) and in fy_o(u,v) it follows that
cx—o = 0 because n # 1. So

fr—2(u,v) = B(u,v).
Looking at fi, fr_1 and fr_o we see that all of them have the factor

2(2ko—k) k—kn—2k1n
g(u,v) =u" 1 v~

It is easy to check by induction that all the f; for « = k,k — 1,... with f; # 0 have
the same factor g(u, v), so g(u,v) divides f(u,v). Since we are looking for irreducible
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invariant algebraic curves f(u,v) = 0, and u = 0 and v = 0 are invariant algebraic
curves, we must have

n+1 n+1 n+1
Therefore

=k.

1—
k;l:L2 N2k
n 2

In short we have
felu,v) = (2u + nov)k,

Foi(uv) = HQfl (20 + n0)e2((k — ko) (n — Dnv — 2(k(n + 7) — 2ko)u),
u,v) = 207 u+nv)F4 B2 (n — n—1)nv —2(n u)?
froan) = ot )R = 3 = D = 200+ Ty

ko (8(n —3)(2kg + 1 + T)u2 — 8(n — Dn(ko(n — 3) + n(n +6) — 3)vu+

(ko +1)(n — 3)(n — 1)%%2) _ k<4(n —3)(n + 7)(4ko + 1 + T)ud—

4(n — 1)n(ko(n — 3)(n +9) + n(3n + 20) + 9)vu+

(2ko + 1)(n —3)(n — 1)2n202>>.

Now we consider equation (12) restricted to u = 0, i.e.
2 k
(% + v) F'(v) = (ko + 7“) F(v),

where F(v) = f(0,v). Solving this differential equation we obtain F(v) = cv* (2 +
v)¥~% where ¢ € R. Since F'(v) must be a polynomial of degree at most k it follows
that kg is an integer of {0,1,...,k}. Since fi(u,v) = (2u + nv)* we get that ¢ = n*.
Therefore

fu,v) = n*oko(2 + v)F 0 L ug(u,v).
On the other hand equation (12) restricted to v = 0 is

(% bt 7)u> (G(u) + uG'(u) = u (’fo + W) )

where G(u) = g(u,0). Since n # —7 solving this differential equation we obtain

2ko 4 k— 2ko
G(u) =du™ " ((n — Du—n(n+7))" 7,
with d € R. Since uG(u) must be a polynomial of degree at most k it follows that

%07 is an integer of {0,1,...,k}. Again since fi(u,v) = (2u + nv)* we get that

d=(:2)" So

n—1

9 k
fu,v) = nFoko(2 )=k 4 (—1> u%((n —1Du—n(n+ 7))’{7%07 + uvh(u,v).
n E—
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Assume that kg = 0. Then, substituting f(u,v) in
1-— 1 11—
u< nu+n+3v+n+7)g+ ( u+21)+ >8f (L n)u—i—év)f,

2n 4 2 ou Ov 2n 2
and evaluating this expression first on © = 0 and after on v = 0 we obtain
k
k=1 (M) v =0,
n—1

28 1k(1 — n)n*tu = 0,
respectively. Since this system has no solution, it follows that ky cannot be zero.
Hence ko and 2’“0 - belong to {1,2,...,k}.

The terms of order 0 in the variables u and v in (12), are kofo = 0. Since ko # 0
we get that fo = 0.
The terms of order 1 in the variables v and v in (12) are

n+7 8f1 3f1

32 = kof1.

(32) 2 8u v v ofi
Solving this linear partial differential equation we obtain that
(33) filu,v) = s F (u”w70)

where F'is an arbitrary function of the variable wTy, If c1 # 0, since f; must be
a homogeneous polynomial of degree 1, we obtain

2k 2
f1(u,v) = cu Ty

with m € {0,1} such that

2k0 —2m
—— +m=1.
n+7
Therefore, either m =0 and kg = (n+7)/2, or m = 1 and ky = 1. But this last case
is not possible because %07 = n%r? must belong to {1,2,...,k}, and this only can
occur if n = —5, and this case is excluded by assumptions. In short we distinguish

two cases.

Case 1: ¢4 #0, m =0 and kg = (n+ 7)/2. Then f; = c;u. The terms of order 2 in
the variables u and v in (12) are

1—n n+3 n+7 8f2 8f2_n+7 k(1 —n)
u( 2n ut 4 U)Cl+ 2 8u+ o 2 f2+< 2n ut U h

Solving this linear partial differential equation we get

cru(4(k = 1)(n — 1w+ n(7 + n)(3 - 2k + n)v) L
fo(u,v) = — n(n+7) + couG (u n+7v> ,

where G is an arbitrary function of the variable of the variable w Ty, If co # 0
since f; must be a homogeneous polynomial of degree 2 it follows that

_ 2 _2m
G (u n+7fu) = cou 7™,
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with m = 0,1 and

2m
- +m =1
n+7
But this is not possible so c; = 0, and f> as f; is divisible by u. Repeating these
arguments for f, with £ = 2,..., k we get that f, also is divisible by u in contradiction

with the fact that f, = (2u + nv)*.

Case 2: ¢4 = 0. Then fy = f1 = 0. Now the terms of order 2 in the variables u and
v in (12) are
n+7 8f2 3f2
ZJ2 22
2 " ou v ov 0/2:

which coincides with equation (4), and its solution is given in (4), i.e.

2k0—2m
fo(u,v) = cou™nF7 0™,

and if c3 # 0 then m € {0, 1,2} such that

2kg — 2

n+7
Therefore, either m = 0 and kg =n+ 7, or m = 1 and kg = (n +9)/2, or m = 2
and ko = 2. But these last two cases are not possible because %‘)7 must belong to

{1,2,...,k}, and in the first %07 = (n+9)/(n+7) and in the second only can occur

if n = —3, and this case is excluded by assumptions. In short we distinguish two
cases.
Case3: co #0, m=0and kg =n+ 7.
Case 4: c3 = 0.
The rest of the proof follows in a similar way to the Cases 1 and 2. 0

From the results of Lemmas 5 to 8 in order to know all the invariant algebraic
curves of system (2) only remains to show that system (2) with n € {—7,1,3} has
no invariant algebraic curves of degree k£ > 3. This will be proved in the next tree
lemmas.

Lemma 9. If n = 1 then the polynomial differential system (2) has no irreducible
invariant algebraic curves of degree k > 3.

Proof. We work as in the proof of Lemma 8 but now with n = 1. Let kg + kju + kov
be the cofactor of the invariant algebraic curve f = 0. From (2) and (12) we have
that the terms of order k + 1 in (12) are

P 1\90

Solving this linear partial differential equation and since f; is a homogeneous poly-
nomial of degree k we get that

fk‘ — u_k+2k2v_k1(2u + ,U)Qk‘-i-k‘l—ka‘

Of course
—k + 2ky — k1 + 2k + k1 — 2ky = K,
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and every one of the three exponents which appear in the expression of f; must be a
non-negative integer.

Now the terms of order £ in (12) are

Ofr_ 1\ Ofi_
?;I; ! + v <—U + 51)) g]z} ! = (kflu + kQU)fk_l + k()fk — 4U% — U%.

Again since f;_1 is a homogeneous polynomial of degree k — 1 by the Euler theorem,

we obtain that
Oft—1 | Ofr—1
u ou +v N = (l{f — 1)fk71'

Considering these two previos equations as a linear system of two equations with the
two unknowns 0f;_1/0u and 0fy_1/0v, we get that

Ofc  Ofk

uv

agkl = u*k+2k2*1(2u + U)2k+k172k272(4(—4]{7 + ko — Skl)u + 2(2]{3 + ko — 6]{?2)1])1)7]61"‘
u
(2(k + k1 — Du+ (—k + 2ko + 1)v) f(u, v)
u(2u + v) ’
3?—1 = wPrky TRl (9 4 )RR =2k =2 (4 (4 — ko + 3k )u — 2(2k + ko — 6ko)v)
v

2(ku+ (=k+ ka4 1)v) f(u,v)
v(2u + v) '

Solving the differential equation for dfy_;/0u we obtain that

fkfl _ 2u2k‘2—k‘v—k1 (2u + ,U)Qk‘-i-k‘l—ka—Q (22k2—k‘ug<v)vk‘1+
(34)
(=2 — ko -+ 6ka)v + 2(—4k + ko — 3k1)ulog u)

where g(v) is an arbitrary function in the variable v. Solving the differential equation
for Ofy_1/0v we get that

feo1 = uFoTR(2u 4 v)2Rth—2ke =2 (h(u)uk + 2((=2k — ko + 6ks)v+
(35)
2(4k — ko + 3k1)ulog v)u%?),

where h(u) is an arbitrary function in the variable w.

Since fj_; must be a homogeneous polynomial of degree k — 1 from (34) and (35)
it follows that

ko = 4k + 3k1,

and
feo1 = —6(2k + ky — 2ky)uk2—kyl=ki(2q 4 ¢)2ktki=2k2=2
Cpoq 2Rty ket 2hat Ly =k (9 )2tk —2ha—2

where ¢,_1 € R.
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We consider the terms of order £ — 1 in (12) satisfying

uv

Ofk—2 +U( 1 ) Ofv—2 _

ou e QU ov
0 fr_ O fr_
(kru + kov) fo—o + (4k + 3kq) fr—1 — 4du J(;}; L J;kv L

Again since fj_s is a homogeneous polynomial of degree k — 2 by the Euler theorem,
we obtain that
Ofr—o  Ofr
u

ou +v N = (l{f — Q)fkfg.

Considering these two previous equations as a linear system of two equations with
the two unknowns 0fx_o/0u and Jfy_5/0v, we get that

3;7;1{2 = 2 Fy kg TRy 4 ) T2k F2) <2kvk1(2u + )2 H3(2(k + ky — 2)u+
u
(—k + 2ky + 2)v) f (u, v)uF + 4(2u + v)?+h (ck_lu(?) ARz ko4
2262 (4 + (3K — Bky — 1)v)) — 3+ 28(2k + ky — 2k )
(14U + (6]{7 + 3]{?1 — 6]{72 + ].)U))UQkQ),
Ofk—2

5y = 1=k Ry =Ri=1(2q ) 2k2H2) <2u2’“2 (2u + v)2kth
v

<3 28 (2k + ky — 2ko)v(1du + (6k + 3ky — Gk + 1)v)+

x1u (22 (—du — Bkv + 3kov + v) — 3 4’@1:1@)) _
2kuF R (2u + v) 23 (kyu + (—k + ko + 2)v) f (u, v)),
Solving the differential equation of dfy_o/0u we obtain that
Froo = 2l tyZhe—hy—hi(9y | g)2kthi—2ke—d (22k2+1u2vk19(v)+
(36) <22’“2“ck_1(—6k — 3ky + 6ky + 2)u+ 3 25(2k + ky — 2ky)

(28u + (6K + 3k — 6k + 1)'0))'0 + 4k2+2¢ 42 log u),
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where ¢g(v) is an arbitrary function in the variable v. Solving the differential equation
of Ofx_2/0v we get that

fk72 —_ ’Uikl (2U + ,U)2k+k172k274 (21k <U <22k2+1ck1

(—6k — 3ky + 6ky + 2)u + 3 - 28(2k + ky — 2ks)

(37) (28u + (6k + 3ky — 6ky + 1)0)) -

4F2+2¢c0 42 log v> uk2=k h(u)) :
where h(u) is an arbitrary function in the variable u. From (36) and (37) it follows
that ¢,_1 =0 and

Fooo = 6(2k + k1 — 2ky)uke—kyl=k (2 4 y)2k+hi—2ko—d
(28u + (6K + 3k; — 6ky + 1)v)+

C]g,Q2_k+2k2+2u_k+2k2+2/0_k1 (2U + ’U)2k+k1_2k2_4,

where cp_o € R.

We consider the terms of order & — 2 in (12) satisfying

Ofk-3 1N\ Ofk-s _
Uv 0 —i—v( u—|—2v> o
Ofr—2  Ofia
(lﬁu -+ kg’l})fk,;:, -+ (4/6 + Bkl)fk,Q —4u ou — v 90 .

Again since f;_3 is a homogeneous polynomial of degree k — 3 by the Euler theorem,
we obtain that

s Ohes
ou ov

Considering these two previous equations as a linear system of two equations with
the two unknowns Jf;_3/0u and 0f;_3/0v, we get that

0 fr—3
ou

(k — 3) fr_s.

= 2 kyThlyTRi(2y 4 p)T2k2HI) (2’“1}’“1 (2u + v)?2 T3 (2(k + ky — 3)u+
(—k + 2ky + 3)0) f (u, v)u¥ + 4(2u + v)?k+h (22k2+1ck2(16u+
(6 + 3ky — 6ky — A)v)u2 + 3 - 26(2k + ky — ko) (616u2+

168(2k + k1 — 2ks)vu + (6 + 3kt — Gk + 1)(6k + 3k, — 6ky + 2)v2))u2k2>,
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0 fi—3

5 = 21—k kg =Ri=1(2qy - ) 2(R243) ( — 2kpR1 (2u + v) 2T (ke ut
v

(—k + ko + 3)v) f(u, v)u* — 2(2u + v)*+h (22k2+1ck_2(16u+
(6k + 3k — 6k — 4)0)u® + 3 - 28(2k + k1 — 2ko)v <6l6u2+

168(2k + ky — 2ks)vu + (6K + 3k1 — ks + 1)(6k + 3k, — Gks + 2)v2>)u2k2>.

Solving the differential equation of Jfy_3/0u we obtain that

fk73 — 22—k‘u2k‘2—k‘,u—k‘1 (2u + U)2k+k1—2k2—6 (22k2+1u3g<v)vk‘1 + (Ck222k‘2+1
(=6k — 3ky + 6ky + 4)u2 — 25(2k + ky — 2ky) (1848u2+
252(2k + ki — 2kg)vu + (6k + 3k — 6k2 + 1)

(6k + 3k; — 6ko + 2)1}2)>v + 922253 log u),

where g(v) is an arbitrary function in the variable v. Solving the differential equation
of Ofx_3/0v we get that

fk‘—3 — 27]6“7]6,07]61 (2U/ + U)2k+k‘172k276 <2kukh(u) . 4U2k2

(39) (ck222k2+5u3 logv + 0(2’“(2]{ + k1 — 2ky) (1848u2—|-

252(2]{7 + ]{71 — ng)vu + (6]{7 + 3]{31 — 6]{72 + 1)

(6/{3 + 3]{71 - 6/{32 + 2)U2) — Ck_222k2+1(—6k - 3/{31 + 6k2 + 4)u2>>>,

where h(u) is an arbitrary function in the variable u. From (38) and (39) it follows
that ¢,_o = 0 and

fk—3 — —4(2]{7 +k — 2k2)u2szkvlfk1 (2u + U)2k+k172k276 (1848U2+

Ck,g2_k+2k2+3U_k+2k2+3v_k1 (2U + ,U)Qk‘-i-k‘l—Qk‘Q—ﬁ’

where ¢;_3 € R. Following this process we obtain that ¢,_3 = 0.
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In short, we have
fr = u—k+2kzv—k1(2u +U)2k‘+k‘1—2k2’
feo1 = —6(2k + ky — 2k )uk2=kyl=k1 (2 4 ¢)2kthi=2k=2
fima = 62k + ky = 2k;)u~Ful =R (2u 4 o) =2 (980 - (6k + 3y — 6y + 1)v),

feoz = —4(2k + ky — 2ky)uk2=kpl=k1(2q 4 ¢) 2Rtk =2k2=6 (1848u2—|—
952(2k + ky — 2ka)vu + (6k + 3k, — Gks + 1)(6k + 3k; — 6k + 2)&),

Repeating these arguments we shall obtain that f = fo+ f1 4+ ...+ fx is divisible by
uw”k2k2=F1but this is not possible because f is irreducible, so

k=0,  ky=k/2.
Consequently kg = 4k, and
fe= (Qu+o)k,
feo1= —6kv(2u +v)k2
fri—2 = 6kv(2u + v)"*(28u + (1 + 3k)v),
fros = —4kv(2u+v)"0(1848u2 + 252kuv + (1 + 3k)(2 + 3k)v?).

On the other hand, the terms of degree 0 in (12) are kofy = 0. Therefore fy = 0.
Now the terms of degree 1 in (12) are

of  0fh

Solving this linear partial differential equation we obtain that

where F'is an arbitrary function of the variable %ﬁ If F # 0, since f; must be a
homogeneous polynomial of degree 1, we obtain

fi(u,v) = cluk’m/‘lvm,

where k —m/44+m =1. Som =4(1 —k)/3 and

k— 4(1—F)
filu,v) =cu'® T

If ¢; # 0, since k > 3 this is a contradiction with the fact that f; is a homogeneous
polynomial of degree 1. So ¢; = 0, i.e. f; = 0. Then repeating the arguments for
computing f; knowing that f; = 0, but now for computing f, knowing that f; = 0,
we shall get that fo = 0, and so on. In contradiction that f, = (2u + v)*. Hence
system (2) with n = 1 has no invariant algebraic curves of degree k > 3. O

Lemma 10. If n = —7 or n = 3 then the polynomial differential system (2) has no
wrreducible invariant algebraic curves of degree k > 3.

Proof. The proof follows using similar arguments to the proof of Lemma 9. U
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5. THE EXPONENTIAL FACTORS OF SYSTEM (2)

As we have defined in section 2 a polynomial differential system (11) is Liouvillian
integrable if it has a Darboux function

i (o () o (2))”

as first integral or as integrating factor, where f; = 0 for ¢ = 1,...,p are invariant
algebraic curves of system (11), and exp (g;/h;) for j = 1,...,¢ are exponential
factors of system (11). Therefore if we control all the invariant algebraic curves and
all the exponential factors of a polynomial differential system we can decide if it is
or not Liouvillian integrable.

We already have proved in section 3 that the Lotka—Volterra differential system (2)
is Liouvillian integrable when n € {—6, —5, —3, —1}. Now we shall prove that when
n ¢ {—6,—5,—3, —1} then system (2) is not Liouvillian integrable. This will prove
the “only if” part of Theorem 1. We shall need the following lemma.

Lemma 11. Ifn ¢ {—6,—5,—3,—1} then system (2) has no exponential factors.

Proof. From Lemmas 5 to 10 it follows that when n ¢ {—6, -5, =3, —1} the unique
invariant algebraic curves of system (2) are u = 0 and v = 0. By Proposition 3 for
proving that there are no exponential factors coming from the invariant straight lines
u =0 or v = 0 it is sufficient to show that the multiplicity of these invariant straight
lines is 1. So, according with section 2 we must see that u and v divide the extactic
polynomial

1 U v

e(u,v) =10 P Q ,
0 PP, +QP, PQ,+QQ,
and u? and v? do not divide it, where P = P(u,v) and Q = Q(u,v) are the polyno-
mials defined in (2). Since
1
32n

e(u,v) = ———uv (8(n —Dn+Dud+4(n—2)(n—1)(n+ u?v—

2(n = 5)n(n + uv? + n*(n + 1)(n + 3)v*—
8(n+ 1)(n% + 9In — 2)u? + 96n(n + 1)uv+
2n%(n 4+ 1)(3n 4+ 17)v? + 8n(n® + 12n + 19)u+

an*(n+7)(3n+ 7)v+ 8n%(n+5)(n + 7))7

if (n45)(n+7) # 0 then clearly u and v divide e(u,v), and u? and v? do not divide
e(u,v). By assumptions n # —5, and since for n = —7 we have that

—% (48u® — 216u + 126uv? + 1470% — 96u? + 504uv + 2940% + 112u),
again u? and v? do not divide e(u,v). Hence the multiplicity of the invariant straight

linesu=0and v =01is 1.

e(u,v) =
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Now from Proposition 3 it only remains to show that the multiplicity of the in-
variant straight line of the infinity is 1, or equivalently that there are no exponential
factors of the form F = e/(“?) being f(u,v) a polynomial. Assume that F' = /(%) is
an exponential factor with cofactor ¢y+/¢;u+/¢v and that the degree of the polynomial
f(u,v) is k > 1. Then, from (13) we have that

of of

u(u+n(—2u+3v+n(v+2)+ 14))% +2nv(—2u+v+ 2)% —An(ly+lu+Llyv) =0,
The terms of this polynomial of degree k + 1 are
0 0
u(2u 4+ n(—2u + 3v + nv))a—{j + 2nv(—2u + U)% =0,

where f; is the homogeneous part of f of degree k. By the Euler Theorem of homo-
geneous function we have that

u% + U% = kfg.
Solving these last two equations as a linear system in the unknowns 0f;/0u and
0fx/0v, we obtain
Ofr 2kn(2u — v) f(u,v)
ou (n + Du(2u + nv)’
Ofr E(n(n+3)v —2(n — )u) f(u,v)
v (n+1).v(2u + nv)

Solving this system we get that

k—k
fk = Ckum’l} rEs (2u + nv)zk’

with ¢, € R, k(1 —n)/(1+mn) > 0 and m > 0. So it is impossible that f; be a
homogeneous polynomial of degree k. This completes the proof of the lemma. 0

Proof of the “only if” part of Theorem 1. By Lemma 11 system (2) with n ¢ {—6, —5,
—3,—1} has no exponential factors, and from Lemmas 5 to 10 the unique invariant
algebraic curves of a such system are u = 0 and v = 0 with cofactors

1—n n+3 n+7

1
K, = o™ u~+ 1 v+ 5 and ng—u+§v+1,

respectively. So, from Theorem 4 if a such system is Liouvillian integrable we must
have either

)\1K1 + )\QKQ == O,
or
MK+ XKy = —div (P, Q),

with A2 + A3 # 0, and being P and @ the polynomials which appear in (2). But
any of these two last equations have a solution when n ¢ {—6,—5,—3,—1}. This
completes the proof. 0
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