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We study the number of limit cycles of the poly-
nomial differential systems of the form

t=y—gi(x), y=-2—go(x)— f(2)y,
where g1(z) = egni (z)+e*g1a(z) +e3g13(2), ga() =
ega1(x) + €2g22(x) + e3ga3(2) and f(x) = efi(x) +
e2 fo(z) + 3 f3(x) where g14, g2:, fo; have degree k,
m and n respectively for each ¢ = 1,2,3, and ¢ is
a small parameter. Note that when g;(x) = 0 we
obtain the generalized Liénard polynomial differen-
tial systems. We provide an upper bound of the
maximum number of limit cycles that the previous
differential system can have bifurcating from the
periodic orbits of the linear center z =y, y = —=x
using the averaging theory of third order.

1. Introduction and statement of the main
results

The second part of the 16th Hilbert’s problem
wants to find an upper bound for the maximum
number of limit cycles that a polynomial vector field

of a fixed degree can have. In this paper we will try
to give a partial answer to this problem for the class
of polynomial differential systems

t=y—-gi1(z), 9y=-v—gx)— f(x)y, (1)
where
g1(z) = egii(z) + 2g12(z) + 3 q13(2),
g2(x) = ega(x) + g (x) + >ga3(),
flx) = efi(z) + e fala) + € f3(x),

where g1;, g2;, fi have degree k, m and n respec-
tively for each ¢ = 1,2,3, and ¢ is a small param-
eter. When gi(z) = 0 the differential system (1)
coincides with the generalized Liénard polynomial
differential systems. The classical Liénard polyno-
mial differential systems are

(2)

where f(x) is a polynomial in the variable z of de-
gree n. For these systems [Lins et al., 1977] stated
the conjecture that if f(x) has degree n > 1 then

i=y, y=-z—f(z)y,
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system (2) has at most [n/2] limit cycles. Here
[x] denotes the integer part function of x € R.
They proved this conjecture for n = 1,2. The
conjecture for n = 3 has been proved recently by
[Li & Llibre, 2012]. For n > 5 the conjecture is not
true, see [De Maesschalck & Dumortier, 2011] and
[Dumortier et al., 2007]. So it remains to know if
the conjecture is true or not for n = 4.

Many of the results on the limit cycles of poly-
nomial differential systems have been obtained by
considering limit cycles which bifurcate from a sin-
gle degenerate singular point (i.e., from a Hopf bi-
furcation), that are called small amplitude limit
cycles, see for instance [Lloyd, 1988]. There are
partial results concerning the maximum number of
small amplitude limit cycles for Liénard polynomial
differential systems. The number of small ampli-
tude limit cycles gives a lower bound for the maxi-
mum number of limit cycles that a polynomial dif-
ferential system can have.

There are many results concerning the exis-
tence of small amplitude limit cycles for the fol-
lowing generalization of the classical Liénard poly-
nomial differential system (2)

y=—g(z)— f(z)y, (3)

where g(x) and f(x) are polynomials in the variable
x of degrees m and n, respectively. We denote by
H(m,n) the maximum number of limit cycles that
systems (3) can have. This number is usually called
the Hilbert number for systems (3).

(i) [Liénard, 1928] proved that if m = 1 and
F(z) = [ f(s)ds is a continuous odd func-
tion, which has a unique root at x = a and is
monotone increasing for z > a, then equation
(3) has a unique limit cycle.

T =y,

(ii) [Rychkov, 1975] proved that if m = 1 and
F(z) is an odd polynomial of degree five, then
equation (3) has at most two limit cycles.

[Lins et al., 1977] proved that H(1,1) = 0
and H(1,2) = 1.

[Coppel, 1998] proved that H(2,1) = 1.

(v) [Dumortier & Rousseau, 1990] and [Du-
mortier & Li, 1996] shown that H(3,1) = 1.

(vi) [Dumortier & Li, 1997] proved that H(2,2) =
1.

(vii) [Lloyd & Lynch, 1988] proved that H(1,3) =
1.

Up to now and as far as we know only for these
four cases ((iii)-(vii)) the Hilbert number for sys-
tems (3) has been determined.

The maximum number of small amplitude limit
cycles for systems (3) is denoted by H(m,n).
[Blows & Lloyd, 1984], [Lloyd & Lynch, 1988] and
[Lynch, 1995] have used inductive arguments in or-
der to prove the following results.

(I) If g is odd then H(m,n) = [n/2].
(I) If f is even then H(m,n) = n, whatever g is.
(ITT) If f is odd then H(m,2n+1) = [(m—2)/2]+n.

(IV) If g(x) = = + ge(x), where g. is even then

~

H(2m,2) =m.

[Christopher & Lynch, 1999],  [Lynch, 1998],
[Lynch, 1999], [Lynch & Christopher, 1999] have
developed a new algebraic method for determining
the Liapunov quantities of systems (3) and proved
some other bounds for H(m,n) for different m and
n.

~

(V) H(m,2) =[(2m +1)/3].
(VI) H(2,n) =[(2n+1)/3].
(VII) H(m,3) =2[(3m +2)/8] for all 1 < m < 50.

(VII) H(3,n) = 2[(3n+ 2)/8] for all 1 < m < 50.
(IX) H(4,k) = H(k,4), k =6,7,8,9and H(5,6) =
H(6,5).

[Gasull & Torregrosa, 1998] ~obtained upper
bounds for H(7,6), H(6,7), H(7,7) and H(4,20).

[Yu & Han, 2006] give some accurate values of
H(m,n) = H(n,m), for n = 4, m = 10,11,12,13;
n=25 m=6,7,89 n=6 m =56, see also
[Llibre et al., 2009] for a table with all the specific
values.

[Llibre et al., 2009] compute the maximum
number of limit cycles Hy(m,n) of systems (3)
which bifurcate from the periodic orbits of the lin-
ear center £ =y, y = —z, using the averaging the-
ory of order k, for k = 1,2, 3.



In [Llibre & Valls, 2011] the authors studied
using the averaging theory of first and second order
the more general system

= y—e(gn(r) + fulr)y)-
e%(g12(x) + fr2(x)y),

y= —x—c(g21(x) + far(z)y)—
% (g22() + fao(z)y),

(4)

where ¢15, f1i, g2i, fo; have degree k, [, m and n
respectively for each ¢ = 1,2, and ¢ is a small pa-
rameter. Using the averaging method of first and
second order they proved the following result.

Theorem 1.1. For |e| sufficiently small the maz-
imum number of limit cycles of the generalized
Liénard polynomial differential systems (4) bifur-
cating from the periodic orbits of the linear center
T =1y, y = —x using the averaging theory of second
order is:

max {p+[(m —1)/2], p+[k/2],
[(n = 1)/2] + [m/2],
[[/2] + [m/2] - 1, (5)
[(n =1)/2] +[(k = 1)/2] + 1,
(/2] + (k= 1)/2]},

with p = min{[n/2],[(l —1)/2]}.

[Alavez-Ramirez et al., 2012] studied system
(1) with gi3(x) = gos(x) = fag(z) = 0 and they
proved the following result.

Theorem 1.2. For |e| sufficiently small the max-
imum number of limit cycles of the generalized
Liénard polynomial differential systems (4) with
fi1(x) = fia(x) = 0 bifurcating from the periodic
orbits of the linear center & =y, y = —x using the
averaging theory of third order is
1
Ao = §(max{0(m +n),E(k+m)—1} —1)],

where O(1) is the largest odd integer <[, and E(l)
1s the largest even integer < I.

In the present paper we study system (1), i.e.
we extend the results of [Alavez-Ramirez et al.,
2012] because in [Alavez-Ramirez et al., 2012] first
g13(z) = gos(x) = fs(x) = 0, and additionally
the study of the limit cycles coming from averag-
ing of second and third order is made under some

restrictive conditions. Using the averaging method
of third order we will show our main result:

Theorem 1.3. For |¢| sufficiently small the max-
mmum number of limit cycles of the generalized
Liénard polynomial differential systems (1) bifur-
cating from the periodic orbits of the linear center
T =1y, y = —x using the averaging theory of third
order is A1 equal to

max {2m + 2[k/2] — 2,
m+2[(k —1)/2], (6)
m+2[(n —1)/2] +2[m/2] + 2,
4[(n —1)/2] +2[(m —1)/2] + 1}.

Note that Ay < A1. The proof of Theorem 1.3
is given in Section 3.

The results that we shall use from the averaging
theory of third order for computing limit cycles are
presented in Section 2.

2. The averaging theory of third order

The averaging theory for studying specifically limit
cycles up to third order in ¢ was developed in
[Buica & J. Llibre, 2004]. It is summarized as fol-
lows.

Consider the differential system

T = €F1(t,l') —|-€2F2(t,l‘)+ (7)
e3Fs(t,x) + e*R(t, x,€),

where F1, Fy, F3: RxD — R, RiRxDx(—¢e¢,e5) —
R are continuous functions, T-periodic in the first
variable, and D is an open subset of R™. Assume
that the following conditions hold.

(i) Fi(t,-) Cc C?*(D), Fy(t,-) c CYD) for all
t € R, F1, Fy, F3, R are locally Lipschitz with
respect to x, and R is twice differentiable with
respect to €.

We define Fjp: D — R for £k =1,2 as

1 [T
T/o Fi(s,z)ds,

T
;/0 [DzFl(s,z)y1(Saz)+
FQ(S, 2)] d57

Flo(z) =

Fy(z2) =



1 (T /10°F 5
Fal)= 1, (550 2,22+
1

5@(572)92(572)4‘

OF:
s, 2) ¢ Fas. ) ) ds.

where

/ (t,z)dt,

yo(s, 2) = 2/0 (aail(t 2) /OtFl(r,z)dr

Ry (¢, z)> dt.

(ii) For V' C D an open and bounded set and for
each € € (—ey,e5) \ {0}, there exists a. € V
such that Fig(a.) + eFg(ac) + 2 F3(a:) = 0
and ClB(F10 + eFyy + €2F30, V, aé«) #0.

Then for |g] > 0 sufficiently small there exists a
T-periodic solution ¢(-, &) of the system such that
#(0,a:) = a. when € — 0.

The expression dg(Fig + eFao + 2 F30,V, a:) #
0 means that the Brouwer degree of the function
Fig + elFy + €2F30: V — R” at the fixed point a.
is not zero. A sufficient condition in order that
this inequality is true is that the Jacobian of the
function Fig + eFh + €2F30 at a. is not zero.

If Fip is not identically zero, then the zeros of
Fio 4 eFa + €2 F3g are mainly the zeros of Fiq for
¢ sufficiently small. In this case the previous result
provides the averaging theory of first order.

If Fyg is identically zero and Fyg is not identi-
cally zero, then the zeros of Fig + eFh + €2 F3q are
mainly the zeros of Fyg for ¢ sufficiently small. In
this case the previous result provides the averaging
theory of second order.

If Fig and Fyy are identically zero and F3g is
not identically zero, then the zeros of Fig+ eFbg +
e2F3y are mainly the zeros of Fyq for ¢ sufficiently
small. In this case the previous result provides the
averaging theory of third order.

3. Proof of Theorem 1.3

We shall need the third order averaging theory to
prove Theorem 1.3. We write system (1) in polar
coordinates (r, ) where

r=rcos, y=rsind, r>0.

If we write

n
g a;x’,
1=0
n
E 7
GIT,,
=0
n
%
§ bix,
=0

fao(z) =

g1 ( sz 12’
Gr2(z Zdz 1z, (8)

gi3(z th 12,

g21(x Z biax',
go2(x Z d; o’

g23(z) = Zzzo i 27,

then system (1) becomes

= —e(A+eB+e20),
0 = —1—;(141—1-631 —{—6201), (9)

where

cos' fsin? 6+

n
E : air1+1
1=0

m

g b o1 cos’ 0 sin 0+
i=0

k

E bir cos't1 0,
i=0

n

B = g c;r't cos 0 sin? 0+

i=0

m

g d;or' cos' 0 sin 6+
i=0

k

E diar' cos't1 0,
i=0



n
Z piri Tt cos® O sin® 0+
i=0

m . .
Z gi2r" cos' §sin 6+

=0
k

E gir' cost Tt 0,
i=0

and

n
E a@r”l os't @ sin 0+
i=0
m
E b o' cos' Tt o—

1=0
k

g b; 17" cos' §sin b,

n
§ : ci,,,2+1
=0

m

E d;ar' cos'tto—
i=0

k

g d; 7' cos' fsinb,
n

i+l
E pir
i=0
m
E gior' cos'tlo
&

g giir' cos' §sinb,
i=0

os™1 @ sin 6+

os™t1 @ sin 6+

Ch =

Now taking 6 as the new independent variable, sys-
tem (9) becomes

;lg _EFl(T 9) + € FQ(’I“ (9) —|—€3F3(’I“ 0) —|—O( )
where
1
Fl(’l",g): A, FQ(T,O):B—;AAL ( )
10
Fy(r,0) = C—ﬂB&+A&)+%ﬁA

n [Alavez-Ramirez et al., 2012] the authors took
the sufficient conditions

b2i+171 =0 and a2 = O, (11)

for i = 0,...,[(k—1)/2] and j = 0,...,[n/2] to
have Fijgp = 0. Furthermore, using this condition

they computed Fyy and they took

[k —1)/2]

d2i+1,1 = C9; — 0 fori= 0,. .o

and 7 =0,...,[n/2], and
either b;1 =a; =0 fori=0,...,k and
7j=0,...,n
orbio=0fori=0,...,m,

thus obtaining an upper bound for the number of
limit cycles. However a close look to Fyy(r) ob-
tained in [Alavez-Ramirez et al., 2012] imply that
it is only necessary to take

[(k—1)/2] [n/2]
Z doiy11 + Z 2@—1—1

[/ 2} [M/ 2]

D> Cigbainbajat (12)
i—0 j=0
[(n—1)/2] [m/2]
Dijjasiy1b2j2 =0,
=0

=0

<

for some constants C;; and D;;.

We shall work only with the necessary condi-
tions (11) and (12), and consequently we improve
the results of [Alavez-Ramirez et al., 2012] in two
ways. First because we work with this necessary
conditions and second because we consider in the
differential system (1) terms up to order €3 while in
[Alavez-Ramirez et al., 2012] they consider only up
to order £2.

In order to apply the third order averaging
method we need to compute the corresponding
function F3o(r) that we rewrite as

F3o(r) = Fao(r) + Fio(r) + Fiy(r) + Fio(r)
with
27 82F
Fl(r) = e - G0,
T OF
F3(r) = 4ﬂ 5, (1. 0)ya(r,0) do,
27r 8F2 (13)
Fiy(r) = 20y (r,0) db,
271'
Fg‘o(r): / Fs5(r,0)d

It was proved in [Alavez-Ramirez et al., 2012]
that using the integrals of the Appendix, or in



[Llibre & Valls, 2011] that y; = y1(0, ) is equal to

[(n—1)/2] i+1

> agiar®?)  iesin((2s +1)0)+

=0 s=0
" bio ,
Z —=r¥(1 — cos't1 0)+ (14)
L~ g+ 1
1=0
(k/2] i
Z boi 17 Z vissin((2s +1)0),
1=0 s=0
where
o { Vil — Vit1,, 0 <1<,
Yi,l = iy
—Yi+1,i+1, =i+ ]-7

and Fy(0,r) is
[(n—1)/2] ‘
Z a2i+17“22+2 COS
=0
Z bi,g’l”i cos' 6 sin 6+

i=0
[k/2]

E bngQZ cos?it! 0,
i=0

21 g sin? 9+

finally aaFl (0,7) is
r

[(n—1)/2]

Z (20 + 2)agis 17 cos® 1 fsin? O+

=0
Z r~1 cos’ O sin O+

:/

Z 2’Lb21 17"

=0
We also note that F»(r, ) is equal to

> e

Z dmr’ cos’ 0 sin O+
i=0

k . .
Z diqr' cos'tlo—
i=0

[(n—1)/2] [(n—1)/2]

2 : § : 2142543
a2i+1a2j+1r (R COS
=0 7=0

sin §(1 — cos? 6)—

_

S2i+1 9.

Leos' (1 — cos? )+

2i42j+3

[(n=1)/2] m
9 Z Z (i 1b; 272 I cos2iHiH2 g,
=0 j—=0
(1 —cos?0)+

[(n—1)/2] [k

~

2]
a2i+1b2j,17'21+2]+1 COSZz+2j+1 0

1=0

<.
I
o

sin (1 — 2 cos? ) —

m
g biygbﬂr’ﬂ_l cos™ It g sin 6+
0

i=0 j=
[ /2] . . . .
Z Z biabaj 1" T cos T (1 — 2 cos? 0)+
0

i 7=0
[k/2] [k/2]
Z Z 52@1[)2]‘717’2#&]’71 cos? 21 ggin 6.
i=0 j—0

(16)
The proof of Theorem 1.3 will be a direct con-
sequence of the next auxiliary lemmas.

Lemma 3.1. The integral Fi,(r) is a polynomial
in the variable r of degree

Ao = 2(m + max {[(n — 1)/2], [k/2] — 1}).

(For an explicit expression of the polynomial Fay(r)
we refer the reader to the proof of Lemma 3.1).

2

Proof. We first note that 2

Fy(0,7) is equal to
[(n—1)/2]

Z (2i + 2)(2i + 1)a2i+1r2i
1=0

cos? 1 (1 — cos? )+
m

> i = 1)bigr'?

1=0
[k/2]

> 2i(2i — 1)bg; 17”2 cos
=0

and y1(r,0)? is equal to

cos’ 0 sin 0+

2i+1 0
)

[(n—=1)/2] [(n—1)/2]

2142544
> > agirag;ar? T
: =

i+1 j+1
>N A A sin((2s + 1)) sin((2r + 1)0)+
s=0 r=0
[(n=1)/2] m
9 Z Za2z+1 3,2 p2iti+2,
=0 j=0
i+1

Z’%,S(l — cos’ T 0) sin((2s + 1)0)+
s=0



2 agiy1bgjar? AT,

i=0 ;=0
i+l j

Z Yi,sVj,r sin((2s + 1)0) sin((2r + 1)0)
s=0 r=0

1k/2) [k/2)

sin((2r +1)0) + Z ZbZz 1b2j17%

=0 j5=0
i
D) visviesin((2s + 1)6) sin((2r + 1)6).
s=0 r=0

Hence, using the formulae in the appendix and the
explicit formula of Fj,(r) given in (13) we obtain
that Fj,(r) is equal to

(n=1)/2] m m o
Z Z S51a2¢+1bi 2bj or® T 4
t=0 =0 j—=0
[m/2] [(n—1)/2]

m
2+2i+j
§ d2bar 2a2i41bj o1 T 4

O3bat+1,2a9;11bojor* 220+

0
Z Z 84Dt 9 obaj 1?24
i—0 j—0

[m/2] [k/2]

2 42i4+2j—1
E g O5b2¢41,2b2; 202517 T
—0 =0 j=0

~

where 9; for ¢ = 1,...,6 are constants depending
ont, ¢ and j. [ |

Lemma 3.2. The integral Fi(r) is a polynomial
in the variable r of degree A3 equal to

max {m + 2[(k — 1)/2],
m+2[(n—1)/2] +2[m/2] + 2
m+2[m/2] + 2[k/2] — 2}.

(For an explicit expression of the polynomial Fiy(r)
we refer the reader to the proof of Lemma 3.2).

Proof. We first note that 0F5(r,0)/0r is equal to

n
Z(z + 1)eirtcos’ B(1 — cos? 0)+
i=0
m . . k . .
Z idi,gr’_l cos' Osinf + Z idi,lrz_l costlo—

i=0 i=0
[(n—1)/2] [(n—1)/2]

Z (26 + 2j + 3)agit1ag;1r* T

i=0 j=0
[(n=1)/2] m
0?23 gin3 9 — 2 (20 4+ j + 1)agit1-
i=0 ;=0
bj,2r2i+j cos? 2 gsin? 6+
[(n—1)/2] [k/2]
Z 2(2’5 + 25 + 1)agiy1bajr? .
i=0  j=0
cos® 21 g sin 6(1 — 2 cos® 0)—
m m

Z Z i+ j — 1)bi2b;, or 172 cogt It gin 9+
1=0 5=0

m [k/2]
Z (’L + 2j — 1)bi7252j,17'i+2j_2 COSH_Qj 0-
=0 j=0
[k/2] [k/2]
(1- 2cos? ) + Z 2(22 + 25 — 1)bai 10251
i=0 7=0

r2i+2j72 COS2i+2j+1 0 sin 0.

+ Hence, using the formulae in the appendix and the

explicit formula of Fjy(r) given in (13) we obtain
that Fin(r) is equal to

[(n—1)/2] [m/2]

Z Pla2t+1d2i’2r2t+2i+1+
=0 i=0
[(n—1)/2] [m/2] [(m—1)/2]

2U42i+2j+1
E P2a21+1b2; 2boj 1 o AT

t=0 =0 j=0
[m/2] [k/2] |
Z Z 3b2t,2d2i,1r2t+21—1+
t=0 =0
m[(k—1)/2] |
2 pabyada;i1 1t
t=0 i=0
Z p5bt,262irt+21+
t=0 i=0
[m/2] [(n—1)/2] |
Z 6b2t7202i+1fr2t+22+1+
t=0
. (0=1)/2 2 .

t=0 =0 =0



[m/2] [((n—1)/2] [(m—1)/2] -
Z Z Z p8b2t2a2z‘+1sz+172r2t+22+21+3_|_

Z Z Z poby 2a2ibaj12r! THTH T2y

t=0 =0 j=0
[m/2] [(m—1)/2] [k/2]

2U+2i+2j—1
g g p10bat 2b2i41,2b9j 17 T T4
( J

/2] (m/2]

Z Z pr1bog 1d2; o T

t=0 =0
[k/2] [m/2] [(m—=1)/2]

2+2i+2j—1
Z Z pr2bot 12 2boj 1 o2 TR
t=0 =0 j=0
where p; for i = 1,...,12 are constants depending
ont, i and j. ]

Lemma 3.3. The integral Fio(r) is a polynomial
in the variable r of degree Ay equal to

max {2[n/2] + 2[(m — 1)/2] + 1,
2[(m = 1)/2] + 2[(k — 1)/2] + 1,
2[(n—1)/2] +2[m/2] +2[(m —1)/2] + 1
2[m/2] + 2[(m —1)/2] + 2[k/2] — 1}.

(For an explicit expression of the polynomial Fiy(r)
we refer the reader to the proof of Lemma 3.3).

Proof. We will first compute in F3 all the terms
that have non-zero integral from 0 to 27. To do it,
we note that in view of (10) Fj3 is equal to

1 1
C - f(BAl + ABl) + 72AA%
T T

Then

1 2 [n/2]

% C 9 T‘ d9 = Z ClpZz 21+1

(k- 1)/2]

2i+1
E Caqiv1ar™ "
=0

where the constants (q,(s depend on i. Further-
more, using the formulae of the Appendix we con-
clude that

1 27
[”/2] [((m—1)/2]
Z Z (3anidajy1 o T4
[(n 1)/2] [m/Q}

2i4+2j+1
E Caagip1dajor® T4
=0 j=0

/2] [(n=1)/2 N
Z Z (5boipcjprr? T4

[(m=1)/2) /2 N
Z ZC6b2i+1,202j7'2H—2]+1+

/2 (k/2)

Z Z Crboiadajr* T2 14

i=0 j=0
[(m—1)/2] [(k—1)/2]

2i4+2j+1
Z Z Csbait1,2daji1 1™ T 4

i=0 =0
(/2] [m/2 o
> Cobgiadajor® T,
i=0 j=0

where the constants (; for [ = 3,...,9 depend on

i,7. Finally, since A?/r? is equal to

[(n—=1)/2] [(n—1)/2]

a2¢+1a2j+1r2i+2j+2 COSZi+2j+4 9
i=0 §=0
[(n=1)/2] m
(1 — 0082 9) + 2 Z Z a21'+1bj,27“2i+j~
i=0  j=0
[(n—1)/2] [k/2]
08?3 fsing — 2 Z agiy1bajar®
=0 ] 0
0822112 9(1 — cos? 0) + Z bi2b; 27’”] 2.
=0 5=0
m [k/2]
cositit2g _ 9 Z Z bi7262j717'i+2j72 cost T2+ g.
=0 7=0
(k/2] [k/2]
sin 6 + Z Z bo; 1b2371r2l+23 2 cos?it2 g.
=0 5=0
(1 —cos?0),

using the formulae of the Appendix we conclude
that

1 27T
53 /0 (AA2)(0,7)dh =

[(n—=1)/2] [m/2] [(m—1)/2]
]

Z Z Z C10a2¢4+1b2i 202511, 27‘2t+2’+23+1+
%/:2] [(ni:)m [(m— 1)/2]
[/

2

2U42i4+2j+1
E C11bot 2a2;+1boj 1 or* T2 4

[(m—1)/2] [k/2]

Z Z <12b2t 2b22+1 2b2‘]’1r2t+21+2j 1+
=0 ]_0
[’C/Q] [m/2] [(m—1)/2]

2+2i+2j—1
C13b2¢,1b2i 202541 27 I
0

2
t=0 i=0 j=



where the constants (; for [ = 10,...,13 depend on
t,i,7]. |

Lemma 3.4. The integral Fi(r) is a polynomial
in the variable v of degree \s equal to

max {m + 2[(k — 1)/2],
m+2[(n—1)/2] + 2[m/2],
m + 2[m/2] + 2[k/2] — 2,
4(n—1)/2] +2[(m —1)/2] + 1}.

(For an explicit expression of the polynomial Fi(r)
we refer the reader to the proof of Lemma 3.4).

Proof. We note that Fz(r) is equal to

27
g 0, r / Fy(t,r) dip dO+
27T 0, Or
T OFy
27T or (9,7’) 0 W(war)yl(war)dwde

We will first compute the terms in
. 21 F
F2(r) = / il 0, r / Fy(i,r) dup db.
27'(' 0

0
For this we note that / F>(v,7) dy is equal to
0

[n/2]
Z cor2itt (,31 08 + Z Bi s sin( 230))
s=1
[(n 1)/2] A
Z Coiprriit? Z Vis sin((2s 4+ 1)0)+
=0 s=0
\—~ di2 i i+lg
Z mr (1 — cos )+
k/2]
Z dy;, 1 Z% ssin((2s +1)0)+
[(k 1)/2] i+1
Z daivy 172! (ﬁ 0f + Z Bi,s sin 230))
=0

[(n—1)/2] [(n—1)/2]

2i+2j+3
E E a2i+1042j4+17 gt

( 1 COSQZ+2]+4 0 1 — cog2it2it6 (9)

2i+2j+4  2+2j+6
[(n— 1/2][(m 1)/2]

2i42j+2
2 Z g agi41bojp1,0r* T2,

2+J+2

Z Vitjra,ssin((2s +1)0)—
s=0

((n=1)/2] m/2) -
2 Z Za2i+152j,27“22+2]+1(5f+j+2,09+
=0

Jj=0
it+j+2
Z Bivjvas sin(2$9)> 4+
s=1
[(n—1)/2] [k/2] -
Z Z a2i11ba; (it (1 — cog2it2i+2 g B
Teosti 2i +2j +2
1 — cos?t2it4 g
2+ 2j+4 )‘
1 — cogitit2g
Z Z b; 2bj QTH'] 1 COs . 1-cos™770
Oy i+i+
[(m—1)/2] [k/2] o
Z Z Paiv1.2bos1r Y Z Vitj+1,s°
i=0  j=0
[m/2] [k/2] N
sin((2s 4+ 1)0) + Z Z bai.abaj 12t
i=0 j=0
= i+l
(5i+j+1,09+ Z Bitj+1,s Sin(239)>+
s=1
[kz:ﬂ] [kf boi1b 2i+2j-11 — cos2it2i+2 g
2i,10251T ' »
s 2 + 2 + 2

Now using the non-zero formulae in the ap-
pendix we conclude that Fi)(r) is equal to

[(m—1)/2] [m/2]
Z Z p1agydn; o2 4

[(n 1)/2] [m/2] [(m—1)/2]

244+2i4+2j+1
g g g [2a2t11b2; 2baj 41 22t AT 4
=0 =0  j=0

m [n/2] [m/2] [(n—1)/2]

Z Z pabe acoir 2 Z Z Habot 2C2i41-

t=0 =0 1=
[m/2] [k/2]

P22y Z Z pisbos adni 1r 2214
t=0 i=0
m [(k—1)/2]

Z Z pebe 2dai1 1T+

=

[m/2] [(n— 1)/2] [((m—1)/2]
o

[(n—=1)/2] [m/2
k

24 4+2i4+2j+1
[i7bot 2a2;+1boj 1 or X THTAIT 4

Z Z (18by 22+ 1baj o TET 4

]
t=0 =0 7=0
[m/2] [(m—1)/2] [k/2]

24+2i42j—1
Z Z Zﬂgb2t,2b2i+1,252j,17" ey
t=0 J

1=0



m [m/2] [k/2]

Z Z Z H10bt,2b2; 2025, rit2it2i=2,

t=0 =0 j=0
(k/2] [m/2]

Z Z p11b2g 1da; o TET

t=0 =0
[k/2] [m/2] [(m—1)/2]

24+2i42j—1
DTN D paobaabaigboypaer® I,
=0

i=0  j=0
where the constants pu; for i =1,...,
1,7
0 OF
Now we compute ya(r, w)a—(r, W) dip. We
0 T

o
or

12 depend on

first note that y;(r, ) (r,1) is equal to

[(n—1)/2] [(n—1)/2] o
Z Z a2i+1<2j—|—2)a2j+1r21+2]+3_

i=0 j=0
i+1
Z i cosP T ap(1 — cos? 1) sin((2s + 1))+
[(” 1)/2] m i+1

Z Zazmjb AR Zv scos’ 1)

=

[(n— 1)/2] [k/2]

Z Za2i+12jb2j,1'
=0  j=0

sinsin((2s + 1)) +

i+1
p2it2tl Z Fis cos@ e sin((2s + 1)¢h)+
=0
m (”_1)/2] b i )
Z Z Jagj1r (1 — cos™ ! y)-
=0 j=0
2j+1 B
cos™ (1 cos¢+zz +1 bt
=0 j=0
m [k/2]
(1— le)cosjwsmw—i—zz
i=0 j= 0
[k/2] [(n—1)/2]
211 — cos™ ) cos? T ap + Z Z baia-
4 =0 j=0
, 2i+2j+1 Z . 2j+1 — cos?
(2j + 2)agjar Z%’S cos 7T (1~ cos ).
s=0
k/2] m
sin((2s + 1)v) + Z Zsz 17bj2r® I
' i=0 j=0
S s cos? ¢ sin g sin((2s + 1))+
/2] /2]

Z Z bQ'L lzij 1T'2Z+2] 1 Z’Y COS2]+1 'l/]

=0 j=0 =

sin((2s + 1)v).

Hence using the formulae in the appendix we
o OF
deduce that / 1 (7",1/1)—8 1(r,¢) di is equal to
0 T

(n—1)/2] [(n—1)/2]

Z asis12(2] + 2)az 228,

=0 7=0
41 +5+2

Z ]+3+2 rcos(2rf)+

s=0 r=

[(n—1)/2] [(m—1)/2] -
Z a2i4+1(2j + 1)bgj 1 972 T2 +2.
i=0 j=0

i+1 Jj+s+1

Z% s Z Ujtst1,rsin((2r +1)0)+

[(n 1)/2] [m/2] i+1

2i+27+1
a21+12jb2 2T 2t § 715
=0 7=0
Jts+1

(Wj+5+10+ Z Wj—i—s—i—lm SlIl(2T(9))+
r=1
[(n—1)/2] [k/2]

, 2i4+2j+1
E E a2i+125bgj1r= T

=0 J=0
Z?—%) Yi,s fﬂ+i+1 Rj+s,r 005(2710)"’_
[m/2] [(n—1)/2]

b2i 2 24241
Z Z 2 + 1 (2] + 2)azj1r
i+j+2

(Bz;me + Z Biyjenr sin(2r0) )+
[(m=1)/2] [(n— 1)/2]

baiy1,2
20+ 2

S g sin((2r + 1)0)+

ii bio Hj1<1cosj+19
it 177

(2] + 2)agj1r* T2,

i=0 j=0 Jrl
1 — cos'tit29 /2l [kz:/Z] b2i,2 2ib 2i4+2j—1
- 1T

12 2o 2 21’—}—1‘]2]’

i e
<Bz'+j+19 + ) Birjrin Sin(27”9)> +
[(m—1)/2] [1/2] b;ﬂ ) i

7 2 +275
Z 22 +22]b], e ;%ﬂﬂr
[k/2] [(n—1)/2]

sin((2r +1)0) + Z Z b22 127 +2) a’2j+1

+1 ]+s+2
2042541 A
pAtaT g Yi,s g Rjisy2,r cos(2rf)+

s=0 r=1



(k/2] [m/2] i+1
Z Z bo; 12]b2j 27"21+2j ! Z Yi s< j+s+19+

=0 j5=0
Jts+l [k/2} [(m—1)/2]

Z Wj+5+17r Sll’l<27”0)) + Z Z b2i,1'

—1 i=0  j=0
ol J+s+1

(2] + 1)bajp1,0r* % 2%8 Z Ujtstir

s=0 r=1
[k/2] [k/2]
sin((2r +1)0) + Z Z bi127b2j, N aar s
=0 5=0

i+1 JAs+1

2%78 Z Rjys ., cos(2rf).
s=0 r=1

Hence using the zero formulae in the appendix
we compute F2(r) and we obtain that it is equal
to

2w aF

oFy
o 0.0) [ S o) s,

and this integral is

=
i
_
=
~
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2tit2j
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v3bat2a2i11b2j 11,27
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Il
o
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I
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WE

+2i42j
Z vaby 22 41boj o TH T 4
i=0  j=0
2] [(n—1)/2]
+2i42j
Z Vsbt 2boi oagj1rt T 4
=0
1)/2] [(n—1)/2]
Z Vgbat 2b2it1,2a2j 117
Jj=0

SIM: L
=1 3
P

2t4+214-254+1
t+2+]++

(]

“
i
o
~
MS.
=1

~
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NE
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i
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N
)

t+2i+2j-2

s
Mz

vgby 2b2; 102 21

]

.
I

~
N
=
~ O
S

j=
m—1)/2]

2+2i+2j—1
E v10b2¢,202;,1b25 11,27 T4
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where the constants v; for i =1,...,
t,i,]. |

2 +it2j—2
V11bot 1b; 2boj ot TR 24

2+2i4+2j—1
V1221024 202 11 07" T T T,
t=0 i=0  j=0

12 depend on

Appendix: Formulae

In this appendix we recall some formulae that will
be used during the paper, see for more details
[Abramowitz & Stegun, 1964]. For ¢ > 0 we have

27 27
/ cos®t1 9sin® 0 do = / cos' O sin 0 df =
0 0

2
/ cos? 1 9 de =0,
0

1 2

— cos® 0 db = «;
27T 0

where ; is a non-zero constant,

0 . % .

, 1 24 1 21
21 .
/OCOS ¢d¢_22i<z)9 22izl:1<z'+1>

1 7
7 sin(200) = B;of + > Biasin(200),
=1

4 ) .
. 1 2 +1) 1
2i+1 doé = .
/OCOS ¢ d¢ 221';;(@'—1)21“

sin((20 +1)6) = > vigsin((21 + 1)6),
1=0
i 1 i+1
/0 cos gbsuuj)dqb:m(l—cos 0),
(% ] i+s
/ cos? P sin((2s54+1)Y) dyp = Z Py cos((2r+1)0),
0 r=1
0 i+s
/ cos 1) sin(2s1)) dip = Z Qits,r cos(2r0),
0
6 ] i+s+1
/ cos® 1 sin((2s41)y) dip = Z Ri s cos(2r0),
0 r=1
0 i+s
/ cos? T 4 sin(2s1p) dip = Z Titvsrcos((2r+1)6),
0 r=1



0
/ cos? 4 sin 1) sin((2s + 1)y) dyp =
0 i+s+1
> Uipsiresin((2r +1)6),

r=1

0
/ cos? 1 4 sin 1) sin(2sy) dy =
0 its+1
Vits+10 + Z Vits+1,rsin(2r0),

r=1

6 .
/ cos?! 1) sin ¢ sin((2s + 1)y) dyp =
0 its+1
Wits+10 + Z Witsti,r sin(2r0),

r=1

0
/ cos? 1) sin 1 sin(2s)) dyp =
0
i+s
Z Zitsrsin((2r 4+ 1)0),

r=1
2m .
/ cos’ 0sin 6 cos(j0) df =
027r
/ cos® @ cos((27 +1)6) db =
0

2m
/ cos®*1 0 cos(250)d0 =0, j € Z
0
2m )
/ cos® § cos(2j6) dd = D; ;,
0

2w )
/ cos? ™ 0 cos((2j + 1)0) df = E; ;,
0

where D; ;, F; ; are nonzero constants,

2
0 cos' Hsind df = G;,

2w )
0 cos’ 0dh = F,
0 0

where F;, GG; are nonzero constants,

27
/ cos? 1 @ sin @ sin((20 + 1)0) df
0

2m )
/ cos? @ sin@sin(200) dd =0, >0,
0

2m
/ cos' Osin((21 +1)6) df =
0

2
/ cos’' fsin(210)df =0, 1>0,
0

12

2
/ 0 cos® 1 0 dp =
027r
/ cos’ @ sin? fsin((21 + 1)0) do =
0

2w
/ cos’ fsin? fsin(200) df = 0, 1> 0,
0

1 2

cos? @sin fsin((20 + 1)0)df = C;;, 1> 0,

2770

1

2
— cos® 1 fsin O sin(210) df = K,
2 0 ’

[>1,
where C; ; and K;; are nonzero constants,
0,

2
/ cos' @ sin 0 sin(r6) sin(s6) df = r,s € N.
0

In the remainder formulae r, s € Z:

2m )
/ cos® L @ sin((2r + 1)6) sin((2s + 1)8) df = 0,
0

2
/ cos®™*1 9 sin(2r) sin(2s6) df = 0,
0

2m
/ cos® @sin((2r + 1)0) sin(2s0) df = 0,
0
1 2 o ) .
o cos” @sin((2r+1)0) sin((2s+1)0) db = A, s,
T Jo
1 27 o ) '
— cos” §sin(2rf)sin(2s0) df =T'; ;. s,
2 0

2m
/ cos® T @ sin((2r + 1)) sin(2s0) df = Ty .,
0

where A; 5, I'; . s and T, s are non-zero constants.
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