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Abstract 3-class association schemes are used to construct binary self-dual
codes. We use the pure and bordered construction to get self-dual codes start-
ing from the adjacency matrices of symmetric and non-symmetric 3-class asso-
ciation schemes. In some specific cases, we also study constructions of self-dual
codes over Zj. For symmetric 3-class association schemes, we focus on the rect-
angular scheme and association schemes derived from symmetric designs.
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1 Introduction

Self-dual codes are an important class of codes over both fields and rings.
There are numerous reasons for this. Not only they are interest in themselves
as objects in coding theory but they have important connections to algebra,
number theory and combinatorics. For example, self-dual codes over Zj have
interesting connections to invariant theory and also to unimodular lattices
and modular forms, see [1] and [16] for complete descriptions of these con-
nections. Additionally, self-dual codes have had many interesting connections
to combinatorics. Most famously, self-dual codes were fundamental in proving
the non-existence of the projective plane of order 10 [14]. A connection from
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self-dual codes to combinatorial designs has also been used in cryptography to
construct secret sharing schemes [4].

Construction techniques for self-dual codes have always been of interest.
Recently, several new ideas for constructing various types of self-dual codes
have appeared. For example in [2], a construction was given to construct self-
dual codes with a particular automorphism. In [13], a construction of self-dual
codes over the family of rings Ry is given which is then used to construct
binary self-dual codes. Very general versions of the building up construction
of self-dual codes were given in [7] and [6]. New classification techniques have
also been given in [3]. Additionally, combinatorial objects have been useful
in the construction of self-dual codes. For example, in [5], a construction of
self-dual codes from any symmetric design was given. In [8], self-dual codes
were constructed from 2-class association schemes. In this paper, we extend it
by constructing self-dual codes from 3-class association schemes.

We begin with some definitions from coding theory and then give some
definitions from the theory of association schemes. In Section 2, we study
how self-dual codes can be generated from the adjacency matrices of a 3-
class association scheme. This can be done by using two different methods
which we call pure and bordered constructions. In Section 3, we obtain the
conditions under which we can get binary self-dual codes from non-symmetric
3-class association schemes. For a particular example, we also study the values
of k such that we can obtain self-dual codes over Zj. Section 4 is devoted
to binary self-dual codes from symmetric 3-class association schemes. Since
the results are quite general, we focus on two kinds of important symmetric
association schemes: the rectangular scheme and association schemes derived
from symmetric designs. Again, we also mention conditions on k such that
self-dual codes over Zj, can be obtained.

1.1 Self-dual codes

Let Zj denote the ring of integers modulo k. A code of length n over Z; is
a subset of Z} and the code is said to be linear if it is an additive subgroup
of Z}. The Hamming weight of an element in Zj is the number of non-zero
coordinates and the minimum weight of a code is the smallest Hamming weight
of all non-zero elements. For any undefined terms from coding theory see [15]
or [10].

Given two elements, © = (x1,...,2,) and y = (y1,...,Yn) in Z}, we con-
sider the inner product

n
Ty = Z:Ezyz
i=1

We define the dual code C* of a code C with respect to the above inner
product, that is O+ = {w | w-v = 0, Yo € C}. The code is said to be self-dual
if it is equal to its dual and self-orthogonal if it is contained in its dual. A
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self-dual code is Type II if the weight of each of its elements is a multiple of
2k. We refer the reader to [17] for a complete description of self-dual codes.
For a linear code C over Zj, we say that a matrix GG, whose rows are
codewords, generates C' if C' is equal to the linear span of the rows of G. Such
a matrix is usually called a generator matriz if its number of rows is minimal.
In this paper we always consider linear codes and we are mainly interested
in binary linear codes, that is, the case k = 2.

1.2 Association schemes

Let X be a finite set, |X| = v. Let R; be a subset of X x X, Vi € T =
{0,...,d},d > 0. We define ® = {R;},.;. We say that (X,R) is a d-class
association scheme if the following properties are satisfied:

(i) Ro ={(x,z): 2z € X} is the identity relation.

(ii) For every z,y € X, (z,y) € R; for exactly one i.

(iii) Vi € Z, 34 € T such that RY = R;, where R = {(z,y) : (y,z) € R;}.
(iv) If (z,y) € Ry, the number of z € X such that (z,z) € R; and (z,y) € R,
is a constant pfj.

The values pfj are called intersection numbers. The elements x,y € X are
called it" associates if (z,y) € R;. If i =4’ for all i then the association scheme
is said to be symmetric, otherwise it is non-symmetric. The association scheme
(X, R) is commutative if pfj = p?i, for all 4,4,k € Z. Note that a symmetric
association scheme is always commutative but the converse is not true.

The adjacency matrix A; for the relation R; for ¢ € Z, is the v X v matrix
with rows and columns labeled by the points of X and defined by

(Az)%y - {0, otherwise.

The conditions (¢)-(iv) in the definition of (X, R) are equivalent to:

(i) Ap = I (the identity matrix).

ii) > ,c7 Ai = J (the all-ones matrix).
(iii) Vi€ 7,34 €T, such that A; = A7
(IV) VZ,] € I, AiAJ = kgl-pZAk

If the association scheme is symmetric, then A; = AT for all i € Z. If the
association scheme is commutative, then A;A4; = A;A;, for all ¢,5 € Z. The
adjacency matrices generate an (n + 1)-dimensional algebra A of symmetric
matrices. This algebra is called the Bose-Mesner algebra.

Higman [9] proved that a d-class association scheme with d < 4 is always
commutative, meaning that p; = pf;, for all i, 5,k € Z.
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2 3-class association schemes and self-dual codes

Let (X,R) be a 3-class association scheme. The adjacency matrix for Ry is I
and the adjacency matrices for Ry, R, and R3 are Ay, Ay and J—1— A, — A,
respectively.

Lemma 1 If (X,R) is a 3-class association scheme then the following equa-
tions hold:

AlJ = JA1 :p(l)l‘L AQJ = JA2 :p82J,
A1Ay = AsAy = plyd + plaAr + plaAs +piy (J — 1 — Ay — As).

Note that the number of ones per row (or column) in Ay is pYy, Aa is pJy and
Az is pYs.

Let Ag, A1, As, Az be the adjacency matrices. We describe the following
construction which we shall use in our construction of self-dual codes. For
arbitrary values of 7, s,t,u € Zj, let

Q (r,s,t,u) =rAp + sA; +tAs + uAs
ZTI+$A1+tA2+U(J—I—A1—A2)
=(r—u)l+(s—u)A+ (t—u)As + ul. (1)

We write @ for Q (r, s,t,u). We define two different methods of constructing
self-dual codes, the pure and bordered construction. In both cases, the gener-

ator matrices are defined by using the matrix @. In the pure construction, the
generator matrix is

P(r,s,t,u) = (1] Q).
In the bordered construction the generator matrix is

100...0alb...b
0 c

AN )
of ¢

B(r, s, t,u) =

Codes generated by P(r,s,t,u) and B(r, s, t,u) have length 2v and 2v + 2
respectively. Thus to construct a self-dual code we need only make it self-
orthogonal.

For the code generated by P(r, s,t,u) to be self-orthogonal we need

Il |" =o.

Namely we need QQT = —1.
For the pure construction to give a Type II code we need the inner product
of any row with itself to be 0 (mod 2k), that is we need

L4724+ 820 + t2pSy + u?pl; =0 (mod 2k).
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For the code generated by B(r, s, t,u) to be self-dual we need the following:

1+ a? +vb* =0, (2)
ac + b(r + spiy + tphy + upzz = 0, (3)
I+27+QQT =o. (4)

The first equation is the inner product of the top row with itself. The second
is the inner product of the top row with any other row, and the third ensures
that the other rows are orthogonal to each other.

We write P and B for P (r, s,t,u) and B (r, s,t,u), respectively.

3 Self-dual codes from non-symmetric 3-class association schemes

Let (X, %) be a 3-class association scheme. If it is non-symmetric then we can
order the relations such that Ry = R and Rj is a symmetric relation. The
association scheme is uniquely determined by R;. If we denote the adjacency
matrix for R; by A then the adjacency matrices for Ry, Ry and Rs3 are I, AT
and J — I — A — AT respectively.

The following lemma is well known, see [12] for example.

Lemma 2 If (X,R) is a non-symmetric 3-class association scheme then the
following equations hold:

AJ =JA = kJ,
AAT = ATA= kI + XN(A+AT) +pu(J—T—-A-AT),
A2:aA+ﬁAT+’y(J—I—A—AT),

where k = ply = 3y, X = ply = pyy, 1 = ply = P31, @ = p1y, B = pi; and

v = p3,. Moreover, « = X\ and k is the number of ones at each row and at
each column of A.

Related to a non-symmetric 3-class association scheme (X, #) we have the
parameters v = |X| and &, A\, u, o, § and v as in the above lemma.

If (X, R) is a non-symmetric 3-class association scheme then the matrix @
designed in Equation (1) can be written as

Q=(r—u)I+(s—u) A+ (t—u) AT +uJ. (5)

3.1 Pure construction
Theorem 1 Let C be the binary linear code generated by P. The code C is
self-dual if and only if one of the following holds:

(i) s£t; KEN=1+u+p; p=uv.
(ii) s=t;r=u; s=u or A\=p; uww=0.

All of the operations are over Zs.
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Proof From Equation (5) and Lemma 2

QQ" = [r+u+(s+t)(r+ )1
H s+ +ut X+ p) + (s +u)t +u) A+ B)] (A+ AT)
+ [(s +t)p + uwv] J.
It is clear that, for zo, 1, x2, 3 € Za, £l + 1A+ 29AT +25J = I if and only

ifzg=1and 21 = 29 = £3 = 0. C is self-dual if and only if QQT = I which
gives the following equations over Zs:

rtu+t(s+t)(+p) =1,
(s+O)r+u+A+p)+ (s+u)(t+u)(A+8) =0,
(s+t)p+uv=0.

If s # t, the equations reduce to condition (i). If s = ¢, then the equations
reduce to condition (ii).

If we write w = r + u € Zo, then we obtain the possible values of () such
that C is self-dual.

Corollary 1 Let C be the binary linear code generated by P. The code C' is
self-dual if and only if one of the following holds:

(i) Q=wl+ B, with py =X+ w =0 and X\ # k; or
(ii) Q=wl+ B+ J, withuy= +w=v and \ # k; or
(iii)) Q=1+ A+ AT +uJ with A\ = B and uwv = 0; or
(iv) Q =1+ uJ with uv = 0.

Where B stands for A or AT and the equalities are over Zs.

Proof Cases (i) and (it) correspond to case (i) in Theorem 1 and cases (i)
and (iv) correspond to case (ii) in Theorem 1.

Corollary 2 Let C be the binary linear code generated by P. The code C is
Type 11 if and only if one of the following holds:

(i) Q=wlI+B, p=XA4+w=0,\#Kk andw+ k=3 (mod 4); or

(ii) Q=wl+B+J, p=Atw=v, \#Kk andl+v=r+w (mod4); or
(iii)) Q =1+ A+ AT; X\ = and & is odd; or

(iv) Q=T+ A+ AT +J; X\ =B and v is even; or

(v) Q=I+J andv=0 (mod 4).

Where B stands for A or AT and the equalities are over Zs.
Proof The result is obtained by taking into account that a binary self-dual
code is a Type II code if and only if all the rows of the generator matrix have

doubly-even weight. Then, we compute the number of ones in any row of P
for all different values of @ obtained in Corollary 1:

(i) P has 1+ w + Kk ones per row.
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(ii) P has 1+ v — w — K ones per row.

(iii) P has 14+ 1+ 2k = 2(k+1) ones per row. Note that 2(k+1) =0 (mod 4)
is equivalent to x odd.

(iv) P has 1 +v — 2k — 1 = v — 2k ones per row. Note that v must be even if
C is self-dual, hence the condition v = 2x (mod 4) always holds.

(v) P has 1+ v — 1= v ones per row.

Ezample 1 Let v=0 (mod 3) and

v 2v
Xi=49-=,...,——1
1 {37 73 }7

2
XQ_{U,...,U—].}.
3

Let X = XoU X7 U X5, we define the following relations:

ROZ{(xax)|$€X}v
R1 = (X() X Xl)U(Xl X X2)U(X2 X X()),RQ :R,{,

2
R3 = |:Ui:0 (Xz X Xz):| — Ro.
Then, (X,R) is a 3-class non-symmetric association scheme with parameters:

K:uzﬁzg, v=0 and AX=0. (6)
Proposition 1 Consider the association scheme of Example 1. The binary
linear code C generated by P is self-dual if and only if one of the following
holds:

(i) Q=I+B+J andv=3 (mod 6). In this case C is not a Type II code.
(ii) Q=1+ A+ AT +uJ for some v and v =0 (mod 6). Moreover C is a
Type II code if and only if u = 1.
(iti) Q =1+ud for someu andv =0 (mod 6). Moreover C is a Type II code
if and only ifu=1 and v =0 (mod 12).

Where B is A or AT,

Proof We examine the different possible cases in Corollary 1.

If @ = wl + B (where B is A or AT) the construction does not give a
self-dual code since we have yu = k and A = 0 in Equation (6) and for a code C
generated by @ = wl + B to be self-dual, @ has to satisfy case (i) in Corollary
1.

If @ = wI+ B+J, then from case (i¢) in Corollary 1 we know that y = A+w
(mod 2) and A # £ (mod 2), combined with p = x in Equation (6) we get
w = 1. Since A = 0, we obtain

v=p=pF=v/3=1 (mod 2).
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Since v = 0 (mod 3), the conclusion is that for v =3 (mod 6), C is a
self-dual code. Assume now that C is a Type II code, then v = k (mod 4)
by (ii) of Corollary 2. But k¥ = v/3 in Equation (6) would imply v = v/3
(mod 4), but this is impossible for v =3 (mod 6), which corresponds to (%)
in Proposition 1.

If Q =14+ A+ AT 4+ uJ, then from case (i7) in Corollary 1 we need
A= (mod 2). Since A = 0, by Equation (6), we obtain v/3 =0 (mod 2).
Combined with v = 0 (mod 3), we have v = 0 (mod 6). Note that now
the condition uv = 0 (mod 2) in (iii) of Corollary 1 is always satisfied. If
u =0, then C would be self-dual for x odd, but « is even by Equation (6). If
u = 1, then the condition v even is already satisfied. It corresponds to (i7) in
Proposition 1.

Q = I gives a trivial self-dual code, which is not of Type II.

If @ =1+ J, then C is self-dual for v even, therefore v =0 (mod 6). By
Corollary 2, C'is of Type ITif v =0 (mod 4), hence v =0 (mod 12), which
corresponds to (#i7) in Proposition 1.

Ezxample 2 We take the specific case v = 6 from Example 1. The parameters
are

1S3

p?gnglzpi’gzp%l:p%:p%g: 3 =2,
p%3:p%1:p§3:p§2:pg3:%_1:1a
p§3:§_2207

Pro =1l = 1(k=0,1,2,3),

pfj =0 for the rest.

So, forv =6,k =pu = =2and a = X =0, the adjacency matrix for R;
is
010100
001010
000101
000011
101000
110000

Take Q = I + A+ AT then the generator matrix P is

110111
111011
011111
101111
111110
111101

P=|1

The code generated by P is a self-dual code but not a Type II code. The
minimum weight of the code is 4.

Using the parameters given in Example 1, the equalities in Lemma 2 be-
come:
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AJ=JA= 3],
AAT:ATAzg(J—A—AT)
. 2 T
A= AT (A7) = ()7
24 (42)" =5 (A4 A7),
Following Example 1, we will now consider codes generated over rings Zy,

with k& > 2. Hence we need QQ7 = —I so that the code generated by P is a
self-dual code. From Equation (7) and Equation (5)

QQT:(T—u)2]
+ [(r—u)(s+t—2u)+%[(s—u)(t—u)—(s—u)Q(t—u)QH (A+ A7)

+ [u {2(r—u)+2§(s+t—2u)+uv} Jrg [(sfu)2+(t7u)2”<].

A (7)

v
3

We shall use the following classical result on number theory.

Lemma 3 Let k = 2%p{" ---p&r be the prime factor decomposition of k. If
—1 is a quadratic residue modulo k, then

ap<1l and p;=1 (mod4) Vi=1,...,r

Proposition 2 Following Example 1, let C' be the code generated by P over
Zy,. If C is a self-dual code then

ap<1l and p;=1 (mod4) Vi=1,...,r
where k = 2%0pT* - p& is the prime factor decomposition of k.

Proof We have that (r — u)2 = —1 over Zj. Thus, the result holds applying
Lemma 3.

Therefore, the code C generated by P cannot be self-dual over, for example,
Z37 Z47 Z67 Z77 ZSa ZQa lea ZlQ; Z147 Z157 Zlﬁ'

3.2 Bordered construction

For b = 0 we will always have a code, generated by B, with minimum weight
2 which does not lead to any interesting results, hence we confine ourselves to
codes generated by B for b = 1.

Theorem 2 Let C' be the binary linear code generated by B, with b= 1. The
code C' s self-dual if and only if a = 0, c = v = 1 and one of the following
holds:

(i) s#t; r=r#\ p#u.
(i) s=t;r=0,u=1, (t+u)(A\+3)=0.

All of the operations are over Zs.
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Proof From Equation (5) and Lemma 2

QQT =[r+u+(s+t)(k+p]I
F s+ +ut A+ p) + (s +u)(t +u)(A+ B)] (A+ AT)
+ [(s +t)p + uwv] J.
It is clear that, for zg, 1, x2, 3 € Za, xol + 1A + 22 AT + 23J = I +¢J if
and only if xg = 1, 1 = 2o = 0 and z3 = c¢. C is self-dual if and only if
QQ" = —I — c2J which gives the following equations over Zs:
r+u+t(s+t)(+p) =1,
(s+O)r+u+A+p)+(s+u)(t+u)(A+8) =0,

(s+t)p+uw =c. (8)
Also from Equations (2) and (3) we have
1+a+vb=0,
ac+b(r + sk +tk +u(v—1)) = 0. (9)

If s # t, then Equations (8) and (9) reduce to condition (i). If s = ¢, then
the equations reduce to condition (ii).

Corollary 3 Let C be a binary linear code generated by B, with b = 1. The
code C' is self-dual if and only if one of the following conditions hold:

(i) Q=B, witha=0,v=1, k=0, u=1,c=1and A=1; or

(ii) Q=1+B+J, witha=0,v=1, k=0, u=0,c=1and A=1; or
(iti) Q=1+ B, witha=0,v=1, k=1, u=1,c=1 and A=0; or
(v) Q=B+ J, witha=0,v=1, k=1, u=0,c=1 and A=0; or
(W) Q=T+A+AT +J witha=0,v=1,c=1and \+B=0; or
(i) Q=I+J witha=0,v=1and c=1.

Where B stands for A or AT and the equalities are over Zo and the congruences
are modulo 2.

Proof The conditions are obtained for different values of r, s, ¢, u on Theorem
2.

Corollary 4 Let C be a binary self-dual code generated by B, with b =1. The
code C is Type II if and only if one of the following conditions hold:

(i) Q=B, witha=0,v=3, k=2, u=1,c=1and A\=1; or

(ii) Q=1+B+J, witha=0,v=3, k=0, u=0,c=1and A\=1; or
(iti) Q=1+ B, witha=0,v=3, k=1, u=1,c=1 and A =0; or

(iv) Q=B+ J, witha=0,v=3, k=3, u=0,c=1 and A =0; or

(W) Q=T+A+AT +J witha=0,v=1, k is even, c=1 and A\ + 3 = 0; or
(vi) Q=14+ J witha=0,v=1and c=1.

Where B stands for A or AT and the congruences are modulo 4.
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Proof We know that a binary self-dual code is of Type II if and only if all the
rows of generator matrices have doubly-even weight. Hence, we compute the
number of ones in any row of B by considering the different cases of @) given
in Corollary 3

)
)
(iii) Bhas 1+ v or 14+ 1+ 1+ K ones per row.
(iv) Bhas 14+ v or 1+ 1— K+ v ones per row.
) Bhas1+wvorl1+1—1—k—k-+ v ones per row.
)

Ezxample 3 We take the specific value of v = 9 in Example 1.
The parameters are

P?z :p% :sz, :p§1 :pzl :Péz =3=3,
P13:p31:P23:P32:p33:%_1:2a
3 _ v _

p33—§—2—17
pZo:plgkzl(kZOalaQ,g)v

pfj =0 for the rest.

wle

So, forv=9,k=pu=p=3and a = XA = 0. The adjacency matrix for R;
is
010010010
001001001
100100100
010010010
A=1001001001 |,
100100100
010010010
001001001
100100100

Take @Q = I + A, then the generator matrix B is:

1[0...0[0]1...1

T i Q
0 1
The code generated by B is a self-dual code, but not a Type II code.
4 Self-dual codes from symmetric 3-class association schemes
Let (X, R) be a 3-class association scheme. If it is symmetric then all adjacency

matrices are symmetric. The theory presented for a general 3-class association
scheme applies directly to a symmetric 3-class association scheme.
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4.1 General results

Theorem 3 Let C be the binary linear code generated by P. The code C is
self-dual if and only if the following holds:

(r4u) + (s +u) (pY1 + ) + (E+u) (Phe +152) = 1

(P + 1) (5 + ) + (pho +PBo) (t+u) =0,

(P11 +P%1) (s +u) + (P53 + b)) (E+u) =0

wo + (s +u) piy + (¢ +u) piy = 0. (10)

b

b

Proof From Equation (1) and Lemma 1, we have

= [(r+u) + (s + U) (Pn +ph) + (t+u) (pho +pdo)]
+ [(001 +p%h) (s + (pho +132) (t+u)] Ay
+ [(p11 +p%h) (s + (p3a +P32) (t+u)] Ag

+ (uv + (s + )p11+(t+u)p22)J.

It is clear that, for xg, z1,za, x5 € Zo, ol + 21 A + 22 AT + x3J = I if and
only if zg = 1 and x; = x9 = 23 = 0. C is self-dual if and only if QQT = I
which gives Equation (10) over Z.

Corollary 5 Let C be the binary self-dual generated by P. The code C' is Type
11 if and only if the following holds:

(i) Q=T+ A1+ Az +J, v—pd —p3=0.
(ii) Q@ = Aa, p3y = 3.
(iii) Q=1+ A +J,v—pd; =0.
(iv) Q= Ay, p}y =3.
(v) Q=T+ Ay+J, v—pY =0.
(vi) Q@ = Ay + Az, pY + plsy = 3.
(vii)) Q=1+ J, v=0.
(viii) Q@ = A1+ Ay + J, v —pY —pl, = 3.
(i) Q=1+ Ag, p3y = 2.
() Q=A1+J,v—p} =3.
(zi) Q@ =1+ Ay, pi; = 2.
(zii) Q = Ay +J, v —phy = 3.
(ziii) Q =1+ Ay + Az, pd + 3, = 2.

All congruences are modulo 4.

Proof As mentioned before a binary self-dual code is of Type II if and only if
all the rows of generator matrices have doubly-even weight. Hence, we compute
the number of ones in any row of P by considering the different cases of Q.

(i) P has 1 —1 —p9;, —pJ; + v ones per row.
(ii) P has 1+ pJ, ones per row.
(iii) P has 1 — 1 — pY; + v ones per row.
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(iv) P has 1+ p; ones per row.

(v) P has 1 —1— p9, + v ones per row.
(vi) P has 1+ p{; + p3, ones per row.
(vii) P has 1 —1+w.

(viii) P has 1 — pY; — p9, + v ones per row.

(ix) Phas1+1 —|—pg2 ones per row.

(x) P has 1 —pY, + ¥ ONes Per row.
xi Phasl+1+ ones per row.

(xi) P p
(xii) P has 1 — p9, + v ones per row.

xiii) P has 141+ p?; + pY, ones per row.

11 T P22

For the bordered construction, as earlier, we will confine ourselves to codes
generated by B for b = 1.

Theorem 4 Let C be the binary linear code generated by B, with b= 1. The
code C is self-dual if and only if following holds:
1+a+wvb=0,
ac+ b(r + spl; + tpS, 4+ upls) = 0,
(r+u) + (s +u) (p1y +p11) + (¢ +u) (P + p3a) =1,
(P01 + 1% (s +u) + (poe +132) (t+u) =0,
(P31 + %) (s +u) + (p5s +132) (t+u) =0,
wo + (s +u) piy + (¢ +u) iy = c. (11)

All operations are over Zs.

Proof From Equation (1) and Lemma 1, we have

= [(r+u)+ (s +u) (P +p31) + (¢ +u) (p5s +132)] 1
+ [(p01 + %) (s +u) + (P2 + Pdo) (t+u)] Ay
+ [(011 + %) (s +u) + (32 + pbo) (t+u)] Az
+ (uwv + (s +u) piy + (t+u)p3y) J.

It is clear that, for xg, 21,2, 23 € Za, ol + 1A + 22 AT + 23] = I + ¢J if
and only if xg = 1, 1 = 2o = 0 and xz3 = c¢. C is self-dual if and only if
QQT = —I — c%J which along with Equation (2) and (3) gives Equation (11)
over Zs.

Corollary 6 Let C be the binary self-dual code generated by B, with b = 1.
The code C is Type II if and only if the following holds:

(i) Q=T+A1+Ay+J,a+v=3,c+v—p) —p9 =0.
(ii) Q = Az, a+v =3, c+pYy = 3.

(iii)) Q=TI+ A1+ J,a+v=3,c—pd +v=0.

(iv) Q=A1,a+v=3, c+p}; =3.

(v) Q=I+As+J,a+v=3,c—pdy +v=0.
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(i) Q= A1+ Az, a+v =3, c+pJ; +p9y = 3.
(i) Q=I1+J,a+v=3,c+v=0.
(viii) Q= A1+ Ay +J,a+v=3,c—p{ —py +v=3.
(iz) Q=1+ Az, a+v=3, c+pd =2.
() Q=A1+J,a+v=3,c—p); +v=3.
(i) Q=1+ A1, a+v=3, c+pd =2.
(zii) Q=As+J,a+v=3,c—pd+v=3.
(riii) Q =1+ A1+ Az, a+v=3, c+pi; +p% = 2.

All congruences are modulo 4.

Proof A binary self-dual code is of Type II if and only if all the rows of
generator matrices have doubly-even weight. We compute the number of ones
in any row of B by considering the different cases of Q.

asl+a+wvorl+c—1—pj; —pss + v ones per row.

(i) B has 1 1 1—phy —phs

(11)Bhas1+a+vor1+c+p220nesperrow

iii asl+a+vorl+c—1-— + v ones per row.
B has 1 1 1—pY, p

(iv) Bhas 1 +a+wv or 1+ ¢+ pY; ones per row.

v) Bhas14+a+wvor1l+c—1—p9, + v ones per row.

vi as l+a+wvorl+c+ pj; + p5, ones per row.
B has 1 Lt e+, + i

(vil) Bhas1+a+vorl+c—1+w.

iii asl4+a+vorl+c— — + v ones per row.

(viii) B has 1 1 Pl — pds p

ix) Bhas 1+a+wvor1l+c+1+pY, ones per row.

x) Bhas 1+a+wvor 1+ c—pY; + v ones per row.

(xi) Bhas 1 +a+wvor 1+c+ 1+ p? ones per row.

(xii) Bhas1+a+v or 1+ c— p3, + v ones per row.

xiii) Bhas 14+ a+vor 1+ c+1+pd, + pY, ones per row.

11 T P22

4.2 Self-dual codes from rectangular association schemes

Let us focus on the rectangular scheme n x m (n,m > 2) which is defined as
follows. Consider two sets A and B with |A| = n > 2 and |B| = m > 2. Let
X = A x B and define the binary relations over X:

ROZ{(( y), (z, ))6X2};

{(( )a( €X2}y7éy/};

={((z, ),(:c,y ) € X2z #2'};

Rg—{(( y), ('Y €X2|m7§x’andy7ﬁy’}.

(X,R) is a symmetric 3-class association scheme with parameters:
v=mnm,pl =m—1plh =n—1Lpfs = (m—1)(n—1);
ph:m*Q;p%3:p§2:n—1;p},’3:(nfl)(me);
Pl =P =m — Lipsy = n = 2ipfy = (n = 2) (m—1);
p%2=p§1=1;p31:p}33:m—2;
Pas =P =n —2=pi3 = (n—2) (m —2);
and pfj =0, for all other cases .
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Lemma 4 If (X,R) is a n X m symmetric rectangular association scheme,
then the following equations hold:

A1J = JA1 = (m— ].) J,

AsJ =JAs=(n—-1)J,

A2 =(m—1)1+ (m—2)A;,

A2 =(n—1)I1+ (n—2)As,

J? = nmJ,

AjAs = A Ay =As=J—1—A; — As.
Proof The proof follows by applying Lemma 1 to a rectangular symmetric
association scheme.

Using Lemma 4 and Equation (1) we obtain:
QR = @
- {(rfu)er(sfu)Q(mf1)+(t7u)2(n71)72(57u)(t7u)]1

+ 0w (s—w)+ (-0 (m—2) = 2(s —w) (t— )| Ay
+ [2(r —w)(t —u) + (t—u)*(n —2) —2(s — u)(t — u)] Ay
+ [uw2(r—uw)+ 2(s —u)(m — 1)+ 2(t —u)(n — 1) + unm]

+2(s — u)(t —u)] J.
(12)

4.2.1 Pure construction
Theorem 5 Let C be a binary code generated by P wusing the rectangular
association scheme n x m. The code C' is self-dual if r +s+t+u=1 and

(i) If m is even and n is odd then C is self-dual whenever r # s.
(i) If n is even and m is odd then C is self-dual whenever r # t.
(i1i) If m and n are odd then C is self-dual whenever r =1, s=t=u=0.

All of the operations are over Zs.

Proof From Equation (12) it is clear that, for xq, x1, z2, x5 € Za, ol + T1 A+
29 AT + x3J = I if and only if 29 =1 and ©1 = 22 = 23 = 0. C is self-dual if
and only if QQT = I which gives the following equations over Zs:

(r+u)+(s+u)(m+1)+(t+u)(n+1)=1,

(s+u)ym=0,
(t+u)n=0,
unm = 0.

Checking different cases for m and n, even or odd, we obtain the conditions
given above.

Corollary 7 Let C be a binary code generated by P, using the rectangular as-
sociation scheme nxm. The code is self-dual if one of the following conditions
hold:
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(i) @ =A; or Q= Ay +J and m is even.

(ii) Q= As or Q = Az + J and n is even.

(iti) Q=1+ A1+ Ay or Q=1+ Ay + As + J and m, n are even.
(iv) Q@ =1+J and m orn is even.

(v) Q=1I.
Proof Results are derived from Theorem 5 and Equation (1).

Corollary 8 Let C be the binary self-dual generated by P. The code C' is Type
11 if and only if the following holds:

(i) Q= Ar, m=0.
(i) Q=A1+J, mn—m=2.

(iii) Q = Ay, n = 0.

(iv) Q=As+J, mn—n=2.

(v) Q=T+ A1+ A, m+n=0.

(vi) Q=1+A1+As+J, mn—m—n=0.
(vii) Q=1+ J, mn=0.

All congruences are modulo 4.

Proof The code C' generated by P is of Type II if and only if all the rows of
generator matrices have doubly-even weight. Hence, we compute the number
of ones in any row of P by considering the different cases of Q.

(i) P has 1+ m — 1 ones per row.
(ii) P has 1 —m + 1 + mn ones per row.
(iii) P has 1 4+ n — 1 ones per row.
(iv) P has 1 —n + 1+ mn ones per row.
(v) Phas1+1+m—1+n—1 ones per row.
(vi) Phas1—1—m+1—n+ 1+ mn ones per row.
(vii) P has 1 — 1+ mn.

Ezxample 4 Consider a 3-class rectangular association scheme with n = 2 and
m = 3. The parameters are:

Ph=309 = 1,08 = 2;

Phi = 2033 = P32 = Lipjs = 1

P%g :Pgl = 1;p5y = O;P?f.:a =0;

Plo =5y = 1;p% = pls = 1;p33 = p3, = 0 = pis = 0;
and pfj = 0 for all other cases .

The adjacency matrices are: Ag = I,

011000 000100 000011
101000 000010 000101
110000 000001 000110
A= 000011 y A2 = 100000 » A = 011000
000101 010000 101000

000110 001000 110000
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The generator matrix for code C'is P, where @) can be taken from condition
(#i) and (#v) from Corollary 7. The code generated by matrix P is a self-dual
code.

4.2.2 Bordered construction

Theorem 6 Let C' be a binary linear code generated by B, with b = 1, using
the rectangular association scheme n x m. The code C' is self-dual if and only
if

Q=I1+J,a=0,c=1,
with m and n odd. Moreover the code C' is Type II if and only if nm = 3
(mod 4).

Proof From Equation (12) it is clear that, for xq, z1, 2, x5 € Za, ol + 1A+
29 AT 4+ 23J =T+ cJifand only if xg =1, 2y = 2o = 0 and 23 = ¢. C is
self-dual if and only if QQT = —I — ¢%.J which gives the following equations
over Zsg:

(r+u)+s+u)ym+1)+(t+u)(n+1)=1, (13)
(s+u)m=0,
(t+u)n=0,

Also from Equation (2) and (3) for a rectangular 3-class symmetric asso-
ciation scheme we have
1+a+mn=020,
ac+r+sm+1)+tn+1)+u(m+1)(n+1) =0.

(14)
where nm = v. Since (s +u)m = 0 and (t +u)n = 0, Equations (13) and
(14) can be reduced to

r+s+t+u=1,
aunm +unm + 1= 0. (15)
We observe that a = 1 does not satisfy Equation (15) thus for a = 0 the above

equations give usc=1,nm =1, s =t =wu =1 and r = 0 . Therefore by using
the values of r,s,t,u we get Q =1+ J.

Letp:r—u oc=s—wuand 7 =t — u. We can write Equation (12) as
=[PP+’ (m—-1)+7°(n—1)—207] I
+[2pa+a m—2)—20’7’]A1
+ [2o7+ 7% (n—2) —207] A4
+ w20+ 20 (m —1)4+ 27 (n— 1) + unm]
+ 207] J.
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For the code generated by P to be self-orthogonal we need

pPP+o(m—1)+7(n—1)— 201 = —1,
2p0 4+ 0% (m —2) — 207 = 0,
207 + 712 (n —2) — 207 = 0,
ul2p+20(m—1)+27(n—1) 4 unm] + 207 = 0.
(16)

For a code generated by B to be self-orthogonal, along with Equations (2)
and (3), we need

,02—1—0 (m—1)+ ('n 1) =201 = —1;
2p0 + 0% (m —2) — 207 = 0;
207 + 7% (n —2) — 207 = 0;
w[2p+ 20 (m — 1) + 27 (n — 1) + unm] + 207 = —c°.
(17)

Theorem 7 Let C be a code generated from a n x m rectangular associ-
ation scheme over Zjy by using the pure or the bordered construction. Let
k = 2%plt ... p& be the prime factor decomposition of k. If C is a self-dual
code, then

ap<1l and p;=1 (mod4) Vi=1,...,r (18)

Moreover, if (18) is satisfied, then there exist values of n and m such that C
is a self-dual code.

Proof Assume that C is a self-dual code. Thus, Equations (16) or (17) are
satisfied over Zj. Note that the first three equations are the same in both
cases. From these three equations, it is easy to obtain (p — o — 7)? = —1
(mod k). Hence, —1 is a quadratic residue modulo k and, using Lemma 3, it
follows (18).

If (18) is satisfied, then we can take the following values:

S
If
N

<
Do
|
I

—_
TEEEE

S)

o

=
T2

o= 2p

With these values, the first three equations in (16) or (17) are satisfied.
The fourth equation becomes:

2u(p+u) =0 (mod k), or 2u(p+u)=—c* (mod k);

respectively in (16) or (17). Clearly, the equation has solutions in both cases.
It is also straightforward to find solutions for the Equations (2) and (3), as we
can see in the following example.
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Ezxample 5 Consider the 3-class rectangular association scheme with n = 2
and m = 6. The parameters are:

Pl =509 = 1;p3 = 5;

1%1 = 4§2P%3 =pl=Liply =4

Pis = D31 = 5; D3y = 0333 = 0;

p?2 :pgl = 1;p§1 :p?:a = 4;p§3 :szaQ =0 :pgzz =0;
and pfj =0 for all other cases.

The adjacency matrix for Ry is:

(0111110000007
101111000000
110111000000
111011000000
111101000000
111110000000
000000011111
000000101111
000000110111
000000111011
000000111101

1000000111110 ]

The code C generated by P, with Q = 2I 4+ 4A;, is a self-dual code over
Zs.

We can generate two self-dual codes over Zs with B, using Q = 21 + 44,
witha=2 (mod 5)ora =3 (mod 5) along withb=¢=0 (mod 5).

Note that p? = =1 (mod k), 7 =0 (mod k) and 0 = 2p (mod k) in
this example.

A=

4.3 Self-dual codes from symmetric designs

At — (v,k,\) design is a pair D = (P, B) where P is a set of points, |P| = v,
and B is a collection of k-subsets of elements in P called blocks, |B| = b,
satisfying that every t-subset of elements of P is contained in exactly A blocks
of B (0 <t <k<w).Itis well known that b > v (Fisher’s inequality) and we
say that D is symmetric if the number of points and blocks coincide; that is,
v ="b.

Let D be at — (v, k, \) design. The incidence matrix of D is a v x b matrix
A whose rows are indexed by the points of P, whose columns are indexed by
the blocks of B, and with entries A, for p € P,b € B, equals 1 if p € b, and
0 otherwise. Note that if D is symmetric, then A is a square v X v matrix.

Denote by I,,, and J,, the identity and the square all-one m x m matrices,
respectively. If the size is not indicated, we shall assume that they are v x v
matrices. The following property is well known and can be found, for instance,
in [11].
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Lemma 5 Let D be a symmetric t — (v, k, \) design with incidence matriz A.
Then,

1. AAT = (k= NI + \J;
2. AJ = JA=klJ.

Let D = (P, B) be a symmetric t — (v, k, A) design. Consider Xp = PU B
and R p the relations over X:
Ry = {(z,z)|x € X};
(p,b)lp e P,be B,pebU{(b,p)lp € P,be B,p €b};
(
(

p.p)lp,p" € Pop# p' L U{(b, V)bb' € B,b £V}

Ri={
Ry ={
Rs = {(p,b)[p € P,be B,p ZbyU{(b,p)lp € P,b € B,p & b}.

From the previous definitions, it follows directly the following proposition.

Proposition 3 If D = (P, B) is a symmetric t—(v, k, \) design, then (Xp, Rp)
is a symmetric 3-class association scheme with adjacency matrices:

0 A
Ag = Iy, A= (ZTO)

J—1I| 0 0 |[J-A4A
A2_< 0 J—I>A3_<J—A7 0 )

Obtaining self-dual codes from symmetric designs is not a new topic. For
example in [18], binary self-dual codes are obtained from I + A under certain
conditions. However, our technique is quite different, since we use pure and
bordered construction from the association scheme (Xp,Rp).

4.3.1 Pure construction

Theorem 8 Let C' be the binary code generated by P using the association
scheme (Xp,Rp). The code C is self-dual if and only if one of the following
holds:

(Z) Q:I2U OTQ:12U+J2'U'

(W) Q=A1 orQ=A1+ Jo; k=1, and A\=0 (mod 2).
(i1i) Q = Az or Q = Az + Japy; v=0 (mod 2).

(iv) Q=As or Q =As+ Jap; kZA=v (mod 2).

(W) Q=ILy+ A1 or Q=1+ A1 + Jop; k=A=0 (mod 2).
(’U’L) Q:IQU—FAg OTQ:IQU+A3+J2U; k=A=v (mod 2)

Proof The binary code C' is self-dual if and only if QQT = Q? = I, (note,
from Proposition 3, that @ is a symmetric matrix). Since J2, = 2vJ, = 0
over Zs, we have that if Q% = I, then Q + Js, also satisfies (Q+ ng)Q =1y,
over Zs.

(i) If Q = Iy, clearly Q? = I5,.
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3 _ s ((k+XNI+AJ| 0
(if) f @ = Ay, Q%= 0 [CEBYERY]
even, and k is odd.
I+J)3? 0 >_<I+UJ 0

“ee _ 2 _
(iii) I Q = A, Q _< 0 |T+J)? 0 |T+oJ
only if v is even.

) = Iy, if and only if X is

) = 1211 if and

- _ [T+ + AT 0 B
(iv) If Q = 45,Q° = ( L (J+A)(J+AT)) _
(k+ NI+ v+ A)J| 0 o . B
( 0 (k+)\)l+(v+)\)J>—Ilfandonlylfk;é/\:v
(mod 2).
_ GRSV ERY 0 B _
() 1@ = Do+ A1, @ = (PRI B ) — it

and only if k£ and X are even.
. B s ((k+ A+ DI+ @w+N)J| 0
(Vi) Q= I tAs, Q7 = < 0 [CESESY ESCEDY;
Iifandonlyifk=A=v (mod 2).

In the case Q = I, + As, we have Q? = (v(;] 11(37

Iy, + A1 4+ Az + A3 = J3, we have all the possible values of @ in (i) — (vi).

=% I3,. Moreover, since

We remark that in (i), the minimum distance of the code is d = 2. In the
rest of the cases, the minimum distance is d = 2j, for some j > 2.

As corollaries, we shall determine the matrices ) for which we obtain a
binary self-dual code by the pure construction for a certain well-known sym-
metric designs such as projective planes, Hadamard designs, biplanes, and
projective geometry hyperplanes.

Corollary 9 Let D be a projective plane of order n and let v = n?>+n-+1. Let
C be the binary code generated by P using the association scheme (Xp,Rp).-
The code C is self-dual if and only if one of the following holds:

(7') Q = Iz or Q = Iy + Joy.
(i) Q= A3 or Q@ =As+ Jo,, n=1 (mod 2).
(iti) Q = Isy + As or Q = Ioy + Az + Jo,, n =0 (mod 2).

Proof A projective plane of order n is a 2 — (n? +n + 1,n + 1,1) design [11].
Then, the only possible matrices ) are those obtained from items (i), (iv) and
(vi) in Theorem 8.

Corollary 10 Let D be a Hadamard 2-design of order A + 1 and let v =
4\ + 3. Let C be the binary code generated by P using the association scheme
(Xp,Rp). The code C is self-dual if and only if one of the following holds:

(Z) Q = Iz or Q = Iy + Joy.
(W) Q=A1 orQ=A1+ Jop, A=0 (mod 2).
(iii) Q = Iay + Ag or Q = Ioy + Az + Jop, A=1 (mod 2).
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Proof A Hadamard 2-design is a 2 — (4A + 3,2\ + 1, A) design [11]. Then,
the only possible matrices @ are the obtained from items (i), (ii) and (vi) in
Theorem 8.

One example of an infinite family of Hadamard 2-designs with odd A is the
family of 2 — (2"+! — 1,2 — 1,2"~! — 1) designs called Paley designs. ([11]).

Corollary 11 Let D be a biplane of order n and let v = %. Let C be
the binary code generated by P using the association scheme (Xp,Rp). The
code C' is self-dual if and only if one of the following holds:

(Z) Q = Iy, or Q = Iy, + Joy.
(ii) Q=A1 orQ=A1+ Jop,, n=1 (mod 2).
(i1i) Q = As or Q = Ay + Joyp, 1 is a square.
(iv) Q@ = As or Q = Az + Jo,, n is an odd square.
(v) Q=1+ A1 or Q =1z, + A1 + Jop, n =0 (mod 2).
(vi) Q = Iz, + As or Q = Iz, + As + Jay, n is an even square.

Proof A biplane is a 2— (%, n+2,2) design [11]. Then, the only possible
matrices @ are those obtained from items (i) to (vi) in Theorem 8. In items
(iil), (iv) and (vi) we obtain n =0or 1 (mod4),n=1 (mod 4)andn=0
(mod 4), respectively. But in these cases, v is even, hence n must be a square
according to the Bruck-Ryser-Chowla Theorem (see [11], for example).

Corollary 12 Let D be the design defined by the hyperplanes of dimension
n — 1 from an n-dimensional finite projective geometry PG(n,q). Let v =
q?fl. Let C' be the binary code generated by P using the association scheme
(Xp,Rp). The code C is self-dual if and only if one of the following holds:

(Z) Q:IQU OTQ:I2’U+J2’U'

(i) Q=41 or Q=A1+ Jap,n=gq=1 (mod 2).
(iti)) Q =As or Q =As+ Joy,n=qg=1 (mod 2).

(iv) Q=As or Q = A3+ Ja, ¢=1 (mod 2).
(U)Q:IQU+A3 OT’Q:IQU+A3+J2U,QEO (IIlOd?)

Proof The desing D is a 2 — (q”:;1, q;:ll, qn;;l) design [11]. Then, the only
possible matrices @ are those obtained from items (i), (ii), (iii), (iv) and (vi)

in Theorem 8.

4.8.2 Bordered construction

Using the bordered construction, recall that we require 1 + a? + 2vb = 0 (in
order that the first row be self-orthogonal). This reduces to a = 1 over Zs.
Since the first row must be orthogonal to any other, we get ac+byx = c+byx = 0,
where x denotes the number of ones per row (column) in Q. So, if b =0 then
¢ = 0 and the matrix B becomes
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B=| | : , (19)

and it would be a trivial generalization of the previous pure construction. So,
we assume that b = 1 and hence ¢ + x = 0. In order to have the remaining
rows orthogonal, we must have I», + cJaoy + QQT = 0. For ¢ = 1, this reduces
to QQT = Q? = I, + Ja,. But we have seen in the pure construction that

M| 0
@=(Thr):

for some matrix M. Therefore, it is not possible Q2 = Iy, + Jo,,. We conclude
that ¢ = 0 and x must be even.

Lemma 6 In all the cases (i)—(vi) of Theorem 8, the number of ones per row
X in Q is odd.

Proof Computing x in all the cases, we have:

(i) If Q = I3y, then xy = 1.

(ii) If @ = Ay, then x = k and k is odd.

(iii) If @ = Aa, then x = v — 1 and v is even.

(iv) f Q = Az, then x =v—kand vk (mod 2).

(v) Q=I5+ Ay, then x =k + 1, and k is even.

(vi) f Q = I, + Az, then x=v—k+1,and v=4k (mod 2).

Note that the number of ones per row of @ + J3, is 2v — x and therefore has
the same parity as .

Hence, we cannot obtain self-dual codes using the bordered construction
with b = 1.

Theorem 9 Let C be the binary code generated by B with b = 1 using the
association scheme (Xp,Rp). Then, C is not self-dual.

Proof From the previous discussion, we deduce that a = 1, ¢ = 0 and Q
should have an even number of ones per row, for C to be self-dual. In such
situation, we also had that Q2 = I. Therefore, we should be in one of the cases
of Theorem 8 but, by the previous lemma, this is not possible.
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