Metadata, citation and similar papers at core.ac.uk

Electronic Journal of Qualitative Theory of Differential Equations
Proc. 10th Coll. Qualitative Theory of Diff. Equ. (July 1-4, 2015, Szeged, Hungary)
2016, No. 18, 1-18; doi: 10.14232/ejqtde.2016.8.18 http://www.math.u-szeged.hu/ejqtde/

A system of delay difference equations
with continuous time with lag function
between two known functions

Hajnalka Péics™!, Andrea Roznjik!, Valeria Pinter Krekié¢* and
Marta Takacs?

!Faculty of Civil Engineering, University of Novi Sad, Kozaratka 2A, 24000 Subotica, Serbia
2Teacher Training Faculty in Hungarian Language, University of Novi Sad,
étrosmajerova 11, 24000 Subotica, Serbia

Appeared 11 August 2016

Communicated by Tibor Krisztin
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1 Introduction

Let R be the set of real numbers and R the set of positive real numbers. Assume that ¢y > 0
is a given real number, # is a positive integer and A, B : [tp,o0) — R"*" are given n X n real
matrix valued functions. Let o : [tp,00) — R be given such that o(t) < t holds for all ¢ > ¢,
and lim¢_, 0 (t) = oo.
This paper discusses the asymptotic behavior of solutions of the system of difference equa-
tions
x(t) = A(t)x(t —=1) + B(t)x(o(t)), t=>to (1.1)

with the initial condition
xP(t) =¢(t) for t 1 <t<ty, t_;=min{inf{o(s):s>ty},toc—1}, (1.2)

where ¢ : [t_1,t0) = R", ¢(t) = (¢1(t), p2(t), ..., ¢u(t)) is a given function.
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Definition 1.1. By a solution of the system (1.1) we mean a vector function x? : [t_1,00) — R"
which satisfies initial condition (1.2) for t_; <t < to and satisfies the system (1.1) for t > ty.

The asymptotic behavior of equation (1.1) in the scalar case has been investigated by Med-
ina and Pituk [8], Péics [14], Philos and Purnaras [15], Zhou and Yu [17]. For the system case
with discrete arguments see Cermak and Jansky [2], Gilyazev and Kipnis [3], Kaslik [4], Mat-
sunaga [7], and the references therein. Papers by Blizorukov [1], Pelyukh [10,11], Korenevskii
and Kaizer [5, 6], Shaiket [16] generalise some fundamental results for solutions of difference
equations with continuous arguments. Results given here generalize results in [12] and [13]
in the sense of their application for some new type of lag functions.

For given positive integer m, t € R4 and a function f : R — R we use the standard

notation
t—1 t

and
t—1
th(r) =0, Y flO=ft—m)+ft—m+1)+---+f(t).

We shall say that the infinite product [T;2; ax converges if only a finite number of the factors a;
are zero and if n is an integer with the property that a,, # 0 for all m > n, then the sequence
An, Aplys+1, ApAy+1An42, ... converges to a limit distinct from zero. If an infinite product does
not converge we shall say it diverges.

If [T~ an represents a convergent infinite product, then it is convenient to write it in the
form TT;~; (1+by,), where a, = 1+ b, and lim, . b, = 0. If the product [T, (1 + |bu])
converges, we shall say that the product of [T, (1 + by,) converges absolutely.

We can find the following theorem in [9], as Theorem 3 on page 45.

Theorem A. A necessary and sufficient condition that the infinite product [T, (1 + b,) converges
absolutely is that the infinite series ) _,_; b, converges absolutely.

The difference operator A is defined by
Af(H) = f(E+1) = f(b).
For a function g : Ry x Ry — IR, the difference operator A; is given by
Ag(t,a) = g(t+1,a) — g(t,a).
For a given function o : [tp,c0) — R with o (t) < t and lim;_,e 0 (t) = oo, set
tw =inf{s:o(s) > t;;—1} forallm=1,2,...

In Figure 1.1 we can see the special case of creating the points {t,,} when the delay function
iso(t) = 4.

For a given sequence of points {t,}, fix a point t > t(, and define natural numbers k,, (t)

such that ky,(t) := [t — t,4], m =0,1,2... For some t € R, [t] denotes the integer part of .
Set

T (t) = {t —k(E), t —k(t) +1, ..., t— 1,8}, m=0,1,2,...
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Figure 1.1: The {t,,} points for the o(t) = % delay function.

For the given functions g; : [f_1,00) — (0,00) and a; : [tp,c0) — (0,1),i =1,2,...,n, and for
the given non-negative integer m we define the numbers

t t

Riy = sup {gi(t) Z Adgir—1) Hai(ﬂ)}. (1.3)

b <t<tui1 T=t— (1) 8i(T)&i(T—1) =5,
For the given functions g; : [t_1,00) — (0,00) and the given initial functions ¢;, i = 1,2,...,n,
we set

M= sup gi(t)|¢i(t)] for i=1,2,...,n and My= max{Mi, Ma,...,Myuo}. (1.4)

t<t<ty

We discuss the case when matrix A is diagonal and its components are between 0 and 1.
Consider the following hypotheses.

(H1) For every t > to, A(t) = diag(ai(t),...,a,(t)) is an n x n diagonal matrix with real
entries satisfying 0 < a;(t) < 1,forallt > ty,i=1,2,...,n.

(Hz) B(t) = (bjj(t)) is an n x n matrix with real entries for all ¢ > t,.

(H3) There exists a diagonal n x n matrix G(t) = diag(g1(t),...,gn(t)) for all t > t_; so that
the diagonal entries g; : [f_1,00) — (0,00) are bounded on the initial interval [f_1, ),
i=1,2,...,n,and such that

n

by _ (—a(t) o
L) = gy or tEh 1=l

(H4) There are real numbers R;, i = 1,2,...,n, such that

j
H (14 Rim) < R;, forall positive integers jand i = 1,2,...,n,

m=1

where the numbers R;,, are defined by (1.3).

(Hs) o : [to,o0) — R is a given function with the property that o(t) < t for every t > t; and
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The next theorem, which was proven in [13], gives asymptotic estimates for the rate of con-
vergence of the components of solutions of equation (1.1).

Theorem B. Suppose that conditions (Hy), (Hp), (H3) (Hy) and (Hs) hold. Let x? be the solution of
the initial value problem (1.1) and (1.2) with bounded components ¢;, i = 1,2,...,n,in (1.2). Then

MyR;
gi(t)

x‘{’(t)‘g forall t>ty and i=1,2,...,n,

where My is defined by (1.4).

Remark 1.2. In Theorem B, let the functions g;, i = 1,2,...,n, defined by (H3), be monotone
increasing. Then the sequences {Ry}m, i = 1,2,...,n, defined by (1.3), have only positive
members and the assumption

H(1+Rim) <oo foralli=1,2,...,n,
m=1

implies the existence of real numbers Ry, Ry, ... R,;, which satisfies condition (Hy).
If the functions g;, i = 1,2, ...,n, are monotone decreasing, then condition (Hy) is satisfied
withRi =R, =--- =R, =1.

2 Main results

In [13] it is illustrated how the rate of convergence of the components of the solutions can
be estimated by a power function in the particular case when the lag function is o(t) = ct,
0 <c<1,t>0. In this paper we generalize these results to the case when the lag function
is squeezed between two linear functions, i.e. we show how the rate of convergence of the
components of the solutions can be estimated by a power function when the lag function ¢
has the property

ct<co(t)<Ct, ¢CeR,0<c<C<1,t>0.

Moreover, we present how the rate of convergence of the components of the solutions can
be estimated by a power of logarithmic function and by an exponential function, for the lag
function with the property

<o)<t ¢CeER,0<c<C<1,t>1
and
o(t)=t—=46(t), 1<c<é(t)<C,¢,CeR,c<C, t>0, where 6(t) #1,

respectively.
In Figure 2.1 we can see the special case of the delay function, when

ct<o(t)<Ct, t>0,

for real numbers c and C such that 0 < ¢ < C < 1.
We shall need the following hypothesis.
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Figure 2.1: The delay function such that ct <o (t) <Ct, t >0,for0 <c < C < 1.

(Hg) There exist real numbers Q and &;,i =1,2,...,1n,suchthat 0 < Q <1,0 < a; < 1and

Y b0 < QU —a(t), & <1 ay(t)

j=1

for t > to, where the functions 4; and b;j, i,j = 1,2,...,n, are given in (H;) and (Ha).

Theorem 2.1. Suppose that conditions (Hy), (Ha) and (Hg) hold. Let o : [tg,00) — R be a real
function such that ct < o(t) < Ct forall t > tog > 1, for real numbers ¢ and C such that 0 < ¢ <
C < 1and C*K < Q, where K = log, Q. Let x = x? be a solution of the initial value problem (1.1)
and (1.2) with bounded components ¢;, i = 1,2,...,n. Then

MR,
lxi(t)] < t?(Z forall t>ty, i=12,...,n,

where, fori =1,2,...,n,

] S Kk CKH\ "
Mo = max ¢ sup {i“pi(0)]} 1, Ri=11 1+“Z,C1<(t0_cm)1<+1< CK) :

t_1<t<ty

Proof. Let tg > 1 be a real number. The relations o (f,,11) = t,, and ¢t < o(t) < Ct imply that
— <t, <— for m=1,2,...
CI’VZ

Set
t_1 =min{tp —1,ctp} and g;(t) = K i=1,2,...,n

Since Q = cX, it follows that
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Therefore, condition (H3) of Theorem B is valid. Moreover,

t K _ K
Rip < sup {fK Zk: TTK(T(T_l)lfz(l—lxi)”}

tm §t<tm+l

K t d K 1 T
< su (1 — a;) ( >
< su (1 —a)'K 1—u ( 1 >t+1
< tW,§i<It)m+1 (t—ku(t) — DK g 1—a

B S —
< u
tm§t<lt)m+1 ai(t— k() — 1)K

K m
- KtO CK+1
— CKZ'CK(tO _ Cm)K+1 cK

forallm =1,2,...,1=1,2,...,n. Applying d’Alembert’s ratio test for the series Y ,,_; am,

where
o KtOK CK+1 m
m wicK(tg — Cm)K+1 K ¢

we obtain that

) a CK+1

L= lim -"*! < <QK:1.
m—sc0 (1, c c

The relation L < 1 means that the series ) ,;_; a,, is convergent. Since 0 < R;,, < a,, for all
m=1,2,...,i=1,2,...,n, hence the series ) ;,_; Ry, is also convergent for i = 1,2,...,n.
Applying Theorem A, it follows that the infinite product [T}, (1 + R;;,) is convergent for i =
1,2,...,n, and the numbers Ry, Ry, ..., R, exist. Then, Theorem B implies the assertion. O

In Figure 2.2 we can see the special case of the delay function, when
t¢ <o(t) <t¢
for real numbers c and C such that0 < ¢ < C < 1.

(o

1

Figure 2.2: The delay function such that t* < ¢(t) <t“,0<c<C < 1.

Theorem 2.2. Suppose that conditions (Hy), (Ha) and (Hg) hold. Let o : [tg,00) — R be a real
function such that t < o(t) < thor allt > ty > 1 for real numbers c and C such that 0 < ¢ < C < 1.
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Let x = x? be a solution of the initial value problem (1.1) and (1.2) with bounded components ¢;,
i=1,2,...,n Then

MyR,; .
lxi(#)] < | ?(tz for all t>ty, i=12,...,n,
n

where K = log. Q, and fori =1,2,...,n, we set

My = max {t sup {ant](pi(tH}},

1<i<n _1<t<ty

B K (%) n* ¢
Rl - 1 + m m .
n11_=]:1 ( &; <t(()1/C) _ 1) InK+! (t(()l/C) B 1)

Proof. Let tp > 1 be a real number. The relations

O(tmy1) =tm and t° < o(t) <€

imply that
(%)"’l

l m
téC) <t <ty for m=0,1,2,...

Let gi(t) = In®t,i=1,2,...,n. Since Q = cX, it follows that

i |bij (1) _Z?:1|bij(t)’<Q(1—ﬂi(f)) Q1 —ai(t)) 1_ai(t).

|
Sgle®)  mfe(ry T W K gilt)

Therefore, condition (H3) of Theorem B is valid. Moreover,

L IR —Inf (e —1)
Ry, < su InX ¢ 1—a;)"
" A { T:tz,:’m(t) Inf 71n® (7 - 1) ( 2

tmgt<tm+1
f K 1 \"
< su Inf #(1 — o)t ( )
it i1 { l 'r_tzk:m(t) (-1 (r-1) \1-a

InXt(1 — a;)'K 1—a; /1 \'!
< sup esi ll
tw<t<tmer | (F—=km(£) =) In"T"(F —kp(£) = 1) & K

KInK¢
< sup K+1
b <t<tpm41 “z(t_km(t) - 1)ln (t_km(t) - 1)
K m+1
K ( ) ) h’lK to Ccm(K+1)

S m m ~ m
o, (t(()l/C) _ 1) Ink+! (tél/C) . 1) CK(mH)t(()l/C)

o=

form =1,2,...,i =1,2,...,n. Now, apply d’Alembert’s ratio test for the series ) ,,_; a,,
where

Cm(K+1)
am - —m-
(1/€)
CK(m+1)t0
After some transformation we get that
K+1
a
L= lim 2 — jim —— —_ _=0<1.
m—oo m—o0 CKt(l/C) (C—l)

0
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The relation L < 1 means, as in the proof of Theorem 2.1, that the infinite product
[T=1 (14 Rjy) is convergent for i = 1,2,...,n, and the numbers Ry, Ry, ..., R, exist.
Then, Theorem B implies the assertion. ]

In Figure 2.3 we can see the special case of the delay function o(t) = t — 6(t), where
¢ < 4(t) < C for real numbers ¢ and C such that 1 < ¢ < Cand 6(t) # 1 for t > 0.

Figure 2.3: The delay function o(t) =t — () such thatc < 4(t) < C,1<c <C.

Theorem 2.3. Let o(t) = t — &(t) be a real function such that ¢ < 6(t) < C for real numbers ¢ and
C, where1 < c < Cforallt >ty > C,and 5(t) # 1 for t > to. Suppose that conditions (Hy) and
(Hy) hold and there exists a real number A > 1 such that

b;i(t gw orallt > ty, i=1,2,.
~ / A€
]:

Let x = x? be a solution of the initial value problem (1.1) and (1.2) with bounded components ¢;,
i=1,2,...,n Then

M )
|xi ()] < )Tto forall t>ty, i=1,2,...,n,
where we set

Mozmax{ sup {/\t\cpi(t)]}}, i=1,2,...,n
t

I<isn |+ <t<ty
Proof. Let tp > C be a real number. The relations
tyit —O6(tmir) =tm and t—C<t—6() <t—c
imply that
to+me <ty <tg+mC for m=1,2,...
Introduce the transformation y;(t) = x;(t)A', i = 1,2,...,n. Let t € [ty, tyi1) and T € Ty (t).

Then, system (1.1) is equivalent to

T—1 T 1
- <W_1)4_H Aaw) Zb” P I vy

=tk (1)

fori =1,2,...,n. Summing up both sides of these equation from t — k() to t gives that, for
i=1,2,...,n,

t

vilt) =yi(t—kn(t) —1) J] Aai(0)+ ) ibw y] (t—6(t)) ] Aai(0).

O=t—ky(t) T=t—ky(t) j=1 (=T1+1
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Define

Wim = sup |yi(t)|, My = max{pio, pir, .., pim} for m=0,1,2,...,i=12,...,n

tm—lgt<tm
and let
M,, = max {M;,} for m=0,1,2,...

1<i<n
Since |yi(p(1))] < My, fori =1,2,...,n, T € Ty(t) and t,, < t < ty,41, from the hypotheses
of the theorem it follows that
t t

|yz( |<Mm< H Aai(@"’ Z (1= Aa;( Hl)\az )
T+

km T:t*km( ) 14
t t
l=t—kp(t) T=t—ku (t)
fori =1,2,...,n. The above inequality implies that
Mpy+1 <M, for m=0,1,2,..., and |y;(t)|] <My for i=12,...,n

Therefore,

]xi(t)\g% for t>ty and i=12,...,n

and the proof is complete. O

3 Examples and remarks

In this section we give some examples with the characteristic cases of the delay functions to
illustrate the main results. The following three examples illustrate Theorems 2.1, 2.2, 2.3 in
the case when the lag function is between two linear delay functions, or between two power
delay functions, or between two constant delay functions. Let be

(1 : )2 0 % 3(1l )2 _%
+t +t
A(t) = [ . . ] B(t) = [ 1 Rt (3.1)
(1+4)2 3 2 2(144)?
f() = 4, 4)1(t) = (Pz(t) = 1.5sin 6t. (32)

It is obvious that the hypotheses (H;) and (H>) are fulfilled. The hypothesis (Hs) is satisfied
with

Q_% o %/ (3.3)
D11 (t)] + [b12(t)| = % <1 G j t)2> +%
1 11 1\
() (220 ) )
1 1 1 1 -
S(1_<1+t)2> <3+2<1_(1+f0>2> )
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Joan (1) + b2 (1) = 5 + 5 (1 - 1>

3 (1+1)2
1 1 1\ ' o1
- () (3(1‘<1+t>2> *z)
1 1 1 o
S( (1+t)2><3(1_(1+t0)2) 2)
— 55 (1= i) < Q-
1—ai(t)=1—(1it)221—(1+1t0)2=§§:a,->0, i=12 (3.4)

Example 3.1. Let
1
o(t) = g(sint +t)

be the lag function. Let the matrix functions A and B be defined by (3.1), the initial point tg
and the initial functions be defined by (3.2). Now, it is

1 3
ct<o(t)<Ct for c=- and C=-,
4 4
so the lag function is between two linear functions. Set

1
t1 = 3(4+sind) ~ 108107,

so the initial interval is

1
{3(4 + sin4),4> .
Since "
3\ Itlogs i 41 48
- ~ 0.725864 < — =~ 0.85417, for K =log, — ~ 0.11371
<4> 0.72586 <48 0.85417, for 84 17 0.11371,

the condition C'*X < Q is satisfied. So, the conditions of Theorem 2.1 are satisfied for values
Q, a1, ap defined by (3.3). Therefore, with values

My = My = My = sup {1.5tK| sin 6t|} ~ 1.75244, Rq; = Rp =~ 1.23841,
1(4+sin4)<t<4

for the solution of the system (1.1) it follows that

R>

R
|x1(t)|§MOt—K1 and |xo()| < Mo forall +>4.

That means the function R
Yi(t) = MOTKZ

is a cover function of the component x; of the solution, i = 1,2. The graphs of the functions
x1 (blue curve), 71 and —v; (black curves) are shown in left picture of Figure 3.1. Red curve
in right picture of Figure 3.1 is the graph of the component x, and the black curves are the
graphs of the cover functions 7y, and —75.
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X1 X2

N~ N~

1 171

e AL Wl My
NV 12{1}JV \/3/.2647 4\}\/'12.{2813 VA4 370647

-1 -1

— —

Figure 3.1: Graphs of the components of the solution and their cover functions for system
with the lag function between two linear functions.

Remark 3.2. In this example the lag function is between two linear functions, and we got
that the rate of convergence of the components of the solutions can be estimated by a power
function. The components of solution are decaying functions because their cover functions are
decaying functions. Since the initial functions are continuous functions on the initial interval
[t_1,t0], therefore the components of solution are piecewise continuous, i.e. the components
of solution are continuous on the appropriate intervals (t,, t,41), m =0,1,2,...

Example 3.3. Let
1
o(t) = (6 cost + 1) Vi
be the lag function. Let the matrix functions A and B be defined by (3.1), and the initial point
top and the initial functions be defined by (3.2). Now, it is

(€ <o(t) <t for c:% and c:;

so the lag function is between two power functions. Set

1
tq = <6 cos tg + l) Vi ~ 1.78212,

p(Gemae1).s)

The conditions of Theorem 2.2 are satisfied for the values Q, a;, ay defined by (3.3), so with
the values

so the initial interval is

48
K =log, 7 ~ 014348, Mo = Mg = My ~ 156897, R; =Ry~ 101811,
for the solution of the system (1.1) it follows that
Ry Ry
|x1(8)] < MOE and |xp(t)] < MOE forall t>4.

Therefore the function R
i
milt) = Moant
is cover function of the x;, i = 1,2. The graphs of the functions x; (blue curve), y; and —v;
(black curves) are shown in left picture of Figure 3.2, and the functions x; (red curve), 72 and
—72 (black curves) are presented in right picture of Figure 3.2.
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X1 X2
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Figure 3.2: Graphs of the components of the solution and their cover functions for system
with the lag function between two power functions.

Remark 3.4. In the above example the lag function is between two power functions, and we got
that the rate of convergence of the components of the solutions can be estimated by a power of
logarithmic function. Now, the components of solution are decaying functions because their
cover functions are decaying functions. Since the initial functions are continuous on the initial
interval, hence the components of solution are piecewise continuous functions for t > t;. We
can observe that, in this case, the convergence to zero is much slower than the convergence in
the case when the cover function is only a power function.

Example 3.5. Let
o(t) =t—sin2t —2

be the lag function. Let the matrix functions A and B be defined by (3.1), the initial point £,
and the initial functions be defined by (3.2). Now, forc =1land C =3,t—-C < o(t) <t—c
is satisfied, so the lag function is between two constant delay functions. Notice that function
d(t) = sin2t + 2 has value 1 for infinitely many points, but 6(¢) # 1. Set t_1 = 2 —sin4 ~
1.01064, hence the initial interval is [2 —sin4,4). The conditions of Theorem 2.3 are satisfied
with the values

A~ 1.03914, My = Mjo = My ~ 1.74412.

Hence, for the solution of the system (1.1) it follows that

|x1(t)|§% and |x2(t)|§% forall t> 4,

so the components of the solution have the same cover function

Mo
v(t) = T
The graphs of the components x; and x, (blue and red curves) with functions y and — (black
curves) are presented in Figure 3.3.

Remark 3.6. In this example the lag function is between two constant delay functions, and
we got that the rate of convergence of the components of the solutions can be estimated by
an exponential function. In view of the fact that the cover functions are decaying functions,
components of solution are also decaying functions. According to the continuity of initial
functions on the initial interval, the components of solution are piecewise continuous func-
tions for t > t(. For this example, we can observe that the convergence to zero is much faster
than the convergence in the case when the cover function is only a power function.
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X1 X2

Figure 3.3: Graphs of the components of the solution and their cover functions for system
with the lag function between two constant delay functions.

The following example presents the case when Theorem 2.1 gives only boundary condi-
tion.

Example 3.7. Let be

1 1t)2 0 % o 2(1-1‘rf)2 % o 2(1-1i-f)2

+

A(t):[ 0 . ] and B(t)z[l_ . 11
(1+t)? 3 3(1+H2 3 3(1+41)?

and let o'(t) = § be the linear delay function. Now, ¢ = C = % For the initial point tp = 4 we
get t_1 = 2 and the initial interval [2,4). For the initial functions we choose

¢1(t) = ¢o(t) = 1.5sin6t.
Due to (3.4),
1

|b11(t)] + [br2(t)| =1 — (e 1-(1—a1(t)) and

()] + e8] = 5 (1 () <10 (1= () =1 (1m0,

the hypothesis (Hs) is satisfied for the values Q =1, a1 = ap = %, and it follows that K = 0.
Hence, for the values

) KtK
My=Mpy=Myy=15 R =R, = 14+ ——0 oK) =1
0 10 20 1 2 n1;[1< +oc1(t0—cm)1<+1c )

the conditions of Theorem 2.1 are fulfilled. Now, for the solution of the system (1.1) it follows
that
|X1(t)’ < M10R1 and IXQ(t)’ < M20R2 for all ¢ > 4,

In this case the cover function 7;(t) = MjoR; of component x;, i = 1,2, is a constant function.
The graphs of first component (blue curve) and functions 1 and —7; (black curves) are
plotted in left picture of Figure 3.4. The graphs of second component and its cover functions
are shown in right picture of Figure 3.4.

Remark 3.8. In the previous example the value K = 0 means that Theorem 2.1 gives us
only the boundedness of the solution of the considered system of difference equation. That
is, the components of solution does not necessary decay. We can get a similar example for
Theorem 2.2, too.
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Figure 3.4: Graphs of the components of the solution and their non-decaying cover functions
for system with linear lag function.

"

We created examples that show how the rate of convergence of the components of solu-
tions can be estimated by properly selected auxiliary functions. In the following example we
consider the components of solutions of the system of difference equations for the case n = 2,
¢ = C, with the same coefficients, the same initial points, the same initial intervals, the same
initial functions and different types of lag functions.

Example 3.9. Let

A(f)=[(1+1t)2 ; ] and B(t)—[%l(”lf)z) %<1_(1+1t)2)
* (- k) 3 (- aiep)

2(1+4)2
We compare the components of solutions of the system of difference equations given for the
linear delay function o(t) = £, for the power delay function o(t) = v/t and for the constant
delay function o(t) = t — 2, with the initial point ¢y = 4, t_; = 2 and the initial interval [2,4),
and with the initial functions

gr() =15(2—2), ¢at) =15VL

In the cases of the linear delay function and the power delay function it is ¢ = C = 1. Since

R (R R T

2 1 1 1 1 5 1 5

1 1 24
1-— =1 >1- = —
() A+82~ " (+h)? 25
and
1 1 49
— = _—_— > — 5 = ==
1-a() =1 2(141)2 — ! 2(1+1t)% 50
hence the hypothesis (Hp) is satisfied with Q = g, ny = % and ap = %
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For the values
K= logzg ~ 0263034, R; ~ 1.09481, R, ~ 1.09282,

MlO ~ 30.24, Mzo ~ 4.32, Mo = max{Mlo, Mzo}

and for the lag function o(t) = 5, the conditions of Theorem 2.1 are satisfied and it follows
that

R R
lx1(t)] < Mot—K1 and |x(t)] < Mot—K2 forall t>4.

The graphs of the component x; of solution, cover functions 7; and —v;, where ;(t) = My %,
are plotted by blue color in Figure 3.5 (left picture for i = 1 and right picture for i = 2).
For the values

6
K = log, 5 ~ 0.263034, R; ~1.00838, R, ~ 1.00821,

Mw ~ 22.88401, M20 [ 3.26914, M() = max{Mlo, Mzo}

and for the lag function ¢(t) = v/t, the conditions of Theorem 2.2 are also satisfied and it

follows that
Ry

Ry
|x1(8)] < Mgm, and |x(t)] < Mgm forall t>4.

Red curves in Figure 3.5 are the graphs of the component x; of solution, cover functions 7;
and —%Yis

7i(t):MOTt' for i=1 and i=2

respectively.
For the constant delay function o(t) = t — 2 the conditions of Theorem 2.3 are satisfied for
the values

~13V/111 -3

A= 155 ~ 1.07171, My =~ 27.70290, My ~ 3.95756, My = max{Mjig, Mp}

and it follows that

|x1(t)|g% and |x2(t)|g% forall t> 4.

My

57, are shown

The graphs of the components of solution, cover functions v and —, y(t) =
by green curves in Figure 3.5.

Remark 3.10. The example presented above shows that the components of solutions of the
system of difference equations with the linear delay lag function are power-low decaying,
those with the power delay lag function are logarithmic decaying and those with the constant
delay lag function are exponentially decaying. The components of the solution tend to zero
for all observed lag functions. The convergence is the fastest in the case of constant delay lag
function and it is the slowest in the case of power delay lag function.

Remark 3.11. In the above examples all the values Mjy, My, R; and R, were determined
using the software Mathematica.
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Figure 3.5: Comparison of the solutions of the system of difference equations with the linear
delay, the power delay and the constant delay lag functions.

4 Conclusions

The system of delay difference equations with continuous time (1.1) with the initial condition
(1.2) is an initial value problem. Using the step by step method, the unique solution of the
initial value problem (1.1), (1.2) exists for t > t;. Furthermore, the solution of the initial
value problem (1.1), (1.2) is continuous if and only if the initial function defined by (1.2) is a
continuous function and satisfies the condition

¢(to) = A(H)p(to — 1) + B(to) (o (to))- 41)

If condition (4.1) is violated, then we can only speak about the existence of a piecewise con-
tinuous solution, as in the case of the examples in the previous section.

We have shown that the solutions of the initial value problem (1.1), (1.2) with lag functions
squeezed between two linear functions or two power functions or two constant delay functions
can be estimated by functions which tend to zero. Therefore, those solutions converge to zero.

The definition of asymptotic stability of solutions of system (1.1) can be introduced by anal-
ogy with definitions given for difference equations with continuous time and can be found,
for example, in [6], pp. 193-194, [16], pp. 985-986.

Definition 4.1. The trivial solution x;(t) = 0,i = 1,2,...,n, of system (1.1) is called stable if
for any € > 0 and tp > 0 there exists a 6 = d(¢, tp) > 0 such that if

sup |¢i(£)| < 8(e, tg), for tq <t<t,

i=1
then the solution x?(t) = (x1(t), x2(¢),...,x,(t)) of the initial value problem (1.1), (1.2) satis-
fies the inequality

sup |xi(t)] <e for t> t.
i=1

Definition 4.2. The trivial solution x;(t) = 0, i = 1,2,...,n, of system (1.1) is said to be
asymptotically stable if it is stable in the sense of Definition 4.1 and

lim |x;(t)] =0 for i=1,2,...,n.
t—o0

According to the properties of the received cover functions and in a sense of the above
definitions we can conclude that the conditions of Theorems 2.1 and 2.2 with K # 0 and
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Theorem 2.3 lead to the existence of the asymptotically stable solutions of the considered
equation. These results can be motivation to further investigations for getting new conditions
for existence of asymptotically stable solutions of difference equations with continuous time.

Acknowledgements

The research of H. Péics is supported by Serbian Ministry of Science, Technology and De-
velopment for Scientific Research Grant no. 11144006. The authors thank the referee for the
valuable comments.

References

[1] M. G. BLizorukov, On the construction of solutions of linear difference systems with con-
tinuous time, Differ. Uravn. 32(1996), No. 1, 127-128, translation in Differential Equations
32(1996), No. 1, 133-134. MR1432957

[2] J. CERMAK, J. JANSKY, Stability switches in linear delay difference equations, Appl. Math.
Comput. 243(2014), 755-766. MR3244523

[3] V.M. GiLyazev, M. M. Kipnis, Convexity of the coefficient sequence and discrete systems
stability, Automat. Remote Control 70(2009), No.11, 1856-1861. MR2641274

[4] E. KasLIK, Stability results for a class of difference systems with delay, Adv. Difference
Equ. 2009, Art. ID 938492, 13 pp. MR2588199; url

[5] D. G. Korenevskir, K. Kaizer, Coefficient conditions for the asymptotic stability of so-
lutions systems of linear difference equations with continuous time and delay, Ukrainian
Math. J. 50(1998), No. 4, 586-592. MR1698150

[6] D. G. Korenevsk1, Criteria for the stability of systems of linear deterministic and
stochastic difference equations with continuous time and with delay, Math. Notes 70(2001),
No. 2, 192-205. MRR1882411

[7] H. MAaTsuNAGA, Exact stability criteria for delay differential and difference equations,
Appl. Math. Lett. 20(2007), 183-188. MR2283908

[8] R. MEDINA, M. PrTUK, Asymptotic behavior of a linear difference equation with continu-
ous time, Period. Math. Hungar. 56(2008), No. 1, 97-104. MR2385486

[9] K. S. MILLER, An introduction to the calculus of finite differences and difference equations, Henry
Holt and Company, New York, 1960. MR0115027

[10] G. P. PeLyukH, Representation of solutions of difference equations with a continuous
argument, Differ. Uravn. 32(1996), No. 2, 256-264, translation in Differential Equations
32(1996), No. 2, 260-268. MR1435097

[11] G.P. PELYukH, General solution of systems of linear difference equations with continuous
arguments (in Russian), Dopov./Dokl. Akad. Nauk Ukraini 1(1994), 16-21. MR1308372


http://www.ams.org/mathscinet-getitem?mr=1432957
http://www.ams.org/mathscinet-getitem?mr=3244523
http://www.ams.org/mathscinet-getitem?mr=2641274
http://www.ams.org/mathscinet-getitem?mr=2588199
http://dx.doi.org/10.1155/2009/938492
http://www.ams.org/mathscinet-getitem?mr=1698150
http://www.ams.org/mathscinet-getitem?mr=1882411
http://www.ams.org/mathscinet-getitem?mr=2283908
http://www.ams.org/mathscinet-getitem?mr=2385486
http://www.ams.org/mathscinet-getitem?mr=0115027
http://www.ams.org/mathscinet-getitem?mr=1435097
http://www.ams.org/mathscinet-getitem?mr=1308372

18 H. Péics, A. Roznjik, V. Pinter Kreki¢ and M. Takdcs

[12] H. Pt1cs, Representation of solutions of difference equations with continuous time, in:
Electron. |. Qual. Theory Differ. Equ., Proc. 6'th Coll. Qualitative Theory of Diff. Equ. (August
10-14, 1999, Szeged) 1999, No. 21, 1-8. MR1798671

[13] H. PE1cs, On the asymptotic behaviour of the solutions of a system of functional equa-
tions, Period. Math. Hungar. 40(2000), No. 1, 57-70. MR1774935

[14] H. Pfics, On the asymptotic behaviour of difference equations with continuous argu-
ments, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 9(2002), No. 2, 271-285.
MR1898317

[15] CHu. G. PHILOs, I. K. PURNARAS, An asymptotic result for some delay difference equations
with continuous variable, Adv. Difference Equ. 2004, No. 1, 1-10. MR2059199

[16] L. SmaikHET, About Lyapunov functionals construction for difference equations with
continuous time, Appl. Math. Lett. 17(2004), No. 8, 985-991. MR2082521

[17] Z. Znouv, ]. S. Yu, Decaying solutions of difference equations with continuous arguments,
Ann. Differential Equations 14(1998), No. 3, 576-582. MR1663232


http://www.ams.org/mathscinet-getitem?mr=1798671
http://www.ams.org/mathscinet-getitem?mr=1774935
http://www.ams.org/mathscinet-getitem?mr=1898317
http://www.ams.org/mathscinet-getitem?mr=2059199
http://www.ams.org/mathscinet-getitem?mr=2082521
http://www.ams.org/mathscinet-getitem?mr=1663232

	Introduction
	Main results
	Examples and remarks
	Conclusions

