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HAUSDORFF AND PACKING DIMENSION OF FIBERS AND
GRAPHS OF PREVALENT CONTINUOUS MAPS

RICHARD BALKA, UDAYAN B. DARJI, AND MARTON ELEKES

ABSTRACT. The notions of shyness and prevalence generalize the property of
being zero and full Haar measure to arbitrary (not necessarily locally compact)
Polish groups. The main goal of the paper is to answer the following question:
What can we say about the Hausdorff and packing dimension of the fibers of
prevalent continuous maps?

Let K be an uncountable compact metric space. We prove that the preva-
lent f € C(K,R?) has many fibers with almost maximal Hausdorff dimen-
sion. This generalizes a theorem of Dougherty and yields that the prevalent
f € C(K,R?) has graph of maximal Hausdorff dimension, generalizing a result
of Bayart and Heurteaux. We obtain similar results for the packing dimension.

We show that for the prevalent f € C([0,1]™,R%) the set of y € f([0,1]™)
for which dimg f~'(y) = m contains a dense open set having full measure with
respect to the occupation measure A" o f—1, where dimy and A™ denote the
Hausdorff dimension and the m-dimensional Lebesgue measure, respectively.
We also prove an analogous result when [0, 1]™ is replaced by any self-similar
set satisfying the open set condition.

We cannot replace the occupation measure with Lebesgue measure in the
above statement: We show that the functions f € C[0,1] for which positively
many level sets are singletons form a non-shy set in C[0,1]. In order to do
so, we generalize a theorem of Antunovié¢, Burdzy, Peres and Ruscher. As
a complementary result we prove that the functions f € C[0,1] for which
dimg f~1(y) = 1 for all y € (min f, max f) form a non-shy set in C[0, 1].

We also prove sharper results in which large Hausdorff dimension is replaced
by positive measure with respect to generalized Hausdorff measures, which
answers a problem of Fraser and Hyde.
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1. INTRODUCTION

Let G be a Polish group, that is, a separable topological group which is endowed
with a compatible complete metric. If G is locally compact then there exists a Haar
measure on G, that is, a left translation invariant regular Borel measure which is
finite on compact sets and positive on non-empty open sets. The concept of Haar
measure does not extend to groups that are not locally compact, but the idea of
Haar measure zero sets does. The following definition is due to Christensen [9] and
was rediscovered by Hunt, Sauer and York [21].

Definition 1.1. For an abelian Polish group G a set A C G is shy or Haar null if
there exists a Borel set B C GG and a Borel probability measure p on G such that
AC Band p(B+z) =0 for all x € G. The complement of a shy set is called a
prevalent set.

Christensen proved in [9] that shy sets form a o-ideal and in locally compact
abelian Polish groups Haar measure zero sets and shy sets coincide. Later Topsge
and Hoffmann-Jgrgensen [42] and Mycielski [32] extended the definition to all Polish
groups, but here we consider only the abelian case.

Notation 1.2. The Hausdorff and packing dimension of a metric space X is de-
noted by dimg X and dimp X. We use the convention dimg # = dimp @ = —1.
For a compact metric space K let us denote by C(K,R%) the set of continuous
functions from K to R? endowed with the maximum norm. Then C(K,R?) is a
Banach space. We simply write C[0, 1] = C([0, 1], R).

Over the last 25 years there has been a large interest in studying dimensions of
various sets related to ‘typical’ continuous functions. If typical means generic in
the sense of Baire category, then the following theorem about level sets is folklore.

Theorem 1.3. For the generic f € C|0,1] for all y € f([0,1]) we have
dimgy f~1(y) = 0.
Mauldin and Williams [28] proved the next theorem.
Theorem 1.4 (Mauldin-Williams). For the generic f € C[0,1] we have
dimg graph(f) = 1.

As for the higher dimensional analogues, the next result was obtained by Kirch-
heim [26].
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Theorem 1.5 (Kirchheim). If m,d € Nt and m > d then for the generic f €
C([0,1]™,R%) for all y € int f ([0, 1]™) we have

dimgy f~(y) =m —d.

Now let K be an arbitrary compact metric space. In order to determine the
Hausdorff dimension of the level sets of the generic f € C(K,R), we need a new
notion of dimension, the topological Hausdorff dimension, see [3] and [4]. More
generally, the right concept to describe the Hausdorff dimension of the fibers of the
generic f € C(K,R?) is the so-called d** inductive topological Hausdorff dimension,
see [2].

The case of graphs is much simpler, the strategy of Mauldin and Williams actu-
ally easily yields the following general result, see also [4].

Theorem 1.6. Let K be an uncountable compact metric space and d € NT. Then
for the generic f € C(K,R?) we have

dimg graph(f) = dimy K.

These theorems indicate that the generic f € C[0, 1] behaves quite regularly in a
sense, e.g. its level sets and graph have minimal Hausdorff dimension, similarly to
the case of smooth functions. It is quite natural to expect more chaotic behavior
from typical continuous functions, which is already a reason to replace genericity
with another notion. Moreover, since these problems are measure theoretic in
nature, it is natural to replace Baire category by the more measure theoretic concept
of prevalence.

In contrast to Theorem [[.3] we show that the prevalent f € C|0, 1] has fibers of
maximal Hausdorff dimension. Let us denote by A the one-dimensional Lebesgue
measure. (Note that dimy X < dimp X for every metric space X, so the packing
dimension analogue of the following statement would be weaker.)

Corollary For the prevalent f € C[0,1] there is an open set Uy C R such
that N(f~2(Uy)) = 1 (hence Uy is dense in f([0,1])) and for all y € Uy we have

dimg f~(y) = 1.
In general, prevalent continuous maps have many fibers of cardinality continuum,
for the following theorem see [I0, Theorem 11] and the remark following its proof.

Theorem 1.7 (Dougherty). Let K be an uncountable compact metric spaccﬂ and
let d € N*. Then for the prevalent f € C(K,R%) we have

int f(K) # 0.

Moreover, there is a non-empty open set Uy C R? such that for all y € Uy we have

#7 M y) =2
The next theorem widely generalizes Corollary .2l and Theorem [[L7]in Euclidean
spaces. We can find many fibers not only of cardinality continuum, but also with
almost maximal Hausdorff and packing dimension. A Borel measure p on a metric
space X is called a mass distribution if 0 < u(X) < oo. For the definition of
dimensions of mass distributions and their properties see the Preliminaries section.

1Doughorty proved this result only if K is the triadic Cantor set. As every uncountable
compact metric space contains a subset homeomorphic to the triadic Cantor set by [24] Cor. 6.5],
Corollary [3.12] yields this more general result.
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Theorem [.14] (Main Theorem, simplified version). Assume that m,d € NT and
K C R™ is compact. If u is a continuous mass distribution on K, then for the
prevalent f € C(K,R?) there is an open set Uy C R? such that u(f~1(Uy)) = u(K)
and for all y € Uy we have

dimg f~Y(y) > dimg g and dimp f~'(y) > dimp p.

After some technical lemmas in Section[3] we prove the above theorem for K C R
and g = A in Subsection Il which is the most subtle proof of the paper. In
Subsection B2l we prove this result for ultrametric spaces using ideas from [25]. In
Subsection we finish the proof of the Main Theorem, we trace back the case of
general compact spaces to ultrametric ones by using a theorem of Zindulka [44].
Let us denote by A the m-dimensional Lebesgue measure.

Corollary @15l Let m,d € Nt. Then for the prevalent f € C([0,1]™,R9) there is
an open set Uy C R? such that \™(f~1(Uy)) = 1 (hence Uy is dense in f([0,1]™)
and for all y € Uy we have

dimg f~'(y) = m.

Corollary .16 (simplified version). Let m,d € N* and let K C R™ be an un-
countable compact set. Then for the prevalent f € C(K,R?) for all s < dimp K
there is a non-empty open set Us s C RY such that for all y € Uy, s we have

dimp f~1(y) > s.
In particular, we have

sup{dimp f~(y) : y € R?} = dimp K.

In the case of Hausdorff dimension we prove more general versions of the above
two corollaries based on a deep theorem of Mendel and Naor [30].

Theorem 418 Let K be an uncountable compact metric space and let d € NT.
Then for the prevalent f € C(K,R?) for all s < dimy K there is a non-empty open
set Us,s C RY such that for all y € Uy, we have

dimg f~'(y) > s.
In particular, we have

sup{dimg f~(y) : y € RY} = dimpy K.

The supremum is not necessarily attained in the second claims of Corollary [A.T16)
and Theorem [4.18

Theorem [A.21l There is a compact set K C R such that dimg K = dimp K = 1
and

{f € C(K,R) : dimy f~'(y) < dimp f(y) < 1 for all y € R}
is non-shy in C(K,R).

If K is ‘large in its dimension’ then the Main Theorem implies the following.

Corollary (simplified version). Let m,d € RY, and let K C R™ be compact.
Let dim be one of dimyg or dimp. Assume that there is a continuous mass distri-
bution 1 on K such that supp u = K. Then for the prevalent f € C(K,R?) there
is an open set Up C R such that u(f~1(Uy)) = w(K) and for all y € Uy we have

dim f~!(y) = dim K.
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For sufficiently homogeneous spaces we can generalize the Main Theorem. Let
us denote by H°® and P° the s-dimensional Hausdorff and packing measure, re-
spectively. For the definitions of packing measure, self-similar set, and open set
condition see [14].

Corollary Let m,d € NT and let K C R™ be a self-similar set satisfy-
ing the open set condition. It is well-known that dimyg K = dimp K = s and
H:(K),P$(K) € R*. Then for the prevalent f € C(K,R?) there exists an open set
Ur C R such that H*(f~1(Uy)) = H*(K) (hence Uy is dense in f(K)) and

dimg f~(y) = s for ally € Uy.
Similarly, for the prevalent f € C(K,R%) there exists an open set Vi C R such
that P*(f~1(Vy)) = P*(K) (hence Vy is dense in f(K)) and

dimp f~1(y) = s for all y € V.

For other results in sufficiently homogeneous spaces see Subsection .5 where
we describe the compact metric spaces K for which dimy f~!(y) = dimy K for
the prevalent f € C(K,R?%) and the generic y € f(K). The characterization is
independent of d.

Corollary B2 yields for the prevalent f € C[0,1] that {y : dimg f~1(y) = 1} is
co-meager in f([0,1]) with full Ao f~! measure. As the main result of Section 5 we
show that this does not remain true if we replace the occupation measure Ao f~!

by the Lebesgue measure A on f([0,1]). Let 3* denote that there exists positively
many with respect to .

Theorem [5.4. The set
{f€C0,1]: Py € R such that f~(y) is a singleton}
is non-shy in C0,1].
Let Z(f) = {x €[0,1] : f(z) = 0}, the next theorem is [I, Proposition 3.3].

Theorem 1.8 (Antunovié-Burdzy-Peres-Ruscher). Let o be the Wiener measure
on C[0,1]. Then there exists a function g € C[0,1] such that

w({f € C[0,1]: Z(f — g) \ {0} is a singleton}) > 0
The next theorem generalizes Theorem [[L§ and easily implies Theorem [5.4

Theorem Let p be a Borel probability measure on C[0,1]. Then there exists
a function g € C[0,1] such that

w{feC0,1): Z(f — g) is a singleton}) > 0.
Consequently, the set {f € C[0,1] : Z(f) is a singleton} is non-shy.

As a complement to Theorem [5.4] we prove that all non-extremal level sets can
be large. The goal of Section [(lis to prove the following.

Theorem The set
{feC0,1] : dimg f~'(y) =1 for all y € (min f, max f)}
is non-shy in C[0,1].

21t is easy to see that if g(z) = z1/3 then Z(f — g) = {0} for positively many f with respect
to the Wiener measure. In order to avoid this degenerate case, we remove the origin.
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Recently, describing the various fractal dimensions of graphs of prevalent con-
tinuous functions has attracted notable attention, this is the topic of Section [7l

First McClure [29] proved that the packing dimension, and thus the upper box
dimension of the graph of the prevalent f € C[0,1] is 2. The analogous result for
the lower box dimension was proved in [I5], [18], and [39], independently.

Fraser and Hyde [I6] generalized the above results by showing that the prevalent
f € C0,1] has graph of Hausdorff dimension 2. In contrast to Theorem [[.4] this
means that the prevalent value of dimpy graph(f) is as large as possible.

Theorem 1.9 (Fraser-Hyde). For the prevalent f € C[0,1] we have
dimg graph(f) = 2.
The next result was proved by Bayart and Heurteaux, see [6, Theorem 3].

Theorem 1.10 (Bayart-Heurteaux). If K C R™ is compact with dimyg K > 0 then
for the prevalent f € C(K,R) we have

dimpg graph(f) = dimpyg K + 1.

The proof of Theorem [I.I0l is based on potential theoretic methods, they give
a lower estimate for the Hausdorff dimension of graph(X + f), where X: K — R
is a fractional Brownian motion restricted to K and f € C(K,R) is a continuous
drift. Note that if X: K — R? is a fractional Brownian motion restricted to some
K c[0,1] and f € C(K,R%), then Peres and Sousi [36] determined the almost sure
Hausdorff dimension of graph(X + f) in terms of f and the Hurst index of X. It is
not difficult to extend the proof of [6, Theorem 3] to vector valued functions, and
Theorem [I.7] handles the case dimy K = 0. These yield the following theorem.

Theorem 1.11. Let m,d € NT and let K C R™ be an uncountable compact set.
Then for the prevalent f € C(K,R%) we have

dim g graph(f) = dimy K + d.

We will show that Theorem @ I8 also easily implies the above theorem. Moreover,
the condition K C R™ is superfluous.

Theorem Let K be an uncountable compact metric space and let d € N,
Then for the prevalent f € C(K,R?) we have

dim g graph(f) = dimy K + d.

Much less was known about the prevalent value of the packing dimension of the
graphs. Corollary .16 implies the packing dimension analogue of Theorem [[L.TT]

Theorem (simplified version). Let m,d € NT and let K C R™ be an uncount-
able compact set. Then for the prevalent f € C(K,R?) we have

dimp graph(f) = dimp K + d.

In Section [§ we indicate how to obtain stronger forms of the main results by
replacing large dimension by positive measure with respect to generalized Hausdorff
measures. Finally, in Section [9 we pose some open problems.
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2. PRELIMINARIES

Let (X, d) be a metric space. For A, B C X let us define dist(A4, B) = inf{d(x,y) :
x € A, y € B}. Let B(z,r) and U(z,r) be the closed and open ball of radius r
centered at x, respectively. Set B(A,r) = {x € X : dist({z}, A) < r}. We denote
by cl A, int A and OA the closure, interior and boundary of A, respectively. The
diameter of a set A is denoted by diam A. We use the conventions diam () = 0 and
inf ) = co. For two metric spaces (X,dx) and (Y,dy) amap f: X — Y is s-Hdlder
for an s > 0 if there is a constant ¢ € R such that dy (f(x1), f(z2)) < c(dx (z1,x2))*
for all z1,29 € X. A map f: X — Y is Lipschitz if it is 1-Holder, and the smallest
¢ in the definition is called the Lipschitz constant of f and is denoted by Lip(f).
We say that f is bi-Lipschitz if it is one-to-one and both f and f~! are Lipschitz.

Let s > 0. The s-dimensional Hausdorff measure of a metric space X is

H(X) = 51_1)%1+ H3(X), where
H3(X) = inf {Z(diamXi)s : X ¢ | JX;, Vidiam X; < 5} :
i=1 i=1
Let dimy () = —1. The Hausdorff dimension of a non-empty X is defined as
dimyg X = inf{s > 0: H*(X) = 0},

for more information on these concepts see [12] or [27]. Now we define the packing
dimension. If X is non-empty and totally bounded then for all § > 0 let Ns(X)
be the smallest number of closed balls of radius § whose union cover X. Then the
upper box dimension of X is defined as

S log Ns(X
dimp X = lim sup L‘;().
50+ log(1/0)
Let dimg@ = —1 and let dimpX = oo if X is not totally bounded. The packing
dimension of X is defined as

o0
dimp X = inf {supﬁBXi X = U XZ} .
g i=1
Then clearly dimp () = —1. Since we do not need the packing measure, it was
more convenient for us to define the packing dimension as the modified upper box
dimension, see e.g. [12] or [3T] for more on these concepts. The following fact is an
easy consequence of the definitions.

Fact 2.1. If X, Y are non-empty metric spaces and f: X — Y is s-Holder then

dimHX < dlme

dimpg f(X) < and dimp f(X) <

s
Let K be a compact metric space an let u be a mass distribution on K. We
define
dimpg ¢ = inf{dimy B : B C K is Borel and u(B) > 0},
dimp gt = inf{dimp B : B C K is Borel and p(B) > 0}.
For the following theorem see [I4, Proposition 10.2] when K is a subset of a

Euclidean space. In fact, the proof of [I14, Proposition 2.2] with the covering theorem
[27, Theorem 2.1] works in an arbitrary compact metric space.
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Theorem 2.2. If i is a mass distribution on a compact metric space K then

w(B(z,r))

dimH,u—sup{SZO:limsup < 0o for p-a.e. xEK},

r—0+

B
dimp p = sup {s >0 : liminf M

r—0+ rs

< 0o for p-a.e. xEK}.

The next theorem states that we can approximate the dimension of a compact
metric space K by the dimension of measures supported within it. For the proof see
the theorem above with Frostman’s lemma [27], Theorem 8.17] and [22] in the case of
the Hausdorff and the packing dimension, respectively. Moreover, we may assume
that the measures are Hausdorff and packing measures restricted to a compact
subset of K, see [20] and [23], respectively. See also [14, Proposition 10.1] for the
FEuclidean case.

Theorem 2.3. If K is a non-empty compact metric space then
dimy K = sup{dimg p : gt is a mass distribution on K},
dimp K = sup{dimp u : p is a mass distribution on K}.
If K is uncountable then we may assume that the above measures p are continuous.

The metric space (X, d) is called ultrametric if the triangle inequality is replaced
with the stronger inequality d(z,y) < max{d(z, z),d(y,z)} for all z,y,z € X.

Fact 2.4. Let X be an ultrametric space. Then for all z,y € X and r > 0 either
B(z,7) 0 B(y,r) = 0 or Blz,r) = B(y,r).

Let X be a complete metric space. A set is somewhere dense if it is dense
in a non-empty open set, and otherwise it is called nowhere dense. We say that
A C X is meager if it is a countable union of nowhere dense sets, and a set is
called co-meager if its complement is meager. By Baire’s category theorem a set is
co-meager iff it contains a dense Gs set. We say that the generic element z € X
has property P if {z € X : x has property P} is co-meager. Our main example will
be X = O(K,R%). See e.g. [24] for more on these concepts.

A metric space X is a Polish space if it is complete and separable. We say that
A C X analytic if it is a continuous image of a Polish space, and co-analytic if
its complement is analytic. A Borel subset of a Polish space is analytic, see [24]
Theorem 13.7]. Continuous images, countable unions and countable intersections
of analytic sets are also analytic [24, Proposition 14.4]. For more on these concepts
see [24].

Let © be a mass distribution on a Polish space X. Then p can be extended
to the o-algebra of the py-measurable sets as a complete measure, see [I7, 113C].
Analytic and co-analytic sets are p-measurable [I7, 434D (c)]. We denote by supp p
the support of p, the minimal closed subset F' of X so that u(X \ F) = 0. The
measure g is called continuous is u({x}) = 0 for all x € X. For the following
classical theorems see [17, 433C] and [19, Theorem A, p. 54.], respectively.

Theorem 2.5. If X is a Polish space and i is a mass distribution on X then there
is a compact set K C X with u(K) > 0.

Theorem 2.6 (Carathéodory’s extension theorem). Any o-finite measure defined
on an algebra A can be uniquely extended to the o-algebra generated by A.
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Let G be an abelian Polish group and let u, v be o-finite Borel measures on G.
For a Borel set A C G let us define

(nxv)(A) = (pxv)({(z,y) e GXG:x+yeE A},

where p X v is the product measure on G x G. Then p*v is a o-finite Borel measure
on G called the convolution of p and v.

For all f € C[0,1] let Z(f) = {x € [0,1] : f(x) = 0}. If x = (21,...,74) € RE
then the mazimum norm of x is defined as ||z|| = maxi<i<q|zi|. Let xa be the
characteristic function of the set A. If A C R then let conv(A) be the convex hull
of A. We denote by Pr, E and Var the probability, expected value and variance,
respectively.

3. TECHNICAL LEMMAS

Our definition of prevalence follows Hunt, Sauer and York [2I] and differs from
Christensen [9] in which the definition is given for so-called universally measurable
sets (without the Borel hulls). These definitions are equivalent for Borel sets, but
they differ in general, see [II]. The following theorem states that the definitions
are also equivalent for co-analytic sets, see [41], Proposition (i)] for the proof.

Theorem 3.1 (Solecki). Let G be an abelian Polish group and let A C G be a co-
analytic set. If there exists a Borel probability measure p on G such that u(A+g) =1
for all g € G then A is prevalent.

The following lemma is basically [4, Lemma 2.11]. It is only stated there in the
special case d = 1, but the proof works verbatim for all d € N7

Lemma 3.2. Let K be a compact metric space, let d € Nt and ¢ € R. Then
A={(f,y) € C(K,R") x R : dimpy f*(y) < ¢}
is a Borel set in C(K,R%) x R?.
Lemma 3.3. Let K C R be compact, let d € N* and c € R. Then
A={f € C(K,RY :3 an open set U; C R such that
A7 Uy)) = MK) and dimpg f~(y) > ¢ for all y € Uy}
is co-analytic in C(K,R?).

Proof. Let V be a countable basis of R? and let I be the family of finite unions of
elements of V. Clearly U is countable and A = (o, Ny An,u, where

Anu = {f € C(K,RY) : MfHU)) > MK) = 1/n
and dimy f~!(y) > cfor all y € U}.

As co-analytic sets are closed under countable union and countable intersection, it
is enough to prove that the A, i are co-analytic. Fix n € Nt and U € U and let

B={fecCK,RY :dimyg f(y) >cforally e U},
C={feC(KRY) :\(fHU)) > \K)—1/n}.

Since A,y = BNC, it is enough to prove that B and C are co-analytic.
First we show that B is co-analytic. By Lemma the set

A={(fy) € C(K,R") xR : dimpy f*(y) < ¢}
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is Borel. Define pr: C(K,R?) x R? — C(K,R?) as pr(f,y) = f. Then
B = (pr (AN (C(K,RY) xU)))*

is the complement of the projection of a Borel set. Hence B is co-analytic.
Finally, we prove that C is Borel. For all r € R let

C(r)={f € C(K,RY) : X (f~H(U)) > r}.
It is enough to prove that the C(r) are open. Fix r € R and assume that f € C(r),
that is, A(f~*(U)) > r. We need to find an € > 0 such that U(f,e) C C(r). The
regularity of the Lebesgue measure implies that there is a compact set C C f~1(U)
with A(C') > 7. As f(C) C U is compact, we can define ¢ = dist(f(C),R?\ U) > 0.
Clearly g(C) C U for every g € U(f,e), thus A(g~}(U)) > AC) > r. Hence
U(f,e) C C(r), and the proof is complete. O

Definition 3.4. Let {a,},cn+ be a sequence of positive integers. A compact set
K C Ris an (ay)-type fat Cantor set if A\(K) > 0 and it is of the form

o ay an
(3.1) K= ﬂ <U U Kil...in> ;
n=1 \i1=1  in=1
where K, ;, C K are compact sets such that for every n € NT and for each
distinet (i1,...,%5), (J1,---+Jn) € [Toei {1, .., ar} we have
(1) CODV(Kilnjn) m CODV(Kj1~~~jn) = 07
(11) Kil»»»in+l C Kil»»»in7
MK
(i) A(EG,.0,) = 28

We say that the K,  ;, are the elementary pieces of K.

Definition 3.5. Let {an}nent, {bn}nen+ be sequences of positive integers such
that a, > b, for all n € NT. A compact set C C R is an (ay, by,)-type Cantor set if

it is of the form , ,

i1=1  ip=1
where C;, . ;, C R are compact sets and there is an (a,, )-type fat Cantor set K C R
of the form (B.I) such that for all n € N* and (i1,...,4,) € [[—,{1,..., bk}

(32) @ # Oil»»»in+l C Oil...in C K“ln

The compact set C C R is an (an, b,)-type compact set if it satisfies the above
definition after replacing ({l) by the weaker property

(1) conv(K;, . 4,)Nconv(Kj, ;. ) is either empty or a singleton.

Example 3.6. The triadic Cantor set C' is an (an, b, )-type compact set, where
an, = 3 and b, = 2 for all n. Indeed, for each n let {K;, ;. :1<i41,...,i, <3} be
the set of triadic intervals of [0, 1] of length 37™ and let {Cy, . 4, : 1 <'i1,...,0, < 2}
be the set of the triadic intervals of length 3™ whose interior intersects C. Indexing
K; and C;, .4, appropriately witnesses our claim.

1~~~7;n
For the following well-known lemma see e.g. [31, Theorem 4.19).
Lemma 3.7 (Mass distribution principle). Let p be a mass distribution on a metric

space X . Assume that there are ¢, s,6 € RY such that u(B) < c¢(diam B)* for every
Borel set B C X with diam B < §. Then dimg X > s.
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Lemma 3.8. Let C C R be an (an, by)-type compact set such that for all n € NT
we have

(3.3) 0 > <a1~-~an+1>”“
n o= by bpi1

Then dimyg C = 1.

Proof. Let C;, .. ;, be the compact sets corresponding to Definition B35 Let K C R
be a compact set with elementary pieces K, . ;, associated to C. By considering
similar copies of C' and K we may assume that A\(K) = 1.

For all n € N let Z,, = [[,_,{1,...,bx}. We may suppose that C;, ;, C C
for all n € N* and (i1,...,i,) € T, otherwise we intersect them with C. Now we
construct a Borel probability measure u supported on C such that for all n € N*
and (i1,...,i,) € Z, we have

_ 1
T by-eeby,

Choose z;,. i, € Cy, .4, foralln € NT and (i1, ...,4,) € Z,. Define the probability
measures

Hn = Z (bl s bn)ilisiilminv
(61 ,eein)ELy
where J, denotes the Dirac measure concentrated on {z}. Let F, be the distri-
bution function of u,. The definitions of C' and u,, easily yield that F, converges
(uniformly) to a continuous distribution function F. Let u be the Borel probability
measure associated with F. Then p, converges weakly to u by [31, Theorem 12.7],
so [31, Theorem 12.6] yields that for all n € N* and (i1,...,i,) € Z,, we have

. 1
w(Ci,..i,) > limsup pp(Cy, ., ) = T
k—oco 1°°"Un

As p is continuous, we have Z(il
holds and u is supported on C.

Fix an arbitrary k € NT and a Borel set B C C with diam B < (aj ---ax)~!.
We can choose n >k and ¢t € {1,...,a, — 1} such that

imer, M(Ciy..i,) < 1. These imply that (3.4)

.....

t t+1
(3.5) ' < damB< L
al.'.a’n a’l'.'an
Property (i) yields that for all n € N* and (i1,...,4,) € [[1_1{1,...,ax}
1
diam(conV(K“,,,in)) Z A(K“Zn) =,
ai - ap

thus property ([l and [B3]) yield that B can intersect at most ¢ + 3 sets of the form

K, ., - Since C;,. ;. C K;, .4, foralln € NT and (iy,...,i,) € Z,, we obtain that
B can intersect at most ¢ + 3 sets of the form Cj;, ;. Therefore
t+3
(3.6) n(B) < :
bi...by,

Inequalities (33) and t 4+ 1 < a,, yield

ai - Qp n ai - Qp
3.7 D) g, g B
(3.7) <b1---bn) ==
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Inequalities 38), B7), (X)) and n > k with diam B < 1 imply

t+3
B) <
m ) S5

4t ai---ap

<
ai - Qp blbn

1/n
< 4(diam B) <u>

t4+1
(diam B)(diam B)~/"

<4
< 4(diam B)' /%,

Thus Lemma [B.7 yields that dimyg K > 1 — 1/k. As k € NT was arbitrary, we
obtain that dimy K = 1. The proof is complete. ([l

Lemma 3.9. Let C C R be compact with A\(C) > 0, and let {an}nen+ be an
arbitrary sequence of positive integers. Then for every e > 0 there is an (a,)-type
fat Cantor set K C C such that A\(K) > M\C) —e.

Proof. Let € > 0. It is straightforward to construct an (a,)-type fat Cantor set
D C [0,1] with elementary pieces D;, . ;, C D such that A\(D) > 1 —e. By
considering a similar copy of C' we may assume that \(C') = 1. Let ¢: C — [0, 1]
be the onto map defined as

o(z) = AM((—o0,2] N C).
For every Borel set B C [0, 1] we have
(3.8) Ne™'(B)) = X(B),

since ([B.8)) holds for all intervals in [0, 1] by the definition of ¢, thus Carathéodory’s
extension theorem yields that the Borel probability measures A o ¢! and Alj0,1]
coincide.

Let us define K = ¢=}(D) € C and K;, ;, = ¢ 1(D;, ;,) for all n € Nt and
(i1,...yin) € [1p—1{1,...,ax}. Applying that ¢ preserves the order < and (3.3)
yields that K is an (ay)-type fat Cantor set with elementary pieces K,  ; such
that A(K) = A(D) >1—e=XC) —e. O

Corollary 3.10. Let K C R be a compact set with A(K) > 0 and let {an}nen+
be an arbitrary sequence of positive integers. Then there exist (ay)-type fat Cantor

sets K; C K such that N(Us=, K;) = A(K).

Lemma 3.11. Let G, H be abelian Polish groups and let ®: G — H be a continuous
onto homomorphism. If S C H is prevalent then so is ®~1(S) C G.

For the proof of the above lemma see [I0, Proposition 8.]. The following corollary
follows from Lemma [B.11] and the fact that Tietze’s extension theorem holds in R

Corollary 3.12. Let K1 C Ky be compact metric spaces and let d € N*. Define
R: C(K3,R") — C(K1,RY), R(f)= [k,
If A C C(Ky,RY) is prevalent then so is R~ (A) C C(Kq,R?).
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Lemma 3.13. Let K be a compact metric space and let p be a mass distribution
on K. Let K, C K be compact sets with u(K) = p(U,—, K»n). If A is an upward
closed family of subsets of K and for all n € NT the

A, ={f € C(K,,R?Y) : 3 an open set Us C R? such that
u(f~H(Uy)) = p(Kn) and f~H(y) € A for all y € Uy}
are prevalent then so is
A={feC(K,R:3 an open set Uy C R? such that
u(f~H(Up) = w(K) and f~H(y) € A for all y € Uy}.

We will apply the above lemma for families of the form A = {A : dimyg A > ¢}
and A = {A:dimyg A > ¢; and dimp A > ¢o}.

Proof. For all n € NT let
R,: C(K,RY) — C(K,,RY), R.(f) = f|xk..

Corollary B.I2 implies that the R '(A,,) are prevalent in C(K,R%). As a countable
intersection of prevalent sets, (-, R, (Ay) is also prevalent in C(K,R?). Thus
it is enough to prove that (-, R, (A,) C A. For all f € N)_, R, (A,) let
Ur =U,—1 Uy, - Then Uy C R? is open and for all y € Uy there is an n € NT
such that y € Uy, . Then f~'(y) D (f|x,) "' (y) € A implies that f~'(y) € A.

Finally, we need to show that u(f~*(Uy)) = pu(K). By u(K) = p(Us—, Kn) it
is enough to prove that u(f~1(Us) N K,) = u(K,,) for an arbitrary fixed n € NT.
The definitions of Uy and A,, yield that

1w (fTHUD) N KR) > i (i) Usle, ) = 1K),
and the proof is complete. O

Lemma 3.14. Let u,v € Nt and 0 < p < 1/v. Assume that &,...,&, are in-
dependent random variables such that Pr(§; = j) = p for oll i € {1,...,u} and
je{l,...,v}. Then
4
Pr(#{i: & =37} <up/2 for some j € {1,...,v}) < u—;

Proof. Let us fix j € {1,...,v} arbitrarily and for all i € {1,...,u} let X; =1
if & = j, and let X; = 0 otherwise. Set X = Y "  X,;. Then E(X;) = p and
Var(X;) =p—p? <pforallie{l,...,u}, thus E(X) = up and the independence
of X; yields Var(X) = >_1 | Var(X;) < up. Then Chebyshev’s inequality [7} (5.32)]
implies

Pr(#{i s & = j} < up/2) = Pr(X < up/2)

< Pr(|X — E(X)| > E(X)/2)
< Var(X)/(E(X)/2)? < uip

Hence A
Pr(#{i: & =j} <up/2 for some j € {1,...,v}) < %,

and this concludes the proof. (Il
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Lemma 3.15. If X, Y are independent R%-valued random variables and r > 0 then
Pr(|X =Y| <7r) < sup Pr(|X —y| < 7).
yERA

Proof. Let px, py and pxy be the distribution measure of X, Y and (X,Y),
respectively. The independence of X and Y yields pxy = px X py, thus

PI‘(|X - Y| < T) = //de X{(w,y):|m—y|§r} dMX)y(.I,y)
= / / X{(): |o—y<r} dpex (2) dpy (y)
Rd JRd

_ /R Pr(|X — y| < r)duy (y)

< sup Pr(|X —y[ <r).
yeRd

The proof is complete. O

4. DIMENSIONS OF FIBERS OF PREVALENT CONTINUOUS MAPS
4.1. The real case. First we prove the Main Theorem for K C R and p = A.

Theorem 4.1. Let K C R be a compact set with A\(K) > 0 and let d € NT.
Then for the prevalent f € C(K,R?) there evists an open set Uy C R? such that
A f7HUy)) = MK) and for all y € Uy we have
dimgy f~'(y) = 1.
In the special case K = [0, 1] we obtain the following:

Corollary 4.2. For the prevalent f € C[0,1] there is an open set Uy C R such
that A\(f~1(Uys)) = 1 (hence Uy is dense in f([0,1])) and for all y € Uy we have

dimg f(y) = 1.
Proof of Theorem[4.1} Consider
A={f € C(K,R% : 3 an open set U; C R? such that
MfHUf)) = MK) and dimg f~*(y) = 1 for all y € Uy}.

Lemma with ¢ = 1 yields that A is co-analytic. By Theorem [B1]it is enough
to show that there exists a Borel probability measure y on C(K,R?) such that
w(A—g) =1forall g € C(K,R%).

Now we construct the measure p. Let us endow R? with the maximum norm,

which we simply denote by |-|. Let s = 2¢ and let S, = {—27",27"}4 for all
n € NT, then #85,, = s. Clearly for all z € R? and n € N we obtain that
(4.1) B(z,27") = U B(z +y, 2~ (D),

YESnt1

For all n € NT let us define the positive integers a,, and b,, by
an = (25)4n and b, = (25)7(7”3)@",
easy calculations show that there is an ng € NT such that for all n > ng we have

n+1
(4.2) an > max {(25)8n(a1 e n_1), (w) } '

bl"'bn+1
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For all n € N7 let
n
z, = [[{L,. ... ai}.
=1

Let us recall Definition B4l Corollary implies that there exist (a,)-type fat
Cantor sets K; C K such that A\(J;—; K;) = A(K). Therefore, by Lemma we
may assume that K is an (a,)-type fat Cantor set with elementary pieces K, ., .
By considering a similar copy of K we may suppose that A(K) = 1. Then for all
n € Nt and (iy,...,i,) € Z, we have

)\(Kll ~~~i71) =

ai---Qp

For all Borel sets A, B C K with A(B) > 0 let us use the notation

AMANB)
MA|B) = ————=
(415) = 25
For all n € N* and (i1,...,i,) € I, let us define countably many independent
random variables X;, ; and Y;, ; such that for all y € S,, we have
(4.3) Pr(Xiy. i, =y)=Pr(Ys, . 4, =y) =1/s.
For every n € NT and x € K there exists a unique (i1,...,1,) € Z, for which

x € Ky, i, Then let us define the random function f,, € C(K,R?) as
f’ﬂ(x) = Xi1...in - S/;l...in-

Note that the dependence of the right hand side on x is simply that the indices
depend on z. Let P, be the probability measure on C(K,R?) corresponding to
this method of randomly choosing f,,, and let R,, C C(K,R%) be its finite support.
Clearly for all f,, € R,, and « € K we have

(4.4) [fula)] <217,

Thus >.°, fn always converges uniformly. Let P = [[°, P, be a probability
measure on the Borel subsets of R = [[2 | R,, and let

7 R = C(K,RY, 7((fa)) = fa-
n=1

Let us define
pu=Por 1

Now we prove that p(A —g) = 1 for all g € C(K,R?). More precisely, we will
show that for each g € C(K,R?) the stochastic process W = >"°° | f, satisfies
g+ W € A almost surely. Let g € C(K,R?%) and ¢ > 0 be arbitrarily fixed, it is
enough to show that u(A —g) > 1—¢e. As g(K) is compact, we can fix an integer
m > ng such that 2 > 1/ and g(K) can be covered by 2™ closed balls of radius
1, it is sufficient to prove that

(4.5) WA= g)=B(x ' (A—g)>1-27".
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For all n € N consider

m—+n
i=1
rn = (25)7 0T,
25 m—+n+5
Am+4n+1

Statement 4.3. Let n € N and assume that z € R? and for alli € {1,...,m+n}
the functions f; € R; and o € Lynir are fived. Let A C hy,'(B(z,2~ (™)) with
MA|Ky) > 1y

For all y € Syqn+1 let us define the random set I(y) C {1,..., am+nt1} as

I(y) = {z D (A Nhyiy (B (z + v, 2*<m+”+1>)) ] Km-) > rn+1} ,
where oi is the concatenation of o and i. Then
Prtnt1 (#I(Y) < bmtntr for some y € Spini1) < po-
Proof of Statement[{.3 Let us define I C {1,...,Gm+nt1} as
= {i: NA| Kp) = 70 /2).
First we prove that

(4.6) #I > M;"“

Our assumption and the definition of I imply that
Am+n+1
raAMKo) SMANK,) = Y MANK,)
i=1
Am+n+1 r
< _n/\ Kgi + >\ Ka'i
< ; 5 A Hoi) ZG; (Koi)

o M)
- 7>\(KU) + (#I) Aot )

which easily yields [@6). Then A C h;'(B(z,2~(™*™)) and @I) imply that

Ac U ! (B(z+y,2_(m+"+1))).

YESmin+1

Thus the definition of I and 7,41 = 7,/(2s) yield that for all ¢ € I there exists
y(2) € Sim4n+1 such that

(4.7) A (A = (B (z +y(9), 2—<m+"+1>)) | Km-) > gt
Let Spant+1 = {y; : 1 <j < s}. Define for all ¢ € I independent random variables

f- _ {j lf Xa'i = yj and Ygi = y(l),

(4.8) .
0 otherwise.
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For all j € {1,...,s} let us define the random set
Now we show that for all j € {1,...,s} we have
(4.9) I; C I(y;).
Assume that ¢ € I; and z € K,;, then
hng1 (@) = hn (@) + fr1 (@) = ha(2) + Xoi = Yoi = ha () + y; — y(i),

therefore

(4.10) At (B (z +y(9), 2—<m+"+1>)) N Ky Chyly (B (2 +yj, 2—<m+"+1>)) .
Formulae (@I0) and (@7) imply

(4.11) MAanndy (B (245,270 ) [ Ko > v,

thus ¢ € I(y;), so (£9) holds. The definitions yield that

TnOm4n+1 8s3
4.12 ———— =bnin d —— =p,.
( ) 452 tntl AN TnQm+n+1 b
Clearly, we have Pr(¢§; = j) = 1/s? for alli € I and j € {1,...,s}. We apply
Lemma 314 for & with u = #I, v = s and p = 1/s%. Then (8] and the first part

of @I2) yield that by yny1 < up/2. Therefore (9), Lemma 14 (£6) and the
second part of ([@I2) imply that
Prntnt1 (#1(y) < bngntr for some y € Syypni1)
< Pr(#I; < byygny1 for some j € {1,...,s})
<Pr(#{iel:& =37} <up/2forsomeje{1,...,0})

4ov 8s3
<—<— =Dn-

up TnQm+n+1
The proof of the statement is complete. (|

Now we return to the proof of Theorem 1l For all k € Nlet Vi x = T = {0}.
For all natural numbers k < n let

Vin =[] Smyi and Tiw= [ {1, bmri}-

i=k+1 i=k+1

Let (f1,..., fm) € R1 X -+ X Ry, be arbitrary. By the definition of m we can cover
B(g(K),2) by 2™ closed balls of radius 3, and so by 2™s™%2 < (2s)™*2 closed balls
of radius 27™. Let T, C R? be the set of their centers, that is, #7, < (2s)™*?
and B(g(K),2) C Uyer,, B(y,27™). Let

To = {yo € Trm : A(hy ' (B(y0,2™™))) > 1o}

As [@3) yields ho = g+ >, fi € B(g,2), we have ho(K) C U,cr,, B(y,27™).
Therefore 79 = (25)~"*2) and #7T,,, < (25)™*2 imply that Ty # 0. Let us fix
(fi,..., fm) and for all yo € T fix oy, € Z,, such that

A(ho ' (B(y0,27™)) | Ko,,) = To.
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Let n € N and suppose that f; € R; are fixed for all ¢ € {1,...,m+n}. Assume
by induction that for all k € {0,...,n} the sets T, C Ty, X Hle Smi and for all
(Yos -y Uk) € Ties Wkt1,--->Yn) € Vien and (Jr+1, - -+, Jn) € Ji,n the index sets
(4.13) 0= 0yg..yr Ukt1s -« s Yn Jht1s - -5 n) € Tntn
are already defined (we use the convention that oy,. 4, (0;0) = 0y,..4, ) such that

MAL (Yo, -y Yn) | Ky) > 1y, where

1D o) = (1 (B (o + -+ +pa)270m0)).
i=k

Let us consider the functions fi,+nt1 € Rmitn+1 for which for every o from (I3
and for every ynt+1 € Smint1 and jny1 € {1,...,bmint1} we can define ¢ as the
Jn+1st smallest element of {1,..., amtn41} that satisfies

A (AZ(yOa e ,Z/n) N h;hlLl (B ((yO + -+ yn+1)a 27(m+n+1))) ‘ Ka'i) Z Tn+1,
and let us define

Ty Ykt 1s o3 Ynt15 Jkt 15 - -+ Jnt1) = 006 € Ly

Statement [£.3] implies that the Py, 1 1-probability that fiini1 € Rmany1 does
not have this property is at most

Z(#E)(#yk n #jk n)Pn Z 25 m+2 n m+k+1 e bm+n)pn
k=0 k=0
(415) S ( )m+n+2(bl bm-‘rn)pn
< ( ) m+n+1)( 'am+n)(am+n+1)71
<2- (m+n+1)

where we used n +1 < 2", b, < a,, and [L2). Let us fix f4n+1 with the above
property and define 7,41 C T}, X Hn+ Sm+i as

Tnt1 = {(ym s Yng1) T A (hn}ﬂ (B ((yo +o yn+1)727(m+"+1)))) > Tn+1} ,

and for all (yo,...,Yn+1) € Tnt1 let us fix oy, .y, 1 € T4 such that

A (hr_hLl ( ((yo ot Ynt), 27(m+n+1))) | K"yomynﬂ) 2 Tnl-

Let F be the set of sequences (f;) € R which can be defined by this process. Then

(AI5) yields

(4.16) P(F)>1-) 27tmntl) —q o=,
n=0

For all (f;) € Rlet h=g+> .2, fi and for all (f;) € F let
Uy, = U U U((yo + -~ +yx), 27 ™R,

Now we are ready to prove [@3). By (@I8) it is enough to show that for P-
almost every (f;) € F we have (f;) € 71 (A— g). Therefore it is sufficient to prove
that dimyg h=1(y) = 1 for every (f;) € F and y € Uy, and A(h=*(Uy)) = A\(K) for
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P-almost every (f;) € F. Therefore the following three lemmas will complete the
proof of Theorem (4.1

Lemma 4.4. For all (f;) € F and y € Uy, we have dimg h=*(y) = 1.

Proof. Fix k € N and (yo,...,yx) € Tr such that y € U((yo + - -- + yx), 2~ (mFF).
Then (@I) yields that for all n € NT we can ix yg1n € Smakin such that

(4.17) y € B((yo + -+ + Ypn), 27 (TR,

For all n € Nt and (j1,...,4n) € Tiktn = [ Loy {1s -, bmtiti} let
U(j17 cee 7]71) = Oyo...yx (yk:-‘r17 ceey yk:-‘rn;jh cee 7]71) S Im-i—k:-‘rn

and

Chrogn =Koty VAT (Yo, - Yhin)
where we recall (413 and (I4). Let us define

0o [bmtr+1 bt ktn

c=( U U G

n=1 \ ji=1 dn=1

Then ([@I4) yields that hgyn(Cj ;) € B((yo + -+ + Yrin), 27 ) for all
n € Nt and (j1,...,0n) € Tk ktn. Thus (@IT) and uniform convergence imply
h(z) =y for all z € C, so

(4.18) C Ch™y).

Let us recall Definitions [3.4] and Let ¢, = amaksn and d, = byqgap for
all n € N*. As K is an (ay)-type fat Cantor set, the (m + k)th level elementary
pieces of K are (¢, )-type fat Cantor sets. Inequality (£.14)) yields that Cj,. ;, # 0
for all n € N* and (j1,...,jn) € [[/-1{1,...,d;}, thus K witnesses that C is a
(¢n,dn)-type Cantor set. Then ({2 easily implies that

therefore Lemma yields that dimy C = 1. Hence ([I]) implies that
(4.19) dimg h™(y) > dimy C = 1,
which completes the proof. O

Lemma 4.5. Let (f;) € F be fized such that Ao h™1 is absolutely continuous with
respect to A\%. Then \(h=1(Up,)) = M\(K).

Proof. There exists a measurable function ¢: R — [0, 00) such that for every Borel
set B C R? we have

(4.20) A(h(B)) = /B () ().

Assume to the contrary that A(h=*(h(K)\Uy)) > 0. Then there exist a measurable
set £ C h(K)\ U, and ¢ > 0 such that A*(E) > 0 and ¢|g > c. By Lebesgue’s
density theorem [I7, 261D] we can fix a density point z € E. As z is a density point
of E, there is an n € NT such that r = 27"+ satisfies r < ¢ and if B C B(z,2r)
is a ball with radius at least /4 then

(4.21) M(BNE)>\(B)/2.
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Asze€ E C h(K) C B(g(K),2), there exists (yo,--.,Yn) € Tm X Smt1 X+ X Spmin
with z € B((yo+ -+ yn),7). Let y = yo+ -+ y, and D = B(y,r/2), then we
have B(D,r/2) = B(y,r) C B(z,2r). Then (£20), the definition of ¢ and ([@2I)
yield

(422)  AGND)) = /D o(y) AN(y) > AUD N E) > (/2)A(D).

Let B = {B(Y + Ynt1 + Ynt2,7/4) : Ynsi € Smanti}, clearly #B = s2. If x € K
and h(z) € D then (£4]) and the definition of D imply

hnso(z) € B(h(z),2~ ("1 ¢ B(D,r/2) = =B

Hence there exists a B € B such that A(h,},(B)) > 5_2)\(11_ (D)) Then (£.22),
M(D) = s~ (M) and ¢ > 2-(m+7) yield

AB~HD)) _ eN(D)

52 - 27

Let yo+- - -+ynao be the center of B. The definition of 7,12 and /\(hfhlLQ(B)) > Tpao
imply that (yo,...,Yn+2) € Tnt+o. Hence the definition of Uy, yields that B C Uy,.
Then ([2I)) implies that AY(BNE) > A4(B)/2 > 0, thus ENB # 0, so ENU}, # 0.
This contradicts the definition of E, thus A(h=1(Uy)) = M\(K). O

Mht2(B)) > > (25) 7Y

= ’rn_;,_g.

Lemma 4.6. For P-almost every (fi) € R the measure Ao h™! is absolutely con-
tinuous with respect to \%.

Proof. For all (f;) € R and n € N let F,, = >°°°  f;. For all distinct z,z € K
let i(x, z) be the minimal number 4 such that x and z are in different ith level
elementary pieces of K. Fix n € NT and x,2 € K with i(z,2) = n and also fix
r > 0. Pick indexes {iy}r>1 such that x € K; for all K € Nt and define

1.0k

X ZX“ ik and Y Z 1.0k

k=n

where we recall ([@3). Then clearly X,,(z) is uniformly distributed in B(0,2!~"),
therefore for all y € R? we have

(4.23) P(|Xn(z) —y| <7) < (r2n H? < (r2m)?,
Then i(z, z) = n1mphes that X, (x) and Y,,(z)—g(x)+F, (z)+g(z) are independent.
Since fz(:t fi(z) for all i < n, the difference of the above two variables equals

h(z) — h(2). Thus Lemma BI5 and (23] imply
P(|h(z) = h(z)] < 1) = P(|Xn(2) = (Ya(2) — g(2) + Fu(2) + 9(2))] < 7)
(r2

(4.24) < sup P(|Xn(2) —y| <7) < (r27)%
y€ER

Let A, = {(z,2) € K x K :i(z,z) = n} for all n. € Nt then
ay - -ap(a, — 1) 1
(al...an)Q - ?

a’l DY aln71
where a; - - - ag = 1 by convention. Let us use the notation A\, = Ao h~! and define
the random function ¢: R — [0, 00] as

(4.25) (A x \)(Ay) =

A (B(y,r))
a(y) = B Bl )
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By [27, Theorem 2.12] it is enough to show that, almost surely, ¢(y) < oo for Ap
almost every y € R?. Therefore it is enough to prove that the following expected
value is finite. Applying Fatou’s lemma, the substitution formula fRd YdA, =
[ ¥ o hdA, Fubini’s theorem, @24), 25) and a,, > s*" = 229" yield

B [ o) ant) < timint i [ (B )

r—0+

o 1
= lim inf @i /K /KP(|h(:17) — h(z)| < r)dA(z) dA(z)

BENIPRES
= lim inf @y ; //A P(|h(z) — h(2)] < 7)dA(z) dA(z)

r—0+

1 < (r2n)
< lim inf
< B o 2 e

0o 2dn [e%S)
= E — S E 2—dn < 00,
— ai - - ap —
n=0 n=0

and the proof is complete. (Il
Therefore the proof of Theorem F.1]is also complete. O

4.2. The ultrametric case. Before turning to the general case, we prove the Main
Theorem for ultrametric spaces. The key step is the following lemma, where the
construction of the map h is based on the proof of 25 Theorem 2.1].

Lemma 4.7. Let (K, d) be a compact ultrametric space. If p is a continuous mass
distribution on K, then there is a map h: K — [0,1] and there are compact sets
K,, C K such that if hy, = h|k, and D,, = h(K,) then for all n € NT we have

(i) (Un=y Kn) = p(K) and A(Dy) > 0;

(i) the maps hy,: K, — D, are homeomorphisms;

(iii) for every Borel set B C D,, we have u(h,'(B)) = A(B);

(iv) for every non-empty B C D,, we have dimy h; }(B) > dimy p - dimy B;

(v) for every non-empty B C D,, we have dimp h,,*(B) > dimp p - dimy B.

Remark 4.8. We may assume that the compact sets in the above lemma satisfy
K, C K41 for all n > 1, but we will not use this property later.

Proof. We may assume that p(K) = 1. By [25, Lemma 2.3] we obtain that K
is a l-monotone metric space, that is, there exists a linear order < on K such
that diam(a,b] = d(a,b) for all a,b € K, where [a,b] denotes the closed interval
{r € K :a = x <Xb}. Itis easy to show (see also in [33]) that each open interval
(a,b) = {x € K : a < x < b} and every open half-line (—oco,z) = {z € K : z < z},
(x,00) ={z € K :x < z} is open in K, so every interval is Borel. Let us define

Then for every Borel set B C [0, 1] we have
(4.26) u(h~}(B)) = A(B),

since it holds for intervals in [0, 1] by the definition of h, so Carathéodory’s extension
theorem yields that the Borel probability measures po h~! and Aljo,1) coincide.



22 RICHARD BALKA, UDAYAN B. DARJI, AND MARTON ELEKES

Now we show that h(K) = [0, 1]. The continuity of p implies that h is continuous,
so h(K) is compact. Since K is compact and the intervals of the form (—oo,b)
and (a,00) are open, there exists a minimal element z_ and a maximal element
x4 in (K,=<). Then h(z_) = u(@) = 0, and the continuity of u yields h(xy) =
pu((=o0,24)) = p(K\{z+}) = w(K) = 1. Hence {0,1} C h(K) and h(K) is a subset
of [h(z_), h(x4)] = [0,1]. Thus it is enough to prove that there are no u,v € h(K)
with v < v and (u,v) Nh(K) = (). Assume to the contrary that there exist such u
and v. Let S be a countable dense subset of K and let S1 = {s € S : h(s) < u} and
So={t €S :h(t) >v} Then (u,v) Nh(K) =0 implies that S = S; U S2. Since
Sy and Sy are countable and h(z) = p((—00,z)), we obtain pu(,cg, (—00,5)) < u
and 1((N;eg,(—00,t)) > v. Let B = (V,cg,(—=00,t) \ Uses, (00, 5), then we have
wE) > v—u > 0. But F can contain at most two points: If a,b,¢ € E and
a < b < ¢, then (a,c) would be a non-empty open set not containing any point of
the dense set S = 57 U S2. Then the continuity of p implies that u(E) = 0, which
is a contradiction. Thus h(K) = [0, 1].

We prove that Y = {y € [0,1] : #h~1(y) > 2} is countable. For all n € N* let

Y, = {y €10,1] : diamh~*(y) > 2/n}.

AsY = Uflo:l Y, it is enough to show that Y,, is finite for all n € NT. Let us fix n
and for all y € Y,, pick ay, b, € h~'(y) such that a, < b, and d(ay,b,) > 1/n. Let
us say that a set is 1/n-separated if the distance between every pair of its points is
at least 1/n. Since a compact metric space does not have an infinite 1/n-separated
subspace, it is enough to prove that 4, = {a, : y € Y,,} is 1/n-separated. Let
y,w € Y, such that y < w. Then the definition of h yields ay < by = a,,. Thus the
definition of the order < implies

1/n < d(ay,by,) = diam[a,, b,] < diam[ay, aw] = d(ay, aw),

so A, is 1/n-separated.
Let us define
B
X = {x € K:limsupw
T‘S

< oo for all s < dimH,u} ,
r—0+

B
Z = {xeK:liminfw < oo for alls<dimpu}.
r—0+ rs

Theorem yields that (X NZ) = 1. Since Y is countable and p is continuous,
([@286) implies that u(h~*(Y)) = 0. Therefore we can choose compact sets K,, C
(XNZ)\h1(Y) such that u(K,) > 0 for all n € N* and u(lJ,~, K,) = 1. Clearly,
the h,, are one-to-one, so () holds. Then (£26]) yields (i) and A(D,,) > 0, thus
@ is satisfied.

Now we prove (). We may assume that dimg g > 0, otherwise we are done.
Let us fix 0 < s < dimg p. As K,, C X for all n € NT, it is enough to show that
for each non-empty A C X we have

dimgy A
(4.27) dimy h(A) < S22
s
then letting s ' dimy p yields (). Fix a non-empty A C X and for all ¢ € N* let

X ={z e X :u(B(z,r)) <ir® for all r > 0}.
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The definition of X clearly implies that X = Ufil X;. The definitions of i and the
linear order < yield that for all x, z € X; with x < z we have

Ih(x) = h(2)| = p(lz, 2)) < u(B(z,d(z, 2))) < i(d(z, 2))°,
so the h|x, are s-Holder. By Fact 2l we have dimg h(ANX;) < (dimpg(ANX;))/s

for all i € N*. Therefore A C X = J;2, X; and the countable stability of the
Hausdorff dimension imply that

di ANX; dimpy A
dimg h(A) = sup dimg h(AN X;) < sup i ) _ dmE
ieN+ iEN+ S S

thus (@27) holds. Hence (iv) is satisfied.

Finally, we show (@). We may assume that dimp u > 0, otherwise we are done.
Let us fix an arbitrary 0 < s < dimp . As K,, C Z for all n € NT, it is enough
to show that for each fixed non-empty A C Z we have dimpy h(A4) < (dimp A)/s,
then letting s ~ dimp p yields ([@). We may suppose that dimp A < 0o, otherwise
we are done. It is enough to show that for each fixed ¢ > dimp A we have

(4.28) dimg h(A) <t/s,

then letting ¢ ~\, dimp A finishes the proof. The definition of the packing dimension
implies that there are sets A; such that A = (J;°; A; and dimpA; < ¢t foralli € NT.
For all j € Nt let

Zi={x € Z:u(B(z,27")) < j27" for infinitely many n € N*}.

The definition of Z implies that Z = U;’;l Z;. Let us fix 4,j € NT and let D =
A; N Z;. Now we show that

(4.29) dimg h(D) <t/s.

Since dimpD < t, we can fix u such that dimpD < u < t. For all n € N* let
N, ={B(z,27") : z € D},
Sp={B(®,27"):x € D and u(B(z,27")) < j27"}.

Then clearly S,, C NV,,. Fact24and the compactness of K yield that N, consists of
finitely many pairwise disjoint balls, so #M,, = Ny-n (D) for all n € NT, where we
recall that No-» (D) is the smallest number of closed balls with radius 2" whose
union cover D. Thus dimpD < u and the definition of the upper box dimension
yield that for all n € NT we have

(4.30) #8,, < Ny-n (D) < 12,

where ¢; € RT. Let S € S, for some n € Nt. For all 2,z € S with z < z the
definition of < implies that [z,z) C B(z,d(x,z)) C B(z,2™™). Thus the definition
of h and z € Z; yield

Ih(z) — h(=)] = (i 2)) < (B, 27)) < 2™
where co = j. Therefore for all n € N* and S € S,, we obtain that
(4.31) diam h(S) < 22777,
Since D C Zj, we have D C ;2 y Uges, S for all N € N*. Thus for all N € N*

we have

(4.32) h(D) C [j U »(s).

n=N S€S,,

)
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For all N € N* let x5 = j27 V¢, Then (432), (@30), (E31) and u < ¢ imply

HY P (h(D) < Y Y (diam h(S))"*

n=N S€S§,,
< Z Cl2nu(c22—ns)t/s _ 032N(u—t),
n=N

where c3 = c1¢2/5(1 — 2874)~1. Thus u < ¢ yields that limy_ e 1/ *(h(D)) = 0,

oN
so H!/*(h(D)) = 0. Therefore dimy h(D) < t/s, thus (@29) holds.
As A=U;Z,Uj2, (4N Z)), the countable stability of the Hausdorff dimension

and ([A29) imply
dimg h(A) = sup dimy h(A4; N Z;) <t/s,

i,jENt
thus ([@28) holds. This implies (@), and the proof is complete. O

Theorem 4.9. Let K be a compact ultrametric space, and let d € NT. If u is a
continuous mass distribution on K, then for the prevalent f € C(K,R?) there is
an open set Uy C R such that p(f~*(Uy)) = u(K) and for all y € Uy we have

dimgy f~Y(y) > dimg g and dimp f~'(y) > dimp p.

Proof. For all n € NT let us choose compact sets K,, C K and D,, C R and
homeomorphisms hy,: K,, — D,, according to LemmalL7l As u(J,—; K,) = u(K),
Lemma 313 yields that it is enough to prove that the sets

A, = {f € O(K,,R%) : 3 an open set Uy C R such that u(f~*(Uy)) = u(K,)
and dimg f~!(y) > dimg p and dimp f~*(y) > dimp p for all y € Uy}
are prevalent in C(K,,R?). As \(D,,) > 0 by (@), Theorem ETl implies that
B, = {f € C(D,,R?) : 3 an open set Uy C R? such that
MfHUp)) = A(Dy,) and dimpy f~(y) = 1 for all y € Uy}
are prevalent in C(D,,,R?). Fix n € N* and define
Hy: C(Kn, RY) = C(Dp,RY),  H(f) = f o hy".
Then H,, is a continuous group isomorphism, so Lemma B.11] yields that H!(B,)
is prevalent in C(K,,, R?). Therefore it is enough to prove that H,*(B,) C A,. Let
us fix f € H, 1 (B,), we need to prove that f € A,. Let g = H,(f) = foh,! € By,
then there exists a non-empty open set U, C R? such that A(g~*(U,)) = A(Dy)
and dimg g~ '(y) = 1 for all y € U,. Let Uy = U,. Applying (i) twice with
K, = h;Y(D,,) implies that
p(f7HU)) = plhe (971 (Ug)) = Mg ™" (Uy)) = M(Dn) = u(Kr)-
Let us fix y € Uy. Then (ivl) and (@) yield that
dimp f~(y) = dimy hy (g7 (y)) > dimy p- dimp g~ (y) = dimp p,
dimp f~(y) = dimp h, (g7 (y)) > dimp - dimy g~ (y) = dimp p.
These imply that f € A,,, and the proof is complete. O
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4.3. The Main Theorem. We prove the Main Theorem after some preparation.

Definition 4.10. Let X be a metric space. For all 7 > 0 let N(r) be the minimal
number such that every closed ball B(z,r) can be covered by N(r) closed balls of
radius r/2. Then X is called doubling if sup{N(r) : r > 0} < co. We say that X is
non-exploding if

log N(r)

lim ——= =0
r—0+ logr

Every subspace of R™ is doubling, and every doubling space is non-exploding.

Definition 4.11. Let X,Y be metric spaces. A map f: X — Y is called nearly
Lipschitz if f is s-Holder for all s < 1. We say that f is nearly bi-Lipschitz if it
is one-to-one and both f and f~! are nearly Lipschitz. The spaces X and Y are
nearly Lipschitz equivalent if there exists a nearly bi-Lipschitz onto map f: X — Y.

Fact 4.12. If X, Y are metric spaces and f: X —Y is a nearly bi-Lipschitz map
then dimgy f(A) = dimg A and dimp f(A) = dimp A for all A C X.

The above fact follows from Fact [ZIl For the following theorem see [44].

Theorem 4.13 (Zindulka). Let K be a non-exploding compact metric space. If
1 is a mass distribution on K, then there exists a compact set C C K such that
w(C) > 0 and C is nearly bi-Lipschitz equivalent to an ultrametric space.

Theorem 4.14 (Main Theorem). Let K be a non-exploding compact metric space,
and let d € Nt If i is a continuous mass distribution on K, then for the prevalent
f € C(K,RY) there is an open set Uy C R? such that pu(f~1(Uy)) = p(K) and for
all y € Uy we have

dimg f~Yy) > dimg p  and dimp f~1(y) > dimp p.
In the special case K = [0, 1]™ we obtain the following:

Corollary 4.15. Let m,d € NT. Then for the prevalent f € C([0,1]™ R?) there is
an open set Uy C RY such that \™(f~1(Uy)) = 1 (hence Uy is dense in f([0,1]™)
and for all y € Uy we have we have

dimgy f~(y) = m.

Proof of the Main Theorem. By Theorem there exist compact sets K,, C K
such that pu(K,) > 0 for all n € Nt and p(U,—, K,) = w(K), and there are
compact ultrametric spaces C,, and nearly bi-Lipschitz onto maps h,: K, — C,.
Define the measures i, = p|x, on K,, and v,, = poh_* on C, for all n € NT. Since
vn(Cr) = u(Ky) > 0, the measures p,, and v, are continuous mass distributions.
Then dimyg p, > dimg p and dimp p,, > dimp p by the definition, thus LemmaB.13]
yields that it is enough to prove that the sets

A, ={f € C(K,,R%) : 3 an open set Uy C R such that p,(f " (Us)) = pin(Ky)
and dimg f~!(y) > dimy p, and dimp f~'(y) > dimp p, for all y € Ur}

are prevalent in C(K,,,R%). Theorem implies that the sets

B, = {f € C(C,,R?%) : 3 an open set Uy C R? such that v, (f~(Uy)) = v, (Cn)
and dimg f~'(y) > dimg v, and dimp f~*(y) > dimp v, for all y € U}
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are prevalent in C(C,,,R%). Fix n € N* and define H,,: C(K,,,R%) — C(C,,, R?) as
H,(f) = foh,'. Then H, is a continuous isomorphism, so Lemma [B.11] yields that
H;Y(B,) is prevalent in C(K,,,R9). Since h,, is nearly bi-Lipschitz, by Fact 12 we
have dimg h,;}(B) = dimg B and dimp h,'(B) = dimp B for all B C C,,. Hence
o h;l = v, yields that dimyg p,, = dimy v,, and dimp u,, = dimp v,,. These easily
imply that H,1(B,) = A,, so A, is prevalent. The proof is complete. O

Corollary 4.16. Let K be an uncountable, non-exploding compact metric space
and let d € N*. Then for the prevalent f € C(K,RY) for all s < dimp K there is
a non-empty open set Us s C R such that for all y € Uy,s we have

dimp f~1(y) > s.
In particular, we have
sup{dimp f~(y) : y € R} = dimp K.

Proof. Fix s =0 if dimp K = 0 and s € (0,dimp K) if dimp K > 0. Theorem 23]
implies that there is a continuous mass distribution p on K with dimppu > s.
Applying the Main Theorem for p yields that

A(s) = {f € C(K,R?%) : 3 a non-empty open set U; C R?
such that dimp f~*(y) > s for all y € Uy}

is prevalent in C(K,R%). If dimp K = 0 then we are done, otherwise choose a
sequence s, / dimp K, then (), A(s,) is the desired prevalent set. (]

In the case of Hausdorff dimension we generalize the above two corollaries. For
the following theorem see [30, Theorem 1.4].

Theorem 4.17 (Mendel-Naor). If K is a compact metric space and s < dimpy K
then there exists a compact set C' C K such that dimg C > s and C is bi-Lipschitz
equivalent to an ultrametric space.

Theorem 4.18. Let K be an uncountable compact metric space and let d € NT,
Then for the prevalent f € C(K,R?) for all s < dimy K there is a non-empty open
set Ups C R? such that for all y € Uy s we have

dimy f~1(y) > s.
In particular, we have
sup{dimg f~(y) : y € R?} = dimy K.
Proof. By Theorem [[L7] we may assume dimgy K > 0. Fix s € (0,dimpy K) and let
A= {f € C(K,R?% : 3 a non-empty open set Us C R
such that dimy f~'(y) > s for all y € Us}.

It is enough to prove that A = A(s) is prevalent, since we can choose a sequence
sy, /' dimy K and (), A(s,) will be a prevalent set in C(K,R?) satisfying the
theorem. By Theorem [T there is a compact set C' C K such that dimgy C' > s and
there exist a compact ultrametric space D and a bi-Lipschitz onto map h: C' — D.
By Fact we have dimpg D > s, so Theorem yields that there exists a
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continuous mass distribution g on D such that dimg pu > s. Therefore Theorem [£.9]
implies that

B ={g € C(D,R? : 3 anon-empty open set U, C R?
such that dimg g~ '(y) > s for all y € U, }
is prevalent in C(D,R). Consider
R: C(K,RY) = C(D,RY), R(f)= flcoh™ L

As h is a homeomorphism, R is a composition of two continuous onto homomor-
phisms, so R is a continuous onto homomorphism. Thus Lemma [B.11] implies that
R™Y(B) Cc C(K,R?) is prevalent, so it is enough to prove that R~'(B) C A. Let
us fix f € R71(B), we need to prove that f € A. Let g = R(f) = flcoh™! € B,
then there exists a non-empty open set U, C R? such that dimpy g~'(y) > s for all
y € Uy. Let Uy = Uy and fix y € Uy. Then h™' (g™ (y)) = (fle) " (y) € [~ (),
so applying Fact for the bi-Lipschitz map h yields that

dimp f~(y) = dimp h™' (g7 (y)) = dimp g7 (y) = s.
Hence f € A, and the proof is complete. O

4.4. Fibers of maximal dimension. First we prove that one cannot replace
supremum with maximum in the second claims of Corollary[£.I6]and Theorem [£.18§
For the following well-known lemmas see e.g. [44] Lemma 4] and [5], respectively.
Note that Lemma is stated in [5] only in the case K = [0, 1], but the proof
works verbatim for all K.

Lemma 4.19. Let G be an abelian Polish group and let A C G. If for all compact
set K C G there exists a g € G such that K + g C A then A is non-shy.

Lemma 4.20. Let K C [0,1] and K C C(K,R) be compact sets. Then there is a
strictly increasing function h € C[0,1] such that h(0) = 0 and for all f € K and
x,z € K, x # z we have

[f (@) = f(2)] < R(la = 2]).
Theorem 4.21. There is a compact set K C R such that dimyg K = dimp K =1
and
A={feCK,R):dimy f(y) < dimp f1(y) <1 for all y € R}
is non-shy in C(K,R).
Proof. For all n € N* let K,, C [0,1/n] be compact sets such that dimyg K,, =
dimp K,, =1 —1/n and let K = |J,—, K,, U{0}. Then K C [0,1] is compact and
dimyg K = dimp K = 1. Define
B={feC(KR): f7(f(0) ={0}}.
Now we show that B C A, that is, dimg f~!(y) < dimp f~1(y) < 1 for every
f € B and y € R. The first inequality clearly holds, so it is enough to prove
that dimp f~1(y) < 1. Let us fix f € B, by definition f~1(f(0)) = {0}. For all
y € R\ {f(0)} the level set f~1(y) C K \ {0} is compact, thus it can be covered
by finitely many sets K,. Therefore the countable stability of packing dimension
yields that dimp f~1(y) < 1.

Finally, it is enough to show that B is non-shy in C'(K,R). Let X C C(K,R) be
an arbitrary compact set, by Lemma [£19 it is enough to prove that there exists
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a g € C(K,R) with X + g C B. By Lemma there is a strictly increasing
function h € C[0,1] such that A(0) = 0 and |f(z) — f(0)] < h(x) for all f € K and
x € K\ {0}. Let g = h|k, then for all f € K and z € K \ {0} we have

f(@) +9(x) = f(z) + h(z) > £(0) = f(0) + h(0) = f(0) + g(0),
thus f 4+ g € B. This completes the proof. O

The Main Theorem easily implies that if K is ‘large in its dimension’ then Corol-
lary .16l and Theorem [4.1§ can be strengthened as follows.

Corollary 4.22. Letd € NT and let dim be one of dimy or dimp. Assume that K
is a non-exploding compact metric space and there is a continuous mass distribution
p on K such that dim u = dim K. Then for the prevalent f € C(K,R?) there is an
open set Up C R such that u(f~2(Uy)) = uw(K) and for all y € Uy we have

dim f~!(y) = dim K.

Remark 4.23. Note that the compact set K in Theorem .21 can be decomposed
as K = Uflozl A, such that dimy A, < dimg K. Assume that K is a non-exploding
compact metric space such that dimyg K < oo and such a decomposition does not
exist. We sketch that there is a mass distribution ¢ on K with dimyg ¢ = dimy K,
so Corollary holds for K in the case of Hausdorfl dimension. Indeed, [38|
Theorem 2] (see also the more general [40, Theorem 6.4]) implies that there is a
gauge function (see Section [§ for the definition) ¢: [0,00) — [0, 00) such that

lim inf log o(r) =dimyg K and H?(K) >0,

r—0+ logr
where H? denotes the ¢-Hausdorfl measure (see Section [§ for the definition). As
dimy K < o0, we may assume that ¢ is of finite order, that is, ¢(2r) < cp(r)
for some ¢ € RT and for all r € [0,00). By [20] there is a compact set C C K
such that 0 < H?(C) < oco. Then pu = H?|¢ is a mass distribution on K with
dimyg p = dimyg K.

4.5. The homogeneous case. Let us now consider continuous mass distributions
w1 on K such that supp p = K. Then the larger dimg p or dimp p can be, the more
homogeneous K is. The Main Theorem yields the following corollary.

Corollary 4.24. Let d € NT and let K be a non-exploding compact metric space.
Assume that there is a continuous mass distribution u on K such that supp p = K.
Then for the prevalent f € C(K,R?) there exists an open set Uy C RY such that
u(f~Y(Uy)) = p(K) (hence Uy is dense in f(K)) and for all y € Uy we have

dimg f~'(y) > dimg p  and dimp f~'(y) > dimp p.

If K C R™ is a self-similar set satisfying the open set condition, we can say
more. Recall that P® denotes the s-dimensional packing measure.

Corollary 4.25. Let m,d € NT and let K C R™ be a self-similar set satisfy-
ing the open set condition. It is well-known that dimyg K = dimp K = s and
H:(K),P$(K) € RY. Then for the prevalent f € C(K,R?) there exists an open set
Ur C RY such that H5(f~2(Uy)) = H*(K) (hence Uy is dense in f(K)) and

dimg f~(y) = s for ally € Uy.
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Similarly, for the prevalent f € C(K,RY) there erists an open set Vi C R? such
that P*(f~1(Vy)) = P*(K) (hence Vy is dense in f(K)) and

dimp f~*(y) = s for ally € V.

Proof. For dimg K = dimp K = s and H*(K), P*(K) € R see [14, Theorem 2.7].
Applying the Main Theorem for the mass distributions y = H*® and p = P* con-
cludes the proof, we need to show only that Uy and Vy are dense in f(K). Let
U be a non-empty open set in K, then it is enough to prove that H*(U) > 0 and
P#(U) > 0. Since K is self-similar, U contains a similar copy of K with some
similarity ratio > 0. Then the scaling property of the Hausdorff and the packing
measures yields that H*(U) > rsH(K) > 0 and P*(U) > r*P*(K) > 0. O

Finally, we prove two characterization theorems.

Theorem 4.26. If K is a compact metric space and d € Nt then the following
statements are equivalent:
(i) dimy f~1(y) = dimy K for the prevalent f € C(K,R?) and for the generic

y € f(K);
(i) dimy U = dimy K for every non-empty open set U C K.

Proof. (i1) = (i): We may assume that dimgy K > 0, otherwise the statement is
trivial. Choose a positive sequence s;  dimg K and let V = {V,, : n € Nt}
be a countable basis of K consisting of non-empty open sets. For all n € NT let
K, = clV,, then dimg K, = dimg K. For all i,n € NT consider

Ain={f€ C(K,,R%) : 3 a non-empty open set Uy, C R¢
such that dimg f~*(y) > s, for all y € Ufsi}-
Theorem [L.I§ implies that the A; ,, are prevalent. For all n € N* let us define
R,: C(K,RY) — C(Kn,RY),  Ru(f) = flk.-

Corollary 312 yields that the R, 1(A; ) are prevalent in C(K,R¢) for all i,n € NT.
As a countable intersection of prevalent sets, A = (oo, (oo R, (Ain) is also
prevalent in C(K,R%). For all f € A let

o0 o0

w:ﬂ<U@m@>
i=1 \n=1

As a countable intersection of dense open sets, Uy is co-meager in f(K). Let us

fix f € A and y € Uy, it is enough to prove that dimy f~!(y) = dimy K. For all

i € N* there is an n € N* such that y € Uy, ,, therefore

dimy f~(y) > dimp (flx,) " (y) > si.

As s; S dimg K, we obtain that dimg f~1(y) = dimg K. Hence (i) holds.

(i) = (i1): Assume to the contrary that there exist z € K and r > 0 such
that dimpy U(z,r) < dimg K. Tietze’s extension theorem implies that there is a
g € C(K,R%) such that g(K \ U(x,r)) and g(B(x,r/2)) are distinct points in R
Then there exist an ¢ > 0 and an open set U C R? such that f(B(z,7/2)) C U and
FK\U(z,7)) Cc RA\U for all f € B(g,¢). Clearly, B(g,¢) is non-shy in C(K,R%).
If f € B(g,¢e) then U N f(K) is a non-empty open set in f(K) such that for every
y € U we have dimp f~!(y) < dimy U(z,r) < dimg K, which contradicts (i). O
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Theorem 4.27. If K is a non-exploding compact metric space and d € Nt then
the following statements are equivalent:
(i) dimp f~1(y) = dimp K for the prevalent f € C(K,R%) and for the generic
y € f(K);
(i) dimp U = dimp K for every non-empty open set U C K.

Proof. Repeat the proof of Theorem .26] only replace Hausdorff dimension with
packing dimension, and apply Corollary [4.16] instead of Theorem [4.1§ (Il

5. POSITIVELY MANY LEVEL SETS CAN BE SINGLETONS

In this section we only consider the space C[0, 1], our main goal is to prove
Theorem (5.4l The heart of the proof is the Theorem [5.2] which generalizes a result
of Antunovié et al. [I, Proposition 3.3], see also Theorem [[L8 First we need an
easy lemma. Recall that Z(f) = {z € [0,1] : f(z) = 0}.

Lemma 5.1. The set A= {f € C[0,1]: Z(f) is a singleton} is Borel.

Proof. Clearly A = By \ By, where B; = {f € C[0,1] : #Z(f) > i}. Since By is
closed, it is enough to prove that By is Borel. If Z denotes the pairs of disjoint
closed rational subintervals of [0,1], then Bz = Uy, 1,)ez B1 1., where

8117]2 = {f S C[O, 1] :0 e f(Il) N f(IQ)}
Clearly By, 1, are closed, therefore By is F,,, thus Borel. O

Theorem 5.2. Let u be a Borel probability measure on C[0,1]. Then there exists
a function g € C[0,1] such that

wl{f € Cl0,1]: Z(f — g) is a singleton}) > 0.

Consequently, the set A= {f € C[0,1]: Z(f) is a singleton} is non-shy.
Proof. Tt is enough to prove the first statement, because the definition of shyness
readily implies the second one. Lemma [5.1] implies that A is Borel, so the set
{fe€C[0,1] : Z(f — g) is a singleton} = A + g is also Borel for each g € C[0,1].

By Theorem we may assume by shifting, restricting and normalizing p that
there is a compact set K C C]0,1] such that u(K) = 1 and f(x) € [0,1] for all
f € K and z € [0,1]. For each compact set I' C [0, 1]? let us define the compact set

7(T) = {f € K:3(z,y) € T such that f(z) =y}.

First assume that there exists a point (zq,yo) € [0, 1]? with u(m({(z0,v0)}))
By Lemma .20 there is a strictly increasing function h € C[0, 1] such that h(0)
and for all f € K and z,z € [0,1],  # z we have
(5.1) [f (@) = F(2)] < h(la = 2]).
Let us define g € C[0,1] as g(z) = yo + h(Jz — xo|). Then clearly Z(f — g) = {zo}
for all f € w({(z0,y0)}), thus

p{f € K2 Z(f = g) is a singleton}) > (7 ({(20,40)})) > 0,

which concludes the proof.
Therefore we may assume that p(mw(A)) = 0 for every finite set A C [0,1]2. We
prove that it is enough to find a function g € C|0, 1] such that

(5.2) uw({f € K: Z(f — g) has an isolated point}) > 0.

> 0.
=0
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Indeed, by (B2) we may assume that there are rational numbers 0 < a < b < 1
with
(5.3) w({f €K: Z(f —g)Na,b] is a singleton, g(a) < f(a), f(b) <g(b)}) >0,
since the other three cases with reversed inequalities are similar. Define g € C0, 1]
as
(@) = h(a—2z) ifzel0a),
(x) if x € [a, b],

g(b) +h(x—0b) ifze(b1].
Then for all f € K we have g(x) < f(z) if x € [0,a) and f(x) < g(z) if x € (b, 1].
Thus Z(f —g) = Z(f — g) N|a,b] for all f € K, so (G.3)) implies that

pw({f €Cl0,1]: Z(f —9) is a singleton}) > 0,

=
8
S~—
Il
Q@

and we are done.
Now we show (5.2)). First we define the function g € C0,1]. Let {ay, }nen be a
sequence of positive reals such that

(5.4) ap =1/2 and apy1 < o /2 for all n € N,
the exact values will be given later. For all n € N* and (k1,...,ky,) € {—1,1}" let

1 n
Zkl,.,kn — 5 + Z klaz
=1

Consider
Z={0 U {2k, : (k1,... kn) € {-1,1}", n e NT}.
Let g(0) =0, and for all n € NT and (k1,...,k,) € {—1,1}" let
1~ ki
(5.5) (k) = 5 F > 9itT
=1

For all z € [0, 1] let
(5.6) g(x) =sup{g(z) : z € Z, z < x}.

Then (4] and (&.0) easily imply that g|z is well-defined and non-decreasing, so g
is also well-defined and non-decreasing. Therefore the definitions yield ¢([0,1]) C
[9(0),9(1)] = [0,1]. As a monotone function can have only jump discontinuities and
g(Z) is dense in [0, 1] by (&.5), we obtain that g: [0,1] — [0, 1] is continuous.

We prove that if the numbers «,, are small enough then g satisfies (£.2]). For all
neNtandie {1,...,2"} let ¢(i,n) be the ith element of {—1,1}™ with respect to
the lexicographical ordering. Note that ¢(i,n) precedes ¢(j,n) with respect to this
ordering iff 24(; n) < 2¢(j,n) With respect to the usual ordering of the real numbers.
Let Cy = [0,1] and T'y = {1/2} x [0, 1]. For the definition of h recall (51). Assume
by induction that a.,, C,, and T',, are already defined for some n € N and let

PR .
(5.7) Cos1=Cu\ |J U (Qn—’+1 h(4an+1)) ,
=0
2ntt

t—1 1
(58) Fn_;,_l = U ({Z¢(1,n+1)} X ({F, F] n Cn+1)> .

i=1
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We show that if a,11 € (0, /2] is small enough then

(59) plr(Ca2) V() > p(r(Ta)) = 5

For all m € N* let CJ’ ; and I'}, | be the sets Cy,41 and I'y 4 defined by the value
apy1 = 1/m. For (B3] it is enough to prove that

(5.10) Tim (T 1) N7(C)) = (L),
Observe that I';, consists of finitely many vertical line segments and let
A, ={(z,y) €T, : 2"y € Nor (z,y) is an endpoint of a segment of ', }.

As A, is finite, u(7(A,)) = 0 by our assumption. Since h(4/m) — 0 as m — oo, it
is easy to see that for every given (z,y) € I',,\ A, there is a constant ¢ = ¢(z,y) > 0
such that if m is large enough then I'}',; contains either the vertical line segment
{z—1/m}x[y—c,y+c]or {z+1/m} x[y—c,y+c|. Thus for every f € m(T'y,)\7(A,)
there exists an M (f) € N* such that for all m > M(f) we have f € #(I'J}", ;). For
all m € NT define

Am =A{f € (@34 ) Nm(Ta)) \ 7(An) = M(f) < m},
then clearly for all m € Nt we have A,, C n(I'7% ) N«(T,). The definition of

M (f) implies that A, C A,,+1 and the existence of M(f) yields that |J,._; Ap =
m(Tp) \ m(A,). Therefore p(n(A,)) = 0 implies that

liminf pu(r(I7 ) N (T0)) > lim p(An) = p(r(Tn) \ 7(A0)) = p(m ().

so (B.I0Q) is satisfied. Thus «,, C, and I';, can be defined for all n € N such that
E1), E8) and (@9) hold. Then (BI) and u(w(Ty)) = 1 imply that

(5.11) u(f]W(Fn))Zl—ZT%—%N)-
n=1

n=1

Let us consider

C= ﬂ C, and K =g !(C).
n=1

We show that for all f € K
(5.12) Z(f —g) N K C {isolated points of Z(f — g)}.
For each n € Nt and i € {1,...,2"} define the open interval

Iin: Svi 3
’ 2n T 2n

(5.13) diam g™ (Iin) =2 > ap < dap1.
k=n+1

first we prove that

The inequality is clearly implied by (54), so we only need to check the equality.
Note that it is important that the I; , are open, otherwise the constant pieces of
the graph would make the pre-image much bigger. If y = 3};} is the midpoint of
I; ,, then it is easy to see that ¢~ (y) = {zk,. .k, } for some (ki,...,k,) € {—1,1}".
Then i = Uy, Yo i1 2&%)7 and one can check using the definition of g that

this corresponds to ¢~ (Iin) = U(2ky...kn s D pens1 Qk)> Which proves (5.I3).
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Let x € Z(f —g)NK, it is enough to show that if z € [0,1] with 0 < |z—2z| < 4oy
then f(z) # g(z). As ay, N\, 0, there exists a unique number n € N* such that
(5.14) dopy1 < |x — z| < day,.
Since z € K implies that g(x) € C,,, there exists an ¢ € {1,...,2"} such that
(5.15) g(z) € I, and dist({g(x)},01;n) > h(day,).

Then (EI3) and (5I4) imply that |z — 2| > diam g~ (I, ), so z € g~ () yields
that z ¢ g~1(I; ). Therefore g(z) ¢ I, and (EIH) imply that

(5.16) l9(x) = g(2)| = dist({g(2)}, 01i.n) = h(4am).
The monotonicity of h and (5I4) yield that
(5.17) h(lz — 2[) < h(4an).

Therefore f(x) = g(x), the triangle inequality, (516), (5I) and (EI7) imply that
1£(2) = 9(2)| = [(9(x) = g(2)) = (f(z) = F(2))]
> lg(x) = g(2)[ = [f(z) = f(2)]
> h(day,) — h(|Jz — 2|) > 0,

thus f(z) # g(z). Hence (512) holds.
By (BI1)) and (B12)) it is enough to show that

oo

(5.18) a(ly) C{fekK:Z(f—g)NK #0}.

=1

Let us fix f € (,— 171'( n), we need to find an z € K such that f(z) = g(z).
For every n € Nt we can select a point (z,, f(x,)) € I',. We can choose a
convergent subsequence limy_,oo T, = x for some z € [0,1]. Then (B.8) yields
that for every k € NT we have =, = Zg(i,n,) a0d f(zn,) € Ijj n, for some
ir € {1,...,2™}. The definition of g implies that g(z,, ) is the midpoint of I, ,,,
o |f(xn,) — g(xn, )| <27 < 27F for all k € N*. Therefore

fle) = lim f(zn,) = lim g(wn,) = g(2).

Then (5.8)) yields f(xnk) € Cp, for all k € N*. By (5.7) we have C,, 11 C C,, for all
n € NT,so f(z) € Mpey Cnyp = Noey Cn =C. Thus z = g *(f(z)) € g 1(C) = K,
hence (BI8)) holds. The proof is complete. O

Now we turn to the question concerning positively many level sets.
Lemma 5.3. Let A be a family of subsets of [0,1] and consider
A={feC0,1]: f7}(0) € A},
B={feC[0,1]: 3y € R such that f*(y) € A}.
If A is a non-shy Borel set then B is a non-shy Borel set, too.

Proof. Let L be the one-dimensional Lebesgue measure defined on the constant
functions of C[0, 1], then clearly

(5.19) B={feC[0,1]:L(A—f) >0}
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As Ais a Borel set, the function f — L(A— f) is Borel measurable by [I7, 417A], so
B is Borel. Assume to the contrary that B is shy. Then there is a Borel probability
measure p on C|0, 1] such that p(B — g) = 0 for all g € C[0, 1], so (5.19) yields

u({f € Cl0,1]: LA+ g~ f) >0}) =pu(B—g)=0.
Therefore we obtain by Fubini’s theorem that for all g € C[0,1]
peD)Arg = [ Lrg- apts) =0

Although p * £ is only o-finite, by restricting and normalizing it we obtain a prob-
ability measure witnessing the shyness of A. This is a contradiction, thus the proof
is complete. ([

Theorem 5.4. The set
B={feC0,1]: Iy € R such that f~1(y) is a singleton}
is non-shy in C10,1].
Proof. Lemma [5.1] and Theorem [5.4] yield that A = {f € C[0,1] : #f71(0) = 1} is

a non-shy Borel set. Lemma B3] with A = {{z} : z € [0,1]} implies that B is also
a non-shy Borel set. ([

Remark 5.5. Similar arguments yield that for all n € NT the sets
'An = {f € C[Oa 1] : #fil(o) = n}v
B, ={feC[0,1]: 3y € R with #f ' (y) =n}

are non-shy, the details are left to the reader. The sets A,, are pairwise disjoint.

6. ALL NON-EXTREMAL LEVEL SETS CAN BE OF MAXIMAL DIMENSION

For the prevalent f € C[0, 1] the sets f~!(min f) and f~!(max f) are singletons,
see e.g. [B]. The aim of this section is to prove that all other non-empty level sets
can be of Hausdorff dimension one. This is a complementary result to Theorem [5.4]

Theorem 6.1. The set
C={feC0,1] :dimg f*(y) =1 for all y € (min f, max f)}
is non-shy in C0,1].
Proof. Let K C C]0,1] be an arbitrarily fixed compact set. By Lemma it is
enough to construct a g € C0, 1] such that £ + g C C. First we construct g. By

Lemma there is a strictly increasing function h € C[0,1] such that h(0) = 0
and for all f € K and =,z € [0,1] we have

|f(z) = f(2)| < h(|z — z]).

For all n € NT fix positive integers a,, > b, such that

1 5n? _ an
(61) Qp = maX{m; 2 } and bn = ’751 )
where [-] denotes the upper integer part. For all n € N¥ let
1
Pn =

ai---Qap
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Define g,, € C[0,1] for all n € N* as

(z) = (-2 ifr=dp,and 0 <i<aj---an,
In\) = L ffine on [(i — 1)pn,ip,) forall 1 <i<ay---ay,.

Let us define g € C[0,1] and G,, € C[0,1] for all n € NT as

9=> g and G,=) g
i=1

i=1

Now we prove that K+¢g C C. Let us fix f € K and y € (min(f +g), max(f+yg)),
we need to prove that dimg(f + ¢) " '(y) = 1. As f + G,, uniformly converges to
f+g, the intermediate value theorem implies that there is an m € N and xg € [0, 1]
such that (f + Gy,)(xg) = y. For all n € N let

T, =[[{1.-.. . bmyi} and
=1
jn = {[(Z - 1)pm+n77fpm+n] 1 < 1 < aj--- am—i—n}u

where we use the convention Zy = {0} and (41,...,i0) = 0. Let Iy € Jy such that
xg € Iy. We construct for each n € N and (i1, ...,4,) € Z, an interval I;, , € J,
and a point x;, ;. € I;,. ;, such that for all (i1,...,in41) € Zyy1 we have

(1) Liy iy € Liy i
(2) (f + Grngn) (@iy.i) = Y-

By definition (@) holds for zyp and Iy. Assume by induction that for some fixed
n € N for each (i1,...,4,) € Z,, the interval I, ; and the point x;, i, € iy i,
are defined. Let us fix (i1,...,%,) € Z,,. We can choose by,4n4+1 distinct elements
of Jn+1 which are subsets of I;, ;. NU(xiy. 4, ,Pm+n/16), let us enumerate them
as Iil---in+1 (1 <ipy1 < bm+n+1)7 then (m) holds. Fix int1 € {1, .. -;bm+n+1} and
define wu;, . Viy.ings € Loy such that

n

sin41 Sin41

9—(m+n+1) ) — 9—(m+n+1)

gm+n+1(ui1»»»in+1) = - and gm+n+1(vil---in+l

It is enough to prove that

(62) (f + Gm+ﬂ+1)(ui1~~~in+1) <y< (f + Gm+n+1)(vi1min+1)7

then by the intermediate value theorem we can choose an x;,..i,,, € Iii..i,
satisfying (). We prove the second inequality of (G.2]) only, the proof of the first
one is analogous. As (f + Gpn)(@i,..i,,) =y and grmant1(Viy.inyy) = 9~ (m+ntl)
it is enough to prove that

(6.3) |(f + Gotn) (@i i) = (f + Grnen) (Vi )| < 27004,

Since 24, ..i, 5 Viy..cinss € Liy..i,, the definition of A, ppiy and agp,qrn imply that

(64) |f(x111n) - f(vil---in+1)| < h(pm+n) < h(l/aern) < 2—(m+n+2).
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It is easy to show that for all i € N* the function g; is Lipschitz and Lip(g;) =
21=ipt = 21%a; .- a;. Thus Gyypp is Lipschitz and @y, 1, > 21" implies that

m-+n m-+n

i=1

=1
<9 - ol=(m+n), ...
S 207 Am+n—1 + aj Am+4n

227(m+n)

S 227(m+n)a]1 e am+n —

pm-i—n
Therefore I;, ., C U(4,..4,, Pm+n/16) yields that
|Gm+n(xi1...in) - Gm+n(vi1..~i71+1)| < Lip(Gm+n)|xi1,,,in - Ui1~~~in+1|
(6.5) - 92— (m-+n) Pman 9—(m+n+2)
T Dm+n 16

Equations (6.4) and (6.5) imply (6.3)), and the induction is complete. For alln € N*
let ¢, = Gmin and dy, = byyrn. Set

11=1 in=1

Then C' is a (¢, dy)-type compact set, see Definition Then (G1)) implies that
a; > 25" and 32 > a;/b;, so for all n € NT we have

n+1
6 > 250mEm)? 5 93?5 (w) ,
= = = \didpt

Therefore Lemma [3.§ implies that dimg C' = 1.

Finally, in order to prove dimpy(f + g)~'(y) = 1, it is enough to show that
C C (f+g) '(y). Let us fix z € C, we prove that (f + g)(z) =y. For all n € N*
pick indices i, € {1,...,d,} such that z € I, _; , then clearly lim, o 4, .4, = .
As f + Gy converges uniformly to f + g, property (2) implies that

(f+9)(x)= nlingo(f + Grgn) (@i i) = Y5
and the proof is complete. (I
Theorems [5.4] and yield the following.
Corollary 6.2. The sets
B={fecC0,1]: 3y € R such that f~ (y) is a singleton},
C={feC0,1]:dimy f~(y) =1 for all y € (min f, max f)}

are disjoint non-shy sets in C[0,1], so they are neither shy nor prevalent.

7. DIMENSIONS OF GRAPHS OF PREVALENT CONTINUOUS MAPS

By product of two metric spaces (X, dx) and (Y, dy) we will always mean the
I2-product, that is,

dxxy((z1,91), (x2,y2)) = \/dﬁg(wl,xz) + d3 (y1,92).
For ECXxYandyeYlet BEY={xec X :(x,y) € E}.
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The following lemma is basically [27, Theorem 7.7]. It is only stated there in the
special case X = A C R™, but the proof works verbatim for all metric spaces X.

Lemma 7.1. Let X be a metric space and let d € N*. If f: X — R? is Lipschitz
and t > d then

/ CHA( 1 () AN(y) < o(d) Lip(F)HU(X),

d

where [ * denotes the upper integral and ¢(d) is a finite constant depending on d
only.

Let £ C X x R? and define f: E — R? as f(x,y) = y. Applying Lemma [Z]] for
f yields the following lemma.

Lemma 7.2. Let X be a metric space and let d € N*. If E ¢ X x R? then for
M-almost every y € R? we have

dimgy (EY) < max{0,dimyg F — d}.
Recently Orponen [34, Cor. 1.2] has shown that Lemmal[7T] does not remain true

if we replace Hausdorff measures by packing measures. The analogous version of
Lemma [7.2] holds, see the proof of [13] Lemma 5] with the natural modifications.

Lemma 7.3. Let X be a metric space and let d € N*t. If E C X x R? then for
M-almost every y € R? we have

dimp(EY) < max{0,dimp E — d}.

For the following lemma see [27, Theorem 8.10]. It is only stated there for subsets
of Euclidean spaces, but the same proof works here as well.

Lemma 7.4. If X, Y are non-empty metric spaces then

dimg (X xY) <dimyg X + dimp Y,

dimp(X xY) < dimp X + dimp Y.
Theorem 7.5. Let K be an uncountable compact metric space and let d € NT.
Then for the prevalent f € C(K,R%) we have

dimg graph(f) = dimy K + d.
Proof. Lemma [74] and dimp R? = d yield that for all f € C(K,R?)
dimg graph(f) < dimg (K x R?) < dimy K + d,

so it is enough to prove the opposite inequality for the prevalent f.

If dimy K = 0 then Theorem [[7 yields that for the prevalent f € C(K,R?) we
have int f(K) # (), so dimy f(K) = d. As f(K) is a Lipschitz image of graph(f)
and Hausdorff dimension cannot increase under a Lipschitz map, we obtain

dimg graph(f) > dimy f(K) =d =dimyg K + d,
and we are done. Hence we may assume that dimgy K > 0. Consider
A={f € C(K,R% :for all s < dimy K there exists a non-empty
open set Uy, C R? such that dimy f~'(y) > s for all y € Uy s}

Let f € Aand s € (0,dimgy K) be arbitrarily given. Since Theorem .18 yields that
A is prevalent in C(K,R?), it is enough to show that dimg graph(f) > s + d. Let
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E = graph(f) C K xR%, then for ally € Uy ; we have dimy EY = dimpy f~1(y) > s.
As A (Ugs) > 0 and s > 0, Lemma [T.2] implies that dimy E > s + d. The proof is
complete. (|

Theorem 7.6. Let K be an uncountable, non-exploding compact metric space and

let d € NT. Then for the prevalent f € C(K,R?) we have
dimp graph(f) = dimp K + d.

Proof. We can repeat the proof of Theorem [[.5], only replace Hausdorff dimen-
sion with packing dimension, and apply Corollary [£.16] and Lemma [7.3] instead of
Theorem 418 and Lemma [[.2] respectively. O

8. FINER RESULTS WITH GENERALIZED HAUSDORFF MEASURES

In this section we indicate how to obtain sharper versions of the main results.
Since the proofs were quite technical already, we decided not to include these
stronger forms in the main body of the paper, only give a brief sketch in this
separate section.

A function ¢: [0,00) — [0,00) is defined to be a gauge function if it is non-
decreasing and ¢(0) = 0. For a metric space X let

HA(X) = Jlir(x)lJr HE(X), where

o0 (o]
HE(X) = inf {Z p(diam A;) : X C U A;, Vi diam A; < 5} :
i=1 i=1
We call H¥ the p-Hausdorff measure, which extends the concept of classical Haus-
dorff measure. There are examples when this finer notion of measure is needed, this
is the case when we want to measure the level sets of the linear Brownian motion
or the range of a d-dimensional Brownian motion. For more information see [31]
and [37].
Let G be the set of gauge functions and for all s > 0 let

g(s)—{weg: lim M_oo}.

r—0+ 71°

Now we show how to generalize Theorem [T, Theorem [6.1] and Theorem [[L9l First
we need to extend Lemma

Lemma 8.1. Let ¢ € G(1) be a gauge function. Let us define the non-decreasing
function ®: [1,00) — [1,00) as

(8.1) ®(x) =sup{r e RT :rp(1/r) < x} +1,
where sup() = 0 by convention. Let C C R be an (an,by)-type compact set such

that for all n € N*
al"'anJrl
an > ¢ ——|.
(bl"'bn+1>

Proof. Let p be the same measure as in the proof of Lemma [B.8 then similar
arguments yield that all Borel sets B C C with diam B < 1 satisfy

w(B) < 4p(diam B).

Then H?(C) > 0.
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Therefore the mass distribution principle for generalized Hausdorff measures implies
that H?(C) > 0, see also [31, Proposition 6.44 (i)]. O

Instead of Theorem [£I] we can prove the following stronger form.

Theorem 8.2. Let K C R be a compact set with \(K) > 0 and let d € Nt. Let

© € G(1) be a gauge function. Then for the prevalent f € C(K,R?) there exists an

open set Uy C R? such that \(f~1(Uy)) = A(K) and for all y € Uy we have
HO(f~H () > 0.

Proof. Let ®: [1,00) — [1,00) be the function defined in (8I). Let us follow the
proof of Theorem [l the only difference is that we define the numbers a,, by
induction such that b,, = (2s)~("*3)q,, are integers and for all n € NT we have

apn > max {(25)8"((11 o), ® (M) } .
by bps1
Then applying Lemma Bl instead of Lemma concludes the proof. O

Instead of Theorem we can prove the following stronger form.
Theorem 8.3. Let ¢ € G(1) be a gauge function. Then the set
C={feC[0,1]:H?(f *(y)) >0 for all y € (min f, max f)}
is mon-shy in C[0,1].

Proof. Let ®: [1,00) — [1,00) be the function defined in (8I)). Let us follow the

proof of Theorem [6.T] the only difference is that in (6.1]) we replace 95m” by ®(2°")
and we apply Lemma [RT] instead of Lemma O

Fraser and Hyde proved in [16] that the prevalent C[0, 1] has graph of Hausdorff
dimension 2. They observed that H?(graph(f)) = 0 for all f € C[0,1] by Fubini’s
theorem, and raised the problem what we can say using different gauge functions.
The following theorem solves this problem by stating that the graph of the prevalent
f € C[0,1] is as large as possible according to this finer scale, too.

Theorem 8.4. Let d € NT and let o) € G(d+ 1) be a gauge function. Then for the
prevalent f € C([0,1],R?) we have

HY (graph(f)) > 0.
Before sketching the proof of Theorem B.4] we need two lemmas.

Lemma 8.5. Let d € N* and let ¢ € G(d+ 1) be a gauge function. Then there is
a gauge function ¢ € G(1) such that for all r € [0,1] we have

p(r)r? < v(r).

Proof. Let ¢(0) = 0 and ¢(r) = (1) for all 7 > 1. Define ¢(r) = inf e[ 1] ¥(s)s ¢
if 0 < r < 1. Then clearly ¢(r)r? < ¢(r) for all 7 € [0,1], and it is easy to check
that ¢ is a gauge function with ¢ € G(1). O

For the following lemma see the proof of [27, Theorem 7.7] with the natural
modifications.



40 RICHARD BALKA, UDAYAN B. DARJI, AND MARTON ELEKES

Lemma 8.6. Let X be a metric space and let d € NT. Let ¢, 0 be gauge functions
such that o(r) = @(r)re for all v > 0. If g: X — R< is Lipschitz then

*
[ AT ) () < e(d) Lin(g) H7 (X)),
where f* denotes the upper integral and c¢(d) is a finite constant depending on d
only.

Proof of Theorem[8j} By Lemma [8.5] there is a gauge function ¢ € G(1) such that
o(r)r? < 4p(r) for all 7 € [0,1]. Let us define o(r) = ¢(r)r? for all r > 0. Consider

A= {feC(0,1],RY) : there exists a non-empty open set
U; € R% such that H?(f~'(y)) > 0 for all y € Uy}.

Theorem B2 yields that A is prevalent in C(K,R%). Let us fix f € A, it is enough
to prove that H¥(graph(f)) > 0. Let g: [0,1] x R? — R?, g(z,y) = y be the
natural projection onto R% and let X = graph(f). Applying Lemma [8.6 for X and
glx implies that H? (graph(f)) > 0. Since o(r) < ¢(r) for all r € [0, 1], we obtain
that H¥ (graph(f)) > 0. The proof is complete. O

9. OPEN PROBLEMS

Let {B(t) : t € [0, 1]} be a standard linear Brownian motion. Antunovié et al. [I
Theorem 1.5] proved that for every f € C|0, 1] the zero set Z(B — f) has Hausdorff
dimension at least 1/2 with positive probability. Moreover, their proof gives that
H"(Z(B — f)) > 0, where h is a gauge function such that h(27") = 2~ (F1t+6n)
and B,  1/2. Fubini’s theorem implies that, with positive probability, we have
HM((B — f)~(y)) > 0 for positively many y. Peres and Sousi proved a general 0-1
law [35] Theorem 2.1], which yields that the above property holds with probability
onel] Therefore, almost surely, dimg (B — f)~(y) > 1/2 for positively many y. We
would like to know whether ‘positively many’ can be replaced by ‘non-empty open’
and ‘almost every with respect to the occupation measure’. The following problem
asks whether the Wiener measure witnesses a weaker form of Corollary

Problem 9.1. Let {B(t) : t € [0,1]} be a standard one-dimensional Brownian
motion and let f € C[0,1]. Does there exist a random non-empty open set U C R
such that, almost surely, for all y € U we have

dimy (B — £)7(y) > 1/27
Let U be the mazimal such open set. Does \((B— f)~Y(U)) = 1 hold almost surely?

Let 0 < @ < 1 and let C*[0, 1] denote the set of a-Holder continuous functions
f:]0,1] = R endowed with the norm

fz) — [y
1fllo = sup [7(@)|+ sup DIWL

2€[0,1] o<z<y<i |T—yl
Clearly C*[0, 1] is a Banach space. Clausel and Nikolay [8 Theorem 2] proved that
the graph of the prevalent f € C*[0,1] is of Hausdorff dimension 2 — «, see also [0]
for a generalization. Studying the level sets seems to be a more delicate matter.

3More precisely, for every closed set A C [0,1] define the random variable W(A) such that
W(A) =1if HM(AN (B — f)~'(y)) > 0 for positively many y and ¥(A) = 0 otherwise. Applying
[35) Theorem 2.1] for ¥ yields that P(¥([0,1]) > 0) € {0, 1}.
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Problem 9.2. Let 0 < a < 1. Is it true that for the prevalent f € C*[0,1] there
exists an open set Ug C R such that N\(f~*(Uy)) =1 and for all y € Uy we have

dimy f~'(y) > 1—a?
Does dimpy f~1(y) > 1 — « hold at least for positively many y?

Problem 9.3. Can we omit the condition that K is non-exploding from the Main
Theorem, or more generally, from Theorem [{.13?

We would like to describe the compact metric spaces K for which Theorem [£.1§
can be strengthened. Here we consider only the one-dimensional case.

Problem 9.4. Characterize the compact sets K C R such that for the prevalent
f € C(K,R) there is a non-empty open set Uy C R such that for all y € Uy we
have dimg f~1(y) = dimy K.

Problem 9.5. Characterize the compact sets K C R such that for the prevalent
[ € C(K,R) there exists a ys € R such that dimy f~'(ys) = dimpy K.

Acknowledgments. We are indebted to Y. Peres, M. Vizer and O. Zindulka for
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