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THE INDECOMPOSABLE PREPROJECTIVE AND
PREINJECTIVE REPRESENTATIONS OF THE QUIVER D,

ABEL LORINCZI and CSABA SZANTO

Abstract. Consider the quiver D, and its finite dimensional representations
over the field k. We know due to Ringel in [7] that indecomposable representa-
tions without self extensions (called exceptional representations) can be exhibited
using matrices involving as coefficients only 0 and 1, such that the number of
nonzero coefficients is precisely d — 1, where d is the global dimension of the rep-
resentation. This means that the corresponding ”coefficient quiver” is a tree, so
we will call such a presentation a ”tree presentation”. In this paper we describe
explicit tree presentations for the indecomposable preprojective and preinjective

representations of the quiver Dy,. In this way we generalize results obtained by
Mréz in [5] for the quiver D4 and by Lérinczi and Szdnté in [] for the quiver Ds.

1. PRELIMINARIES

Let @ = (Qo,®Q1) be a tame quiver without oriented cycles (i.e. of type
;&n, ]ﬁn, IEG, IE7, IES). Suppose that the vertex set Qg has n elements and for an
arrow « € Q1 we denote by t(«a), h(a) € Qo the tail and head of a. The Euler
form of @ is a bilinear form on ZQ@Qy = Z" given by (x,y) = Zier Tl —
> 0c0; Tt(a)Yn(a)- 1ts quadratic form g (called Tits form) is independent
from the orientation of () and in the tame case it is positive semidefinite with
radical Zd, where ¢ is a minimal positive imaginary root of the corresponding
Kac-Moody root system. The defect of = € ZQ) is then 0z = (6, x).

Let k be a field and consider the path algebra kQ). The category mod-k(Q of
finite dimensional right modules over k() will be identified with the category
rep-kQ@ of the finite dimensional k-representations of the quiver (). Recall
that a k-representation of () is defined as a set of finite dimensional k-spaces
{M;|i € Qo} corresponding to the vertices together with k-linear maps M, :
M) = Mp () corresponding to the arrows. Given two representations M =
(M;, M) and N = (N;, N,,) of the quiver @ a morphism f: M — N between
them consists of a family of k-linear maps (corresponding to the vertices)
fi : M; = Ny, such that No fia) = fr(a)Ma for all a € Q1.

The dimension vector of a representation M = (M;, M,,) is

dimM = (di)ier S Zn, where d; = dimy, M.

The global dimension of M is d = Zier d;. We will denote by oM =
O(dimM ) the defect of M.
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Following Ringel in [7] a basis B = (B;) of a representation M = (M;, M)
consists of a fixed basis B; for each space M;, where i € Qg. Let us assume
that such a basis B of M is given. For any arrow «, we may replace the
linear application M, by the corresponding dj,(q) X dy(q) matrix M, p. Given
b € Byq) and V' € By, we denote by My, p(b, V') the corresponding matrix
coefficient, so M, (b) = Zb,ema € M, p(b,b')t'. By definition, the coefficient
quiver of M with respect to B has the set of vertices the disjoint union of all
the bases B;, and there is an arrow (o, b,t’) if M, g(b, V') # 0. We will call
an indecomposable representation M of () a tree module provided there exists
a basis B of M such that the corresponding coefficient quiver is a tree. Note
that for a tree module M of global dimension d, there is a basis B of M such
that precisely d — 1 matrix coefficients are non-zero, and one may assume that
all these coefficients are equal to 1 (see [7] for details). Thus, any tree module
can be exhibited by 0-1-matrices such that the number of 1-s is precisely d —1.
Such a presentation is called a tree presentation.

An indecomposable module M is called exceptional if it has no self exten-
sions (i.e. Ext!(M, M) = 0).

It is well known that in the tame cases the indecomposable modules in
mod-kQ are of three types: preprojectives (having negative defect), preinjec-
tives (having positive defect) and regulars (having zero defect). For all the
details we refer to [2],[3],[1],[4]. What is important to notice, that indecom-
posable preprojectives and preinjectives are exceptional.

Having in mind all the notions above we are now able to formulate the main
problem on which this article focuses.

In [7] Ringel proves that any exceptional representation of @) over a field k
is a tree module, so it has a tree presentation. However in many cases these
presentations are not known explicitly.

The aim of this article is to describe explicitly these existing tree presenta-
tions in case of preprojective and preinjective indecomposable representations
over tame quivers of type Dy. In this way we generalize results obtained by
Mréz in [5] for the quiver Dy and by Lérinczi and Szénté in [§] for the quiver
Ds. )

One can see that the general case D, can be traced back to the cases
Dy, Ds, Dg.

2. REPRESENTATIONS OF THE QUIVER ﬁn CONSTRUCTED FROM ]5)6
REPRESENTATIONS

In this section we will show how to get all the indecomposable preprojective
and preinjective D, representations from 15)6.

We may consider special orientations for the quiver ]ﬁ)n, having a unique
sink on the central axis. The representations for the other orientations can be
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derived from this one, using reflection functors (see [3] pages 15 — 16). So we
will look at the following oriented quiver of I, type:

N /"

3 4 n—2—mn-—1 n>06

% 3

+1

Note that if the dimensions of the vector spaces corresponding to the vertices
3,4,5,...,(n — 1) are identical, then this case is equivalent to the D4 case
because we can take the identity matrix as morphisms between them. The
dimensions corresponding to the other vertices are exactly the same as in the
Dy case.

Furthermore, the P(2) and P(n + 1) representations can be easily obtained
from the P(1) and P(n) representations just by permuting two morphisms.
This also applies to the preinjective case.

The path algebra of the quiver D, is the following:

K 0 K 0 0 0 0
0 K K 0 0 0 0
0 0 K 0 0 0 0
0 0 K K 0 0 0

A=KQ=| | . .
0 0 K K K 0 0
0 0 K K K K 0
0 0 K K K 0 K

In addition we determine the dimension vectors of the indecomposable pro-
jective and injective representations, as seen in [I].

1 0 0
0 1 0

1 1 1

dim P(1) = 8 dimP(2) = |0 dimP@3)= |0
0 0

0] 0] 0]
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0 0 0
0 0 0

1 1 1

dim P(4) = (1] dimP(n) = |:| dimP(n+1)= |:
1 1

: 1 0

0] 0] 1]

If we write these into a single matrix, we get the so-called Cartan matrix:

1 0 00 000
0100 000
11 11 111
00 01 111
Cy=
0000 -+ 111
0000 -- 010
0o00©O0-- 001

Using this matrix, we can calculate the dimension vectors of the indecom-
posable preprojective and preinjective representations:

o, =-CyC;!
dim 7 " P(j) = ®,™ dim P(j)

dim7"I(j) = @} dim I(j),
where i € {1,...,n+ 1}, m € N and 7 is the Auslander—Reiten translation.
The key observation is the following lemma.

LEMMA 1. Let x = (21,232 ...,Tnt1) be a dimension vector of an indecom-

posable preprojective or preinjective Dy, representation. Then #{x; # xit1]i €
{3,4,...,n—1}} <2.

Proof. Using a well known theorem due to Kac—-Moody we know that the
roots of the quadratic form of a quiver are precisely the dimension vectors of
the indecomposable representations of that quiver.

We can obtain these roots by solving the following equation (see page 267
of [1]):

4qq(x) = (221 — 23)? 4 (229 — 23)% 4 (Tp_1 — 22,) %+
n—2

(Tp—1 — 2xn+1)2 +2 Z(fvz - wz‘+1)2 =4
i=3
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Since the components of the dimension vectors are integers, we can conclude
that the Z?:_g?(xi — x;41)? component is equal to either 0,1 or 2, which is
equivalent to #{x; # xiy1]i € {3,4,...,n —1}} <2. O

The previous lemma tells us that the vector spaces on the main axis of an
indecomposable preprojective or preinjective ID,, representation have at most
3 distinct dimensions, such that each dimension is repeated along the axis.
This is very useful, since in this way we can get a D, representation from a
D¢ representation by simply putting the identity matrix as morphism between
the vector spaces with the same dimension. This representation remains inde-
composable (which can be easily verified by substituting the dimension vector
into the previous equation) and it is also a tree representation. Moreover, if
the number of distinct dimensions of the vector spaces is less than 3, then we
can get a I, representation from Dy or Ds.

o Ist case: S 2 (zi — 241)? =0
It follows that x; = 2,11 for all i € {3,4,...,n— 1} i.e.
#{l‘l # $i+1|i S {3,4,. sy 1}} =0
This is equivalent to the Dy case, see [5].
o 2nd case: Y2 (x —wip1)? =1
It follows that there exists a j € Z such that x; # ;41 and x; = =41
forallie {3,....,7—1,j+1,...,n—1} ie.
#{l‘l 7é SCH_l‘i S {3,4,. sy 1}} =1
This is equivalent to the Ds case, see [§].
o 3rd case: Y12 (v — wiq1)? =2
It follows that there exist k,l € Z such that k < | xp, # zp4+1 and
xp#wppq forallie {3,... ) k—1,k+1,...;0—1,1+1,....,n—1} ie.
#{x, =+ a:i_H\i S {3,4,. sy 1}} =2
This is equivalent to the Dg case, which is the subject of this paper.

3. REPRESENTATIONS OF THE QUIVER ]5)6

Applying the 3rd case from the previous lemma to ﬁ)g we get that (2x1 —
13)% + (229 — 13)% + (25 — 214)% + (25 — 227)% = 0 which is equivalent to the

2(151 = I3
. 209 = 3
next system of equations:
Irs — 2376
T5 = 227

This means that every dimension vector of an indecomposable H~J>6 represen-
tation has the form [x1, 21,221, x4, 226, T, T¢).

Now, using the previous lemma we deduce that there are only 4 possible
dimension vectors, and these are the following:
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(21, 21,221,221 + 1,221 + 2,21 + 1,21 + 1]
[xlaxlazrlyle + 1,2%1,1'1,.’1;1]
[$1,$1,2$1,2(E1 - 1,2$1,$1,l‘1]

[x1, 21,221,221 — 1,221 — 2,21 — 1,21 — 1].

Since there are two possible orientations for each one, using the defect of the
quiver, we determine whether they are the dimension vectors of a preprojec-
tive, preinjective or a regular representation.

For n,m > 0 we denote by 0j,xm € My, xm and 0,, € M, x,, the zero matrix
and by I, € M,x, the identity matrix. In addition we use the following
notations:

1 0---01
°T1 ' M I° R M
nm — . S X1 nm 1 S nxm»
10---0 1
1
1
_ 1 -
In = ’ S Mnxna En,n—{-l = 11 S Mnx(n+1)

1

The representations of our specially oriented ]]5)6 quiver have the following
form:

ke kmo

ks a ks

SNy
7 X

knz k’I’L7

Here the matrices X,Y, Z, T, U,V correspond to the linear applications cor-
responding to the arrows (relative to the canonical bases). Note that the
representation is uniquely determined by the matrix list (X,Y, Z,T,U, V') and
its dimension vector is [n1, ng, ng, n4, ns, ng, n7.

Using these notations we now list the indecomposable preprojective ]1~))6 rep-
resentations. The first row contains the dimension vector of the representation,
while the second one the morphism family of the representation. In every case
n > 0.
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[2n 4+ 1,2n,4n + 1,4n + 1, 4n, 2n, 2n]
- I ” T _OH " n_ - - ~ -
I2n+1 Iz [14 +1] 012 4’4 I2n OQn
OH n,an ’ " ’ " ! O, " ’ O n ’ [ n
| HM2n2n41 0120, g, | L 2n|” |12n|
[2n,2n + 1,4n + 1,4n + 1, 4n, 2n, 2n]
-I n 1 B 7] -OH n 'n_ B 1 [ 1
Iz 12n+1 [1—4 +1] 012 4’4 1271 02n
n |y |o ) n 9 AN 9 Y
0120 L 2n 2041 18, 4 | (02n] " L2 |
2n,2n,4n + 1,4n + 1,4n + 12n + 1, 2n]
01,20 [ I2n ] r 1T 7
’ Ion41 02n+1,2n
ﬁn ’ 0112’271 ’ [I4n+1]’ [I4n+1}7 02n,2n+1 ’ [2n
2n,2n,4n + 1,4n + 1,4n + 1, 2n,2n + 1]
-Ol,2n_ -]2n i _02 1.2 7 B ]2 41 1
gn ’ 0112,% ’[LM-H]’ [I4n+1}’ | 12n7 _’ _02n,2n+1_
2n,2n + 1,4n + 1,4n + 1,4n + 1, 2n, 2n|
_IQn_ B I " 1 '02 1o T -01,2n-
01,20 ], Osmomet |’ [Lant1], [Lan+1], L, |’ P
L I2n i L ’ - L - L IQn ]
2n+1,2n,4n + 1,4n+ 1,4n + 1, 2n, 2n]
W 7 [ 0] 0 1 [01,2n]
et 3 01,2'n 5 [[4n+1], [I4n+1], andtan 3 IQn
02n,,2n+1 1271/
L i Ign | L - L IQn |
2n 4+ 1,2n+ 1,4n 4 2,4n + 2,4n + 1,2n, 2n + 1]
- - - - - - r T n -
Iont1 O2n41 [I ] °ont1,4n+1 [2 ) Iont1
O2nt1 |7 |Tonsr | T I TS,y g |7 01: [P H2n 2041
2n+1,2n+ 1,4n+ 2,4n+ 2,4n + 1,2n + 1, 2n]
B T [ b _O 1 B I n i
Iopt1| |O2n41 [[ 2] ont1,4n+1 Iop41 [2
O2nt1|” [L2nar | V20 108, d a7 [P T2ni2ng | 0 N
L i L 4 L - L 1,2n |
2n+1,2n,4n 4+ 2,4n+ 2,4n 4+ 2,2n + 1,2n + 1]
_ _ -01,271
I2n+1 IQn [2n+1 02n+1
Iyn Iyn
Ioni1)|’ | Ion ’[ * +1]’ [ * +2]’ |:02n+1 ? M2nt1
B B 01,2n

_01,271 _ -
I2n Ioni1 Ioni1| |O2n41
Iin Tin
Iy | [2n+1:| ’[ 4 H]’[ * H]’ |:O2n+1 ? Ian+1
_01,271_ ) B

2n,2n + 1,4n + 2,4n + 2,4n + 2,2n + 1,2n + 1],

2n+1,2n+4 1,4n + 2,4n + 2,4n + 2,2n + 1, 2n]

- -01,27L
12n+1 02n+1 I277,+1 IQn
Iyn Lsn
02n+1:| ’ |:12n+1 ) [ 4 +2}7 [ 4 +2]a 12n+1 ' T
B _01,27L

2n+1,2n+ 1,4n + 2,4n + 2,4n + 2,2n,2n + 1]

O12n| _
12n+1 02n+1 I2n 12n+1
Lin, Lin
|:02n+1:| ’ |:12n+1 9 [ 4 +2L [ 4 +2]a Ion | [2n+1

01,2n
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2n 4 1,2n 4 2,4n + 3,4n + 3,4n + 2,2n + 1,2n + 1]

Iont1 *on+t1,4n+t2 "I2 +1_ '02 +1—

n n
oyt |, Otdnt2 |, )
_01,2n+1

Ionqo
Tint3
°Mopnt1,2n+2|’ [ ]7

O2n+1 12n+1_
2n+2,2n+ 1,4n + 3,4n+ 3,4n + 2,2n + 1,2n + 1]

o
_H2n+1,4n+2_ L - -
- o - - - -
Iopt1 Ilon41,4n+2
Ton2 Iong1| |O2n41
o1 s | L2nt1 |, [I4n+3], 01,4n42 , 7
2n41,2n42 e O2n+1 241
01,2n+1_ L +12n+1,4n+2 | - - - -

2n 4+ 1,2n+ 1,4n 4+ 3,4n + 3,4n + 3,2n + 1, 2n + 2]

01,2n+1 Iont1
02n+42,2n+1 Iont2
o | Lontr | [Tanvts], [Tanys], |012041 ],
Iopt1 02n+1,2n+2
L 1 | Ianta | fon+1 i

2n+1,2n+ 1,4n + 3,4n + 3,4n + 3,2n + 2, 2n—|—1]

-02 42,2 +1- 01,2041 Ionyo
n+2,2n n
5 12n+1 5 [I4n+3], [I4n+3]7
Iont1 02n+1,2n+2

[ Tong1 ]
5 101,241

L 4| L2nt1 |

2n 4 2,2n 4+ 1,4n + 3,4n + 3,4n + 3,2n + 1,2n + 1]

r onso T "02 o +1_ 01,2n+1 Iont1
" 1 Tans ], [Tanss], | Tonsa |, |012041

O2n+1 2n+2] Izt
L | Lon+1 | | L2nt1

2n+1,2n+ 2,4n + 3, 4n+3 dn+3,2n+1, 2n—|—1]

)
)
)

0 17 & 7 01,2041 [ I2n1 |
2n+2,2n+1 2n+2 . .
, [I4n+.3] [I4n+3] Ioni1 |, 01,2041
Ioni1 02n+1 2n+2]
L | Lont1 | | T2nt1
[2n + 2, 2n+2 dn+4,4n+4,4n+3,2n + 2, 2n+1
} O i} M I n
I2n+2 02n+2 [14 4] ont2,4n+3 Ionto Iz +1
O2nta|’ [Tonge| 44D 15,1 2.4n43 |’ H2n+1 2n+2 0, :++1

[2n—|—2,2n+2,4n—|—4,4n+4,4n—|—3,2n+1 2n + 2]

71 o, ] L 1 [ 2ot
Iopt2| |O2n42 I °Tan+2,4n+3 I et Iont2
[anal, 2 T an 41,2042
n+1,2n

L J L 4 01,2041

_02n+2_ > (Tan42 15,42 4n43 |’
2n 4+ 1,2n 4 2,4n 4+ 4,4n + 4,4n + 4,2n + 2, 2n + 2]

01,2n+1

Iong1 Ioni2 O2nq2| |l2n42
Tan Tan

Ionq1 | |:02n+2 ’[ * +4]’ [ * +4]’ Ioni2|’ |I2n42

1,2n41

2n+2,2n+1,4n+4,4n+4,4n +4,2n + 2,2n + 2]

01,2n+1
I I 0 I .
I: 2n+2:| , 2n+1 , [[4n+4], [I4n+4], |: 2n+2 2 L+2

0242 Tont1 Iony2|’ Izn+2
01,2041

2n+2,2n+2,4n+4,4n +4,4n +4,2n + 1,2n + 2]

01,2n+1
[12"“} : [02”“] [ansa] [Tanal, | 72 "M

O2n12|’ [L2n42 It 12n+2
01,2041

2n+2,2n+2,4n+4,4n+4,4n+4,2n + 2,2n + 1]

O2nt2|’ [I2n42

12n+2

_ 01,2041
I 0 I I
{ 2n+2:| : [ 2n+2:| 7 [I4n+4], [I4n+4], 2n+2 , 241

Iong1
01,2041
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[2n,2n,4n + 1,4n + 1,4n, 2n, 2n]

_£2n 01,277, OH2n,4n [2 02
Ion |, | Ion |, [I4n+l}, 01,4n |, |:02":| , [12::|
101,2n Iop 115, 4n "

[2n,2n,4n + 1,4n + 1,4n + 1, 2n, 2n]

I27L
02n+1,2n

1271

0 I 01,2n
, I: 27}“’2":| y [Lant1], [Langa], | Ton |, Ion
2 01,2n Iopn

2n+1,2n+ 1,4n+ 2,4n + 2,4n + 1, 2n, 2n]

B Py ° I n 0 n

Iony1| |O2n41 Ilon41,4n+1 =2 12
5 3 [I4n+2], o 9 IQn 9 121'1,

O2n+1|” |L2n+1 M3n41,4n41 015 7,

It
’ O2n+1

Ioni1

(

12n+1 01,2n+1 OH2n+1,4n+2
Iontr |, | Lont1 |, []4n+3], 01,4n+2
101,241

o
H2n+1,4n+2

2n+1,2n+ 1,4n+ 3,4n+ 3,4n + 2,2n + 1,2n + 1]

O2r41
* I2n41

12n+1
12’7L+1

[ 12n+1 02n+2 2n+1
' Iy, Iyn,
( 02n+2,2n+1:|’ |: Topt1 ’[ 4 +3]’[ 4 +3], ot

2n+1,2n+ 1,4n+ 3,4n+ 3,4n + 3,2n + 1,2n + 1]

)

01,2n+1
£2n+1
Tont1

2n+2,2n+2,4n+4,4n+ 4,4n + 3,2n + 1,2n + 1]

12n+1

o

.
[jng] (i),

_I2n+2
O2n 42|’

01,2n+1
Ion42,4n+3 I
Ho 9 [2n+1 3 2n+1
2n+2,4n+3 T
01,2n+1 2n+1

n+1,n+1,2n+2,2n+1,2n,n,n|
gn,n+l o(l)_ll,n+l oHn+1,2n+1 Hn,Qn In On
Invar |, | nnta |, 2oy |2 01,20 |, ol 11
L 01,n+1 i [n+1 A b2nt %,271 " "

Now we list the preinjective tree representations. The first row is the di-
mension vector, the second one is the morphism family associated to the rep-

resentation.

[2n 4+ 1,2n,4n,4n, 4n, 2n, 2n]

_OH n,2n 0 n I n—
([amzme] o)t 3

o
3

_Hgn,2n+1
[2n,2n + 1,4n,4n,4n, 2n, 2n]

(02, [°TL2,
(][Rt o

o

M~
I
3

|:[2n [2n

[2n, 2n,4n, 4n,4n, 2n + 1, 2n]

(| [I2n
o] ]t

o
HQn,2n+1

o
3

o
H2n,2n+1
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[2n,2n, 4n, 4n, 4n, 2n, 2n + 1]

L] [I2n O20| [*Tl2n 20
(] ) e . ] [eaec)

)

2n,2n+ 1,4n+ 1,4n+ 1,4n 4+ 1,2n + 1,2n + 1]

O2n+1,2n Ion41 [I ] [I ] Ion41 Ton41
Inn |’ L L St LN 0 PSS L 5 PP

02n,2n+1
2n+1,2n,4n+ 1,4n+ 1,4n+ 1,2n + 1,2n + 1]

[2n,2n,4n,4n,4n + 1,2n, 2n + 1]

[ ] _O b I n
Ion| |O2p I Ion ant1 0 2
02n 3 ]2n 5 [ 4n], 5 1,2n|,

[ Iop41 02n41,2n Ion41 [ Iont1
< ]’ [ Ian s Hansa], [Tansa ], I35 2n41| 7 |"Han,2n+1
_Hgn,4n+1_ [2

_02n,2n+1
OHZn,2n+1_
Iont1
[2n, 2n,4n,4n,4n + 1,2n + 1, 2n)|

- - - - - - T T
IZn 02n [[ ] o1_[277.,477,-‘—1 OHQn,2n+1 0 n
Oz |7 |Ton |2 14" T Tengr | }2’%

_Hgn,4n+1_
2n+1,2n,4n+ 1,4n+ 1,4n + 2,2n + 1,2n + 1]

- Izn - - - -
Ioy Iz O2n
H°2 U 002a]y [Langa], [Bans1.ans2], e B

i 2n,2n+1 I2n

_02n+1_
2n,2n+ 1,4n+ 1,4n+ 1,4n 4+ 2,2n + 1,2n + 1]

-1271,
01,271 3
_IQn

_I2n+1 -O2n+1-
Tany1l, | Xant1,4n42
’[ i ]’[ bl Ant ]’ O2n+1|” |L2n+1

[2n+1

o
HQ'VL,ZTH»I

2n+1,2n+ 1,4n+ 1,4n + 1,4n + 1,2n + 1, 2n]

Ionq1 Ioni1

o

Ioni1
O2n,2n+1]"’

Hgn 2n+1:| ’ [I4n+1]7 [I4n+1}7

O2n+1,2n
H2n,2n+l ’ I2TL

It Ioni1

)

o
0271,,2n+1 H2n,2n+l

2n+1,2n+ 1,4n+ 1,4n+ 1,4n + 1,2n,2n + 1]

O n n
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To check the correctness of the representations listed above, we checked the
following three things: indecomposability, the defect and the fact that these
presentations are indeed tree presentations.

For every preprojective (or preinjective) indecomposable M representation
we have that dimy End(M) = 1 and conversely dimg End(M) = 1 implies
indecomposability. Using this fact we checked if the endomorphism ring of the
representations is one dimensional.

The defect of a representations can be calculated using the Euler form.

Finally we verified if the presentations are tree presentations. We know
due to Ringel in [7] that if M is indecomposable, then its coefficient tree
associated to any basis is connected. We checked that the number of 1’s in
each presentation is the global dimension minus one, which implies that in our
connected coefficient quiver the number of edges equals the number of vertices
minus one, which implies that the coefficient quiver is indeed a tree.
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