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In this paper, the author discusses the eigenvalues and entropies under the
harmonic-Ricci flow, which is the Ricci flow coupled with the harmonic map
flow. We give an alternative proof of results for compact steady and expand-
ing harmonic-Ricci breathers. In the second part, we derive some mono-
tonicity formulas for eigenvalues of the Laplacian under the harmonic-Ricci
flow. Finally, we obtain the first variation of the shrinker and expanding
entropies of the harmonic-Ricci flow.
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1. Introduction

Since the successful application of the Ricci flow to topological and geometric
problems, several analogous flows have been studied, including the harmonic-Ricci
flow [List 2006; Miiller 2012], connection Ricci flow [Streets 2008], Ricci—Yang—
Mills flow [Streets 2007; 2010; Young 2008], and renormalization group flows [He
et al. 2008; Li 2012; Oliynyk et al. 2006; Streets 2009]. In this article, we study the
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eigenvalue problems of the harmonic-Ricci flow, which is the following coupled
system:

(1-1) %g(t) = —2Ricg() + 4 du(t) @ du(r),

(1-2) %u(t) = Agu(t).

For convenience, we introduce a new symmetric 2-tensor ¥4 (1), () Whose compo-
nents S;; are defined by
S,’j = R,’j — 23,'148]‘14.

Its trace is Sg().u(r) := & Sij = Re(r) — 2|Vg(t)u(t)|§,(t).

Suppose that M is a compact Riemannian manifold. For any Riemannian metric
g and any smooth functions u, f, we have a number of functionals:

%(g,u,f)=/M<Rg+|ng|§—2|vgu|§>e—fdvg,
%(g,u,f):/M(Rg—2|vgu|§)e—fdvg,

@k(g,u,f):f (kRy + |V f1} — 2k|Veul3)e™ dVy.
M

List [2006] and Miiller [2012] showed that, as in the case of Perelman’s %-functional,
under the evolution equation

% g(t) = —2Ricg() +4du(t) @ du(t),
d
(I-3) () = Agau o),
d
21 F () = =Ag0) f(O) = Rey + Ve f (D) + 2 Veyu ()

the evolution equation for the Z-functional is

d _
(14) SFE0.u0), f©) =2 fM L et + Vi O™ D Vi

+4 / |Agyu(t) — (du(®), df (1)) g l5e " dVeq),
M

which is nonnegative. Based on (1-4), we derive the following.

Theorem 1.1. Under the evolution equation (1-3), one has
d
(1-5) E%(g(t),u(l),f(t))

:2/M |9)g(t),u(t)|§(z)e_f(t) dVg(t)+4/M |Ag<t>”(f)|§(r)e_f(t) dVe),



EIGENVALUES AND ENTROPIES UNDER THE HARMONIC-RICCI FLOW 143

and
d Ofp
(1-6)  —Fi (g (1), u(®). f (1)
=2k l)f F ez dVew + 2/ Fg0),u0)
M M
+ Vé(;)f(l‘)@(,)e_f(f) dVen +4(k —1) f |Ag(t)u(t)|§(t)e_f(t) AV
M
+4/ |Agyu(t) — (du(t), df(t)>g(t)|§(;)€_f(t) dVyr).
M

As a corollary we give a new proof of the following result.

Corollary 1.2. There is no compact steady harmonic-Ricci breather unless the
manifold (M, g(t)) is Ricci-flat and u(t) is a constant.

To deal with the expanding harmonic-Ricci breather, we need the functionals
P (g u, T, f)=1° / <R + 35+ Ay f =2 Vyul ) ! dv,,
Pyp(gou, 1, f) =12 /M<k(Rg Al )+ Ay f = 2k Veul2 )™ aV.
Under the evolution equation
%g(r) = —2Ricy ) +4du(t) @du(t),

d
5“0) = Agryu(t),

ad

2 (0 = =8g f () +1 Ve f O30 = Rey + 21 Ve u (5

d

—t(t)=1

FTO=1
we have:

Theorem 1.3. Under the evolution equation, one has

d
(1-7) E»‘&(g(t),u(t),f(t),f(t))

= 27(1)? fM \sfg(,>,um+v§(,)f(t>+ S——g(0) )e*f“)dvgm

27 (t)

+4r (1) / |Agyu(t) — (du(t), df (1)) g [y ye ™ dVeqr)
M
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and

d
(1-8) E$+,k(g(t)» u(t), T(0), f (1))

=2T(f)2/ 1L g0, + Vo £ (O + g(t)lg(,)e TOqVy,

27 (t)

2%k - D@y / et + (O Py D Vi

2t (t)
+47(1)> fM | Agyu(t) = {du(t), df O))g |3 Pd Ve

+4(k—1)r(t)2fM |Agyu )]} e ! PdVyq).

As a corollary, we obtain a new proof of the following.

Corollary 1.4. There is no expanding harmonic-Ricci breather on compact Rie-
mannian manifolds unless the manifold M is an Einstein manifold and u(t) a
constant.

The second part of this paper focuses on the eigenvalue of the Laplacian operator
under the harmonic-Ricci flow.

Theorem 1.5. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M and A(t) denotes the eigenvalue of the Laplacian A,
with eigenfunction f(t),

d
(19 - f F@P Vi
! M
Z)»(f)/ Sg(z),u(t)f(f)deg(t)—f Sey.u) Ve f L2y 4V
M M

+2/ (Epg(t),u(t)v df(t) ®df(t)>g(l) dvg(t)'
M

Equation (1-9) is a general formula to describe the evolution of A(¢#) under
the harmonic-Ricci flow. Under a curvature assumption, we can derive some
monotonicity formulas for the eigenvalue A(¢). Set

(1-10) Smin(0) := min Sg(0),u(0) (X),
xeM

the minimum of S, () .y over M at the time 0.

Theorem 1.6. Let (g(t), u(t)):cjo,71 be a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and let A (t) denote the eigenvalue of the Laplacian
Ag(r). Suppose that F g1y ur) — % Sg(),ur)&(t) = 0 along the harmonic-Ricci flow
for some o > %
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(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for any
tel0,T]
(2) If Smin(0) > 0, the quantity

(1 - %Smm(on)mx(z)

is nondecreasing along the harmonic-Ricci flow for T < n/(2Smin(0)).

3) If Smin(0) < 0, the quantity

2 no
(1= ZSmn(@1) " 2()
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

Corollary 1.7. Let (g(t), u(t)):ci0.11 be a solution of the harmonic-Ricci flow
on a compact Riemannian surface ¥ and let M(t) denote the eigenvalue of the
Laplacian Ag ).

(1) Suppose that Ricg(r) < edu(t) ® du(t) where

l—«a
1 -2’

€e<4

1
O[>§.

(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].
(11) If Smin(0) > 0, the quantity

(1 — Smin(0) 1)* (1)

is nondecreasing along the harmonic-Ricci flow for T < 1/Snin(0).
(iii) If Smin(0) < O, the quantity

(1 = Smin(0) )* A (1)

is nondecreasing along the harmonic-Ricci flow for any t € [0, T].
(2) Suppose that
Ve ()38 (1) = 2du(t) ® du(t).

(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].
(i1) If Smin(0) > O, the quantity

(1 = Smin(0)A(2)

is nondecreasing along the harmonic-Ricci flow for T < 1/Suin(0).
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(ii1) If Smin(0) < 0, the quantity
(1 = Smin(0))A (1)
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

When we restrict to the Ricci flow, we obtain:

Corollary 1.8. Let (g(t)):c0,1] be a solution of the Ricci flow on a compact Rie-
mannian surface ¥ and let A(t) denote the eigenvalue of the Laplacian Ag ).

(1) If Rpnin(0) > 0, A(?) is nondecreasing along the Ricci flow for any t € [0, T].

(2) If Rnin(0) > 0, the quantity (1 — Ryin(0)t)A(t) is nondecreasing along the
Ricci flow for T <1/ Rpin(0).

) If Ryin(0) < 0, the quantity (1 — Ryin(0)t)A(¢) is nondecreasing along the
Ricci flow for any t € [0, T].

Remark 1.9. Let (g());c[0,77 be a solution of the Ricci flow on a compact Riemann-

ian surface ¥ with nonnegative scalar curvature and let A(¢) denote the eigenvalue

of the Laplacian A ;). Then A(¢) is nondecreasing along the Ricci flow for any
tel0,T].

Since
(1-11) (g, u) :=inf{@<g,u,f) | fec=om, / e‘deg=1}
M
is the smallest eigenvalue of the operator A, , := —4A, + R, — 2|Vgu|§, we can

consider the evolution equation for this eigenvalue under the harmonic-Ricci flow.
To the operator A, , we associate a functional

(1-12) dgu(f) :=foAg,udeg-

When f is an eigenfunction of the operator A, , with the eigenvalue A and nor-
malized by |’ v f 2d V, =1, we obtain 4, ,(f) = A. Hence it suffices to study the
evolution equation for (d/dy)X, ,(f) under the harmonic-Ricci flow.

Theorem 1.10. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f (t) is an eigenfunction of Agr).u(),
that is, Ag),u@) f (1) = A(t) f (t) (Where A(t) is only a function of time t), with the
normalized condition f ulf (1)%d Vo) = 1. Then we have

d d
(1-13) El(t)=alg,u(f(t))=/ 2L gy df () @A () gy AV
M

+f f(t)z(lgjg(t),u(t)li(,) +2|Ag(z)u(l)|§(t)) dVg(,).
M



EIGENVALUES AND ENTROPIES UNDER THE HARMONIC-RICCI FLOW 147

List [2006] proved the nonnegativity of the operator F¢(;) ,(1) is preserved by the
harmonic-Ricci flow. Hence we get the following.

Corollary 1.11. If Ricg) —2du(0) ® du(0) > 0, the eigenvalues of the operator
Ag(1),ur) are nondecreasing under the harmonic-Ricci flow.

Remark 1.12. If we choose u(t) = 0, we obtain X. Cao’s result [2007].
There is another expression for dA(t)/dt.

Theorem 1.13. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f(t) is an eigenfunction of Ag(1),u(1),
that is, Agr),ur) f (1) = A(t) f(t) (where A(t) is only a function of time t), with the
normalized condition [, f ()2 dVy(ry = 1. Then we have

d d 1 2 2 -
(1-14) EMI) = E)‘g,u(f([)) =5 /M [Fe),ue) + Vo, @Ol e YO AV,
1 2 o) 2,90
T3 | Fewuolgme ™ dVeny + | Hdu@®), do®))gw|"e ™ dVea)
M M
+2/M V25 e dVg(f)_/MAg(t)(|Vg(t)u(t)|§(;))e_(p(t) AT
1 _
+7 / L gty + 4du®) @ du(®)[} e dVy),
M

where f(t)? =e %@,
Remark 1.14. When u = 0, (1-14) reduces to J. Li’s formula [2007].

Suppose that M is a compact manifold of dimension n. For any Riemannian
metric g, any smooth functions u, f, and any positive number 7, we define

iy
(1-15) Wi(g, u, f.7) —/ [2(Sg + Ve f13 )¢fi”](4 2 V.
Set
. eif‘
pa(gu, 7) 3=mf{°Wi(g’“’f’ f)‘fecoo(M)’ MWdVg:1}’

v_(g,u):=inf{u_(g,u,7) |t >0}, vy(g, u):=sup{us(g,u,7)|7t>0}
The first variation of v4(g(s), u(s)) is the following.

Theorem 1.15. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M. Let h be any symmetric covariant 2-tensor on M and
set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv. If



148 YI LI

v (g(s), u(s)) = Wi(g(s), u(s), fL(s), t(s)) for some smooth functions fi(s)
with fM e 1= dVg/(47TTj:(S))n/2 = 1 and constants t+(s) > 0,

e_fi d
- av
ArT)n/2 8
trgh\ e /= dV,

Are)n/?’

(1-16)

d
— | _ov(8(®), u(s)) =41+ [ v(Agu— (du,dfs),)
S M

—ri/M<<h,5Pg,u>g+<h, Vil E o
where fy := f1(0) and 1+ := 14 (0). In particular, the critical points of v+(-, )
satisfy

1
Feu+Vif £ 508" 0, Agu={du,dfs),.

Consequently, if Wi(g, u, f, t) and v (g, u) achieve their extremum, (M, g) is a
gradient expanding and shrinker harmonic-Ricci soliton according to the sign.

Corollary 1.16. Suppose that (M, g) is a compact Riemannian manifold and u
a smooth function on M. Let h be any symmetric covariant 2-tensor on M and
set g(s) := g+ sh. Let v be any smooth function on M and u(s) := u + sv. If
v (g(s), u(s)) = We(g(s), u(s), fu(s), t+(s)) for some smooth function fi(s)
with fM e~ fx) dV/(47'(ti(s))”/2 =1 and a constant 7+(s) > 0, and (g, u) is a
critical point of vo(-, ), then

. 1
Ric, =F-—g, f+=constant, u = constant.
2‘L’i
Thus, if Wi(g,u,-,-) achieve their minimum and (g, u) is a critical point of

vi(-, ), (M, g) is an Einstein manifold and u is a constant function.
Remark 1.17. In the situation of Corollary 1.16, by normalization, we my choose
fer=n/2and u =0.

2. Notation and commuting identities

Let M be a compact Riemannian manifold of dimension n. For any vector bundle
E over M, we denote by I'(M, E) the space of smooth sections of E. Set
O*(M):={v=(v;)) e DM, T*"M @T*M) | v;j = v},
OLM) 1= (g = (gi)) € O*(M) | gi; > 0}.
Thus @2(M ) is the space of all symmetric covariant 2-tensors on M, while @i(M )

is the space of all Riemannian metrics on M. The space of all smooth functions on
M is denoted by C*(M).
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For a given Riemannian metric g € @i(M ), the corresponding Levi-Civita
connection I'y = (Ff‘j) is given by

2-1) T = 38" (3igje + ;i1 — 0e8ij)

where 9; := 3/9x" for a local coordinate system {x', ..., x"}. The Riemann tensor
Rm, = (Rf‘jl) is determined by

(2-2) Ry = 0,15, — 8T}, + T}, 1%, =5 TL,.
The Ricci curvature Ric, = (R;;) is
(2-3) Rij = g""Ry;.
The scalar curvature R, of the metric g now is given by
(2-4) Ry =g"Rij.
For any tensor A = (A ") the covariant derivative of A is

P
fiky o kiek m ik Ak,
Vi = AL = ) T AL, +Zr,m R
r=1

Next we recall the Ricci identity:

£yl Lyoly zl---m---zq zl ly
viVjAklmkp_vjviAk kp —ZRum ki--k, _Zleks ky-emeky

In particular, for any smooth function f € C*°(M), we have

ViVif =V;Vif.
The Bianchi identities are
(2-5) 0= Rijke + Ririj + Rigji,
(2-6) 0=V,Rijke +ViRgke + Vi Ryike,

and the contracted Bianchi identities are

(2-7) 0=2V/R;; — ViR,,
(2-8) 0=ViRji — V;Rit + V*Rusij.
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3. Harmonic-Ricci flow and the evolution equations

Motivated by the static Einstein vacuum equation, List [2006] introduced the
harmonic-Ricci flow (originally called the Ricci flow coupled with the harmonic
map flow). This flow is similar to the Ricci flow and is given by the coupled system

0 .
(3-D Eg(t) = —2Ricg) +4du(t) @ du(t),

d
(3-2) 2140 = Bgyu(®)

for a family of Riemannian metrics g(¢) and a family of smooth functions u(¢).
Locally, we have

d ad
(3-3) ag,'j :—2Rij+48,-u-8ju, Eu ZAg(,)M(l‘).

Introduce a new symmetric tensor field Fg() 41y = (Sij) € O* (M),
(3-4) Sij = Rjj —20;u-0;u.
Then its trace Sg(),u(r) is equal to
ij 2
(3-5) Sew.u) = 8" Sij = Rety = 2l Ve (D) g )-

The evolution equation for R is

3 .
(3-6) gRg(t) = AgyRe(r) + 2| Ricg(r) |§(r) +4|Ag<t)”(t)|§(t)
— 4V u®) 5y — 8(Ricy(ry, du(r) @ du(1)) g

2

Also, we have the evolution equation for [Vg()uly ).

0
3-7) Ewgmu(r)@(t) = D) Vet (D5 = 21 Ve (D21 — 4 Ve u () 5y

and the evolution equation for S, u(1),

3
(3-8) Esg(t),u(t) = AgySeyut) + 2L 5.0 [y T 4 Agoy () )

4. Entropies for harmonic-Ricci flow

Motivated by Perelman’s entropy, List [2006] introduced a similar functional for
the harmonic-Ricci flow:

OL(M) x C¥(M) x C¥(M) > R, (g, u, f) > F(g, u, f)
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where
(4-1) F(,u, f) = /M (Rg + IV £ 12 = 2|Vu2ye ! V.
He also showed that if (g(¢), u(t), f(¢)) satisfies the system
%g(l‘) = —2Ricyq) +4du(t) @ du(t) —2V2, £ (1),
(4+2) () = Agpu(t) = (du(o), df D)0,

3
57/ O = =80 f (1) = Ry + 20V (@5

the evolution of the entropy is given by
d

(4-3) o

F(g(0), u), f(1))

=2 / (|s”g<t),u<t> + Vo SOl
M
+ 2| Agyu(t) — (du(t), df(z)>g<f>|§(t))e—f © vy
> 0.
Remark 4.1. The system (4-2) is equivalent to
%g(r) = —2Ricg) +4du(t) @du(t),

(4-4) %u(z) = A1),

0
51 (0 = =Dg) [ () = Rey + Ve f (D) + 2V u (D)
The same evolution of the entropy holds for system (4-4).

In particular, the entropy is nondecreasing and the equality holds if and only if
(g(t), u(t), f(1)) satisfies

Fety.u) + Vi f () =0,
Agyu(t) — (du(t), df (t))gw) =0.
Definition 4.2. The €-functional is defined as

(4-5)

OL(M) x CX¥(M) x C®(M) > R, (g, u, f) > €(g, u, f),

where

(4-6) (g, u, f) :=A4(Rg—2|vgu|§)e—-fdvg.
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Proposition 4.3. Under the evolution equation (4-4), one has
d

4-7) o

€(g(), u(n), f(1)

=2/M L syu e dVg<r>+4/M | Mgy )3y dVeq.

Proof. Since Sg()u() = Re(r) — 2|Vg(,)u(t)|§(t) and

0 2 2
375800 = BgySg).u) + 21T ). [gy +H B0 D0y
B}
3, Ve = =8ew.u) Vs,
we have
d
E%(g(t), u(t), f())

=/M(%Sg(,),u(,))e—f@dVg(,)+/MSg(,),u(,)%(e‘f@dVg(,))
= /M(Agmsg(r),u(z) + 20 gy gy + HA gy u @) 5 )e ™ AV
+/MSg(t),u<r>(—%f(f)—Sg(t),u<z>)€_f(’)dVg(t)

=2/M L gl dViany +4/M | Agoyu ()5 e ™ dVi

- /M Sg(z),u(z)<Ag<t)f(t) —Ver f Ol + %f(f) + Sg(n,u(t))e_f(’)dVg(r»
which implies (4-7). U
Definition 4.4. For any k > 1 we define
(4-8) Fr(g,u, f) :=/M(kRg+|vgf|§—2k|vgu|§)e—f dV,.
Using the definition, it is easy to show that

(4-9) Fr(gou, f)=(k—=1)é(g, u, f) +F(g, u, f).

When k = 1, this is the F-functional.
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Theorem 4.5. Under the evolution equation (4-4), one has
d
(4-10) E%(g(f),u(t),f(l))
=2k-1 | |¥ 2o 1PdVen+2 | |F
k=D [ Fsnrumlzne 2 (1) L et),u)
M M
+ V;(t)f([)lé(t)e—f(l) dVeiy +4(k—1) /M |Ag(t)u(t)|§(t)e_f(t) AV

+a / Attt — (du(e), df g 2gre ™V dVego,
M

Furthermore, the monotonicity is strict unless g(t) is Ricci-flat, u(t) is constant,
and f(t) is constant.

Proof. It immediately follows from (4-3) and (4-7). [l
Set
@1 g = inf{%(g, u. f)|f € C0), / e lav, = 1}-
M

Then (g, u) is the lowest eigenvalue of —4A, + k(R — 2|Vgu|§,).

5. Compact steady harmonic-Ricci breathers

In this section we give an alternative proof on some results on compact steady
harmonic-Ricci breathers that were proved in [List 2006; Miiller 2012].

Definition 5.1. A solution (g(¢), u(t)) of the harmonic-Ricci flow (1-1)—(1-2) is
called a harmonic-Ricci breather if there exist | < to, a diffeomorphism ¢ : M — M,
and a constant o > 0 such that

gm) =ay*g(t), u(n) =y u().

The cases ¢ < 1, ¢ =1, and « > 1, correspond to shrinking, steady, and expanding
harmonic-Ricci breathers.

Theorem 5.2. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M, the lowest eigenvalue 11 (g(t), u(t)) of the operator
—4Agt) +k(Rgr)y — 2|Vyu(t) |§(I)) is nondecreasing under the harmonic-Ricci
flow. The monotonicity is strict unless g(t) is Ricci-flat and u(t) is constant.

Proof. The proof is similar to that given in [Li 2007]. For any #; < #,, suppose that

wi(g(t2), u(t)) = Fi(g(r2), u(rr), fi(t2))

for some smooth function fi(x). Being an initial value, fx(x) = fi(x, f) for some
smooth function fi(x, t) satisfying the evolution equation (4-4). The monotonicity
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formula (4-10) implies pux (g (12), u(2)) = Fi (g (1), u(tr), fi(t1)) = pic(g(t1), ur)).
This completes the proof. U

Corollary 5.3. On a compact Riemannian manifold, the lowest eigenvalues of
—Agry + (1/2)(Rgry — 2|Vg(,)u(t)|§(t)) are nondecreasing under the harmonic-
Ricci flow.

Proof. Since uy(g(t), u(t))/4 is the lowest eigenvalue of this operator, the result
immediately follows from Theorem 5.2. U

Corollary 5.4. There is no compact steady harmonic-Ricci breather unless the
manifold (M, g(t)) is Ricci-flat and u is a constant.

Proof. If (g(t), u(t)) is a steady harmonic-Ricci breather, then, for #; < #; given in
the definition, we have

i (g(t), u(t)) = ur(g(2), u(tz)).

Hence, using Theorem 5.2, for any ¢ € [t;, t,], we must have

d
o e(8(0), u@) =0.

Thus (M, g(t)) is Ricci-flat and u(¢) is constant. U

6. Compact expanding harmonic-Ricci breathers
Inspired by [Li 2007], we define a new functional
@i(M) XxCPM)x C¥R)x C¥(M) - R, (g, u, 1, f)r>Wi(g, u,1,f),
where (t =1(¢),t € R).

(6-1) Wi(g, u, t, f) = rzf (Rg+2”‘—I+Agf—2|vgu|§)e—fdvg.
M

Similarly, we define a family of functionals
(6-2) Wy(g.u. T, f) =17 /M<k(Rg + 2”‘—f) + A f — 2k|Vgu|§>e‘f dvy.

It’s clear that Wy 1(g, u, v, ) =Wi(g, u, 7, f).

Lemma 6.1. One has
_ 2q; n —f
Wi(g u,t, f)=t d*’(g,u,f)+§t/ e dVy,
M
2 kn —f
Wik(gu, 7, /)=1"Fi(g.u, )H+—7 [ e dVy,
M

Wy i(gs tt, T, ) =Wolg,u, T, f)+ (k — 1)(r2%(g,u, f)+§r/ et dvg>.

M



EIGENVALUES AND ENTROPIES UNDER THE HARMONIC-RICCI FLOW 155

Proof. Since A(e™/) = (=Af + |V f|»)e~/, it follows that

Wi(g.u, T, f) —T°F(g. u, f)
e e tav, 422 | (Acs =1V, fRYe T av,
- 2 " 8 " 8 8J lg 8

:Er/ e_deg+t2/ Ag(e_f)dvgzzt/ el dv,.
2 Ju M 2 Ju

We can similarly prove the remaining two relations. U

Theorem 6.2. Under the coupled system
0 .
-8(1) = —2Ricg) +4dut) @du(t) - 2V f (0,
0
Eu(t) = Agu(t) — (du(t), df (1))gq),
0
SO = =840 F(0) = Rey + 2 Vg u (00
d (=1
—T =1,
dt
the first variation formula for Wo(g(t), u(t), t(t), f(t)) is
d
(6-3) EW+(8(I),M(1),T(I),f(I))
+47(0)? | |Aeu(t) — (du(t), df (1)) o2 e 'O dV,
Y g(1) ) g lg(r) 8(1)»
and the first variation formula for Wy (g(¢), u(t), t(t), f()) is
d
(6-4) EW+,k(g(t), u(t), t(t), f(1))
=8O lee™ " dVe

2 <>
1
+ 2%k - D@y /M et + 52580y Vi

= 2t(t)2/ [F o)) + Vg?(t)f(t) +
M

+4r(1)? /M |Agyu(t) — (du(®), df (1)) g lypye ™ dVyqr)
+4(k — 1)) /M |Agyu®3ne ™" dVeq).

Proof. Under this coupled system, we first observe that

d _
(6-5) %( fM e /O dvg(,)) =0.
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In fact, from % dVey = —Set),ut)y — Dg() [ (t) dVg(r) We obtain

d - 3 9 -
E(/Me f(')dng)Z/M(—Ef(t)‘dVg(z)-i-ngg(t))e o

=/M[Ag(z>f(f)+5g<r>,u(r>—Sga),u(z)—Ag(nf(f)]e_f(”d‘/g(r)
=0.
Lemma 6.1 and the identity (6-5) imply
d
E%(g(”’ u(t), t(t), f(t))
24 o F n —f@
=1(1) Ed*(g(t), u(t), f(0)+2t@)F(g(0), u®), f(@)) + 5] ¢ dVya)
M
=21(1)? / L sty + Voo S Ole " dVy
M
+47(1)? /M |Agryu(t) = (du(@), df (1)) g’ dVyq
_ n _
+2t(1) /M (Sgut + Ve F Olg)e ™ dVey + 3 fM e Vi,
which is (6-3). Using Lemma 6.1 and the same method, we can prove (6-4). [

Remark 6.3. Under the coupled system
%g(t) = —2Ricy) +4du(t) @ du(t),
%u(t) = Agnu(t),
L 11 = =gt O + Va0 F Oy = Ryt + 21 Vo),
%r(r) =1,
the same formulas (6-3) and (6-4) hold for ‘W, and WY ;.

Define
6-6)  pi(g u,7) = inf{%(g, u, T, f)| f e Com, / e dv, = 1}-
M
Lemma 6.4. For any o > 0, one has

(6-7) puy(ag, u,at) =auy (g, u, 7).

Proof. Set g:=ag;then Rg=0a" 'Ry, Az f =a ' Ay f, and |Vaul} =™ [Vul?.
Hence
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Wo(g, u,ar, f)=a’t f

(R+
M

A Agf - 2|Vu|) ~fav;

. /(R + 3o+ Ag f =2V (t)u|> 12e=1 v,

Since f +— f —(n/2) Ina is one-to-one and onto, by taking the infimum, we derive
i (og, u, at) =apuy(g,u, 7). U

Definition 6.5. A solution (g(¢), u(t)) of the harmonic-Ricci flow is called a har-
monic-Ricci soliton if there exists a one-parameter family of diffeomorphisms
Yy o M — M, satisfying {9 = idy, and a positive scaling function «(¢) such that

g =a()Y;g0), ul)=1/u).

The cases (3/0t)a(t) =& <0, @« =0, and & > 0 correspond to shrinking, steady,
and expanding harmonic-Ricci solitons, respectively. If the diffeomorphisms i, are
generated by a (possibly time-dependent) vector field X (¢) that is the gradient of
some function f(¢) on M, the soliton is called a gradient harmonic-Ricci soliton
and f is called the potential of the harmonic-Ricci soliton.

Miiller [2012] showed that if (g(¢), u(¢)) is a gradient harmonic-Ricci soliton
with potential f,

0 = Ricg() —2du(t) @ du(t) + Vi, f (1) +cg (D),
0= Ag(t)”‘(t) - (Vg(t)”(t)’ Vg(t)f(t»g(t)

for some constant c.

Corollary 6.6. There is no expanding breather on compact Riemannian manifolds
other than expanding gradient harmonic-Ricci solitons.

Proof. The proof is similar to that given in [Li 2007]. Suppose there is an expanding
breather on a compact Riemannian manifold M. Then, by definition, we have

g(t) =ad® g(t)), u(t)=>"u(t)

for some #; < tp, where ® be a diffeomorphism and the constant @ > 1. Let f (x)
be a smooth function where W, (g(t2), u(ty), t(t2), f(t;)) attains its minimum.
Then there exists a smooth function f, (x,t): M X [t1, 2] — R with initial value
f+(x, ) = fi(x) that satisfies the coupled system in Remark 6.3. Define a linear
function

T:[t1, ] > (0,400), T()=T+10
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where T is a constant. By the monotonicity formula, we have
p+(8(12), u(t2), T(12)) = Wi (g(r2), u(t2), T(12), f(12))
> Wi(g(n), u(n), T(n), f+())

> (g (1), u(tr), T(f)).

Lemma 6.4 and the diffeomorphic invariant property of the functionals shows
p (g(tn), u(ty), T(t1)) < oepuy (g(11), u(ty), (1)),

which yields
m4 (g (1), u(ty), (1)) = 0,

since a > 1.
If we impose an additional condition t(#;) =at(¢;) and 7(¢;) =T +t;, we have

_at—1)—(—n) T_fz—Ottl
N a—1 ’ -

(1)

a—1"
Then
t)'? et —m)/@— DI Ty
Vey a2 Ve © Vewy

The mean value theorem tells us that there exists a time f € [#, 2] with

d T()"/?
=—| _log
dt li=1 Vg(t)
Ve .(n/2)r(t‘)”/2*1Vg<;>—r(f)”/z(d/dt)lf:z-vg(t)
— (/2 2
T(@)" Vg(f)
_n 1 o
S 2t(f) Vg ot

0

i g(0)-

From the evolution equation for the volume element dV, ), we have

d 0
i g(z)=/ Edng:/ (—Sg(t),um—Ag(r)f(f))dVg(r)=—/ Se),ur) V()
M M M

Putting these together yields

1
f Se().u) V(@) =
M

n
Voo fM(Sg<z),u<z> + T(f)) dVy(p)-

n 1
0= -+ —
27(t) Vg([)

If we set f = log Vi),

0=Wy(gd),u®), t(@), f) > pn(g@), u(@®), t()).
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By the monotonicity of @ we obtain
0 < p4(g(t), u(tr), T(11) < p4(g(0), u(®), T(1)) <0

Hence w(g(t1), u(t1), t(t1)) = pn4(g(t2), u(t2), 7(2)) = 0 and W, = 0 on the
interval [z, #,]. This indicates that the first variation of W, must vanish. So the
expanding breather is a gradient soliton, that is,

1
2 —
Feyuwy + Ve F(O + —ZT(I)g(t) =0.

Moreover, in this case Agu(t) = (du(t), df (t))gw)- U

Because of (6-7), we define

(6_8) ,U«+’k(g,1/t,'[) = inf{OW+’k(g,M,T, f) fEC‘FOO(M)’ \/[we_fdvgzl}
Due to Lemma 6.4, we still have

(6-9) myr(ag,u,at) =oapu (g, u, 7).

Corollary 6.7. If (g(t), u(t)) is an expanding harmonic-Ricci breather on compact
Riemannian manifolds, M is an Einstein manifold and u(t) is constant.

Proof. Using the same method as in Corollary 6.6 and w4 x, we can show that the
first variation of W7 ; must vanish. Hence, from (6-4), one has

1
2 —_—
Feyuy T Ve f (1) + T(t)g(t) =0,

1
Lot u —9(t) =0,
2, <r>+2r(t)8()

Agyu(t) = (du(t), df (1)),
Ag(,)u(t) =0.

The above four equations can be reduced to the coupled equation

Fewyu@) + (1) =0 = Agu(t),

2t()®
which indicates that u () is a constant and Ricg) = —(1/(27(1)))g(?). Ul

7. Eigenvalues of the Laplacian under the harmonic-Ricci flow

In this section we consider the eigenvalues of the Laplacian A, ;) under the harmonic-
Ricci flow
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(7-1) 5-8(1) = —2Ricy) +4du(t) @ du(s),
3

(7-2) 510 = Agyu).

Suppose that A(#), which is a function of time ¢ only, is an eigenvalue of the
Laplacian A, with an eigenfunction f (1) = f(x, t), that is,

(7-3) =gy f () =2(1) f (D).

Taking the derivative with respect to ¢, we get

(L ag) 10 - e (27 0) = (Sr0) ror+ 2057 00

Integrating the above equation with f yields

3 3
- fM FO (5800 ) f O dVeqy - fM FOA0 (55 FO) Ve
d 3
:d_m)-/ f(t)deg(g-l-)»(t)/ f@O—f)dVyq).
t M M ot
Since
3
/ FOA(f0)) Ve = - / Ag f (- 5 f (D) dVean
M t
3
=k(t)f f(t)a—f(t)dvgm,
M t
it follows that
a4y f F@?aVeo = - / FO(2a00) Fav
dt u gt) = Y PY; g(1) I{OR

If we set vij = —2R,'j +48,-u8ju,

d
51"{‘] = %gké(aivej + djvi; — evij).

We temporarily omit all subscripts . Multiplying with g’/ on both sides, we obtain

lja

8" 5. = 18" @V v = Vig"viy)) = gV vy + VS

= gV (=2Ry + 4ViuViu) + V(R — 2| Vul?)
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= VR +4Au -Vu+4V,u - Vivku + VFR —4V*Viyu . Viu
=4Au - VFu.

Therefore,
9 _ 9 iy,
a; () = 2-(87ViV; )
0 ) a2 (D) of
(Bt Vivif+sg [aaa a7 ) oS = T,
d i 3 B]
= (g8 ) V0 s + 00 (5) =8 (575 Ve
= QR — 4VuVa) VI VI f —4Au - VEuV, f + Ag(,)<%f).
Plugging this into (7-4), we derive
— A1) / f(0?dVyq)
! M
:—2/ Rijvivffdv+4/ fViuVjuViijdV+4/ fAu-Vuv fdv.
M M M
The first term can be rewritten as
—2/ fRijViijdV=/ VIQfR)HVIfdV
M M
:2/ (V'f -Rij+ f-V'R)VIfdV
M
=2/ R,-,v"fvffdv+/ FViRVIfdV
M M
=2/ RijVifode—/ RV (fVIf)dv
M M
:A/fde—/ R|Vf|2dV—|—2/ R VfVIfdv.
R M M
Hence
d 2
(50) [ F®?avee
M
= A1) / Re() f (1) dVy(y 42 / R VifVIfdV — / Ry)| Vo) f oy dVsr)
M M M

+4/ FVuVIuvVi f + AuVFuVy f)dv.
M
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On the other hand,
/ FV'uNVIuV;V; fav
M
= _/ Vi(fV'uVIiu)v; fdv
M
= _/ (VifViuViu+ fAuV u+ fVuV;Vu)vi fdv
M
:_f fAu(Vu,Vf)dV—/ ViuVjuViijde—f VUV Vudv
M M M
and therefore
d S
EA(I)A,[f(I)ZdVg(”:A(I)LRg(t)f(t)ZdVg(t)_4A4 fV’qufViVjudV

+2/ Sijvffvjfd\/—/ Rg(,)|vg<,)f(z)|§(,) dVe(r)-
M M

The last term here can be simplified as follows:
—/ FYVuVIfVViuav
M
:/ VI(fViuV; f)Viudv
M
:/ (VIfViuvi f + fVIVuvi f + fViuAf)Viuadv
M

:f |Vu|2|Vf|2dV+/ fAf|Vu|2dv+f fVuVIfViViudv.
M M M

Consequently,
—2/ fViuijViVjudV:/ |Vu|2|Vf|2dV—A/ FHVul*av.
M M M

Therefore we derive the following.

Theorem 7.1. If (g(t), u(t)) is a solution of the harmonic-Ricci flow on a compact
Riemannian manifold M and A(t) denotes the eigenvalue of the Laplacian Ag),
then

d
(7-5) -0 / O A
t M
:)*(t)/ Seyutn f () dVg(t)—/ Sg(t),u(t)|Vg(t)f(f)|§(r) dVea)
M M

+ ZfM@’g(r),um, df ) ®df 1) dVe).
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We set

(7-6) Smin(0) 1= miﬁr/ll S(x, 0).

Theorem 7.2. Let (g(t), u(t)):ef0,71 be a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and let A(t) denote the eigenvalue of the Laplacian
Ag(ry. Suppose that F g1y ury — ASe(1),u)&(t) = 0 along the harmonic-Ricci flow

for some o > %

(1) If Smin(0) = 0, A(¢) is nondecreasing along the harmonic-Ricci flow for any
te[0,T]

(2) If Spin(0) > 0, the quantity
2 no
(1= ZSmn (1) 2)
is nondecreasing along the harmonic-Ricci flow for T < n/(2Smin(0)).
3) If Smin(0) < 0, the quantity
2 no
(1= 2Smn(0)1)  20)
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].
Proof. By Theorem 7.1, we have
4, 05 du S0 1O dVew Ju Sz0.001 V50 Ol
dr B fM f(t)deg(,) fM f(t)ZdVg(t)

By definition we have — f (1) A,y = A(7) f (¢). Integrating both sides yields that
A(t) = 0. Since

A)+ QRa—1)

0 2 2
ESgo),u(z) = Dg)Seru) T 21F g .u) gy T4 Agryut (D)

and [Fg(),ut|® = (1/0)S5 ) ) it follows that

9 2,
Esg(t),u(t) > Ag()Sg(),utn) + ;Sg(t),u(l)'

The corresponding ODE

%a(t) — %a(t)z, a(t) = Smin(0)

has the solution
Smin (O)

1— (Z/H)Smin(())l ‘

a(t) =
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Then the maximum principle implies Sq(/),4(:) > a(t) and hence, using the assump-
tion that 2o — 1 > 0,

Ju |Vg(t)f(t)|§<z) AV
fM f(t)z dVea)

d
Ex(t) >a(t)A(t) + Qa — 1a(t)
By integration by parts, we note that

/|Vf|2dV=—/f~Ade=A/ f2av,
M M M

which shows that

%A(t} >a()M(t)+ Ra— Da(@)r =2aa(t)A(t)

%(A(r)-exp(—&x /Ota(r) dr)) > 0.

This inequality clearly implies the desired result. If Sy,in (0) > 0, by the nonnegativity
of ¥4 (1) preserved along the harmonic-Ricci flow, we conclude that dA.(¢) /dt > 0. [J

and

Corollary 7.3. Let (g(t), u(t)):efo.1] be a solution of the harmonic-Ricci flow on a
compact Riemannian surface ¥ and let \(t) denote the eigenvalue of the Laplacian
Ag)-

(1) Suppose that Ricg(;) < edu(t) ® du(t) where

(7-7) 6541_2a, o> 5.
(1) If Smin(0) > 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].

(11) If Smin(0) > 0, the quantity
(1 — Smin(0) 1)* A (1)

is nondecreasing along the harmonic-Ricci flow for T <1/Suin(0).
(i11) If Smin(0) < 0O, the quantity

(1 = Smin(0) )** A (1)

is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

(2) Suppose that
(7-8) Veyu(t)[3)8(1) = 2du(t) @ du(?).

(1) If Smin(0) = 0, A(¢) is nondecreasing along the harmonic-Ricci flow for
anyt €[0,T].
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(1) If Smin(0) > 0, the quantity
(1 = Smin(0))A(2)

is nondecreasing along the harmonic-Ricci flow for T < 1/Snin(0).
(ii1) If Smin(0) < 0O, the quantity

(1 = Smin(0))A(2)
is nondecreasing along the harmonic-Ricci flow for any t € [0, T].

Proof. As above, we always omit subscripts ¢. In the surface case, we have
R,‘j = %Rg,'j. Then

Ty = S — g1y = 5 81— 2V — (R — 2 Vul)gi
= (% —a)Rg,-j —2ViuViju —|—20t|Vu|2gij.
For any vector V = (V1), we calculate
T, V'V = (3= @) RIVP = 2(ViuV')? + 20| Vu| V2
> (3 — @) RIVE =2[Vul|V[* 4+ 2a|Vu*|V .

If R;j < eViuVju, then T;; V' V/ = [(3 —@)e — 2 +2a]|Vu[*|V|* > 0.
For the second case, we note that

- - : . R
T,;V'V/ = R;V'VI —2ViuV'ViuV/ — 5|V|2+ IVul?|V|?
. R
> Ry V'V = [VuP [V = 2V + [Vu!|V |2 =0.
Hence the corresponding results follow by Theorem 7.2. ([

When we consider the Ricci flow, we have the following two results derived
from Corollary 7.3.

Corollary 7.4. Let (g(t)):c[0,1] be a solution of the Ricci flow on a compact Rie-
mannian surface X and let A(t) denote the eigenvalue of the Laplacian Ag ).

(1) If Rnin(0) > 0, A(?) is nondecreasing along the Ricci flow for any t € [0, T].

(2) If Rnin(0) > 0, the quantity (1 — Ryin(0)t)A(t) is nondecreasing along the
Ricci flow for T < 1/Rpin(0).

) If Ryin(0) < 0, the quantity (1 — Rnin(0)t)A(¢) is nondecreasing along the
Ricci flow for any t € [0, T'].
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Remark 7.5. Let (g(¢)):c[o, 7] be a solution of the Ricci flow on a compact Riemann-
ian surface ¥ with nonnegative scalar curvature and let A(¢) denote the eigenvalue of
the Laplacian A ;). Then A(7) is nondecreasing along the Ricci flow for 7 € [0, T'].

8. Eigenvalues of the Laplacian-type under the harmonic-Ricci flow

Recall that

(8-1) (g, u) = pi(g,u) = inf{%(g, u, f) | /M el avy =1 }

We showed that (g, u) is the smallest eigenvalue of the operator
—4Ag + Ry —2|Vyul}.

Inspired by [Cao 2007; 2008], we define a Laplacian-type operators associated with
quantities g, u, c:

(8-2) Ague=—0g+c(Ry —2|Veul3),

(8-3) Agui=A  1==A+ 5(Rg —2|Vul?).

U

Then (g, u) is the smallest eigenvalue of the operator 4Ag , 1/4.
To the operator A, , we associate the functional

(8-4) CoM)—R, [ reu(f) ::/I;Ing,udeg.

When f is an eigenfunction of the operator A, , with the eigenvalue A, that is,
Aguf = Af and is normalized by fM f? dV, =1, we obtain A, ,(f) = A. The
next lemma will deal with the evolution equation for A(f(¢)), where f(¢) is an
eigenfunction of A () and the couple (g(7), u(z)) satisfies the harmonic-Ricci
flow. Set

(8-5) vij = —ZS,'J' = —2R[j +40;u - 8ju, vi= gij Vjj-
The symmetric tensor field thus obtained is denoted by Vg 1) u(r) = (vij).

Lemma 8.1. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow on
a compact Riemannian manifold M and f(t) is an eigenfunction of Ag(),u(r), that
iS, Agr),ur) f () = A(t) f(t) (Where A(t) is only a function of time t only), with the
normalized condition

/ F(?dVy) = 1.
M

Then we have
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d
(8-6) E)‘g(t),u(t)(f(t)

. d
= fM F@ (Vi =2 Vio) VEF () dVgry — /M f2(r)§|vg<t)u(z)|§(,)dvg(,)

1/0
+ /M ((C\Vg(l),u(t)a vé(t)f(t»g(t) + i(ﬁRg(t)>f(t)>f(t) dVer).

Before proving the lemma, we recall a formula that is an immediate consequence
of the evolution equation:

0
(8-7) E(Agmf)
= —g" g1, ViVi f — 8 " Viv Vi f + 1 (Ve Ve): Veir F () gar)
where the metric g(r) evolves by dg;; /0t = v;;.

Proof. Using (8-7) and integration by parts, we get

d
E)Vg(t),u(t)<f(t))
0

=/ (8787 10pg ViV f 48" 8" Vivji Vi f =3 (Ve Vg() Vo) f (D) g0) f (1) dVg(r)
M
3 L0 2 |9
+ /M (_Ag@(a f(t))+( 0 VR ) o 0

+ (%(%Rg(t)) - %(Wg(t)u(t)@(,)))f(t))f(t) dVea

Req) 2
<_Ag(t)f(t) + ( , T IVg(z)M(l)|g(,))f(l))f(l)dVg(z)

B Rery 2 a9
+ Aginy (1) + > Vel ) f (@) 3 (f @) dVyw))
M t
-/ (g"”gfqqu Vivif+ %(%Rg(z))f(l))f(l‘) Vg
M
+A4(gi'igklvivjzka—%gklvlvka)f(f)dvg(t)
+f Agm,u(f)fa)(%f(r)dvgm + %(f(t)dng))
M

ad
__/ME(Wg(”u(t)l;(t))f(f)zdVg(,).

Since f(¢) is an eigenfunction of A1) u(1), it follows that

9
/Ag(z),umf(t)(%f(t)dVg(zW%(f(t)dVg(z)))=K(f)a—f F@?dVery =0
M tJm

by the normalization condition. This completes the proof. (]
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Using (3-6), we find that the first term in the right side of (8-6) can be written as

ivJ 9
/ (Uijv VIf+5 <a g(t))f(t)>f(t)dVg<r>
M
= / (=27 O (Ricga), Vi £ (D) g +4f O(du@®) @du(), Vi, f (1)) ) dVear
M
1 : 2 2 2 2
+ / (5 A Rec + I Ricgin 2y £ (02 +2F O Mg (1) 2,
=2 (Vi u D5 —4f (O (Ricgq). du(t) @du(0))g)) dVe)
:/ (=27 (O (Ricgr), Vi f (D) gy + (5 Ay Rery +IRice) ) f (D7) dVeir)
M
f (4f(l) du®du, Vg(t)f(t))g(t)—4f2(du(t)®du(t),Ricg(t))g(,)
M
+21 O Agyu D} =2 OV u D)) dVea)
For the second term in (8-6), using the contracted Bianchi identities, one has
/ (8YVivjk — sV VEf - £ (1) AV
M
:/ (8" Vi(—2Rji +40;udu)
M
— V(2R g0y + 4V u (D) 2)) VEf - f (1) dVgqr)
= / 4 (D) Agoyu @) (Veyu(t), Vo) f (1)) gy V()
M
+/ (48" Vu - Vi Vi — 2V Voo (D5 ) V'S - f (1) dVer)
M

=f 4F (0 Agyu(t){(Venyu(t), Veu f (1)) gy dVea)
M

where in the last step we use the identity Vi |Vu|? = 2gP4Vy V,u - Vyu. Therefore

d
(8-8) E)‘g(t),u(t)(f(t))

= /M (=2 O (Ricg(y. Vi f (O)ga) + (3 Aginy Reary + | Ricgq [30) £ (1)) dVi)
+4£(@) / ({du@)@du(t), Vi f () gy~ f O {du®)®du(t), Ricg()g(r)
M

+2 £ (O Agyu®) o) = 2f (O IViu® )
+4F (O Ay (1) (V1) Vo, f (1)) g) dVea)

— /M (At Ve 2y =21V 5y u @)y — HV gyt (D15)) f (1)* dVgqr).
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The above evolution equation can be simplified as follows.

Theorem 8.2. Suppose (g(t), u(t)) is a solution of the harmonic-Ricci flow on a
compact Riemannian manifold M and f(t) is an eigenfunction of Ag).u(), that
i8S, Ag(r),ur) f () = A(t) f(t) (Where A(t) is only a function of time t only), with the
normalized condition fM f(t)deg(,) = 1. Then we have

d
B9 o (FO) = /M 2(F iy, df (1) @ AL ) Vi

+/ FO (1S e g + 21 Agyu @ o)) dVir)-
M

Proof. Calculate
/M4f(t)Ag(z)M(t)(Vg(z)u(f), Verr F () ety AV
=— / Viul[Vif - (Vu, V) + f(V(Vu,VfN1dV
M

=—4/ |(W,Vf)|2dvg—4f FVu((V'Vu, V)Y + (Vu, ViV ) dV.
M M

By the same method, we have

/ — B[Vt O Ve
M
=—/ VuPQFAf +2 F1P)dV
M

:-2/ |Vf|2|w|2dv—2/ FAFIVul>dv.
M M

However,
/fAf|Vu|2dV=/ —Vi f-Vi(fIVul>) dv
M M
=—f V; f(VifIVul? + £V Vul?) dV
M

= —/ |Vul?|V fI*dV —/ fVi f-ViVul*dv.
M M
Therefore we arrive at

/ B[ Va2 0 Ve
M
:2/ fVif-ViVu*dv
M

=4 fM F@{du(®) @df (1), Viiu(®)) gy dVi).-
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Using the contracted Bianchi identities, we may simplify the term | M % f2ARdV
as follows:

(1)?
fN fTAga)Rg(z)dVg(z)
:_%/ ViR-Vi(f2)dV
M
=—/ v,-R-fvide=—2/ VAR - fV faAV
M M
:2/ Rk,-V"(ijf)dV:Z/ Rii (VEf VI f 4+ £VEVI £YdV
M M

= 2[ (Ricg(r),df () @df (1)) gty d V) -I-Z/ f(t)(Ricg(t),Vg(f)f([»g(t)dvg(t)-
M M

Hence (8-8) becomes

%kg(t),u(t)(f(l))
— /M(Z(Ricgm, df (1) ®df (1)) gy + | Ricg) Lo (1)) dViqry
+ /M (218501 2 + 4V Ol £ O AV
- fM Af (O du(t) ® du(t), Ricgn)) g dVer)
_/M4|<Vg(t>u(t), Ve £ ) e)]* dVear)
= /M 2L o), df () ®@Af (1)) g1y AV ()
- /M FO(IRicg —2du(t) @ dun)? ) + 2| Agryu(®)2)) dVea

where, by definition, S;; = R;; —20;ud;u. O

List [2006] proved that the nonnegativity of the operator ¥, is preserved by
the harmonic-Ricci flow. Hence we get the following.

Corollary 8.3. If Ricg ) —2du(0) ® du(0) > 0, the eigenvalues of the operator
Ag(),u(r) are nondecreasing under the harmonic-Ricci flow.

Remark 8.4. If we choose u(#) = 0, we obtain Cao’s result [2007].
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9. Another formula for %k( f@)

In this section we give another formula for %A( f(t)) using a method similar to
that in [Li 2007]. Recall the formula

d
rs0a0FO = [ 20000, A O © AT O Ve

+ /M FO (15000 [y + 208504 O ) dViir)-
Consider the function ¢ determined by f2(f) = e~¢"). Then we have

—e?do Vf Vo Af 1 1 ’
df =——+, —==——" —-=—1Ap+iVel
2f S 2 f 2 4

Hence

d _
2EA8(1),M(I)(f(t)):/M<g7g(t),u(t)adgo(t)®d§0(t)>g(t)e YO AV,

+2/ (IF sy ) + 21 Dy @5y ) e AV
M
Using integration by parts and contracted Bianchi identities yields
/ (S oy dp(0) @de (D)) gne " dVyq)
M
:/ s,-jvf<pv-f¢e—¢dvz_/ Si;VieVi(e ®)dV
M M
= f e V(S V/p)aV
M
:/ ViSij'ngo-e_(pdV+/ SiiV'Vig.e ¥ dv
M M
:/]WV"Rij-Vj(p-e_“’dVg—I-/MSl-jV"ngo-e_“’dV
+/ Vi (=2ViuViu)Vig-e? dV,
M
:l/ RA(e_“’)dV—i-/ Sijvivfw-e—de—zf (V'uViu)V'vi(e ?)av.
2 Jm M M
Thus
f SijViij-e_‘pdV
M

=/ SijVigovj(pe_‘odV—l/ RA(e_“’)dV—i—Z/ (V'uViu)v'vi(e ?).
M 2 M M
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On the other hand, one gets
fM Ve #Olgye™" dVew = /M ViVieV'Vip- e dV
= _/ Vip-ViViVig.e ?adv —/ Vip-ViVip.Vi(e¥)dV
M M
= —/ Vip-ViVIVig.e ¥ dv —/ Vip-ViVip.-Vi(e ) dV.

M M
Since
[ W vivis Ve av =~ [ VG Vi) vigav

M M
=— / Vg -V'Vip-Vi(e ) dV — f IVol?A(e™)dV,
M M
which implies
/ Vip-ViVIg.Vi(e™¥)dV = —%f VoA av,
M M
it follows that
/ V22 ¥ dV = —/ Vig-ViVIiVig.e™?adv + % f Vol A(e*)dV.
M M M
By the Ricci identity the term V/V/ Vi equals
ViVIVip =g/ eV ViVip = g7 ¢! (ViViVip — R,V ,00)
= VIViVip — g ¢" RiwipV'p

=V/Ap+ g™ g" Rip VP9 = VI Ap + g/ R, VP .

Hence
—/ Vip-ViVIVig.e ¥ dv
M
:—/ Vi(p-VjA(p-e_‘pdV—/ Rkakw-Vpgoe_‘pdV
M M
:/ VjAgo-Vj(e_“’)—i—/ Rkak(p-Vp(e_“’)dV
M M

=_/ A(p-A(e_‘”)—/ e (VP Ry, - Vi@ + Ry, VP VEQ)
M M
1

= —/ Ale™®)-ApdV +
M 2

/VkR-Vk(e_"’)dV—/ e R, V¥V @ dV
M M

:_/ A(e_‘/’)(Aw—i—%R)—/ Rip,VEVPp. e~ dV.
M M
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Putting those formulas together, we obtain
/ 28;;ViVig.e=?av +f IV2p|?e™? dV
M M
= / SiiViVig-e ¢ dv +/ (=2ViuViu)Vivigp-e ¢ dv
M M
- R
—/ A (Ag+ 5~ 3IVeP)av
M
= f S VieVigp-e ?dVv —/ A(e™*)(Ap+ R — 1|Vo|P) av
M M
+2/ (ViuViu - V'VI (e ?) = ViuViu -V'Vigp-e %) av.
M
Since f is an eigenfunction of A, it induces
Af R

,\=_7+——|W| 1A — 4|V<p|+ —|Vul?,

and therefore
f 28;;ViVig.-e™? dV—i—/ IV2p|?e 2 dV
M M
:/ SijViwngo-e_‘pdV—2/ A(|Vul?)-e ¢ dV
M M
+2f ViuV;(V'Vi(e ™) = V'Vip.e ?)av.
M
Plugging this into the expression of %A( f(@)) yields
d
2E)Mg(z‘),u(t)(f(l‘))
:f SijVi(ij(p-e_‘pdV—i-/ |5f|2e—<"dv+f |9>|2e—<0dv+4/ |Aul>e=¢dV
M M M M
=fM|5”g<t>,u<r)+V§(z)€0(f)|§(t)€“’(’)dVga)Jr/M|9’g(z>,u<r>|§(z)€“’(”dVg<z>
+4/ |Ag(x)M(f)|§(t>€_‘p(’)dVg<r>+2/ A | Ve u@) gne " dVeq
M M

+ 2/ ViuViu(=V'V/ (e™9) + V' Vig-e~?)dV
Now define M

1;:/ (viuvju.vivhp)e—%zvz—/ V! (ViuVju-e ?)V’pdV
M M

—/ VIip(Au-Viu-e *+ViuV'Viu-e ¢ —~V;uViuV'p-e *)dV
M

—/ VjuVj(pAu-e_(pdV—/ v,-uvf<pvivju-e—¢dv+/ l(du,dg)|*e=?dV,
M M M
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11::/ ViuVjuViVj(e_(p)dV:/ VIV (ViuViu)e ™ dv
M M
=/ Vi(VIViu - Viu+ ViuAu)e ™ dV
M

= / (AViu -Viu+ViAu -Viu+|Vul> + |Au>)e ?dv,
M

111::[ A(|Vu|2)e_‘/’dV:2/ VI(V;Viu-V/u)e ?dVv
M M
:2/ (AViu - Viu+|V2u|)e dV.
M

If we set

B:=2l+1-1),
then
B

EZf (AViu-Viu—ViAu-V'u+|V2ul> — |Aul* +|({du, dp)|?
M
—Viu-V'e - Au—Viu-Vip-V'Viu)e ™ dV
:/ (Ri;ViuViu+|V2ul* — |Aul® + [(du, dp) |*
M
—Viu-Vi(p-Au—Viu‘Vj(p-V"Vju)e_‘PdV.
On the other hand,
—/ v,-u-vi<p-Au.e—¢dV=/ (Viu- Au)Vi(e ?)dV
M M
:_f Vi(Viu- Au)e™ dV
M

=f (—|Aul® = Viu-ViAu)e ¢ dV
M

and
—/ ViuVj(pViVju-e_(pdVZ/ ViuV'ViuVvi (e ¢)dv
M M
:_f VI (ViuV'Viuye ™ dv
M
=/ (—=|V2ul?> = ViuAViu)e ¢ dVv.
M
Therefore

B
(9-1) 5:/ (=21Aul? + [(du, dp)|* = 2(Vu, VAu))e ¢ dV.
M
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By definition,
A(Vul?) = A(Viu-Viu) =2Vu - AVu +2|Vul?.

So _ _
A|Vul* =2|V2ul* +2(Vi Au+ Rij V' u)Viu

=2|VZul* +2R;;Viu-VVu+2(Vu, VAu).
Plugging this into (9-1) yields

B o
52/ (=21Aul* + [(du, dp)|* +2|Vul* — A|Vul|* +2R;V'uViu)e ™ dV.
M

2RV uV u = 2(Sij + 2ViuViu) V' uViu
=28;;ViuViu+4|Vul*
= NS +4du®dul® — § |9,
it follows that
B
—=II+I1-1
2
=/(|<du,d<ﬂ>lz—2lAu|2—%Iff’l2+2|v%t|2+31ls'>+4du<z§)du|2)e‘%’dV—m
M
Hence
Bz/ (—418ul+2(du, dp) P =3 | S +4|V2u*+3|F+4 du®du|*)e™* dV—21I1.
M

Theorem 9.1. Suppose that (g(t), u(t)) is a solution of the harmonic-Ricci flow
on a compact Riemannian manifold M and f (t) is an eigenfunction of Ag(r),u()
that is, Ag),u@) f (1) = A(t) f (t) (Where A(t) is only a function of time t), with the
normalized condition fM f(t)2 dVgry = 1. Then we have

d
EMI)

= %)‘g(t),u(t)(f(t))

= %/M L erut) + Ve @O lgne ?d Ve + %/M | g0r.u0 ginye P dVea
+/M [ du(t), do(@)) g e dVyq) +2/M Ve ®lgne™ dVew
+}1 /M Loty +4du(t) @ du(t)] ;e " dVyq)

_/1;[Ag(l)(|Vg(f)u(t)|§(t))e_¢(t) dVe@).
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Remark 9.2. When u = 0, this equation reduces to Li’s formula [2007].

10. The first variation of expander and shrinker entropies

Suppose that M is a closed manifold of dimension n. We define
We: QM) x CX¥(M) x C¥(M) xR = R, (g,u, f,7) = Walg,u, f,7)

where

f
e
(10-1) Wi(g u, f,7):= /M(T(Sg,u + |ng|§):Ffin)W dVy

Set
. 00 e/
n+(g, u, ) :=1nf{“Wi(g,u,f, T) ‘ feC™M), /MWdVg=l},

v:l:(gv u) = SuP{Mﬂ:(gv u, T) | T> 0}

Lemma 10.1. Suppose v(g,u) = Wi(g,u, f+, t+) for some functions fi and
constants Tty satisfying

e_fi
/[.w deg = 1, T+ > 0.

Then we must have

o (20 fi 4 |V fily = Seu) £ fr Fn+vi(g,u) =0,

fie_f:t n
——dV, = — .
/M Urryp Ve =g Frxle )

Proof. Since g and u are fixed, we consider the corresponding Lagrangian multiplier
function

e_f
»Qi(fv T,)\,) ::OW:t(g,u,f, T)—k(Adeg—l)

Then the variation of £ in f direction is

—f
8, Le(fiTih) = /(2‘[va ((Sf):FSf-l—Mf)ﬁdV
—f
e
_/M(f<sg,u+|vgf|§>¢fin) Gz Ve

By the divergence theorem, we calculate
-f e/
/ Vif. V(Sf) )n/de /MV(VfW)Sdeg

-f
f(Agf Vi 31 sz Ve
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Hence

-/
e
Srle(fiTs M) = /M(z(—zAngr IV, f1; —Sg,u)ifmqtlﬂ)éfm av

This implies that
T (=2Ag fr + Vg fil} — Sgu) & fe FnF 1+ =0.

Since fy satisfies the normalized condition, it follows that

—fx
_ 2 ¢
0=x+7F1 +/M(T:I:(_2Agf:|: + Ve faly — Seu) £ [+ :FH)W dv,

From the identity

/Af e’ dV—/lVflz Y
m S (@28 [y 8 A2 T8

and the definition (10-1), we obtain

vi(g, u) =Wi(g, u, fv,t4) =As F1,

and, consequently,

T (=20 fi + |V frly = Seu) £ fr Fn+va(g, u) =0.
The variation of £ with respect to T indicates that
3e8a(f,730) = | ST(Seu+1Y AP _av,— (—Qﬁ)idv
v o (4 >"/2 w\ 27 ) @rry2

not <’
+/M(_§_)( (Seu+1Ve /| ):Ffi”)(4 Ve

e 1av,
_ _n 24 1L P m—
_/MS’(@ ) Seat Ve )+ (“Ef”)) @m0y

Using the first proved equation, we have

0 /((v (g% frFm(1=5) + 2 vilg. 0 £ na )< dVe
= ) u _—— —_— , u —_—
y +(8 +F 5 ;=8 +F Grie)?
e_f:t
_ + )— dv,
/M (vefeF 4Ty
and therefore we obtain the second one. O

For a symmetric 2-tensor h = (h;;) € @2 (M), we set

g(s):=g+sh
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Then the variation of g(s) is

a

10-2 —
( ) ds ls=0

Ry(s) = —h" Rij + V'V hyj — Ay (trg ).

Theorem 10.2. Suppose that (M, g) is a compact Riemannian manifold and u a
smooth function on M. Let h be any symmetric covariant 2-tensor on M and set
g(s) := g+ sh. Let v be any smooth function on M and u(s) := u + sv. If

v4(g(s), u(s)) = Wi (g(s), uls), f+(s), t+(s))
for some smooth functions f1(s) with

/ e EOqV /(A Ti(s)? =1
M

and constants t+(s) > 0,

Iy (e(s),uls)) r/((hff )+(hV2f)j:1trh) " W
— s),u(s))=— Lo , L e
dsls=0 =¥ = Ju surs 8008y 8T (b2 8
effi
+4T:|:/A/IU(AgM—(du,dfi>g)mdvg,

where fy = f1(0) and 14 := 14 (0). In particular, the critical points of v+(-, )
satisfy

1
Feu+Veift—g=0, Agu=(du,dfs),.
2‘L’i

Consequently, if Wi (g, u, f, t) and v (g, u) achieve their minimums, (M, g) is a
gradient expanding and shrinker harmonic-Ricci soliton according to the sign.

Proof. By definition, one has

d
7 V= (88), u(s)

d
= a°Wi(g(s), u(s), f(s), 7+(s))

a S V > e_fi(s) dv
—/M(gfi(s)( o(s),u(s) T | g(s)f:l:(s)lg(s)))m o(s)
e_fi(s)

0 2 0
+fM(t:|:(s)$(Sg(s),u(s)+|Vg(s)f:|:(s)|g(s))q:afi(s))mdvg(s)

+ AJ(Ti(S)(Sg(s),u(s) + | Ve() [ () [35)) F fi(s) £n)

) ehe
s\ @y e )
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Since

9 3 9 )
35 Se@a) = 3o Ret) = 255Vt (9l

Gl ~ .0

8 —R (S)_2<§_Sg”>viuvj”_4g”aviu-vju

9 ip ,iq ij ad

a g(S)_z(_g 8 hpq)viuvju_4g Vi gu Vju
9 2, VPuviy — 4 Lu ) viu

8 Re(s) +2hpq ViuViu — 8

and

a e_f:k(s) dV
as \ (@me(s))2 80

e~ fx() e J=®) 9
= —dV ———dV,
( f:l:( )— 2_[ (S) aS T4 (s )) (4774 (5))")2 g+ (47174 (s))"2 Bs g(s)
—fx(s)
_(_9 __n 3 1 e
= ( P fi(s) 37:(s) Bs Ti(s) + 5 trg h) GG AV (s),
it follows that
4 (g(s), u(s))
ds =8V
e_fi(s)

Gl 2
= /M 35 O Gew.u) + IVg(s>fi(S)|g(s>)Wdvg(s)

+f <‘L’;t(S)< g Rg(s) +2hpg VPuViu — 4V, < g )Viu
M as

5 —fx(s)
—hquprqf+2V( f) f) Sfi(s)>(47:r—dvgm

()P
d
+/M<——fi<> ENOLE ri<s>+2trgh)

(T2 () (Se(s).us) + |Vg(s)f:|:(s)|§(5)) F fr(s)£n

effi(s) d
——————d V().
)Gz 5

From the equalities
/ Agtrgh-e_deg:/ trgh- Ag(e™ ) v,
M M

:/ trg h(—Ag f+|V. f12)e™/ dVy.
M
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/vivfhij-e—fdvg:/ hiiViVi(elydv
M M
=/ hij(=V'VIf +VIfVIif)e ™ av,,
M
9 C g a -
[ wi(r)viretavi= [ =l ps = 1veriet av,.
M as M 0s

/ Ag(e_f)dVgZ/ (—Ag [+ Ve f12)e™ ! av,,
M M

and Lemma 10.1, we obtain

—fx

2 (8(5). 4(s)
2 e
w0 e Ve 1) G o Ve

_/3
M ds s=0

+f (ti<—h"jR,-.,-+V’Ath,-‘,- — Ag(trg h) +2h g VPuViu
M

i )
s:Of(S)>v f) +35 s:Of(S)>

9
as

—4VioViu —h, VPfVIf + 2v,-(
Ja(s

e v, + 0 (s)+Ltroh
— - — S tr
Arron2 780 Jy 95 |, R

e~ /x
-(‘L’i(Sg,u + |ng:l:|§) F /e :l:n) (47T‘L':|:)n/2 dVg

s=0

If we denote by B the last term and by A the remaining terms,

=G

72(8)(IVg fel + Se.)
s=0

— te (WYY fa 4+ hT Sy +4Yi0- Vin) aa—sfi)

e_fi d
- av,
Arr /28

—fx
0 f(s)) :
s=0

I RO |vgfi|§><trg ho2l
M s

(A Ty)n/? Vs
The normalized condition
—fx(s)
- /M sty
implies
0 / <_i e /=)
u\ 0s

f:l:( )_ deg

§=

9 1
2r 35 ri(s) + 5 trg h)
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From Lemma 10.1, we conclude that

2Seu — T (Ve el =28, fr) = £ fr Fn+vi(g, u).

Therefore

T (Sgu + Ve fel3) F fi £ =212(|Vg fily — Ag fr) + v (g, u).

Plugging this into the definition of B yields

‘Ci (s)+5 trg h)
- e_f:t

(2T (Vg fl3 — Ag fr) +va(g, ”))W dVe

9 d
:/A4(_£ 21_ 35 ri(s)—i- trgh)
e S
-(2ri(|vgfi| =8 f2) Gy 4V
e~ /=
:/M(—%s fa(s)+ 3 tr >2Tﬂ:(|vgfi| — A fi)mdv

where we use the fact that
/ Ag(e™dV, =0.
M

Hence B cancels with the last term in A. Therefore the above variation equals

v(8(s), u(s))

E Oti(S)<|vgfi|§+Sg’uié) —ri(h’lv,-vjf+htJS,-j
5=

4 L tr, h dv((du, df) — Agu) .
2ty ¢ ’ ¢ (4rrTs)/?

To prove the theorem, it is sufficient to show that

2 n effi
\Y +—)|— =0.
/M(| s lg S 2Tﬂ:) (A Te)n/2 V=0

Since M is compact, we have

ozf Ag(e_fi):/ (—Ag fr+ |V felDe av.
M M
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Hence

\V/ - )
/M(I o Sl +Sg,uizfi)(4mi)n/2 dv

:/ (ZAgfi—|vgf|§+sg,ui 1 )
M

20':|:

e_fi

dv.
(4JT‘E:|:)"/2

Lemma 10.1 now indicates

) n e_fi
\% + — ) —
'/M(| g £l + Sgu 21})(471&)”/2 av
:/ tfeFntve@uw n) e
M T 2 ) (4mwry)n/?

/ o R NN "y
= — “4vi(g,u) ) —
T+ +F 5 T8 (4mrTy)n/?

1

= —(j:g —vi(g, u)F % +vx(g, M)) =0.
T+

The sign + corresponds to the gradient expanding soliton and the sign — to the
gradient shrinker soliton. U

Corollary 10.3. Suppose that (M, g) is a compact Riemannian manifold and u
is a smooth function on M. Let h be any symmetric covariant 2-tensor on M
and set g(s) := g + sh. Let v be any smooth function on M and u(s) := u + sv.
Ifvi(g(s), u(s)) = WxL(g(s), u(s), f+(s), t+(s)) for some smooth function fi(s)
with fM e fx() dV/(47'[rjE(s))"/2 =1 and a constant 7+(s) > 0, and (g, u) is a
critical point of v (-, -), then

1

Feu=F=—g, f+=constant.
Z‘L':t

Thus, if Wi(g,u,-,-) achieve their minimum and (g, u) is a critical point of
vi(-,-), (M, g, u) satisfies the static Einstein vacuum equation.

Proof. According to Lemma 10.1 and Theorem 10.2, we have

T (=20 fr + Vg fily — Sgu) £ fr Fn
—f+

— — 2 ¢
_—vi——A(Ti(sg,u+|vgf|g)¢fiin) (47TT:|;)n/2 dvg’
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and hence
—fx
e
(4 Te)n/2 Ve

et
[ (Sgu+Agf:|:) )n/2 dV

= :FZ = Sg,u + Agf:l:-

20 fi — |V fil} + Seu = f (Sgu + Vg f]3)

From this we get A, fr = |V, fi|§. After integrating on both sides, the functions
f+ must be constant, which implies ¥, &= (1/(27+))g =0. O

Remark 10.4. In the situation of Corollary 10.3, by normalization, we my choose

fizl’l/z.
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