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Abstract

In this doctoral thesis, the C*-algebras of the connected real two-step nilpotent Lie
groups and the Lie group SL(2,R) are characterized. Furthermore, as a preparation for
an analysis of its C*-algebra, the topology of the spectrum of the semidirect product
U(n) x H,, is described, where H,, denotes the Heisenberg Lie group and U(n) the unitary
group acting by automorphisms on H,,. For the determination of the group C*-algebras,
the operator valued Fourier transform is used in order to map the respective C*-algebra
into the algebra of all bounded operator fields over its spectrum. One has to find the
conditions that are satisfied by the image of this C*-algebra under the Fourier transform
and the aim is to characterize it through these conditions. In the present thesis, it is
proved that both the C*-algebras of the connected real two-step nilpotent Lie groups and
the C*-algebra of SL(2,R) fulfill the same conditions, namely the “norm controlled dual
limit” conditions. Thereby, these C*-algebras are described in this work and the “norm
controlled dual limit” conditions are explicitly computed in both cases. The methods used
for the two-step nilpotent Lie groups and the group SL(2,R) are completely different from
each other. For the two-step nilpotent Lie groups, one regards their coadjoint orbits and
uses the Kirillov theory, while for the group SL(2,R) one can accomplish the calculations
more directly.

Résumé

Dans la présente these de doctorat, les C*-algebres des groupes de Lie connexes réels
nilpotents de pas deux et du groupe de Lie SL(2,R) sont caractérisées. En outre, comme
préparation a une analyse de sa C*-algebre, la topologie du spectre du produit semi-direct
U(n) x H,, est décrite, ou H,, dénote le groupe de Lie de Heisenberg et U(n) le groupe
unitaire qui agit sur H,, par automorphismes. Pour la détermination des C*-algebres de
groupes, la transformation de Fourier a valeurs opérationnelles est utilisée pour appliquer
chaque C*-algebre dans I'algebre de tous les champs d’opérateurs bornés sur son spectre.
On doit trouver les conditions que satisfait 'image de cette C*-algebre sous la transfor-
mation de Fourier et ’objectif est de la caractériser par ces conditions. Dans cette these,
il est démontré que les C*-algebres des groupes de Lie connexes réels nilpotents de pas
deux et la C*-algebre de SL(2,R) satisfont les mémes conditions, des conditions appelées
“limites duales sous controle normique”. De cette maniere, ces C*-algebres sont décrites
dans ce travail et les conditions “limites duales sous controle normique” sont explicitement
calculées dans les deux cas. Les méthodes utilisées pour les groupes de Lie nilpotents de
pas deux et pour le groupe SL(2,R) sont tres différentes I'une de I’autre. Pour les groupes
de Lie nilpotents de pas deux, on regarde leurs orbites coadjointes et on utilise la théorie
de Kirillov, alors que pour le groupe SL(2,R), on peut mener les calculs plus directement.



Zusammenfassung

In dieser Doktorarbeit werden die C*-Algebren der zusammenhédngenden reellen
zweistufig nilpotenten Lie-Gruppen und der Lie-Gruppe SL(2,R) charakterisiert. Aufler-
dem wird die Topologie des Spektrums des semidirekten Produktes U(n) x H,, in Vor-
bereitung auf eine Analyse der zugehorigen C*-Algebra beschrieben, wobei H,, die
Heisenberg-Lie-Gruppe und U(n) die unitire Gruppe, die durch Automorphismen auf
H,, wirkt, bezeichnen. Fiir die Bestimmung der Gruppen-C*-Algebren wird die opera-
torwertige Fouriertransformation benutzt, um die jeweilige C*-Algebra in die Algebra
der beschrinkten Operatorenfelder iiber ihrem Spektrum abzubilden. Das Ziel ist, die
Bedingungen zu finden, die das Bild dieser C*-Algebra unter der Fouriertransforma-
tion erfiillt und sie durch eben diese zu charakterisieren. In der vorliegenden Arbeit
wird bewiesen, dass sowohl die C*-Algebren der zusammenhéngenden reellen zweistufig
nilpotenten Lie-Gruppen, als auch die C*-Algebra von SL(2,R) dieselben Bedingungen
erfiillen, namlich die “normkontrollierter dualer Limes”-Bedingungen. Dadurch werden
diese C*-Algebren beschrieben und die “normkontrollierter dualer Limes”-Bedingungen
werden in beiden Fallen explizit nachgewiesen. Die Methoden, die fiir die zweistufig nilpo-
tenten Lie-Gruppen und die Gruppe SL(2,R) verwendet werden, sind dabei komplett
unterschiedlich. Fiir die zweistufig nilpotenten Lie-Gruppen betrachtet man deren koad-
jungierte Bahnen und benutzt die Kirillov-Theorie, wéhrend man fiir die Gruppe SL(2,R)
die Berechnungen direkter durchfithren kann.






1 Introduction

In this doctoral thesis, the structure of the C*-algebras of connected real two-step nilpotent
Lie groups and the structure of the C*-algebra of the Lie group SL(2,R) will be analyzed.
Moreover, as a preparative work for an examination of its C*-algebra, the topology of the
spectrum of the semidirect product U(n) x H,, will be described, where H,, denotes the
Heisenberg Lie group and U(n) the unitary group acting by automorphisms on H,.

The research of C*-algebras — an abstraction of algebras of bounded linear operators
on Hilbert spaces — began in the 1930s due to a need in quantum mechanics and more
precisely in order to serve as mathematical models for algebras of physical observables.
Quantum systems are described with the help of self-adjoint operators on Hilbert spaces.
Hence, algebras of bounded operators on these spaces were regarded. The term “C*-algebra”
was first introduced in the 1940s by I.Segal for describing norm-closed subalgebras of the
algebra of bounded linear operators on a Hilbert space. By now, C*-algebras represent an
important tool in the theory of unitary representations of locally compact groups and in the
mathematical description of quantum mechanics.

Lie groups were introduced in the 1870s by S.Lie in the framework of the Lie theory in
order to examine continuous symmetries in differential equations and their theory has been
developed further in the 20th century. Today Lie groups are used in many mathematical
fields and in theoretical physics, as for example in particle physics.

As Lie groups and other symmetry groups hold an important position in physics, the
examination of their group C*-algebras — C*-algebras that are constructed by building a
completion of the space of all L'-functions on the respective groups — has been continued
and advanced. This task represents the mission of this thesis.

The method of analyzing a group C*-algebra employed in this work has been initiated
by G.M.Fell in the 1960s. It uses the non-abelian Fourier transform in order to write
the C*-algebras as algebras of operator fields and to study their elements in that way. A
requirement to make use of this method and thus to understand these C*-algebras is the
knowledge of their spectrum and its topology which are unknown for many groups. Hence,
this represents a major problem of Fell’s procedure. The advancement of this method that is
adopted in this thesis has been elaborated in the last years (see [24] and [26]) and makes the
study of a large class of group C*-algebras possible.

In order to be able to understand C*-algebras, the Fourier transform is an important
tool. Denoting by the unitary dual or spectrum Aofa C*-algebra A the set of all equivalence
classes of the irreducible unitary representations of A, the Fourier transform F(a) = a of an
element a € A is defined in the following way: One chooses in every equivalence class v € A
a representation (7, H~) and defines

Fla)(v) = my(a) € B(H),

where B(#,) denotes the C*-algebra of bounded linear operators on . Then, F(a) is con-
tained in the algebra of all bounded operator fields over A

1(A) = {6 = (6(m,) € BOL)), 5 | 18]l i= 5up 97, op < o0}

yEA



and the mapping R
F:A—=I*A4), a—~a

is an isometric *-homomorphism.
Denoting by dx the Haar measure of the locally compact group G, one can define on
LY(G) := LY(G,C) the convolution product * in the following way

f*fg /f ac gdx Vf, f e LYG) Vg e G

and obtains a Banach algebra (LI(G), *) Moreover, one gets an isometric involution on this
algebra by letting

f(9) =20c(9) ' f(g7!) VgeQG,

A¢ being the modular function which is defined to be the positive function fulfilling

/ Ftg™)dt = Aalg) / (0t ¥f € Co(G) Vg € G,
G G

where Cy(G) is the space of all compactly supported continuous functions.
For every irreducible unitary representation (7, H) of G, a representation (7, H) of L!(G) can
be obtained as follows

/f 9)dg Vf e LG,

This representation turns out to be irreducible and unitary.
Now, the C*-algebra of G is defined as the completion of the convolution algebra L!(G) with
respect to the C*-norm of L}(G), i.e.

CH(@) = TN, da) 'O with | fllowcy == sup [7(f) o
[rleG

where G is the spectrum of GG, defined as above as the set of all equivalence classes of the
irreducible unitary representations of G.

Furthermore, every irreducible unitary representation (7, H) of L!(G) can be uniquely written
as an integral in the above shown way and hence, one obtains an irreducible unitary represen-
tation (7, H) of G. One therefore gets the following well-known result, that can be found in
[9], Chapter 13.9, and states that the spectrum of C*(G) coincides with the spectrum of G:

—

C*(G) = G.

The structure of the group C*-algebras is already known for certain classes of Lie groups,
such as the Heisenberg and the thread-like Lie groups (see [26]) and the ax + b-like groups
(see [24]). Furthermore, the C*-algebras of the 5-dimensional nilpotent Lie groups have
been determined in [31], while those of all 6-dimensional nilpotent Lie groups have been
characterized by H.Regeiba in [30].

In this thesis, a result shown by H.Regeiba and J.Ludwig (see [31], Theorem 3.5) shall be
utilized for the characterization of the C'*-algebras mentioned at the beginning.



For the C*-algebras of the two-step nilpotent Lie groups, the approach will partly be
similar but more complex, to the one used for the characterization of the C*-algebra of
the Heisenberg Lie group (see [26]), which is also two-step nilpotent and thus serves as an
example.

In the case of the Heisenberg Lie group, the situation is a lot easier than for general two-step
nilpotent Lie groups, as in this special case the appearing coadjoint orbits can only have two
different dimensions, while in the general case, there are many different dimensions that can
appear. Consequently, much more complicated cases emerge.

The 5- and 6-dimensional nilpotent Lie groups, in turn, have a more complicated structure
than the two-step nilpotent Lie groups. Here, non-flat coadjoint orbits appear, whereas in
the two-step nilpotent case, one only has to deal with flat coadjoint orbits. In these cases
of 5- and 6-dimensional nilpotent Lie groups, one therefore examines every group by itself,
while for the two-step nilpotent Lie groups, one covers this whole class of groups without
knowing their exact structure.

As mentioned above, the approach for the group SL(2,R) will be completely different. Since
one treats one single group which is explicitly given, in this case, one can carry out more
concrete computations.

For semisimple Lie groups in general, there is no explicit description of their group
C*-algebras given in literature. However, for those semisimple Lie groups whose spectrum
is classified, the procedure of the determination of the group C*-algebra used in this work
might be successfully applied in a similar way. A description of the C*-algebra of the Lie
group SL(2,C) is given in [13], Theorem 5.3 and Theorem 5.4, and a characterization of
reduced group C*-algebras of semisimple Lie groups can be found in [34].

In the present doctoral thesis, the group C*-algebras of connected real two-step nilpotent
Lie groups and of SL(2,R) shall be described very explicitly. It will be shown that they are
characterized by specific conditions that are called “norm controlled dual limit” conditions
which will be given below. The main objective is to concretely compute these conditions
and to construct the required “norm controls”. In an abstract existence result (see [2],
Theorem 4.6), these conditions are shown to hold true for all simply connected connected
nilpotent Lie groups. They are explicitly checked for all 5- and 6-dimensional nilpotent Lie
groups (see [31]), for the Heisenberg Lie groups and the thread-like Lie groups (see [26]).
The results about the group C*-algebras of the connected real two-step nilpotent Lie groups
have been published in the “Revista Matematica Complutense” as a joint article with
J.Ludwig (see [17]). A further article about the group C*-algebra of SL(2,R) has been
submitted to the “Journal of Lie Theory” and can be found on arXiv (see [16]).

Since for the determination of a group C*-algebra the spectrum of the group and its
topology are necessary, in this doctoral thesis, the topology of the spectrum of the groups
G, = U(n) x H, for n € N* = N\ {0} shall be analyzed as well. This work was started by
M.Elloumi and J.Ludwig (see [11], Chapter 3) and their preprint will be elaborated in this
thesis.

Like for several other classes of Lie groups, for example the exponential solvable Lie groups
and the Euclidean motion groups, the spectrum G,, can be parametrized by the space of all
admissible coadjoint orbits in the dual g} of the Lie algebra g,, of G,.

The aim is to show that the bijection between the space of all admissible coadjoint orbits
equipped with the quotient topology and the spectrum G,, of GG, is a homeomorphism. This
has already been shown for the classical motion groups SO(n) x R™ for n > 2 in [12].



For the groups G,, = U(n) x H,, this claim has been proved for n = 1. For general n € N*, it
could be shown that the mapping between the spectrum é\n and the space of all admissible
coadjoint orbits of GG, is continuous. The remaining parts of the proof of the claim are work
in progress.

In this section, the definition of a C*-algebra with “norm controlled dual limits” will
be given. The conditions required by this definition characterize group C*-algebras. There-
after, in Section 3, they will be shown to hold true for the two-step nilpotent Lie groups.
After having completed this proof, an example of a two-step nilpotent Lie group will be
examined. In Section 4, these conditions will then be proved in the case of the Lie group
SL(2,R), in a very different approach than the one used for the two-step nilpotent Lie groups.

Definition 1.1.
A C*-algebra A is called C*-algebra with norm controlled dual limits if it fulfills the
following conditions:

- Condition 1: Stratification of the spectrum:

(a) There is a finite increasing family Sop C S1 C ... C Sy = A of closed subsets of the
spectrum A of A in such a way that for i € {1,---,r} the subsets Ty := Sy and
Ty := S; \ Si—1 are Hausdorff in their relative topologies and such that Sy consists of
all the characters of A.

(b) For every i € {0,--- ,r}, there is a Hilbert space H; and for every ~y € T';, there is a
concrete realization (7., H;) of v on the Hilbert space H,;.

- Condition 2: CCR C*-algebra:
A is a separable CCR (or liminal) C*-algebra, i.e. a separable C*-algebra such that the
image of every irreducible representation (w,H) of A is contained in the algebra of compact
operators IC(H) (which implies that the image equals IC(H)).

- Condition 3: Changing of layers:
Let a € A.

(a) The mappings v — F(a)(y) are norm continuous on the different sets T';.

(b) For any i € {0,--- ,r} and for any converging sequence contained in T'; with limit set
outside T'; (thus in S;_1), there is a properly converging subsequence ¥ = (vk)keN,
as well as a constant C > 0 and for every k € N an involutive linear mapping
U = Uy : CB(Si—1) = B(Hi), which is bounded by C|| - ||s,_, (uniformly in k), such
that

lim || F(a) () — 7 (F(a)is,_,) [, = O-

k—oo op

Here, CB(S;_1) is the x-algebra of all the uniformly bounded fields of operators
(v(7) € B(Hl))welﬁ I=0.... i_1» Which are operator norm continuous on the subsets I';

for every 1 € {0,--- ,i — 1}, provided with the infinity-norm

[¥lls;y = sup [[9(7)llop-

YESi—1



Theorem 1.2 (Main result).
The C*-algebras of the connected real two-step nilpotent Lie groups G and of the Lie group
G = SL(2,R) have norm controlled dual limits.

—

In order to prove Theorem 1.2, concrete subsets I'; and S; of C*(G) = G will be defined and
the mappings (ﬁk) keN will be constructed.

The norm controlled dual limit conditions completely characterize the structure of a
C*-algebra in the following sense: Taking the number r, the Hilbert spaces H;, the sets I';
and S; for i € {0,...,r} and the mappings (’;’ﬂ)keN required in the above definition, by [31],
Theorem 3.5, one gets the result below for the C*-algebras of the two-step nilpotent Lie
groups G and of G = SL(2,R).

Theorem.

The C*-algebra C*(G) of a connected real two-step nilpotent Lie group G and the C*-algebra

of the Lie group G = SL(2,R), respectively, are isomorphic (under the Fourier transform) to

the set of all operator fields ¢ defined over the spectrum G of the respective group such that:
1. ¢(y) € K(H;) for everyi € {1,...,m} and every v € I;.

0 € 1°(G).

The mappings v — () are norm continuous on the different sets T';.

> o

For any sequence (yg)ren C G going to infinity, klirn le(ve) lop = 0.

— 00
5. For i € {1,....,r} and any properly converging sequence ¥ = (Vg)ken C I'; whose
limit set is contained in S;—1 (taking a subsequence if necessary) and for the mappings

Uy = Ug 1 OB(Si—1) = B(H;), one has

klggo H‘p(/}/k) - ﬁk((ﬂSi—l) Hop =0.

In the case of the Lie group G = SL(2,R), this result can still be simplified and more
concretely described in Theorem 4.21.



2 General definitions and results

2.1 Nilpotent Lie groups
2.1.1 Preliminaries

Let g be a real nilpotent Lie algebra.
Fix a scalar product (-,-) on g and take on g the Campbell-Baker-Hausdorfl multiplication

1
u-v=u+v+ =[u,v +

1 1
5 — [u, [u, v]] + 3 [0, [v,u]] +... Vu,veg,

12

which is a finite sum, as g is nilpotent.

This gives the simply connected connected Lie group G = (g,-) with Lie algebra g. The
exponential mapping exp : g — G = (g, ) is in this case the identity mapping.

The Haar measure of this group is a Lebesgue measure which is denoted by dz.

Convention 2.1.
Throughout this work, all function spaces are spaces of complex valued functions.

For a vector space V, denote by the Schwartz space S(V') the space of all rapidly decreasing
smooth functions on V. Then, as G = (g, -), one can define S(G) := S(g).

Define on g and thus on G a norm by ||-|| := |, >\% If {X1, ..., X,,} represents an orthonormal
basis of g with respect to (-,-) and a = (a1, ...,ap) € N”, define X< := X" ... X in the
universal enveloping algebra U(g). Moreover, denote by f/, the derivative of f € S(G) in the
direction of X for every a € N™. Then, the semi-norms on S(G) can be given by

|| <N

1l = 2:L/@+MM%NMMQM9\UGSKDVNGN~
G

The space S(G) is dense in L'(G) and in turn, for a vector space V, a well-known result
states that the space { f e S(V)| f is compactly supported} is dense in S(V). Hence,
{f €S f is compactly supported} is dense in S(G) as well.

Now, for a linear functional £ of g, consider the skew-bilinear form
By(X,Y) == ({,[X,Y])
on g. Moreover, let
9(0) = {X € g| (¢,[X,g]) = {0}}
be the radical of By and the stabilizer of the linear functional /.

Definition 2.2 (Polarization).
A subalgebra p of g, that is subordinated to ¢ (i.e. that fulfills (¢,[p,p]) = {0}) and that has

the dimension

dim(p) = 5 (dim(g) + dim(a(0)).

which means that p is maximal isotropic for By, is called a polarization of £.



If p C g is any subalgebra of g which is subordinated to ¢, the linear functional ¢ defines a
unitary character x, of P := exp(p):

Xé(w) — e—2m’(£710g(x)> _ e—27ri(£,x> Vo € P.

Definition 2.3 (The coadjoint action).
Define for all g € G the mappings

ag:G— G, v grg”t and Ad(g):=d(ag)e: g — g

Then, Ad : G — GL(g) is a group representation. The coadjoint action Ad™ can be defined
as follows:

Ad*(g):g" —g" VgeG, Ad*(glX)= €<Ad (g_l)X> Ve g VX €g.

Ad* : G — GL(g*) is another group representation.
The space of coadjoint orbits { Ad*(G)| ¢ € g*} is denoted by g*/G.
Furthermore, define the mapping

ad*(X):g" —=g" VX eg, ad*"(X)(Y)=L[Y,X)).
ad™ : g — GL(g") is a representation of the Lie algebra g.

Definition 2.4 (Induced representation).
Let H be a closed subgroup of G and define

L*(G/H,x,) = {{ :G—C ‘ & measurable, £(gh) = x¢(h)¢(g) Yg € G Vh € H,
613 = [ letoPag < .
G/H

where dg is an invariant measure on G/H which always exists for nilpotent G.
L*(G/H,xy) is a Hilbert space and one can define the induced representation

ind% x(9)€(u) == &(g7u) Vg,u € G VE € L*(G/H, xu).

This is a unitary representation. If the associated Lie algebra by of H is a polarization of £,
this representation s also irreducible.

2.1.2 Orbit method

By the Kirillov theory (see [8], Section 2.2), for every representation class v € é, there exists
an element ¢ € g* and a polarization p of £ in g such that v = [ind]Gng], where P := exp(p).
Moreover, if ¢,¢' € g* are located in the same coadjoint orbit O € g*/G and p and p’
are polarizations in ¢ and ¢, respectively, the induced representations indgxg and indglxg/
are equivalent and the Kirillov map which goes from the coadjoint orbit space g*/G to the
spectrum G of G R
K:g"/G — G, Ad*(G)!+— [indZx,]
is a homeomorphism (see [6] or [23], Chapter 3). Therefore,
g/G=G

as topological spaces.



Definition 2.5 (Properly converging).

Let T be a second countable topological space and suppose that T is not Hausdorff, which means
that converging sequences can have many limit points. Denote by L((tx)ren) the collection of
all the limit points of a sequence (ty)ren inT. A sequence (tx)ren @s called properly converging
if (tk)ken has limit points and if every subsequence of (ty)xen has the same limit set as (tg)gen-

It is well-known that every converging sequence in 71" admits a properly converging subse-
quence.

2.1.3 The C*-algebra C*(G/U, x¢)

Let u C g be an ideal of g containing [g, g], U := exp(u) and let £ € g* such that (¢, [g,u]) = {0}
and such that u C g(¢). Then, the character x, of the group U = exp(u) is G-invariant. One
can thus define the involutive Banach algebra L'(G/U, x,) as

LYG/U,xp) = {f G —C ‘ f measurable, f(gu) = xe(u"')f(g) Vg € GVu €U,
= [ 1@l <o }.

G/U

The convolution
/ f(x)f'(z71g)di Vge @
G/U

and the involution

fflg)=flg7") VgeG
are well-defined for f, f' € L'(G/U, x:) and

L < I L
Moreover, the linear mapping

peyu s LNG) = LNG/U, x0), payu(F)(g) = /F(QU)Xé(U)dU VF e L'(G) Vg e G
U

is a surjective *-homomorphism between the algebras L'(G) and L'(G /U, xy).
Let

Gy = {[ﬂ € @‘ My = X£|UHH,,}-

Then, @u,g is a closed subset of é, which can be identified with the spectrum of the algebra
LY (G/U, ;). Indeed, it is easy to see that every irreducible unitary representation (7, H)
whose equivalence class is located in @uyg defines an irreducible representation (7, H,) of the
algebra L(G/U, x;) as follows:

#(pgyu(F)) ==n(F) VF e LY(G).
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Similarly, if (7, Hz) is an irreducible unitary representation of L'(G /U, x;), then [r] given by
T =T 0pg/u

defines an element of éu7g.
Let s C g be a subspace of g such that g = g(¢) @ s. Since u contains [g, g|, one has

Gue={[xg®m]l g€ @+s)t},

letting 7y := ind}Gng for a polarization p of £ and P := exp(p).

Denote by C*(G/U, x,) the C*-algebra of LY(G/U, xy), whose spectrum can also be identified

with G .

For mmp 4 := indIGng+q, the Fourier transform F defined by
F(a)(q) := meiq(a) Vg € (u+s)t

then maps the C*-algebra C*(G/U,x;) onto the algebra Coo((u + s)*,K(Hy,)) of the

continuous mappings ¢ : (4 + 5)- — K(#Hn,) vanishing at infinity with values in the algebra

of compact operators on the Hilbert space H, of the representation 7.

If one restricts pg/ to the Fréchet algebra S(G) C L'(G), its image is the Fréchet algebra

S(G/U,x¢) = {f € L'YG/U,x¢)| f smooth and for every subspace s’ C g with g=¢' @ u
and for ' = exp(s'), flsr € S(9")}.

2.2 General results
In this section, some general results shall be listed which are later needed in several proofs.

Theorem 2.6 (Schur’s lemma).

A unitary representation ™ of a topological group G on a Hilbert space H is irreducible if and
only if the only bounded linear operators on H commuting with w(g) for all g € G are the
scalar operators.

For the proof of this theorem see [20], Chapter 1.3.

Lemma 2.7.

Let G be a Lie group and g the corresponding Lie algebra. Define the canonical projection pg
going from g* to the space of coadjoint orbits g* /G and equip the space g*/G with the quotient
topology, i.e. a subset U in g*/G is open if and only ifpc_;l(U) is open in g*. Then, a sequence
(Ok)ken of elements in g*/G converges to the orbit O € g*/G if and only if for any £ € O
there exists ly, € Oy for every k € N such that £ = klirgoﬁk.

For the proof of this Lemma, see [23], Chapter 3.1.

Now, let G be a second countable locally compact group and (m,H;) an irreducible
unitary representation on the Hilbert space H,. A function of positive type of 7 is defined
to be a linear functional

Cg :G—C,gr— <7T(g)§,§>’;-[7r,

where £ is a cyclic vector in H.



The spectrum G has a natural topology which can be characterized in the following way:

Theorem 2.8 (Topology of the spectrum).
Let (1, Hr, )ken be a family of irreducible unitary representations of G. Then, (Tk)gen con-
verges to (m, Hy) in G if and only if for some non-zero (respectively for every) vector € in Hr,

for every k € N there exists {, € Hx, such that the sequence (C’gf)keN = (<7rk(-)§k, £k>Hwk)keN

converges uniformly on compacta to CT = <7T(-)§,§>H .

The topology of G can also be expressed by the weak convergence of the coefficient functions:

Theorem 2.9.

Let (m, Hr, ) ey keN
converges to (m,Hz) in G if and only if for some (respectively for every) unit vector & in Hr,
there is for every k € N a vector § € Hr, with ||k, <1 such that the sequence of linear

functionals (Cg: ) kN

The proofs of the Theorems 2.8 and 2.9 can be found in [9], Theorem 13.5.2.

be a sequence of irreducible unitary representations of G. Then, (ﬂ'k, Hwk)
converges weakly on some dense subspace of C*(G) to C’g.

For the following corollary, let G be a Lie group, g its Lie algebra and U(g) the uni-
versal enveloping algebra of g. Furthermore, for a unitary representation (mw,H,) of G, let
HX = {f € Hs| G2 g+ 7(g)f € Hr is smooth}, the subspace of H of smooth vectors.
Corollary 2.10.
Let (Wk,Hﬂk)keN
(ﬂ'k’H“k)kzeN converges to (m,Hx) in G, then for each unit vector & in HS°, there exists for
every k € N a vector & € HZ, such that the sequence ((dﬂk(D)gk,fk>H )keN
Tk

(dr(D)E, &), for each D € U(g).

The proof below of this corollary originates from [11].

be a sequence of irreducible unitary representations of the Lie group G. If

converges to

Proof:

Let £ € H2° a unit vector. It follows from [10], Theorem 3.3, that there are functions fi, ..., fs

in C§°(@G), the space of all compactly supported C*°(G)-functions, and linearly independent

vectors &1, ...,&s € Hr, such that & = 7(f1)&1 + ... + 7(fs)&s. Since 7 is irreducible, for any

non-zero vector n € H, and every j € {1...,s}, there exist elements ¢; in the C*-algebra of
S

G fulfilling &; = 7(g;)7. Hence, £ = 21 m(f;)m(g;)n-
iz

Now, choose for every k € N vectors 7, € Hy, such that (CZ]T:) converges weakly to C.

keN
S
Furthermore, for k € N let &, := > 7, (fj)mr(qj)nk. Then, for D € U(g) it follows that
j=1

Jim (dri(D)Ek, Ek)pr,, = lm <Z (D * f5)mk(q5) Zﬁk(fi)ﬁk(qz')ﬁk>
—00 —00 = P He,
= > > kli_>ngo<7rk(q2‘ * [+ Dx fj qj)nk,nk>H
i=1 j=1 Tk
= ZZ<W(Qf*fi**D*fj*Qj)n777>H = (dn(D)&, .-
i=1 j=1 7
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3 The (*-algebras of connected real two-step nilpotent Lie
groups

In this section, the connected real two-step nilpotent Lie groups will be examined. In its first
part, some preliminaries about two-step nilpotent Lie groups will be given which are needed
in order to understand the setting and to prepare the proof of the norm controlled dual
limit conditions listed in Definition 1.1. In Section 3.2, the Conditions 1, 2 and 3(a) will be
verified and in Section 3.3, Condition 3(b) will be examined. Its proof is divided into three
cases which are treated in the three following subsections. Subsequently, a result describing
the C*-algebras of connected real two-step nilpotent Lie groups will be given. After having
finished the characterization of general connected real two-step nilpotent Lie groups, the
example of the free two-step nilpotent Lie groups will be regarded.

The proof of Condition 1 of Definition 1.1 consists in the construction of the different layers
of the spectrum of G and is based on a method of construction of a polarization developed
in [27]. It is rather technical but not very long. Condition 2 follows directly from a result in
[8] and Condition 3(a) is due to the construction of the above-mentioned polarization. The
main work of the examination of the C*-algebras of two-step nilpotent Lie groups consists
in the proof of Property 3(b) of Definition 1.1 and in particular in the construction of the

mappings (k) en-

3.1 Preliminaries

3.1.1 Two-step nilpotent Lie groups

Let g be a real Lie algebra which is nilpotent of step two. This means that
[9,9] :== span{[X,Y]| X,V € g}

is contained in the center of g.
Fix a scalar product (-,-) on g like for general nilpotent Lie algebras. The Campbell-Baker-
Hausdorff multiplication is then of the form

1
u-v:u+v+§[u,v] Yu,v € g
and one gets again the simply connected connected Lie group G = (g, ) with Lie algebra g.

As g is two-step nilpotent, [g, g] C g(¢) and thus g(¢) is an ideal of g.
Furthermore, for ¢ € g*, every maximal isotropic subspace p of g for By containing [g, g] is a
polarization of /.

3.1.2 Induced representations

The induced representation oy, = indgxg for a polarization p of £ and P := exp(p) can be
described in the following way:

Since p contains [g, g] and even the center 3 of g, one can write g = s ®p and p = td 3 for two
subspaces t and s of g. The quotient space G/P is then homeomorphic to s and the Lebesgue
measure ds on s defines an invariant Borel measure dg on G/P. The group G acts by the left
translation oy, on the Hilbert space L*(G/P, x¢).

11



Now, if one uses the coordinates G = s - p, one can identify the Hilbert spaces L?(G/P, x¢)
and L?(s) = L?(s,ds):
Let U, : L?(s,ds) — L?>(G/P, x¢) be defined by

Ul(p)(S-Y) == xe(=Y)p(S) VY €pVSes Ve L(s).

Then, Uy is a unitary operator and one can transform the representation oy, into a represen-
tation 7y, on the space L?(s):

Ty :=Uj ooppolUy. (1)
Furthermore, one can express the representation oy, in the following way:
oS VER) = (V'SR
1
- §<(R— S) - (—Y+ S(R.S) [R—S,Y]))

= 2bY 3RS R-SYDe(R — §) WR,S €5 VY €pVE e LAG/P,xe)

1
2

and hence,
mp(S-YV)p(R) = 2t YHalRSI5[R=-SYD (R _ §) VR, SecsVY €pVpe L(s). (2)

3.1.3 Orbit method

In the case of two-step nilpotent Lie groups, for every ¢ € g* and for every g € G = (g, -), the
element Ad*(g)¢ can be computed to be

Ad*(g)t = (I + ad*(g))¢ € £+ g(0)™.
Therefore, as ad *(g)¢ = g(¢)*,
Op:= Ad*(G)l = {Ad*(g)l| g G} =L+ g(t)* VI e g, (3)
i.e. only flat orbits appear. Hence,
0" /G ={Ad* (G| teg}t={l+a() | Leg}.
Thus, by the Kirillov theory, one gets
G=g'/G={l+g(0)"| teg}
as topological spaces.

Now, let ([Trk])keN CGbea properly converging sequence in G with limit set L(([Wk])keN).

Let O € g*/G be the coadjoint orbit of some [7] € L(([m])keN), Oy the coadjoint orbit of

[rr] for every k € N and let £ € O. Then, by Lemma 2.7, there exists for every k € N an
element £ € O, such that klim £, = £ in g*. One can assume that, passing to a subsequence
— 00

if necessary, the sequence (g(fx))ren converges in the topology of the Grassmannian to a
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subalgebra u of g(¢) and that there exists a number d € N, such that dim(Oy) = 2d for every
k € N. Then, it follows from (3) that

L((Ok)rery) = Jim £y + g(lp)t =0 +ut =0, +ut Ccgt/G. (4)
Since in the two-step nilpotent case g(¢x) contains [g, g] for every k € N, the subspace u also

contains [g, g]. Hence, as the Kirillov mapping is a homeomorphism and u' consists only of
characters of g, the limit set L (([ﬂ'k]) . eN) of the sequence ([7]) pey 10 G is the “affine” subset

E((f) ) = (P ®indf] € '}

for a polarization p of £ and P := exp(p).

The observations above lead to the following proposition.

Proposition 3.1.
There are three different types of possible limit sets of the sequence (Ok)ren of coadjoint orbits:

1. dim(OQy) = 2d: In this case, the limit set L((Og)ren) is the singleton Op = £+ g(£)*,
i.e. u=g(f).

2. dim(Oy) = 0: Here, L((O)ren) = £ +ut and the limit set L(([ﬂ'k])keN> consists only
of characters, i.e. q([g,g]) = {0} for all Oy € L((Ok)ken).

3. The dimension of the orbit Oy is strictly larger than 0 and strictly smaller than 2d. In
this case, 0 < dim(O) < 2d for every O € L((Ok)ken) and

L((Opken) = |J ¢+ 0p, e L(([Wk])keN) = |J [xq®indBx]
qeut qcut

for a polarization p of £ and P := exp(p).

3.2 Conditions 1, 2 and 3(a)

Now, to start with the proof of the conditions listed in Definition 1.1, the families of sets
(Si)iego,...,,y and (I's);cqo,...r) are going to be defined and the Properties 1, 2 and 3(a) of
Definition 1.1 are going to be verified.

In order to be able to define the required families (I';);cqo,...,} and (Si)ieqo,...,r}, One needs to
construct a polarization p}” of £ € g* in the following way:

Let {Hy,..., H,} be a Jordan-Holder basis of g, in such a way that g; := span{H,, ..., H,}
for i € {0,...,n} is an ideal in g. Since g is two-step nilpotent, one can first choose a basis
{Hj,---,Hy,} of [g,g] and then add the vectors Hy,--- , H;—1 to obtain a basis of g. Let

I = {i <n| g() Ngi = g(€) Ngit1}

be the Pukanszky index set for £ € g*. The number of elements |I f “k‘ of I f vk is the dimension
of the orbit Oy of 4.
Moreover, if one denotes by g;(£|5,) the stabilizer of £5, in g;,

n

p}/ = Z gi(€|9i)

=1
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is the Vergne polarization of ¢ in g. Its construction will now be analyzed by a method
developed in [27], Section 1.
So, let £ € g*. Then, choose the largest index ji(¢) € {1,...,n} such that Hj, ) & g(¢) and let

YIV’Z := Hj, (y). Moreover, choose the index k1(£) € {1,...,n} such that (¢, [(He, (o) Hj )]) #0
and (¢, [H;, Hj, (»)]) = 0 for all i > ki () and let XY’Z = Hp, (o)

Next, let ght := {U € g| <€, [U, Y1V,£]> = 0}. Then, g"* is an ideal in g which does not contain
X}/’Z, and g = RXY’E @ g"!. Now, the Jordan-Hoélder basis will be changed, taking out Hy, (o)

Consider the Jordan-Hoélder basis {Hll’é, e Hliie(ﬂ)—l’ H]if(z)ﬂ, e Hrll’e of gbt, where

(6 [, ") X7

Vi < kq(£).
L yyy

HM .= H; Vi>k(() and H':=H,; —

Then, choose the largest index j2(¢) € {1,...,k1(¢) — 1,k1(¢) + 1,...,n} in such a way that
1

H;Q’fz) =4 gl’€<£‘g1/) and let YQV’Z = H, ’@). Again, choose ko(¢) € {1,....; k1({)—1,k1(£)+1,...,n}

2
in such a way that (¢, [H;f(e), HJZ’@)D # 0 and (¢, [Hil’é, H'Me)]> =0 for all ¢ > ka(¢) and set

Ve 1,4 #{
Xy = Hk;(e)'

Iterating this procedure, one gets sets {Ylv,e’ v de’g} and {XY’E, ceey X;/’Z} for d € {0, ..., [5]}
with the properties
Ve "
p}/ = spaLn{Y1 s Y } @ g(?)

and
XYy #0, (XY )y =0 Vi#je{l,..,d and
VYV =0 vije{l,..,d}
Now, let
J() == {j1(€),--- ,ja(0)} and K (L) = {ki(£), -, ka()}.
Then,

IP" = J) U K(¢) and  5,(€) > ... > ja(£).

The index sets I/**, J(¢) and K ({) are the same on every coadjoint orbit (see [27]) and can
therefore also be denoted by I5**, J(O) and K (O) if ¢ is located in the coadjoint orbit O.
Now, for the parametrization of g*/G and thus of G and for the choice of the concrete
realization of a representation required in Property 1(b) of Definition 1.1, let O € g*/G. A
theorem of L.Pukanszky (see [29], Part II, Chapter 1.3 or [27], Corollary 1.2.5) states that
there exists one unique o € O such that {o(H;) = 0 for all i € I5"*. Choose this (o, let
PXQ = exp(p};) and define the irreducible unitary representation
WXD = indIGDV Xto
to

associated to the orbit O and acting on L? (G/PXQ, Xto) = LA(RY).
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Next, one has to construct the demanded sets I'; for i € {0, ...,7}.
For this, define for a pair of sets (J, K) such that J, K C {1,--- ,n}, |J|=|K|and JNK =0
the subset (g*/G) s k) of g*/G by

(6"/G)x) =10 € g7/G| (J,K) = (J(O), K(0))}.
Moreover, let

and
(97/G)2a = {0 € g"/G| 15" = 2d}-
Then,
(8%/G)aa = U (8°/G)x)
(J,K): J,KC{1,...,n},
|J|=|K|=d, JNK=0
and

g°/G = U (87/G)2a = U (87/G)(x)-

de{0,...,[2]} (J,K)eM

Now, an order on the set M shall be introduced.

First, if |J| = |K| = d, |J'| = |K'| = d’ and d < d’, then the pair (J, K) is defined to be
smaller than the pair (J', K'): (J,K) < (J', K').

If |J| = |K|=|J|=|K'=d, J={j1,....Ja}, J' = {41, .-, 4} and ji < ji, the pair (J,K) is
again defined to be smaller than (J', K').

Otherwise, if j; = ji, one has to consider the sets K = {ki,...,kq} and K' = {k},...,k}}
and here again, compare the first elements k1 and k. So, if j1 = j} and k1 < K, again
(J,K) < (J',K"). But if k; = k{, one compares jo and j5 and continues in that way.

If r € N with r + 1 = | M|, one can identify the ordered set M with the set {0,---,r} and
assign to each pair (J, K) € M a number ik € {0,...,7}.

Finally, one can therefore define the sets I';, . and .5;,, as

LJK JK

Ui, = {[WXD” (NS (g*/G)((LK)} and

SiJK = U Fz

iE{O,...,iJK}

-----

Furthermore, the set S; is closed for every i € {0, ...,r}. This can easily be deduced from the
definition of the index sets J(¢) and K(¢). The indices j,,(¢) and k,(¢) for m € {1,...,d}

are chosen such that they are the largest to fulfill a condition of the type <€, [H;:l_(zl)’e, ]> #0

or <€, [H;Zﬂéf,-b % 0, respectively. For a more detailed proof of the closure of the sets
(Si)ieqo,...,r}» see Lemma 7.1.

In addition, the sets I'; are Hausdorff. For this, let i = ijx for (J,K) € M and (Ok)ren
in (g"/G)(sk) be a sequence of orbits such that the sequence ([WX?k])k oy converges in I,
i.e. (Og)ken converges in (g*/G)(s k) and thus has a limit point O in (g*/G)(; k). If now

Ok 3 e O, then by (4), it follows that the limit u of the sequence (g(¢x))ken is equal
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to g(¢). Therefore, the sequence (O)ken and thus also the sequence ([m) ]) have unique

0,1/ keN
limits and hence, I'; is Hausdorff.
Moreover, one can still observe that for d = 0 the choice J = K = () represents the only
possibility to get |J| = |K| = d. So, the pair ((),)) is the first element in the above defined

order and therefore corresponds to 0. Thus,
o = {[=k]] 15 =0},

which is equivalent to the fact that g(¢p) = g which again is equivalent to the fact that every
WXD € I'g is a character. Hence, Sy = I'g is the set of all characters of GG, as demanded.

Since one can identify G/Pe‘é with R? by means of the subspace Spp = span{XY’ZO, e X;/’ZO },
one can thus identify the Hilbert space L? (G / PXD , xgo), that the representation WZD acts on,
with the Hilbert space L?(R?) for every O € (g*/G)2q as in (1). Therefore, one can take for
all J,K € {1,...,n} with |J| = |K| = d the Hilbert space L?(R?) as the desired Hilbert space

Hi,, and (WZD, LQ(Rd)) thus represents the demanded concrete realization.

Hence, the first condition of Definition 1.1 is fulfilled. For the proof of the Properties 2
and 3(a), a proposition will be shown.

Proposition 3.2.
For every a € C*(G) and every (J,K) € M with |J| = |[K| =d € {0, ...,[5]}, the mapping

Ly = L*(RY), 7 = Fla)(v)

is norm continuous and the operator F(a)(7y) is compact for all v € 'y,

Proof:

The compactness follows directly from a general theorem which can be found in [8],
Chapter 4.2 or [29], Part II, Chapter II.5 and states that the C*-algebra C*(G) of every
connected nilpotent Lie group G fulfills the CCR condition, i.e. the image of every irreducible
representation of C*(G) is a compact operator.

Next, let d € {0, ...,[5]} and (J, K) € M such that |J| = |K| = d.
First, one has to observe that the polarization p}/ is continuous in ¢ on the set
{60/\ O e (g"/G) J’K)} with respect to the topology of the Grassmannian. This can

be seen by the construction of the vectors {Ylv’e, e de’z}.
Now, let (Ok)ren be a sequence of orbits in (g*/G)(sx) and O € (g°/G) s k) such that

[WX%] oo [TFZD] and let a € C*(G). Then, (o, oo lo and by the observation above,

the associated sequence of polarizations (p}/o ) onverges to the polarization p}/o. By the
k

keN ©

proof of Theorem 2.3 in [31], thus, WXQ (a) oo WXQ((I) in the operator norm.
k

O]

Since C*(G) is obviously separable, this proposition proves the desired Properties 2
and 3(a) of Definition 1.1 and hence, it remains to show Property 3(b).
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3.3 Condition 3(b)
3.3.1 Introduction to the setting

For simplicity, in the following, the representations will be identified with their equivalence
classes.

Let d € {0,...,[§]} and (J, K) € M with |J| = |K| = d. Furthermore, fix i = i;x € {0,...,7}.

V _ V . . . . . . .
Let (7Tk ) keN = (Wgok) kEN be a sequence in I'; whose limit set is located outside T';.
Since every converging sequence has a properly converging subsequence, it will be assumed
that (W,‘g/) pen 18 properly converging and the transition to a subsequence will be omitted.
Hence, the sequence (77,‘6/) ey takes on the role of the subsequence (V% )ken in Condition 3(b)

of Definition 1.1. Therefore, for every k € N, one has to construct an involutive linear
mapping vy, : CB(S;—1) — B(#;), bounded by C|| - ||s,_, and fulfilling

k’linolo H}—(a)(ﬂ}g/) - Dk(f(a)\si—l) Hop =0,

with a constant C' > 0 independent of k.

In order to do so, regard the sequence of coadjoint orbits (O)ren corresponding to the
sequence (m)) en- 1t is contained in (g"/G) (s k) and in particular, every Oy has the same
dimension 2d. Moreover, it converges properly to a set of orbits L((Ok)ken)-

In addition, since S; is closed, the limit set L((WX) & eN) of the sequence (WX) keN 18 contained

in ;-1 = U T and therefore, for every element O € L((Ok)ren) there exists a pair
je{0,..i—1}
(Jo,Kp) < (J, K) such that WXg €T, x, or equivalently, O € (g"/G)(jp.K0)-

Now, the Lie algebra g will be examined and divided into different parts. With their
help, a new sequence of representations (7 )ren which are equivalent to the representations
(TFX)k N will be defined. Then, in the second and third case mentioned in Proposition 3.1,
(mk)ken Will be analyzed and for this new sequence, mappings (v )ren With certain properties
similar to the ones required in Condition 3(b) of Definition 1.1 will be constructed. At the
end, the requested convergence will be deduced from the convergence of (7 )ren together
with the equivalence of the representations 7 and WX.

3.3.2 Changing the Jordan-Holder basis

Let £ € O € L((Ok)ken). Then, there exists a sequence (Ek)

{ = lim /.
e

keN in (Ok)ken such that

Since one is interested in the orbits Oy = [k + g(lzk)L, one can change the sequence (Ek) keN

to a sequence (f)ren by letting £x(A) = 0 for every A € g(gk)J‘ = g(lp)*.

Thus, one obtains another converging sequence (x)ren in (Ok)gen whose limit £ is located
in an orbit O € L((Ok)ken)-

In the following, this sequence ({x)ren Wwill be investigated and with its help, the above-
mentioned splitting of g will be accomplished.
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As above, one can suppose that the subalgebras (g(¢x))ren converge to a subalgebra u, whose
corresponding Lie group exp(u) is denoted by U. These subalgebras g(¢x) for £ € N can be
written as

o(lx) = [9, 0] © sk,

where s C [g, g]*. In addition, let ng o be the kernel of Ck|g,q) and 5g o the kernel of £y, for
all kK € N. One can assume that s, o # 53 and choose T}, € s, of length 1 orthogonal to sy .
The case s 0 = 55, for k € N, being easier, will be omitted.

Similarly, choose Zj, € [g, g] of length 1 orthogonal to ny . One can easily see that such a Zj,
exists: If lijg g = 0, then TrXQk is a character and thus contained in Sy = I'g. This happens

ren 18 contained in Sy. But Sp =T’y

is closed and thus, (77}; ) ey cannot have a limit set outside I'y, as regarded in the setting
k
of Condition 3(b) of Definition 1.1.

only in the case ¢+ = 0 and then the whole sequence (WXD )
k

Furthermore, let v, = g(¢3)* C g.
One can assume that, passing to a subsequence if necessary, lim Z; =: Z, lim T =: T and
k—o0 k—oo

lim v =: v exist.
k—o00

Now, new polarizations pp of f; are going to be constructed in order to define the
represenations (7 )ken With their help.
The restriction to tvj of the skew-form By defined by

Bu(V,W) := (6, [V,W]), YV, W € g
is non-degenerate on t; and there exists an invertible endomorphism Sj of t; such that
(x,Sk(z")) = Br(x,2') Vz,2’ €.

Sy is skew-symmetric, i.e. S}i = —5}, and with the help of Lemma 7.2, one can decompose ty,
into an orthogonal direct sum

d .
T = Z ij
j=1

of two-dimensional Si-invariant subspaces. Choose an orthonormal basis {X ]k,Y]k} of V]g .
Then,

[X7,k7Xf] € nk,O Vl,j € {17"'7d}7
Y, Y[l eno Vije{l,...d} and
[XF, Y]] =658 Zp mod g Vi, j€{1,....d},

where 0 # c? € R and supc? < oo for every j € {1,...,d}.
keN

Again, by passing to a subsequence if necessary, the sequence (cé‘?)keN converges for every
j€{l1,...,d} to some c; € R.

Since Xf,ij €ty and (A) = 0 for every A € vy, Ek(XJ’-“) = Ek(YJk) =0 for all j € {1,...,d}.
Furthermore, one can suppose that the sequences (X Jk) kEN, (Y]k) keN converge in g to vectors
X;,Y; which form a basis modulo u in g.

18



It follows that
k k _ k
<£k,[Xj,Yj ]> = ¢\, where
Ne = (o, Zi) 2310, 2) =0

As Zj, was chosen orthogonal to ny o, Ay # 0 for every k£ € N.

Now, let
Pr = Span{i/lkv e adev g(fk)}
and Py := exp(px). Then, py is a polarization of ¢;. Furthermore, define the representation
T as
Ty 1= indgkxgk.
Since 7, as well as WX are induced representations of polarizations and of the characters xy,

and Xto, » where /), and {p, lie in the same coadjoint orbit Oy, the two representations are
equivalent, as observed in Section 2.1.2.

Let a; := npo + sgo. Then, a; is an ideal of g on which ¢; is 0. Therefore, the nor-
mal subgroup exp(ax) is contained in the kernel of the representation 7. Moreover, let
= lim ag.
k—oo

In addition, let p € N, p € {1,...,p} and let {A¥, - Ak} denote an orthonormal basis of

ny 0, the part of a; which is located inside [g, g], and {A% , Ak} an orthonormal basis

LIPS
of 53,0, the part of a; outside [g, g]. Then, {Ak ... ,A’}j } is an orthonormal basis of aj and as

above, one can assume that khm Ak A; exists for all j € {1,...,p}.
— 00

Now, for every k£ € N, one can take as an orthonormal basis for g the set of vectors
{Xfa'uaXc]leYv]_v Yd7Tk7Zk)7Al7" Ak}

as well as the set
{X17' te 7Xd7}/17 e )Yd7T7 Z7 A17 "‘7Ap}'

This gives the following Lie brackets:
(XE YK = 6;;¢5Z), mod ay,
[Xf,Xj’?‘] =0 mod a; and
[sz,YJk] =0 mod ay.

The vectors Z;, and T}, are central modulo ay.

3.3.3 Definitions
Before starting the analysis of (7 )ken, some notations have to be introduced.
Choose for j € {1,...,d} the Schwartz functions 7; € S(R) such that ||n;[2®) = 1 and

1751l oo ) < 1.
Furthermore, for x1,...,2q, 91, ., Ya, t, 2,01, - ,ap € R, write

d
(x)k = (‘Tla --~7wd)k = ijXf7 (?J)k = (y17 . 7yd ZZ/] ) tTk7
7=1
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p p

(2)g = 22k, (Q)g := (a1,...,ap)k = ZajA?, (@) = (g1, Q) = Z ajAf
Jj=1 Jj=p+1
p
and (a)r = (a,d)r = (a1,...,ap)k = ZajA§7
j=1

where (-, ...,-); is defined to be the d-, p-, (p — p)- or the p-tuple with respect to the bases
{XF, -'-vX§}7 {YF, ...,de}, {A%] ...,Ag}, {Algﬂ, ...,A’;} and {A}, ...,A’;}, respectively, and let

(e = (@1, Zas Y1, s Yds t, 2,01, s ap) i = ((2) ks W)k D)k, (2)k, (@), (6)k)
= (@), (h)k)

d d D
= D mXJ + D Y+ T + 22 + ) Al
j=1 j=1 Jj=1

where (h)y, is in the polarization pj and the (2d+2+p)-tuple (-, ..., ) is regarded with respect
to the basis {X{, ..., XF Y, . Y T, Z;,, Af, ..., AR}
Moreover, define the limits

d d
(x)oo = (:Clv '°'7xd)00 = lim (.’IT)k = Z:U]Xju (y)oo = (ylu "‘ayd)oo = k‘linc}o(y)k = Zy]}/])
j=1

k—oo -
Jj=1

(t)oo := lim () =tT, (2)oo := lim (2)k = 2Z, (@)oo := (G1,...,05)00 := lim (@) = ZajAj,
j=1

k—o0 k—o0 k—o0
p
(@)o0 1= (a1, @)oo := Nim (@) = Y aj4;,
Jj=p+1

k—o0

P
(@)oo = (G, 0)00 = (@1, ..., Ap)oo := lim (a)i = ZajAj and
j=1

d d p
(9oo 1= (@4, 1, 2,0, 8)00 = Nim (9 = D x;X; + D yVj + 1T + 2Z + Y ajA;.
j=1 j=1 j=1

k—o0

3.3.4 Formula for

Now, the representations (7 )gen can be computed.
Let f € LY(G).
d

With py, := (g, Ty,), c* := (cf, ..., ck) and for s1,...,54 € R and (s)g := (81,..., 8a) = 2 st]]-“,

j=1
where again (,...,-); is the d-tuple with respect to the basis {XF, ..., X*}, as in (2), the
representation 7y, acts on L?(G/ Py, xs,) in the following way:

20



m((9)k)E(()k) = €((9)i" (8)k)

= () — @ — (W + 5@k — (W, ()
= (5~ @) - (= e+ [ (W] — 1@ (W) + (5)8]))

_ e2ﬂi(@k,*(h)k+[(s)k,(h)k]*%[(I)k,(h)kﬂs)k})g((S _ x)k)
— 627"i<€k»_(y)k_(t)k_(z)k_(a)k_(é)k"‘[(s)k_%(l’)ka(y)k}_%[(x)k7(5)k]>§((s _ m)k)

d
27Ti(7tpkfz)\k+ 'Zl )\kc? (ij%xj)yj)
= e J=

¢((s — 2)k) ()

627ri(_tpk_2)\k+)\kck((S)k_%(m)k)(y)k)g((S _ 'I)k;)a

since Ek(YJk) =0 for all j € {1,...,d}.

Now, identify G with R? x R? x R x R x R? x RP7P = R2+24P et ¢ € L?(R?) and s € R%.
Moreover, identify 7, with a representation acting on L?(R?) which will also be called ;. To
stress the dependence on k of the function f € L'(G) fixed above, denote by f;, € L'(R?¢+2+P)
the function f applied to an element in the k-basis:

d d p
Jelg) = F((9)) =f<zij§“ + D w4 T+ 2% + Z%A?)-
j=1 j=1 j=1
Denote by f/, for f € S(G) and a € N?¥*24P the derivative of f in the direction of
(X{C)O‘l e (Xs)ad (Y'lk)ad-H ... (de’)oégd (T}, )22+1 ( 2y, ) ¥2d+2 (Alf)“2d+3 . (Alg)a2d+2+p. Then,

oo =3 [ @191 faalo)lds

|o|<N podatotp

Since the k-basis of G converges to the co-basis, one can estimate the expressions ! fh k(g)}

for g € R?¥+2+P and |a| < N by constants independent of k and therefore gets an estimate

for || fx|(n) that does not depend on k.
£2,3,4,5,6

Now, denoting by f, the Fourier transform in the 2nd, 3rd, 4th, 5th and 6th variable,

me(f)E(s)

- / Filg)m(9)E(s)dg
R4 xR xRxRxRP xRP—P

- / J(@syt, 2, @) (DN 3) (s yd(a, 1, 2,4, )
RI xR xR xRxRP xRP—P
R xR xR xRxRP x RP—P

£2,3,4,5,6 Ac®
- oo (s - (s+m),pk,)\k,0,0>§(x)da7. (6)

R4
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3.4 Condition 3(b) — First case

First, consider the case that L((Ok)ken) consists of one single limit point O, the first case
described in Proposition 3.1.
In this case, for every k € N,

2d = dim(Of) = dim(0O).

Thus, the regarded situation occurs if and only if A # 0 and ¢; # 0 for every j € {1,...,d}.
The first case is the easiest case. After a few observations, here the operators (7 )ren can be
defined immediately. Moreover, the claims of Condition 3(b) of Definition 1.1 can be shown
easily. In this first case, the transition to the representations (7 )ren and the definitions and
computations accomplished in the Sections 3.3.3 and 3.3.4 are not needed.

Consider again the sequence ({)ren chosen above which converges to £ € O. As the dimen-
sions of the orbits O and O are the same, there exists a subsequence of (/x)ken (Which will
also be denoted by (¢x)ken for simplicity) such that p := klingo p}; is a polarization of £, but

not necessarily the Vergne polarization. Moreover, define P := exp(p) = klirn P}g and let
—00

mi= indgxg.

Now, if one identifies the Hilbert spaces Hﬂly and H, of the representations WXC

k
and 7 with L?(R?), from [31], Theorem 2.3, one can conclude that

— indG
= 1ndP[V Xey,
“k

k—o0

|7, (a) =7 (a)|,, = =20

indIGDV xe,, (@) — indSxy(a)
K op

for every a € C*(QG).
Since 7 and 7rly = indIG)v x¢ are both induced representations of polarizations and of the same
44

character ¢, they are equivalent and hence, there exists a unitary intertwining operator
FiHyy = L*(RY) = M, = L*(RY) such that Forn) (a)=n(a)oF Yac C*G).

Furthermore, the two representations WX = WZ% = ind%‘é Xto, and WXC = ind%‘z X, are

k
equivalent for every k € N because {p, and /j are located in the same coadjoint orbit Oy and
p}/o and ng are polarizations. Thus, there exist further unitary intertwining operators
k

Fo: Moy = L*(RY) — H”/yk >~ [2(RY) such that Fyon) (a)= TI'XC(G) o Fy, VaeC*G).

Now, define the required operators v, for every k € N as

Up(p) :=FpoFo (p(TFX) oF*oF, VYyeCB(Si-1),

which is reasonable since 771}/ is a limit point of the sequence (WX) kEN and hence contained
in S;_1, as seen in Section 3.3.1.
As ¢(m)) € B(L*(R?)) and F and Fj are intertwining operators and thus bounded, the

image of 7y, is contained in B(L?(R%)), as requested.
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Next, it needs to be shown that 7 is bounded. By the definition of || - || s
p e CB(Si_l),

.., one has for every

Pe(@)llop = || Fi o Fop(m)oF*oFy,,
< N Ellop 1Fllop [l ()|, 17 llop (1 Fklop
= [le@)lop
< ellsis-

In addition, one can easily observe that 7 is involutive. For every ¢ € CB(S;_1),
Up(p)* = (FfoFo go(WX) oF*o Fk)* =FyoFo gp"(wé/) o F* o Fi, = vp(¢").
Now, the last thing to check is the required convergence of Condition 3(b). For all a € C*(G),
Hﬂl‘f/(a) - I;k(f(a)|sz>1)H0p - Hﬂl‘cf(a) — FyoFoF(a)s,, (71'2/) o F"o FkHop
= H7r,¥(a) —FfoFom)(a)oF*o Fk”op
= ||Fio WXC(CL) oFy — Fom(a)o FkHop

= |1Fi e (mi, = m) (@) o Fi,,

k—00
< HWXC(a) —7r(a,)H0p 0.
Therefore, the representations (7 and the constructed (7)gen fulfill Condition 3(b) of
k JkeN

Definition 1.1 and thus, in this case, the claim is shown.

3.5 Condition 3(b) — Second case

In the second case of Condition 3(b) of Definition 1.1 described in Proposition 3.1, the situ-
ation that A = 0 or ¢; = 0 for every j € {1,...,d} is going to be considered.
In this case,

(0, [XEYF) = N 2T ea =0 vje {1,..,d},
while c;‘?Ak # 0 for every k and every j € {1,...,d}.

Then, {54 = 0 and since !7‘ [a,9] ObViously also vanishes for all { € ut, every O € L((Op)ren)
vanishes on [g, g], which means that the associated representation is a character. Therefore,
every limit orbit O in the set L((Ok)ren) has the dimension 0.

3.5.1 Convergence of (7y)ien in G

In order to better understand the sequence of representations (7y)ren and to get an idea of
how to construct the required linear mappings (Vk)ken, in this section, the convergence in G
of (mk)ken is going to be analyzed. This shall serve as a motivation for the construction of
the mappings (v )gen which will be carried out subsequently.
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As in Calculation (6) in Section 3.3.4, identify G again with R2¢*2+P. From now on, this
identification will be used most of the time. Only in some cases where one applies ¢ or ¢
and thus it is important to know whether one is using the basis depending on k or the limit
basis, the calculation will be done in the above defined bases (-)g or (+)sc-

Now, adapt the methods developed in [26] to this given situation.
Let s = (s1,...,589), « = (a1, ,0q), B=(B1,- -, Bq) € R and define

d
. 1 1 Bj
Mo () = Mhap(s1,- 5 5a) = T[] e |? "j<|AkC?|2 (Sj 3 Jc’“>>
=1 i

for the Schwartz functions 7; for j € {1,...,d} chosen at the beginning of Section 3.3.3. This
definition is reasonable because )\kcé‘? # 0 for every k and every j € {1,...,d}.

Next, the convergence of (mx)ren to Xttty 5 1D G will be shown. For this, let c’;ﬁ be
the coefficient function defined by

& 5(9) = (mu(9) Mk, Mha8) Vg € G = RIFTHP

and /, g the linear functional

Since the Hilbert space of the character x¢4¢, , is one-dimensional, one can choose {1} as a
basis and gets the following computation:
Using Relation (5), for p:= (¢,T) and g = (z,y,t, 2, a, i) € R?+2+P,

= / Tk(9)Mh,0,8(8)M,0,8(8)ds
Rd

d
27Ti(—tpk—z)\k+ > )\kc?(s]-—%wj)yj)
e = Mk,a,8(S1 = T1, .0 S — Td)

Rd

nk,a,ﬁ(Sh ceey 8d>d(51, ceey sd)

j= 6727riax

d
/ 2mi (—tpk—z)\k—}— Zl )\kc;?(sj-—%xj)yj)
e

Rd

1 1 B
I Pl 771(\%0?\2 <8j -+ Mgi:’“))

j=1 J
d
1 1 B
H |)\k6?|4 nj <‘)\k0§ 2 <Sj + )\kjck>)d(81, ...,Sd)
Jj=1 J
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d
. . ) 1
_ e—27rz(tpk+z/\k)e—27rwzx | | <6—2W1§$jij?Ak}Akc‘l;}2

j=1
27”1115]‘3 Ak )\Ck i — T +ﬂ . )\ck% S'—i-ﬂ ds:
/ (‘ k ‘ j Aec i { [Meef]? {55 Aec j
R
d 1
— 6727ri(tpk+z)\k)6727ria:v H ( e—27ri%xjyjc;?)\k P‘kqﬂi
j=1

2Ty 8'_& ek
/e yj( J Akcé?) J k’r]j(‘)\kc‘];‘%(sj _x]))n](‘AkC§‘;(S])>dS]>

d
6727ri(tpk+z)\k)ef27riax H ( e —2mid 3T3Yic; kX

J=1

=

/ 2my] eaoamus )l)\ka‘Q ﬁj)n (S - P‘k ‘2x1>77](53)d53>
R

d
k— —2mitp ,—2mizA ,—2mi —2miy; B, n;(55)
Q e 27rztpe 27rzz)\e 27marH< /6 27T1y]ﬂ777j(5j)1’]j(8j)d8j>
J=1 >R
Inill2=1 " _oritp —2miz\ —2micw ,—2mi
= e 2mitp o =2mizA o= 2miaw o —2miyf - Xttta5(9) = <X4+fa,ﬁ(g)1’1>’

where this convergence holds uniformly on compacta.

3.5.2 Definition of v

Finally, the linear mappings (vx)reny which are needed for the sequence (7j)ren to fulfill
conditions similar to those required in 3(b) are going to be defined and analyzed.

For 0 # 7j € L*(G/ Py, xs,,) = L*(RY), let
Pf] : LQ(Rd) — Cﬁ? f = ﬁ<€7ﬁ>

P is the orthogonal projection onto the space Cr).

Let h € C*(G/U,xe). Again, identify G/U with R? x R? = R?? and as already introduced
in Section 3.3.4 in order to show the dependence on k, here, the utilization of the limit basis
will be expressed by an index oo if necessary:

hoo($7 y) = h((l‘, y)OO)

Now, heo can be regarded as a function in Cag (4ut) 2 Cyo (R24) and, using this identification,
define the linear operator

L d(z,9)
vg(h) = /hoo(x,y)an’g 4
RQd H ‘AkC?‘
j=1

25



Then, the following proposition holds:

Proposition 3.3.

1. For allk € N and h € S(G/U, x¢), the integral defining vi(h) converges in the operator
norm.

2. The operator vy (h) is compact and ||vi(h)|lop < [|Pllc= (@ vx0)-

3. vg is involutive, i.e. vg(h)* = vg(h*) for every h € C*(G/U, xy).

Proof:
1) Let h € S(G/U, x¢) = S(R??). Since
1Py sllos = [lk0,6113
d 2
1 ) 1 .
=TT il [ e oy (et (550452 ) )
. >\]€C
j=1 R J

d
= H ‘)\kcﬂé/]nj(sj)|2|/\kcﬂ_édsj
Jj=1 R

d
= JTlml3 = 1.
j=1

one can estimate the operator norm of v (h) as follows:

.~ d(z,y
lve(M)llop = /hoo(x’y) Pz 5 di)
R2d H ‘)\kcﬂ op
j=1

o d(Z,9) h L1(R24
< / hoo (2, 9)| — - —=,
R2d [T |Awch] IT [ Akes|

j=1 J=1

Therefore, the convergence of the integral vg(h) in the operator norm is shown for

h € S(R2) = S(G/U, xo).

2) First, let h € S(G/U, x;) = S(R%).
Define for s = (s1, ..., 54) € R?,

d
mal®) =TT ko (Prech (s 12 ) )
H

J=1

Then,
— eZm'as

Nhy,3(5) IO

and thus, one has for ¢ € S(R?) and s € R?,
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ve(h)é(s) = /iloo(faﬂ)@,Uk,i;,gﬁk@,g(s)

d
R2d ]131 ‘)‘kcﬁ
~ d z y
N / hoo@,ﬂ)( / E()k,z,5(r)r Jik2.5(5) d(x’w
R2d R4 H ’)\kq’;‘
j=1
_ / < /g T‘)CQﬂier]k@(?”)dT) eQﬂ*'L:psT, ,y(s) dd(i‘ag)
dzdy
- / / / B, §)eX I TE () 5 (r)dr i (5) —
Rd R4 R4 Hl |)\k6§|
j=
~ d~
= / / h2o(s = §)E(r) g 5 (r)nk () diy dr, @
Rd R4 Hl ’Akc§’
j=

where, similar as above, h2, denotes the Fourier transform of A, in the second variable.
Hence, as the kernel function

. N dy
hi(s,r) = /hio(s—r, U)o, 5(1)1k,5(8) -
R4 [T [Aecf|
j=1
of v (h) is contained in S(R??), the operator v;(h) is compact.
Now, it will be shown that R
lr()llop < [|1]]
Again, for £ € S(R?) one has
I (R)EI3
2
2 ) _dyg
= h2 E(r) M5 (r)eg(s) ———— dr| ds
Rd Rd Rd H ‘)\kck‘
i 2
2 ~ _ _ay
= [ | [RCa s @ omats) T | ds
Ré ' Rd H |/\kc |
gauchyf
chwarz 2 d:l]
<1 H ‘)"fck‘ // ‘h * (€M) ()] - ds
Hmlloo j=1 i pd 11 ‘)\kCﬂQ
=1
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d

Plancherel ~ 112
< bl
=1 IAkc
~ 2 d
= [hls )M g(5) P dsdy
J=1 |)\kcj| Rd RE

dyy -+ - dyq

2
1 7.

NN k|2 L Y5 ))
(Pt (o 50

§(31, ey S )’2d81 cee dsd

= 1A% H/ // /|nj ;) 2dgy - - dijg |E(51, .., 84)|Pdsy - - dsg
R

- 1
- RTT
j:1| kC;

U

lInjll2=1

1212, l€l13-
Thus, since S(R?) is dense in L?(RY),

loi(B)llop = sup [l (R)(E)]l2 < [|A]|
EeL?(RY),
l1€ll2=1
for h € S(R?*) = S(G/U, x;). Therefore, with the density of S(G/U,x,) in C*(G/U, xe),
one gets the compactness of the operator vg(h) for h € C*(G/U, x¢), as well as the desired
inequality )
l(llop < |2l = IRllc(crvine-

3) For h € C*(G/U, x¢) = C*(R?9), one has

d
R2d H ’)\kck’
j=1
p=p* S d(Z,9)
= /hoo($,y) Pyss
R2d H ‘)\kC?‘
j=1
) d(z,7 .
I | Aecs|
j=1

O

This proposition firstly shows that the image of the operator r, is located in
B(L?*(R%) = B(H;) as required in Condition 3(b) of Definition 1.1. Secondly, the
proposition gives the boundedness and the involutivity of the linear mappings v for every
k € N. For the analysis of the sequence (mg)ren, it remains to show a convergence, from
which the convergence for the original sequence (7} )xen demanded in Condition 3(b) can be
deduced.
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3.5.3 Theorem — Second Case

Theorem 3.4.
Define as in Section 2.1.3

peyu : LNG) = LYG/U, x0), peu(f)(@) = /f(gu)m(u)du VjeGVfeL(G)
U

and canonically extend pg/y to a mapping going from C*(G) to C*(G/U, xu).
Furthermore, let a € C*(G). Then,

lim Hﬂk(a) —uk(pg/U(a))H =0.

k—oo op
Proof:
First, it is well-known that pg/y is a surjective homomorphism from C*(G) to C*(G/U, xy)
and from LY(G) to L*(G/U, x¢) as well as from S(G) to S(G/U, xs).
Furthermore, for u = (¢, 2,d,d)s € U = span{T, Z, A1, ..., Ap, Api1, ..., Ap},

Xé(u) — 6—27Ti<z7(t,27d,d)oo> — 6—27ri(tp+z)\)

and therefore, identifying U again with R x R x R? x RP~P and L'(G/U, x,) with L'(R?%), for
f € LYG) = LY(R?*2+P) and § = (%,7,0,0,0,0) € R?? one has

(poyu (1) (8) = / Joo(E,3,E, 2,0 @)e PPN d(0,0,8, 7,0, )
RxRxRP XRP—P
= fE503,5.0,2,0,0), (8)
where foo(i‘ag?pa )‘7070) = f((‘;i’g)p’ )‘7070)00)
Now, let f € S(G) = S(R%¥2+P) guch that its Fourier transform in [g,g] has a com-

pact support in G = R?¥2+P_ If one writes the elements g of G as g = (x,v,t, 2, a,d) like
above, where

x €span{X;} x ... x span{ X4}, y €span{Y1} x ... x span{Yy}, t € span{T},
z €span{Z}, a€span{A;} x ... xspan{A;}, @ € span{Apsi1} X ... x span{A,}
or
x € span{XT} x ... x span{ XX}, y € span{V}} x ... x span{Y}'}, t € span{T}},
z € span{Zy}, a € span{Af} x ... x span{A’g}, ae span{AlgH} X .o X span{A’;},
respectively, this means that the partial Fourier transform f4*5 has a compact support in G,

since [g, g] = span{Zy, A%, ..., Alg} =span{Z, Ay, ..., Ap}.

Moreover, let £ € L?(R?) and s € R? and define
d

mo(s) = LT eck s ([wek]2 (s ).

J=1

(Compare the definition of 7y g in the last proof.)
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To prove the theorem, the expression (mx(f) — vk (pg yulf )))€ is going to be regarded, using
Results (6) from Section 3.3.4 and (7) from the proof of the proposition above. The obtained
integrals are going to be divided into five parts and the norm of each part is going to be
estimated separately. For this, G will again be identified with R?#t2+P and therefore, f will
be replaced by the functions f; and f., respectively, which are defined as above.

(mk(f) — vk (peyu (f)))E(s)

7 )\ K
= /f23456 - kTC(SJFT)aPk,)\k,O,O)f(T)dT
_ dy
pa/U (s =1 9)E(r )Mk 5(r)mk5(s) dr
Rd Rd H |)\kC§€|
j=1
1%, on 1 23456 /\ka . .
F2 (s = 1 =25 (54 1), ks 0,0) () (5) e (5) il
Rd Rd
N B _ dg
- //fo2<3374’576($ - ynoa)\7070)§(r)77k,ﬂ(r)77k,ﬂ(8) a dr
R4 Rd H ‘)\kC?‘
j=1

. A\ _ - N\ g~
= [ R (s = sk 1) A 0.0) 0 (D ()l

2
Rd R4
- / / A5 (5 — 1 Mo (G — 8), o 0y 0,0)E (T 0 (3 + 7 — )i (§)dir-
R4 R4

As described above, the integrals just obtained are now going to be divided into five parts.
To do so, the functions gy, uk, vg, ni and wy will be defined.
k

- . A ALC
(s, 9) = /f(r)??k,o(er?"— s) <f5’3’4’5’6(8—7“,— k2 (s+r),pk,)\k,0,0>
Rd

£2.3,4,5,6 Ak
- fk §—r = (S+T),p,)\k,0,0 dr,

2
ug(s,g) = /ﬁ(r)nk,o@ +r—s) <f/?’3’4’5’6 (5 =, —)\k;k(s +7), 0, Ak, 0, 0)
J
- f;§73’475’6 (5 —r,— ;k (s+7),p, A0, 0)>dr,
wlosd) = [ oMo+ =) (590 (s r. -2 +1),.0,0,0)
J

= P (s = M (= 5), 0,0, o)> dr,
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’I’Lk(S, g) = /5(7")%,0(31 +r— 8) <f§’3,475’6 (5 -, )‘kck (g - 5)’ P >‘7 Oa O)

]Rd
- fo207374’576 (S - )\kck(g - 8)7 Ps )‘7 07 0)) dr
and
w(s) = [ [ €Omo®) o) ~ Mool +7 - )
Rd Rd
£2.3.4,5.6 AP _
o (5 — T,—T(S +r),pk,)\k,0,0>drdy.
Then,

(me(f) — v (payo(£))€(s) = / au(s, mo(§)dg + / wr(s, B0 (@)d

R4 R4

+ / o (s, D)o ()di + / (s, oo (@)dG + wi(s).
R4 R4

In order to show that i
|l me(f) — Vk(pG/U(f))”op %0,

it suffices to prove that there are ki, Vi, 0k, wr and €, which are tending to 0 for k£ — oo,
such that

larlle < mrllélle, [lurllz < llEllz,  lorllz < 0rll€ll2, lInelle < wrlléllz and [Jwgll2 < e[€]2-

First, regard the last factor of the function g¢:

256 (o _Ake
k S r, 9

k k

P AxC
(8 + ’l“),pk,)\k,o,(]) - f]3’374’576 (8 -r = ’;

(8 + T)a P )‘ka 07 0)

k

1
. A
= (p—p) / D3 f 40 (S 1= (s 1), p + ok — ), Ak, O, 0) dt.
0

2

Since f is a Schwartz function, one can find a constant C; > 0 (depending on f) such that

£2,3,4,5,6 AP £2,3,4,5,6 Ak

fk §—=T, = 2 (S+T)7:0k7)\k70a0 — Jk §—=T = 2 (3+r)7pa)\ka070
Ry p— —
= PR =y
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Hence, one gets the following estimate for gg:

lalp = [P
2d
< /(/}5 Vo + 1 — )|l — pcldr>2d<svg>
- (1 + [|s —r[})2
RQd
Cauchy— é‘ nkO y—i—r—s) 2
< CHp— 2 / d
Schwarz ! ‘pk p| ( 1 + ||5 - TH) '
1 2
=) ar d(s,§
(/<<1+||s—r||>d) >( )
Rd
_ 2 1€(r)] 2 _
= Cilpk — pl /(14‘||82d |77k0 y+r— | d(r,s,7)
R3d
Ink,0ll2=1

< Yok — plPlIEl3

for matching constants C] > 0 and C{ > 0 depending on f. Thus, for kj := \/C7 |pr — p|,
k—oo . k—oo
ki — 0 since pr — p, and
laklle < rell€]l2-

As )\k 3 )\, the estimation for the function wj, can be done analogously.

Now, regard vy. Like for g; and ug, one has

k

P8 (s —r =2 (s 4 1),.0,0,0) = F2P50 (s = Ak (5 = ), 9, 1, 0,0)
1
= ol Zr— ) — (r— s+
= A\ (2(7“ s)—(r 8+y)>

(r—s)—(r—s—i—ﬂ)),p,)\,0,0)dt,

1

. 1

. /821’]3’3’4’5’6 (s —r, (G — s) + t)\kck< 5
0

where - is the scalar product, and hence there exists again a constant C's depending on f such
that

. \pck
f§’3’4’5’6<5—r,— ’;C (s+7),p,\,0, o) i r,Akc’f(g—s),p,A,o,o)‘

Cs
(14 [|s —r[})2d+L”

< il ([lebe =) + [l =5+ )] )
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Therefore, defining 7;(t) := ||t||n;(t), one gets a similar estimation for vy:

IN

/ ( / 6o+ 7 =9Il (5 = 9] + [l =5+ )] )
Rd

R2d
Cs 2 .
@+ s = r)2er dr) d(s,9)

Cauchy— |£(’I“)’2 R )

< Cs / ko (T + 71— 8)|7|Akl?

Schwarz 3 ., (1 + ||S — ’I“H)2d+2 |77 ’O(y )| | ’
R3

(Hck(r — S)H + Hck(r — 54+ g])H>2d(r, $,7)

/ ’6(7‘)‘2 ~ _ 2 20 k(o -\ 112 ~
< 20 [ e i I+ = 9P = s+ )P )
de
+2C'// £ ‘nk (y—i—r—s)‘ \)\k| Hc r—strsy)
5 ) (s —rf2d+z 17E0
]R3d
- €(r)2 / 2
< 2C3|)‘k‘ ( / (1+H5—7'H)2d+2 d(’l",S) HC yH }"71@,0(3/)‘ dy
]RQd Rd
+203H/\ kH / 1‘|‘H5 r” )2d ‘771?,0(:&"‘7"_3)‘2 d(r,s, )
e E(r) 2
< 2l ”( | e v 2
R2d
(T I %H s (e 2669) )
k A A ~ o ~
+ 204 et / T o+ ) .0
[ImK,0ll2=1
LA Pl uguz( 1 J! dyj) 20 et |l
J=1p
d
- cg’( TT 113 + \\Akcku)uxkcku €12

j=1

with constants C% > 0 and C4 > 0, again depending on f.
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o=

d
Now, since \pc? "= 0, & == <C§’< T 1735113 + H)\kckH>H)\kckH> fulfills &, =% 0 and
j=1

[okll2 < Ok l[€]]2-

For the estimation of ny, the fact that the Fourier transform in [g, g|, i.e. in the 4th and 5th
variable, f%5 =: f has a compact support will be needed. Therefore, let the support of f be
located in the compact set K1 X K9 X K3 X K4 X K5 X Kg C RYx R x R x R x RP x RP—P
and let K := Ky x K3 x Kg C RY x R x RP7P.

Furthermore, since a Fourier transform is independent of the choice of the basis, the value of
f on [g, ] = span{Zy, A%, ..., A’g} = span{Z, Ay, ..., Ap} expressed in the k-basis and its value
expressed in the limit basis are the same:

f('a ERE (Za a)ka ) = f(7 Sy (27d)ooa )
So, in the course of this proof, the limit basis will be chosen for the representation of the 4th

and 5Hth position of an element g.
Then,

T30 (s — 1, A (5 — 8), p, A, 0,0) — 23456 (s — 1 A" (5 — 5),p, A, 0,0)

= / <fk<s — 1,9, t,0,0,8) — fools — 1,9, , 2,0, a))e*’”“kck@—s)y*”“d(y, t,a)

RdxRxRP—P

- / <f(($ _r7y7t)k7(A70)OO7(d)k) _f((s_r7y7ta)\707d)oo))
R4xRxRP—H
e 2mi(Apc T=)vte) gy, ¢, &)

= / (f((S -nY, t)kv ()‘7 0)007 (Cl)k) - f((S -nYy, t7 )‘7 07 a)oo)) 6727ri()\kck(gjfs)y+pt)d(y7 t) (I)
K

Furthermore,

.]E((S_ryat)ka(A 0)007(a))_f(( Ty7t>‘0a)

= f(Z( )XF —i—ZyzY + 1Ty + A2 + Z aZAk)

=1 =1 i=p+1
~ d d 4
_ f(Z(si — 1) X; —I—Zyz'YE +tT + M7 + Z a; A >
i=1 i=1 i=p+1
d
= (Z —7"1 X X) Z (Y Y)+t(Tk—T)—|— Z (Iz(Af—Al)>
=1 =1 1=p+1

d P
r)Xi+ S i H T+ A2+ Y aid
1 i=1 i=p+1

M&

[
+£<

s

d P
(5= )X = X0+ w0 =) + 1T - D)+ Yl - 4)) )

i=1 i=p+1

'M&

Il
—

)
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Since (XF, .o, X5, YF, o, YE Ty, Zi, AR, ABY P20 (X0 e X Vi, o, Yo, T, Z, A oy Ay),
there exist w!, "2 0 for i € {1,...,4} and a constant C;y > 0 depending on f such that

’ f((s -nY, t)kv ()" O)OOa (a’)k) - f((S -yt )"O’a)oo)

Cy
(s P

< (s = vtk + lylleo? + |tk + Nl

Now, with the help of the two computations above, ||n||3 can be estimated:
2
7k l2

_ / Ink(s, ) d(s, 5)

RQd
- / \ / s<r>nk,o<g+rs>(f,3’3’4’5’6(sr,xkc’“<@s>,p,A,o,o)
R2d Rd

2
d(s,9)

< [ [leomoter-s) / (s = rllok + Nyl + ek + e

R2d Rd

25374’5’6 (S -, )\kck(?j —8),p, A0, 0)> dr

Cy
(1+1ls— TH)QdH

2
|€—27rz AP (g—s y+pt)|d y t, a)d ) d(&ﬂ)

2
- < (1+s— r||)2d+1 & (r ano y+T—5)‘<”5_T||Wk+Wk)d> d(s,9)

Cauchy— 2 5 6 2
Schgarz 1"’ HS 7"||)2d+2 |£ ’ ‘nkO y+7’—s)’ <||S_r‘|wk+wk> dr
( /1 dr)d(s J)
T+ s — 7)™ Y
R4
< - _
> 4wk// 1+H5 TH)d|£ | ‘nk(] y+'l" s‘drdsy
Imk.gll2=1 C’w7// L et Pdrds
“h] | T
Rd R4
= Clwilels

with constants Cj > 0 and C{ > 0 depending on f and w} "0 for i € {5,...,7}. Thus,
Clw] fulfills wy, "= 0 and

ez < wil/€]l2-

35



Last, it still remains to examine wy:

Mi0(F) = Meo(§ + 17— 5)

I
M&

iTk0(F +t(r — s))dt

—

—i

Jj=1

s
f

(H\Akc\ i Meck]* @+t = 500)

=1
2]

‘)\kck‘4a77]<‘/\k ‘ yj—f—t( ))))dt

Since f and the functions (7;);e{1,...q} are Schwartz functions, one can find a constant Cs
depending on (7;)e(1,....ay such that

. A.cF
'(U}c,o(ﬂ) - ﬁk,()(g +r— S))f]f’374’5’6 (S -r = 1626 (S =+ T)apkv )‘kv 07 0)'
Cs
: ’T_SH<ZHP%CH ‘/\ka‘> (1+ |jr — s])2d+1"

Jj=11:=1

Now, one has the following estimation for ||wy||2, which is again similar to the above ones:

[[wil3 = /Iwk(s)|2ds
R
< ¥<¥¥|§ )| [1r,0 (3 H'T_s’(;ll_ll‘)‘kck‘ | Aick|2 >

5 ardg) d
(L [l —= s )

auchy— d d )2
T (ST [ @)~ slPd g
R3d

Schwarz J=1i=1 SH

Imole=1 AL )
05<ZH ek ek el

where the constants Cf > 0 and CY > 0 depend on the functions (7;);eq1,....qy- Therefore, for

€ 1= < ( > H ‘)\kck‘ |)\kck|>) the desired properties € k—) 0 and

— i
[willz < ex[|€]l2

are fulfilled.
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Thus, for those f € S(R?*+?+P) =~ S(G) whose Fourier transform in [g,g] has a com-
pact support,

sup || (mi(£) = v (payu (D)) ©), =¥ 0.
it

Hm(f) —Vk(pG/U(f))H

Op:

Because of the density in L!(G) and thus in C*(Q) of the set of Schwartz functions f € S(G)
whose partial Fourier transform has a compact support, the claim is true for general elements
a € C*(G) by Corollary 7.6 in the appendix.

[

3.5.4 Transition to (WX)keN

Finally, from the results shown above for the sequence (7 )ren, the assertion for the original
sequence (ﬂ’X) kN shall be deduced.

Since for every k € N the two representations 7 and 7T,‘€/ are equivalent, there exist unitary
intertwining operators

Fy, - xV = LQ(Rd) — Hnr, = LQ(Rd) such that Fj o FX(G) =mi(a) o Fy, Va € C*(G).

Furthermore, since the limit set L((’]T,‘;)k eN) of the sequence (WX)keN is contained in S;_1,

~

as discussed in Section 3.3.1, by identifying G with the set of coadjoint orbits g*/G, one can
restrict an operator field ¢ € CB(S;_1) to L((Og)ren) = ¢ + u' and obtains an element in
CB({ 4 w*). Thus, as {F(a)|1(0p)re)| @ € C*(G)} = Coo(L((O)ken)) = Coo(f + ut), one
can define the *-isomorphism

T COO(R2d) = Coo(f —i—uL) — C*(G/U, Xg) = C*(R2d), ‘F(a)\L((Ok)keN) — p(;/U<a).
Now, for k € N, define 7}, as

ﬂk((p) = F,: o (Vk o] 7') (¢‘L((Ok)%eN)) oF, Vype CB(SZ_l)

Since the image of v is in B (LQ(Rd)) and Fj, is an intertwining operator and thus bounded,
the image of 7, is contained in B(L?(R?)) as well.

Moreover, the operator 7y is bounded: From the boundedness of vy (see Proposition 3.3) and

using that 7 is an isomorphism, one gets for every ¢ € CB(S;_1),

17e(P)lop = ||Fr o (vkoT) (SO\L((O;;);;eN)) o Iy op
é (Vk o 7-) (SO|L((OI;)E€N)) op
< (e [ 6 ey
<

(eriopran)| . < Ielsis:

37



Next, the involutivity of 7, will be shown. With the involutivity of vy (see Proposition 3.3)
and 7, for every ¢ € CB(S;_1),

we(p)” = (sz ° (1o T (PlL(©Ope) © k)
= FyoWom) (¢L(0p)i) © Fr
= Fpou (T*(90|L(<0,;>,;EN))) o Fi

Finally, the demanded convergence of Condition 3(b) of Definition 1.1 can also be shown:
With the equivalence of the representations 73 and 7r,‘€/ stated above, one gets

I (@) = 5 (F@is )y = B o mel@) o Fi = B o (0 m) (F(@iop)50) © F
= || omi(a) o Fi = Fy o vi(pyu(a)) o Fel,,
| F7 o (mi(a) — vk (payu(a))) o FkHop

o (v (@) — mi(a),, =3 0.

op

IN

Therefore, the representations (77,‘;) kEN fulfill Property 3(b) and thus, the conditions of Defi-
nition 1.1 are proved.
3.6 Condition 3(b) — Third case

Now, the third case mentioned in Proposition 3.1 is going to be considered. The approach
will be similar to the one in the second case.

In the third and last case of Condition 3(b) of Definition 1.1, A # 0 and there exists 1 < m < d
such that ¢; # 0 for every j € {1,...,m} and ¢; = 0 for every j € {m +1,...,d}.
This means that

(e, [XE YD) =N 2T er=0 = je{m+1,..d}.

In this case, p := span{ Xy 41, ..., Xa, Y1,..., Yq, T, Z, A1, ..., Ap} is a polarization of /.
Moreover, for pj, := span{XZ% |, ..., X5 Y, . YF Ty, Z, AY, ...,A’;}, one has py, oo p.
Let P :=exp(p) and P, := exp(py).

3.6.1 Convergence of (7)ren in G

In this section, the convergence in G of the sequence (7)ken 18 going to be examined in
order to motivate the choice of the linear mappings (v )gen-

Let
(X)oo = (&, %) With (%)oo := (21, .oy Tm)oo AN (£)oo := (Tmt1, ooy Td)oo

and analogously
(Yoo = (9, 1)o0 With (J)oo = (Y1, s Ym)oo and (§)oo = (Ym+1; -+ Yd)oo-
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Moreover, as in Section 3.3.3 above, let

(@)oo = (@,0)00 With (@)ss = (a1,.-,0p)00 aNd (d)oc = (Ajt1, - Ap)oo

and let
(g)oo = (i,fi’,y,jj,t,z,a, CL)OO = (x7y7t7zva’)00 = ("L"h)OO

Now, let & := (Qmy1,...,g) € R¥™™ and B = (Bmits -, Bq) € RE™, consider ¢ and B as
elements of RY identifying them with (0, ...,0, 11, ..., g) and (0, ..., 0, Bri1, .., Ba), respec-
tively, and let

=Ty 5= ind]GDXE_i_e&’B.

Then, for a function § in the corresponding Hilbert space H; = L? (G /P, Xe+e, ﬂ) of 7 and for
S1y ey Sm € R, (8)oo = (81 -+ Sm)oo € span{ X1} X ... x span{X,,} and ¢ = (c1, ..., ¢ ), letting
p = (¢, T), one has similarly as in (5):

= f(g)gol (S)oo)
= ()0~ @0 — (Moo + 5[~ (@)o0 — (s (8)nc])
= £((B)oe = (@) (= (Woo = (@)oo + [(8)oos (oo + (@)oo

627“(”5&,37*(’1)00*(i‘/)ooJr[(S')oo,(h)oo+(3‘5)oo]*%[(i)oov(h)oo+(é)oo+(i)oo]>§'((é _ m)oo)
= 2milltly 5= (@)oo= (§) oo~ (t)oo—(2) oo (@)oo = (&) oo +[(8)o0, () 00 +(#) 00 +(t) 0o +(2) 00 +(a) oo +() o))

eQﬂi(Z+€&’fé7—%[(i)oo7(3))00+(:U)oo+(t)oo+(Z)oo+(a)oo+($)oo+(i})oo]>é((é — i)oo) (9)

2T @)oo (3o, (ool = § (oo (Dl 27, 5= @) ~()) ¢ (3 — 1))

27ri(—tp—z>\+]§1 ACj(Sj—%mj)yj) 6—27ri(d(i)oo+5(i/')oo)é((é B x)oo)

= e

— 627Ti(—tp—2/\+/\é(((8')oo—%(ﬂ'c)oo)(y)oo))e—Qﬂi(d(fé)ooJrB(i})oo)é((3 — i)oo),
since ((Y;) = ¢(X;) = 0 for all j € {1,...,d}.

From now on again, most of the time, G will be identified with R?¢*+2+P_ C*(G) does not
coincide with C*(R?¥2+P) though, since this last algebra is commutative while C*(G) is
non-commutative. To avoid this inconvenience, most of the calculations will be accomplished
in L'(G) or S(G) which in turn are isomorphic to L' (R?¢+2+P) and S(R2?+2+P) respectively,
as Fréchet spaces. Because of the density of L'(G) and S(G) in C*(G), the results will then
follow.

So, in the sequel, the isomorphisms will be considered as Fréchet space-isomorphisms and
not as algebra-isomorphisms.
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Define for § = (541, ...,54) € span{X,11} X ... X span{ Xy} = RI—™,
" . wmics T k|4 k|3 Bi
T ,5(3) = e H s | mi ([ Aeei]? ( 55+ ook
. kC:
j=m+1 J
and furthermore, for a function § € Hz = L2 (G/P, X“gdé) >~ L2(R™) and an element
s = (5,8) € (span{X1} x ... x span{X;,,}) x (span{Xp41} X ... x span{X}) =2 R™ x R*™™,
E4(5) = £ o 5(5).

As above in the second case, using Relation (5), one therefore gets for an element
g=(z,y,t,2,a) = (&,%,9,i,t,2,a,d) € R™ x R x R™ x R x R x R x RP x RP7P,

(7(9) &k k)
[ mosats

R4

—~
=

d
QWi(—tpk—Z/\k—l-Z )\kC?(Sj—%Cﬂj)yj) .
/e =1 E(S1— X1y ooy S — Tn)

R4

ﬁk,d,ﬁ(sm'f‘l — Tm41y -y Sd — xd)f(sl, ceny Sm)ﬁk,d,ﬁ(sm‘f'l’ ceuy Sd)d(sl, veey Sd)

m
, ) 27 3 M (s—525)y;
a=n /5(31—xl,...,sm—xm)f(sl,...,sm) e =17 d(81y ..y Sm)
]Rm

2nd case
d 1
6—27ri(tpk+z)\k)e—27ridéé H <e27riéxjyjc§)\k/e27riyj(s]~sgn()\kc;?)|)\kc§?|2ﬁj)
Jj=m+1 R
k|5 —
nil sj — ‘)\kcj‘Q:Cj n;(s;)ds;
: —_— Qﬂig)\C‘(S'flxl)y-
k . J\Si—3¥5)Yj
se (81— X1y ey S — T )E(S1, oory S) € 771 S1yeees Sm)
Rm
e~ 2mitp o= 2mizA o= 2miaE H < /E_QWZy'jﬁ'jﬁj(Sj)nj(sj)dsj>
j=m+l N p
HWLzzl e_2mtpe—2m'z/\e—2mdg'c'e—2mﬁg < /e2ﬂiAé(é_§i>y£(é—:t)é(é)dé)
Rm
= (7(9)&€)
and the coefficient functions (clf ) defined by
@B/ keN
k ~ 2d
¢ 5(9) = (M(9)Ek, k) Vg € G = R24+2+p

converge uniformly on compacta to c, i which in turn is defined by

Cdﬁ(g) o <ﬁd,5(g)é,f> Vg € G = R¥+2+4P,

)
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3.6.2 Definition of v

Again, the linear mappings (v )ren are going to be defined and analyzed.
For 0 # 1/ € L*(Py/Py, xe,) = L*(R¥™), let
Py : LPRT™) = Cnf, €0 06,

Then, P, is the orthogonal projection onto the space Cr'.
Define now for k € N and h € C*(G/U, x¢) the linear operator

d(z,9)
vp(h) == / Tot(z.5) () @ Py .5 a7
R2(d—m) H })\kc.l;‘}

where 7y (z5) is defined as indgxﬂ(;&,g) for an element ¢ + (Z,y) which is located in
+ ((span{Xm+1} X ... x span{Xg}) x (span{Yp41} X ... X span{Yd}))* > ¢ 4 R2(d=m),

o0 . .. . ..
Thus, for L2(RY) 3 ¢ = Y. & ® & with & € L2(R™) and & € L2(R? ™) for all i € N, one has
=1

- : . d(7. 7
Vk(h)(é.) = Z / 7'('(_,_(%’@) (h)(fz) X Pﬁk,i,g (gz) &
T ek
J=m+

and for s = (sq,...,54) € RY,

> . . d ~ ~
vi(h)&(s) = Z / 7T€+(5?7Z7)(h)(£i)(517 ey Sm) Pﬁk,i,g (&) (Sm+15 -+ Sd) d(x77y)
AT el
j=m+

Since the operators
Tes (i) (h) 1 L2(G/P,xq) = L*(R™) — L*(G/P,x¢) = L*(R™) and

Piy sy L*(Bo/Puyxe,) = DRY™) = LX(By/ Py, xa,) = A(RY™)

k,Z,9

are bounded and the tensor product of two bounded operators on Hilbert spaces is bounded
by the product of the two operator norms, the operator

ﬂ-@r(fvﬂ)(h) ® Pﬁk,i,g : L2 (Rd) — Lz(Rd)

is bounded on L?(R%) by H7Te+(9~3,2:l)(h)”OpHPﬁk,j,gHOP'
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Proposition 3.5.

1. For allk € N and h € S(G/U, x¢), the integral defining vi(h) converges in the operator
norm.

2. The operator vy (h) is compact and ||vi(h)|lop < [|Pllc (@ vx0)-

3. vy is involutive.

Proof:

Let K = K(L?(R™)) be the C*-algebra of the compact operators on the Hilbert space L*(R™)
and Co (R2(@=™) ) the C*-algebra of all continuous mappings from R2(4=™) into K vanishing
at infinity.

Define for ¢ € Coo(R2@=™) L) and k € N the linear operator

i d(z,9)
:uk(QO) = / Sp(xa y) ® Pﬁk,i,g —a
R2(d—m) H |)\kc§|
j=m+1

on L?(R%). Then, as F(h) € Coo(R24=™) K) for every h € C*(G/U, xy),

vi(h) = pu(F(h)).
1) Since F(h) € S(R24=™) K) for h € S(G/U, x¢) and since

o d@)
() op < / (@, ) lop —m ¥
R2(d—m) I1 ])\kcﬂ

j=m+1

for every ¢ € S(R2@=™) ) and k € N, the first assertion follows immediately.

2) As pgu is surjective from S(G) to S(G /U, xy), for every h € S(G/U, x,) = S(R??), there
exists a function f € S(G) = S(R?¥*+2+P) such that h = payu(f) and, as shown in the second
case, for § = (&, %,7,4,0,0,0,0) € G/U = R?? one has

hoo() = f2275 (8, %, 9, §,p, A, 0,0), (10)
where again hoo = h((*)oo) and foo = f((+)oo)-
Now, let s1,..., 8, € Rand § = (81, ..+, Sm)oo = 5;X; and moreover, with &, &, 9, i, a, @ and

j=1
¢ as above, let (9)eo = (2,%,9, 9,1, 2,0, 0) 00 = (2,9, 1, 2,a)00 = (¥, h)oo. By Calculation (9) for
¢+ (2, y) instead of £ + ¢ 3, one gets for §; € L2(R™),
Tora.9) ((9)o00) & ((8)o0)

= 2millH(Z,9),— () oo = (§) oo — (t) oo = (2) 00 = (@) oo = (%) 0o +[(8) o0+ (§) oo (i) oo+ (£) s F(2) 00 +(@) o+ (&) o0 ])

%

2T @)= 3w+ ()ow H(ow + (2w @+ Ooot DD (5 — )o)
= Pl (o0 (oo HE oo 0)oc] =3 @)ow (Doel) +(@:0),~ (D)ow = @), (3 — )e)

= 2Tt (S~ b @)oe) o)~ @ Do) = DD (5 — ) ).
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Identifying with R??+2+P again, one gets with (10) for h = pg/U(f) € S(G/U,xe) = S(RQd)
for a function f € S(G) = S(R2¥+2+P),

Tor () (h)&i(3)
= /(pG/U(f))OO(Q)FH(;:,g)(§)€i(é)d§

R2d

= [ im0
R2d R2+5+(p—P)
_ / ool s 1 s 1 2 ) 2T OG0 = (@) ~(@:0)
R4 xR2xRxRxRP xRP—P
e 22N E (5 — &)d(&, &, 9, 3], t, 2, 4, @)

= / FEAPOT8(5 & 4§, p, A, 0,0)e2T A= 3DNE (5 — i)d (i, )

R2m
D[ i39G (s — ()
R2m
. 1 )
o 234( 0 movaf Lo 2N =\Ere s gs
= /hoo (:E,x,)\c( 5% s),y)&(s x)di. (11)
Rm

Regard now the second factor By, ; . of the tensor product.
As in the second case above, define

d 1 1 -
s T ettt (o))

j=m+1 J
Then,
77k7a,ﬁ(8) 2ma877k”3( 8)
and therefore, with & € L*(R4™),
Pﬁk,a’c,g (fz)(S) = < Zank w,y>77k Z,§ )
= ( / gi(f)ﬁk,i,g(f)df> Tik,z,5(8)
Rd—m
_ < / {z —2miTT f (T)d?") 627%&77%,@(5)
Rd—m

- / £ 6T () d i (3).

Rd—m
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Joining together the calculation above and the one for the first factor of the tensor product
o0 . . . ..

(11), one gets for S(RY) 3 € = 3. & @ & with & € S(R™) and & € S(RT™™) for all i € N,
i=1

h € S(R%*) and s = (§,35) € RY,

vi(h)(€)(s)
) Z / We+(i’g)(h)(éi)('é) ) Pﬁk,a‘a,g (&)(5) j(ii’g)
=1 R2(d—m) H | ‘)\kcﬂ
Jj=m+

_ i / (/ﬁgﬁ‘l(i«,i,m‘( ;ié>,g)£i(si)da&>

=l po@d-m)  Rm
SN OmiE(—F)T (a\ g s [ d(z,y
< / gi(T)QZ ( )T,k’,ﬂ(r)dr 7]&@(5)) d(i)
Rd—m 11 ‘)\kcﬂ
j=m+1

) A R
X [ ] [ ae-s
=1 po(i-m) gd-m Em
. A d N’ v
3 (7.;)627rzx(s—r)7'7'k7g(7'4)d:td7'; Tk 5(8) d(:ciy)
T ]
j=m-+1
00 ~ N .. ey & )& (& ]
- Z / //h?éf(m,s—ra)‘c(2$_S)’y>€i(s_x)
=1 pdim gdem Rm
dy

j=m+1

& (F)iiy, () ddi iy, 5(3)

o0

-y / //;3254(5—:@,5—%,;é(—gs—s‘),g)éi(:t)

=1 pd~m pd—m Rm
&i(7)ig 5 (F)dadi iy, 5(8) —————
j=m+1
= / / h34 (s — &, 8 — 7, 50(—x - s),y) e g (Pl g (8) ————
Rd Rd—m H })\kcﬂ
j=m+1
§(z, 7)d(, 7). (12)
Therefore, the kernel function
hK((s, ), (z, r)) = / hif (5 — 5,8 — 7T, 56(—56 —38), y)nk,g(r)nk@(s) —
Rd*'m H ‘)\kc‘l;“
j=m+1
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of v(h) is in S(R??) and thus, vx(h) is a compact operator for h € S(R??) = S(G/U, x,).
With the density of S(G/U, x¢) in C*(G/U, x¢), it is compact for every h € C*(G/U, xy).

Now, it will be shown that for every ¢ € Coo (R4 K),

[l (@)llop < llplloo := sup — [lo(Z; §)]lop-

(z,§)ER2(@=m)

For this, for any 1 € L?(R?), define

mmwww:/u@@mm@ﬁV@mewwmweW%

R(i—m
Then, as
d(Z,9)
]ILQ(Rd*m) = Pﬁk,aﬁ,g 0
R2(d—m) I1 |/\kc;?|
j=m+1
one gets the identity
o d(z,9)
WolBegny = [ o@D agmy —m P
R2(d—m) I1 \)\kcﬂ
j=m+1
Now, for &,1) € L?(R9),
| (9)€, ) 12(Ra)]
o d(Z,9)
= / ((p(Z, ) ® Pz )&0) ey —g
R2(d—m) I1 \)\kcﬂ
j=m+1
- [ (069 © Lz o Qo) © Py )6
R2(d—m)
d(Z, )
(]ILQ(Rm) & Pﬁk,i,ﬂ)¢>L2(Rd)d7
j=m+1
o L o d(z,y
= / (2, 9) fe 1 (Z,9)s fiok (%, 9)) L2 d(i)
R2(d—m) I1 ])\kcﬂ
j=m+1

Cauchy—
<
Schwarz

( [ 1ot Dl

R2(d—m)

R2(d—m)
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N

j=m+1
1
(&, ) ’
d
{1 Inet
J=m+1

(13)



(13)

< sup —|[(Z, ) lop
(7,5)ER(d=m)

1

d~~ 2
( / ||f£,k(53,@)H%2(Rm)d(x’y)> 191l L2 (rey

R2(d—m) I1 |/\kc;?|
j=m+1

(13)
< lelloollél 2@mayll¥ll 2 (ray-

Hence, for every h € C*(G/U, x¢),
vk (B)llop = [k (F(R)lop < IF(R)lloo = [Ihllc=(G/u,x0)-

3) To show that vy is involutive is straightforward as in the second case.
O

Like in the second case mentioned in Proposition 3.1, this proves that the image of vy
is contained in B(H;), as well as the required boundedness and involutiveness of the
mappings v for every k € N. Hence, only a modification of the demanded convergence of
Condition 3(b) of Definition 1.1 remains to be shown.

3.6.3 Theorem — Third Case

Theorem 3.6.
For a € C*(Q)

li — =0.

kggOHWk(a) Vk(pG/U(a))Hop

Proof:

Let f € S(G) = S(R?¥+2+P) guch that its Fourier transform in [g, g] has a compact support

in G = R2+2+P_In the setting of this third case, this means that %7 has a compact support
in G (compare the proof of Theorem 3.4).

Identify G with R27+2+P again, let ¢ € L*(R%) and s = (s1, ..., 5q) = (5,5) € R™ x R4—™ = R4

and define ]

1 1
io(3) =[] }AkCﬂ‘*Uj(\/\kCﬂz(Sj))-
j=m+1
Let ¢ = (€1, ..y Cm), & = (Cmg1s s Ca) = (0,...,0), ¢k = (c}, ..., k) and & = (k. ..., k).

As in the second case, the expression (ﬂ'k( )= (pG ol f))) will now be regarded, divided
into several parts and then estimated. For this, Equation (6) from Section 3.3.4 will be used
again but its notation needs to be adapted.

6 A A\
me(f)(s) © /f§’3’475’6<5—r,—k2(s—i—r),pk,)\k,O,O)f(r)dr
R4
BAS6TS (.o AN
= fo ot (s—r,s—r,——(s—i—r),— (s+r),pk,)\k,0,0)
2 2
Rd

E(r, 7)d(r, 7).
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Using the above equation, Result (12) and the fact that pg v (f)

- fA576’778('7 7y ',,0,)\,0,0),
one gets
(mk(f) — vi(peyu (f)))E(s)
A .k )\ ..k.
/f345678 7;‘,5—7."',—]{?0(54‘7;)’_ ];C (S+’I"),pk,)\k,0,0)g(?",?")d(’l",?")
/\34 R P dy
/ / peyu(f s—r,s—r, 50(—7“—8),y)nk,g(r)nk,g(8) 751
Rd Rd—m ‘)‘kck‘
Jj=m +1
&(r, #)d(r, )
)\ .k )\ ..k
Ve olla=t / / FERPOT (5 =5 — i, =20 (54 7), =T (5 4 7)o s 0,0)
Rd Rd—m

71,0 (9)ik,0(9)dy &7, 7)d(7, )

£3,4,5,6,7,8
_ fo<737777

A —
(8= 75— Ge(= = .50, 1,0,0 )i 5(7)

Rd Rd—m
.
ik g (8) ———— €(F,F)d(7, 7)

ek
j=m+1 | kCJ |

p D V. D Y ¥
[

. 5 (54 7). prs M 0,0)
Rd Rd—m

71,0 (9)ik,0(9)dy (7, 7)d(7, 7)

. A
=[] R (s = i i = e+ 1A~ 8,90, 0,0)

Rd Rd—m

Tiko(§ + 7 — 8)ilk0(9)dy E(7,7)d(7, 7).

Similarly as in the second case, functions g, ug, vk, 0k, ng and wy are going to be defined in
order to divide the above integrals into six parts

Gl(s,§) = / £ ol + 7 — §)
Rd

A e e
<f£’4’5’6’7’8((§7:‘,§7.’:, ];C (S‘i"l"),* k€ (S+T)7pk7)‘k3070)

- 13’475,67778<‘§_7;7*§_7';7_ I;C (S+T)a_ ];C (S—FT),p,)\k,0,0))d(T,T),
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up(s,§) = / £ o + 7 — §)
R4

. A .k: A ..k
( APOTE (55 = i =P (54 ), =S (54 7). 9, M0, 0,0)
N A .k A ..k
_fk?747576,778<‘é_7.'7§_'i:7_ ];C (S+T)7_ ch (S"‘T),p,)\,0,0))d(T,T)’
w(s,d) = [ €D +i—3)
R4
R A .k A ..k
<f,§”4’5’6’7’8(s:—v*,:e:—f,— (54 ), = (54 7,9, 1,0,0)
23.45678/(: . oo )\kék .. ke o
—f; s—r,s—r,—T(s+r),)\kc (g —38),p,A,0,0) )d(r,7),
onls,1) = [ €l iyl +7 - 5)
Rd
£3,4,5,6,7.8 ( - e /\kék . ) ki~
1 s—r,s—r,—T(s—l—r),)\kc (g—38),p,A\,0,0

o CET S —%é(s +7), M (1 — §), p, A, 0, O))d(f, ),
m(sd) = [ €+~ 9
R4

.« A
<f;f”4’5’6’7’8 (575 = 7, =505 +7), M (5 = 8),,1,0,0)

S CET S —%é(s‘ +7), A (5 — 8), 0, 2,0, 0))d(f, i)

and
uts) = [ [ 6@ (Fuo@ - Teols + 7 - 5)
Rd-m Rd
eSO (5 s — 7, —A’“;k(s‘ +7), - A’“;k (5 + ), ps A, 0, 0) (7, 7).
Then,

(mk(f) — vk (payu(£)))E(s) = /%(S,?J)ﬁm(ﬂ)d@ﬂL /Uk(s,ﬂ)ﬁk,o(ﬂ)dﬂ

Rd—m Rd—m

+ / o5, §)iino(@)di + / ok (5, )ik (§)d5

Rd—m Rd—m

+ / (5, D)o (B)dF + wi(s).

Rd—m
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As in the second case, to show that

k—o0

|7 (f) = vk (peyo (D), — 0.

one has to prove that there are ki, Yk, Ok, Tk, Wi and €, which are tending to 0 for kK — oo
such that

larll2 < mrlléll2s  lurllz < llélles lvelle < 0klléll2,  lokll2 < Txll€ll2,

[nelle < willéllz and  [lwgllz < exl[€]]2-

The estimation of the functions gy, ug, vk, ng and wy is similar to their estimation in the
second case and will thus be skipped. So, only the estimation of o remains.

For this, first regard the last factor of the function oy:

) A
3,4,5,6,78 <s —hE i =T (54 ), el (§ = §),p, M0, 0)

A
 jpasons(y _f,g_f,_gc-mf),xkek(g—é),p,x,o,O)
1 . 345678 Coe
= <§()\c—/\kc )(s+7 /(9 —-r,s—r,

— 50(8 +7) + ( — (A — Mc®) (5 + 7”)) ARG (G — 3), p, A, 0, 0) dt.

Thus, there exists a constant C7 > 0 depending on f such that
-k

. A
fg’475’6’7’8 (8 — 7'“, §— ’F, — l;C (8 + T)7 Alﬁ:ck(rg - 5)7 P )‘)O)O>

) A
— f345678 (S =78 =i = 5e(s 4 1), el (§ = 8),p, A, 0, 0) ‘

Cy
(T (I8 +7[))2d+L (14 [|5 — )%

[ Aé = AeF |15 + 7]
Therefore, one gets
llox|l3

_ / ok (s, §)|d(s, )

RA+(d—m)

< (/|§<m~'>||ﬁk,o<ﬂ+f—é)\uxe—xkeku||s+f||
Rd+(d—m) Rd
Cy
T+ 5+ /)% (1435 =™

d(f,f))zd(é, 5,7)
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Cauchy— 9 1
< O2Aé — At / / .
seiwars CTIPE ™24 ( e+ a2 (i + g — e 07

Rd+(d—m) R4

r,r +7r—s — T

(PP a9 s
R4

o d(f«,f))d(s', 5,9)

IN

ClIré — M| / /rfsw«‘)\?\m,o(@w )
RA+(d—m) Rd
1
15+ A% (L r 5=

5 A7, 7)d(5,5,9)

lI7k,0ll2=1

0oy Iaé = a1l

with matching constants C{ > 0 and C} > 0 depending on f. Hence, 73 := /C7 H)\é - )\kc'kH
fulfills 7 "22° 0 and
lokll2 < Tkl|€]]2-

Thus, for those f € S(R?¥*2+P) = S(G) whose Fourier transform in [g, g] has a compact
support,

[ (5) = vilpar D)y = 510 [[(me() = v (paye (D)) )], =5 0.
et

As in the second case, because of the density in C*(G) of the set of Schwartz functions whose
partial Fourier transform has a compact support, the claim follows for all a € C*(G) by
Corollary 7.6.

O

3.6.4 Transition to (WX)keN

Now, the assertions for the sequence (F,‘c/)k oy can be deduced.

Again, because of the equivalence of the representations 7 and TI'X for every k € N, there
exist unitary intertwining operators

Fy: Hoy & L*(RY) = H,, = L*(RY) such that Fyony (a) = mp(a) o Fy Va € C*(QG).
With the injective x-homomorphism

T Coo (Rﬂdim),’C) — C*(G/U, Xg), 'F(a)‘L((Ofc)l}eN) — pg/U(a),

define
(i) = Fy o (Vk o T) (#1L((0p)zr) © i Voo € CB(Si-1).
Then, like in the second case, 7 complies with the demanded requirements and thus, the

original representations () yen fulfill Property 3(b).

This completes the proof of the three conditions of Definition 1.1 which are needed in
order to be able to use the above-mentioned theorem of H.Regeiba and J.Ludwig (see [31],
Theorem 3.5) for the determination of C*(G).
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3.7 Result for the connected real two-step nilpotent Lie groups

Finally, with the families of subsets (S:);cqo,....,} and (I';)ieqo,....r} Of G that were constructed in
Section 3.2 and the Hilbert spaces (#;);c{o,...,; Which were defined in the same section fulfilling
the conditions listed in Definition 1.1, one obtains the following result for the connected real
two-step nilpotent Lie groups which was already stated in Section 1:

Theorem 3.7.

The C*-algebra C*(G) of a connected real two-step nilpotent Lie group G is isomorphic (under
the Fourier transform) to the set of all operator fields ¢ defined over the spectrum G of the
respective group such that:

1. o(v) € K(H;) for everyi € {1,...,r} and every v € T;.

~

2. ¢ €1®(Q).

3. The mappings v — @(y) are norm continuous on the different sets T';.

4. For any sequence (yi)ren C G going to infinity, klim le(ve) llop = 0.
— 00

5. For i1 € {1,...,r} and any properly converging sequence 7 = (Vi)ken C I'; whose
limit set is contained in S;—1 (taking a subsequence if necessary) and for the mappings
Uy = U5 CB(Si—1) = B(Hi) constructed in the preceding sections, one has

Jim [o() = 7 (215, |, = O

3.8 Example: The free two-step nilpotent Lie groups of 3 and 4 generators

Now, as an example of two-step nilpotent Lie groups, the free two-step nilpotent Lie groups
of n generators shall be considered in order to closely regard the cases n = 3 and n = 4. More
detailed calculations can be found in the doctoral thesis of R.Lahiani (see [21]).

Let §(2,n) be the free two-step nilpotent Lie algebra with n generators Hy, ..., H, and F'(2,n)
the associated connected simply connected Lie group. Furthermore, let 0 # U;; := [H;, H;] for
all 1 <17 < j <n. Then,

f(2,n) = span{Hy,U;j| 1 <k <n,1 <i<j<n}
and since f(2,n) is two-step nilpotent,

[Ui,§(2,n)] =0 V1<i<j<n.

n ~ n ~

Moreover, if X,Y € §(2,n), X = > o;H;+X andY = > y;H;+Y for z1,...,xpn, Y1, ..., yn €R
i=1 i=1

and X,Y € span{U;;| 1 <i < j < n}, one gets

n

(X, Y] =) (wiy; — zj9:)Uij.

ij=1

One can consider U;; as a skew-symmetric matrix, identifying it with the matrix E;; — Ej;,
where Ej; is the n X n matrix whose only non-zero entry is a 1 in the i-th entry of the j-th
column. Moreover, one can identify H; with the i-th canonical basis vector of R™ and thus,

F(2,n) =2 R" x Sp(n).
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3.8.1 The case n =3
NOW, let n = 3 and H4 = U12, H5 = U13 and H6 = U23. Then,

g:i= f(2, 3) = span{Hl, HQ,Hg, U12, []137 U23} = span{Hl, H6}

Since [Hj, Hy] C span{H;| 4 <i <6} for all 1 < j,k <3 and [H;,g] = 0 for all 4 <1i <6, the
basis B = {Hi, ..., Hg} is a Jordan-Holder basis of g.

Let £ = Z a; HY for a; € R, where H is the dual basis element of H; for all 1 <+¢ < 6.

Then, one gets the following results for the stabilizer, the Pukanszky index set, the polari-
zation p) of £ in g, the possible coadjoint orbits O and the associated {p € g* (compare
Section 3.1 for the notation and approach):

1. If ag = a5 = ag = 0, the stabilizer g(¢) equals the whole Lie algebra: g(¢) = g. In this

case,
If“k =0 and p}/ =g(/0) =g

In addition,

3
Ol = Ad*(G) =L +g(O)r = (=" oiH;.
=1

So, O! consists of one single element and obviously, ¢ vanishes on {H;| i € I[**}, i.e. ¢
is the element ¢»1 that was chosen in Section 3.2.

2. If ay #0 or a5 # 0 or ag # 0,
0(¢) = span{agH1 + as Hy + ayHs, Hy, Hs, He}.

Then, the dimension of the polarization is dim(p})’ ) 3 (dim(g) +dim(g(¢))) = %4 =5
and thus, for the construction of the polarization p) ¢ » one has to find one further element

le’v which is not in the stabilizer.
In this case, one has to regard three subcases:

(a) If ag # 0, If“k = {2,3}. Now, the largest index in {1,...,6} with the property
that Hj () ¢ g(£) is the index j1(¢) = 3. Furthermore, the largest index such that
<€, [Hk1(€)7 Hj1(€)]> 75 0is kl(@ =2. Hence,

V"' = Hy, X\"' = Hy, p) =span{Hs} @ g(¢) and g=span{Ha}&p).
Moreover, in this case, g(¢)* = span{—asHj + agHj, —asH + agH3} and thus,
O? = Ad*(G) = L+g(0)r = ¢ +span{—asHf + asH}, —asHj + asH3}
= {(al — asa — ayb)HT + (g + aga) Hy + (a3 + agh) H.
6

=4

a,bER}.
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If one chooses a := —%2 and b := —23 the corresponding element vanishes on
ag ag’

{Hy, H3} = {H;| i € I['**} and therefore, one needs to define

6

[6%]6 a3

(oo = <a1+ 295 , 28 4)Hf+§ a; HY.
@6 @6 i=4

(b) If ag = 0 and a5 # 0, IF'** = {1,3}, j1(¢) = 3 and k1(¢) = 1. In this case,
Y = Hs, X" = Hy, p} =span{H3} ®g(f) and g=span{Hi}®p).
Furthermore, g(¢)* = span{H}, —aysHj + a5 H}} and hence,
O3 = Ad*(G) = (+g(0)t = 0+ span{H}, —asH]} + asH}}
= {aH{ + (o2 — aub)Hj + (a3 + asb)Hy + auHj + asHE| a,b € R}.

Here, if one chooses a = 0 and b = —g—g, the corresponding element vanishes on

{Hy,H3} = {H;| i € I['**} and thus, one defines

a3y

los = (ag + )HQk +asH) + asHy.

0%}
(¢) If ag = a5 =0 and ay # 0, IF** = {1,2}, j1(¢) = 2 and k1 (¢) = 1. Here,
V)" = Hy, X{"" = Hy, p/ =span{Hy} & g(f) and g=span{H}&p .
In addition, g(¢)* = span{H;, H} and therefore,

O = Ad*(G) = (+g(0)t = (+span{H}, H}}
= {aH{ +bH; + agHj; + ayH}| a,b € R}.

In this last case, for a = b = 0 the corresponding element in ©@* vanishes on the set
{Hy,Hy} = {H;| i € II'**} and one has to define

los = azH; +ouHj.

In order to calculate the sets I'; for i € {0, ..., 7}, one has to compute the dimensions d of the
Pukanszky index sets for the different ¢ € g*. Moreover, one has to find the occuring pairs of
sets (J, K), where J, K C {1,...,6}, |J| = |K| =d and J N K = () and such that there exists
an ¢ € g* that fulfills J(¢) = J and K(¢) = K.

From the cases distinguished above, one can deduce that the only dimensions that appear are
d =0 and d = 1, that the only pair of dimension 0 is ({),)) and the ones of dimension 1 are
({3}, 42, ({3}, {1}) and ({2}, {1}).

Since (0,0) < ({2},{1}) < ({3},{1}) < ({3},{2}), the pair (0, 0) is assigned the number 0,
({2},{1}) the number 1, ({3},{1}) the 2 and the pair ({3}, {2}) is assigned the number 3.
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Thus, r = 3 and

3
Iy = {[772/] Jaj,az,a3 €R: EzzaiHi*},

=1
I = {[71'2/] E|Oz3€R,Oz4€]R*; 62063]‘[;-}-0141‘]2},
v * Q30 * * %
Iy = {[7@] Jag,a3,a4 € Rja5 € R*: E:(ag—l— o )H2+a4H4+a5H5} and

6

21" a3
s = {[71’2/] Joai,.,a5 eR,ag € R*: L= <a1+ ; A z 4>Hf—|—Zo¢iHi*}.

6 6 :
=4

In this example, one can also see that the situation in which the polarizations p}/ are discon-
tinuous in £ on the set {{o| O € (g*/G)aq} occurs:
One can choose for every k& € N the orbit

1
K

1
K

1

aHj + ?

bH — Hf + —H;

Ok:{beJr a,beR}

and the orbit
O ={aH{ +bH; — H| a,b € R},
which both have the dimension 2 and are thus located in the set {{o/| O’ € (g*/G)2}. More-
over, [TrX9 ] € I's and [WZQ] € I'y. Now, let
k
O > =a;H; +b;H; — Hj

k—o0

and choose sequences (ay)ren and (Bk)k;eN such that ay kif a; and Bk — by. If one lets

1, - 1 1
by = CNL]CHT + E(kbk)Hg + %dng - HI + %Hg € O,
4 R g Hence, O € L((Ok)ken). But on the other hand, for every k,
pZQk = span{Hg}EBg(f) = span{Hl,Hg,...,H6} and
pXo = span{HQ} D g(f) = span{Hg, e Hﬁ}.

Thus, the sequence of polarizations (ng ) does not converge to the polarization pZD and
k

keN
the discontinuity is proved.
This shows the necessity of considering the sets {fo| O" € (g*/G) (s k)} instead of the sets

{tor] 0" € (g7/G)aa}-

Now, regard the three cases of Proposition 3.1 that were distinguished in the proof of
the three conditions of Definition 1.1.

1. If one chooses the sequence (Ok)ren as

1
O == {aHf +bH} + H + (1 + §>HZ abe R},
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then [ﬂ'Xo ] € I'y for every k. Furthermore, every £ € Oy is of the form
k

1
O = ag, H} + by, H + Hf + (1 + %>ij

for as, , by, € R. If ay, g a; and by, g b;, the sequence ({;)ren converges to
(= a;H{ +b;H; + Hj + Hj € {aH{ +bH; + H} + Hj| a,b € R} =: O

and therefore, [WXQ] el

Here, the orbit O does not depend on ¢ and is thus the only limit point of the sequence
(Ok)ken. Hence,

L((Ok)keN) = {O}, where 2= dlm(ok) = dlm(O) vk € N.

This is an example for the first case regarded in the proof of the conditions of
Definition 1.1.

. Now, choose the sequence (Of)ren as follows:

1
Oy = {aHf +DH; + Hi + - Hj

a,be R}.
Then, again [TI'XO ] € I'y for every k and every £ € Oy, is of the form
k

1
Uy =ap HY +b, Hy + H3 + %H;{

for as, , by, € R. If ay, koo aj and by, koo by, the sequence (£ )ren converges to

f = CLZI‘I;k + bgHS +H§ =: Olz
and [WXQJ € I'y. Furthermore,
4

L((Ok)kEN) = {OZ‘ ag, bg S R}, where dlm(@k) = 2, dim((’)g) =0
Vk e N VOZ € L((Ok)keN)~

This is therefore an example for the second case that was regarded in Proposition 3.1.

. For an example of the third case mentioned in Proposition 3.1, one has to find a sequence
of orbits (O)reny whose limit set L((Ok)ren) consists of orbits of dimension strictly
larger than 0 but strictly smaller than dim(Qy). But since in this regarded example of
G = F(2,3) only orbits of the dimensions 0 and 2 appear, such a sequence (Oy)gen does
not exist. So, in this example, there are just two cases to be distinguished: the first one
and the second one.
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3.8.2 The case n =4

Let n = 4 and H5 = U12, H6 = U13, H7 = U14, Hg = U23, Hg = U24 and H10 = U34.
Then,

g :=1(2,4) =span{H, Hy, H3, Hy, U2, U13, U4, Uaz, Uza, Uss } = span{H;,...Hio}.

Since, as in the case n = 3, [H;, Hy] C span{H;| 5 < i < 10} for all 1 < j,k < 4 and
[Hi,g] =0 for all 5 < i < 10, the basis B = {Hj, ..., Hio} is a Jordan-Hélder basis of g.

10
Now, let £ = > a;H. One gets the following results:
i=1

1. f ag = ... = a19 =0, g(¢) = g and like for n = 3,
If“k =0 and p;/ =g(l) =g

Moreover,

4
O':= Ad*(G)=L+g(0)" =t=>> a;H}
=1

and, as O! consists of one single element, ¢ is the element /»: that was chosen in
Section 3.2.

2. If at least one of the «; for ¢ € {5,...,10} is not zero, one has to regard two cases:

(a) If agag # asayg + aras,
9(¢) = span{Hs, ..., Hio} = [g, g]
and IF"F = {1,2,3,4}.
Hence, the dimension of the polarization is dim(p}/) = % = 8 and thus, for its
construction, one has to find two further elements le,v and Y;’V which are not in
the stabilizer.
Here, the largest index in {1,...,10} with the property that H; ) & g(£) is the
index j;(¢) = 4. To find the largest index k1 (¢) such that (¢, [Hy, @), Hj,)]) # 0,
one has to consider several cases:
(i) If agp # 0, one has ki (£) = 3 and therefore, Y"* = Hy and X" = Hs. A
basis for the ideal g' which is needed for the construction of sz’f and X;/ £
is given by the set

{Hll —H - YT H HY = Hy - 22

1 1
H3, Hy = Hy,....Hjy= Hlo}-
10 a10

The stabilizer g! (€|g1) can then be calculated to be
o' (¢g) = {Hi, ... Hip }-
Thus, the largest index j2(¢) € {1,2,4,...,10} such that Hle(e) Z gt (€|g1), is

j2(¢) = 2. Last, the largest index ko(¢) € {1,2,4,...,10} in such a way that
(0, [Hy, ), Hj, p)]) # 0, 38 k2(0) = 1. So,
V" = Hy, V) = Hay X\ = Hy, Xy = Hy,

pX = span{Hy, Hy} ® g(¢) and g =span{Hs, H1} ® p}/.
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(i) If a0 = 0 and ag # 0, one has ki (£) = 2, ¥;"" = Hy and X}** = Hy. In this
case, a basis for g' is given by

«
{Hll = Hy — CT;H%H:% = Hs, ..., Hjy = HlO}

and again the stabilizer g' (E‘gl) can be computed to be

gl(£|gl) ={Hj},....,Hy}.

Moreover, the largest index j2(¢) € {1,3,...,10} such that H}Q(@ &gt (6‘91),
is j2(¢) = 3 and the largest index ka2(¢) € {1,3,...,10} in such a way that
(¢, [HI;(Z), H;Z(Z)D # 0, is ka(¢) = 1. Therefore,

Y\ = Hy, ¥y = Hy, X\ = Hy, X, = Hi,

py/ =span{Hy, H3} & g(¢) and g=span{H,, Hi} & p} .

(iii) If ajp = ag = 0, from the assumption that agag # asaig + arag follows that
ag # 0. Hence, k1(¢) = 1, Ylv,z = H, and XY’E = H;. Here, a basis for g! is
given by

{H} = H,, ..., H{y = Hyo}

and again the stabilizer g' (E‘gl) can be calculated to be
o' (0g) = {Hi, ... Hip}-
Furthermore, js(¢) = 3 and ky(¢) = 2 and thus,
V" = Hi, V)" = Hy, X = H, Xy = Ha,

p/ =span{Hy, H3} ®g(f) and g =span{H,, Ho} ®p) .
Now, in Case (a), g(¢)* = span{H;, H;, Hj, H}} and therefore,

0 = Ad*(G) = (+g(0)t = (+span{H} Hj Hi H;}
10
= {aHf +bH5 + cH; +dHj —|—ZoziH;k a,b,c,d e R}.
i=5
If one chooses a = b = ¢ = d = 0, the corresponding element vanishes on

{Hy, Hy, Hs, Hy} = {H;| i € IF'**} and thus, one defines
10
Lo = ZaiHi*.
i=5

(b) If agag = asaip+arasg, again, there are several cases. In all of them, the dimension
of the stabilizer is 8 and hence, dim(p)) = 9. Thus, for the construction of the

polarization p}/, one has to find one further element Yf’v which is not in the
stabilizer.
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(i) If agp # 0,
9(¢) = span{aioH1 — arH3 + agHys, a10Ha — agHs + agHy, Hs, ..., Hio}
and If“k = {3,4}. Now, the largest index in {1,...,10} with the property
that H; (p) ¢ 8(¢), is the index j; (¢) = 4. Furthermore, the largest index such
that (¢, [Hkl(g),Hjl(g)]> # 0, is k1(¢) = 3. Hence,

Y\ = Hy, X\ = Hy, p) = span{Hi} @ g(¢) and g=span{Hy} & py .

In addition, g(¢)* = span{—a7H; — agH} + aroH;, a6 HY + agHs + aioHj }

and therefore,

O3 = Ad*(G) = (+g(0)t
= {+span{—arH{ — agH5 + a10H3,acH| + agH; + a1oH) }

*

= {(al —ara + agb) HY + (a2 — aga + agb) Hy + (a3 + aqpa) H;

10
+ (044 + Oélob)HI + Zale* a,be R}.
i=5
If one chooses a := —5‘—3;) and b := —0‘3‘—140, the corresponding element vanishes

on {Hs, Hy} = {H;| i € IJ’"*} and hence, one needs to define

10

azar [e7Xe T3 Q39 Qg

Los = <a1 + — )I‘Ii< + <a2 + — >}¥§< + E Oz,HZ*
10 a1 a1 a1 i—5

(ii) If a190 = 0 and ag # 0,
9(¢) = span{agH, — a7 Hy + asHy, 9 Hs — agHy, Hs, ..., Hyp },
TP = {24}, j1(¢) = 4 and k;(¢) = 2. Thus,
V" = Hy, X{"' = Hy, p} =span{H,} & g(f) and g=span{Hy}&p; .
Furthermore, g(¢)* = span{—ay Hj +agH3, asHf+agHj+agH) } and hence,

o' = Ad*G) = (+g(0)*t
= (+span{—arH{ + agH;, asHi + asH3 + agH }

= {(041 — ara + asb)HY + (a2 + aga)Hy + (a3 + agh) H3

9
+ (g + agb)Hy + ZaiHi* a,be R}.
i=5
In this case, if one chooses a = —22 and b = — 2%, the corresponding element
9 Qg

vanishes on {Hy, Hy} = {H;| i € IF**} and hence, here one defines

9
QoQ7  QyQs 408
lya = (a - )H* (a — )H* E o, HY.
04 1+ o o 1+ 3 o 3+i:5 1 Ld;
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(iii) If @19 = g = 0 and ag # 0,
9(¢) = span{agsHy — agHs + asHs, Hy, ..., Hip},
TPk = (2.3}, j1(¢) = 3 and ki (¢) = 2. In this case,
Y\ = Hy, X" = Hy, p} =span{Hsz} ® g(¢) and g =span{Hs}® py.

Here, g(¢)* = span{—agH; + agH}, asH; + agH3} and

O° = Ad*(G) = (+g(0)*t
¢+ span{—agH| + agH5,as H{ + agH3}

{(m — aga + asb)Hy + (ag + aga)Hs + (a3 + agh)Hy

8

=4

a,bER}.

For a = —g—z and b = —Z—g, the corresponding element in O° vanishes on the

set {Ha, H3} = {H;| i € II'**} and one has to define

8
“ 0305 S

Los 1= (al +
as s i=4

(iv) If ayo = a9 = ag = 0 and a7 # 0,
9(¢) = span{ayHy — asHy, a7 Hs — agHy, Hs, ..., Hip },
TPk = {1,4}, j1(¢) = 4 and ki(¢) = 1. In this case,
Y\ = Hy, X\ = Hy, p) =span{H;} ® g(¢) and g=span{Hi}®p) .
Moreover, g(¢)* = span{H}, —asHj — agH} + a7H}} and hence,

O = Ad*(G) = (+g(0)*t
¢+ span{H{,—asH5 — agHs + a7 Hy'}

{aHi‘ | (o — asb)H} + (5 — agh) i + (s + arb)

7

=5

a,bGR}.

Here, for a = 0 and b = vt
the set {Hy, Hy} = {H;| i € IF"*} and one has to define

7

40

>H§‘ +3 iy
7 =5

24 the corresponding element in O° vanishes on

e 1e
Los = <a2+ 4 5)H§—|— <a3+
aq
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(v)

(vi)

For n = 4, the
(0,0), the ones
({2}, {1}) and the ones of dimension 2 are ({4,2},{3,1}) ({4,3},{2,1}) and ({4,3},{1,2}).

<
<

If a9 = ... = ay =0 and ag # 0,
9(¢) = span{agHy — asHs, Hy, ..., Hip},
IP"r = {1,3}, j1(¢) = 3 and ki (¢) = 1. Hence,
Ylv’f = Hj, XY’Z — Hy, p) =span{H3} ®g(f) and g=span{H,}®p}.

In this case, g(¢)* = span{H}, —asHj + agHj} and thus,

O7 = Ad*(G) = (+g(0)r = ¢+ span{H}, —asH} + asHj}
6
= {aH;* + (o — asb)Hs + (o3 + agb) H; + > i H{| a,b € R}.
i=4
Now, for a = 0 and b = —23, the corresponding element in O vanishes on

&7}

the set {Hy, Hs} = {H;| i € IF"*} and one has to define

6
305 « %
lor == (a2+ . )H2 +3 ;.

6 i=4
If a9 = ... = ag =0 and a5 # 0,
9(¢) = span{Hs, ..., Hyo},
Ik = {1,2}, j1(¢) = 2 and kq(¢) = 1. Thus,
YIV’Z = H,, XY’Z = Hy, p}/ =span{Hy} ® g({) and g=span{H;} & p}/.
Here, g(¢)* = span{H}, H;} and
0% = Ad*(G) = (+g(6)t = ¢+ span{Hj, H}}

5
= {aHf +bH; + Y oiH
=3

a,beR}.

In this last case, for a = b = 0, the corresponding element in O® vanishes on
the set {Hy, Hy} = {H;| i € IF"*} and one has to define

5
los = Z o HY .
=3

dimensions d = 0, d = 1 and d = 2 appear. The only pair of dimension 0 is

of dimension 1 are ({4}, {3}), ({4}, {2}), ({3}, {2}), ({4}, {1}), ({3}, {1}) and

({25, {1}) < (31 {1) < ({31:{2}) < ({4}, {1}) < ({4}, {2}) < ({4}, {3})
({43} {1,2}) < ({43}, {2,1}) < ({42}, {3, 1}).
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Therefore, (0,0) is assigned the number 0, ({2}, {1}) the number 1, ({3},{1}) the number
2, ({3},{2}) the 3, ({4},{1}) the 4, ({4},{2}) the 5, ({4},{3}) the 6, ({4,3},{1,2}) the 7,
({4,3},{2,1}) the 8 and ({4,2},{3,1}) is assigned the number 9.

Thus, r =9 and

4
So=Ty = {[TFX] dag,..,as eR: Ezzo‘in‘*}»
i=1
5
In = {[ﬁ/] Jaz,as € Ryas € R : K—ZaiHi*}’
i=3
asa 6
I's = {[7’[‘2/] Jag,...,as € R,ag € R*: f:<oz2+ 25>H;+ZO%H:},
6 i=4
a0 Qza 8
Fg = {[ﬂ}/] 30617--~7Q7€R,048€R*: €:<a1+ 2 6_ 3 5>HT+ZC¥1H1*},
s a8 i=4
Ty = {[Wé/] Jag,...,ag € R,ay € R*: f:<a2+a4a5)H;+<a3+a4046)H§
(0%4 a7
7
+ZO&Z‘HZ<*},
i=5
Is = {[”X”Halv---aaseRageR*: £:<a1+0‘20‘7_044045)Hf
a9 Q9
9
Q408 N
+(a3— - )Hgk—#—ZaZHZ}
=5
Te = {[”X”30‘17---7049€R,04106R*: £:<a1+0‘3a7_0446¥6)Hik
@10 10

10

Q309 g0y

+(a2+ - )H2+ZQH}
a10 a10 P

8
'z = {[WX] J a5, 06,7 € Ryag € R : K:Zaiﬂg“}’
i=5

9
I's = {W] Jas,...,a8 €ER,ag €R*: E:Zai}[;‘} and
=5

10
'y = {[Tf‘X] 3&5,...,&96R,@10€R*2 KZZOZZH:}
=5

As for n = 3, here, one can also see by a similar example that the situation in which the
polarizations p; are discontinuous in ¢ on the set {{o/| O' € (g*/G)24} occurs.

Now again, regard the three cases of Proposition 3.1 that were distinguished in the
proof of the conditions of Definition 1.1.
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1. If one chooses the sequence (Of)ren as

1
k

1 1
bH; + (1 +b) Hi — L H + H;

O =< aHY
k {a 1+ L L

a,bER},

then [WXO ] € Iy for every k. Furthermore, every £ € Oy is of the form
k

1
k

1

gk :a,ngf—i— %

1
+ by, ) Hj — - H3 + H

bngS + (
for as, , by, € R. If ay, g a; and by, g bs, the sequence ({;)ren converges to
(= a;H{ +b;H} + Hi € {aH} +bH} + Hi| a,b e R} =: O

and therefore, [WZQ] ely.

As the orbit O does not depend on /, it is the only limit point of the sequence (Ok)ken-
Hence,
L((Op)ken) = {O}, where 2=dim(0Oy) =dim(0O) VkeN,

and this is an example for the first case of Proposition 3.1 regarded in the proof of the
conditions of Definition 1.1.

2. Now, choose the sequence (O )ren as follows:

1 1
O = {GHT + Hj + %bH;}k + Hy + %Hg

a,be R}.
Then, [WXD ] € I's for every k, and every £ € Oy is of the form
k

1 1
Uy =ap Hy + Hy + %bnggf +Hj + %Hg

for as, , by, € R. If ay, g a; and by, gy b;, the sequence ({;)ren converges to
(= a;Hi + H; + Hi =: 0;
and {WXQJ € I'yg. Moreover,
L((Or)ken) = {Of| a5, b; € R}, where dim(Oy) =2, dim(0;) =0
Vk € NVYO; € L((Og)ken)-
Hence, this is an example for the second case that was regarded in Proposition 3.1.

3. For an example of the third case, choose

8
1 1
O = <aH{ +bH Hi + dHy 1+ |H: g—ka
k {a1+ 2+C 3+ 4+<+k> 5+i:6k1

a,b,c,dER}.

Then, [WZQ ] € I'; for every k, and every £ € Oy is of the form
k

8
1 1
Uy = ag, H{ + by, H5 + ¢o, H3 + do, Hy + <1 + k)Hg + E %Hi*
=6
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k— k— k— k—
for agk,bgk,Cgk,dgk e R.If ag, = ag, bgk - bg, Cy,, = 7 and dy, = dg, the

sequence ({)reN converges to
(= azH{ +b;H; +c;H} +dzHf + HE € {aHf +bH; +c;Hj +dH; + HE| a,b € R} =: O;
and thus, [WXDZ] € I'y. Here,
L((Ok)ren) = {0j| ¢;,d; € R}
and hence,
0 <2=dim(0;) <4 =dim(0O) VkeNVO; € L((O)ren).

Therefore, this represents an example for the third case appearing in the proof of the
conditions of Definition 1.1.
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4 The C*-algebra of SL(2,R)

In this section, the C*-algebra of SL(2,R) will be examined. At the beginning, the Lie group
SL(2,R) and some of its subgroups will be introduced and some important definitions and
results which are needed in order to prove the conditions listed in Definition 1.1 and hence
to determine the C*-algebra of SL(2,R) will be recalled. Section 4.2 is about the spectrum
of SL(2,R) and its topology and in the following two subsections, the above specified con-
ditions will be computed for the group G = SL(2,R). Finally, in Section 4.5, a result about
the C*-algebra of SL(2,R) will be presented and the concrete structure of C*(G) will be given.

For the group SL(2,R), Condition 1 of Definition 1.1 is obvious by the definition of
the sets I'; and S; for ¢ € {0,...,7} which will be given in Section 4.2. Condition 2 follows
directly as well since SL(2,R) is a connected linear semisimple Lie group. The proof of
Condition 3(a) is rather short and straightforward, while the main work of the proof of the
conditions of Definition 1.1 consists again in the verification of Condition 3(b). Nevertheless,
its proof is less long and less technical than in the case of the two-step nilpotent Lie groups.

4.1 Preliminaries

In this section, let
G:=SL(2,R)={Aec M(2,R)| det A =1}

K= 5001 = {1 o= (22 09)

sinp  cos

and let

Y E [0,2#)}

be its maximal compact subgroup. Furthermore, define the one-dimensional nilpotent sub-
group N of G and the one-dimensional abelian subgroup A of G by

S e R (A [

g=sl(2,R)={A e M2,R)| trA=0}

Let

be the Lie algebra of G.

From the Iwasawa decomposition, G = KAN and thus, for every g € G there exist

k(g) € K, p € N and H(g) € a, where a = { (é —Ot> ‘ te R} is the Lie algebra of A, such
that
9= r(g)e"p.

Moreover, define on a the mappings p and v, for u € C as
t 0 t 0
,0(0 —t) =t and vy, <O —t> =ut VteR.
Furthermore, let

L*(K)y = {feL*K)| f(k)=f(-k)Vke K} and
LK)~ = {felXK)| f(k)=—f(-k) Vke K}
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and define for every u € C the representations P+* on Hpru := L*(K)y and P~% on
Hp—w = L*(K)_ as

PEU(g) f(k) i= e~ et 1k)f( (9~"k )) Vg e GVf e L}(K)+ Vk € K.

Remark 4.1.

The representation (77+’“, 7-[7;+,u) is irreducible if and only if u & 2Z+1 and the representation
(P_7U,H'p—,u) 1s irreducible if and only if u & 27.

Furthermore, (73+’“,7-[7>+,u) and (Pf’“,pr,u) are unitary for u € iR.

For the proof, see [20], Chapter IL.5, I1.6, VIL.1 and VII.2.

For simplicity, within this section, the representations will be identified with their equivalence
classes.

Lemma 4.2.
For every function f € L*(K)+ and every g € G,

[0 (g™ )k = 17 B
K

The proof can be found in [20], Chapter VII.2 and is part of the proof of the unitarity of the
representations P for u € iR.

Lemma 4.3.
For every g € G and every u € R, the operator (P+’_“(g))_1 is the adjoint operator of
PHU(g) with respect to the usual L?(K)-scalar product.

Proof:
As u and thus also e~ = +t2)HE7'%) gre real, with Result (7.4) in [20], Chapter VIL2, which is
similar to the equation given in Lemma 4.2, one gets for f1, fo € L?(K).,

<P+’_u(g)f17 ,P+’u(g)f2>LQ(K)

- / PHv(g) fu (kP (g) falR)dk

Ot HGTD fy (g7 k) et G0 £y (g L) ) db

Il
\

e M (11 1) ((9™"k) )k

fif2)(

K
Z
/
= (f1, [2)2()
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Definition 4.4 (n-th isotypic component).
For a representation (7, Hz) of K define for every n € Z the n-th isotypic component or
K-type of ™ as

Hz(n) :== {v € Hz| 7(kp)v = ™v Yy € [0,27)}.

A representation (7, Hz) of G is called even (respectively odd), if Hz ,(n) = {0} for all odd n
(respectively for all even n).

Every irreducible unitary representation of G is even or odd.
Furthermore, the algebraic direct sum

P #H=(n)
ne”

is dense in Hsx.

Remark 4.5.
By the definition of the Hilbert spaces L*(K)+ of PT" for u € C, it is easy to verify that
P s even for every u € C and that P~% is odd for every u € C.

By the definition of the n-th isotypic component, one can remark that
Hpsu(n) =C-e ™ forallevenn € Z and Hp-u(n)=C-e ™ for all odd n € Z.
In order to prove this, let n € Z even, f € Hp+.u(n) and define ¢ := f(1g) € C. Since
Hpeu(n) = {F € LK) PH(k,)f = €% f Vg € [0,2m)}
= {FeL2(K)| f(k;' ) =™ fVpe02m)},

one gets ‘ A

FE;Y) = (k' 16) = ™ f(1g) = €"¥cy.
Therefore, f(k,) = e "¢y and since one can choose ¢y € C arbitrarily, Hp+.u(n) =C-e
The second statement follows analogously.

Definition 4.6 (Casimir operator).
Let {-,-) be the non-degenerate symmetric and Ad -invariant bilinear form on g defined by

(X,Y):=2tr (XY) VX,Y €q.

Furthermore, choose the basis {X1, X2, X3} of g, where

0 1 00 1/1 0
X1 = (0 0), XQ.— (1 0) and X3—2(0 _1),

as well as its dual basis {Xl,Xg,X'g} with respect to (-,-) with X = %Xg, Xy = %Xl and
Xg = X3.
Then, the Casimir operator € of g with respect to (-,-) is defined as

3
o1
=Y X;X;= 5 (X1X + X5 X1) + X2.
=1
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Here, products are regarded in the universal enveloping algebra U(g).
If now m: g — gl(V) is a representation of g, one can define w(€) as

3

(€)= ZW(XZ)W(XZ) =

=1

(m(X1)7(X2) + m(X2)m(X1)) + 7(X3)? € gl(V).

[N

For every representation w: G — GL(V') of the Lie group G, n(%€) satisfies
w(g)om(€) =7(€)on(g) VgeCG
on the space V° := {v € V| G 3 g+ w(g)v € V is smooth} of smooth vectors of V.

In general, the definition of the Casimir operator can be made with an arbitrary basis of g
and an arbitrary associated dual basis. If one takes an arbitrary non-degenerate symmetric
and Ad-invariant bilinear form on g, its definition changes by a scalar multiple.

As %(Xng + XoX1) + X§ = X§ — X3+ X1 X5, one can also write the Casimir operator as
€ = X2 — X3+ X1 X,
and for a representation 7 of g, one then gets
(%) = m(X3)? — 7(X3) + 7(X1)7(X2).

Definition 4.7 (p,).
Denote for n € Z by b,(f) the n-th Fourier coefficient of f € L*>(K)+ which is defined as

bu(f) := \flfl / f(kp)e ™ dk,,
K

and let '
pa(f) == bon(fle™™.

One can easily show that for every u € C and for every n € Z the operator p,, is the projection
from Hp+u = L?(K)+ to the n-th isotypic component of the representation P+,

4.2 The spectrum of SL(2,R)
4.2.1 Introduction of the operator K,

Now, an operator K, which is needed in order to describe the spectrum of G will be
introduced using the Knapp-Stein operator.

Define

C(K)y = {feC™K)| f(k)=f(—k)Vke K} and
Co(K)_ = {feC®K)| f(k)=—f(—k)Vke K}

and let
Ju: CP(K)y — C®(K)y for u € C with Reu >0
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be the Knapp-Stein intertwining operator, which intertwines the representation P™% with

(1) _01> and extend f € L?(K) to G

by using the Iwasawa decomposition G' > g = r(g)e 9y for k(g) € K, H(g) €aand € N.
Then, defining f, (n(g)eH(g)u) = e*("“+p)H(9)f(/£(g)), this operator can be written as

the representation P ~%. Furthermore, let w := kg = <

Juf (k) = /fu(kuw)du Vf € C%(K)y Vi € K. (14)
N

This integral converges for Rewu > 0 (see [20], Chapter VII or [33], Chapter 10.1).

The mapping f +— J, f is continuous and the family of operators {.J,| u € C} is holomorphic
in u for Reu > 0 with respect to appropriate topologies (see [20], Chapter VIL.7 or [33],
Chapter 10.1).

For u € R, the operator J, is self-adjoint with respect to the usual L?(K)-scalar product.
Moreover, one can extend the function u — .J,, meromorphically to C (see [33], Chapter 10.1).

Then, for every u € C for which the operator J, is regular, it is an intertwining operator from
P o P,

Remark 4.8.
The operator J,, commutes with the projections p, for alln € Z and for every u € C for which
Ju 1s regular.

This can be explained in the following way: Since the operator J, is a G-intertwining operator,
it is a K-intertwining operator as well. Thus, one can show as follows that it leaves Hp+.u(n),
the above defined n-th isotypic component of the representation P*%, invariant:

Let f € Hp+u(n), ie. PT¥(ky) f = e f for every ¢ € [0,2m). Because of the intertwining
property, one gets

e Juf = J, 0P (k:@)f =ph (k¢) oJuf.
Therefore, J,f € Hp+-u(n) and since Hp+u(n) = Hp+.a(n) for every @ € C, one has
Juf € Hp+u(n).
From this, one can easily conclude that p,, o J, = J,, o p,, and the assertion follows.
One can now deduce that the operators J, have the property
Jul?-lp+,u(n) = cn(u) . id\Her,u(n) for all even n € Z, (15)

as an equality of meromorphic functions, where ¢, : C — C is a meromorphic function for
every even n € Z. This follows from the above remark together with the fact that Hp+.u(n)
is one-dimensional.

Using standard integral formulas (see [20], Chapter V.6), one gets by (14) for u =1

(P =c [ 1 feCK),
K

for a constant ¢ > 0. Hence, and since Hp+.u(n) = C - e~ for every even n € Z which was
stated above, one gets

(1) #0 forn=0 (16)
o =0 forneZ)\{0} even.
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For convenience, an explicit formula for the quotients of the functions ¢, will now be given.
However, this formula will not be used in this work. Instead, further necessary properties of
the intertwining operator J,, and the functions ¢, will be concluded from the irreducibility of
the representations P*%.

Remark 4.9.
The quotients of the functions ¢, can be given by

co(u) _ (w—1@=3)--(u—(|n| - 1))
co(u) (u+1)(u+3)---(u+(|n[—1))

This formula can be deduced from a formula in [7], Chapter 23, Appendix 1, which expresses
¢n(u) in terms of gamma functions, together with the gamma function recurrence formula.
Here, one has to remark that the definition of ¢, (u) in [7] differs by a sign from its definition
in this work.

. (—1)% foru € C and all even n € Z.

Next, it can be shown that
co(u) #0 for u e (0,1). (17)

For this, assume that co(u) = 0 for an element u € (0,1). Then, by (15), the operator J,
has a non-zero kernel. Furthermore, the representation P*" is irreducible on C*(K) (see
Remark 4.1). As ker(J,) is a closed invariant subspace with respect to the representation
Pt the kernel of J, has to be the whole space C*°(K); and hence, the operator J, is
identically zero. But there is no v € C with Rew > 0 such that the operator J, is identically
zero (see [33], Chapter 10.1). Therefore, cy(u) # 0 for every u € (0,1).

Thus, one can define

for u € C, as a meromorphic function.

I:emma 4.10. .
Ju 18 reqular at w =0 and Jy = id.

Proof:

First, one can observe that on Hp+,.(0), the operator Jy is always equal to the identity and
that in particular jO\HP+,o(O) al~so equals ileP+,o(0)-

Now, it has to be shown that J,, is regular at u = 0.

Since the mapping u +— J, is an operator-valued meromorphic function for v € C, one
can represent it locally as a Laurent series in 0 with finite principal part and operators as
coefficients in the following way:

o
Ju = Z Liu® on C®(K),
k=ko
for operators Ly, going from C*°(K) to C*°(K)4 for k > ko and where kg € Z is the smallest
number such that Ly, # 0.

Moreover, this gives

Ly, = lim w0 J,.
u—0
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Now, for the regularity of J, at u = 0 desired above, it has to be shown that ko > 0.

So, assume that kg < 0.

As every J, is an intertwining operator from Pt% to P+ % L, is an intertwining operator
from PO to itself, i.e. it commutes with PTC. Furthermore, Ly, vanishes on Hp+.0(0), the
space of all constant functions on K, because Ju equals the identity on Hp+,.(0) and thus
does not have a pole there.

Since Ly, commutes with P+, it vanishes on PT0(g)Hp+.0(0) for every g € G. In addition,
as Remark 4.1 stays valid if one replaces the space Hpto = L2(K)4 by C®(K),, the repre-
sentation PV is irreducible on the space C*°(K). Furthermore, for every 0 # & € Hp+.0(0),
the subspace span{P+’0 (9)¢l g € G } is G-invariant and hence, by the irreducibility,

C™(K)4 C span{P+9(g)¢| g € G}. Thus, Ly, vanishes on the whole space C*(K), which
is a contradiction to the choice of kg.

Therefore, one gets ky > 0, which means that the mapping u — J,, does not have any poles
in u = 0. Hence, J,, is regular at u = 0 on C*®(K).

As above, as a limit of intertwining operators, Jy = }LIL% Ju is an intertwining operator,

which intertwines the irreducible unitary representation P with itself (see Remark 4.1 for
the irreducibility and the unitarity of P+, again replacing the space Hp+o = L?(K), by
C*°(K),). Thus, by Schur’s lemma (see Theorem 2.6), Jy is a scalar multiple of the identity.
Since it equals the identity on Hp+.0(0), one gets Jy = id.

O
From (17) and Lemma 4.10, one can conclude that
cn(u) .
() >0 forwue (0,1) and for all even n € Z : (18)
Colu

Using the same argumentation for the operator J, as in the proof of (17), one also gets that
en (u) # 0 for every u € (0,1).

co(u)

Furthermore, from Lemma 4.10, one can deduce that

ew(0) _
co(0)

2 on (0,1), one gets iﬁ((ff)) > 0 for all uw € (0,1) and all even n € Z and (18) is shown.

1, and with the continuity of

Now, define a scalar product on C*°(K) as follows:

(1. fo)u = (Jufr, f2>L2(K)'

Lemma 4.11.
(-, ) 18 an invariant positive definite scalar product for u € (0,1).

Proof:

(-,-)u is hermitian:

By the definition of J,, and as J,, is self-adjoint with respect to the usual L?(K)-scalar product
for w € (0,1), this is straightforward.

(-, *)u is invariant:

By Lemma 4.3, for every g € G, the operator (P*?“(g))fl is the adjoint operator of P ~%(g)
with respect to the usual L?(K)-scalar product. Now, let fi, f» € C®(K),. Then, as Ju
intertwines P% and P %, one gets for every g € G,
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(PP f1. PP 9 f2), = (JuoPT(9)f1,PT(9)f2) 12
= <73+,—u(g) © juf17p+7u(g)f2>L2(K)
= <juf17f2>L2(K) = (f1, f2)u-

(-, )y is positive definite:
As @ < o by (18), one gets for every n € Z and f € Hp+.u(n) by (15) above,

co(u)
G P = b Dy = ) lidgge b ) = P (f i 20 and
co(u) & L2(K)  co(u)
(fiflu=0 = (f,flr2x)=0 < [f=0.
Now, it will be shown that the algebraic direct sum
@ Hp+u(n) is orthogonal with respect to (-, -)y. (19)

As PT% is an even representation, only K-types for even n € Z appear. So, let ni,no € Z
even with ny # ng and let f; € Hp+.u(n1) and fo € Hp+u(ng), ie

PHU(kp) fr = €™ fi and  PHU(ky)fa = €™ fy Vi € [0,2m).
Then, because of the invariance of (-, -),, shown above, one gets for all ¢ € [0, 27),

(fi.fo)u = (PT¥(ky)fr. PP (kp) f2), = (e™Pf1,e™%fy)
e MT)P(f) fo)e

As this is true for all ¢ € [0,27) and as n; # na, one gets (f1, f2)» = 0 and (19) is shown.

Now, since the direct sum € Hp+.(n) is orthogonal with respect to (-,-), and dense in
nez
Hp+w = L2(K) 4, the above observations hold for all f € C*®(K),.

O

The completion of C*°(K )y with respect to the scalar product (-,-), yields a Hilbert
space H,. Considering the restriction of the representation P** to C*°(K); and then
continuously extending it to the space H,, one gets a unitary representation which will be
denoted by P™% as well. G acts on H, by this unitary representation PT%.

Furthermore, let d,(u) := c"gug > 0 for u € (0,1). Next, a unitary bijection

Ky:H,— L*(K)y Yue(0,1)
shall be defined. On the n-th isotypic component in H,,, define K, by

Ku|7-t7,+7u (n) := dn(u) - idIHp+,1L (n) for all even n € Z.
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Then, one can extend this definition to finite sums of K-types. This operator also is self-adjoint
with respect to the usual L?(K)-scalar product and for finite sums of K-types fi and fo

<Kuf1aKuf2>L2( = (K] flaf2>L2(K (Juf1, f2>L2 = (f1, f2)u-

From this follows directly that it is unitary (if one regards the space H, equipped with (-, ),

and L*(K)y with (,-)2(k)) and hence, because of the density of @ Hp+u(n) in H,, one
neZ
can extend K, continuously on the whole space H,,.

Moreover, K, is continuous in v and one also has the property lin% K, =1d.
Uu—r

By its definition, the operator K, commutes with the projections p, for all n € Z as well.

Now, by [20], Chapter XIV.4, one gets the identity
J_y o Jy =(u)-id, (20)

where u +— 7(u) is a meromorphic function. One can also obtain this equation by observing
that J_, o J, intertwines the representation P™%, which is irreducible for almost all u € C
(see Remark 4.1), with itself, and by using a version of Schur’s lemma for (g, K')-modules.

By restricting the above equation to the n-th isotypic component, one thus gets the relation

cn(u)en(—u) = y(u) for all even n € Z (21)

as meromorphic functions.

Next, another scalar product on the space C®(K) 1 := {f € C®(K){| po(f) =0 Vn < 0}
is needed.

For this, define
~ 1

T = Gy

for u € C as a meromorphic family of operators. Then, on Hp+,.(2) the operator j(u) is equal
to the identity for every w € C and in particular J(1)|H7>+71(2) equals id"Her,l(Q).

Moreover, define the space C®(K)_ := {f € C®(K)4| pa(f) =0 Vn > 0}.

The representation P! is irreducible on the spaces C*°(K),; and C®(K),_ (see [32],
Chapter 5.6).

Lemma 4.12.

(a) j(_u) o j(u) = j(u) o j(_u) =id as a meromorphic family.
(b) j(u) is reqular at u = —1 and
ker(j(_l)) NC®(K)4y = ker(j(_l)) NC*(K)4+— = {0}.
Furthermore, j(,l) is an intertwining operator of PH—1 with P!,

(c) J YO (K) 44 @O (K)4_ 15 Teqular at u = 1.
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Proof:
For all n € Z and all u € C,

(20) v(u) (21)

Tew Ty um = CQ(U)CQ(_U)'zleP%“(") = i

P+ (n)

and thus,

J—wy 0 Jw) = Jw) © J(—u) = id

for u € C as a meromorphic family and (a) follows.

Because the mapping u +— j(u) is an operator-valued meromorphic function for u € C, one
can represent it locally as a Laurent series in —1 with finite principal part and operators as
coefficients in the following way:

Ty =Y Le(u+1)F on C®(K),
k=kg

for operators Ly, going from C*°(K)y to C°(K)4 for k > ko and where kg € Z is the smallest
number such that Ly, # 0.
Then, one gets

= lim(—u + 1)_k0j(_u) = lim (—u + 1)_k°i (22)

L
K u—1 u—1 02(—u)

0

and thus, as a limit of intertwining operators, Ly, is an intertwining operator of Pt~ with
P+1. Now, it shall first be shown that

Ker(Lyy) N C (K )4+ = ker(Lyy) N C%(K)4— = {0}. (23)

Since Hp+.1(n) = Hp+,-1(n),

Lioa s y(ny = On - idpe, () fOr ay = lim (—u+1)"".

AsC®(K)1y = @ Hpra(n)and C°(K)y— = @ Hp+.ai(n), for (23) it has to be shown

TLEZ>0 nEZ<0
n even n even

that a,, # 0 for all even n € Z \ {0}.
By (21), one has
cn(uen(=u) _ ~(u)

ca(—u) ca(—u)
i.e. the left hand side does not depend on n. So, the order of the pole for the limit for u — 1
has to be the same for every n € Z. But as ¢, (1) = 0 for n # 0 and ¢o(1) # 0 by (16), co(—1)
has to be 0 in order to get the same order of the pole for n = 0 and n # 0. It follows that
ap = 0. As ko was chosen such that Ly, # 0, there has to exist 0 # n € Z with a,, # 0.
Furthermore, from (14) one can conclude that J,f = Jgf for all u € C with Reu > 0.
By extending meromorphically, this holds for all v € C and, by regarding the n-th isotypic
component, one can deduce that ¢,(u) = c_,(u). Hence, one gets for every n € Z and every

I
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u € R that ¢,(u) = c_p(u). This means that there also exists an integer n; > 0 such that
ap, # 0 # a_y,. Therefore,

LkO‘H'P-hl(nl) = am .Z‘d|H’p+71(”1) 7&0 7é a—ny .id‘HPhl(*nl) = Lk0|7'i7>+,1(—n1)
and thus,
Im (LkO\HP+,1(n1)> C Hp+a(n1) C C*(K)4y and
Im (LkﬂlHP+,1(—n1)) C Hp+,1(—n1) C COO(K)JF,.

So, in particular Im (L, )NC®(K) 44 # {0} # Im (L, )NC>(K)4_. Since P! is irreducible
on C*(K)4+4 and on C*°(K)4_, one gets

Im (Lg,) N C®(K)44 = C*(K)4++ and  Im (Lg,) NC®(K)4— = CF(K)4—,

where the completions are regarded in the spaces C*°(K);y and C°°(K)4_, respectively.
Hence, Hp+1(n) C Im(Lyg,) for all even n # 0. Since LkOIHP+,1(n) = an - idpy, | (n), ODE
therefore gets a,, # 0 for every even n # 0 and thus, (23) follows.

One can now conclude that ky = 0:

Because

s —ky -
Lkojpy a2 = Iy (—ut 1750 widppy, 2

does not have any poles, kg # 0, and as it does not have any zeros, kg £ 0.
Hence,

Ly = lim J(_,y = Ji_y)

u—1
and thus, (b) follows by (23) and as Ly, intertwines pr-t with P+’1.~ . .
Now, by (b), J() is regular at u = —1. As by (a), one has J_j) o Jq) = Jq)o Ji_1) = id
and since by (b) the operator j(_l) is nowhere equal to 0 on C*°(K);4 @& C*°(K)4_, the

operator j(u) has to be regular on C*°(K )4y & C®°(K)4_ at u =1 as well and (c) is shown.
O

j(l) is not identically 0 on the space C*°(K)i,, because it equals the identity on
Hp+.1(2). Thus, regard the operator j(1) on the space C°°(K ). This operator is injec-
tive, since for every f € C°°(K)yy with j(l)(f) = 0, one gets by Lemma 4.12(a) that

0= J1y o Juy(f) = id(f) = f.
Now, define for all functions f1, fo € C*°(K)44,
(s F2) ) = (T fus F2) 1o -
Furthermore, choose fl in such a way that j(,l)(fl) = f1. Then, by Lemma 4.12,
(fi. f2) )y = <f17f2>L2(K) (24)

since the scalar product does not depend on the choice of fl: .
It is possible to add an element fg.,. € ker(J(_l)) to the function f;. But by the above

Lemma 4.12(b), one has ker(j(,l)) NC®K)yy = ker(j(,l)) NC®K)y— = {0} and
therefore, frer € {f € C®(K)4+| pn(f) =0Vn # 0}. Thus, the function fie, is orthogonal to
f2 € C°(K) 4y = {f € C°(K)4| pu(f) =0 Vn < 0} and the scalar product stays the same.
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Lemma 4.13.
(*s-)1) is an invariant positive definite scalar product.

Proof:

(*s+)(1) is hermitian:

Like above for (-, -),, this is straightforward.

(*;-)(1) is invariant:

Let f1, fo € C®°(K) 4, and choose f; such that j( 1) (fl) f1.

Then, as J( 1) intertwines P+~ and P! by Lemma 4.12(b), for every g € G,

Jon (P9 f1) = PPAg) 0 Jny (i) = P (9) e

Hence, one can choose

PHi(g)fr =P o) fi.

Since by Lemma 4.3 for all g € G the operator (P*!(g)) s the adjoint operator of P+~1(g)
with respect to the usual L?(K)-scalar product, one gets for every g € G,

(PP PP )y = (PP @APY0f),
= (P 9/ PPN f2)
= (i f2)px

(

fi, 2>(1)

(K)

L2(K)

—

(*;+)(1) 1s positive definite:
cn(u)
ca(u)

> 0 for every u € (0, 1), since

() culw) colu)
ca(u)  co(u) co(u) =0

(u)

by (18) of the beginning of this subsection. Hence, its limit lim1 z;(u) is larger or equal to O
u—

as well. Therefore, similarly as above for (-, ), for every n € N* := N\ {0} and for every
fi € Hp+.1(n), one gets

cn(u)

(fi. 1)) = (Ja f17f1>L2 (fr. fi)rze) 2 0

u%l Co (u)

from the argument above and since Hp+.1(n) = Hp+u(n) for every u € (0,1). Moreover,
because of the injectivity of J(y)

f1_0<:>J f1_0<:> lim on (1)
ualcQ(u)

f1:O>

which means that lim < > 0. Hence,
u—s1 €2(u)

(fifi) )y =0 <= (fi, )2y =0 <= fi=0.
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Like in (19), one can prove that the algebraic direct sum @ Hp+.1(n) is orthogonal with
neN*
respect to (-, -)(1). Due to this and as the direct sum is dense in C°°(K), the positive

definiteness everywhere is shown.

O

The completion of the space C°°(K);y4 with respect to this scalar product gives a
Hilbert space which will be called Hy).

The same procedure can be accomplished for C*(K)— = {f € C®(K)+|pa(f) =0Vn > 0}:

Here, define the operator Jj, as
- 1

T : c_o(u)

for u € (0,1) as a meromorphic family of operators. Like above, it can be shown that j[u} is
regular at v = 1 on C*°(K)4_ and is not identically 0 there.
Thus, define again for all f1, fo € C*°(K)4_,

(oo Py = (T J2) oy

This is another invariant positive definite scalar product. The completion of the space
C*°(K)4— with respect to this scalar product gives a Hilbert space called M-

4.2.2 Description of the irreducible unitary representations

Now, some convenient realizations for the spectrum of SL(2,R) shall be provided.
The spectrum G of G = SL(2,R) consists of the following representations:

1. The principal series representations:

(a) PT for v € [0, 00).
(b) P~% for v € (0, 00).

See Section 4.1 above for the definitions.

2. The complementary series representations C* for u € (0,1):
The Hilbert space Hcu is defined by

Hew := L*(K)4
and the action is given by
C'(g) =Ky o P™(g) o K, !

for all g € G, where here again P™%(g) is meant in the following way: One considers
the restriction of P**(g) to C°°(K)4 and then continuously extends it to the space H,,
(see the definition of H,, in Section 4.2.1).
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3. The discrete series representations:

(a) Djf, for odd m € N*:

(i)

Df’:
The Hilbert space 7-[Dl+ is given by

defined in Section 4.2.1. The action is given by
Df = PHL

Here again, as well as in all the definitions in this subsection, the represen-
tation P for the different values v € C is meant as described above: One
restricts it to the respective subspace of L?(K) and then continuously extends
it to the respective Hilbert space.

Dyt for odd m € Nxg:

As a Hilbert space HD;; for D;}, for odd m € N>3, one can take the completion
of the space

{f € Co(K) 4| palf) =0V¥n <m —1}

with respect to an appropriate scalar product, and as the action, one can take
D+ — 73+,m
R .

With this realization, the Hilbert spaces HD?Z for odd m € N>3 depend on
m. But as all of them are infinite-dimensional and separable, one can identify
them if one conjugates the respective G-action. So, fix an infinite-dimensional
separable Hilbert space Hp. The G-action is not needed for the determination

of C*(G).

(b) Dy, for odd m € N*:

(i)

Dy

The Hilbert space ’le— is given by
HD; = Hp

defined in Section 4.2.1 above and the action is given by
Dy =P

D,,, for odd m € N>3:
Similarly as for D, as a Hilbert space HD; for D,,, for odd m € N>3, one

m»
can take the completion of the space

{feC®EK)i| pu(f) =0Yn>—-m+1}
with respect to an appropriate scalar product, and as the action, one can take
D, =P

Again, the Hilbert spaces depend on m. One identifies them and takes the
common infinite-dimensional separable Hilbert space Hp fixed in (a)(ii).
Again, the G-action is not needed for the determination of C*(G).
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()

Dt for even m € N*:
As a Hilbert space Hpr for D} for even m € N*, one can take the completion of
the space

{f € Co¥(K)-| pu(f) =0Yn <m —1}
with respect to an appropriate scalar product, and as the action, one can take
Df =P,
Again, the Hilbert spaces are identified and one takes the common infinite-

dimensional separable Hilbert space Hp, as in (a)(ii).

D,,, for even m € N*:
As a Hilbert space /HD;L for D,,, for even m € N*, one can take the completion of
the space

{f EC(K)_| pn(f)=0Vn>—-m+ 1}

with respect to an appropriate scalar product, and as the action, one can take
D,, =P ™.

Here again, the Hilbert spaces are identified and one takes the common Hilbert
space Hp, as in (a)(ii).

4. The limits of the discrete series:

(a)

D+Z
The Hilbert space Hp, is defined by

Hp, = {f € L*(K)_| pa(f) =0 Vn < 0}

and the action is given by
Dy =P "

D_:
The Hilbert space Hp_ is defined by

Hp_ = {f € L*(K)_| pa(f) =0V¥n >0}

and the action is given by
D_ =P 0

5. The trivial representation Fi:
Its Hilbert space Hr, = C will be identified with the space of constant functions

{f € L*(K)+| pa(f) = 0 ¥n # 0}

Here, the action is given by

.7:1 (g) =1id

for all g € G. One also has

Fi1= P+’71,

as v_1+ p =0 and every f € Hr, is a constant function.
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A discussion of all irreducible representations of SL(2,R) without scalar products can be
found in [32], Chapter 5.6. But as the scalar products in this thesis are shown to be unitary
and invariant and as such scalar products are uniquely determined, they are the correct ones.
In [20], Chapter IL5, a different realization of the discrete series representations that is not
used in this work can be found. An alternative description of all irreducible unitary represen-
tations can be found in [22], Chapter 6.6.

Remark 4.14.
Hp-0o =Hp, ®Hp_.

Remark 4.15.

By the definition of the operator K, by means of its value on the space Hp+.u, one can easily
verify that py, also projects Heu to its n-th isotypic component Heu(n) for every n € Z.
Furthermore, for every irreducible unitary representation m of G, the operator p, leaves the
above defined Hilbert space H, invariant, since all of the Hilbert spaces are completions of the
space C*(K) fulfilling py,-cancellation properties for certain n € Z.

Hence, for every n € Z and for every irreducible unitary representation @ of G, the operator
P 1S the projection of Hr to the n-th isotypic component Hr(n).

4.2.3 The SL(2,R)-representations applied to the Casimir operator

In order to be able to describe the topology on CA}’, the above listed representations applied to
the Casimir operator will now be computed.

Lemma 4.16.
Applied to the Casimir operator normalized as in Section 4.1, the representations P for
u € C give the following:

PEUE) = — (v — 1) - id.

=~ =

Proof:
Following the discussion about the Casimir operator in Section 4.1, one can write P¥%(%) as

PHUE) = PH(X3)? — PHU(X3) + P4 (X1)PH"(Xa).

First regard P*%(X3). For this, let f € C°°(K)+ and let k = id for the moment. Then,

PEU(Xs)(f)(id) = PE (exp(tX3)) (f)(id),

d

o —(Vutp)(—tX3) £/ _ (vu+p)(tX3) £(;
a0 e fid) = ((ntp)(Xs)e 1))

= (vu+p)(X3)f(id)

_ %(u—i— 1) (id).

t=0

Thus, one can deduce that PE%(X3)2(f)(id) = }(u+ 1)?f(id).
Next, regard PH%(X1). Again, let f € C(K)+ and k = id. Then, since exp(tX;) € N for
every t € R, one gets
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% ’t:optu (eXp(tXl)) (f)(id)

d .
- £‘t:0f(zd) =0

PEUX)(f)(id) =

Hence, PE%(X1)PE%(X5)(f)(id) = 0 as well.
Therefore,

PEUE) (i) = 3 (ut 12F(id) — 3 (ut DfGid) = §(u® —1)f(id).
Now, to show this equality for general k € K, one uses the above stated fact that
PEU(g) o PEU(E) = PHY(€) 0 PHM(g) Vg €G.
So, let k € K. Then, for every f € C°°(K)4, on the one hand,

PEUE) o PEU(K)(f)(id) = PT*(k™) o PEUE)(f)(id)

PHUE) () (k).
On the other hand,
PEUG) o PEU (KT (F)(id) = (u? — )P (k) () (i)
1

= Z(UQ —1) f(k).

Thus,
PEUE)(f)(k) = 7 (u® = 1) f(k),

as desired.

O]

From Lemma 4.16, one can deduce for the irreducible unitary representations of SL(2,R)
listed above:

1. PER(F) =1(—v2—1)-id Vv € [0,00),

2. CY%)=Kyoz(u?—1)-idoK;' = 1(u?>—1)-id Vu € (0,1),

3. DE(E) =1 (m*—1)-id Vm € N,

4. DL(¢)=1(0—-1)-id=—%-id and

— 4

5. Fi(%) = 3((-1)2—1) -id = 0.
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4.2.4 The topology on Sm)

With the help of the computations above, it is now possible to describe the topology on G.

Proposition 4.17.
The topology on G can be characterized in the following way:

1. For all sequences (vj)jen and all v in [0,00),

v T
vy T2 pav ey ) 12,

2. For all sequences (vj)jen and all v in (0, 00),

—ius JTHOO j —00
P IR Pt e TR,

For all sequences (vj)jen in [0,00),

“)] ]—)OO

P ZX D, DY} = ;2% 0.

3. For all sequences (u;)jen and all u in (0,1),

cuIZX o = u;j X

For all sequences (uj)jen in (0,1),

uj j—)OO

C PO o 230

For all sequences (uj)jen in (0,1),

| —00

{D D;,]:l} < Uj J—) 1.

—00
o -7

C

All other sequences (mj)jen can only converge if they fulfill one of the following conditions:

(a) They are constant for large j € N. In that case, they have one single limit point, namely
the value they take for large j.

(b) For large j € N, they are one of the sequences listed above. Then, they converge in the
way described above.

(c) For large j € N, the sequence consists only of members P and C%. Then, it converges

to PT0 if and only if v; I2%0 as well as uj % (compare 1. for v =0 and the second
part of 3. above).

(d) For large j € N, the sequence consists only of members C* and Di". Then, it converges

to DY if and only if u; 7% (compare the third part of 3. above).

(e) For large j € N, the sequence consists only of members C* and Dy . Then, it converges

to Dy if and only if u; iy (compare the third part of 3. above).
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(f) For large j € N, the sequence consists only of members C% and Fy. Then, it converges to

Fi if and only if u; i oy (compare the third part of 3. above).

(g9) Forlarge j € N, the sequence consists only of members P~ and D. Then, it converges

to Dy if and only if v; 2% (compare the second part of 2. above).

(h) For large j € N, the sequence consists only of members P~ and D_. Then, it converges

to D_ if and only if vj % (compare the second part of 2. above).

Proof:

If a sequence of representations (Wj)jeN converges to a representation 7, the sequence
(7 (€) ) has to converge to m(%) as well. By the observations of Section 4.2.3, the left
hand smf thus implies the right hand side in all cases.

Now, for the other implication, it will first be shown that for a sequence (u;);jen in C, u € C
and for every compact set K C G,

w " u = sup [P (g) —PE(g)]],, 0. (25)
geEK
One has
sup [P ()~ P,
geK
= sup sup /"Pi,uj )(f)(k) _Pi,u(g)(f)(k)|2dk
geK feL*(K )
I fll2=
= sup sup /‘ —vu; H(g™! _e—l/uH(g_lk)‘Q —2pH(g ‘f( _1]{;)>‘2dk'
gekK fﬁLﬁ 4
2=

For g € K and k € K, g~ 'k is also contained in a compact set and therefore, H (g_lk:) is
contained in a compact set as well. As

~1
H(g_lk‘) = <h(go k) —h(;‘%)) for h(g~'k) € R,

there is a compact set I C R such that h(g _1/€) eI forall g€ K and all k € K. Hence,

sup sup /’ (97 'k) —VuH(g’lk’)‘26_2PH(971’€)’f<,@(g_1k))’Qdk
gEK fEL2
Hf\|2
; 2 2pH (g 1 2
< sup [e”%* — e sup sup / P ‘f( - k))‘ dk
zel geK feEL?*(K)+
[ fll2=1
et sup et — e T sup |l
zel fEL?(K)+
[ fll2=1
2 j 00
= sup e W® — v 12X
xzel

Therefore, (25) follows.
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From this, one can easily deduce that for a sequence (u;);en in C and u € C,

j— L=
uj Xy = pru X pEu (26)

in the sense of convergence of matrix coeflficients described in Theorem 2.8. Hence, one has to

show that for some f € Hp+.«, there exists for every j € N a function f; € Hp+.u; such that

j*}OO <

(PEY() £, Fi)ay PEYO s

7D:l:,uj

uniformly on compacta.
Let f € Hpsu = L*(K)+ and choose f; := f € L*(K)+ = Hp+u, for all j € N. Moreover,
let K C G be compact. Then,

Sup‘<7)iu] f]uf]>L2 <,Pi7u(g)f)f>L2(K)’

geEK

— Pi,uj . Pi,u ,
EEEK( (9) (9))f f>L2(K)’

< sup [P (g) = PEUg)||,, 11172k HOO — 0,
geK

by (25). Therefore, Claim (26) is shown, which directly yields the inverse implications of 1.
and 2. (using that Hp ,Hp_ C Hp-.v for all v € (0,00)).

Next, it will be shown that

(Ko PT(g) o KU f) iy = (PO ) o) (27)
forneZ,ue (0,1), g € Gand f € Hp+u(n).
So,let ne€Z,ue (0,1), g€ G and f € Hp+u(n). Then,

K. f = d; d Kj'f=——
Since K, is self-adjoint with respect to the usual L?(K)-scalar product, one gets

(Ko P (g) o K f f) oy = (PT™(9) 0 KM fo Ko f) o

= ZEZ; <P+7u(g)f7f>L2(K) - <,P+7u(g)f’f>L2(K)

=9

=

and (27) follows.

For the inverse implications of 3., one uses Equality (27) to be able to express the
matrix coefficients <7r ), f>7—l for a representation m € G as <73+ “(9)f, f>L2 . Then, by

(26) for f; = f, one gets the convergences needed:
So first, it has to be shown that for a sequence (u;);en in (0,1) and u € (0, 1),
u;j 2%y = ¢w 2% ¢ in G. (28)
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For this, let f € Hp+.u(0) = Hpt.u;(0). Furthermore, choose f; := f for all j € N. Then,
letting K C G compact, by (27) one gets

SUP <Cuj (g)fj7 fj>L2(K) - <Cu(g)fa f>L2(K)‘
geK
= sup <Ku] o P (g) ° Klef, f>L2(K) - <Ku o ,P—hu(g) © KJlf’ f>L2(K)‘
geK
= sup [(PEU () ) oy = (PT)F F) gy | = 0
geK

by (26). Therefore, (28) follows.

The same reasoning is valid if one regards u = 0 and P instead of C*. Thus,

-
ujj—of() = C“J S p+t0in G,

Now, it still needs to be proved that for a sequence (u;);en in (0,1),

]4)00

uj— 1 = C%"— iz

=X Dy, Dy, Fi} in G (29)

First, the convergence to D will be regarded:
For this, let f € Hp+.1(2). Then fe ’HD+ and J(l)f f. By Lemma 4.12(a) and with the

notation used in (24), f = J oJ( 1)f )f = f. Thus, by (24),

(DD = PG = (PN = (F PP
= <fap+’1(g)f>L2 = <P+1 ) f f>L2(K

Now, choose f; := f for all j € N. Hence, f; = f € Hcvi (2).
Using (27) and (26) again, one gets for compact K C G,

SUP ‘<Cuj (g)fj’ fj>L2(K) o <D1+(g)f, f>(1)‘

geEK

= sup [(PHU(9)F 1) oy — (PFHOSS) o | 3

geK

]—}OO

The proof of the convergence of (C“J‘)j ey to Dy for wu; I2% 1 is similar. One only has to
choose f € Hp+1(—2).
For Fi, let f € Hp+1(0). Then, f is a constant function and therefore, with Lemma 4.2,

[0 s (st ) [k = 1510
K

= [P = (PYGS ) ey = FLOL D g
K

(PG )y
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Again, choose f; := f for all j € N. As above, letting K C G compact, with (27) and (26)
one gets

sup [(C™ (9)F5. 13) ey — (F1 O ) o)

geK
= s [(PEU ), ) oy — (PTUOSS) a5 0,
geK

and (29) is shown.
This yields the inverse implications of 3. and thus, the inverse implication is shown for every
case.

At the end, it still has to be shown that there are no other possibilities of conver-
gence than the ones listed in Proposition 4.17. For this, one needs some preliminaries.

First, one can observe that if a sequence of representations (7rj) jeN converges to a representa-
tion m, then for all n with H(n) # {0}, there exists an integer J € N such that H,(n) # {0}
for all j > J.

To show this, choose f € H, in such a way that its projection to the n-th isotypic component
pn(f) =: f" is non-zero. Furthermore, let (f;);en be a sequence with f; € Hy, for every j € N

such that the sequence of matrix coefficients <<7r]() fi fj>7—[ ) N converges uniformly on
RIS

compacta to (7 (-)f, f>7—{. . Then, there is a g € G such that (7 (g)f", f">H is non-zero and,
defining fI' the projection to the n-th isotypic component of f;, it can be shown that the

sequence <<7rj(g) f,f?)H ) converges to <7r(g)f",f”>H . Therefore, fI' # 0 for large
i/ jEN ™

7 € N and the claim is shown.

So, in particular, if (7;)jen converges to m # 0, then for large j € N, there has to be a

common K-type for (7;); large and 7, i.e. an n € Z such that Hr(n) # {0} and H;(n) # {0}

for large j. (x)

Now, by Remark 4.5, the representations JFj, Dt for odd m € N*, C* for u € (0,1)
and P for v € [0,00) are even, while the representations D, D_, Dt for even m € N*
and P~ for v € (0,00) are odd. With the result shown above, this leads to the fact that the
set of representations {7, Dt ct, PH odd m € N*, u € (0,1), v € [0,00)} is separated
from the set {D;, D_, Di, P—"| even m € N*, v € (0,00)}.

First, regard the first set of representations.

If a sequence (73+7i”j)j€N for v; € [0,00) converges, (P (%))J.GN = (%( - UJQ- -1) w’d)jEN
converges as well and thus, the sequence (v;)jen has to converge. This sequence can only

converge to v € [0,00), which implies, as seen above, that lim PH®i = P So the
j—00

convergence indicated in 1. is the only possible one for (PJ““’j)j eN'
With the same reasoning, if a sequence (C“j)j oy converges, there are three possibilities
for the sequence (uj);jen: It can converge to v € (0,1), to 0 or to 1, which are the three
possibilities listed in 3.

Moreover, the three sets of representations {F1}, {D}},| m € N*} and {D;,| m € N*} can be
separated from each other, since they do not have any common non-zero K-type. Further-
more, as the values, that the representations D, and D, for m € N* take on the Casimir

operator, form discrete sets, the representations D;, , and D,J{w and the representations D,
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and D,,,, respectively, can be separated from each other for every m; # mo € N*. Again,
due to the values on the Casimir operator, {Dm m € N>1} and {D,_n] m € N>1} can be
isolated from all the other representations.

For these reasons, sequences (7;);en with elements in {Dj| m € N*} or {D;;| m € N*} can
only converge if they are constant for large k and in this case, they have one single limit.
Now, considering other sequences (7;)jen of representations in the set of even representations
given above, one has to regard again the value they take on the Casimir operator. Further-
more, taking into account (x) and the fact that Hpr NHp = Hpt MM = Hp-NHr = {0},
it is obvious that a sequence which is neither constant for large j nor one of the sequences
listed in 1. to 3. for large j, has to fulfill Property (c), (d), (e) or (f) in order to converge.
That the convergence is achieved in these cases, can be deduced from the proof given above
for 1. and 3.

Cases (a) and (b) are clear.

Moreover, regarding the second set of representations, with the same argumentation as
above for P if a sequence (P"“’i)j oy converges, then (v;) en converges as well, either to
v € (0,00) or to 0. This means that (P~"7)
or to {DJF,D,}.

Again, a converging sequence in {D:,CL\ m € N* even} or {D;l| m € N* even} has to be
constant and it has one single limit point.

As for the set of even representations, since Hp, NHp_ = {0} and by (x), the only possibility
of convergence for a sequence of representations that is neither constant for large j nor one
of the sequences listed in 1. to 3. for large j, is to fulfill Property (g) or (h). Also, it can be
deduced from the above proof for 2. that in this case, convergence is indeed achieved.
Again, Cases (a) and (b) are clear.

Hence, the given ones are all possibilities for sequences of irreducible unitary representations
of G to converge.

jen can only converge to a representation P "

O]

4.2.5 Definition of subsets I'; of the spectrum

Now, the spectrum will be divided into different subsets which are thereafter proved to meet
the requirements of the norm controlled dual limit conditions of Definition 1.1.

Define
Iy = {]:1},
Iy = {Df},
I, = {D;},
s = {D,},
ry = {D_},
U5 = {Dy|meNs},
Ig = {P+’i”|UE[0,oo)},
r; = {P_’i”|ve(0,oo)} and
Is = {C"ue(0,1)}.

86



Obviously, all the sets I'; for i € {0,...,8} are Hausdorff. The sets
Si = U Fj
7€{0,...,i}

are closed and the set Sy = I'g consists of all the characters of G = SL(2,R). In addition, as
defined in Section 4.2.2, for every i € {0,...,8}, there exists one common Hilbert space H;

that all the representations in I'; act on.
Therefore, Condition 1 of Definition 1.1 is fulfilled.

As every connected real linear semisimple Lie group meets the CCR-condition (see [9],
Theorem 15.5.6), Condition 2 of Definition 1.1 is fulfilled as well. Thus, Condition 3 remains
to be shown.

4.3 Condition 3(a)

For the proof of Condition 3(a) of Definition 1.1, as well as for the proof of Condition 3(b),
some preliminaries are needed.

Define the K x K-representation mx « g on the space Vy,. . := C5°(G) of compactly supported
C*°(G)-functions as

TKxK KXK—)B(CSO(G)),
Trexi (ki k2)h(g) := h(ky tgka) V(k1,k2) € K x K Yh € C5°(G) Vg € G.
Forall l,n € Z,

V7TK><K(l7n) = {h € CSO(G)‘ 7TK><K(k<pla ktpg)h = ¢ilertingz Y1, 02 € [0, 271')}
= {h e CF(O)] h(klgky) = 7 4792h(g) Veor, 0 € [0.27) .

Then, the algebraic direct sum @@ Vi, . (l,n) is dense in Vi, , = C§°(G) with respect
l,neZ

to the L'(G)-norm and as || - ¢« < || - lz1(@) on L'(G), it is dense with respect to the
C*(G)-norm as well. C§°(G) in turn is dense in C*(G). Hence, the algebraic direct sum

D Vik.x(l,n) is also dense in C*(G).
I,neZ

Let p;, be the projection going from Vi, . to Vi, . (l,n) defined in the following way:
For h € Vap, o = C3°(G) and g € G,
1 s
pl,n(h)(g) = W / h(kvlgkwgl)62l¢1ezn¢2d(k@1a k¢2)'
KxK

Due to the density discussed above and to the Corollaries 7.4 and 7.5 in the appendix, instead
of dealing with a general element a € C*(G), the calculations in Sections 4.3 and 4.4 can be
accomplished with a function h € C§°(G) fulfilling h = p; _,,(h) for some integers I, n € Z.

Lemma 4.18.
For f € L*(K)4 and h € C§°(G) with h = p;_n(h) for l,n € Z, one gets

PR (f) =P (h) (pa(f)) = i (P*”‘(h)( n(f))) Yu e C.

Furthermore, if h # 0, the integers I and n must be even.
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Proof:

First, one gets for ky € K,

[t )k, = [ e (s o) dn,

K

Therefore,

PHR)(f)

K

— /em(@w)f(kso)dkw

K

— /einsof(k:@)dk‘@ = |K| pa(f)(ky)-

K

h(g)P*"(g) fdg

pi—n(h)(g)PT"(g) fdg

L e— A

| g e ) P ) g
G KxK

[ et [nlbagh )P (o) sdod( )

A
/

/ eilgpl e—incpg h(g)'])'i‘,u (k'(;llgkgoz ) fdgd(ksﬁl ; k(,OQ)
KxK G
V)

1 : .
P / Pk / h(g)P"(g / e P (ky, ) fdkpydgdy,

IKI2

1
K2

K G
’K|/ zlsﬁl’P+u g01 /h p+u< )(pn(f))dgdk%
G
’K‘/eiltp173-5-,u(kgzll)P—s—,u(h)(pn(f))d]%1

P (PR (palD) )-

From this equality, one can also immediately deduce that P+ (h)(f) = PT¥(h)(pn(f)) by
replacing f by p,(f). Hence, the equalities of Lemma 4.18 are shown.
By these equalities and as f and P1%(h) (pn(f)) are in L?(K),, for h # 0, the integers [ and

n must be even.

O

Now, the proof of Condition 3(a) of Definition 1.1 can be executed.
Condition 3(a) is obvious for the sets I'; for i € {0,...,5}, as these are discrete sets.
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So, let v;,v € [0,00) and (P*’“’j)jeN a sequence in I'¢ converging to P, Then, v; 0.

Let h € C§°(G) be supported in the compact set K € G. Hence, similarly as in the proof of
(25), there is a compact set I C R such that

pr-l-,ivj (h) _ 73+,iv(h) H2

op
' 2
- / | / (P @) (k) — P (6) (P)(k) ) dg| di
feL?(K
Il fll2=
2
< suplee et aup / ( [ 1nto) e—PH@”f){f(m(g—lk))]dg) dk
zel fEL?(K)+ L
IIsz 1 K
Holder . ) 2
< sup efwj':p_efwx ||h||L2(G) // —2pH (g ( (gilk))’ dgdk
zel +

Ifllz 1

1All72 ()

]—)OO

— 0, (30)

2
Lemma 4.2 o v, —i
i ‘K‘ sup e T _ v
zel

as v; ]2;) V.

Because of the density of C§°(G) in C*(G) and by Corollary 7.4 which can be found in the
appendix, one gets the desired convergence for a € C*(G).

The reasoning is the same for I'7.

For I'g, let uj,u € (0,1) and (Cuj)jGN a sequence in I's converging to C* € I's. Then,

u;j =% Moreover, let h € C*(G) and let I,n € Z such that h = p; _,(h), as discussed at
the beginning of this subsection.

Let f € L*(K)y with || f[lp2() = 1.

Since Kgl commutes with p,, by Lemma 4.18, one has for every a € (0, 1),

CUI(f) = KuoPHi(h)o K'(f) = Ka0p1<77+’a(h)< n(Kgl(fD))

(@) pl(w’ﬂ(h)(Kﬁl(pn(f)))) = o (PHR) (al)) )

- j((z)) PR (f). (31)

uj . u] u U
|C* (R) Op H,/ P* ) PJr

with the same reasoning as in (30) and since u; 2%,
Because of the density of Cg° (G) in C*(G) and with Corollary 7.4, one gets the desired
convergence for a € C*(G) and thus, the claim is also shown for T'g.

Hence,

]—}OO

— 0, (32)
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4.4 Condition 3(b)

Now, only Condition 3(b) remains to be shown. This is the most complicated part of the
proof of the conditions listed in Definition 1.1.

Remark 4.19.

The setting of a sequence (vj)jen in I'; converging to a limit set contained in S;—1 = |J I}
1<
regarded in Condition 3(b) can only occur in the following cases:

(i) (7j)jen = (P—’ivj)jeN 18 a sequence in I'y whose limit set is '3 Uy = {D+,D_}.

(ii) (vj)jen = (C“j)jeN is a sequence in I's whose limit set is {PT} C I'7.
(111) (Vj)jen = (Cuj)jEN is a sequence in T's whose limit set is ToUT1 UTy = {F1, DY, Dy }.
For i € {0,...,6}, the sets I'; are closed and thus, the regarded situation cannot appear for

sequences (7;);en in I'; for i € {0, ..., 6}.

Since all the sequences regarded in the Cases (i), (ii) and (iii) of Remark 4.19 are
properly converging, the transition to subsequences will be omitted.

First, regard Case (i) mentioned in Remark 4.19.
Let (P‘?“’J’)J.GN be a sequence in 'y whose limit set is {D+, D,}. As P 12 {D+, D,},

it follows that v; 2%,
Now, a bounded, linear and involutive mapping

j : CB(Sg) — B(L*(K)-)

fulfilling

lim HP"“’J’ (a) — 75 (Fla)s,)| =0 Yaec@)

j—o0

‘op
has to be defined.
Since in this and in the following cases, this mapping will not depend on j, it will from now
on be denoted by 7 instead of ;.
Let p, be the projection from L?(K)_ to the space Hp, and p_ the projection from L*(K)_
to Hp_. Then, by Remark 4.14, one has L?(K)_ = Hp, ® Hp_, i.e. id|r2(k)_ = P+ +D-.
Now, let

ﬂ<¢> = I;{D+,D_}(¢) = w(D+) opy + w(D_) op_ vw S CB(S(;)
This is well-defined, as Dy, D_ € Sg and furthermore, v(1)) € B(Lz(K)_).
The linearity of the mapping 7 is clear. For the involutivity, let ) € C'B(Sg). Then, since p
and p_ equal the identity on the image of /(D4 ) and ¢ (D_), respectively,

(@) = (v@)ops) + (v )op )

= <p+o¢(p+)0p+)*+(p—olb(pf)op—)*
= piro¢"(Dy)opi +pl o™ (Do) opt
p+ o (Dy)opy +p_ oy (D-)op-
= *(Dy)opy +4"(D-)op- = D(¢").

*
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To show that # is bounded, again let i) € C'B(Ss):

2@, = [#)ops+vD)op ||, = max {4, @, }
< s 60l = Wl

Now, only the demanded convergence remains to be shown:
For h € C§°(G), one has

[P - o(Fmis)|) = [P - (FE@:) 0ps + F D) op-) i
= P — (Do ops +D_(h)op-) 2
= |Pmmm) = (PR ops + P(h) o) jp
= [P =P omf;, = o

as in (30) and since v; 2% 0.
Again, because of the density of C§°(G) in C*(G) and with Corollary 7.5, one gets the
desired convergence for a € C*(G).

Now, regard Case (ii) mentioned in Remark 4.19.
Let (C“J’)jeN be a sequence in I's whose limit set is {77+’0}. Thus, u; =20,
Here, a bounded, linear and involutive mapping

v : CB(S7) — B(L*(K)+)

fulfilling
lim ||C% (a) — 7(F(a)s,)|| =0 VaeC*(G)
j—o0 op

is needed.

Define

(1) = ip+o(¥) == (PTP) Wy € CB(Sy).
(1) € B(L*(K)4) for every ¢ € CB(S7) and 7 is well-defined, as PT0 € Sr.
The linearity and the involutivity of 7 are clear.
For the boundedness of 7, let ¢» € C'B(S7). Then,

12@)]|,, =[P, < sup [ )llop = I¥]ls,-
D
Y€ES7

op —

Again, it remains to show the demanded convergence:
Let h € C§°(G). Then, one can assume again that there exist {,n € Z such that h = p; _,,(h).

Since lim <2 = 1 for all 7, n’ € Z by (15) and Lemma 4.10, one gets with (31),

u—0 ¢y (u)
2
‘Cu;-(h) — ﬂ(f(h)|57) Zp = CC:L((ZJ])) PTui(h) — f(h)(P+,0)
2 'Op
- fl((f.)) Pru(h) — PHOm)| =0,




since u; "% 0 and with the same arguments as in the subsection above.
The desired convergence for a € C*(G) follows.

Last, regard Case (iii) of Remark 4.19.

Let (C“J‘) ._. be a sequence in I's whose limit set is {]—"17 Df, Dy } This means that u; =3 1.
eN J
Again, a f)ounded, linear and involutive mapping

7: CB(S7) = B(L*(K)4)
fulfilling

lim
Jj—0o0

CY(a) — v(F(a)s,)

—0 VaeC*(G)

‘op

is needed.
For this, let p be the projection from L?*(K) to the space {f € L*(K)4| pn(f) =0Vn <0}
and p_ the projection from L*(K)4 to {f € L*(K)+| pn(f) =0 Vn > 0}. Then, since

LAK)y = {f€L2(K)s| pa(f) =00 <0} + {f € L2(K)4| pu(f) = 0 ¥n >0}
+ {f € ()] palf) = 0 ¥ £ 0},

every f € L?(K), can be written as f = p, (f) +p_(f) + po(f).
Furthermore, let

dmg(l) = lim

for all even n >0 and
u—1 CQ(U)

dn7_2(1) = lim

for all even n < 0.
u—1 c_g(u)

The existence of these limits follows with Lemma 4.12(c) in Section 4.2.1 and the analogous
statement for Jp).
Now, define the operators

Kqy:Hay — L*(K)y by K(l)al+,1(n) i=dn2(1) -idjgy,, ,(n) forallevenn >0
and
Ky Hpy — LK), by K[l]IHP+,1(n) =dy,—2(1) - idjg,, 1 (n) for all even n <O0.

By definition, these operators are linear and they are unitary by the construction of the scalar
products defined on H 1y and Hjy). Moreover, like j(1) and j(—1), they are injective and, as
proved in Remark 4.8 for the operator J,,, Ky and K[;; commute with the projections p;, for
alln € Z.

One can easily see that

Kaqy(Ha) = {feL’(K)1|pa(f) =09n <0} =py (LX(K)y) and
Kyy(Hp) = {f € LAE)4| pa(f) =090 > 0} = p_ (L} (K)4).
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Hence, one can build the inverse of the operators K(;) and K[;) on the image of py and p_,
respectively. Therefore, one can define

v() = i){]—‘l,Di",’Dl_}(w) = K(l) O¢(D1 ) OK(l) op+ + K[l oy(D )OK[ 1 °P-
+ ¢Y(Fi)opy Yy € CB(Sy).

The mapping ¥ is well-defined, since D}, D] , Fi are contained in S7, and #(3)) € B(LQ(K )+)
for every ¥ € C'B(S7). In addition, its linearity is clear again.

For the involutivity and the boundedness, let ¢ € C'B(S7). Then, as K1) and K[;j are unitary
and as py, p— and py equal the identity on the image of K(;), K and 9(F7), respectively,

(o))"
= (K(l)ow(Df)OK( 1) ° P+ + Kl]ow( )OK[] op- + w(]:l)Opo)
= (moKl)Mb(Df) Kgyops + p-oKpoy(Dy)o Kyl op- + p00¢(f1)0po)
= ptoKqy "‘/’(Df—) ()Op+ +p—oK[1]O¢(D1)OK[1] op— + pooY*(F1)opo

= o(y*).
Furthermore, since HK(I)H HK Hop HK[HHOPHKEHOP =1, one gets
Hﬁ(w)Hop = HK(l)OdJ(Df)OK( 1) ° P+ + K[l]ow( )OKH op- + ¥(F1) OPOH

max{HK(l) o ¢(Di") oK1 . HKM oyp(Dy) o K[I] Hop, ||¢(.7:1)Hop}

mas {51, D, [eE)],,}
sug Hw(’Y)HOP = [[¥lls,-

YEST

A

For the demanded convergence, let h € C§°(G). Like in the proof of (ii) and Condition 3(a),
one can assume that there exist {,n € Z such that h = p; _,,(h).

Let f S LZ(K)+ with HfHLZ(K) =1.

Since K (_1; and K [il commute with p,, similarly as in the proof of (31), by Lemma 4.18, one
gets

o(F(h)s,) (f)
= K(l)of(h)(Df)oK(_l)lop+(f) + K[l]o./?(h)(Dl_)oK[ilop_(f)

+ F(h)(F1) o po(f)
= KqyoDf(h)o Ky opi(f) + KpjoDy(h)o Ky op_(f) + Fi(h)opo(f)
= KpyoPH(h) oKy opi(f) + KpoPH(h)o Kyl op_(f) + PH7H(h) o po(f)

= Kugom <P+’1(h) (pn (K(S o p+(f))))
Ko (P*J(h) (o (55 op(f>))> + (P (o ol)) )
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— da) p (Pﬂ(h) (5 (o op+(f))>>
+dia(D) (w(h) (#5 (oo op<f>))> + (P (o) ).

There are three cases to consider: In the first case, n > 0, in the second case, n < 0 and in
the third case, n = 0.

So, first let n > 0. Then,

D(F(h)is,)(f) = dia2(1) pr <73+’1(h) (K( ; pnop+(f )

1
= ==y (7’+’1(h) (palf))) = lim

Therefore, joining this result with (31), one gets

| ¢ alu)
‘ ‘ 73+ Yi(h) — lim 73+’
u—1 u

with the same reasoning as in (30) and since u; 3.

]4)00

cY(h) — v(F(h)s,)

The proof for the case n < 0 is the same as the one for the first case. Hence, only
the case n = 0 remains:
Since by (16)

a(l) 1 ifl=0
0 ifl#£0,

- -

one gets for [ # 0 with (31),

|

since u; 2%,
So, let [ = 0 and define C, := [ h(g)dg
G

Then,

2

—00
j—> 0,

C'(h) — o(F(h) |S7

op

Fi(h) opo(f) = (/h(g)]:l(g)@) (po(f)) = id(po(f)) - Ch = Chpo(f).
G

Furthermore, with Lemma 4.2, one gets for g € G,

: _ 1 : _ polf) [ —opr(g—
peP g onlf) = g [P @mNwE = B IZ =200 g
= 2 [z 0o ) [k = PR lia =),

K|
K
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Thus, for h one has

po o PHL(h) o polf) = / h(g)po(f)dg = Chpo(f) = Fi(h) o polf).
G

Therefore, for [ =n = 0, by (31),

|

. Jj—o0
since u; — 1.
Hence, the claim is also shown in the case n = 0 and thus,

as demanded.
Again, the desired convergence for a € C*(G) follows.

2 2

Jj—00
— 0,
op

C%(h) — ﬁ(]—"(h)|57)

= Hpo oPtUi(h)opy — poo P (h)opg

op

2 .
]—>OO
— 0,
op

cY(h) — v(F(h)s,)

4.5 Result for the Lie group SL(2,R)

Now, after having verified all the conditions listed in Definition 1.1, Theorem 1.2 is proved
for the Lie group SL(2,R). Therefore, with the sets I'; and S; and the Hilbert spaces H; for
i € {0,...,8} defined in Section 4.2.5 and Section 4.2.2 and the mappings 7 constructed in
Section 4.4, the C*-algebra of G = SL(2,R) can be characterized by the following theorem
which was already stated in Section 1:

Theorem 4.20.
The C*-algebra C*(G) of G = SL(2,R) is isomorphic (under the Fourier transform) to the
set of all operator fields ¢ defined over G such that:

1. () € K(H;) for every i € {1,...,8} and every v € T;.

w €1°(Q).

The mappings v — () are norm continuous on the different sets T';.

> o

For any sequence (7;j)jen C G going to infinity, lim [|e(75)]lop = 0.

j—o0
5. For every i € {1,...,8} and any properly converging sequence ¥ = (7;)jen C I'; whose
limit set is contained in S;—1 (taking a subsequence if necessary) and for the mappings

v =1y, : CB(Si—1) = B(H;) constructed in the preceding subsections, one has

jlglélo H‘P(’Yj) - 17(@\&,1) Hop =0

Let for a topological Hausdorff space V' and a C*-algebra B, C(V, B) be the C*-algebra of
all continuous functions defined on V' with values in B that are vanishing at infinity. Then,
from this theorem one can deduce more concretely the following result for G = SL(2,R):
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Theorem 4.21.

Let the operator py be the projection from L*(K)+ to {f € L*(K)+ | n(f) =0 Vn <0},
p— the projection from L*(K)+ to the space {f € L*(K)+| pn(f) = 0 Vn > 0} and py the
projection from L*(K)4 to {f € L*(K)+| pa(f) =0 Vn # 0} =C.

Then, the C*-algebra C*(G) of G = SL(2,R) is isomorphic to the direct sum of C*-algebras

{F € Cx (i[(), o0) U [0, 1],IC(L2(K)+)>’ F(1) commutes with p4+, p— and po}
@ {F € Cwo (i[O,oo),lC(LQ(K)_))} F(0) commutes with p+ and p_}

& Coo(Z\{-1,0,1},K(Mp))
for the infinite-dimensional and separable Hilbert space Hp fized in Section 4.2.2.

Proof:
The spectrum of C*(G) or equivalently of G is given by the disjoint union

Geven U C;odd U Gdiscrete,

where the set Geyen consists of the even representations P for v € [0, 00), C¥ for u € (0,1),
Df‘, Dy and Fi, the set @Odd consists of the odd representations P~ for v € (0,00), D4+
and D_ and the set @discrm consists of the even or respectively odd representations D for
m € N5 and D,, for m € N5 ;.

These three listed sets of representations are topologically separated from each other (see
Section 4.2.4).

Mapping P+ for v € [0, 00) to v, C* for u € (0,1) to u and Df, D; and Fj to 1, one gets
a surjection from @even to the set i[0,00) U [0,1] =: I3.

Furthermore, mapping P % for v € (0,00) to iv and D4 and D_ to 0, one gets a surjection
from éodd to [0, 00) =: I5.

I/J\ast, mapping D, for m € N~ to m and D;, for m € N1 to —m, one gets a surjection from
Giscrete 10 Z \ {_1’ 0, 1} =: 3.

Hence, one regards the three sets

I =i0,00)U[0,1], Iy =1i[0,00) and I3=2Z\{-1,0,1}.

In order to prove this theorem, it has to be shown that for every operator field ¢ = F(a)
for a € C*(@) that fulfills the properties listed in Theorem 4.20, there exists a mapping

Fle {F € Cx (i[O, o0) U0, 1],IC(L2(K)+))| F(1) commutes with py, p_ and po} =: Py,

a mapping F? € {F € Cx <i[0,oo),lC(L2(K)_)>‘ F(0) commutes with py and p_} = P

and a mapping F3 € Cw, (Z \{-1,0,1}, IC(”HD)) =: Pj.
On the other hand, for every F} € Pl, every Fy € P, and every F3 € Ps, one has to construct
an operator field ¢p g, p, over G that fulfills the propertles of Theorem 4.20. Since the

above-mentioned sets of representations Geven, Godd and Gdzscrete are topologically separated
from each other, it suffices to define three different operator fields ¢, over Geyen, ¢, oOver
Goda and YFy OVer G discrete-
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For every a € C*(G), define a function F : I — B(L*(K)4) by

ENz) = F(a) (PH*) V€0, 00),
Fi(z) = F(a)(C*) Vz€(0,1) and
Fal(l) = K(l)of(a)('Df)oK(E;oer + Kmo]:(a)('Df)oK[il op_ + f(a)(fl)opo.

By Property 1 of Theorem 4.20, F}(z) € K(L*(K)4) for all & € I \ {1}. Furthermore,
since F(a)(Dy), F(a)(Dy) and F(a)(Fy) are also compact, their composition with the
bounded operators K1), K(_l)l, Ky, K[il, P+, p— and pg is compact as well. Therefore,
Fl(1) € K(L*(K)4), too.

By Property 4 of Theorem 4.20, F! vanishes at infinity. Moreover, for all x € I1 \ {0,1}, F}!
is obviously continuous in x.

For the continuity in 0, let @ = (u;) en be a sequence in (0, 1) converging to 0. Then,

Jim [[F(w) = Fg0)]],, = Jim [[F(a)(C*) = Fla)(PHO)],,
= i e - P,
= lim [|Ky, 0 PT(a) 0 Kt —id o PTO(a) oid |, =

as Koy, 7% id and with the same arguments as in the proof of (32) in Section 4.3.
For the continuity in 1, let @ = (u;);jen be a sequence in (0, 1) converging to 1. By Property 5
of Theorem 4.20 and since F (1) = g ;(F(a)) = 7(F(a)) by the definition of 7 in Case (iii)
of Remark 4.19 in Section 4.4,

1 T ) ~ i
lim HF uj) — F, (1)Hop = jlgrolo H]—"(a) (") — o(F(a)) Hop =0.

]—>OO

Hence, F} is also continuous in 0 and in 1 and thus, F! € Cy, (i[O, o0) U0, 1},IC(L2(K)+)).
Since p, p— and pg equal the identity on the image of Ky, K[;j and F (a) (.7-'1), respectively, as
discovered in Section 4.4, and since p,op_ = p_op, = pyopy = ppop+ = p—opy = poop— = 0,
Fl(1) commutes with py, p_ and po.

On the other hand, taking a function F; € Cx (i[O, o0) U [0,1], K(Lz(K)Jr)) that
commutes with p4, p— and pg, it has to be shown that there is an operator field ¢, over
Geven, that meets the Properties 1 to 5 of Theorem 4.20.

Define
o (PT7) = Fi(z) € B(L*(K)4) Yz €i0,00),
v (C7) = Fi(x) € B(L*(K)y) V€ (0,1),
on(B) = Kl opeaFil)o Ky € B,
om (DY) = [1] op_ oFl(l)oK[l]GB(’H }) and
¢ (F1) = pooFi(l)opyeC.

By the definition of Cs (z [0,00) U[0,1], K(L? (K)+)) and as the composition of the compact

operator Fi(1) with bounded operators is compact again, the Properties 1 to 4 are obviously
fulfilled.
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For Property 5, there are two cases to consider: a sequence in (0,1) converging to 0 and a
sequence in (0, 1) converging to 1.
First, let (u;)jen be a sequence in (0,1) converging to 0. Then, by the definition of 7 in
Case (ii) of Remark 4.19 in Section 4.4,
uj ~ _ +,0 o j—o0

o (€)= #(em) |, = [[F1(w) = 0 (PTO)],, = |2 () = F1(0)]],, — 0,
since I is continuous in 0.
Now, let (uj);jen be a sequence in (0, 1) converging to 1. As Fi(1) commutes with p, p_ and
Po, by the definition of 7 in Case (iii) of Remark 4.19 and since py+p—+po = idr2(k), -12(K), >

lem (€)= o(er )|,
— HFl(u]) — K(l) o QR (’Di’_) o K(_S opty — K[l} o YR (Dl_) o K[I]l op— — ¥R (.7:1) o Po

op

= HFl(u]) - K oK(_S opy o Fi(1) o Ky oK(_S opy

— Ky oK'[i1 op_o Fi(1) o K[y oK'[i1 op_ —poo Fi(1) opgopg

= HFl(Uj)—p+OF1(1)Op+—p—OF1(1)OP——pOOFl(l)OpoHop
= ||Fi(u;) — Fi(1) o (ps +p—+p0)Hop

Jj—o0

= |Fi(w) = Fa(D)lop — 0

op

because of the continuity of Fj in 1.
Therefore, Property 5 is fulfilled as well.

One defines for all a € C*(G) the function F : I, — B(L*(K)_) by

FX(z) = F(a)(P™") Vae€i(0,00) and

F2(0) = F(a)(Dy)ops + F(a)(D_)op_.
As for I, the compactness of F2(x) for all z € I follows from Property 1 of Theorem 4.20
and with the fact that the compositions of the compact operators F(a)(Ds+) and F(a)(D-)
with the bounded operators p, and p_, respectively, are compact. The continuity of F?2
outside of 0 follows from Property 3 and F? vanishes at infinity by Property 4. Using again

Property 5 of Theorem 4.20 and the fact that F2(0) = o(F(a)) by the definition of 7 in
Case (i) of Remark 4.19 in Section 4.4, one also obtains the continuity of F2 in 0. Hence,

F2 € Oy (i[O,oo),lC(LZ(K)_)>.

F(a)(Py) = Dila) € Hp, = {f € L*(K)-| pu(/) and

Fla)(D-) = D_(a) e Hp_ = {f € L*(K)_| pu(f)

N
N4

IV A

0Vn <0}
0Vn >0}

9

one gets
p+ o F(a)(Dy) = F(a)(D+), p—oF(a)(D-)=F(a)(DP-) and

p_ o F(a)(Dy) =0 = py o F(a) (D).
Therefore, F'(0) commutes with p; and p_.
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Next, take a function F € Cu (z’[O, oo),lC(LQ(K),)) that commutes with p; and p_. An

operator field pp, over G,qq meeting the Properties 1 to 5 of Theorem 4.20 has to be con-
structed.

Define
om(P™") = F(z)€ B(L2(K),) YV € i(0, 00),
¢r(Dy) = pyoF(0) € B(Hp,) and
¢r,(D-) = p_oFy0) € B(Hp_).

Here again, the Properties 1 to 4 are obviously fulfilled. For Property 5, let (u;);en be a se-
quence in (0, co) converging to 0. Then, as F»(0) commutes with p; and p_, by the definition
of 7 in Case (i) of Remark 4.19 in Section 4.4 and since py + p— = idp2(x)_r2(K)_

lor (P™") = 0(er)ll,, = [[F2(uy) = ¢r(Ds) ops — or(D-) op-|,
p+ o F5(0) o py — p— o F»(0) op_HOp

(u)) —

= HFQ(UJ')—

= ||Ba(wy) = Fa(0) o (s +p-) |,
(uj) =

Jj—00

= [[F2(u)) = F2(0)]lop — 0O

because of the continuity of F5 in 0.

Now, take the infinite-dimensional and separable Hilbert space Hp for the representa-
tions D} and D,, for m > 1, fixed in Section 4.2.2. Then, define for every a € C*(G) the
function F3 : I3 — B(’Hp) by

F3(z) = F(a)(Df) VzeZs: and
F3(x) = F(a)(DZ,) Vz€Zco .

Here, Property 5 of Theorem 4.20 does not emerge and the Properties 1 to 4 are obvious.
Taking a function F3 € C (Z \ {-1,0,1}, IC(HD)), one has to choose

(pFS(D;') = Fg(:v)GB(”HD) Vx € Z~1 and
¢ (D) = Fs3(—x)eB(Hp) Vaels

and it is again easy to verify that ¢ complies with the properties of Theorem 4.20.
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5 On the dual topology of the groups U(n) x H,

In this section, the semidirect product G,, = U(n) x H,, for n € N* will be analyzed and the
topology of its spectrum shall be described.

The first part contains some preliminary definitions and results about the spectrum and the
space of all admissible coadjoint orbits of G,,. In Section 5.2, the topology of the orbit space
will be examined and thereafter, in Section 5.3, the topology of the spectrum will be discussed.
Finally, in Section 5.4, the results of the two preceding subsections will be combined and in
that way, the topology of the spectrum of G,, shall be linked to the one of the space of its
admissible coadjoint orbits. Until now, this succeeds only partly, as the characterization of
the spectrum of G,, is not yet entirely finished.

As already mentioned in the introduction, this section is based on a preprint by M.Elloumi
and J.Ludwig which can be found in the doctoral thesis of M.Elloumi (see [11], Chapter 3).
In the present thesis, it has been elaborated, completed and several important changes have
been made.

Besides numerous minor changes, the main modifications of this work compared to the
preprint by M.Elloumi and J.Ludwig can be found in the proofs of Theorem 5.4(5) and
Theorem 5.10(1) and (2). Furthermore, there were some details added in the proof of Theo-
rem 5.16. Theorem 5.11 and Proposition 5.12 with their proofs and Conjecture 5.13 were
appended in this thesis.

In the second implication of Theorem 5.4(5)(i) and (ii) (see Section 5.2), there were mistakes
in the preprint which caused the existing proof only to be valid in a particular case, namely

for AF S N (compare the second implication of the proof of Theorem 5.4(5)(i)) and for

Ak oo 00, respectively (compare the second implication of the proof of Theorem 5.4(5)(ii)).
k—o00 k—o00

Hence, the proofs for the case A¥ /= —oo and A} /— oo, respectively, had to be elaborated
and for this reason, Lemma 5.3(2) and its proof were also added in this thesis.

Concerning Theorem 5.10, there were further mistakes in both parts, (i) and (ii), of its proof
which lead to the necessity to completely revise it and to construct another proof.

5.1 Preliminaries

Let C” be the n-dimensional complex vector space equipped with the standard scalar product
(.,.)cn given by

n
(x,y)cn = Zaqyﬁ- Vo = (21, Tn),y = (Y1, -, yn) € C™.
j=1

Moreover, let (.,.)cn and w(.,.)cn denote the real and the imaginary part of (.,.)cn, respec-
tively, i.e.
<., ‘>(C" = (., .)(Cn + iw(., ‘)(C"'

The bilinear forms (.,.)cr» and w(.,.)cn define a positive definite inner product and a sym-
plectic structure on the underlying real vector space R?" of C", respectively. The associated
Heisenberg group H,, = C" xR of dimension 2n+1 over R is given by the group multiplication

1
(2,1)(2, 1) = (z + 4+ = suz, z/)(cn) Y(z,t), (1) € H,.
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Furthermore, consider the unitary group U(n) of automorphisms of H,, preserving (.,.)cr on
C™ which embeds into Aut(H,,) via

A.(z,t) ;== (Az,t) YA€ U(n) Y(z,t) € Hy.

Then, U(n) yields a maximal compact connected subgroup of Aut(H,,) (see [14], Theorem 1.22
and [20], Chapter I1.1). Moreover, G,, = U(n) x H,, denotes the semidirect product of U(n)
with the Heisenberg group H,, equipped with the group law

(4.2 0)(B. 2. 1) = (AB.z + A2t 41 - %w(z, A)c) V(A 1), (B.2 1) € Gy,

The Lie algebra b, of H,, will be identified with H,, itself via the exponential map. The Lie
bracket of b, is defined as

[(2,1), (w,8)] == (0,—w(z,w)cn) ¥(z,t), (w,s) € by
and the derived action of the Lie algebra u(n) of U(n) on b, is
A.(z,t) := (Az,0) VA cu(n) V(z,t) € by

Denoting by g, = u(n) x b, the Lie algebra of G, for all (A, z,t) € G,, and all (B, w, s) € g,
one gets

d

Ad (A, z,t)(B,w,s) = d—’ .
Yly=

Ad (A, z,t) (eyB, yw, ys) (33)
- (ABA*, “ABA*z + Aw, s — w(z, Aw)en + éw(A*Z, BA*z)Cn>,
where A* is the adjoint matrix of A. In particular
Ad(A)(B,w,s) = (ABA", Aw, s). (34)

From Identity (33), one can deduce the Lie bracket

[(A, z,t), (B,w, 5)] = CZJ‘yO

= (AB - BA,Aw — Bz, —w(z,w)cr)

Ad (eyA,yz,yt) (B,w,s)

for all (A, z,t), (B, w,s) € gn.

5.1.1 The coadjoint orbits of G,

In this subsection, the coadjoint orbit space of G, will be described according to [3],
Section 2.5.

In the following, u(n) will be identified with its vector dual space u*(n) with the help of the
U(n)-invariant inner product

(A, B)ym) := tr (AB) VA, B € u(n).
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For z € C™ define the linear form z* in (C™)* by
2 (w) :=w(z,w)en Yw e C".
Furthermore, one defines a map x : C" x C" — u*(n), (z,w) — z X w by
2z x w(B) = w*(Bz) = w(w, Bz)cn VB € u(n).

One can verify that for A € U(n), B € u(n) and z,w € C",

Az* =20 A7l = (A2)*, (35)
2*oB = —(Bz)",
zXxw = wXxXz and

A(z x w)A* = (Az) x (Aw).

Hence, the dual g, = (u(n) x b,,)" will be identified with u(n) & by, i.e. each element ¢ € g,
can be identified with an element (U, u,z) € u(n) x C" x R such that

<(U, u, ), (B,w,s)>g = (U, B)yn) +u*(w) +xs V(B,w,s) € gn.

From (34) and (35), one obtains for all A € U(n),
Ad*(A)(U,u,z) = (AUA*, Au,x) V(U,u,x) € u(n) x C" xR (36)
and for all (A4, z,t) € Gy, and all (U, u,z) € u(n) x C"* x R,
Ad*(A, z,t)(Uu,x) = (AUA* + 2z x (Au) + gz X z, Au + a;z,x), (37)

where z X w(B) = w*(Bz) = w(w, Bz)cn.
Letting A and 2z vary over U(n) and C", respectively, the coadjoint orbit Oy, . of the linear
form (U, u,z) can then be written as

OWuz) = {(AUA* + 2z x (Au) + gz X z,Au—l—acz,:n)’ AeU(n),z¢€ (C"}
or equivalently, by replacing z by Az and using Identity (36),

OwWuz) = {Ad*(A)<U+z X u+ gz X z,u+zz,x)‘ AeU(n),z¢€ (C”}.

Here, z is regarded as a column vector z = (z1,. .., 2,)T and 2* := 7t

One can show as follows that z x u € u*(n) = u(n) is the n x n skew-Hermitian matrix
5(uz* + zu*):
For all B € u(n)

(uz* + zu*,B>u(n) = tr ((uz* + zu*)B) = Z Bjiziuj — Z u;B;jzj = —2iz X u(B).

1<ij<n 1<i,j<n

In particular, z x z is the skew-Hermitian matrix izz* whose entries are determined by
(izz*)lj = izﬁj.
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5.1.2 The spectrum of U(n)

As in the preceding sections, within Section 5, the representations are identified with their
equivalence classes again.

First of all, as U(n) is a compact group, one knows that its spectrum is discrete and
that every representation of U(n) is finite-dimensional.

Now, let

6, e RVje{l, .. n}

0 ... e
be a maximal torus of the unitary group U(n) and let t,, be its Lie algebra. By complexification

of u(n) and t,, one gets the complex Lie algebras u®(n) = gl(n,C) = M(n,C) and

hy ... O
: hj e CVjed{l,..,n},,

0 ... hp
respectively, which is a Cartan subalgebra of u®(n). For j € {1, ...,n}, define a linear functional
e;j by
hiy ... 0
e | ot | =hy
0 ... hy
Let P, be the set of all dominant integral forms A for U(n) which may be written in the

n
form ) i\jej, or simply as A = (A1,---, A,), where \; are integers for every j € {1,...,n}
=1

]7
such that \; > --- > \,. P, is a lattice in the vector dual space t, of t,,, fulfilling P, = Z".
Since each irreducible unitary representation (7y,#H,) of U(n) is determined by its highest

—

weight A € P, the spectrum U(n) of U(n) is in bijection with the set P,.

For each X\ in P,, the highest vector ¢* in the corresponding Hilbert space H, of 7,
verifies 7\ (T)¢* = xa(T)¢", where x, is the character of T, associated to the linear
functional A and defined by

w|T= — MO —iAnbn

0 ... efn

Moreover, for two irreducible unitary representations (7x,H)) and (7x/, Hy), the Schur or-
thogonality relation states that for all £,n € H, and all &, € H,,

i\ £ N,

0

/ (T (9)€m)3, (rw(9)€'31 )5y, dg = {<§7s'>m<ncn>ﬂA =V (38)
d — N\

U(n) >

where d) denotes the dimension of the representation 7.
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According to [18], Chapter 1, if p, is an irreducible representation of U(n — 1) with highest
(n
(n
with multiplicity one, and the representations of U(n) that appear in this decomposition are
exactly those with the highest weight A = (A1, ..., A,) such that

weight p = (1, ..., tn—1), the induced representation 7, := indg “1)Pu of U(n) decomposes

M1 > > o> o 2 A1 2 fin—1 = M. (39)

5.1.3 The spectrum and the admissible coadjoint orbits of G,

The description of the spectrum of Gy, is based on a method by Mackey (see [28], Chapter 10),
which states that one has to determine the irreducible unitary representations of the subgroup
H,, in order to construct representations of G,,.

First, regard the infinite-dimensional irreducible representations of the Heisenberg group H,,,
which are parametrized by R*:

For each o € R*, the coadjoint orbit O, of the irreducible representation o, is the hyperplane
On = {(z,a)| z € C"}. Since for every a, this orbit is invariant under the action of U(n), the
unitary group U(n) preserves the equivalence class of o,.

The representation o, can be realized in the Fock space

Faln) = {f : C" — C entire ’ /\f(w)\2e_3||w|2dw < oo}
(Cn

as

oa(z,t)f(w) := emt_%‘zl2_%<w’z>c"f(w +2) fora>0 and

ooz, )f(@) = ettilEPTEmaAe 54 7)) for a < 0.
See [14], Chapter 1.6 or [19], Section 1.7 for a discussion of the Fock space.
For each A € U(n), the operator W, (A) defined by
WalA) : Fo(n) = Fan), Wa(A)f(2) == f(A7'2) Vf€E Faln)VzeC”

intertwines o, and (04)4 given by (04)a(z,t) = 04(Az,t). Wy is called the projective inter-
twining representation of U(n) on the Fock space. Then, by [28], Chapter 10, for each o € R*

and each element 7y in U(n),
7r(/\,a)(A, z,t) :=TA(4) ® (Ua(z,t) o Wa(A)) V(A z,t) € Gy,

is an irreducible unitary representation of G, realized in Hy o) := Ha @ Fq (n), where H) is
the Hilbert space of 7).
Associate to () o) the linear functional £, ,, := (J,0, @) € g;, given by
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Denote by Gy[lyq], U(n)[lxq] and Hy, [l o] the stabilizers of £ o in Gy, U(n) and H,, re-
spectively. By Formula (37),

Gnllral = {(A,zjt) € Gy (AJAA* + %azz*,az,a) = (J,\,Oja)}

= {(A,O,t) S Gn| AJ,\A* = J)\},

Un)ibre = {AcUn)| (AJA*0,a)=(Jx,0,a)}
{AeUn)| ALA* =J,} and

Hn[g)\,a] = {(Z,t) € H,

(J)\ + %OCZZ*7CYZ,O(> = (J)\,O,CY)} - {0} x R.

It follows that Gy, [lx o] = U(n)[lx o] X Hy[€y o). Hence, ¢ 4 is aligned in the sense of Lipsman
(see [25], Lemma 4.2).

The finite-dimensional irreducible representations of H, are the characters yx, for v € C”,
defined by

Xo(z, ) = e e (2 4) € H,.

Denote by U(n), the stabilizer of the character x,, or equivalently of the vector v, under
the action of U(n). Then, for every irreducible unitary representation p of U(n),, the tensor
product p ® x, is an irreducible representation of U(n), x H, whose restriction to H,, is a
multiple of x,, and the induced representation
. U(n)xH,
Tow) = Iy ()" P ® X
is an irreducible representation of G,. Furthermore, the restriction of 7, ,) to U(n) is equi-

(n)

.U

valent to 1ndU( )P

For any v = Av for A € U(n) (i.e. v and v' belong to the same sphere centered at 0 and
of radius 7 = ||v|[cn), one has U(n), = AU(n),A* and thus, the representation m(,,) is

equivalent with 7, sy for any p' € U/(n)\v/ such that p'(B) = p(A*BA) for each B € U(n),.
Hence, one can regard the character x, associated to the linear form v, which is identified
with the vector (0,...,0,7)” in C". Throughout this text, denote by pu the representation
of the subgroup U(n — 1) = U(n),, with highest weight u and by m(,,) the representation

T(ppvr) = indg?n_l)xH pu @ xr. Its Hilbert space H, , is given by
Hpr) = L? (Gn/(U(n —1)x Hn),pu ® Xr)-
Again, 7, is linked to the linear functional ¢, := (J,,v,0) € g;, for
J. = : . : :
g 0 ... ipiny O
0 0 0
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By (37), one can check that

Callur] = {(A, 2) € G| (AJ,A™ + 2 x (Av,), Avy, 0) = (Ju,vr,())}

= {(A,z,t) € Gy
= {(4,2,t) € Gyl z€iRv,,AcU(n—1), AJ,A* = J,},
since AJ,A* € u(n — 1) and

ACUn 1), ATA" + o (0" +20]) = Ju}

0 0 rZ1
vp2t + zuy = : :
0o ... 0 TZn—1
TZ1 ... TZp—1 2rRe(zy)
In addition,
Un)lt,,] = {AeU(n—-1)] AJ,A*=J,} and
H,[l.,] = iRv, xR.

Thus, similarly to £ ., the linear functional /,, , is aligned.

One obtains in this way all the finite-dimensional irreducible unitary representations
of G, which are not trivial on H,,.

On the other hand, the trivial extension of each element 75 of U(n) to the entire group G,
is an irreducible representation which will also be denoted by 7). The corresponding linear
functional is £ := (Jy,0,0).

Therefore, by Mackey’s theory, the spectrum (A;n consists of the following families of
representations:

(i) T(xna) for A € P, and a € R* =R\ {0},
(ii) 7y for p € Ppq and r € Ryp and
(iii) 7 for A € P,.

Hence, C/}; is in bijection with the set

(Pn X R*)U (Pa-1 X Rsg) U P,

A linear functional ¢ in g} is defined to be admissible if there exists a unitary character y
of the connected component of G, [f] such that dx = if|g, . A calculation shows that all the
linear functionals ) o, £, and £ are admissible. Then, according to [25], the representations
T(Aa)s T(ur) and 7y described above are equivalent to the representations of G, obtained by
holomorphic induction from their respective linear functionals ¢y o, £, and ¢j.

Denote by Oy «), O,y and O the coadjoint orbits associated to the linear forms £y o, £

w,r) and O)\

and denote by g% /G, the corresponding set in the orbit space. Now, from [25] follows that g,‘g
is the set of all admissible linear functionals of g,.

and /), respectively. Let gfl C g;, be the union of all the elements in O, o), O
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5.2 Convergence in the quotient space g /G,

According to the last subsection, the spectrum of G, is parametrized by the dominant
integral forms X\ for U(n) and p for U(n — 1), the non-zero a € R attached to the generic
orbits O, in b}, and the positive real r derived from the natural action of the unitary group
U(n) on the characters of the Heisenberg group H,,.

Moreover, it has been elaborated that the quotient space g,i@/Gn of admissible coadjoint
orbits is in bijection with (/};

Now, the convergence of the admissible coadjoint orbits will be linked to the convergence in
the parameter space {a eR*,r>0,p, € U(gtl),n € (7(;)}

Letting W be the subspace of u(n) generated by the matrices z x v, = %(v,z* + 2v})
for z € C", the space g% /G, is the set of all orbits

Ona = {(AJAA* + %zz*,az, a)‘ z2eC" Ac U(n)},
Our) = {(A(,+W)A", Av,,0)| A€ Un)}  and
Oy = {(AJ\A*,0,0)| A€ U(n)}

fora e R*, r € Ryg, p € P,—1 and \ € P,.

Before beginning the discussion on the convergence of the admissible coadjoint orbits,
the following preliminary lemmas are needed:

Lemma 5.1.
Forn € N* and for any scalars X1, ..., X,, and Y1, ..., Y, 1 fulfilling Y; #Y; fori # j, one has

3

(Xi —Yj)
n—1 ’7;7:&]16 n n—1
n—1 - Z Xj - ij
j=1 Y, - Y; j=1 j=1
i:l( 1 ]) j;ﬁk
i#]

for each k € {1,...,n}.

Proof:

For n = 1, the formula is trivial.

So, let n > 1 and assume that the assertion is true for this n.

For k = n+ 1, a simple calculation gives the result. If &k # n + 1, one gets
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n+1

I1(Xi—Y))
n i=1
ik
n
j=1 H (Y; - Y))
Z#J
n+1 n+1
[1(Xi—Y) [1(X:—Y;)
& Sy
- n—1 + L
I[I1Y:-Y,) =1 [[(Yi=Y))
i=1 i=1
i#]j
n n
[1(Xi—Yy) [1(X:—Yj)
i=1 n—1i=1
_ i#k i#k (Xng1 —Y))
= A= Y.y,
=Y. = G-Y))
i=1 i=1
i#]
n n n
NeE-v) -y X Y)
1= n—1 1= n— 1=
_ i#k i#k (Xng1 —Yn) i#k
- (XnJrl - Yn) n_1 — + : n_1 . Yn — ij + : 1
[TYi-Y) =t [ (Yi - Y)) =t [1(Yi-Y;)
i—1 i=1 i=1
i#]j i#]
n n—1
= Z Xj— Z Y
J=1 Jj=1
7k
n
[1(X: —Y))
n ;3{:’511f n n—1 n+1
= (Xor1—Ya) D5 + DX - DY = ZX -y,
j=1 Y,-Y; j=1 Jj=1 J=1
nri-v) = =
i#j
=1 by [12], Lemma 5.3
and the claim is shown.
]
Lemma 5.2.
Let p € Po,_1 and X\ € P,. Then, Ay > 1 > Ag > ... > fin_1 > A if and only if there is a
skew-Hermitian matriz
0 O 0 —21
0 0 0 —29
B = C : :
0 0 0 —Zn—1

in W such that A(J, + B)A* = Jy for an element A € U(n).
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Proof:
For y € R, a computation shows that det(J, + B —iyl) = (—i)"P(y), where

n—1
P@) = (y-2) [[(v— ) - Z <|zj|2 H v-m).

=1

' 175]
Furthermore, one can observe that P(y) “—3 oo and that P(u;) <0if jis odd and P(p;) > 0
if j is even.
Now, if A(J,+ B)A* = J) for an element A € U(n), by the spectral theorem, A1, iXa, -+ , i)\,
are all the elements of the spectrum of J, + B fulfilling Ay > 11 > A2 > ... > g1 > Ay
Conversely, suppose first that all the p; for j € {1,...,n — 1} are pairwise distinct. In this

case, let B be the skew-Hermitian matrix with the entries z1,-- - , z,_1, z satisfying
n
IO — 1)
E= —:ill for every j € {1,....,n — 1} and
[T (i — 1)
i=1
i#]
n n—1
D T
7j=1 7j=1
From Lemma 5.1,
n
[T — MJ)
n—1 n—1 n—1 %:ng n—1
P(\) = (ZMJ Z)‘)HAk_Mi) + n,liH(Ak_ﬂi)
j=1 i=1 j=1 C ) =1
i#]
n
[T NJ)
T gy or?
- Mo |Sw - S+ £4 -0
i=1 j=1 j=1 .
i#]

Hence, the spectrum of the matrix J, + B is the set {iA1, )2, -+ i\, } and thus, the spectral
theorem implies that A(J, + B)A* = J) for an element A € U(n).

Now, if the p1; for j € {1, ..., n—1} are not pairwise distinct, there exist two families of integers
{p| 1 <l<s}and {g] 1 <I<s}suchthat 1 <p; <@g <p2a<@<--<ps<qs<n-—1

and fip, = flp,+1 =+ = fg—1 = Pq s tq F Hq+1 and gy —1 7# pp, for all i € {1,...,s}. Let
p1 p1 Ds n—1
=] H H y—m), Q) =1]] H - 11 II w—m)
=1 1=q1+1 i=qs+1 i=1 i=q1+1 i=qs—1+1 1=qs+1
#P ity i#p;

p1
and  Q;(y H H H Y — i)

Z. 1 1= q1+1 i= qg+1
#I i) i#j
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Then, for
S pP1—

Po=-00w - 3 (X)) - T (Bew).
=1 J=1 j=q+1 j=gs+1

J=Di

S
one gets det(J, + B — iyl) = (=2)" [T (y — pp, )" P P(y).
=1
Now, the entries z; of the skew-Hermitian matrix B can be chosen as follows

n

n yat

[T — 1y) I1 H S R OYET))
‘ “2 _ =1 _ i=li=ql i=qs+1
L o P11 p2 n—1

[T (i = 1y) ITIT - IT (i)

=1 i=li=qi+1  i=qs+1

] i#] i) i£j

—-1,¢g+1,...ps—1,gs+1,....n — 1} and

for each j € {1,....,p1

n

M0 1 -

1=11=q1+1 i=qs+1

2 2 2 ._
2 |" + o+ lzgal” + 2" = ——; o )
H H S| IT (i — )
=1 i=q1+1 i=qs—1+1 t=qs+1
#pl i#py i#py

for each [ € {1,...,s}. The entry = can be defined as

n n—1 P1 p1
S SETE STES S SN SR VD S DI Sl
Jj=1 J=1 J=lj=qi+1  j=qs+1 j=lj=q+1 j=g¢s+1
Then, if Ay = pp,, one obviously has P(A;) = Q(A;) = 0. Otherwise, one gets

IREEN C S SIRED DI ED D) SIS DT 1%

j=lj=q+1 Jj=gqs+1 j=lj=q+1 Jj=gqs+1
p1 n
p1i—1 p2—1 n—1 Hl H 1"“ I1 1()\1‘ — 1)
i=li=q1+ i=qs+
P2 Y Y (S — o)
Jj=1 j=q1+1 Jj=qs+1 H H H (,ul._,uj)
i=li=q1+1  i=gqs+1
7]t i#j
b1 n
s H1 HH'-; HH(M—upl)
i=1li=q i=qs ~
+ ( o - — Ql()‘k))
=N T H | [T (i —pp,)
=1 1=q1+1 i=qs—1+1 1=qs+1
7P itp i#p)
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P1 D2 n—1 P1 D2 n
k) E E E i — E .. E Aj
Jj=lj=q+1  j=q¢s+1 Jj=lj=q1+1  j=qs+1
J#k  j#k J#k
P1 P2 n

I I - m)

pa—1 z 1Z*q1+1 i=qs+1
i#k ik
Z Z p1 D2 n—1
ot st [T e T (= )

P1—
>

1
Jj=1 j=

i=li=q+1  i=qs+1
i#] i) i#j
P1 P2 n
[T IT - II (Ni—pw)
s i=1i=q1+1 i=qs+1
n i#k itk i#k
b1 p2 Ds n—1
=1 I - II I (wi—pp)
i=1 i=q1+1 i=qs—1+1 i=qs+1
iDL ip i#py
p1 p1
(3 - Z TSI SN DY
Jj=1lj=q+1 Jj=qs+1 Jj=lj=q1+1 J=qs+1

J#k " #k i#k
p1 n

[0 1 i)

P1 — z ]}31 22—1 1:322—1
i i
j=lj=q+1 Jj=qs+1 H H H (/’LZ_/’L_])

i=li=qi+1  i=qetl
i i#j
Hence, the spectrum of the matrix J, + B equals the set {i\1,i\g, - ,i\,}. As above, this

completes the proof.
O

Lemma 5.3.

1. Let A € P, a € R* and z € C". Then, the matriz Jy + ézz* admits n eigenvalues
’i,Bl,iBQ,...,iBn in such a way tha’t/Bl > )\1 > ﬂ? > >\2 =2 ﬂn > An ZfOé >0 and
AM2B12X>Pe> 22X > B ifa<O.

2. Let \, € Py. If p1 > A\ > B2 > Xo > ... > Bn > An, there exists a number
z € C" in such a way that the matriz Jy +izz" admits the n eigenvalues if1,...,10,. If
M>B1L>X> B> .. > Ny > By, there exists z € C™ such that the matriz Jy — izz*
admits the n eigenvalues i1, ..., 10,.

Proof:

1) One can prove by induction that the characteristic polynomial of the matrix %J N+ % is
Az«

equal to Q7,”" defined by

n 2 N
RS | U Y | (RPN

=1 =1

i#]
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Assume that o is negative. Then, Q’\ZQ(QU) 2% 50 and QAZO‘()\]-) > 0 if j is odd and
Q=™ (A ;) < 0if j is even. Furthermore, Qn=(z) =3 —ooif n is odd and Q= (z) T2 o0
if n is even and therefore, one can deduce that %J A + %2~ admits n eigenvalues 31, B2, ..., B
verifying \y > 81 > Aoy > B2 > --- > A\, > By. Hence, Jy + ézz* admits the n eigenvalues
i31,102; - - -, 1B, fulfilling Ay > 81 > Ao > B2 > -+ > Ay > B

The same reasoning applies when « is positive.

2) Let 1> M > B2 > X > . 2 B > A
For any z € C", the Characterlstlc polynomial of 1 7 JIat22" is equal to QA =1 with QA &l

like above.
First, assume that 51 > A1 > ... > 8, > A,.

Az
n

Let .
IT(A; — Bs)
P
ICYERY
1#]

Then, as \; < f§; for all i € {1,...,5}, as \; > f; for all i € {j +1,...,n}, as A\; < \; for all
i€{l,...,j—1}and as \; > \; for all i € {j +1,...,n}, one gets sgn(|z;|*) = (—1)% =1
and thus, this definition is reasonable.

One now has to show that Qﬁ’z(ﬁg) =0forall £ € {1,...,n}.

n n ﬁ()\ - Bz) n
VB0 = [IB-x) + 5 [13 =)
i=1 =1 [T\ —Ni) i=t
i=1 i#J
i
. H0y-5)
= J[B—x) |14+
= = (VR
=
Iy - 5)
= T [1-3% =0,
=1 i=1 TT(Aj — Ai)
7
ﬂ(/\ —Bi)
as by [12], Lemma 5.3, one obtains i =1
7j=1 H (A'—Ai)
i?'éj

Now, regard arbitrary 81 > Ay > f > Aa > ... > B, > A,
For n = 1, one can choose |z1|* := (81 — A1) > 0 and the claim is shown.
Let n > 1 and assume that the assertion is true for n — 1.
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If N1 # Be # M for all £ € {1,...,n}, the claim is already shown above. So, without
restriction let ¢ € {1,...,n} with 8y = As. The case A\j_; = (¢ is very similar.
Hence, for A¢ := (A1, ... Ae—1, A1y ooy M) and BC = (B, ..., Be—1, Bty ooy B,

Br =M 2> 2B 2 M1 2 Bog1 = M1 2> 2 B > M

and thus, by the induction hypothesis, there exists C*~! 3 2¢ := (215 +ey 20—1, 2041, -+, Zn) SUCh
L L
that Qz S (Bi)=0forallie{l,..,0—1,0+1,..,n}, where

n n n

Pt
Qi @) =]]@-x) = D Iz [] @—x).
=1 =1 i=1
e, T itdi

Now, let zp := 0, i.e. z := (21, ..., 20-1,0, 2¢41, --., 2 ). Then,

Vi) = @=-2)]JE-x) = D lEPa-x) [ @-x) — |z H T —
=1 =1 i=1
i20 ;’#( i it )
Z l
= (z-MN)Q); - |Ze|2H$*
o)

= (2 -M)Q) (@).

Ifie{l,.,0-1,0+1,..,n}, then Q;\fézé(ﬁi) = 0 and thus, Q%’Z(ﬂi) = 0. Furthermore,

Qu*(Be) = 0, a5 By = A
Therefore, Qﬁ’z(ﬂi) =0 for all i € {1,...,n} and the claim is shown.

Next, let A1 > 1 > Ao > B2 > ... > A\, > By,
Then, for any z € C", the characteristic polynomial of %JA — 22" is equal to Q;\L’Z’ !
If A > 61> ...> Ay > By, let

ﬁ(/\j — Bi)

|2 = T——.
l:[l()\j =)
]

Here, sgn(|z]| ) E_B — = 1 and hence, this definition is reasonable.

The rest of the proof is the same as in the first part of (2).
O

With these lemmas, one can now prove the following theorem which describes the
topology of the space of admissible coadjoint orbits of G,,.

Theorem 5.4.
Let a e R*, r >0, p € P,—1 and A € P,. Then, the following holds:

1. A sequence of coadjaint orbits ((9(# ,,k)) converges to O, ) in gjg/Gn if and only if

keN
lim 7, =7 and u* = p for large k.

k—00
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2.

3.

4.

d.

6.

A sequence of coadjoint orbits (O(,uk,,,,k))keN converges to Oy in g%/Gn if and only if
(ri)ken tends to 0 and Ay > ,u]f > g > ,ué“ > > Al > Nﬁ—1 > A\ for k large enough.

A sequence of coadjoint orbits ((’)()\k@k))keN converges to the orbit Oy o) in g%/Gn if
and only if klim ap = a and \* = X for large k.
— 00

A sequence of coadjoint orbits ((9(/\/@7%)) converges to the orbit O, ,) n gﬁ/Gn if

keN

and only if klim ar = 0 and the sequence (O()\k satisfies one of the following
—00

70‘76)) keN
conditions:
2

(i) For k large enough, oy > 0, )\;? = p; forallj e {1,..,n—1} and klim Ak =~
—00

2

i) For k large enough, ap < 0, \¥ = ;1 for all j € {2,...,n} and lim oy \¥ = —-.
J J k 1 2
— 00

A sequence of coadjoint orbits (O()\k’ak)) converges to the orbit Oy in gfl/Gn if

keN

and only if lim ap = 0 and the sequence (O()\k ak))k N Satisfies one of the following
k—o00 ’ €
conditions:
(i) For k large enough, oy, > 0, A\; > )\If > > A1 > )\l;i 12 A > )\Z and

lim ap A = 0.
k—o00
(i) For k large enough, oy < 0, )x’f > A\ > )\15 > Ao > > Aoy > N>\, and

lim ap A = 0.
k—o0

A sequence of coadjoint orbits (O}\k)ke converges to the orbit Oy in g%l/Gn if and only

if N¥ = X for large k.

N

Proof:

Examining the shape of the coadjoint orbits listed at the beginning of this subsection, 3) and
6) are clear and Assertion 2) follows immediately from Lemma 5.2. Furthermore, the proof
of 1) is similar to that of [12], Theorem 4.2.

4) Assume that (O(Ak,ak))

pey converges to the orbit O, ,). Then, there exist a sequence

(Ag)ken in U(n) and a sequence of vectors (z(k)) in C" such that

keN

lim (A;C (J)\k + éz(k)z(k)*)Az, ﬁAkz(k),ak) = (Ju, v, 0).

k—o0

Let A = (am;j)1<m,j<n be the limit of a subsequence (Ay)ser for I C N. Then,

5§—00

ro_

lim Jys + Lz(s)z(s)* =A"J,A,  lim z(s) = anj for j € {1,...,n} and lim a;=0.
S§—00

§—00

S

Qs

n—1

On the other hand, one has (A*J,A)m; =1 > wGma;; and
=1

VR e LA e Lt
. j2080Z1(s)  as e z(s)E(s)
s + Lz(s)z(s)* = s 2 oo o
o : : :
A T R e 1 R YO B
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n—1
Hence, for m # j, hm ’M‘ = Z paimar;| < oo, and since hm H (s)|lcn = % # 0,

there is a unique i € {1, ...,n} such that lgn Zig(8) = \% e® for a certain number 6 € R and

S—00
lim z;(s) = 0 for j # ip. One obtains an;, = e~ and an; = 0 for j # ig, i.e. the matrices A
S5—00

and A*J,A can be written in the following way:

0
A— : : : : : and
. . 0 . .
* * 0 * *
0 0 e 0 0
~—

ig—th position

* * 0 % *
AJA=]10 --- 0 0 0 --- 0 [}ig— thposition
* * 0 * *
* * 0 % *
—~—
ig—th position
n—1
since (A*J,A); ;= —(A"JuA)ji, = —i > waas, = 0 for j € {1,...,n}. It follows that
=1
) 2
lim A? + @ = 0, which in turn implies that lim ‘)\fo‘ = oo and that for each j # g
5—00 s 5—00

()7 . . 2
hm A= Z m|alj ,  lim 2it5)Zio\5) (5)Zio (5) =0, lim Zits) (5) =0 and lim Lj (5)] =0.

—00 Qg $—00 (g §—00 Qg

This proves that ig can only take the value 1 if ay < 0 and n if ay > 0. Otherwise, since

Ajy—1 = Ajy = Aj 41, one gets hm Aj 1 =00 if as <0 and hm /\l 41 = —o0 if ag > 0 which
contradlcts the fact that lim )\S 1s finite for all j # 4.
S§—00

Case ig = n:
In this case, one has lim az\} = —g and lim A = Z la;|? for all j € {1,..,n — 1}.

§—00
Furthermore, the matrices A and A*J,A have the form

0 * ... x 0

A= A : and A*J,A— b
0 * * 0
0 0 e 0 0 0
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where A € U(n — 1). However, the limit matrix of the subsequence (Jxs + aisz(s)z(s)*)sel

has to be diagonal because lim %ﬁ’(s) = 0 for all m # j. This implies that

§—00
iy .- 0 0
A*J A = P
0 coo it O
0o ... 0 0

and consequently, )\j = p; for large s and j € {1,...,n — 1}.

Case ig = 1:
n—1
In this case, lim as\] = —g and lim \] = > pula;)? for every j € {2,...,n}. Moreover,
S$—00 5—00 =1
there is an element A € U(n — 1) such that the matrix A is given by
0 0
: A 0 x
A= : and hence, A*J,A =
e 0 ... 0 0 % --- =

Using the same arguments as above, one has A7, = p; for s large enough and for every
jed{l,..,n—1}

Conversely, suppose that klim ar = 0. If the regarded sequence of orbits satisfies the
— 00
0
first condition, one can take z(k) := 0 and Ay ;=1 for k> N and N € N large

\/ —Ozk)\]fl

enough. In the other case, one lets

[t 01 0 0
0 0 0 1 0
z(k) == : and Ag:=| + ¢ . .t | fork>N.
: 0 0 O 1
0 10 0 0

Thus, lim (Ak(JAk + Az (k)=(k)") A, ﬁAkz(k),ak) = (Jy, 07, 0).
—00

converges to the orbit O,. Then, there exist a sequence
in C" such that

5) Suppose that ((’)(,\k’ak))keN

(Ag)ken in U(n) and a sequence (z(k:))keN

lim (Ak(JAk + Osz(k)z(k:)*) . \/§Akz(k:),ozk) = (Jy,0,0).
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It follows that klirgoak = 0 and that (Z(k))lceN tends to 0 in C". Denote by A = (am;)i<m,j<n
the limit matrix of a subsequence (Ag)ser for an index set I C N. Then,
: n

lim Jys + Lz(s)z(s)* =A*JZA with (A" J\A)p; = ZZ N Q-

e @s =1
Since klingo ar = 0, one can assume that ay is either strictly positive for all s € I or strictly
negative for all s € I. -
Let /|as| be the square root of |as|. The fact that slg&%?(s) is finite for allm, j € {1,...,n}

implies that there exists at most one integer 1 < ¢y < n such that lim zig(s) _ oo. Therefore,

s—004/ |as

exists for all j distinct from iy. Hence, for the same reasons as in the proof of 4), necessarily
19 € {1, n}

If there is no such 4o, then there exists for all j € {1,...,n} an integer \; € Z such that \; = \?
(s)

for all s € I (by passing to a subsequence if necessary) and Z; := lim %
S$—00 Qs

is finite for all

j €{1,...,n}. Thus, one gets

A" A= Jy —f—ié(é)*, ifas;>0Vsel
A" A= Jy —’i%(%)*, ifas <0Vsel.

It follows by Lemma 5.3 applied to Z and o = 1 or « = —1, respectively, that

MM =AM> A2 MN=A> >0, >N, =X, ifa,>0Vsel
X=X >AN=MA>0> >N, =X >\, ifa,<0Vsel

Case ig = n:
2
In this case, lim azA;, = 0, as lim })\Z + ‘Z@#| < oo. Furthermore, lim A\j = —oo and
§—00 §—00 S §—00

n
lim A$ = Y N\j]ag;|? for every j € {1,...,n — 1} and ay has to be positive for large s. Since
s—oo 1 J
lim Z;—(S) exists and lim @ = 00, it follows that lim Z’a—(s) =0forall j € {l,...,n—1}.

5—»00 s S§—00 s $—00 s
Now, choose

2 =
x = lim )\Z—FM, Aji= lim A; and  wj = —i limM Vjie{l,..,n—1}.

§—00 Qg S—00 §—00 Qg

Then, the limit matrix A*J\A of the sequence (Jys + aisz(s)z(s)*)sel has the form

i)\/l o ... 0 —w1
0 N, ... 0 —uws
0 0 ... N\ —wn

wyp w2 ... Wp—1 1
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By Lemma 5.2, one obtains \; > X] > Xy > X, > ... > \,_1 > N _; > )\, and thus,
MZ2A 2> >A > 0> 1 2> A >\, > ) for large s.

Case ig = 1:

2
Here, lim a\§ =0, since lim ‘)\‘{ + M} < 0o. Moreover,
5—00 5—00 As

n
lim \] = oo, lgn A = Z)\l|alj]2 and lim %(9) =0 Vje{2..,n}
=1

§—00 500 (g

Hence, as < 0 for s large enough. If one sets

. as)? e Z1(8)Z(s)
x = Sll>11010)\1+ o Aj SILHOIOAJH and wj : zslggo o Vie{l,..,n—1},
the limit matrix A*JyA of (Jxs + a%z(s)z(s))sel can be written as follows:
1T wp W2 ... Wp-1 7)\’1 0o ... 0 —w1
—w; N, 0 ... 0 0 Xy ... 0  —wy
— w2 0 N\, ... 0 = A* : C : A, (40)
: Do : 0 0 iIN L —wp—1
—Wp—1 O 0o ... i)\,’n_l wp W2 ... Wp-1 T
where
01 O 0
0 0 1 0
A=
00 O 1
1 0 O 0

This proves that A\ > A\ > A5 > X > .. > A | > A1 > A > A\, for large s.
Conversely, suppose that the sequence (O( )\k@k)) satisfies the first condition.

. . k—
First, consider the case \f =% —oo.

Then, there is a subsequence (A%)se; for an index set I C N fulfilling A = )\; for every
jeA{l,...,n—1} and all s € I. By Lemma 5.2, there exist wy,ws,...,w,—1 € C, z € R and
A € U(n) such that

keN

Ny 0 L 0 —w
0 Z)\IQ PN 0 — w2
A*J\A = : S :
0 0 ... iN_, —wyp_
w1 W2 ... Wp—1 1T
In this case, \¥ # \ for large k, as AF "2%° _ 0. Choose x = i Aj— nil Aj. (Compare the
j=1 j=1

proof of Lemma 5.2.) It follows that



Furthermore, define the sequence (z(s))s ¢y in C™ by

z2n(8) = Vas(x —A5) and  z;(s) = iaozsij)\s) Vie{l,2,...,n—1}.

Then, one gets

I = 0
2
o g L
Qs
2 12
o 1) e P 7] Vje{l,..n— 1}
s—00 (i 500X — AS)
i 250 e et a1} and
5—00 Qg B &%oox-—»A% B J v
lim 2(8)2n(8) - _ iw; Vje{l,..,n—1}

S—00 Qg

Hence, (A(JAS + O%z(s)z(s)*)A*) converges to Jy and (z(s))__, to 0.

sel sel

If klim e £ o0, there is a subsequence (\*)ses for an index set I C N fulfilling A= )\;. for
—00
all j € {1,...,n} and all s € I. Therefore,

MM > > N> >0, > N,

and thus, by Lemma 5.3(2), there exists Z € C" such that ¢Aq, ..., i), are the eigenvalues of
Iy +iZ(2)*.
Let z(s) := Z,/as, which is reasonable since s > 0 in this case.
As the matrices Jy +iZ(2)* and Jy are both skew-Hermitian and have the same eigenvalues,
they are unitarily conjugated. Therefore, there exists an element A € U(n) in such a way that
Iy +izZ(2)* = A*J\A. Hence,
x vk . vk . z(8)z(s)*
A*I\A=Jy +i2(2)" = lim Jy +i2(2)" = lim Jy +i————,

S§—00 5—00 s

ie. (A(J/\/ + zz(s)aﬂ)A*) , converges to Jy. Furthermore,
s s€

2(s) = 2y/as =30,

k—o0
as ap — 0.
Thus, the claim is shown in this case.

Suppose now that for k large enough oy < 0, )\If >\ > > )\,]fhl > A1 > )\ﬁ > A\, and

. . . k—
lim ax A} = 0. First consider the case of "3 oo

k—o00
In this case, there is a subsequence (A*)ser for an index set I C N such that )\j- = )\;71 for all



j €42,...,n} and all s € I. By Identity (40) and Lemma 5.2 , there exist wi, wy, ..., w,—1 € C,
z € R and A € U(n) such that

1T @1 EQ e Wp—1

—w; Ay 0 ... 0

A*\A = —wy 0 i\, ... 0
—Wn—-1 0 0 “e iA;Lfl

n n—1
Similarly to the last case, one takes z := 3~ A\; — > A’ and thus gets
j=1 j=1

n

as(x —A)) = Zas()\j =A%) > 0.
j=1

Hence, one can define the sequence (z(s))s c; in C" by

21(s) =1/ as(x — A]) and z;(s):= S L e Vjie{2,..,n}.
as(z — Af)
Here again, one gets
A =0
2
- [z1(s)]” ..
Qs

()P il :

Sll)rgoTs = sll{gox—)\‘i =0 Vje{2,..,n},
limM = hmw:() Vm #j € {2,..,n} and
$—00 g 5—00 x—)\i Ty

lim 22(8)2105) iwj_1 Vi€ {2, ..,n}
$—00 Qg

Again, one can conclude that <<A(J)\s + Ofsz(s)z(s)*)A*’\/iAz(s),as>> converges to
sel
(Jx,0,0).

If klim A¥ £ 00, there is a subsequence (A\*)ses for an index set I C N fulfilling A= )\;- for all
—00

j€{l,...,n} and all s € I. Hence,
MMM 20> >N >,

and therefore, by Lemma 5.3(2), there exists Z € C™ such that i\, ..., i\, are the eigenvalues
of Jy — i3(2)*.

Let now z(s) := Zy/—as, which is reasonable since this time a;s < 0.

As above, there exists an element A € U(n) such that Jy —iZ(2)* = A*J\A and thus,
2(s)z(s)" (s)2(s)"

. 4
= lim Jy + it
—as S—00 as

A*\A = lim Jy —i
S§—00
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ie. <A(J/\/ + zz(s)aﬂ)A*) ; converges to Jy. Furthermore,
s se

~ S5—00
z(s) = Zv/—as — 0,
k—o0
as ap — 0.
Therefore, the assertion is also shown in this case.

5.3 The topology of the spectrum of G,

In this subsection, the topology of G,, = U(n) x H,, will be analyzed. The aim is to show that
it is determined by the topology of its admissible quotient space.

For this, some results on the topology of the spectrum of the semidirect product U(n) x H,
in terms of the Mackey data will be given.

5.3.1 The representation 7,

First, examine the representation 7, ) = indS?n—l)an pu @ xr. Its Hilbert space H,, is
given by the space

L2(Go/ (U(n = 1) % H,), p @ ) 2 L2(U(0)/U(n = 1), )
Let £ be a unit vector in H, ,). For all (z,t) € Hy,, and all A, B € U(n),
Tur) (42, D8(B) = 772 (A71B).

Therefore,

Ce (A, zt) = <7T(‘M’T)(A’27t)£’§>L2(U(n)/U(n—1)7PH)

_ / e—i(vaZ)cn<5(A_1B),§(B)>H dB.

Pu
U(n)
By (39) in Section 5.1.2, one has

R ~ U(n) _
T == T(u,r)|U(n) = mdU(n_l)Pu = Z TA-

Z€U(n)
AN Z2p12A2 212> 2 A1 2 n—1>An,

Every irreducible representation 7 of U(n) can be realized as a subrepresentation of the left
regular representation on L2 (U(n)) via the intertwining operator

Uy:Hy— LQ(U(n)), Ux(&)(A) := <£’T)‘(A)§>‘>H>\ VA € U(n) V€ € Hy

for a fixed unit vector &\ € H,.

For 7y € U/(\n)7 consider the orthonormal basis B» = {q53\| jedl,.., dA}} of H, consisting of
eigenvectors for T,, of H).
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Moreover, as a basis of the Lie algebra §,, of the Heisenberg group, one can take the left
invariant vector fields {Zl, Zoy .. Zny L1, 2o, . .. ,7n,T}, where

0 zj 0 = 0 Zj 0 0
Zij=2—+it— Z;j=2——i2— and T:=_
T T e T e e M ot
and gets the Lie brackets [Z;, Z;] = —2T for j € {1,...,n}.
Now, regard the Heisenberg sub-Laplacian differential operator which is given by
I, = =
L= > (2iZ;+ Z;2;).
j=1
This operator is U(n)-invariant.
Lemma 5.5. .
For every representation m, .y for r >0 and p, € U(n — 1),

dr () (L) = =1L

Proof:

Since the representation is trivial on the center of b,,, one has

T)

- 02 0? -
_ —i(Bvr,z)cn
A7) (L)E(B) 2j§:1 ( o207 T 0%, az) (e )e).

Let D = {ey,...,e,} be an orthonormal basis for C". By writing

(Bvr, Z)(Cn = % <<BUT, Z>(Cn + mcn>a
one gets
A (L)E(B) = =Y [(Bur, ej)en| *€(B) = —r’¢(B).

j=1
O

In addition, the following theorem describes the convergence of sequences of represen-
tations (W(ukﬂ«k))

Theorem 5.6. /\
Letr >0, p, € U(n—1) and 7\ € U(n).

1. A sequence (77(“’“7Tk))

keN’

of wrreducible unitary representations of Gy, converges to m

keN Hyr)

n @n if and only if klim re =1 and ¥ = p for k large enough.
— 00

2. A sequence (W(Mk77.k)) of irreducible unitary representations of Gy, converges to Ty in

keN
Gy, if and only if klim re = 0 and Tx occurs in wx for k large enough.
— 00

These are all possibilities for a sequence (W(Hk,Tk)) of irreducible unitary representations

of Gy, to converge.

The proof of 1) and 2) of this theorem can be found in [1], Theorem 6.2.A.
Furthermore, since the representations m(, ) and 7 are trivial on {(1,0,t)| t € R}, the center
of Gy, while the representations () ,) are non-trivial there, the possibilities of convergence
of a sequence (’ﬂ'(ukﬂ,k)) listed above are the only ones that are possible.

keN

keN

122



5.3.2 The representation 7y )

Next, regard the representations T(A\a)-

Consider the unit vector £ := Z qb)‘ ® f; in the Hilbert space H(y ) = Hr ® Fa(n) of m( q),
where fi,..., fq, belong to the Fock space Fo(n). Then, for all A € U(n) and (z,t) € H,,

T (4,2, 1)E(w) = ZT)\ (b/\®6w‘t Fl2l*= “’ZC"f (A lw+ A7t ) ifa>0 and

Tona) (4, 2, 0)§(W) = ZTA )¢h @ elott il g @zen 1, (A Tw + A1 ) if a < 0.

It follows that

Cg(A,a) (147 z, t) — <7r()\,o¢) (A, Z, t)é.a €>H(>\,a) =

Z <7'/\ ¢7, O >H f ot =g lwzen f (A= 4 A712) i (w)e 31" dw if o > 0,
JJ =
Z (A (A}, 6 )y fe“”+ il g @aen ¢ (A*lw+A*12)fj/(w)e%|“’|2dw if @ <0.

’.]_

Lemma 5.7. -
For each representation m(y o) for a € R* and 7\ € U(n), one has

dm(na)(T) = ial.
Proof: 0
Let £ = Z ¢)‘ ® f;j be a unit vector in Hy ). Then,

]7

dx
d d| . .
<d7r)\a)( )5 £>7‘l(,\,a) = %)t:0<ﬂ-(>\,a)(laOat)£7£>7_[(/\,a) = %‘t:Oe ! ZlejH,QFa(n) = .
J:
L]

If o« is positive, the polynomials C[C"] are dense in F,(n) and its multiplicity free

decomposition is
o0
= E va
m=0

where P, is the space of homogeneous polynomials of degree m. Thus, p,,(z) = 2" is the
highest weight vector in P, with weight (m,0,...,0) =: [m]. Applying the classical Pieri’s rule
(see [15], Proposition 15.25), one obtains

(1A @ W) E n ® Tjm) = > N (41)
NePr,
N SA > 2L > A,
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If «v is negative, one gets

(T)\®W ZT)\@)T[m]— Z TN -

NeP,
AN > > A0 >N,

Both of the sums again are multiplicity free. This follows from [20], Chapter IV.11, since W,
is multiplicity free.

Furthermore, let R, := {hm,a] m = (my,...,my) € N”} be the orthonormal basis of the
Fock space F,(n) defined by the Hermite functions

o[\ 2 | |a|m

with |m| =m; + ... + mp, m! =mq!---my! and 2™ = 21" .- 27" (see [14], Chapter 1.7).

Now, one obtains the following theorem about the convergence of sequences of repre-

sentations (7T(>\k7ak))keNI

Theorem 5.8. o

Let o € R* and 7y € U(n). Then, a sequence (71'()\1@70%))

T(\a) 4 and only if klim ap = a and \¥ = X\ for large k.
—00

keN of elements in G, converges to

Proof:
First, consider the case where « is positive. Assume that oy "2%° o and that \F = X for k
large enough. Moreover, let f € C5°(G,,) and let € be a unit vector in #H,. Then,

Ak Lay)
<Cf®h0 ag ’f> (LOO(Gn) Ll(Gn))

/ /f (A, 2, t)(Tax (A)E, §),, Zakt—‘?zﬁ/(l)"e—éﬂw e =310l qud(z, £)dA

2T
U(n) Hp, Ccn

(Aa)
tends to <C§®Aho o’ f> (£(Gn).L1(Gn))

The same reasoning applies when « is negative.

Hence, (W(Ak’ak))keN converges t0 Ty q)-

Conversely, the fact that the sequence ( ()\k7ak))k oy converges to the representation () )
implies by Corollary 2.10 that for £ € HY ) of length 1, there is for every k € N a unit vector

& € H(,\k,ak) such that <<d7r(/\k7%) Ek’€k>H(>\k,ak)>k€N converges to <d7r(>\’a) (T)£7§>,H(/\,a)
Thus, by Lemma 5.7, lim o = a.

k—o0
Hence, it remains to show that \¥ = X for k large enough.

Let f be a unit vector in Hy. Then, by Theorem 2.8, for every k € N, there exists a vector

= Y ¢ @hma, € H )k q) of length 1 such that (C *F, ak))keN converges uniformly on
meN”

compacta to Cg@h
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Now, take § € Ry such that 0 ¢ I, 5 = (o — 0, + ), as well as a Schwartz function ¢ on R
fulfilling 7, s =1 and ¢ = 0 in a neighbourhood of 0. Then, there is a Schwartz function ¢
on H,, with the property

op(¢) = p(B)Fp VB R,

where Pg : Fg(n) — C is the orthogonal projection onto the one-dimensional subspace Chyg s
of all constant functions in Fg(n). On the other hand, there exists ks € N such that oy, € I 5
for all k£ > ks. One obtains 04 (1)ho,q = ho o and oa, (¥)ho.a, = ho,a, for all k > ks and thus,
it follows that

Bt = 3 (GG s )

k—oo
m,m’ €N

= ].j.m <C7r(kk’ak) (I[; * -)7w>
k—roo m%“"gﬁn@hm’ak (Loo (Hn):Ll(Hn))

= <0a(¢)h0,mh0,a>}'a(n) =1

Hence, one gets
lim ||& —¢E@h =0
k~>oo”£k CO 0,0 HH(Ak,ak)

and one can deduce that
. k k
kh—>nc}o<7->‘k(A)C0740 >HAk - <T>\(A)§’§>H/\
¢o

Il

to C’?. Thus,
N

uniformly in A € U(n). Therefore, for all £ € N, one can take the unit vector ¢ =

in H,x to finally obtain the uniform convergence on compacta of (C;?k)k
€

A = X\ for k large enough.

O
Lemma 5.9. -
For each representation m(y o) for € R* and 1\ € U(n),
(dm(x0) (L) as hm7a>7a(n) = —|a|(n+2|m|) VmeN"
The proof follows from [4], Proposition 3.20 together with [5], Lemma 3.4.
Theorem 5.10. /\
Letr >0, p, € Un—1) and 7\ € U(n).
1. If a sequence (w()\k’ak))keN of elements of @n converges to the representation m(,
in @n, then kli_)noloak = 0 and the sequence (F(Ak,ak))keN satisfies one of the following

conditions:

(i) For k large enough, a > 0, )\;? = pj forallj e {1,..,n—1} and klim apAk = —%.
—00

M

(ii) For k large enough, oy < 0, )\? = pj—1 for all j € {2,...,n} and klim ap A\l = —5
—00
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2. If a sequence ( TT(Ak, ak))keN of elements of (A;n converges to the representation T in @n,

then lim ap = 0 and the sequence (7r satisfies one of the following conditions:

k—00 ( ak))kGN

(i) For k large enough, ag > 0, Ay > )\’f > > A1 > )‘2—1 >

; > Ay > /\fL and
li AP =0.
hyoo KO

(i) For k large enough, o < 0, )\’f >\ > )\’2“ > Xy > > Aoy > /\,’2 >\, and
lim aA¥ = 0.
k—o0

Proof:
1) Let fi* = (k1 -, fs, fbss fs+1, - - -, fin—1) for s € {1, ..., n — 1}. By hypothesis, the sequence

(W(}\k’ak))keN converges to the representation m(,,) in G Thus, by Corollary 2.10, for the

. B — i . .
unit vector £° = /dsC 5 g € M, ), there is a sequence of unit vectors (&) ken C H(()ka,ak)
such that

S ¢S k —Q0 s s
<d7r()\k,ak)(T)£ka€k>'H<)\k <d7‘(‘ ( )(f ) § >H(u ” =0 VI'et, and
sou) ,

<d7r P §k7€k>H o hogp <d7r( )(L‘)(gs)’§5>H(MyT) — 2

Since by Lemma 5.7 one gets <d7r AR §k7§k>7-[ = <iak§,f:,§,§>ﬂ L it follows
ag) (AR o)
that klim ay, = 0. Therefore, one can assume Wlthout restrlction that ag > 0 for large k (by
— 00

passing to a subsequence if necessary). The case oy < 0 is very similar.

On the other hand, the sequence (<T)\k ® Wa, (A&, §,§>H . )k  converges to the matrix
. (AFLap)/ ke
coefficient CW(W) (4,0,0) = C"., o (A) uniformly in each A € U(n). Hence, from this

171

convergence, Orthogonality Relation (38) and the fact that H s = A
et iz (um) dps
follows
. 7S 7S 1
tim [ (v @ We (60D (O 0y, A= A0 @)
U(n)
By (41), one can write the expression (Tyr ® Wak)w(n) as
(e @ W) 17y = > Tk
S\kEPn

N>AE> >k >0k

and, since for k large enough the above integral is not 0, again by the orthogonality relation,
there has to be one \F € P, with S\If > )\If > .. > S\fl > )\ﬁ such that \* = o°. But as
5\]&? = fig = fig ] = 5\]§+1, one obtains that A} = 5\5 = [iy = ps for k large enough. As this is
true for all s € {1,...,n — 1}, one gets )\? = p; forall j € {1,...,n —1}.
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So, it remains to show that lim ozk/\ffb = —%.
k—o00
Again, by the decomposition of (T)\k ® Wak)

follows

U(ny D (41), one can decompose H(yk o,) as

>

_ Xeep,
AE>AR> >0k >0k

Hirk ) = Hs

and thus, for every k € N, the vector {; can be written as

D

_ Xep,
N2ab> >3k =2k

& = &, for &, e M5 VkeN.

Then, with Orthogonality Relation (38),

/ (e & War ()G gy, (e (D 01,y dA
U(n)

[ (e o W (850800,

U(n)

>

_ Mep, ykeP,
A= AE> >k >0k

dA

<Tﬂs (A) I;LS ) gbllls >’H(u’r)

[{

~k
U n 14 GPn
w PE>Ab>. ok >Nk

(s ()1, 01)

o <A>§§k,s;k>

D

_ Mep,
N> ak> >k > 2k

2k

dA
Hp,r

dA

>

Fkep,
FE>NE> L >Fk >0k

/ (T3 (A8 €50V, (e (D) 0 )y
U(n)

H,T)

<£Zsa ¢’1115 >Hﬂs < /11S ) ggk >'Hﬁs
dﬂs

D

ykeP,
FE>NE> L >Fk >0k

<§337¢?S>Hﬁs< 11157525>Hﬂ5 . ‘<§287¢l115>yﬁs
dlas - d,as

2

From (42) follows that

2 k—oo
— 1.

(e O D

0T 2

. Xep,
Ni>Ab > >Rk >0k

As

1= 13 legellze, .
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one can assume that § = qb‘fs for large k£ € N. Since )\f = p; for all k € N and for all
je{l,...,n— 1}, one gets for s =n — 1

ﬂ”fl =\ my for my = (0, s 05 i1 — )‘fb)

From now on, consider only £ large enough such that 5,?71 = ¢;11 " Then, 5,?71 is the highest
weight vector with weight i"~!. Moreover,

[e.e]
> M = Hive ) = Hor @ Fap(n) = > Hyw ® P
Akep, m=0
Ne2ME> Ak >

Every weight in the decomposition on the left hand side has multiplicity one, as mentioned in
(41), and therefore, this is the case for every weight appearing in the sum on the right hand
side as well. From this, one can deduce that there exists one unique M, such that "', the
weight of 5};_1 € H(ak,ap): aPPears in Hyrx @ Py,

By [20], Chapter IV.11, every highest weight appearing in Hyx ® Pay, is the sum of the highest

~n—1

weight of H,x and a weight of Py, . Hence, [t is the sum of \* and a weight of Py, . From
this follows that the mentioned weight of Pjs, has the same length as Al — 2N = my,.
Therefore, My, = [mgl, i.e. Pag, = Plmy)-

Taking an orthonormal basis of H,x consisting of eigenvectors for T,, as at the beginning of

this subsection, then, due to the above considerations, one can write 5};*1 as

n—1 k
k = E ¢W & hmk,akv
- sm—1
(Wkﬂnk)egik

sn—1
where qfﬂk is a uniquely determined eigenvector for T, of H,» with weight +* and Q’;k is

the set of all pairs (7*,7;) such that /my € N® with || = |mg| and 4% is a weight that
appears in the representation 7y fulfilling v* 4+ 1 = "~ '. Furthermore,

> =1
(7’“7777«1@)69’;:71

Then, from Lemma 5.9 and the U(n)-invariance of L,

k—oo ne e
=12 S (dmn ) (D& € 1>H(Ak,ak)

- ) ) <d7T(/\k,Olk)(£)¢’Yk ® Mg s 7 ® h”:lkvak>7{

~ gn—1 . = an—1 ()\k,ak)
(7k7”1k)652ik (7k7nmk)eglik

= Z ’¢’yk}2 <d7T()\k,ak)(£)hmk7ak’hmkvak>fak(n)

- sm—1
(sznlk)€S2ik

- S (- el 2o

gn—1

(szﬁdk)ES)ik

= —og(n+2[myl) > ‘¢7k|2
(k) ey

= —ak(n+2\mk|) = —ak(n—i—?un_l —2)\2).
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k—oo r2

As ay, oo 0, also ag(n + 2up—1) — 0 and thus, klim Nk = —5.
—00

2) The fact that the sequence (W(Ak’ak)) converges to Ty in G implies that for the unit

keN
vector ¢7 € HY°, there is a sequence of unit vectors (€ )ken C H‘(f\’k ar) such that

(e ) (s Gy, =5 (AT, 61)y, VT €ty and
yO e

)

k—00

<d7r(>\k7ak)(ﬁ)flmfk>H(A — <d7')\(£)q5{‘,q§{‘>7_[A =0.

kLop)

As above in the first part, by Lemma 5.7, from the first convergence it follows that klim ar =0
—00

and one can assume without restriction that ay > 0 for large k.

On the other hand, <<T)\k ® Wa, (A)ék,§k>H(Ak converges to C’/\% (A) uniformly in

ozk) k'EN 7¢i\
each A € U(n). Hence, as above one gets
1
; A A —
kl;r{:o <7—,\k & Wak (A)€k7 §k>’H(>\k,ak) <T/\(A)¢1 ) ¢1>H>\ dA = a 75 0.
U(n)

Again, as in the first part above, by (41) and the orthogonality relation, one can deduce that
A > /\’f > > Ay > )\ﬁ for large k.

So again, it remains to show that lim ak/\ﬁ = 0.
k—o0

In the same manner as above, by replacing i"~! by A, one can now show that for large
k € N, it is possible to assume &, = gb{‘. So consider k large enough in order for this equality
to be true. Then & is the highest weight vector with weight A.
Now,

A= M pmy for my = (M — A, Ay — AF),
where the sequences ()\1 — )\’f)keN,...,()\n,l — )\El—l)keN are bounded, because
A > )\’f > >\ )\fg for large k.
Again, by replacing "' by A in the proof of the first part above, one can also write &, as

Sk = Z ka ® hﬁ%mak’

(’kaﬁlk)egik

where df/k is a uniquely determined eigenvector for T,, of Hx with weight v* and Qﬁk is the
set of all pairs (7,7 such that my, € N with /x| = |ms| and v* is a weight that appears
in the representation 7y« fulfilling v* 4- 73 = \. Furthermore, again

oo =1
Now, like in the first part above, by Lemma 5.9 and the U(n)-invariance of L,

k—o00

O <— <d7r()\k,ak)(£>£k7€k>7_[(/\k
= —ak(n + 2|mk])
= —an(n 200 = AR e 2o = Ay 20— 20E).

ag)
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As ay, hee 0, also ay, (n + 2()\1 — )\’f) + ..+ 2()\n4 — )\Z_l) + 2)\n> "2% ) because of the
k k : kE_
boundedness of the sequences ()\1 — Al)k;eN""’(A”_l — An—l)keN' Therefore, klirgoakAn =0.
O

Theorem 5.11. -
Letr >0, p, € U(n—1) and 7\ € U(n).

If lim a, = 0 and the sequence (7T(/\k ak))k y of elements of Gy, satisfies one of the following
k—o00 ’ €

conditions:

2

(i) for k large enough, oy > 0, )\éc =p; forallje{l,..,n—1} and klim ap\k = —5,
— 00

(ii) for k large enough, ay < 0, /\? = pj—1 forall j € {2,...,n} and klim A\ = —%,
— 00

~

then the sequence (W()\kvak)) converges to the representation m, y in Gp.

keN

In order to prove this theorem, one needs the following proposition:

Proposition 5.12.

Letr >0, p, € U(/ntl) and Ty € (7(?)
Furthermore, let klim ar = 0, ap > 0 for large k and consider the sequence ()\k)keN mn Py
—00
2

fulfilling )\;? =p; forallje{l,...,n—1} and klim ap\k = —5
—00

n—1

Denote i := [i = (U1, oo o1y fn1), Nk = pn_1 — AE and let Pn, be the space of
conjugated homogeneous polynomials of degree Ny,.
Define the representation A%) of G, on the subspace Hi ® P, @ Pn, of the Hilbert space

Hip @ Fap(n) @ Fa, (n) by
TR (A, 2, 1) := T3(A) @ Way (A) @ (0ay(2,1) 0 Wy (A)) V(A 2,t) € Gy

Then, there exists a vector § € Hy ® Hy ) and for each k € N vectors § € Hp @ Pn,, @ Py,
such that for all (A, z,t) € Gy,

R > k—oo < _ A >
T , 2, , — (a7 , 2, 1), .
< ( )Eks Ek s T TI0 (o) (T @ m1,m)( )€, € Mot
Proof:
Let my := (0,...,0, Nj). Then, \* = i + mj. Moreover, since lim o \f = —%, limai =0
k—00 k—00

k—o00
and ag > 0, one gets N — oo.
Let ¢” be the highest weight vector with weight /i in Hi.
Now, define

_ 1 - 1 P — 5
§p ="' ® ( 1 Z hg,ap ® hq’ak> v L Z '@ hg.ap ® hg,ay, € Hp @ Pn, @ Pn,-
k2 genNm: N2 genm.
|la|=Np lg|=N
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Since Ni2 is the norm of S Rgap @ hgay, the vector —+ 37 D4, ® hy o, has norm 1.
qeN™: Ny 2 qeN™:
lgl=Nx lg|=Nx

Let (A, z,t) € Gy. One has

<7r(ﬂvak)(A, Z,t)§k7§k>

Hp®F oy (1)@ Fay, (1)
N 1 o
= <7T(#’ak)(A7 z,t) ( 1 Z P ® hg,a), ® h‘]voék>7
k;2 qun:
lg|=Ni,
1 o
1 Z ¢ @ hgay ® hti,ak>
N2 gen™: Hy@F oy, (N)0Fay, (n)
|q|=Np,
N 1 o
= <7T('u7ak) ((]L z,t)(4,0, O)) ( 1 Z P @ hg,ap ® hq,ak> )
Nk 2 qeN™:
/=N,
1 _
1 Z ¢ @ hgay ® hfi,ak>
Ni2 gen™: Hy@Fap, (0)0Fay, (n)
|g|=Ng

= < LY e W (Wi @ (00 (2 1) 0 Way (A)hga ),

Nk2 qeN™:
lg|=Ng
1 - _
— (A Dol @ ( Z hg o, @ hq,ak>>
N2 GeN™: Hy@Fay (0)@Fa, (n)
|g]=N,
Now, one can write
Wo(Ahgey, = Y wh (Ahmg, and
meN™:
|m|=Ng
Wa (Ahge, = Z wv’%,q(A)hm,ak
meN"™:
|m[=Ng

with wﬁw(A) € C. Because of the unitarity of the matrix W, (A), one gets for m, m’ € N"
with |m| = |m/| = Ny,

Z w,kn,q(A)wf@,g(A) _ {0 if m #m/,

1 ifm=m.
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Hence,

1

< ! Z ¢ﬂ ® Way, (A hgep @ <Uak (z,t)0 Wak(A)hq,ak>v

Nkz qEN":
lg|=Ny
1 -~ -
N3 Ta(A I)QSM ® ( Z hg,eu, ®hl§7ak>>
k2 |¢j~‘eN]:L[: Ha®Fa), (n)@Fay (n)
qI=NVg

1 o
< r Y Ol @ (0a (5 Dy ),
Nk2 meN":

|m|=Nj,
1 PR N
(A 1)¢“®< > hq,ak®hq,ak>>
Hi®F oy, (N)@F oy ()

N2 GEN™:
|g|=Nx
= () o)
n
1 _
N< Z hm,ak®<0ak(zvt)hm,o¢k>a Z h~7ak®hq,o¢k>
B\ menn, geN™: Fap (M)@Fay (n)
|m|=Ng |g|=Np,
P 1
= <Tﬁ(‘4)¢”’¢”>m Ni mq% <hm’ak’hq’ak>}"ak(n <"“k(z’t)hm’ak’hg’ak>f%<n>
|m|=|g|=Ng

1
Z <aak (2, 1) hg,an5 Py, >fak (n)

o t— k|42 %k T~ %k |yl
elak't 4 ‘Z| e 2 <U)7z>cnh’q,ak (Z _i_w)hq,ak(w)e 2 |w| dw

n
qeN™: cn
lgl=Nx

N,
aE\"™ ay 1 i t—a—k|z|2
[ ) N,
H; N, 27 2Nk ¢!
M qun: q
lg|=Nx

Now, by the binomial theorem, letting (?) = (‘1111) (‘{:) for ¢ = (q1,...,qn) € N" and
L= (I, o) € N7,
“ .
(@enie_x (o

@
Q1 1
(z4+w)! = g <l 2Byl &4
=0 N1 In=0 L:=(l1 0 ln ) ENP:
l1<q1,-,ln<gn
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Thus, one gets for ¢ € N” with |g| = N,

N
ap\" o, "1 ok (2 o, O (,0[2
(l) —k ewfkt_ 1 ] /6_ 3 (w,z)cn (Z —i—w)q@qe_ 3 [w] dw

2r/) 2Nk ¢!
CTL
Ng
— (%)” A~ 1 itk P2 3 T\ Ja—l [ = w2)en bt o= F 1w gy
2w/ 2Nk ¢! l
li=(l1,.,ln ) ENT: cn

11<q1,--In<gn
The integrals in wy, for m € {1,...,n} can be written as follows:
e Jm(_z—=)im j
w. Z Qp\Im _ ok 2
S [ () e v,
J 2
C

m=0 "

Therefore,

Nk « «@ «
(%)" A" 1 a2 3 D gt [ =%k (w.2)en g p— K w2 g,
2/ 2Nk g l

l:=(l1,...,ln)EN™: Cn
L1<q1,-,ln<gn

N, A N
- () Segetr s s () () S
) 2! 2. \2) !
I:=(l1,....In)EN": jENm
h<ai. i Zan

/ wjﬂﬁqe_a?k'w'de.
(CTL

Because of the orthogonality of the functions C* — C"* 2 +— 2% and C* — C",z — 2 for
a,b € N™ with respect to the scalar product of the Fock space, j +1 = ¢, i.e. [ = g — j.
Moreover, as th,akHQf% m =1

1

= N -
g n akk

T

Hence,

N, , v
(%)” 0" 1 g% 2P > > (%)'J' 7\ gt (=2)
2w/ 2Nk ¢! : 2 l j!
l:=(ly,...In)EN": jEN"
Li<qu,.ln<gn

/ wi e F 0P gy
(CTL

N . .
- ) ety () SR
21/ 2Nk ¢! 2 q—7 J! Fay, (1)

j:':(jl,...,jy‘l)GN”:
J1<q1,-0n<qn

e LD S g W J(=zy

2/ (q=5)" (1)
J:(jl)zjn)ENn j.
715415590 <gn
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Thus,

(o042 080.6),

Hﬁ®f0tk (n)®]:ak (n)

e o ene_ipp 1 ap\lil g (=)
a <T“(A)(¢u)’¢u>ﬂ~ A A 2 2 (2 (@—7)! (n?
g qEN"™:  ji=(j1,....jin) EN": (41)
lg|=Nr  j1<q1,-,in<qn

Now, regard

1 Z (ozk>|j| q!  A(—=z)

A o — -\ N2

Nk geN™:  j:=(j1,...,jn)EN": 2 (q=9)! (J!)
lgl=N  j1<q1,3n<qn

_ ]\17k Z Z (%)jﬂr--ﬂrj" (ql(q1 - 1)"'((]1 — +1))

q1,--,qn€N: j:;(jl,...,j(L)EN":
q1+...+gn=Ni  j1<q1,-.,jn<gn

"'<Qn(Qn_1)"'(Qn_]n+1)> ( 2).
(4)
Then, fixing large k € N, one gets for j = (ji, ..., jn) € N7,

S () e weae)

q1EN>;, ,...,qn€N>;,
q1+m+lIn:Nk

. 20 (—%)]
e <Qn(Qn — 1) (gn — Jn + 1)) (, 2) (43)
3!
_ | Z (%Nk)jl+-~+j" qi(qr —1)---(q1 —j1+1)
2 an
‘11€N2j17“-v%€N2jn1 Nk

q1+...+gn=Ng
o Qn(Qn - 1) e (Qn - ]n + 1) Zj(_z)j
Ny (41)°
1 r? Jitetin 29 (=2)7
L r 1)
&= T (5 |

2
|
F g1eNsj o gn€Ns,: (41)
q1+-..+qn=Ny

IN

. . 2 .
since khm apNy, = 5. The above expression does not depend on k£ and
— 00

S () o = e (G o)) <o

3:=(J1,---rJn)ENT

So, by the theorem of Lebesgue, the sum in (43) converges and it suffices to regard the limit
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of each summand by itself. Hence, for j = (j1,...,jn) € N”, one has

]\1]k Z <%)j1+...+jn <q1(QI — 1) (g1 —j1+ 1))

(]1€N2j1 ,A..,QnesznZ

q1+...+qn=Ny
. 2J(—%)J
: (Qn(Qn — 1) (gn — Jn + 1)) (, 2)
(4")
N i Z (7’2)j1+~~+jn ql(ql — 1) s (QI -+ 1)
k @1EN> 5., qn€N>;, e
q1+...+qgn=N
.. qn(Qn - 1) T (Qn — Jn + 1) zj<_z)j
Nkjn (]')2
B 1 Z (T.Q)jl—i-...-f—jn (]1 ( q1 1 ) (ﬂ . jl - 1)
N q1EN>;) 5, qn €N 4 i ANk N M N
q+...+gn=Nj

L n (@_L) (e ; —1) A (=z)
Ny \N; N, Ny Ng (j!)2

_ 1 Z (7'2>j1+-..+jn a1 ( q1 1 ) ( q1 jl — 1>
. 4 Ne  Ni N
N G1EN>; s —1€N>; - 4 N \Np  Ng Ni, L
q1+...+gn—1<Ng—jn
Ll (q”*I _ i) <Qn71 _ Jn-1— 1>
Nk Nk Nk: Nk Nk
) (_M)_L
. <(1 it +qn,1> _n— 1> (=%
Ny, N (]')2

Now, define for k € N the function F}, : [0,1]""! — R by

Fk(sl, Sn—l) =

( )]1+ +Jn ( 1 ) ( jl—l) ( 1 ) ( Jn—1—1
S R — P 8 p— ...S _ S _ —_ PR 8 _ e —
A TN, Pl TN n-l Ny,

(1— S1+ ... +Sp— 1))((1—(81—*—...4—8”71)) _]\17]€)

Jn — 1> zj(—E)j.

) ((1_(31+...+sn_1)) N (j!)2
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Then, for € > 0 and large k € N,

1 1
1 q1 dn—1
ﬁk Z Fk<m,, Nk> — /-~~/Fk(sl,...,sn1)d81...dsn1
0 0

q15--dn—1€N< Ny,

<e.

gn—1

Since Fk<;%, 5 TN ) =0,ifq1 < Jj1,q2 < joor..orgp_1<jn_10rqi+..+qp-1> Nt —Jn,
it follows that

1 1
1 q1 dn—1
N, Z Fk(m,..., N, ) — /'-‘/Fk(sl,...,Sn_l)dsl...dsn_l
0 0

q1EN> 5 qn—1€EN>; ¢
g1t tqn-1<Ng—jn

< .

Furthermore, F, converges pointwise to the function F : [0,1]"~! — R defined by
2 (—z)

(7)°

2 . .
reN\ Jit...+in
F(81y.0ey8p—1) := (—)

4 s1j1 ---Snfljnfl ) (1 —(s1+...+ 5”*1))%

and thus, by the theorem of Lebesgue for integrals,

F(s1y.eey Sp—1)ds1...dsp_1.

T
ol

1 1
lim /'--/Fk(sl,...,sn_l)dsl...dsn_l =
k—oo
0 0

From these observations, one can now deduce that

1 DR (o e .
N, 4 N \N, N

QLEN> o qn—1€EN>; ¢
. gn—1 ((Infl _ i) . (anl o jnfl - 1)
N \ N, Ng Ny, Ny,

q1t...+gn-1<Np—jn
_(1_Q1+---+Qn—1) 1_Q1+~-+Qn—1)_i
N Ny N,

(
. ((1 @t —i—qn,l) Jn — 1) 2 (—z)

N,

1 1
1 ~1\ k
= F Z Fk(%,...,qukl) 2? /-"/F(Sl,...,Sn_l)dsl...dsn_l
0 0

k
@EN> o qn—1EN>; ¢
q1+...+qn-1 SNk'*]n

(4)

1 1
reNJitetin . . c LI (%)
= // (Z) s171 syt (1 —(s1+...+ sn_l))J" (72) dsy...dsp_1.
0 0
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Therefore,

. o apie 1 ap\ll ¢ 2 (=z)
<Tﬁ(‘4)(¢“)v¢“> et — Z Z <7> N N2
i Nk qeN™:  ji=(j1,....jn)EN™: 2 (q_]). (]!)
‘quNk ]lgqlvvj’rLSQn

1 1

- ~ 2 1 o tin . .
kjf’ <Tﬁ(‘4) (¢M)’¢M>H~ Z / B / <%>31+ v 517t syt
H o j=(1dn)ENT 0
((1 — (81 +...+ Sn_l))jn M dsy...dsn—1

(7))

1 N
= <Tﬁ(A>(¢ﬁ)v¢ﬂ>Hﬁ /0/ <j%<(;1‘)2)>

Bessel function

—|zn|2 (1—(s1+...+sn71))7‘2

< 3 (_|(;H|)Q>J> (Z ( (;‘n!)Q )j> dsy...dsy—1

jnfleN jneN
Bessel function Bessel function

1 1 27 27
{i il 1\n irRe (e'®1,/51 Z1
_ - - 1 21
= {n@@).e) (=) [ [ [eirrelenvaa)

’Hﬂ 27'('
0 0 0 0

. i, _ . ; J—
e (-1 571) i e (s T ) g s

= (@), (2;)0/10/1:07

= <Tﬁ(A) (¢ﬁ)7¢ﬂ>Hﬁ /e_i(sr’z)cnda(s) (44)
én
= (m@@).e), [ eI
Uln)
<

- z g
(TM X 77(1’7«)) (A7 Z, t) (¢ ® 1)’ ¢) ® 1>Hﬂ®'H(1,r) ‘

Equality (44) can be explained in the following way:
By substitution, for a function f on the n-dimensional complex unit ball B,

1

[ f@dz= [ 21 [ fpo)dutoin (45)
Bn 0 Sn
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S™ being the n-dimensional complex sphere and dy its invariant measure. Now, regard the
integral

1
/p2n1 / f(w(sla"'Sn—17tlu-”7tn7p))d(817"'Sn—latla'”7tnap)
0

[0,1]*=1x[0,2m)™
for any continuous function f on B™ and
Y(S1y ey Spe1y b1y ooy by p) =
p(\/ﬁcos(tl), Vsisin(ti), ..., v/Sn—1€08(tn—1), v/Sn—1 sin(tp,—1),
mcos(t ), mcos )

n—1

with s = Y s;. By substitution and Lemma 7.7 in the appendix, up to a positive constant,
i=1

this integral equals [ f(z)dz. Together with (45), this shows that the measure used on

B
[0,1]"! x [0,27m)" coincides with the invariant measure do on the sphere S™ and hence,
Equality (44) is proved.
Choosing € :== ¢ @ 1 € H; ® H(1,r), the claim is shown.

Proof of Theorem 5.11:

Without restriction, one can assume that the sequence (W(Akvak)) ey fulfills Condition (i).

The case of a sequence (77( AF.a fulfilling the second condition is very similar.

k))keN

For n € N and v € Py, let ¢¥ be the heighest weight vector of 7, in the Hilbert
space H,. Let fi := (@1, ..., fin—1, in—1) and define the representation o(; .y of Gy, by
T(fir) = T © T(1r):

is the space

The Hilbert space Ho, of the representation o

H =L*(U(n)/U(n —1),H;)

O (fi,r)

and G,, acts on ’HU(W) by

Ty (A 2, 1) (€)(B) = e " Prralen i (A) (€(A'B)) VA, B € U(n) ¥(z,t) € H, V¢ € H

(i)

One decomposes the representation Th U (n—1) into the direct sum of irreducible representations
of the group U(n — 1) as follows:

TRU (n—1) E: Pv;

veS(fi)

where S(ft) denotes the support of Tajr(n—1) 10 U(n —1). Furthermore, let P, be the
orthogonal projection of H; onto its U(n — 1)-invariant component #,.
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The representation p, is one of the representations appearing in this sum, since the highest
weight vector ¢f of 7 is also the highest weight vector of the representation p,,.

Defining for © € P, the function ¢” ,, by

0,47
n¢y = (15(A Y, <]§"> n, VAE U(n) Vn € Hp,

one can identify for any 75 € (T(F) the Hilbert space H; with the subspace L2 of L2(U(n))
given by

2 17
LD = {Cn7¢f,| n S HD}
Now, it will be shown that

O =D T (46)

In particular, one then gets

Moy = D L UM)/Un—1),p).

vesS(i)

Let for v € S(j1),

UL OA)A) =V, (ra(ATE(A), p(A)6"),,, V€ € Hy YA€ U(n) VA € Uln - 1).
Then,

(Ta(ADEA), (AN )y, = (TalADEA), P (pu(4)97))

= (P(a(ATNEA) p(A)8")

=

Hp
i.e. one has a scalar product on the space H,. Now, define
U : L(U()/Un—1),Hg) — Y L*(Um)/U(n—1),py), Ual€) = HQE
ves(i) veS(i)

For all £ € L*(U(n)/U(n —1),Hp), all A€ U(n) and all A, B’ € U(n — 1),

Uné(AB)(A) = Y Vdu(ma(B T AT)E(A), p(A)d" ),

veS(fi)
= D Vad(ma(ATEA) p (B A ),
veS(i)

= p(B) " UE(A)(A).
Hence, the vector Uz¢ fulfills the covariance condition of L?(U(n)/U(n — 1), p,) and is thus

contained in the space Y, L?*(U(n)/U(n — 1), p,). Furthermore,
veS(i)
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sl = > [ IUR© AR,

veS(H) y(n)

= Y [ Ve a)e),

veS(R) y(n) U(n—1)

V(T (ATDE(A), pu(A)9¥),, dA'dA
- / / Ay (B, (T(ATE(A)) pu(A) " )y,
(P (ra(A=DE(A)), pu(A)97),, dA'dA

Sz

veS(a) U(n)U(n—1)

= X [ IRGaea);, 6P

veS(i) U(n)

= X [ 1B, i

veS() y(n)

N P (ra(ATHE(A))

Un)  vES(R)
= |l HEC|E = el

Moreover, for all (A,z,t) € Gy, all £ € L*(U(n)/U(n — 1),H;), all B € U(n) and all
A" € U(n — 1), one gets

Y (A 2,0 (Ua€)(B)(4)

ves i)

— e i(Bur2)en Z (UE&)(A_IB)(A’)

veS (i)

= e/ BmRen N Jd (rp(BTHA)E(ATIB), pu(A)"),,

veS(i)

= e S A (B mMWMWW>

veS(fi)

(Po(ma(ATHE(A)), pu(A)¢"),, ‘QdA’dA

2
dA
Hp

i

Hp

= e U”(m ) B)A)

veS(i
= Uﬁ(T#®W(17T)(A,Z,t)€)( )(A/) = U'[L(U(/LT)(A,Z,t)f)(B)(A/).

Therefore, (46) holds.
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For the element { = ¢/ ® 1 € L*(U(n)/U(n — 1), M), one has for all A € U(n) and all
A eU(n-1),

Use(A)(A) = D Vd{7a(AD)", pu(A)d"),, = Y PH(A)A).

veS(i) veS(f)
In particular, since ¢* = ¢,
(A1) = /du(Ta(AT)F @), = A" Ta(A)dl),, #0.

From Theorem 5.6 follows that the subset {77(,,7T)| i #E v E Pn—l} is closed in é:l Hence,
there exists Fy, = (F),)* in C*(Gy) whose Fourier transform at 7, is 0 if u # v € P,,_; and
for which

() (Fu) =: P@g

is the orthogonal projection onto the space (C@’f C H(y,r)- In particular,

Un(on(F)(@F @1) = > ) (Ua(¢f @1)) = m((Fu) (Ua(e @ 1))

ves(p)
= Ppr(Up(¢" ®1)) = c- @ (47)

for a constant ¢ # 0. Without restriction, one can assume that ¢ = 1.
Define the coefficient ¢, of L'(G,) by

cw(F) = {ogn(FuxFxF) (¢ ®1),¢"® 1>HUW)
= <U(/1,r) (F * F,u)((bﬁ ® 1)7 O (ji,r) (F#)(¢ﬂ 029 1)>H‘7(ﬁ,r)
= (Ua(oGun (F % F)(6" © 1)), Up (00 (F) (¢ © 1)) )

Hp,r)

=4 < > 7T<w)(F)Oﬂ(u,n(Fu)(Uﬂ(‘bﬁ@1))"1’5>
veS(i) e
= (W) (F) 0wy (F) (Ua(6 @ 1)), 25),,
L < (MW)(F)(I)E’(I)IIQH(;”) 5)

for all F € LY(G,).

Let X (i1 x @) be the collection of all v = (v1,...,1,) € P, such that x; is a character
of T, appearing in H; and such that 7 is contained in the representation 7; ® W, for
U = (11, Vo, ...,Vn,l,)\fl).

Then, for 7(A) defined as in Proposition 5.12, by [20], Chapter IV.11,

rle) =N M-

veX(fxay)
Furthermore, decompose the vector
k2 qeN™:
lg|=Nk
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for every k € N into the orthogonal sum
&= > &
PEX (jixa)
for E,’z € H(i,,a,)- This gives a decomposition

71—(N ag)

(Byoe) (. _ _ _ v
<7r poo <)§k’§k>Hﬂ®Fak(n)®Fak( ) = S - Z Cg,g'

Let ce» be the weak™-limit of a subsequence of (CSZ) and let for ¢z # 0 the re-

keN
presentation m € G, be an element of the support of cg. From Theorem 5.10 follows
that 7 = khm T(ig,ar) = T(wr) for v = (v1,...,vp—1). Furthermore, one observes that for

fo # V= V1, ., Vn—1,Vn) € X(fi X @), one has v # p. Hence, m(, .y (F),) = 0. Thus,

kh—glo <7T(Dk,ak)(FM)£Zv F(Dk,ak)(FM)gkﬁ>H<Dkyak) = <7T(1/,r) (F,u)gfjv T(v,r) (FM)§D>H( =0

v,r)

and therefore,

llm <7T kaak)(F) ° Tr l/krzak ( )gk’ l/kryak)(Fl"’)glg>

k—o00

ey =0 VE € C(G). (49)

Now, since fir, = (ft1, ..., n—1, A¥) = A¥, by Proposition 5.12 and its proof, for all F' € C*(G,,),
() (F) @, @)

= cu(Fy)
= <T[L®7T(1,r)(Fu*F*Fu)(¢“® 1), ¢M®1>

B H (e

Proposition (f,ou)
s A (T P B S o7 o, )

= T e PR,

- = ag)
veEX (fixag)

= Hm (7 (g, ap) (Fpu % F % F&k &) +0

k—o0

= lim <7r(;1k,o¢k)(F) (T (inscn) E)€R ) T () (F)&Ry

k—o0

H(ﬁk,ak)

>H<ﬂk,ak)

= lim <7T()\k’ak)(F)(7r()\k,ak( )fk;) TNk ak)( u)fll3>

k—00 H

(Ak)ak)

Choosing & := @g € M, and & = 7r(>\k70%)(FM)§f€1 € H(\k q,), One has
dim (o) ()80 €)= (Tun) (F)E €)1

H,T)

and hence,

() = klg{)lo T ap)

The inverse implication of 2) of Theorem 5.10 is formulated in the following conjecture:
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Conjecture 5.13.

Letr>0and7'>\EU/(\)

If lim a, = 0 and the sequence (7T(/\k ak))k y of elements of Gy satisfies one of the following
k—o00 ’ €

conditions:

1) for k large enough, a, > 0, A\; > > Z A1 A A > and lim apA; =0,
forkl h 0, A )\]f A /\’;’L 1> A )\';“; dkl' )\fL 0
—00

ii) for k large enough, ap < 0, MNe> Ay > N> A > 0> Ny > N> N, and
1 2 n

lim oA =0,
k—o0

then the sequence (7'('()\1@70%)) converges to the representation Ty in Gh.

keN
5.3.3 The representation 7,
As 7y only acts on U(n) and U(n) is discrete, every converging sequence (Tyx)ken has to be

constant for large k. Hence,

Tk oo ™ <= M=)\ for large k.

5.4 Results

Combining Theorem 5.4 in Section 5.2 that describes the topology of the space of all admissible
coadjoint orbits of G, with the Theorems 5.6, 5.8 and 5.10 in Section 5.3 and the result in
Subsection 5.3.3 which characterize the spectrum G,, of G,,, one gets the following result:

Theorem 5.14.
The mapping

@n — gfl/Gn7 T Op
1S continuous.

Once one has succeeded to prove Conjecture 5.13, together with the Theorems 5.6, 5.8, 5.10
and 5.11 and the result in Subsection 5.3.3, one gets the result below:

Conjecture 5.15.
For general n € N*, the spectrum of the group G, = U(n) x H,, is homeomorphic to its space

of admissible coadjoint orbits g%/Gn.

For n = 1, the situation is a lot easier than for general n € N* and therefore, this conjecture
could directly be proved in this case:

Theorem 5.16.
The spectrum of the semidirect product U(1) x Hy is homeomorphic to its admissible coadjoint
orbit space.

Proof:
Assume that (og)ren tends to 0 and that hm )\kak = —L. If ay is positive (respectively

negative) for k large enough, one can deﬁne the sequence ( fr)ken of elements in the Fock
space Fy, (1) by fr(w) := cayx,w™ (vespectively fix(w) := cq, 2, w*) With ¢4, », € C such
that || fxl|7,, 1) = 1. Then, for f € C§°(G1), one has

143



TN grog)
<ka 7f> (Lw(Gl),Ll(Gl))
- /f(g’z’t)XAk(ew) i =3 |2l

/|Cak,Ak\2€_C¥€<w’z>C(e_ww+ )M ee T 0P qud(6, 2, t)

= /f (0,2,t)e i b= |22 /|cak>\ |2e~ 2k<wﬂz>‘c(w+z)_)‘kﬁ_)‘ke_afzﬂwpdwd(ﬁ,z,t)

= /szt ot |2

iz(/mmz

<ak> wi =k (—z)jz(_)‘k_l)e_afmpdw) d(0, z,t)

j=0 1=0
X (! a7 ;
— 0 tzakt——z AL 7MY e _ 2\J d(e ).
[ 050 (§<—Ak—j>!<ﬂ>2<2)( L) )0
G1 J=
Now, fixing large k, one gets for every j € {0,..., —\x},

(= i)! ap\J j
G (5) (=1=P)

(
R U (=Ap)! 1 ,
N ( 2k k) (—)\k)j(_];\k —j)! (j!)2 ( - ‘Z|2)j

IN

< ((j + 1>\z|2)j(jl!).

This expression does not depend on k£ and

o0

> ((7: + 1>Z\2>j;!) = eXP((Cf + 1)\2!2> < o0.

j=0
So, by the theorem of Lebesgue, this sum converges and it suffices to regard the limit of each

summand by itself:

A J (_/\k), 1 .. (—7«2\42)]'
( ' (= o L

2 >(—/\k)j(—/\k—j)!(j!)2 (41)?
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Therefore, one gets

. TN ) _ - (T)]
/clggo<cfk ’f>(Loo(G1),L1(Gl)) N /f(e’z’t) (Z(]’)Z> d(9,21)

Bessel function

27 .
— /f(a,z,t) 1/ e~ TR (€72 g34(9, 2, 1)
0

2
G1
= [r0.n0 5 [T dgate
— ,Z, 27T 0 e 327
G1
= /f(97 Zyt) / e_i(BUT7Z)CndBd(07Z7 t)
G1 UuQ)
_ . G1 1 1 .
/f(Q,Zat)<(de1XT)(9’Z’t)( ), >L2(Gl/H1,xT)
G1

Hence, (77( Ak,ak)) pen converges to the irreducible unitary representation m, := indgi Xr-

Assume now that klim Agag = 0. For A > X\ (respectively for A < A\) for k large enough,
—00

define the sequence (f)ken by fr(w) := cah)\h)\w)‘*)‘k (respectively fr(w) := cah)\k,,\w)‘k*)‘)

for coy a0 € C such that ka”]:ak(l) = 1. Then, by the same computation as above, one gets

iy

. (NgHrog) _ _
G1

Thus, (Tr()‘k»ak))keN converges to the character y, of U(1).
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6 Résumé étendu de cette these en francais

6.1 Introduction

Dans la présente these de doctorat, la structure des C*-algebres des groupes de Lie connexes
réels nilpotents de pas deux et la structure de la C*-algebre du groupe de Lie SL(2,R) sont
analysées. En outre, en vue de la détermination de sa C*-algebre, la topologie du spectre du
produit semi-direct U(n) x H,, est décrite, ou H,, dénote le groupe de Lie de Heisenberg et
U(n) le groupe unitaire qui agit sur H,, par automorphismes.

La recherche des C*-algebres — une abstraction des algebres d’opérateurs linéaires bornés
sur des espaces de Hilbert — a commencé dans les années 1930 en raison d’un besoin dans la
mécanique quantique et plus précisément pour servir de modeles mathématiques pour des
algebres d’observables physiques. Des systemes quantiques sont décris a l’aide d’opérateurs
auto-adjoints sur des espaces de Hilbert. Par conséquent, des algebres d’opérateurs bornés
sur ces espaces étaient considérées. Le terme “C*-algebre” a premierement été introduit
dans les années 1940 par 1.Segal pour décrire des sous-algebres fermées pour la norme de
I’algebre d’opérateurs linéaires bornés sur un espace de Hilbert. Entre-temps, les C*-algebres
représentent un outil important dans la théorie des représentations unitaires des groupes
localement compacts et dans la description mathématique de la mécanique quantique.

Les groupes de Lie ont été introduits dans les années 1870 par S.Lie dans le cadre de la
théorie de Lie pour examiner des symétries continues dans des équations différentielles et
leur théorie a évolué pendant le 20ieme siécle. Aujourd’hui, les groupes de Lie sont utilisés
dans plusieurs domaines mathématiques et dans la physique théorique, par exemple dans la
physique des particules.

Puisque des groupes de Lie et d’autres groupes de symétries jouent un role capital dans
la physique, I'examination de leurs C*-algebres de groupes — des C*-algeébres qui sont
construites en formant une fermeture de Iespace de toutes les fonctions L' sur ces groupes
respectifs — a été poursuivie et avancée. Cette tache représente I'objectif de cette these de
doctorat.

La méthode d’analyse d’une C*-algebre d’un groupe utilisée dans ce travail a été initiée par
G.M.Fell dans les années 1960. On utilise la transformation de Fourier non-abélienne afin
d’écrire les C*-algebres comme des algebres de champs d’opérateurs et d’étudier ainsi leurs
éléments. Une exigence afin d’utiliser cette méthode, et ainsi de comprendre ces C*-algébres,
est la connaissance de leur spectre et de sa topologie, lesquels sont inconnus pour beaucoup
de groupes. Par conséquent, cela représente un probleme majeur de la procédure de Fell.
L’avancement de la méthode utilisée dans cette these a été élaborée pendant les dernieres
années (voir [24] et [26]) et cela rend I'étude d’une large classe de C*-algebres de groupes
possible.

Afin de comprendre les C*-algébres, la transformation de Fourier est un outil impor-
tant. Si on note A le dual unitaire ou le spectre d'une C*-algebre A, c.a.d. 'ensemble de
toutes les classes d’équivalence des représentations irréductibles unitaires de A, la transformée
de Fourier F(a) = a d’un élément a € A est définie de la maniére suivante: On choisit dans
chaque classe d’équivalence v € A une représentation (7, H~) et définit

F(a)(y) = my(a) € B(H,),
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ou B(H) désigne la C*-algebre des opérateurs linéaires bornés sur H. Alors, F(a) est contenu
dans D’algebre de tous les champs d’opérateurs bornés sur A

12(A) = {6 = (#(my) € BH,)), 7 | 19lloe = 5up (7 llop < o0}

YEA

et application R
F:A—=I1®A), a—a

est un x-homomorphisme isométrique.
Soit dr la mesure de Haar du groupe localement compact G. On peut définir sur
LY(G) := LY(G,C) le produit de convolution x comme suit:

/f (z~ gdac Vf, f e LNG) Vg e G

et cela donne une algebre de Banach (Ll(G),*). En outre, on obtient une involution
isométrique en définissant

F*(9):=Acle) " f(g7!) Vgeq,

ol Ag est la fonction modulaire.
Pour toute représentation irréductible unitaire (7w,H) de G, une représentation (7, H) de
LY(G) peut étre définie de la maniére suivante:

/f 9)dg Vf € LG,

Cette représentation est irréductible et unitaire aussi.
Maintenant, la C*-algebre de G est définie comme la fermeture de l’algebre de convolution
LY(G) par rapport a la C*-norme de L'(G), c.a.d.

CH(@) = TN(G,da) 'O avee | fllor(@) = sup [7(F)llops
[rleG

ou G est le spectre de GG qui est défini comme en haut comme ’ensemble de toutes les classes
d’équivalence des représentations irréductibles unitaires de G.

De plus, toute représentation irréductible unitaire (7, H) de L'(G) peut étre écrite de facon
unique comme une intégrale de la facon montrée en haut et alors, on obtient une représentation
irréductible unitaire (7, 1) de G. C’est pourquoi on a le résultat suivant, bien connu, qui peut
étre trouvé dans [9], Chapitre 13.9, et qui dit que le spectre de C*(G) se correspond avec le
spectre de G:

—

C*(G) = G.

La structure des C*-algebres des groupes est déja connue pour certaines classes de groupes de
Lie, comme le groupe de Heisenberg et les groupes de Lie filiformes (voir [26]) et les groupes
“ax+b” (voir [24]). En outre, les C*-algebres des groupes de Lie nilpotents de dimension 5
ont été déterminées dans [31], pendant que celles de tous les groupes de Lie nilpotents de
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dimension 6 ont été caractérisées par H.Regeiba dans [30].

Dans cette these, un résultat démontré par H.Regeiba et J.Ludwig (voir [31], Théoréme 3.5)
est utilisé pour la caractérisation des C*-algébres mentionnées en haut.

Pour les C*-algebres des groupes de Lie nilpotents de pas deux, I’approche est en partie
similaire, mais plus complexe, que celle qui est utilisée pour la caractérisation de la C*-algebre
du groupe de Lie de Heisenberg (voir [26]), qui est, lui aussi, nilpotent de pas deux et sert
ainsi d’exemple.

Dans le cas du groupe de Lie de Heisenberg, la situation est beaucoup plus facile que pour
des groupes de Lie nilpotents de pas deux généraux, parce que dans ce cas spécial les orbites
coadjointes qui apparaissent ne peuvent qu’avoir deux différentes dimensions, tandis que
dans le cas général il y a beaucoup de différentes dimensions qui peuvent apparaitre. Par
conséquent, des cas beaucoup plus difficiles se produisent.

En revanche, les groupes de Lie nilpotents de dimension 5 et 6 ont une structure plus
compliquée que les groupes de Lie nilpotents de pas deux. Ici, des orbites coadjointes
non-plates apparaissent, alors que dans le cas des groupes de Lie nilpotents de pas deux,
on est justement obligé de traiter les orbites coadjointes plates. Pour cette raison, dans ces
cas des groupes de Lie nilpotents de dimension 5 et 6, on examine tout groupe cas par cas,
tandis que pour les groupes de Lie nilpotents de pas deux, on traite toute cette classe de
groupes sans connaitre leurs structures exactes.

Comme mentionné en haut, 'approche pour le groupe SL(2,R) est completement différente.
Puisqu’on traite un seul groupe qui est explicitement donné, dans ce cas, on peut effectuer
des calculs plus concrets.

Pour des groupes de Lie semi-simples en général, il n’y a pas de description explicite de leurs
C*-algebres de groupe dans la littérature. Cependant, pour les groupes de Lie semi-simples
dont le spectre est classifié, la procédure de détermination du C*-algebre de groupe utilisée
dans ce travail pourrait étre appliquée avec succes d’une facon similaire. Une description de
la C*-algebre du groupe de Lie SL(2,C) est donnée dans [13], Théoreme 5.3 et Théoréme 5.4,
et une caractérisation des C*-algebres réduites des groupes de Lie semi-simples peut étre
trouvée dans [34].

Dans la présente these de doctorat, les C*-algebres des groupes de Lie connexes réels
nilpotents de pas deux et de SL(2,R) sont décrites tres explicitement. Elles sont caractérisées
par des conditions qui s’appellent “limites duales sous controle normique” et qui seront
données ci-dessous. L’objectif principal est de calculer ces conditions d’une fagon concrete
et de construire les “contréles normiques” nécessaires. Dans un résultat abstrait d’existence
(voir [2], Théoreme 4.6), ces conditions sont vérifiées pour tous les groupes de Lie connexes
simplement connexes. Elles sont explicitement calculées pour tous les groupes de Lie
nilpotents de dimension 5 et 6 (voir [31]), pour les groupes de Lie de Heisenberg et les
groupes de Lie filiformes (voir [26]).

Les résultats sur les C*-algebres des groupes de Lie connexes réels nilpotents de pas deux ont
été publiés dans la “Revista Matematica Complutense”, article en commun avec J.Ludwig
(voir [17]). Un autre article sur la C*-algebre du groupe SL(2,R) a été soumis au “Journal
of Lie Theory” et peut étre trouvé sur arXiv (voir [16]).

Puisque pour la détermination d'une C*-algebre de groupe le spectre du groupe et sa
topologie sont nécessaires, dans cette these de doctorat, la topologie du spectre des groupes
Gn = U(n) x H,, pour n € N* = N\ {0} est analysée. Ce travail a été initié par M.Elloumi
et J.Ludwig (voir [11], Chapitre 3) et leur prépublication est complétée dans cette these.
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Comme pour plusieurs autres classes de groupes de Lie, par exemple les groupes de Lie
exponentiels résoluble et les groupes de mouvements euclidiens, le spectre C/v’; peut étre
paramétré par l’espace des orbites coadjointes admissibles de ’espace dual g, de I'algebre de
Lie g, de G,,.

Le but est de démontrer que cette bijection entre ’espace des orbites coadjointes admissibles
muni de la topologie quotient et le spectre é; de G, est un homéomorphisme. Cela a déja
été démontré pour les groupes de mouvements classiques SO(n) x R™ pour n > 2 dans [12].
Pour les groupes G,, = U(n) x H,, cette assertion a été prouvée pour n = 1. Dans le cas
général, il a pu étre démontré que 'application entre le spectre C/;\n et ’espace des orbites
coadjointes admissibles de G,, est continue. Les parties restantes de la preuve de ’assertion
sont en progres.

Dans cette sous-section, la définition d'une C*-algebre a “limites duales sous controle
normique” sera donnée. Les conditions dont on a besoin pour cette définition caractérisent
des C*-algebres de groupes. Apres cela, dans la Section 6.3, ces conditions seront analysées
pour les groupes de Lie nilpotents de pas deux. Dans la Section 6.4, elles seront vérifiées
dans le cas du groupe de Lie SL(2,R), dans une approche tres différente a celle utilisée pour
les groupes de Lie nilpotents de pas deux.

Définition 6.1.
Une C*-algebre A est appelée C*-algébre a “limites duales sous controle normique” si elle
satisfait les conditions suivantes:

- Condition 1: Stratification du spectre:

(a) 1l existe une famille finie croissante So C S1 C ... C S, = A de sous-ensembles
fermés du spectre A de A telle que pour i € {1,--- .1} les sous-ensembles Ty = Sy et
T := S; \ Si—1 sont Hausdorff dans leurs topologies relatives et telle que Sy constitue
Uensemble de tous les caracteres, c.a.d. les représentations de dimension 1, de A.

(b) Pour tout i € {0,---,7} il y a un espace de Hilbert H; et pour tout v € T'; il existe
une réalisation concréte (my,H;) de v sur Uespace de Hilbert H,;.

- Condition 2: CCR C*-algebre:
A est une CCR C*-algébre (ou C*-algébre liminaire) séparable, c.d.d. une C*-algébre
séparable telle que l'image de toute représentation irréductible (w,H) de A est contenue
dans algébre d’opérateurs compacts KC(H) (ce qui implique que l'image est égale a K(H)).

- Condition 3: Changement de couches:
Soit a € A.

a) Sur chacun des différents ensembles I';, 'application v — F(a est continue par
gl
rapport a la norme.

(b) Pour tout i € {0,---,r} et pour toute suite convergente contenue dans I'; dont
lensemble limite se trouve au dehors de T'; (alors dans S;_1), il existe une sous-suite
proprement convergente ¥ = (Yk)ken (c.d.d. les sous-suites de 7 ont toutes le méme
ensemble limite — voir la Définition 6.7), ainsi qu’une constante C > 0 et pour tout
k € N une application linéaire involutive iy, = g ), : CB(S;—1) — B(H;), qui est bornée
par C|| - ||s,_,, telles que

lim [|F(a)(30) = 7 (F(a)ys, ), = O

op
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Ici, CB(S;—1) est la x-algébre de tous les champs d’opérateurs uniformément bornés
(v(y) € B(Hj))»yerj,jzo,---,i—l’ qui sont continus pour la norme d’opérateurs sur les

sous-ensembles I'; pour tout j € {0,---,i— 1}, munie avec la norme infinie

[¥lls;y == sup [[$(7)llop-

YESi—1

Théoréme 6.2 (Théoreéme principal).
Les C*-algébres des groupes de Lie nilpotents de pas deux G et du groupe de Lie G = SL(2,R)
sont des C*-algebres a limites duales sous contréole normique.

Les propriétés en haut caractérisent completement la structure d’une C*-algebre (voir [31],

Théoreme 3.5).

6.2 Définitions et résultats généraux
6.2.1 Les groupes de Lie nilpotents — Préliminaires
Soit g une algebre de Lie nilpotente.

On prend sur g un produit scalaire (-,-) et la multiplication de Campbell-Baker-Hausdorff

1 1 1
u-v:u+v+§[u,v]+ﬁ[u, [u, v]] —i-ﬁ[v,[v,u]] +.. Yu,veg,

laquelle est une somme finie comme g est nilpotente.

Cela donne le groupe de Lie connexe simplement connexe G = (g,-) avec l'algebre de Lie g.
L’application exponentielle exp : g — G = (g, -) est en ce cas 'identité.

La mesure de Haar de ce groupe est une mesure de Lebesgue qui est dénommeée dzx.

Convention 6.3.
Dans cette section, tous les espaces de fonctions sont des espaces de fonctions a valeurs
complezxes.

Maintenant, pour une fonctionnelle linéaire ¢ de g, on considere la forme antisymétrique
By(X,Y) = {{,[X,Y])
sur g. De plus, soit
9(0) == {X € g (¢,[X,q]) = {0}}

le radical de By et le stabilisateur de la fonctionnelle linéaire £.

Définition 6.4 (Polarisation).
Une sous-algébre p de g qui est subordonnée a ¢ (c.a.d. qui satisfait (€, [p,p]) = {0}) et qui a
la dimension

dim(p) = 5 (dim(g) + dim(g(0)).

ce qui veut dire que p est maximal isotrope pour By, s’appelle une polarisation de £.
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Sip C g est une sous-algebre quelconque de g qui est subordonnée a ¢, la fonctionnelle linéaire
¢ définit un caractere unitaire x, de P := exp(p):

Xf(x) — 672m'(£,10g(m)> — 67271*1'(2,:1:) Ve e P.

Définition 6.5 (L’action coadjointe).
On définit pour tout g € G les applications

ag:G— G,z grgt et Ad(g) :=d(ag)e:9— g

Alors, Ad : G — GL(g) est une représentation du groupe. L’action coadjointe Ad™ peut étre
définie comme suit:

Ad*(g):g" > g° VYgeG, Ad*(g)(X)= e(Ad (g—l)X) Ve e gt VX € g.

Ad* : G — GL(g*) est une autre représentation du groupe.
L’espace d’orbites coadjointes { Ad*(G)l| £ € g*} est dénommé g*/G.
En outre, on définit Uapplication
ad*(X):g"—>g" VX eg, ad " (X)(Y)=¢]Y,X).
ad™: g — GL(g*) est une représentation de l’algébre de Lie g.

Définition 6.6 (Représentation induite).
Soit H un sous-groupe fermé de G et soit

L*(G/H,x,) = {§ :G—C ) & mesurable, £(gh) = xe(h)&(g) Yg € G Vh € H,
el = [ letoPag <.
G/H

ot dg est une mesure invariante sur G/H qui existe toujours pour un groupe G nilpotent.
Alors, L*(G/H, x;) est un espace de Hilbert et on peut définir la représentation induite

ind% ve(9)&(u) :==&(g 7 u)  Vg,u € G V¢ € LA(G/H, o).

Cela donne une représentation unitaire. Si ’algebre de Lie associée ) de H est une polarisation
de £, cette représentation est irréductible.

6.2.2 Les groupes de Lie nilpotents — La méthode des orbites

D’apres la théorie de Kirillov (voir [8], Section 2.2), pour toute classe de représentations
v € G, il existe un élément ¢ € g* et une polarisation p de ¢ dans g tels que v = [indgxg],
ou P := exp(p). En outre, si £,/ € g* se trouvent dans la méme orbite coadjointe O € g*/G
et si p et p’ sont des polarisations de ¢ et de ¢ respectivement, les représentations induites
indgxg et ind]G;/ X sont équivalentfs et I’application de Kirillov qui va de ’espace des orbites
coadjointes g*/G dans le spectre G de G
K:g"/G — G, Ad*(G) > [indGx,]
est un homéomorphisme (voir [6] ou [23], Chapitre 3). Par conséquent,

g*/G%@

en tant qu’espaces.
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Définition 6.7.
Une suite (tx)ren d’un espace topologique séparable T est dite proprement convergente si
(tx)ken a des points limites et si toute sous-suite de (tx)ren @ le méme ensemble limite que

(tk)ken-

Il est bien connu que toute suite convergente dans T' possede une sous-suite qui est proprement
convergente.

6.2.3 Les groupes de Lie nilpotents — La C*-algébre C*(G/U, x/)

Soit u C g un idéal de g contenant [g, g], U := exp(u) et soit £ € g* vérifiant (¢, [g,u]) = {0}
et u C g(¢). Alors, le caractere x; du groupe U = exp(u) est G-invariant. Par conséquent, on
peut définir 'algébre de Banach involutive L'(G /U, x,) comme suit:

LYG/U,x0) = {f :G—C ‘ f mesurable, f(gu) = xe(u"1)f(g) Vg € G Vu € U,
£ i= [ 1#(@)lds < oo}_
G/U
La convolution
/ f(x)f'(z7tg)d: Vge G
G/U

et I'involution

f(g):=flg7!) Vged

sont bien définies pour f, f’' € L'(G/U, x¢) et

L £l < I 11

En outre, ’application linéaire

peu : LNG) = LNG/U, x0), peyu(F)(g) = /F(QU)XE(U)dU VF e L'(G) Vge G
U
est un *-homomorphisme surjectif entre les algebres LY(G) et L'(G/U, xy).
Soit

Gy = {[ﬂ € @] Ty = X£|UHHW}-

Alors @u’g est un sous-ensemble fermé de G qui peut étre identifié avec le spectre de ’algebre
LY(G/U, x,). En fait, il est facile de voir que toute représentation irréductible unitaire (7, H,)
dont la classe d’équivalence est contenue dans CATYM définit une représentation irréductible
(7, Hr) de I'algebre L'(G /U, x;) comme suit:

#(pgyu(F)) :==n(F) VF e LY(G).
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De facon similaire, si (7, Hz) est une représentation irréductible unitaire de L'(G/U, x;), alors
[r] donné par

T :'ﬁ'OpG/U

est un élément de G\u,g.
Soit s C g un sous-espace de g tel que g = g(¢) @ s. Comme u contient [g, g], il est facile de
voir que

éu,g = {[Xq ®7Tg]’ q € (u+5)l},

si on note 7y := indgxg, ou p désigne une polarisation de ¢ et P := exp(p).

On dénomme C*(G/U,xy) la C*-algebre associée & L'(G/U,x,) dont le spectre peut étre
identifié avec @ul'

En définissant my, := inngHq, la transformation de Fourier F définie par

F(a)(q) = mpiq(a) Vg€ (uts)*,

envoie la C*-algebre C*(G/U,x) sur lalgébre Coo((u + s),K(Hx,)) des applications
continues ¢ : (u+ 5)t — K(Hx,) qui tendent vers zéro & linfini et & valeurs dans 1’algebre
des opérateurs compacts sur l'espace de Hilbert H,, de la représentation .

Si on restreint pg & algebre de Fréchet S(G) C L'(G), son image est I'algébre de Fréchet

S(G/U,xe) = {fe€ LY(G/U, )| f lisse et pour tout sous-espace s’ C g avec g =& ®u
et pour S’ = exp(s'), fisr € S(5)}.

6.2.4 Résultats généraux

Théoréme 6.8 (La topologie du spectre).

Soit (7, Hr, )ken une famille de représentations irréductibles unitaires d’un groupe de Lie G.
Alors () gen converge vers w dans G si et seulement si pour un vecteur non nul (respective-
ment pour tous les vecteurs non nul) & dans Hy et pour tout k € N, il eziste & € Hn, tel que
la suite des coefficients matriciels (<7rk(-)§k,§k>) converge uniformément vers <7r(')§,§>
sur tout espace compact.

keN

La démonstration de ce théoreme se trouve dans [9], Théoreme 13.5.2.

Lemme 6.9.

Soient G un groupe de Lie et g lalgébre de Lie correspondante. On définit la projection

canonique pg de g* a valeurs dans lespace des orbites coadjointes g* /G et on munit l’espace

9" /G de la topologie quotient, c.a.d. un sous-ensemble U dans g*/G est ouvert si et seulement

st pél(U) est ouvert dans g*. Alors, une suite (Ok)ren d’éléments dans g*/G converge vers

Vorbite O € g*/G si et seulement si pour ¢ € O, il existe l, € Ok pour tout k € N tel que
k—o00

Pour la preuve de ce lemme, voir [23], Chapitre 3.1.
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6.3 Les (C*-algebres des groupes de Lie connexes réels nilpotents de pas
deux

Dans cette sous-section, les groupes de Lie connexes réels nilpotents de pas deux seront
examinés. Dans la premiere partie, quelques préliminaires sur les groupes de Lie nilpotents
de pas deux seront donnés lesquels seront nécessaires pour comprendre la situation et en
particulier la preuve des conditions énumérées dans la Définition 6.1. Dans la Section 6.3.3,
les Conditions 1, 2 et 3(a) de la Définition 6.1 seront discutées et dans les Sections 6.3.4
a 6.3.8, la Condition 3(b) sera traitée. Ensuite, un résultat qui décrit les C*-algebres des
groupes de Lie connexes réels nilpotents de pas deux sera donné.

La démonstration de la Condition 1 de la Définition 6.1 consiste en la construction des
différentes couches du spectre de G et repose sur une méthode de construction d’une po-
larisation qui est développée dans [27]. Elle est plutot technique mais pas trés longue. La
Condition 2 est la conséquence directe d’un résultat dans [8] et la Condition 3(a) dérive de
la construction de la polarisation mentionnée plus haut. La majeure partie du travail pour
la détermination des C*-algebres des groupes de Lie nilpotents de pas deux consiste en la
preuve de la Propriété 3(b) de la Définition 6.1, et en particulier en la construction des
applications (U )ken.

6.3.1 Préliminaires — Les groupes de Lie nilpotents de pas deux

Soit g une algebre de Lie réelle nilpotente de pas deux. Cela signifie que
l9,0] := vect{[X,Y]| X,Y € g}

est contenu dans le centre de g.
On fixe un produit scalaire (-,-) sur g comme pour les algebres de Lie nilpotentes générales.
La multiplication de Campbell-Baker-Hausdorff est dans ce cas de la forme

1
u-v:u+v+§[u,v] Vu,v € g

et on obtient de nouveau le groupe de Lie connexe simplement connexe G = (g,-) avec
I’algebre de Lie g.

Comme g est nilpotente de pas deux, [g,g] C g(¢) et alors g(¢) est un idéal de g.
De plus, pour ¢ € g*, tout sous-espace maximal isotrope p de g pour By qui contient [g, g] est
une polarisation de £.

6.3.2 Préliminaires — La méthode des orbites

Dans le cas des groupes de Lie nilpotents de pas deux, pour tout élément ¢ € g* et pour tout
g€ G=(g,-) 'élément Ad*(g)¢ est donné par

Ad*(g)t = (I + ad*(g))¢ € £+ g(0)™.
Par conséquent, comme ad *(g)¢ = g(¢)*,

Op:= Ad*(G)l = {Ad*(g)l| ge G} =L+ g(O)" Vleg, (50)
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ce qui veut dire que uniquement des orbites plates apparaissent. Ainsi,
§°/G = {Ad*(G)l] L€ g} = {L+a(0)*| Leg).
Alors, par la théorie de Kirillov, on obtient

G=g'/G={l+g(0)"| teg}

en tant qu’espaces topologiques.

Maintenant, on considéere une suite proprement convergente ([Wk])k ey dans G avec
pour ensemble limite L(([Wk])k€N>. Soient O € g*/G lorbite coadjointe d’un élément
(7] € L(([ ])k€N> Oy, lorbite coadjointe de [mg] pour tout k& € N et soit £ € O. Alors, selon
le Lemme 6.9, il existe pour tout k£ € N un élément ¢ € Oy tel que hm lr, = £ dans g*. En

considérant une sous-suite si nécessaire, on peut supposer que la Su1te ( (Lk))ken converge
par rapport a la topologie de la grassmannienne vers une sous-algebre u de g(¢) et qu’il existe
un nombre d € N tel que dim(Oy) = 2d pour tout k£ € N. D’apres (50), il résulte que

L((Or)ken) = lim &4 + g(le)" = +ut =0, +ut Cg*/G.

Puisque dans le cas des groupes de Lie nilpotents de pas deux g({;) contient [g,g] pour
tout k € N, le sous-espace u contient également [g, g]. Ainsi, étant donné que ’application
de Kirillov est un homéomorphisme et vu que u n’est constitué que de caracteres de g,

I’ensemble limite L(([ﬂk]) ) eN) dans G de la suite ([k]) ,.cry €st le sous-ensemble “affine”

keN

(1)) = { Do @ indfxe] | g € u'}

pour une polarisation p de £ et P := exp(p).

Ces observations conduisent a la proposition suivante:

Proposition 6.10.
Il y a trois types différents d’ensembles limites possibles de la suite (Ok)ren d’orbites coad-
jointes:

1. dim(Oy) = 2d: dans ce cas, 'ensemble limite L((Oy)ren) est le singleton Op = £ + g(£)*,
c.a.d. u=g(l).

2. dim(Oy) = 0: ici, L((Og)ren) = £+u't et Uensemble limite L<([7rk])k€N> n’est constitué
que de caractéres, c.d.d. q([g,g]) = {0} pour tout O € L((Ok)ken)-

3. La dimension de l'orbite Oy est strictement supérieure a 0 et strictement inférieure a
2d. Dans ce cas 0 < dim(O) < 2d pour tout O € L((Ok)ken) et

L((Ok)ken) U q+ Oy, c.ad. L<([7rk])k:eN> = U [Xq®indg)(g]

qeut geut

pour une polarisation p de £ et P := exp(p).
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6.3.3 Les Conditions 1, 2 et 3(a)

A présent, on commence la vérification des conditions de la Définition 6.1.

A Paide d’une procédure de construction de la polarisation de Vergne qui est élaborée dans
[27], Section 1, on peut définir les familles de sous-ensembles (S;);cqo,...r} €t (I'i)ieqo,...,y du
spectre G de G mentionnés dans la Condition 1 de la Définition 6.1 et on peut prouver qu’ils
satisfont les propriétés souhaitées dans la Condition 1.

Dans cette construction, pour chaque i € {0,...,7}, on obtient un nombre d; € N tel que
toute orbite O appartenant a une représentation = € I'; a la méme dimension 2d;, comme
vu précédemment. On peut aussi démontrer que ’espace de Hilbert commun #; qui apparait
dans la Condition 1(b) peut étre choisi comme étant H; = L?(R%).

Pour la preuve des Propriétés 2 et 3(a) de la Définition 6.1, on a la proposition suivante:

Proposition 6.11.
Pour tout a € C*(G) et pour tout i € {0, ...,r}, Uapplication

Ly — LX(R%), v — F(a)(7)
est continue par rapport a la norme et opérateur F(a)(y) est compact pour tout v € T';.

La compacité est la conséquence directe d'un théoreme général qui peut étre trouvé dans [8],
Chapitre 4.2 ou [29], Partie II, Chapitre I1.5 et qui dit que la C*-algebre C*(G) de tout groupe
de Lie connexe nilpotent GG satisfait la Condition CCR, c.a.d. I'image de toute représentation
irréductible de C*(G) est un opérateur compact.

La continuité résulte de la construction des ensembles I'; pour i € {0, ...,7} et du fait que les
polarisations de Vergne pz/ de ¢ € g* qui sont utilisées pour cette construction sont continues
en / par rapport a la topologie de la grassmannienne.

Comme C*(G) est séparable, cela démontre les Propriétés 2 et 3(a) de la Définition 6.1. Il
reste & présent a démontrer la Condition 3(b).

6.3.4 Condition 3(b) — Introduction de la situation

Pour simplifier, a partir de maintenant, les représentations seront identifiées avec leurs classes
d’équivalence.

On fixe i € {0, ...,7}.
Pour ¢’ € g*, soient p}, la polarisation de Vergne de ¢ mentionnée en haut, P} := exp(p},) et
7I‘Z = indgv x¢. De plus, pour une orbite O’ soit £pr € O' un élément fixe dont on a besoin

pour la construction de la polaristation de Vergne.

Soit (WX) BN = (WX%) pen une suite dans I'; dont l’ensemble limite se trouve hors de
I';. Comme toute suite convergente a une sous-suite proprement convergente, on supposera
que (W,‘{)k ey €st proprement convergente et la transition a une sous-suite sera omise.
Alors la suite (m)) pen correspondra a la sous-suite (7x)ken de la Condition 3(b) de la
Définition 6.1. C’est pourquoi pour tout & € N, on doit construire une application linéaire
involutive 7, : CB(S;—1) — B(H;) bornée par C|| - ||s,_, qui satisfait

lim |7 (a)(my) = 0 (F(a)is,_,) ], = 0

k—o00
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avec une constante C' > 0 indépendante de k.

Pour réaliser ceci, on regarde la suite d’orbites coadjointes (Of)ren qui correspond avec la
suite (Fg)keN. Comme vu en haut, toute orbite Oy, a la méme dimension 2d := 2d;. De plus,
la suite (O)ken converge proprement vers un ensemble d’orbites L((Ok)ken)-

Maintenant, l’algebre de Lie g sera examinée et décomposée en différentes parties.
Ainsi, une nouvelle suite de représentations (7p)ren lesquelles seront équivalentes aux
représentations (TFX)k oy Sera définie. Puis, dans les deuxiéme et troisieme cas mentionnés
dans la Proposition 6.10, on peut étudier (7)ren et construire pour cette nouvelle suite des
applications (vk)ken avec certaines propriétés similaires a celles dont on a besoin dans la
Condition 3(b). A la fin, la convergence demandée peut étre déduite de la convergence de
(Tr)ken et de équivalence des représentations 7y et 7y .

6.3.5 Condition 3(b) — Changement de la base de Jordan-Holder

Soit £ € O € L((O)ren)- Alors il existe une suite (gk)

ey dans (Ok)ken telle que (= klirgo .

Comme on s’intéresse aux orbites O = ¢ + g(le)L, on peut remplacer la suite (Zk,) par

keN
une suite (¢x)ken avec {(A) = 0 pour tout A € g(gk)L = g(lp)*.

Ainsi, on obtient une autre suite convergente (¢ )xen dans (Ok)ken dont la limite ¢ appartient
a une orbite O € L((Ok)keN)-

Dans ce qui suit, cette suite (fx)ren sera étudiée et permettra d’effectuer la décomposition
de g mentionnée en haut.

On peut supposer que les sous-algebres (g(¢x))ken convergent vers une sous-algebre u
dont le groupe de Lie correspondant exp(u) est dénommé U. Ces sous-algebres g(f;) pour
k € N peuvent étre écrites comme

9(lk) = [9,9] ® s,
ot s, C [g,g]*. En outre, soient nio le noyau de fyqq €t Sk o le noyau de fi;, pour tout
k € N. On peut supposer que s g # 55 et on choisit T}, € s, orthogonal a 55 et de longueur
1. Etant plus facile, le cas s o = s;, pour k£ € N sera omis.

De la méme maniere, on choisit Zj, € [g, g] orthogonal & n; ¢ et de longueur 1. De plus, on
note t, = g(4x)* C g.

En prenant une sous-suite si nécessaire, on peut supposer que les limites lim Z; =: Z,
k—o0

lim Ty =: T et lim t; =: v existent.
k—o00 k—o00

Maintenant, des nouvelles polarisations p; de fj seront construites pour ensuite définir
les représentations (7 )gen-
La restriction a t; de la forme antisymétrique By définie par

Be(V,W) = {ly, [V.W]) VV,W eg
est non-dégénérée sur vy et il existe un endomorphisme inversible Sj de ’espace t; tel que

(x,Sp(2))) = Bp(z,2") Vz,2’ € vy
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Alors S, est antisymétrique, c.a.d. S! = —S;, et on peut décomposer t, en une somme directe
orthogonale

d .
T = Z ij
J=1

de sous-espaces de deux dimensions Sg-invariants. On choisit une base de Hilbert {X ]k,Y;’f}
de ij . Alors,

(XF, X eno Vi,je{l,...d},
Y5 Yf €ngo Vi,je{l,...d} et
[lec7}/']k] = (51"]'0?2]6 mod ne.0 Vi, j € {17 "'vd}7

ou 0 # c;? €Ret supc? < oo pour tout j € {1,...,d}.

keN
En prenant encore une sous-suite si nécessaire, la suite (c;C )ken converge pour tout j € {1,...,d}
Vers un c;.
Puisque X]’-“,ij € t; et £x(A) = 0 pour tout A € tg, on a Ek(XJ’-“) = Ek(YJk) = 0 pour tout
j € {1,...,d}. En outre, on peut supposer que les suites (Xf)keN, (ij)k:eN convergent dans g
vers les vecteurs X;,Y; qui forment une base modulo u dans g.
Il résulte que

(U [ X5, Y] = cfA, ou
Ne = (e, Zy) 2300, Z) =2 A
Comme Zj, a été choisi orthogonal a n o, A\p # 0 pour tout k € N.

Maintenant, soient
Pr = VeCt{Y1k> to 7de7 g(gk)}

et Py := exp(pg). Alors, pi est une polarisation de fj. De plus, on définit la représentation
par
T = indgk)(gk .

Puisque 7 et 77,‘; sont des représentations induites par des polarisations et des caracteres xy,
et Xto, » ou lj, et £p, se trouvent dans la méme orbite coadjointe O, les deux représentations
sont équivalentes, comme on a vu dans la Section 6.2.2.

Soit aj := ngo + Sio. Alors a; est un idéal de g sur lequel ¢; est 0. C’est pourquoi le
sous-groupe normal exp(ay) est contenu dans le noyau de la représentation 7. En outre, soit

a:= lim ag.
k—oo

De plus, soient p € N et p € {1,...,p}. On note ny la partie de a;, incluse dans [g, g] et on

se donne une base de Hilbert {A’f,~-- ,A’g} de nyo. Puis on note 550 la partie de a, qui
n’appartient pas a [g,g] et on se donne une base de Hilbert {A’gﬂ, e ,A’;} de sp0. Alors
{A’f, e ,A’Ij} est une base de Hilbert de a; et, comme avant, on peut supposer que la limite

lim A? = A; existe pour tout j € {1,...,p}.

k—o0
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Maintenant, pour tout £k € N, on peut prendre comme base de Hilbert de g aussi bien
I’ensemble de vecteurs

{va anayika"' 7de7TkyzkaAlf7"'vA,;}
que ’ensemble
{X17"' 7Xd7Y17"' 7Yd7T7Z7A17"'7Ap}'

Cela donne les crochets de Lie suivants:

[XF, ij] = 6i,jc§Zk mod ag,
[Xik,X]'?] =0 mod a; et
[YF, Y] =0mod a.

Les vecteurs Zj et T} sont centrals modulo ay.

6.3.6 Condition 3(b) — Premier cas

Premieérement, on considérera le cas ou L((Ok)kren) consiste en un seul point limite O, le
premier cas mentionné dans la Proposition 6.10.
Dans ce cas, pour tout k£ € N,

2d = dim(Of) = dim(0O).

Par conséquent, la situation regardée apparait si et seulement si A # 0 et ¢; # 0 pour tout
je{l,....d}.

Le premier cas est le plus facile. Apres quelques observations, les opérateurs (Ug)ken
peuvent immédiatement étre définis. En outre, les assertions de la Condition 3(b) de la
Définition 6.1 peuvent facilement étre démontrées. Dans ce premier cas, la transition aux
représentations (7 )ken n’est pas nécessaire.

On considere encore la suite (fx)ren qui a été choisie en haut et qui converge vers ¢ € O.
Comme les dimensions des orbites O et O sont les mémes, il existe une sous-suite de
(k)ken (qui sera aussi dénommée (¢x)keny pour simplifier) telle que p := kli}rgo p}i soit une

polarisation de ¢, mais pas nécessairement la polarisation de Vergne. De plus, on définit
P:=exp(p) = lim P} et
k—oo K
7= ind%x,.
v

Si on identifie les espaces de Hilbert ’Hﬂzxk et Hr des représentations 7, = ind%}i X¢, et T avec

L*(R%), on peut déduire de [31], Théoreme 2.3, que

k—
=0

I (@) = w(a)]], = [|indfy xs,(a) ~ indfxe(a)|

pour tout a € C*(G).
Comme 7 et 71'2/ = indgv x¢ sont toutes les deux des représentations induites de polarisa-
4

tions et du méme caractere xy, elles sont équivalentes. Par conséquent, il existe un opérateur
d’entrelacement unitaire

Pty = LA(RY) — Hy =2 L2(RY) tel que Fon) (a)=n(a)oF Yae C*Q).
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De plus, les deux représentations WX = WX% = ind%‘é Xto, €t WZ = indIGDZVngk sont

k
équivalentes pour tout k£ € N parce que {p, et ¢} sont inclus dans la méme orbite coadjointe
Oy, et p}/o et p}i sont des polarisations. Alors il existe d’autres opérateurs d’entrelacement
k
unitaires

Fio: Hoy = LA(RY) — Hoy = L*(RY)  tels que Fjomy (a) = WXC((L) oF VYae C*(G).

k

On définit les opérateurs souhaités 7y, pour tout k € N par
U(p) == FioFop(m))oF*oF, VyeCB(Si—1),

ce qui est raisonnable puisque 772/ est un point limite de la suite (WX)k ey €t donc contenu
dans S;_1 d’apres la définition de S;_1.

Comme ¢(7)) € B(L*(R?)) et F et F sont des opérateurs d’entrelacement, ces opérateurs
sont bornés et 'image de 7 est contenue dans B(L?(R%)), comme demandé.

Il est facile de démontrer que g est borné et involutif. La derniere chose a vérifier est la
convergence dont on a besoin pour la Condition 3(b): Pour tout a € C*(QG)

|7 (@) = o (Fla)s, )l,, = 17k (@) = Fi o FoF(a)s, , (n) o F* o Fy,
= HTr,‘:(a) — FfoFon)(a)oF* oFkHop

= ||F: OWXC(a) o Fj, — Fy om(a) OFkHop

IN

=4, (a) = =(a)],, k2o,

Ainsi, les représentations (W]Z)k cn et les (7k)gen construits satisfont la Condition 3(b) de la
Définition 6.1. Alors I'assertion est bien démontrée pour le premier cas.

6.3.7 Condition 3(b) — Deuxiéme cas

Dans le deuxieme cas mentionné dans la Proposition 6.10, la situation A = 0 ou ¢; = 0 pour
tout j € {1,...,d} sera considérée.
Dans ce cas,

U [XE VI = N2 A =0 Vi€ (1,...,d},

tandis que cg‘?)\k # 0 pour tout k et tout j € {1,...,d}.

Alors £jjgq = 0, et comme ZHM] s’annule évidemment aussi pour tout (e ut, chaque
O € L((Og)ken) s’annule sur [g,g]. Ceci veut dire que la représentation associée est un
caractere. C’est pourquoi toute orbite limite O dans I'ensemble L((Of)ken) est de dimension 0.

Maintenant, on doit adapter les méthodes développées dans [26] a la situation donnée
ici.

On choisit pour j € {1,...,d} les fonctions de Schwartz n; € S(R) telles que ||n;][z2mr) = 1
et [[njllLeo®) < 1. Soient s = (s1,...,5q4), @ = (a1, ,aq), B8 = (B1, -+ ,Ba) € R?. Alors on
définit

d
My, 8(5) = Mag (51, 5a) 1= €™ [T [Meck]® n; (\)\kcﬂ? <3j R ]k>>
j=1 k
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Cette définition est raisonnable parce que )\kcé? # 0 pour chaque k et chaque j € {1,...,d}.
Pour 0 # 7 € L*(G/ Py, xs,) = L*(RY) soit

Py LA(RY) = Cii, € > i€, ).

Alors Pj est la projection orthogonale sur ’espace Cr).
Soit h € C*(G/U, x¢). On identifie G/U avec R? x R? = R?? et I'utilisation de la base limite
introduite dans la Section 6.3.5 est exprimée par un index oo:

h‘OO(xvy) = hoo(mlw“axdayla' ayd Zx]X + Zy]

Maintenant, hoo peut étre vu comme une fonction dans Cig (0 +ut) = Coo (R?9). En utilisant
cette identification, on peut définir 'opérateur linéaire

. d(z,y
vi(h) == / hoo(Z,9) Py ;.5 d( !
R2d H ‘)\kck‘

Alors on a la proposition suivante:

Proposition 6.12.

1. Pourtoutk € N et tout h € S(G/U, x¢), Uintégrale qui définit vy,(h) converge par rapport
a la norme d’opérateurs.

2. L’opérateur vi(h) est compact et [|vg(h)|op < |Pllcx(c/v.xe) -
3. vy est involutif, c.a.d. vg(h)* = vp(h*) pour tout h € C*(G/U, x¢).

La preuve de cette proposition est plutot longue et technique.

Avec cette proposition sur la suite de représentations (mj)ken, on peut maintenant déduire
I’assertion pour la suite initiale (77,‘;) kEN-

Comme pour tout k& € N les deux représentations 7 et 7Tl‘€/ sont équivalentes, il existe des
opérateurs d’entrelacement unitaires

Fi: Moy = L*(RY) — Hy, 2 L2(RY)  tels que Fyony (a) = mp(a) o Fy  Va € C*(G).

En outre, puisque 'ensemble limite L((?Tk) de la suite (TFX)keN est contenu dans S;_1,

ken)
en identifiant G avec 'ensemble des orbites coadjointes g*/G, on peut restreindre un champ
d’opérateurs ¢ € CB(S;_1) & L((Or)ken) = £+ut et on obtient un élément dans CB(£+u't).
Alors, comme {F(a)1(0p)ren)] @ € C*(G)} = Coo(L((Ok)ken)) = Coo(f4u), on peut définir

le *-isomorphisme
71 Oso(R*) = Coo (€ + uh) = C*(G/U, xp) = C*(R*), F(a)1(00)rer) — Payu(a).
Maintenant, pour chaque k € N on définit 7y par

Dk(go) = F]: o (I/k o T) (SO‘L((OIE)IEeN)) oFy, Vye CB(Sl_l)
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Puisque I'image de v est dans B(L?(R?)) et I}, est un opérateur d’entrelacement et donc
borné, I'image de 7 est aussi contenue dans B(L?(R?)).
De plus, on obtient que l'opérateur 7 est borné et involutif en utilisant le fait que v
possede ces mémes propriétés (voir Proposition 6.12). La convergence demandée dans la
Condition 3(b) de la Définition 6.1 convient grace a I’équivalence des représentations (7 )keN
1%
et (ﬂ'k, ) kEN"
Il s’ensuit que les représentations (7’[’};) keN
ditions de la Définition 6.1 sont démontrées.

satisfont la Propriété 3(b) et ainsi, les con-

6.3.8 Condition 3(b) — Troisieme cas

Dans le troisieme et dernier cas mentionné dans la Proposition 6.10, A # 0 et il existe
1 < m < d tels que ¢; # 0 pour chaque j € {1,...,m} et ¢; = 0 pour chaque j € {m+1,...,d}.
Ceci veut dire que

(e, [XE Y =N 2T en=0 = je{m+1,..d}.

Dans ce cas p := vect{ X411, ..., Xq, Y1, ..., Yy, T, Z, Ay, ..., Ap} est une polarisation de ¢.
~ ~ k—
En outre, pour py := vect{XﬁlH, o XEYE YR T 2y, AR L A’;}, on a pr —= p.

La démarche utilisée dans ce troisieme cas est similaire a celle du deuxieme cas. Ainsi, le
troisieme cas sera omis. Les formules et les calculs sont plus compliqués que dans les autres
cas.

6.3.9 Résultat pour les groupes de Lie connexes réels nilpotents de pas deux

Avec les familles de sous-ensembles (S;)icqo,....1 €t (I'i)igqo,...r) de G et les espaces de Hilbert
(Hi)i€{07._,,r} qui satisfont les conditions citées dans la Définition 6.1, on obtient le résultat
suivant:

Théoréeme 6.13.

La C*-algébre C*(G) d’un groupe de Lie G connexe réel nilpotent de pas deuz est isomorphe
(sous la transformation de Fourier) a l’ensemble de tous les champs d’opérateurs ¢ définis
sur le spectre G du groupe respectif tels que:

1. p(v) € K(H;) pour tout i € {1,...,r} et tout v € T;.

2. v €l™(Q).

3. Sur chacun des différents ensembles I';, Uapplication v — ¢(7y) est continue par rapport
a la norme.

4. Pour toute suite (y,)yen C G tendant vers Uinfini, klim le(ve)lop = 0.
—00

5. Pour i € {1,...,r} et toute suite proprement convergente 7y = (vi)ren C I'; dont
l’ensemble limite est contenu dans S;—1 (en prenant une sous-suite si nécessaire) et pour
les applications Uy, = U5, : CB(S;—1) — B(H;) construites dans les sections précédentes,
on a

Jim () = 2r(e1s, 1) [l,, = 0
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6.4 La C*-algebre du groupe de Lie SL(2,R)

Dans cette sous-section, la C*-algebre de SL(2,R) sera examinée. Au début, le groupe de Lie
SL(2,R) et certains de ses sous-groupes seront introduits, et des définitions et des résultats
importants, nécessaires pour démontrer les conditions énumérées dans la Définition 6.1 et
alors pour la détermination de la C*-algebre de SL(2,R), seront évoqués. Les Sections 6.4.2 &
6.4.4 traitent du spectre de SL(2,R) et de sa topologie et dans la Section 6.4.5 les conditions
spécifiées en haut seront discutées pour le groupe G = SL(2,R). Finalement, dans la Section
6.4.6, un résultat sur la C*-algebre de SL(2,R) sera présenté, et la structure concrete de
C*(G) sera donnée.

Pour le groupe SL(2,R), la Condition 1 de la Définition 6.1 est rendue claire par les définitions
des ensembles T'; et S; pour i € {0,...,7}, lesquelles seront données dans la Section 6.4.5. La
Condition 2 est satisfaite aussi, comme SL(2,R) est un groupe de Lie connexe linéaire semi-
simple. La démonstration de la Condition 3(a) est assez courte et ne représente pas de difficulté
particuliere, tandis que ’essentiel du travail de la preuve des conditions de la Définition 6.1
consiste encore une fois en la vérification de la Condition 3(b). Néanmoins, sa preuve est
moins longue et moins technique que dans le cas des groupes de Lie nilpotents de pas deux.

6.4.1 Préliminaires

Dans cette section, soit
G:=SL(2,R)={Aec M(2,R)| det A=1}
et soit

sinp  cos

K = S0(2) = {k: - <%0 _Sincp)

Y E [0,2#)}

son sous-groupe compact maximal. De plus, on définit les sous-groupes unidimensionnels
nilpotent N et abélien A de G comme étant

v {§ e« o 2)]ees)

g=sl2,R)={A e M(2,R)| trA=0}

Soit

Palgebre de Lie de G.

Grace a la décomposition de Iwasawa, on sait que G = KAN. Par conséquent, pour
t

tout g € G il existe k(g) € K, p € N et H(g) € a, ot a = { <O _Ot> ‘ te R} est lalgebre

de Lie de A, tels que

En outre, on définit sur a les applications p et v, pour u € C via

t 0 t 0
p<0 —t> =1 et I/u<0 —t) =ut VteR.
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Soient

LA (K)y = {feLl*K)| fk)=f(-k)Vke K} et
L*(K)- = {feL*K)| f(k)=—f(-k) Vk € K}.

Alors on définit pour tout u € C les représentations PT% sur Hp+u := L2(K)y et P7% sur
Hp-w = L*(K)_ comme suit:

PHU(g)f (k) = 6_(”“+p)H(gflk)f(H(g_lk)> Vge GVfeL*(K)y Vk € K.

Pour des raisons de simplicité, dans cette section, les représentations seront identifiées avec
leurs classes d’équivalence.

Définition 6.14 (n-iéme composante isotypique).
Pour une représentation (7, Hz) de K on définit pour tout n € Z la n-iéme composante
isotypique de T comme suit:

Hz(n) :== {v € Hz| 7(kp)v = ™v Yy € [0,27)}.

Une représentation (7, Hz) de G est dite paire (respectivement impaire), si Hz,(n) = {0}
pour tout n impair (respectivement n pair).

Toute représentation irréductible unitaire de G est paire ou impaire.
En outre, la somme directe algébrique

@ Hz(n)
nez

est dense dans Hs.

Remarque 6.15.
D’aprés la définition des espaces de Hilbert L?(K)+ de P™" pour u € C, il est facile de
vérifier que P est pair pour tout u € C et que P~"% est impair pour tout u € C.

Définition 6.16 (p,).
Pour n € Z, on dénote by,(f) le n-ieme coefficient de Fourier de f € L*(K)+, défini par

bu(f) := ul(—’/f(kcp)e_iwdksoa
K

et on note

pul(f) = b—n(f)eimh-

On peut facilement démontrer que pour tout v € C et pour tout n € Z l'opérateur p, est
la projection de Hp+.u = L%(K)+ sur la n-itme composante isotypique de la représentation
P,
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6.4.2 Le spectre de SL(2,R) — Introduction de ’opérateur K,
En utilisant "'opérateur de Knapp-Stein, maintenant un opérateur K,, dont on a besoin pour
décrire le spectre de G sera introduit.
On définit
C¥(K)y = {feC™(K)| f(k)=f(-k) Vke K}
C%(K)- = {f € C®(K)| f(k) = —f(~k) Vk € K}

et soit
Jy: CP(K)y — C®(K);y pour u € C avec Reu >0

lopérateur d’entrelacement de Knapp-Stein de la représentation P vers la représentation

Pt =% En outre, soit w := kz = ((1) _01> On étend f € L*(K) & G en utilisant la
décomposition de Iwasawa G 3 g = r(g)e’ 9y pour k(g) € K, H(g) € a et 4 € N. En-
suite, en définissant fu( ge (9 p) = e*(”“+p)H(9)f(/<a(g)), cet opérateur peut étre écrit
comme
/ w(kpw)dp Vfe CC(K)y Vk € K. (51)
N

Cette intégrale converge pour Rew > 0 (voir [20], Chapitre VII ou [33], Chapitre 10.1).
L’application f ~— J,f est continue, et la famille d’opérateurs {J,| u € C} est holomorphe
en u pour Reu > 0 par rapport a des topologies appropriées (voir [20], Chapitre VIL.7 ou
[33], Chapitre 10.1).

Pour u € R.q l'opérateur .J, est autoadjoint par rapport au produit scalaire de L?(K)
habituel.

De plus, on peut étendre la fonction u + J, méromorphiquement & C (voir [33],
Chapitre 10.1). Puis, pour tout u € C pour lequel l'opérateur J, est régulier, .J, est un
opérateur d’entrelacement de P % vers P4,

Grace a la propriété d’entrelacement de Jy, on obtient la remarque suivante:

Remarque 6.17.
L’opérateur J, commute avec les projections p, pour tout n € Z et pour tout u € C pour
lequel J,, est régulier.

Maintenant, on peut déduire que les opérateurs J,, ont la propriété
Jupp g w(n) = cnl(u) - idpgy ., (n) pOUr tout n € Z pair,

comme une équation de fonctions méromorphes, ot ¢, : C — C est une fonction méromorphe
pour tout n € Z pair. Ceci est une conséquence de la remarque ci-dessus considérée avec le
fait que Hp+u(n) est unidimensionnel.

En utilisant des formules d’intégrales standard (voir [20], Chapitre V.6), on obtient
avec (51) que pour u = 1

f=c / f(R)dk Vf € C%(K),
K
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pour une constante ¢ > 0. De plus, pour tout n € Z pair on a Hp+u(n) = C-e ™. Ainsi, on
obtient

(1) #0 pourn =20
Cn
=0 pourn € Z\ {0} pair.

On peut démontrer que
co(u) #0 pour u € (0,1)

et par conséquent, on peut définir
~ 1
J,

u-:m

pour u € C comme une fonction méromorphe. De surcroit, on peut prouver que
ju est régulier pour u =0 et jo = id.
Maintenant, on définit un produit scalaire sur C°°(K), de la maniere suivante:

(fis fohu = (Juf1, f2) 1o i

Ce produit scalaire est invariant et défini positif pour v € (0,1).
Le complété de C*°(K )y par rapport a ce produit scalaire (-,-),, donne un espace de Hilbert
H.. En considérant la restriction de la représentation PT% & C*°(K), et en la prolongeant
de fagon continue sur l'espace H,, on obtient une représentation unitaire que I’on nomme
PHu aussi. G agit sur H, via cette représentation unitaire P4,

On pose dp( > 0 pour u € (0,1). On définit une bijection unitaire

Ky:Hy— L*(K): Yue(0,1)
comme suit: sur la n-ieme composante isotypique de H,,, on définit K, par

Kupgty, ) = dn(u) -idjg . ,(n) poOUr tout n € Z pair.

Puis, on peut étendre cette définition a des sommes finies de composantes isotypiques. Cet
opérateur est aussi autoadjoint par rapport au produit scalaire habituel de L?(K) et pour des
sommes finies de composantes isotypiques fi et fo

< Ky f1, Ky f2>L2(K <K flaf2>L2(K <J f17f2>L2 f11f2>

Par conséquent, 'opérateur est unitaire (si on regarde I’espace H,, muni de (-, -}, et L?(K),

muni de (,-)z2(x)) et ainsi, en raison de la densité de P Hp+u(n) dans H,, on peut
nez
prolonger K, de fagon continue sur tout ’espace H,,.

En outre, K, est continu en u et on a aussi la propriété lin%) K, =1id.
u—

D’apres sa définition, I'opérateur K, commute également avec les projections p, pour tout
n € 7.
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Ensuite, un autre produit scalaire sur C*°(K);4 := {f € C®(K)+| po(f) = 0Vn < 0} est
nécessaire.
Pour cela, on définit

~ 1

i) = ——

W~ (u)

pour u € C comme une famille méromorphe d’opérateurs.
De surcroit, on définit 'espace C™(K)4_ 1= {f € C®(K)4| pn(f) =0 Vn > 0}.

u

Lemme 6.18.

(a) j(_u) o j(u) = j(u) o j(_u) =id en tant qu’opérateurs méromorphes.
(b) j(u) est régulier pour uw = —1 et
ker(j(_l)) NC®(K)44 = ker(j(_l)) NC*(K)4+— = {0}.
De plus, j(_l) est un opérateur d’entrelacement de PH~1 vers PT1.

(c) j(u)‘coo(K)++@ooo(K)+7 est régulier pour u = 1.

L’opérateur j(l) n’est pas identiquement zéro sur l'espace C°(K) ., étant donné que sa
restriction & Hp+,1(2) est I'opérateur identité. Alors, on peut définir pour toutes fonctions
fi,f2 € CF(K) 4y B

() = (T frs F2) ey

Ceci est un produit scalaire invariant et défini positif.
Maintenant, le complété de 'espace C°°(K )1 par rapport a ce produit scalaire donne un
espace de Hilbert que I'on nommera H ).

La méme procédure peut étre accomplie pour C*°(K ) _.

Dans ce cas, on définit pour u € (0, 1) Popérateur Jy,) de la manieére suivante:

Jp) = 2 Ju-

Comme précédemment, on peut démontrer que j[u] est régulier pour u = 1 sur C°(K);_ et
n’est pas identiquement nul sur cet espace.
Par conséquent, on définit de nouveau pour tous fi, fo € C°(K)4—

oo F2n) = (b f2) o)

Ceci est un autre produit scalaire invariant et défini positif. Le complété de ’espace C*°(K)_
par rapport a ce produit scalaire donne un espace de Hilbert noté ).
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6.4.3 Le spectre de SL(2,R) — Description des représentations irréductibles uni-
taires

Maintenant, des réalisations appropriées pour le spectre de SL(2,R) seront fournies.

Le spectre Gde G = SL(2,R) se compose des représentations suivantes:

1. Les représentations de la série principale:
(a) P pour v € [0, 00).
(b) P~ pour v € (0,00).
Voir Section 6.4.1 en haut pour les définitions.

2. Les représentations de la série complémentaire C* pour u € (0, 1):
L’espace de Hilbert Hew est défini comme

Hew == L*(K) 4
et l’action est donnée par
C*(g) = Ky o PT"(g) 0 K,

pour tout g € G, ou ici encore on considere la restriction de PT%(g) & C®(K)4 et
puis on le prolonge de facon continue sur I'espace H, (voir la définition de H,, dans la
Section 6.4.2).

3. Les représentations de la série discrete:

(a) D;f, pour m € N* impair:
(i) Df:
L’espace de Hilbert /HDT est donné par

défini dans la Section 6.4.2. L’action est donnée par
Df’ =phHl

Ici encore, comme décrit précédemment et comme dans toutes les définitions
dans cette sous-section, on restreint la représentation P % pour les différentes
valeurs u € C au sous-espace correspondant de L?(K) et puis on la prolonge
de facon continue sur l'espace de Hilbert correspondant.

(i) D;}, pour m € N>3 impair:
Comme espace de Hilbert Hp+ pour D} et m € N>3 impair, on peut prendre
le complété de I'espace

{f € C¥(K)s] palf) =0 Vn < m—1}
par rapport a un produit scalaire approprié, et comme action on peut con-

sidérer
+ ._ pt+m
D, =P .
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(b)

(c)

Avec cette réalisation, les espaces de Hilbert HDT*” pour m € N>3 impair
dépendent de m. Mais puisqu’ils sont tous de dimension infinie et séparable,
on peut les identifier si on conjugue I'action de G correspondante. Alors, on
fixe un espace de Hilbert Hp séparable de dimension infinie. En outre, ’action
de G n’est pas nécessaire pour la détermination de C*(G).

D,,, pour m € N* impair:
(i) Dy
L’espace de Hilbert ”HD; est donné par
H’Df = H[H
défini précédemment dans la Section 6.4.2 et ’action est donnée par
Dy =P

(ii) D,, pour m € N>3 impair:
De la méme maniere que pour D;, comme espace de Hilbert HD;L pour D,,
et m € N>3 impair, on peut prendre le complété de ’espace

{f € C¥(K) 1| pu(f) =0¥n = —m+1}

par rapport a un produit scalaire approprié, et comme action on peut con-
sidérer
- . ptm
D,, =P

Encore une fois, les espaces de Hilbert dépendent de m. On les identifie et
on prend l'espace de Hilbert Hp commun séparable de dimension infinie
fixé dans (a)(ii). Une fois de plus, 'action de G n’est pas nécessaire pour
la détermination de C*(G).

D, pour m € N* pair:
Comme espace de Hilbert ”HD7+” pour Dt et m € N* pair, on peut prendre le
complété de 'espace

{f € C¥(K)_| pu(f) =0 ¥n <m—1}
par rapport a un produit scalaire approprié, et comme action on peut considérer
Di =P,

Encore une fois, les espaces de Hilbert sont identifiés et on prend ’espace de Hilbert
Hp commun séparable de dimension infinie, comme dans (a)(ii).

D, pour m € N* pair:
Comme espace de Hilbert /HD;L pour D,, et m € N* pair, on peut prendre le
complété de I'espace

{f e C(K)_| pn(f)=0Vn > —m+ 1}
par rapport a un produit scalaire approprié, et comme action on peut considérer
D,, =P .
Une fois de plus, les espaces de Hilbert sont identifiés et on prend l'espace de

Hilbert Hp commun, comme dans (a)(ii).
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4. Les limites de la série discrete:

(a) D+Z
L’espace de Hilbert Hp, est défini comme étant

Hp, = {f € L*(K)_| po(f) =0Vn <0}

et l'action est donnée par
D, =P Y.

(b) D_:
L’espace de Hilbert Hp_ est défini comme étant

Hp_ = {f € L*(K)_| pa(f) =0 V¥n >0}

et I'action est donnée par

5. La représentation trivial Fi:
Son espace de Hilbert ‘Hr, = C sera identifié avec I’espace de fonctions constantes

{F € L2(K)+| pu(f) = 0 ¥n # 0},

Ici, ’action est donnée par
Fi(g) :==1id

pour tout g € G. On a aussi
F1 = 7)+’_1,

puisque v_; + p = 0 et tout f € Hr, est une fonction constante.

Remarque 6.19.
Pour tout n € Z et pour toute représentation w irréductible unitaire de G, l'opérateur p, est
la projection de Hr sur la n-iéme composante isotypique Hr(n).

—

6.4.4 Le spectre de SL(2,R) — La topologie sur SL(2,R)

En calculant les valeurs que les représentations P+ prennent appliquées & l'opérateur de
Casimir, il est maintenant possible de décrire la topologie sur G.

Proposition 6.20.
La topologie sur G peut étre caractérisée de la maniére suivante:

1. Pour toute suite (v;)jen et tout v dans [0,00),
privs T2 phiv oy vj 2.
2. Pour toute suite (v;)jen et tout v dans (0,00),
Pty I2F priv ey g T2y,
Pour toute suite (v;)jen dans [0,00),

P 2D, D} = v, 23X 0.
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3. Pour toute suite (uj)jen et tout u dans (0,1),

Jj—00

CuIT¥ v = uj — u.
Pour toute suite (uj);en dans (0,1),

Cu 2 P = w20,
Pour toute suite (uj)jen dans (0,1),

C% j~>_o>o {DT,D;,]‘H} < Uj j~>_o>o 1.

Toutes les autres suites convergentes doivent d’une maniére ou d’une autre se composer des
suites regardées en haut.
6.4.5 Les conditions limites duales sous contréle normique

Dans cette sous-section, le spectre sera divisé en différents sous-ensembles. Apres, il doit
étre vérifié que ceux-ci satisfont les exigences des conditions “limites duales sous controle

normique”.

On définit
Iy = {.7:1},
Iy o= {Df},
Ly = {Dr},
ry = {D,),
Iy = {D_},
Is := {Di|meNs},
Ig == {PT"| ve(0,00)},
I'7 == {P "™ ve(0,00)} et
s = {C"uwe(0,1)}.

Clairement, tous les ensembles I'; pour i € {0, ...,8} sont Hausdorff. De plus, les ensembles

S; = U I';

j€{0,...,i}

sont fermés et Sp = I'y constitue 'ensemble de tous les caracteres de G = SL(2,R). En outre,
comme défini dans la Section 6.4.3, pour tout i € {0, ...,8}, il existe un espace de Hilbert H;
commun sur lequel toutes les représentations dans I'; agissent. C’est pourquoi la Condition 1
de la Définition 6.1 est satisfaite.

Comme tout groupe de Lie réel connexe linéaire semi-simple satisfait la Condition CCR (voir
[9], Théoreme 15.5.6), la Condition 2 de la Définition 6.1 est remplie aussi. Il reste donc la
Condition 3.

La Condition 3(a) est claire pour les ensembles I'; pour i € {0,...,5}, comme ceux-ci sont des
ensembles discrets. En revanche, des calculs doivent étre effectués pour I'g, I'7 et T's.
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La Condition 3(b) est la partie la plus compliquée de la preuve des différentes conditions
énumérées dans la Définition 6.1. La situation dans laquelle une suite (7;)jen dans I'; converge

vers un ensemble limite contenu dans S;—1 = (J I'; qui est regardée dans la Condition 3(b)
I<i
ne peut apparaitre que dans les cas suivants:

(i) (75)jen = (Pf’i”j)jeN est une suite dans I'7 avec ’ensemble limite I's UT'y = {D+, D_}.
(i) (75)jen = (Cuj)jEN est une suite dans I's avec ensemble limite {PT0} C I'7.

(ili) (75)jen = (C“J’ )j cny €st une suite contenue dans I's qui converge vers I'ensemble limite
Tyulbul'y = {fl,'Df—,'Dl_}.

Pour i € {0, ...,6}, les ensembles I'; sont fermés et, par conséquent, la situation regardée ne
peut pas apparaitre pour des suites (7;);jen dans I'; pour i € {0, ..., 6}.

6.4.6 Résultat pour le groupe de Lie SL(2,R)

Quand on a vérifié toutes les conditions énumérées dans la Section 6.3.4, le Théoreme 6.2
est démontré pour le groupe de Lie SL(2,R). C’est pourquoi, avec les ensembles I'; et S;
et les espaces de Hilbert H; pour i € {0,...,8} définis dans les Sections 6.4.5 et 6.4.3 et les
applications 7; qui sont nécessaires pour la Condition 3(b) de la Définition 6.1, la C*-algebre
de G = SL(2,R) peut étre caractérisée par le théoreme suivant:

Théoreme 6.21.
La C*-algébre C*(G) de G = SL(2,R) est isomorphe (sous la transformation de Fourier) a
l’ensemble de tous les champs d’opérateurs ¢ définis sur G tels que:

1. p(vy) € K(H;) pour tout i € {1,...,8} et tout v € T';.

~

2. 0 €1°(G).

3. Les applications v +— () sont continues par rapport 4 la norme sur les différents
ensembles T';.

4. Pour toute suite (7;)jen C G tendant vers Uinfini, Jlggo lo(vi)llop = O.

5. Pour tout i € {1,...,8} et toute suite ¥ = (v;)jen C I'; proprement convergente dont
l’ensemble limite se trouve dans S;_1 (en prenant une sous-suite si nécessaire) et pour
les applications vj = U5 j : CB(Si—1) — B(H;) nécessaires pour la Condition 3(b) de la
Définition 6.1, on a

lim |¢(v;) — 7(¢s;_,) Hop =0.

Jj—00

Pour un espace topologique de Hausdorff V' et une C*-algebre B, on note Cu(V,B) la
C*-algebre de toutes les fonctions continues définies sur V' a valeurs dans B qui s’annulent
a linfini. Alors, de ce théoreme on peut déduire plus concrétement le résultat suivant pour
G = SL(2,R):
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Théoréme 6.22.
Soient py Uopérateur de projection de L*(K)+ sur {f € L*(K)+| pn(f) =0Vn <0}, p_ la
projection de L*(K)+ sur {f € L*(K)+| pn(f) =0 Vn > 0} et po la projection de L*(K)4

sur {f € L*(K)4| po(f) =0V¥n #0} =C.
Alors la C*-algébre C*(G) de G = SL(2,R) est isomorphe a la somme directe de C*-algébres

{F € Cx (é[O, o0) U0, 1],IC(L2(K)+)>| F(1) commute avec py, p— et po}
@ {F € Cx (i[O, oo),/C(L2(K),))‘ F(0) commute avec p4 et p}

© Coo(Z\{~1,0,1},K(Hp))

pour l’espace de Hilbert Hp séparable de dimension infinie fizé dans la Section 6.4.5.

6.5 Sur la topologie duale des groupes U(n) x H,

Dans cette section, le produit semi-direct G,, = U(n) x H,, pour n € N* sera analysé et la
topologie de son spectre sera décrit.

Apres avoir donné quelques préliminaires, le spectre et l’espace des orbites coadjointes
admissibles de G, seront décrits. Puis, la topologie du spectre de GG, sera comparée avec celle
de 'espace des orbites coadjointes admissibles et, pour finir, des résultats seront déduits.

Comme déja mentionné dans l'introduction, cette section est basée sur une prépublication
par M.Elloumi et J.Ludwig qui peut étre trouvée dans la these de doctorat de M.Elloumi
(voir [11], Chapitre 3). Dans la présente these, elle a été élaborée et complétée et plusieurs
changements importants ont été éffectués. Pour plus de détails voir Section 5.

6.5.1 Préliminaires

Soit C™ I'espace vectoriel complexe n-dimensionnel muni du produit scalaire standard (., .)cn
et soient respectivement (.,.)cn et w(.,.)cn les parties réelle et imaginaire de (., .)cn. Le groupe
de Heisenberg associé H,, = C" x R de dimension 2n+ 1 sur R est donné par la multiplication

1
(z,t)(Z,t) = (z + 2t 4+t — iw(z, Z/)(Cn> V(z,t), (2, t') € H,.

En outre, on considere le groupe unitaire U(n) d’automorphismes de H,, qui préserve (.,.)cn
sur C" et qui s'immerge injectivement dans Aut(H,,) via

A.(z,t) = (Az,t) VA€ U(n)V(z,t) € H,.

Par cette immersion, U(n) est un sous-groupe compact connexe maximal de Aut(H,) (voir
[14], Théoreme 1.22 et [20], Chapitre I.1). On note G,, = U(n) x H,, le produit semi-direct de
U(n) avec le groupe de Heisenberg H,, muni de la multiplication

1
(A, z,t)(B, 2, t) := (AB, 24+ AL t+t — §w(z,Az’)@n) V(A, z,t), (B, 2 t') € Gp.
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L’algebre de Lie b, de H,, sera identifiée avec H,, lui-méme via I’application exponentielle. Le
crochet de Lie de b,, est défini par

(1), (w,9)] 1= (0, —w(z,w)en) ¥z, 1), (w, ) € b
et 'action dérivée de l'algebre de Lie u(n) de U(n) sur b, est
A.(z,t) = (Az,0) VA €u(n) VY (zt) € b,.
Notant g, = u(n) x b, Palgebre de Lie de G,,, on obtient le crochet de Lie
[(A, z,t), (B,w, s)] = (AB — BA, Aw — Bz, —w(z, w)@n)
pour tous (4, z,t), (B,w,s) € gn.

L’algebre de Lie u(n) sera identifiée avec son espace vectoriel dual u*(n) & laide du
produit scalaire U(n)-invariant

(A, B)ym) := tr (AB) VA,B €u(n)
et le dual g5 = (u(n) X hn)* sera identifié avec u(n) @ b, a 'aide du produit scalaire
<(U,u,ac), (B,w,s)>gn = (U, B)yn) +w(u,w)cr + s Y(U,u,z),(B,w,s) € gn.

Puis, en définissant x : C" x C" — u*(n) par z X w(B) := w(w, Bz)c» pour tout B € u(n),
on peut calculer que les orbites coadjointes de G,, ont la forme

Owuz) = {(AUA* + 2z x (Au) + gz X Z,Au—kxz,af)‘ AeU(n),ze€ C"}
pour chaque (U,u,x) € g, =u(n) x C* x R, ot A* est la matrice adjointe de A.

6.5.2 Le spectre et les orbites coadjointes admissibles de G,

La description du spectre de G,, est basée sur une méthode de Mackey (voir [28], Chapitre 10)
qui dit qu’on doit déterminer les représentations irréductibles unitaires du sous-groupe H,,
afin d’en construire des représentations de G,,.

Soit P, l’ensemble des poids entiers maximaux A pour U(n) qui peuvent étre écrits de la
n

facon ) i)je; ou simplement comme A = (A1,---,\,), ot A; sont des entiers pour tout
j=1
je{l,..,n} tels que A\; > A\g >--- > \,. Alors P, @ Z".

Le spectre @n se compose des familles de représentations suivantes
(1) m(ra) POUT A € Py et a € R* =R\ {0},
(ii) m(ur) pour p € P, 1 et 7 € Ry, et

(iii) 7y pour X € P,.
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Alors é; est en bijection avec I’ensemble
(Pn X R*) U (Pn—l X R>0) U PB,.

Une fonctionnelle linéaire ¢ dans g, est dite admissible s’il existe un caractere unitaire x de la
composante connexe de I'identité de G, [¢], le stabilisateur de ¢ dans G, tel que dxy = g, 10-
Maintenant, on peut associer des fonctionnelles linéaires £y , £, et £\ aux représentations
T(rna) T(ur) €6 Ta et trouver qu'elles sont tous admissibles. Alors d’apres [25], les
représentations my o), T(,,) €t Ta sont équivalentes aux représentations de G,, obtenues par
induction holomorphe a partir des fonctionnelles linéaires associées respectives.

On note O q), Oy et Oy les orbites coadjointes associées respectivement aux formes

linéaires £y o, £, et £x. En outre, soient gfl C gy, l'union de tous les éléments dans Oy 4,

O(u,r) et Oy et on note gjg /Gy, Pensemble correspondant dans espace des orbites. On peut

déduire de [25] que g}l est ’ensemble des fonctionnelles linéaires admissibles de g,.

Alors l’espace quotient gil/ G,, des orbites coadjointes admissibles est en bijection avec le
spectre G,,.

On note v, la forme linéaire identifiée avec (0,...,0,7)7 dans C" et W le sous-espace
de u(n) généré par les matrices z x v, pour z € C". L’espace gi /G, peut étre écrit comme
I’ensemble des orbites

Xe!

= {(AJAA* + %zz*,az,a)‘ 2eC" Ac U(n)}7

)
Opry = {(AU+W)A" Av,,0)| AcUMm)} et
O, = {(AJ)\A*,0,0)‘ A€ U(n)}

pour « € R*, >0, p € P,_1 et A € P, et ou Jy et J, sont des matrices dans U(n) associées
a A\ et a u respectivement.

6.5.3 Convergence dans ’espace quotient gﬁ/Gn et la topologie du spectre de G,

Dans le théoreme suivant, les topologies de 1’espace des orbites coadjointes admissibles et du
spectre de GG,, sont caractérisées.

Théoréeme 6.23.
Soient a € R*, r >0, u € P,_1 et A € Py.

1. Une suite d’orbites coadjointes (O/\k) converge vers l'orbite Oy dans gi/Gn st et

keN
seulement si \¥ = X\ pour k suffisamment grand. Ceci est le cas si et seulement si la
suite (Tyk )ken de représentations irréductibles unitaires converge vers la représentation

—

Ty dans Gy,.

2. Une suite d’orbites coadjointes (O(Mkmk)) converge vers O,y dans g%/Gn si et

keN
seulement si klim e = r et uF = p pour k suffisamment grand. Ceci est le cas si et
— 00

seulement si la suite (71'(“]@ Tk)) de représentations irréductibles unitaires converge
K

keN

P

vers la représentation m, ) dans Gp.
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3. Une suite d’orbites coadjointes (O(Mkﬂ,k)) converge vers Oy dans g%/Gn si et seule-

keN
ment si (T )ken converge vers 0 et A\ > u]f > \g > u’f > > Ay > ,uf;_l > A\n pour k

assez grand. Ceci est le cas si et seulement si la suite (W(Mk’rk))keN de représentations

—

irréductibles unitaires converge vers la représentation 7y dans Gy,.

4. Une suite d’orbites coadjointes (O(/\k@k)) converge vers Oy o) dans g%/Gn s et

keN
seulement si klim ap = a et \F = X\ pour k suffisamment grand. Ceci est le cas si et
— 00

seulement si la suite (W(Akak))keN de représentations irréductibles unitaires converge

—

vers la représentation my o) dans Gp.

5. Une suite d’orbites coadjointes (O(}\k’ak)) converge vers lorbite O,y dans g%/Gn

keN

st et seulement si kli_)rgoak = 0 et la suite (O()\k’ak))

kEN satisfait une des conditions

sutvantes:

(i) Pour k suffisamment grand, oy > 0, A? = pj pour chaque j € {1,...,n — 1} et

r2

lim ap\F = -2,
k—o0 " 2

(i) Pour k suffisamment grand, oy < 0, )\;? = pj—1 pour chaque j € {2,...,n} et

2

lim o\ = —Z-.
k—o00 2

Ceci est le cas st et seulement si la suite (71'()\1@70%)) de représentations irréductibles

keN
unitaires converge vers la représentation m(, ) dans Gy,

6. Une suite d’orbites coadjointes (O()\kyak))keN converge vers l'orbite Oy dans g%/Gn st et
seulement si lim oy, = 0 et la suite (O()\k o .)) satisfait une des conditions suivantes:
b s0o0 Ak )/ keN

i) Pour k assez grand, ag > 0, A\y > MNe> 0> Al > AN > N, > N et
1 1 n
lim ap A = 0.
k—o0
ii) Pour k assez grand, ag < 0, \F-> X\ > X > Ay > .. A1 > N> 0\, et
1 2 n
lim ax A = 0.
k—o0

AV

Ceci est le cas si la suite (TF()\k ak)) de représentations irréductibles unitaires converge

keN
vers la représentation 1y dans G.,.

—

Pour la description entiére de la topologie de é;, il manque encore la seconde implication
de 6), c.a.d. que la convergence de la suite de représentations s’ensuit des conditions indiquées
dans 6). On suppose que cette implication est correcte aussi mais la preuve est encore en
construction. En revanche, pour n = 1, cette implication a déja pu étre démontrée.
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6.5.4 Résultats

On peut déduire les résultats suivants:

Théoréeme 6.24.
L’application

Grn — gt /G, T Oy
est continue.

Si on réussit a décrire entiérement la topologie de C/J\n de la facon présentée précédemment,
on obtient le résultat ci-dessous:

Conjecture 6.25.
Pour n € N* quelconque, le spectre du groupe Gy, = U(n) x H,, est homéomorphe a l’espace
g}l/Gn des orbites coadjointes admissibles associé.

Pour n = 1 la situation est beaucoup plus facile que dans le cas général et donc, comme
mentionné précédemment, cette conjecture a pu étre prouvée pour ce cas-la.

Théoréeme 6.26.
Le spectre du produit semi-direct U(1) xH; est homéomorphe a l’espace des orbites coadjointes
admissibles associé.
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7 Appendix

Lemma 7.1.
Using the notation from Section 3.2, let d € {0, ..., [5]} and (J,K) € M with |J| = |K| = d.
Then, the set

Sise = {[700]| 3 (K'Y < (1K) = 0 € (6 /Gy o)
s closed.

Proof:
Let O € (9"/G)(grn) for (JF, K*) < (J,K) for every k € N, let O € g*/G and let
[ﬂgok] oo [74,,]- It needs to be shown that O € (0°/G) (k) for (J',K') < (J, K).
Assume that this is not the case, i.e. that O € (¢"/G)(y g for (J', K') > (J, K).
Since |J'| = |K'| > |J| = |K| is obviously not possible because of the convergence of the
sequence <[7rgok])k . to [m, ], one has |J'| = |K'| = |J| = |K| = d.

€
So, let J = {j1,....Ja}, K = {k1,....ka}, J' = {ji, ..., 4} and K’ = {k{, ..., k};}. Then, because
(J',K') > (J, K), there are two cases to regard:

1. There is an index m € {1,...,d} such that j; = j/ and k; = k/ for all i < m and j,, < j},.

2. There is an index m € {1,...,d} such that j; = j/ and k; = k] for all i < m, jn, = jl,
and ky, < k! .

Regard the first case:

The case m = 1 being easier than the other cases, for simplicity, let m = 2. Hence, j1 = ji,
k1 = ]{71 and j2 < ]é

Now, take the largest index m € N such that jf = j; for all ¢ < m and jfh < jpm for
infinitely many £ € N. Then, take a subsequence of ((Jk, K ’“)),g cy Whose members all have
this property. Since (J*, K*¥) < (J, K), 7 has to be smaller or equal to m.

So, without restriction, one can assume that m = m = 2, i.e. one can assume that jf =7
and j§ < jb for all k € N.

By its definition, 75 is the largest index fulfilling Hjl/’go ¢ ghto (ﬁolgmo). Furthermore, j& is
2
1
the largest index fulfilling Hjlk %k o gltoy (ﬁoklguok). As j§ < jb for all k € N, one gets
2

<£O, [H;é’eo,gl’[o]> #% 0 and

<£Ok,[HZ€°k,glvfok]> — 0 VkeN. (52)

Moreover, since j¥ = ji for all k € N,
g0 = {Ueg| (lo,[U.Hy]) =0} and
0

glon — {Ueg} (o, (U Hyl) }
_ {U € o| {to,, [U Hy]) 0} vk € N.
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Because (o, koo lo, one gets gl’gok oo glfo. Furthermore, by their construction, the basis
elements H. l-l’e depend continuously on ¢ for all i € {1,...,n}. Hence,

<£Ok’ [H-l;gqc ) gLKOk} > kjf <£O7 |:H1/7607917€O} >7
J2 Ja

which is a contradiction to (52).
The second case is similar to the first case and will thus be skipped.
Therefore, (J', K') > (J, K) is not possible and the closure is shown.
O

Lemma 7.2.

Let V' be a finite-dimensional euclidean vector space and S an invertible skew-symmetric
endomorphism. Then, V' can be decomposed into an orthogonal direct sum of two-dimensional
S-invariant subspaces.

Proof:

S extends to a complex endomorphism S¢ on the complexification V¢ of V', which has purely
imaginary eigenvalues.

If iX € iR is an eigenvalue, then also —i\ is a spectral element. Denote by E;) the correspon-
ding eigenspace. These eigenspaces are orthogonal to each other with respect to the Hilbert
space structure of V¢ coming from the euclidean scalar product (-,-) on V.

Let for ¢\ in the spectrum of S¢

VA= (Epn+ E_ix)NV.

If A # 0, dim(V?) is even and V* is S-invariant and orthogonal to VA whenever |A| # |N|:
Indeed, one then has for z € VA, 2/ € V),

r+iy € B, and z—iy € E_;, for some y € V, as well as
¥ +iy € E;y and 2’ —iy € E_;y\ for some y’ € V.

Therefore,
(x+iy, 2 +iy) =0 and (z—iy, 2’ +iy’) =0.

Thus, one has
(z,2' +iy’) =0 and hence, (z,2')=0.

Suppose that dim(V’\) > 2, choose a vector z € V* of length 1 and let y = S(x). Since
52 = —\2I, both, on E;) and on E_;),

S(y) = S%(z) = —\’z.

This shows that Wl)‘ := span{x, y} is an S-invariant subspace of VA If VlA denotes the or-
thogonal complement of W7 in VA, then V is S-invariant, since S? = —S.
In this way, one can find a decomposition of V* into an orthogonal direct sum of two-
dimensional S-invariant subspaces Wj)‘ and by summing up over the eigenvalues, one obtains
the required decomposition of V.

O
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Lemma 7.3.

Let G be a Lie group, M a dense subset of C*(G) and H a Hilbert space. Furthermore, let
for every j € N the mapping ¥; : C*(G) — B(H) be linear and bounded by c|| - ||[c+(q) for a
constant ¢ > 0 (independent of j) and let (7;)jen be a sequence of representations of G on
the Hilbert space H such that

Jj—00

|7 (h) = 9(h)|lop — 0 Vh e M.
Then, |
I7j(a) = 9j(a)|lop =3 0 Va € C*(Q).

Proof:

Let a € C*(G) and € > 0.

Since M is dense in C*(G), there exists h € M such that [|a—h|c+(q) < 33 for & := max{1,c}.
Furthermore, there exists J(¢) > 0 in such a way that for all integers j > J(g), one has
5 () — 95} op < 5.

For all j > J(e),

Imj(a) = Dj(a)llop < llmj(@) = mj(h)llop + [lmj(R) = I (R)llop + [[9(R) = Vj(a)llop-

By assumption, ||;(h) —9;(h)|lop < §. In addition, as 7; is a homomorphism,

- €
5 (@) = 5 (M)llop = lIm5(a = W)lop < sup [[F(a =), = lla = hlicw(c) < 53
#eG

Moreover,

10(h) = j(a)llop = [195(h = a)llop < €llh = allc=@) <

W‘Q
Al ™M
os.\m

Thus,
Imj(a) = dj(a)llop <€

and the claim is shown.
O

Corollary 7.4.
Let M be a dense subset of C*(G) and let m and (7;)jen be irreducible representations of G
such that

s (h) — 7 (B)llop =5 0 Vh € M.
Then,

I7j(a) — m(a)]lop =3 0 Va € C*(G).
Letting 9, := = for all j € N, Corollary 7.4 follows directly with Lemma 7.3.

Corollary 7.5.

Let the sets T'; and S; and the Hilbert spaces H; fori € {0, ...,8} be defined as in Section 4.2.5
and Section 4.2.2.

Let i € {0,...,8}, let M be a dense subset of C*(G), let v : CB(S;—1) — B(H;) be a linear
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map bounded by cl|-||s,_, for a constant ¢ > 0 and let (7;);jen be a sequence of representations
in I'; such that

]—}OO

i) - P(Fhs)|| ST 0 vhe

Then,
H”j(a) —v(F(a)s,_,)

‘ 2%0 Yae Q).
op

Proof:
Let H := H; and ¥; := 0(F(-);s,_,) for all j € N. Then, for all a € C*(G),

||19](a/)||0p - H |Sz 1 S CH]:(CL)|SZ-_1 Si1 = C~Sup HI( )Hop
o’ TES;—1
= < N )
Cﬂzgzleﬂ W, < ¢ s @, = clallew@)

Therefore, J; : C*(G) — B(H) is bounded by c| - ||c+(@) and Corollary 7.5 follows with
Lemma 7.3.

O]

Corollary 7.6.
Use the notations from Section 3.5 and Section 3.6 and let M be a dense subset of C*(G)
such that

]—}OO

ij(h) _ Vj(pg/U(h))Ho 0 Vhe M.
Then, ‘
Hﬂ'j(a) —vi(peyu(a)) Hop Z%0 VaeC*G).

Proof:
Let H := L*(R?) and let ¥; := vj(pgu(-)) for all j € N. Then, for all a € C*(G), by
Proposition 3.3 and Proposition 3.5, respectively,

19560}l = {13 (e @)]|, < 6y @iy < lallovc-

Therefore, J; : C*(G) — B(H) is bounded by cl| - ||c+(@) and Corollary 7.6 follows with
Lemma 7.3.
O

Lemma 7.7.
Let n € N*, et BH%” be the 2n-dimensional real unit ball and define the mapping

Y2 [0,1]"71 x [0,27)" x (0,1] — B&"

w(sh ceey 81,11, eeey Iny p) =

P(\/acos(h), Vsisin(t), ..., v/Sn—1 €oS(tn—1), /Sn—1 sin(tn_1),
V1 = scos(t,), V1 — scos tn)),

n—1
where s = Y s;.
i=1

Then, the absolute value of the determinant of the Jacobian of ¥ equals 2,1%1 - p?nl
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Proof:
Denote for i € {1, ...,2n} by C; the i-th column and by R; the i-th row of the Jacobian of .
For i € {1,...,n — 1}, one has

0 0
0 0
pcost)  i—throw ogint)
0 0
Coi1 = : ; Co = :
0 0
—p+/5isin(t;) +— (n—141) —th row — py/5i cos(t;)
0 0
0 0
V/5i cos(t;) V/sisin(t;)
and
__pcos(tn) __psin(tn)
2y/1—s 2y/1—s
pct;s(tn) psi‘n(tn)
T olos — (n—1) —throw — ~oios

Copn—1 = 0 , Cop = 0

0 0
—pvV/1 — ssin(ty,) pV'1— scos(ty,)
V1 — scos(ty) V1 — ssin(ty,)

Now, in several steps, this matrix will be transformed into a new matrix whose determinant
can easily be calculated. For simplicity, the columns and rows of the matrices appearing in
each step will also be denoted by C; and R; for i € {1,...,2n}.

First, one takes out the factor p in the rows R; for i € {1,...,2n — 1}, the factor % in
the rows R; for ¢ € {1,...,n — 1}, the factor \/s; in the columns Co;_; and Cy; for every
i € {1,...,n — 1} and the factor /1 — s in the columns C5,_1 and C9,. Hence, one has the

prefactor p?*—1 2,}_1 s1 -+ Sp—1(1—s) and the columns of the remaining matrix have the shape
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0
0 0
Coigti) + i—throw — Sir;(fi)
0 0
Coi1 = : ; Cy = :
0 0
—sin(t;) — (n—1+14) —throw — cos(t;)
0 0
0 0
cos(t;) sin(t;)
for alli € {1,...,n— 1} and
__cos(tn) _ sin(tn)
1-s 1-s
—Llsﬁtg) +~ (n—1)—throw — —Sllnﬁg)
0 0
Cop—1 = _ ; Con = '
0 0
—sin(ty,) cos(ty)
cos(ty) sin(ty,)

Next, for every i € {1,...,n}, the column Cy;_; shall be replaced by sin(t;)Ca;—1 — cos(t;)Ca;.

Then, the prefactor changes to p?"~! in,l Sf;(tfsl‘lsgizti)) and for every i € {1,...,n},

Cy1 = —1|. « (n—1+1i)—throw

The columns Cy; for i € {1,...,n} stay the same.
Now, for all i € {1,...,n — 1}, the rows R; and R,,_14+; will be interchanged. Therefore, the

prefactor is multiplied by (—1)"~! and for every i € {1,....,n — 1},
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: 0
0 :
Co1 = —1], + ¢—throw Cop_1 = 0
0 -1
: 0
0
and
0
0 0
cos(t;) — ¢ —th row :
0
: n — th row — —LT(_Z‘)
Coyi = 0 ; Con = :
7811(:” +— (n—141) — th row —Sifﬁf;‘)
0 cos(ty)
: sin(ty,)
0
Sin(ti)

In the next step, for every ¢ € {1,...,n — 1}, the matrix will be developed with respect

to the i-th row, which has only one non-zero entry, namely the entry —1 in the (2i — 1)-th

column. Furthermore, one develops with respect to the (2n—1)-th row which also only consists

of one non-zero entry, —1, in the (2n — 1)-th column. The prefactor is then multiplied by
n—1 o n—1 .

(=) (—1)2n=12n=1 IT (—=1)2-1 = TT (—1)"**"1, i.e. the prefactor now equals

i=1 i=1

n—1

n—1 _

— i1 on—1 1 s1---sp—1(1—5) Conqg 1 spspo1(1—s)
1) 1 | | -1 n+i—1 2n—1 n — | | —1)* 2n—1 n .
( ) 121( ) P 2n—t Sin(tl) T Sin(tn) i=1( ) P on—1 Sin(tl) .- -Sin(tn)

One has a n x n-matrix left, whose columns have the shape

0
: int)
0 1
sin(ts) + i —throw :
G = 0 ’ Cn = _si?(tn)
—s
: sin(t,,)
0
sin(ti)
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for alli € {1,...,n—1}. Now, in every column C; for i € {1,...,n}, one can take out the factor
n—1 .

sin(t;). Then, the prefactor changes to Hl(—l)ZpQ”_lin_lsl -+ 8p—1(1 — s) and one has the
=

following columns:

0

; 1

0 T1-s

1 . :

c, — sl — ¢ —th row c, = 3

0 =

: 1

0

1
n—1

for all i € {1,...,n—1}. In the last step, the column C,, will be replaced by C,, + 1%5 > 5:C;.

i=1

Since

one obtains the columns

0

< 17— th row c,

9!
I
O = O e

0
1
1-s

n—1 )
for i € {1,...,n—1} and the prefactor stays the same, i.e. [] (—=1)¢p?"~1 2n1_1 s1- - 8p—1(1—).

i=1
Since the remaining matrix is a triangular matrix, one can easily calculate its determinant

and gets
n—1 n—1
. 1 1 o1
| | —1)¢ 2n—1 cevg (1 — — | | —1)* X 2n71'
i:l( Se gn1 7L 1 ) 51 8p—1(1 — ) 1:1( ) 1f
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