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Spin- and valley-dependent commensurability oscillations
and electric-field-induced quantum Hall plateaux in

periodically modulated silicene
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(Received 9 January 2014; accepted 6 May 2014; published online 29 May 2014)

We study the commensurability oscillations in silicene subject to a perpendicular electric field £, a
weak magnetic field B, and a weak periodic potential V = V{ cos(Cy), C = 27/ag with ay its period.
The field E, and/or the modulation lift the spin degeneracy of the Landau levels and lead to spin and
valley resolved Weiss oscillations. The spin resolution is maximal when the field E, is replaced by a
periodic one E, = Eqcos(Dy),D = 2m/by, while the valley one is maximal for by =ay. In certain
ranges of B values, the current is fully spin or valley polarized. Additional quantum Hall conductivity
plateaux arise due to spin and valley intra-Landau-level transitions. © 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4878509]

A monolayer honeycomb structure of silicon, called sili-
cene, has been predicted to be stable' and several attempts
have been made to synthesize it.> Silicene has Dirac cones
similar to those of graphene but contrary to it, in which the
spin-orbit interaction (SOI) is very weak, silicene has a
strong SOI due to its low-buckled geometry and large atomic
intrinsic SOI that leads to a gap of 1.55meV.? This gap can
be further controlled by an external electric field E. and is
facilitated by the buckled structure of silicene. This and its
compatibility with silicon-based technology led already to
many studies, reviewed in Ref. 4, such as the spin-Hall effect™
and the capacitance of an electrically tunable silicene device.®
Moreover, very recent theoretical studies predict the stability
of silicene on nonmetallic surfaces such as graphene,” boron
nitride or SiC,” and in graphene-silicene-graphene structures.®

Since the SOI can lead to spin-resolved transport, perti-
nent to quantum computing, it is worth studying it further in
silicene and contrast the results with those for graphene in
which the SOI is very weak. We explore the influence of SOI
on the commensurability or Weiss oscillations'” in silicene in
the presence of the field £, of a perpendicular magnetic field
B||z, and of a weak periodic potential V(y) = Vjcos(Cy).
These oscillations result from the fact that modulation-
broadened Landau levels (LLs) have a bandwidth that oscil-
lates with weak B and express the commensurability between
the modulation period and the cyclotron diameter at the
Fermi level. The study is an extension of that for a two-
dimensional electron gas (2DEG)11 and of that for gra-
phene.'*'* In addition, we consider a periodic field
E. = Egcos(Dy). If one or two such modulations is present,
the spin degeneracy is lifted and leads to spin-dependent
commensurability oscillations when B is varied; the lifting is
stronger for a periodic field E..

Unmodulated silicene. The one-electron Hamiltonian,
near the K and K’ valleys, in a magnetic field B, in the
Landau gauge for the vector potential A, is’

H = vp(ne0, — tny0y) — (182450 — CE-)0-, (D
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after shifting the wave vectors k, and k, by eA, /I, u = x,y,
i.e., by setting Il = p + eA, with p is the momentum opera-
tor and e is the electron charge. Here, v is the Fermi veloc-
ity, T = +(—) is the K (K') valley index, o; (i =x,y,z) is the
pseudospin Pauli matrices, 2¢ is the vertical distance
between the sublattices A and B, and E. is an electric field
normal to the silicene sheet, see Fig. 1. Further, /g, is the
SOI strength and s.,=1 (s,=—1) the up (down) electron
spin. Inserting the factors t and o¢; in Eq. (1) gives the
Hamiltonian H . with the + (-) sign for the K (K’) valley

lt (SZ) UF Tt+ :| 7 (2)

vpms —A+(S)

Hi - |:
where A-(s;) = F s, + ¢E. and n+ = m,*inm,. Using the
gauge A,=—By and the ansatz W(x,y) = exp(ikx)}(y)/
/Ly, with L, the system’s length in the x direction, leads to

the eigenvalues
. _ 1/2
EZ, , = pho, (n + [;Li(sz)]z) . 3)

Here, p = +1(—1) labels the electron (hole) states, n (n > 1)
is the LL index, A+ = A+ Jhoe, o, = ﬂvp/lg, and
Ig = \/h/eB. Note that the energy does not depend on k,.
Setting & = y/lg — Igk, the associated spatial eigenfunctions
of an electron near the K point are

+ _ '/Ir(bn(f) )
vio=(,ln) @
PO L
o e K ®
® . ° g °
EA 2333

FIG. 1. Buckled honeycomb lattice of silicene. The two sublattices, formed
by the blue and red atoms, are vertically separated by a distance 2.

© 2014 AIP Publishing LLC
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with ¢, the normalized Harmonic oscillator function and

1/2 1/2
nJr - li+( )+E:1r_s p] 17+ =—p lE:s N )+(S2)]
1 — ’ 2 = :

2E; 2E;

®)

For an electron near the K’ valley, the results are similar. For
n=0, each valley involves only one solution with energy
Ey, = ihwcii(s-) and eigenfunctions § = [po(&),0]"
and ¥, = [0, ¢(&)]". The electron energies at the K and K’
valleys are related by E' =E for n>1, and
Ef ., =—E;+ forn=0.

~ Modulated silicene. We now assess the influence of an
external periodic potential and/or that of a modulated field
E.. As in the case of a 2DEG'®'! or graphene,'? the main
effect of either modulation is to broaden the LLs into energy
bands that oscillate with B and k,. Each LL though splits into
four branches, two for the valley and two for the spin degree
of freedom due to the SOL

n*lp = “n=*lp

(1) Potential modulation. We consider a periodic potential
V(y) = Vocos(Cy), C = 2r/ay, with ao its period,
added to H as V(y)l, with [ is the identity matrix. For
small V,, we can use first-order perturbation theory to
find the correction to the eigenvalues (3). For an elec-
tron near the K and K’ valleys, the correction is

AE, »(ke) = Vocos(Cxo)e ”/ZG;Y o (6)
Gy p =0y PLa(u) + 03 PLu-1 (u), )
Gy p = 0y Lot () + |03 PLi(w), ®)

where u = C21§/2, Xo = llzgkx, and L,(u) are the
Laguerre polynomials. The energy correction depends
on the wave vector k, through x,. That is, the periodic
potential broadens the discrete LLs into bands. Given
that the polynomials L,(u) oscillate for large n, in
addition to the function cos(Cxy), one easily sees that
the bandwidths (6) oscillate with the magnetic field B.
For n =0, the energy correction is

AEy (k) = Vo cos(Cxg) e /2. )
Note that the bandwidths (6) are different for spins up
and down because of the spin-dependent coefficients

Nia-

(i1) Field modulation. We replace the field E, in Eq. (1) by
a periodic one E.(y) = E( cos(Dy) with D = 2x/by and
by is the period. The energy correction is

NE,, (k)= (ns.,p,k|lE.(&)o|n s, p,ks),  (10)
= (Eycos(Dxo)e ”’/ZG?A P (11)

Gyl = Inf PLu() = 3 PLya (1), (12)
Grrop = Iy PLu1 (W) = Iy PLa (), (13)

where ¥’ = D?I% /2. For n=0, we find

Appl. Phys. Lett. 104, 213109 (2014)
NEg, (k) = =lEq cos(Dxo) e, (14)

In Fig. 2, we show the broadened LLs versus the mag-
netic field B, for k, = 10°m™", in the presence of a field
modulation, with bo=300nm and ¢E; = 1 meV. We
used the strength of the sor’ Ao =3.9meV and the
Fermi velocity vy =25.42 x 10°m/s. The LLs resulting
only from the potential modulation, with ay=300nm
and Vo= 1 meV, are shown in the inset. As seen, the os-
cillatory E, and V lift the spin and valley degeneracy of
the LLs. Each LL (n > 1) splits into four branches
except for certain values of B at which cos(Dxg) = 0
and the bandwidth vanishes. That occurs at fields
B=B./2m+ 1), with B, = 2(h/e)k,/nby and m is a
nonnegative integer. Notice that the n =0 LL splits into
two valley branches with the same spin as can be seen
from Eg, = *ho.l+(s;) + A'Eg, . For positive ener-
gies, thls is the down spin.

The lifting of the spin and valley degeneracy results
from the fact that for /Ey = 0 the eigenvalues (3) are
spin  and valley degenerate, E,J{_S;tlp =E, 51,
= pho.(n + /1 )l/ 2. but the eigenfunctions are not
smce the coefﬁments Ni, are spin dependent, e.g.,
(7]1) |s =1 = (1/’2) IA =+1 = [+/L50 + E;Ls p]/ZEns P
Then, all energy corrections depend on the spin.

At very low fields B the function cos(Cxp) in Eq. (6)
fluctuates rapidly but the function e drastically
reduces the oscillation amplitude. The same holds for the
function cos(Dxp). Once B, is attained, the energies
increase monotonically and the bandwidth ceases to
oscillate. This explains the form of the n = 0 LL.

The dc diffusive conductivity is given by''

o =P S ~f (1)

where 1, is the momentum relaxation time and v, is
the diagonal matrix elements of the velocity operator.
Further, f; = [1 4+ exp B(E; — E¢)]”' is the Fermi-
Dirac function with = 1/kgy and T is the temperature.
We focus here on the large-amplitude oscillations
described by Eq. (12) and neglect the small-amplitude
ones described by the collisional contribution.'!

E (meV)

FIG. 2. Landau levels vs magnetic field B, in the presence of a field £, mod-
ulation with by =300nm and /E, = 1 meV. Notice that the two curves for
n=0 involve the same spin (down) but different valleys. The inset shows
the LLs in the presence of only a potential modulation with @y =300 nm and
Vo=1meV.
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Regarding the Hall conductivity O'W, one can cast
the form used in Ref. 11 in the familiar one

nd ihe? Z(fl Uy chc’ (16)

@ (B E”)
where v, and v, are the nondiagonal matrix ele-
ments of the velocity operator and p, v = x,y. The sum
runs over all quantum numbers |{) = |4, ky, &y, s2), |{).

(iii) 1D periodic potential or E, modulation. The modula-
tion broadens the LLs into bands, cf. Eq. (6), and
this induces a group velocity, proportional to the LL
bandwidth, that results in a diffusive conductivity.
Then, the electron velocity in the n-th Landau band
is given by
v, (ko) =

s —(VoClg /h)sin(Cxo)e Gy (u), (17)

ns:.p

and that due to a field modulation, vf, by Eq. (14) with
Vo, u, C, and G replaced by (Ey, u', D, and G’, respec-
tively. When the temperature is sufficiently low, the
relaxation time can be evaluated at the Fermi energy,
7; & 1. For a weak modulation, one can ne:glect12 the
k, dependence of f;. The result is

ue Y fi(1-£)(G

n,s-,p,*=

e’ Vit
Oyxx = 7
’ h &

o) (18)

For a field modulation, we obtain Eq. (15) with V),
u, C, and G replaced by (Ey, u/, D, and G', respec-
tively.

Figure 3 shows the diffusive conductivity in the
presence of only a field modulation. The solid (dashed)
curve is the up (down) spin contribution. The oscilla-
tions are considerably spin resolved and at certain
ranges of the field B (coloured areas) a nearly 100%
spin-polarized current is obtained. The two valleys
make nearly the same contribution, i.e., no
valley-resolved  current is achieved because
[F] = |v/|. If only the V(y) modulation is present

0.008 [

0.006

: 0.004

Gxx T Gxx 2 (00)

© 0.002

0.000 L

B (T)

FIG. 3. Spin-up (solid curve) and spin-down (dashed curve) contributions to
the diffusive conductivity, in units of oo = (e2/h)Bt(¢Ey)> /h, versus the
field B, when only the field modulation is present with Ey = I meV//,
bo=300nm, T=3K, and n,=5 x 10" ¢m™2. In the coloured regions, the
conductivity is nearly spin polarized and the colour is that of the dominant
spin state. The inset shows results only for a potential modulation with
Vo=1meV, ay =300 nm, and the same T and n,. Note the increase in the os-
cillation amplitude.

Appl. Phys. Lett. 104, 213109 (2014)

(lvf] = vy ]), no sizable valley or spin gap is created in
the oscillations, see the inset in Fig. 3. However, the os-
cillation amplitude is about 60 times larger than that of
the field modulation because |G | > |G, |. Notice
that 0, =& 0 for 0.7T <B <0.8T.

(iv) Potential and field modulations. To avoid the draw-
backs of a single modulation and further asses the influ-
ence of parameters on the valley and spin splittings, we
can combine the two modulations. To this end, we
assume that a field modulation is already present, with
fixed Ep =1meV/{ and by=300nm, and vary
the strength V, and period a, of the potential
modulation. We plot the valley polarization p,
= (0. —0_)/(64+0_) as a function of the ratio
VollE, for different magnetic fields B in Fig. 4(a) and
different periods a, in Fig. 4(b); the two valley conduc-
tivities o, and o_ include both spins. For low V, the
polarization p, is maximal, whereas for high V/, it disap-
pears. Moreover, p, is maximal when the two modula-
tions have the same period. In Fig. 4(c), we plot p, and
the spin polarization p,, defined in a similar way, as
functions of the field B for Vo =0.2meV and aqg= b.
As seen, the presence of both modulations leads to a siz-
able p, because the total velocity differs for the two val-
leys; that is |07 + vl | # [v/” + v |. Both p, and p
oscillate nearly periodically with B but their periods
increase at high B, cf. Eqs. (6) and (9). In contrast to
Fig. 3, the spin gap is smaller and decreases at low fields
B because the LL index n near Ep is large; thus
Js(s.) < EX,  whichyields |n7]* ~ [n5 |* =~ 1/2.

n,82,p

Hall conductivity o,,. It is given by Eq. (16) and its
evaluation requires the velocity operator o = VzH, which
for the two valleys is given by b~ = vr(ové Fayéy). All its
matrix elements, evaluated analytically, are diagonal in k,
(Ok,.42)- To better understand the effect of the field E. modu-
lation on gy, We also consider a constant field E. that leads
to k-independent LLs. Now a periodic, weak field E, per-
turbs the states |()° and the new ones |{) can be

T 1 T

- =B=0.2(T), - = -2,=150 (nm)
2,=200

- - -a;=250

B=0.4
B=06
-----B=0.8

FIG. 4. (a) Valley polarization p, versus the ratio Vo/lE, for different fields
B. The parameters are Eg = 1meV/{, by=ao=300nm, T=3K, and
n,=5x10"cm ™2 (b) The same as in (a) but for different periods ag at
B=0.6T. p, is maximal for low strengths V,, and ao= by. (c) Valley (solid
curve) and spin (dotted curve) polarizations versus magnetic field B for
Vo=0.2meV and ay = by =300 nm.
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FIG. 5. (a) Hall conductivity o, versus the field B for different electric
fields E. for zero temperature, vy =5.42 X 10° m/s, and N, =5 X 10" em ™2
The topmost curve shows Er versus B for a modulated E. and the scale is on
the right axis. A constant field £, (dotted curve) doubles the number of pla-
teaux. The intra-LL plateaux result from spin (dotted arrows) and valley
(solid arrow) transitions.

approximated by first-order perturbation theory. With
(6E0)€IZZO<C/|£EOGZ|C>O, they read

lEg)y
O=10"+> bﬂ—v _0’;55 )", (19)
UL

Figure 5 shows the Hall conductivity versus the field B. The
dashed, dotted, and solid curves show, respectively, the well-
known plateaux for integer n (E,=0), the ones for constant
field (E.=3.9meV/{), and those for a periodic field
(E. = 5cos(Dy)meV/¢). All of them occur precisely at
those fields B at which Ef (or ng) jumps from one LL to
another (topmost curve) as indicated by the arrows for
np=2. The value E. = 3.9 meV /¢ was chosen to cancel the
SOI term for spin up (down) in the K (K') valley, as in gra-
phene which has a very weak SOI. For a constant field, all
LLs split due to the spin and valley degrees of freedom and
the number of sharp changes in £ increases; the valley split-
ting though is very weak, hence the extra plateaux are mostly
due to spin resolution. However, for a modulated field, the
LL valley splitting is comparable to their spin splitting, see
Fig. 2. In Fig. 5, the large plateaux (dashed curve) are
replaced by a series of short plateaux and steps (solid curve)
due to spin or valley transitions shown by arrows. The extra
plateaux arise at fields B = N,¢,/m; the modulation does
not affect their location but only the height of the steps
between them at a finite temperature.

As for the results in the presence of only a potential
modulation V(y): (i) they affect o, very little, and (ii) they
differ from the field modulation ones because V(y) enters the
Hamiltonian (1) as V(y) I, whereas E_(y) enters it as E.(y) ..

Appl. Phys. Lett. 104, 213109 (2014)

That is, E.(y) affects the carriers’ spin and valley degrees of
freedom but V(y) does not.

In summary, we studied commensurability oscillations
in silicene due to a weak electric field £, and/or potential
periodic modulation. A constant E, and the strong SOI lead
to spin and valley split LLs. The modulations broaden the
LLs into bands and lead to a diffusive conductivity. The spin
splitting due to only potential modulation is very weak but
for field modulation it is relatively large, cf. Fig. 3. Also, the
valley polarization p, vanishes when only one modulation is
present. These drawbacks are avoided when both modula-
tions are present, have the same period, and the ratio of their
strengths Vo/¢Ey is small, cf. Fig. 4. For Vy /¢Ey > 1, the spin
polarization p, and p, disappear; both are nearly periodic in
the field B, phase-shifted by 7, and their periods increase
with B.

We also studied the Hall conductivity gy, and showed
that the field modulation creates extra narrow plateaux
within the standard, integer-n LL plateaux. All of them are
due to sharp changes in Er, as it moves through the LLs, and
the new ones result from the lifting of the spin and valley
degeneracies and the corresponding transitions between the
four (n > 1) or two (n=0) sublevels. The step structure,
within an integer-n LL plateau, replaces the latter by a series
of narrow plateaux and steps.
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