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Abstract The conformal loop ensemble CLE, with parameter 8/3 < k < 8 is the
canonical conformally invariant measure on countably infinite collections of non-
crossing loops in a simply connected domain. We show that the number of loops
surrounding an e-ball (a random function of z and €) minus its expectation converges
almost surely as ¢ — 0 to a random conformally invariant limit in the space of
distributions, which we call the nesting field. We generalize this result by assigning
i.i.d. weights to the loops, and we treat an alternate notion of convergence to the
nesting field in the case where the weight distribution has mean zero. We also establish
estimates for moments of the number of CLE loops surrounding two given points.
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1 Introduction

The conformal loop ensemble CLE,. for k € (8/3, 8) is the canonical conformally
invariant measure on countably infinite collections of non-crossing loops in a simply
connected domain D C C [12,14]. It is the loop analogue of SLE,, the canonical
conformally invariant measure on non-crossing paths. Justas SLE, arises as the scaling
limit of a single interface in many two-dimensional discrete models, CLE, is a limiting
law for the joint distribution of all of the interfaces. Figures 1 and 2 shows two discrete
loop models believed or known to have CLE, as a scaling limit. Figure 3 illustrates
these scaling limits for several values of k.

Let « € (8/3,8), let D C C be a simply connected domain, and let I be a
CLE, in D. For each point z € D and ¢ > 0, we let NV;(¢) be the number of
loops of I which surround B(z, €), the ball of radius ¢ centered at z. We prove the
existence and conformal invariance of the limit as ¢ — 0 of the random function
7z = N,(e) — E[N;(¢)] (with no additional normalization) in an appropriate space
of distributions (Theorem 1.1). We refer to this object as the nesting field because,
roughly, its value describes the fluctuations of the nesting of I' around its mean. This
result also holds when the loops are assigned i.i.d. weights. More precisely, we fix a
probability measure 1 on R with finite second moment, define I';(¢) to be the set of
loops in I" surrounding B(z, €), and define

S:e)= D &, (1.1)
Lel,(g)

S
(a) (b) ©

Fig.1 Nesting of loops in the O (n) loop model. Each O (n) loop configuration has probability proportional
to xtotal length of loops ., #100ps ' For 4 certain critical value of x, the O (1) model for 0 < n < 2 has a
“dilute phase”, which is believed to converge CLE, for 8/3 < k < 4 withn = —2 cos(47 /). For x above
this critical value, the O (n) loop model is in a “dense phase”, which is believed to converge to CLE, for
4 <k < 8, again with n = —2cos(4x/k). See [6] for further background, a site percolation, b O (n) loop
model. Percolation corresponds to n = 1 and x = 1, which is in the dense phase, ¢ area shaded by nesting
of loops
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The CLE nesting field 771

(b) (c)

Fig. 2 Nesting of loops separating critical Fortuin-Kasteleyn (FK) clusters from dual clusters. Each FK
bond configuration has probability proportional to (p/(1 — p))¥edges . g#clusters (4] yhere there is
believed to be a critical point at p = 1/(1 4 1/,/q) (proved for ¢ > 1 [2]). For 0 < g < 4, these loops are
believed to have the same large-scale behavior as the O (n) model loops for n = ,/g in the dense phase,
that is, to converge to CLE, for 4 < x < 8 (see [6,11]), a Critical FK bond configuration. Here ¢ = 2, b
loops separating FK clusters from dual clusters, ¢ area shaded by nesting of loops

where & are i.i.d. random variables with law . We show that z — S, (¢) — E[S,(¢)]
converges as ¢ — 0 to a distribution we call the weighted nesting field. When k = 4
and u is a signed Bernoulli distribution, the weighted nesting field is the GFF [9,10].
Our result serves to generalize this construction to other values of k € (8/3, 8) and
weight measures (. In Theorem 1.2, we answer a question asked in [12, Problem 8.2].

The weighted nesting field is a random distribution, or generalized function, on D.
Informally, it is too rough to be defined pointwise on D, but it is still possible to
integrate it against sufficiently smooth compactly supported test functions on D. More
precisely, we prove convergence to the nesting field in a certain local Sobolev space
H; (D) C CZ (D) on D, where C2°(D) is the space of compactly supported smooth
functions on D, CZ° (D)’ is the space of distributions on D, and the index s € R is a
parameter characterizing how smooth the test functions need to be. We review all the
relevant definitions in Sect. 5.

The nesting field gives a loop-free description of the conformal loop ensemble. For
k < 4 we believe that the nesting field determines the CLE, but that for k > 4 the
CLE contains more information. (See Question 2 in the open problems section.) In
order to prove the existence of the nesting field, we show that the law of CLE near a
point rapidly forgets loops that are far away, in a sense that we make quantitative.

Given h € C°(D)" and f € C2°(D), we denote by (h, f) the evaluation of the
linear functional / at f. Recall that the pullback 7 o ¢! of h € C2°(D) under a
conformal map ¢! is defined by (ho ™!, f):=(h, |91 f o) for f € CX(p(D)).

Theorem 1.1 Fix « € (8/3,8) and § > 0, and suppose | is a probability measure
on R with finite second moment. Let D C C be a simply connected domain. Let T’
be a CLE, on D and () ccr be iid. weights on the loops of T drawn from the
distribution ju. Recall that for ¢ > 0 and z € D, S;(¢) denotes

Sey= > &

Lel
L surrounds B(z,€)
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772 J. Miller et al.

Fig. 3 Simulations of discrete loop models which converge to (or are believed to converge to, indicated
with asterisk) CLE, in the fine mesh limit. For each of the CLE, ’s, one particular nested sequence of loops
is outlined. For CLEy, almost all of the points in the domain are surrounded by an infinite nested sequence
of loops, though the discrete samples shown here display only a few orders of nesting, a CLE3 (from critical
Ising model), b CLE4 (from the FK model with ¢ = 4)*, ¢ CLE|¢/3 (from the FK model with ¢ = 2),
d CLEg (from critical bond percolation)

Let
he(z) = S;(e) — E[S;(e)]. (1.2)

There exists an ngcz_a(D)-valued random variable h = h(T', (1)) such that for
all f € CX(D), almost surely limg_,o(he, f) = (h, f). Moreover, h(T, (&) is
almost surely a deterministic conformally invariant function of the CLE T" and the
loop weights (Er) cer: almost surely, for any conformal map ¢ from D to another
simply connected domain, we have

h(@(D), Eyir))cer) = h(T, () cer) o9~
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The CLE nesting field 773

In Theorem 6.2, we prove a stronger form of convergence, namely almost sure
convergence in the norm topology of H~2~%(D), when ¢ tends to 0 along any given
geometric sequence.

We also consider the step nesting sequence, defined by

Du(2) = D Er,) — E [Z&k@] . neN,
k=1 k=1

where the random variables (§7) scr are i.i.d. with law . We may assume without
loss of generality that u has zero mean, so that h,(z) = > ;_, &r,(;). We estab-
lish the following convergence result for the step nesting sequence, which parallels
Theorem 1.1:

Theorem 1.2 Suppose that D C C is a proper simply connected domain and § > 0.
Assume that the weight distribution @ has a finite second moment and zero mean. There
exists an Hl;c_ (D)-valued random variable by such that lim, .~ b, = b almost

surely in HIOC2 ‘S(D) Moreover, by is almost surely determined by I and (1) rer.

Suppose that D is another simply connected domainand ¢: D — Disa conformal
map. Let I be the random element of H; (D) associated with the CLET = o)

on D and weights (5(/)—1 (ﬁf))ﬁfef. Then b = b o ¢~ almost surely.

In Proposition 7.2, we show that the step nesting field and the weighted nesting
field are equal, under the assumption that © has zero mean.

When k = 4,0 = /n/2, and u = pp where ug({o}) = up({—o}) = 1/2
(as in Theorem 1.2 of [10]) the distribution # of Theorem 1.1 is that of a GFF on
D [9]. The existence of the distributional limit for other values of x was posed in
[12, Problem 8.2]. Note that in this context, %IE[SZ (e)Sy(e)] is equal to the expected
number of loops which surround both B(z, ¢) and B(w, ¢). Let Gp(z, w) be the
Green'’s function for the negative Dirichlet Laplacian on D. Since S, (¢) converges to
the GFF [9], it follows that %IFL‘[SZ (8)Sy (e)] converges to %G p(z, w) (see Section 2
in [3]). That is, the expected number of CLE4 loops which surround both z and w is
given by %GD(z, w).

One of the elements of the proof of Theorem 1.1 is an extension of this bound which
holds for all k € (8/3, 8). We include this as our final main theorem.

Theorem 1.3 Let I' be a CLE, (with 8/3 < k < 8) on a simply connected proper
domain D. For z, w € D distinct, let N, y, be the number of loops of T which surround
both z and w. For each integer j > 1, there exists a constant C,.; € (0, 00) such that

IEINY ] = (ypicat 27 Gp(z, w)) | < Coe j(Gp(z,w) + 171 (13)

Outline In Sect. 2 we review background material and establish some general CLE
estimates, and in Sect. 3 we prove Theorem 1.3. Section 4 includes proofs of sev-
eral technical results used in the proof of Theorem 1.1. In Sect. 5 we provide a brief
overview of the necessary material on distributions and Sobolev spaces, and we estab-
lish a general result (Proposition 5.1) regarding the almost-sure convergence of a
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774 J. Miller et al.

sequence of random distributions. In Sects. 6 and 7 we prove Theorems 1.1 and 1.2,
respectively. We conclude by listing open questions in Sect. 8.

2 Basic CLE estimates

In this section we record some facts about CLE. We refer the reader to the preliminaries
section [10] for an introduction to CLE. We begin by reminding the reader of the Koebe
distortion theorem and the Koebe quarter theorem.

Theorem 2.1 (Koebe distortion theorem) If f : D — C is an injective analytic
function and f(0) = 0, then

r

(1_r)2|f/(0)|, for6 eR and 0 <r < 1.

m:—r)zu/(on < |f(re'®) <

The Koebe quarter theorem, which says that B (O, }‘| f (O)I) C f(D), follows from
the lower bound in the distortion theorem [8, Theorem 3.17]. Combining the quarter
theorem with the Schwarz lemma [8, Lemma 2.1], we obtain the following corollary.

Corollary 2.2 If D C C is a simply connected domain, z € D, and f : D — D isa
conformal map sending 0 to z, then the inradius inrad(z; D):=inf,cc\p |z — w| and
the conformal radius CR(z; D) :=| f'(0)| satisfy

inrad(z; D) < CR(z; D) < 4 inrad(z; D).

Forthe CLE, I'in D, z € D, and j > 0, we define Lg to be the jth outermost loop
of I" which surrounds z. For r > 0, we define

J0 :=min {j >1:LNBGr) @] (2.1a)

J :=min {j >1:2! c BG, r)} . (2.1b)

Lemma 2.3 For each k € (8/3,8) there exists p = p(k) > 0 such that for any
proper simply connected domain D and z € D,

P[L2 C B(z,dist(z, dD))] > p.

Corollary 2.4 Jf, — erjr is stochastically dominated by 2N where N is a geometric

random variable with parameter p = p(k) > 0 which depends only on k € (8/3, 8).
Proof See Corollary 3.5 in [10]. O

We use the following estimate for the overshoot of a random walk the first time it
crosses a given threshold. We will apply this lemma to the random walk which tracks
the negative log conformal radius of the sequence of CLE loops surrounding a given
point z € D, as viewed from z. See Lemma 2.8 in [10] for a proof.
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The CLE nesting field 775

Lemma 2.5 Suppose {X;};cN are nonnegative i.i.d. random variables for which
E[X;] > 0 and E[eMX1] < oo for some Ay > 0. Let S, = Z;:l X; and
7, = inf{n > 0 : S, > x}. Then there exists C > 0 (depending on the law of
X1 and Lo) such that P[S;, —x > a] < Cexp(—ioa) forall x > 0 and o > 0.

The following lemma provides a quantitative version of the statement that it is
unlikely that there exists a CLE loop surrounding the inner boundary but not the outer
boundary of a given small, thin annulus. We make use of a quantitative coupling
between CLE in large domains and full-plane CLE, which appears as Theorem 9.1 in
the “Appendix”.

Lemma 2.6 Let I be a CLE, in D. There exist constants C > 0, > 0, and g9 > 0
depending only on k such that for 0 < e < eyand(0 <6 < 1/2,

E[Ny(e(1 — 8)) — No(e)] < C8 + Ce”. (2.2)

Proof We couple the CLE, 'y = T in the disk with a whole-plane CLE, I'c
as in Theorem 9.1. Index the loops of I'c surrounding O by Z in such a way
that £3(I'c) and L{(I'p) are exponentially close for large n. For n € N define
VnD = —loginrad L;(I'p), and for n € Z define Vn(C = —loginrad L(I'"c). Since
whole-plane CLE, is scale invariant, the set {Vn(C ‘n e Z} is translation invariant.
Using Corollary 2.2 to compare (Vc)n 7, to the sequence of log conformal radii of

n
the loops of I'¢ surrounding the origin, the translation invariance implies

E[# {I’l ta < Vn(c < b}] = Viypical (b — @).

Let o and the term low distortion be defined as in the statement of Theorem 9.1.
With probability 1 — O (¢%) there is a low distortion map from I'p| g0 )+ t0 C'cl 0 £)+»
and on this event, we can bound

| 1< D | 1
#1in: log — V <10 —/———
g8_ " gS(l—(S)

1 1
<# [n : 10gg — 0% < Vn(C < logm + 0(8“)} .

On the event that there is no such low distortion map, this can be detected by
comparing the boundaries of I'p|p(o )+ and I'c|p(o )+, so that conditional on this
unlikely event, I'p| (o ¢)+ is still an unbiased CLE, conformally mapped to the region
surrounded by the boundary of I'p| (g, ¢)+ . In particular, the sequence of log-conformal
radii of loops of I'p|g(g,¢)+ surrounding O is a renewal process, which together with
the Koebe distortion theorem and the bound § < 1/2 imply

E[Ny(e(1 — 8)) — Np(e) | no low distortion map] < constant.

Combining these bounds yields (2.2). O
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776 J. Miller et al.

Lemma 2.7 Foreachk € (8/3, 8) andinteger j € N, there are constants C > 0, o >
0, and eg > 0 (depending only on k and j ) such that whenever D is a simply connected
proper domain, z € D, ¢ is a conformal transformation of D, and 0 < ¢ < &g, if ' is
a CLE, in D, then

E[INZ(S CR(z; D); T') — Ny(;) (e CR(¢(2); 9(D)); ¢(I')) I'i} < Ce”.

Proof Observe that translating and scaling the domain D or its conformal image
¢ (D) has no effect on the loop counts, so we assume without loss of generality that
z = 0,9(z) = 0,CR(z; D) = 1, and CR(¢(2); (D)) = 1. Observe also that it
suffices to prove this lemma in the case that the domain D is the unit disk D, since a
general ¢ may be expressed as the composition ¢ = @7 o <p1_1 where ¢ and ¢, are
conformal transformations of the unit disk with ¢;(0) = 0 and ¢/(0) = 1, and the
desired bound follows from the triangle inequality.

LetI" be aCLE, on D, and let [ = ¢(T"). By the Koebe distortion theorem and the
elementary inequality

1 1
1 -3r < 172 < a=r2 <1+ 3r, for r small enough, 2.3)

we have

B(0, & —3&%) C ¢~ (B(0, ¢)) C B(0, ¢ + 3¢?),
for small enough ¢. Hence Ny (e +362; ) < No(e; f‘) < No(e — 3¢e2; I'), and so for
X :=MNo(e — 36 T) — No(e +3¢% 1)

we have [Ny(e: ) — No(e; )| < X.

By Lemma 2.6 we have E[X] = O (&%), which proves the case j = 1.

Notice that the conformal radius of every new loop after the first that intersects
B(0, & + 3¢?) has a uniformly positive probability of being less than %(8 — 3¢2),
conditioned on the previous loop. By the Koebe quarter theorem, such a loop intersects
B(0, e—3¢?%). Thus for some p < 1 wehave P[X >k+1]< pP[X > k] fork > 0. Hence

o0

E[X/] = Zk-/P[X =k

k=1
e .
< D KpPIX =1]
k=1
oo
5( kfp")E[X] = 0(s"),
k=1
which proves the cases j > 1. O
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The CLE nesting field 777

3 Co-nesting estimates

We use the following lemma in the proof of Theorem 1.3:

Lemma 3.1 Letro > 0, and suppose { X ;} jeN are nonnegative i.i.d. randomvariables
for which E[X1] > 0 and E[e**1] < oco. Let A(A) = logE[e*X1] and let S, =
zl;=1 Xj. For x > 0, define Ty = inf{n > 0: S, > x}. For A < Ao, let

M} = exp(AS, — A(L)n).

Then for . < Ag and x > 0, the random variables {M)‘

"/\Tr}neN are uniformly inte-
grable.

Proof Fix B > 1 such that B\ < ). By Holder’s inequality, any family of random
variables which is uniformly bounded in L? for some p > 1 is uniformly integrable.

Therefore, it suffices to show that sup,,-.o E [(M,f mx)ﬁ] < 0o. We have,

(M2 )? = exp(BA(Sune, — 1)) x exp(BAx — BAC (1 A 7))
< exp(BA(Sz, — x)) X exp(BAx).

The result follows from Lemma 2.5. O

Proof of Theorem 1.3 Fix z,w € D distinct and j € N. Let ¢: D — D be the
conformal map which sends z to 0 and w to e™* € (0, 1). Let Gp (resp. Gp) be
the Green’s function for —A with Dirichlet boundary conditions on D (resp. D).
Explicitly,

1 [1 — uv|
Gp(u,v) = —log
2 lu — v|

for u,v € D.

In particular, Gp(0, u) = % log [u|~! for u € D. By the conformal invariance of
CLE, and the Green’s function, i.e. Gp (u, v) = Gp(@(u), ¢(v)), it suffices to show
that there exists a constant C , € (0, oo) which depends only on j and « € (8/3, 8)
such that

|E[(Np.e~)71 = (nypicarx)’ | < Cjpe(x + 1771 forall x > 0. (3.1

Let {T;};cn be the sequence of log conformal radii increments associated with the
loops of I which surround 0, let Sy = Z;‘:l T;, and let 7, = min{k > 1 : S; > x}.
Recall that A, (1) denotes the log moment generating function of the law of 77. Let
M, = exp(AS, — AK(A)Zn). lgy Lemma 3.1, {M,az, }neN 1s a uniformly integrable

K

martingale for A < 1 — £ — 55. By Lemma 2.5, we can write S;, = x + X where

E[e*X] < co. By the optional stopping theorem for uniformly integrable martingales
(see [17, § A14.3]), we have that

1 = E[exp(ASz, — Ac(M)Ty)] = Elexp(Ax + AX — A (M) T0)]. (3.2)
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778 J. Miller et al.

We argue by induction on j that
E[(AL (01 =x/ + O((x + 1)/ 7). (3.3)

The base case j = 0 is trivial.
If we differentiate (3.2) with respect to A and then evaluate at A = 0, we obtain

0=E[(x+ X — AL(0)Ty)].
If we instead differentiate twice, we obtain
0=FE[(x +X — AL(0)1)> — A/ (0)z,].

Similarly, if we differentiate j times with respect to A and then evaluate at A = 0, we
obtain

0=El(x+X—A,0) 1+ D AcisBlx+X - ALOT) i1, (34)

i>0,k>1
i+2k<j

where the A, ; ¢ s are constant coefficients depending on the higher order derivatives
of A, at 0. By our induction hypothesis, for 7 < j we have ]E[r;’] = O((x + D).
Conditional on 7, X has exponentially small tails, so E [t/ X‘] = O((x + ") as
well. From this we obtain

0=E [(x - A’K(om)i] +O0((x + 1)/, (3.5)

Using our induction hypothesis again for 7 < j, we obtain
ji-1 .
0=> (2)(—1)%1 +E [(—A;(O)rx)f] ro@x+1)iTh, (3.6
h=0

from which (3.3) follows, completing the induction.

Recall that J(?r (resp. J(fr) is the smallest index j such that Eé intersects (resp. is
contained in) B(0, r). It is straightforward that

n C
Tx—logd = Jo’e—x =< NO,efx +1<1J e

Since the 7’s are stopping times for an i.i.d. sum, conditional on the value of 7, 104 4, the
difference tx — Tx—log4 has exponentially decaying tails. Moreover, by Lemma 2.3,
conditional on the value of 7, J Ce_x — 1, has exponentially decaying tails. Thus

0,
E [NOJ,] ) [z){] +O((x+1)/~"). Finally, we recall that 1/A’.(0) = 1/E[T}] =
Vtypical -

By combining Theorem 1.3 and Corollary 2.4, we can estimate the moments of the
number of loops which surround a ball in terms of powers of G p(z, w).
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The CLE nesting field 779

Corollary 3.2 There exists a constant Cj . € (0, 00) depending only onk € (8/3, 8)
and j € N such that the following is true. For each ¢ > 0 and 7 € D for which
dist(z, 0D) > 2e and 6 € R, we have

IE[(V; (6)) 1— Qrvpical G p (2, 24+€€9)) | < Cjo(Gp(z, z+ee®)+1)71 (3.7)

In particular, there exists constant a constant C,, € (0, 00) depending only on k €
(8/3, 8) such that

E[N(e)] — Viypical 10g

CRz D) | _ c (.8)
e - K- .

Proof Let w = z + ee'?. Corollary 2.4 implies that [N, — N;(¢)]| is stochastically
dominated by a geometric random variable whose parameter p depends only on «.

Consequently, (3.7) is a consequence of Theorem 1.3. To see (3.8), we apply (3.7)

for j = 1 and use that Gp(u,v) = %logw i Y, (v) where ¥, (v) is the

harmonic extension of v % log |u — v|~! from D to D. In particular, ¥, (z) =
5—log CR(z; D). o

4 Regularity of the e-ball nesting field

A key estimate that we use in the proof of Theorem 1.1 is the following bound on how
much the centered nesting field /. depends on ¢. The proof of Theorem 4.1 and the
remaining sections may be read in either order.

Theorem 4.1 Let D be a proper simply connected domain, and let ho(z) be the cen-
tered weighted nesting around the ball B(z, €) of a CLE, on D, defined in (1.2).
Suppose 0 < €1(z) < e and 0 < &2(z) < € on a compact subset K C D of the
domain. Then there is some ¢ > 0 (depending on k) and Cy > 0 (depending on
K, D, K, and the loop weight distribution) for which

/ |E[(he(2)(2)—hey2) () (hey () (W) —hey ey (W) ]| dzdw < Coe. (4.1)
KxK

Proof Let A, B, and C be the disjoint sets of loops for which A U B is the set of loops
surrounding B(z, €1(z)) or B(z, e2(z)) but not both, and B U C is the set of loops
surrounding B(w, &1(w)) or B(w, &2(w)) but not both. Letting £, denote the weight
of loop L, then we have

E[(he, (2)(2) —hey(2)(2)) (e () (W) —hgy (w) (w))]
= COV[hsl(z) (Z)_hsz(z) (2), hsl(w) (w) — hsz(w)(w)]

= + Cov [Zsa +Zfb,zéfb+zgc:|

acA beB beB ceC
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780 J. Miller et al.

= + Var[£] E[|B|] £ E[£]* Cov[|A|+|B], |BI+|CI]
=+ Var[€] E[|B|] + E[£]* Cov(N; (1) =N (e2), Ny (1) =Ny (£2)),  (4.2)

where the + signs are the sign of (&1(2)—¢&2(2))(e1(w)—e2(w)).
Let G'Bg (z, w) denote the expected number of loops surrounding z and w but
surrounding neither B(z, &) nor B(w, ). Then E[|B|] < G;°(z, w). In Lemma 4.3

We prove
// G (z, wydzdw < C1&°,
KxK

and in Lemma 4.8 we prove
//K B | CovNV; (e1(2)) = Ne(e2(2)), Ny (1 (w)) — Nip(e2(w))| dzdw < Cas”,

where ¢ depends only on k and C and C; depend only on k, D, and K. Equation (4.1)
follows from these bounds. m|

In the remainder of this section we prove Lemmas 4.3 and 4.8.

Lemma 4.2 Forany k € (8/3,8) and j € N, there is a positive constant ¢ > 0 such
that, whenever D C C is a simply connected proper domain, z € D, and0 < ¢ <'r,
the jth moment of the number of CLE, loops surrounding z which intersect B(z, €)
but are not contained in B(z,r) is O((e/r)°).

Proof If there is a loop £ = Elz‘ surrounding z which is not contained in B(z, r) and
comes within distance ¢ of z, then J{, < k and JS, > k, so J[; < JS,.. But from
Corollary 2.4 JS, — erj, is dominated by twice a geometric random variable, and by
Lemma 2.8 in [10] together with the Koebe quarter theorem we have JQE - erjr is order
log(r/e) except with probability O ((e/r)¢!), for some constant ¢; > 0 (depending
on k). Therefore, except with probability O ((¢/r)?) (with ¢; = cz(x) > 0), we have
JQS > JZ%. In this case there is no loop £ surrounding z, not contained in B(z, ), and
coming within distance ¢ of z. Finally, note that conditioned on the event that there
is such a loop £, the conditional expected number of such loops is by Corollary 2.4
dominated by twice a geometric random variable. O

Lemma 4.3 For some positive constant ¢ < 2,
/ /K . G%°(z, w) dzdw = O (area(K)>~/?¢). (4.3)
X

Proof Let F; , denote the number of loops surrounding both z and w but not B(z, ¢)
or B(w, ¢). Then G° (z, w) = E[F{ 1.

Suppose |z —w| < . Let L be the outermost loop (if any) surrounding both z and w
but not B(z, &) or B(w, &). The number of additional such loops is \V; , (I'"), where "’
isaCLE, inint £, and by Theorem 1.3 we have E[N; ,,(I'")] < C log(e/|z—w|)+C2
for some constants C; and C3. Integrating the logarithm, we find that
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/ cnx O @ w)dzdw = O(area(K)e?). (4.4)

lz—w|<e

Next suppose [z—w| > ¢.Now F;  is dominated by the number of loops surround-
ing z which intersect B(z, ¢) but are not contained in B(z, |z — w|), and Lemma 4.2
bounds the expected number of these loops by O((¢/|z — w|)¢) for some ¢ > O.
We decrease c if necessary to ensure 0 < ¢ < 2, and let R = area(K )12 Since
(¢/]z — w|)¢ is decreasing in |z — w|, we can bound

//le( G (z,wydzdw < //R]D)xRID) O((e/|z — w|)) dzdw

|z—w|>¢ |z—w|>¢
= O(area(K)>~¢/%¢°). 4.5)
Combining (4.4) and (4.5), using again ¢ < 2, we obtain (4.3). O

We let S, be the index of the outermost loop surrounding z which separates z
from w in the sense that w ¢ Uf “". Note that S ,, is also the smallest index for which
cgUS:

S,wi=min{k : w ¢ UX} = min{k : z ¢ UX). (4.6)

We let X, ,, denote the o -algebra
ow :=a({£’z‘ 1<k <S8,V {L’fv 1<k <S8 uw)). 4.7

Lemma 4.4 There is a constant C (depending only on k) such that if z, w € D are
distinct, then

S.
CR . Z,w
_CS]E[IOg (z; U }S |

min(|z — w|, CR(z; D))

Proof Let r = min(]z — w|, dist(z, dD)). By the Koebe distortion theorem,
CR (z; UZS“”) < 4r, which gives the upper bound. By [10, Lemma 3.6 ], there is

a loop contained in B(z, ) but which surrounds B(z, r/2¥) except with probability
exponentially small k, which gives the lower bound. O

Lemma 4.5 There exists a constant C > 0 (depending only on «) such that if
z,w € D are distinct, and 0 < ¢ < min(|z — w|, CR(z; D)), then on the event

{CR (z; UZS“”) > 88},
B2, = Sea 105 - 7, = S

Szw
_R@GUEM |
min(|z — w|, CR(z; D)) | ~

—Vtypical l0g (4.8)
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Proof Let S = S; . By (3.8) of Corollary 3.2 we see that there exist C; > 0 such
that on the event {CR (z; US) > 8¢} we have

S
3 CR (z; U*"
IE[Jm - S wl UZSMW] — Vtypical log #

Z,€

< (. 4.9)

We can write

E[/. —S]=E [(JQS - S)I{CR<z;U§>288}] +E [(erfe - 5>1{CR<z;U§><8a}] :
(4.10)

Applying (4.9), we can write the first term of (4.10) as,
E [(erje -5 1{CR<z;U§>zse}] = E[E[sz,e - S1U7] 1{CR<z;U§)zSa}]

CR(z; US)
= E| | vypicar log ———— £ C1 Jlcr(:u$)28¢)

min(|z — w|, CR(z; D)) 4
€

CR(z; US)
-E Vtypical log T 1{CR(Z§UZS)<88} :

Using [10, Lemma 3.6], there is aloop contained in B(z, ¢) which surrounds B(z, ¢/ 2k )
except with probability exponentially small in k, so the last term on the right is bounded
by a constant (depending on k).

If JQS > §, then JZ':‘S — § counts the number of loops (ﬁlg)keN after separating
z from w before hitting B(z, €). If J{}, < S, then S — J!, counts the number of
loops (C’Z‘)keN after intersecting B(z, ¢) before separating z from w. Consequently,
by Corollary 2.4, we see that absolute value of the second term of (4.10) is bounded
by some constant C> > 0. Putting these two terms of (4.10) together, we obtain

= Viypical 10g const

min(|z — w|, CR(z; D))
E [sze - SZ,w] — Vtypical log < const. 4.11)
' £

Subtracting (4.11) from (4.9) and rearranging gives (4.8). O

Lemma 4.6 Let {X};cN be non-negative i.i.d. random variables whose law has a
positive density with respect to Lebesgue measure on (0, 00) and for which there
exists Ay > 0 such that E[e*X1] < co. Fora > 0, let St =a+ Z?:l X, and for
a, M > 0, let 7:1“’,1 =min{n > 0: 8¢ > M}. There exists a coupling between S* and
b (identically distributed to S” but not independent of it) and constants C, ¢ > 0 so
that for all0 < a < b < M, we have

IP[S?},& = %J >1—Ce M.

@ Springer



The CLE nesting field 783

Similar but non-quantitative convergence results are known for more general distrib-
utions (for example, see [5, Chapt. 3.10]). For our results we need this convergence to
be exponentially fast, for which we did not find a proof, so we provide one.

Proof of Lemma 4.6 For M > N > 0, we construct a coupling between py and pyy
as follows. We take Sy = 0 and §0 = N — M, and then take {X;};en and {X\j}jeN
to be two i.i.d. sequences with law as in the statement of the lemma, with the two
sequences coupled with one another in a manner that we shall describe momentarily.
Welet S, = >, X;and S, = Sp + 3.7, X,. Define stopping times

v =min{n >0:5, >N} and ?szin{nEO::S'\nzN}.

Then S;, — N ~ py and 3‘},\, — N ~ py. We will couple the X ;’s and )?j’s so that
with high probability S;, = Sz, .

Lemma 2.5 implies that there exists a law p on (0, co) with exponential tails such
that p stochastically dominates pys for all M > 0. We choose 6 to be big enough so
that p([0, 260]) > 1/2.

We inductively define a sequence of pairs of integers (ix, jx) fork € {0, 1,2, ...}
starting with (ip, jo) = (0,0). If S;, +0 < §]k then we set (ix+1, jk+1) =+ 1, jk)
and sample X;,,, independently of the previous random variables. If S; e 0 =< Si,
then we set (ix+1, jik+1) := (ik, jk + 1) and sample X; jis1 independently of the previous
random variables. Otherwise, — S]k | < 0.Inthat case, we set (ix+1, jk+1) := (ix +
1, jx + 1) and sample (X;,,,, X, +1) independently of the previous random variables
and coupled so as to maximize the probability that §;,,, = =S, ,. Note that once the
walks coalesce, they never separate.

We partition the set of steps into epochs. We adopt the convention that the kth step
is from time k — 1 to time k. The first epoch starts at time k = 0. For the epoch starting
at time k (whose first step is k + 1), we let

Jk+1

(k) = min {k' > k : min(S;,,, S;,) = max(S;,, S;,) — 0}
Let Ej be the event
Er = {|Sig(k) - ’gj[(k)l = 9}

By our choice of 8, P[E;] > 1/2. If event E} occurs, then we let £(k) 4 1 be the last
step of the epoch, and the next epoch starts at time £(k) + 1. Otherwise, we let £(k)
be the last step of the epoch, and the next epoch starts at time £(k).

Let D(t) denote the total variation distance between the law of X and the law of
t 4+ X. Since X has a density with respect to Lebesgue measure which is positive in
(0, 00), it follows that

q:= sup D() < 1.

0<t<6

In particular, if the event E occurs, i.e., !Sim Sivw

already coalesced, then P[S;, ., # Sj 111 = g

| < 6, and the walks have not
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Let Yy = max(S;,, TS\jk). For the epoch starting at time k, the difference Yy ) — Yy is
dominated by a random variable with exponential tails, since p has exponential tails.
On the event E there is one more step of size Yyx)4+1 — Y in the epoch. This step
size is dominated by the maximum of two independent copies of the random variable
X and therefore has exponential tails. Thus if &’ is the start of the next epoch, then
Y — Y is dominated by a fixed distribution (depending only on the law of X ) which
has exponential tails. It follows from Cramér’s theorem that for some ¢ > 0, it is
exponentially unlikely that the number of epochs (before the walks overshoot N) is
less than cN.

For each epoch, the walks have a (1 — ¢)P[Ex] > O chance of coalescing if they
have not done so already. After cN epochs, the walkers have coalesced except with
probability exponentially small in NV, and except with exponentially small probability,
these epochs all occur before the walkers overshoot N. O

Lemma 4.7 There exist constants C3, ¢ > 0 (depending only on k) such that if 7z, w €
D are distinct, and 0 < &' < & < r where r = min(|z — w|, CR(z; D)), then

2 .
E [(E[JQS — I UF] B, - 0,0 } <G (;)C : (4.12)

Proof We construct a coupling between three CLE, s, T', T, and I, on the domain
D.LetS =S;4,S = S;u,and S = S, ,, denote the three corresponding stopping

times. We take I' and I to be independent. On D\UZS , we take T to be identical to

I.In particular, S = Sand 175 = UZS Within ﬁZS , we couple T to T as follows. We
sample so that the sequences

{—log CR (z; UZSH)} and {—logCR (Z; (75“‘)}

keN

are coupled as in Lemma 4.6. Define
K = min {k > §:CR (z; Uzk) =CR (z; (75) for some k > §} ,

and let K be the value of k for which the conformal radius equality is realized. Let
L/ UZK — ﬁf be the unique conformal map with v/ (z) = z and ¥'(z) > 0. We take
I restricted to ﬁZE to be given by the image under v of the restriction of I to UZK .

Since |log CR (z; UZS) — logr| and |log CR (z; ﬁ;) — logr| have exponential
tails, and since the coupling time from Lemma 4.6 has exponential tails, each of
K-S, K — §, and |log CR (z; UZK) — logr| = |logCR (z; ﬁzl?) — logr| have
exponential tails, with parameters depending only on «.

Let

A=E (I, =0 (US| BT, - T, 155
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In the above coupling U ZS and (75 are independent, so we have
E[J0, =0 US| -E[0 - 0| =E[aUS].

Therefore, the left-hand side of (4.12)isequal to[E [ (IE [A |U ZS ])2] .Jensen’s inequality
applied to the inner expectation yields

E [(E [A|Uf])2} <E [E [A2 | UZS]] — E[A2].

We can also write A as

A= ]E[qus - er,]s’ - J~zm8 + jzr?e’ | U.S’ 175]
= B[/, K T+ K0S OF |~ B[/~ K = T+ K102, 0F].
and then use the inequality (a + b)? < 2(a* + b?) fora, b € R to bound
A <2Y, +2Y,,

where for ¢ < ¢ we define

Ve=E[J, - K =T, + K |US, Uf]z.
We define the event
A ={CR(z; UF) = re).
Then
E[Y; 14] = E_E[szjé K- T+ KU, 175]2 1A}
< E_E[(];é K- T+ 1?)2 14|US, ﬁfﬂ

B ~ ~\ 2
n n
—F (Jz’g—K—JZ’§+K) 1A]

< const X (¢/r)¢

where the last inequality follows from Lemma 2.7, for some ¢ > 0 and for suitably
large r/e.
Next we apply Cauchy-Schwarz to find that

E[Y:14c] < /E [YZ]P[A°].
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Lemma 4.6 and the construction of the coupling between I' and I imply that P[A¢] <
const x (¢/r)¢ for some ¢ > 0. It therefore suffices to show that E [Y 82] < C for some
constant C which does not depend on ¢ or ¢'. By Jensen’s inequality, it suffices to
show that there exists C such that

N M ~\*
E [(JZ,é ~K - T, +K) } <c. (4.13)
To prove (4.13), we consider the event B = {CR(z; UZK) > ¢}. By Lemma 2.7,
E[(J0 —k— T +R) 1] <
e K—J p | < const

where the constant depends only on «. _ _
Using (a +b)* < 8(a* +b*) fora, b € R, and the fact that J{', — K and J7\, — K
are equidistributed, we have

~ ~\ 4 4
n n n
E[(Jz,g—K—Jz,g—kK) 13c1|§16E[(JZ,§—K) 136]

On the event B¢, we have K > J'', ” . Conditional on this, K — J, . has exponentially
decaying tails, so the above fourth moment is bounded by a constant (depending on
k), which completes the proof. O

Lemma 4.8 Suppose 0 < ¢1(z) < e and 0 < 2(z) < € on a compact subset K C D
of the domain D. Then there is some ¢ > 0 (depending on «) and Cy > 0 (depending
on k, D, and K) for which

/ |Cov(N (e1(2)) — Nz(e2(2)), N (e1(w)) — Ny (e2(w)))| dzdw < Coe”.

KxK

(4.14)
Proof For a random variable X, we let )o( denote
X = X — E[X]. (4.15)
We let Y, denote
Vo= o — e (4.16)
Recalling that JI'. = N, (r) + 1, we see that

E [i?w] = Cov(N:(e1(2)) = N (e2(20). Ny (1 (w)) = Ny (e2(w))),
so we need to bound ‘E[;Z;w]‘.
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We treat two subsets of K x K separately: (1) the near regime {(z, w) : |[z—w]| < €},
and (2) the far regime {(z, w) : ¢ < |z — w|}.
For the near regime, we first write

v, =vM +v®

Z,w?

where Yz(,lu), counts those loops surrounding B(z, min(e;(z), €2(z))) and intersecting
B(z, max(e1(z), €2(z))) with index smaller than S, ,,, and Yz(zu), counts those loops
with index at least S ,,. Then X, determines Yz(yl,,)j and Ylf){)z, and conditional on
Xzws YZ(% and YlE?)Z are independent [recall that X, ,, was defined in (4.7)]. Thus Y;'l),)
and Ylfjj ; are conditionally independent (given X, ,,) for i, j € {1, 2}.

Observe that @ 0
o o oll) olJ

E[rru]= > E[Yz,wa,z]-

ije(l,2}

e feim]]
~[[e[i ][l

o (D) 2712 o)) 212
SE[]E [ywmz,w] ] E|:E [yw,zmz,w] } . (418)

For the index i = 1, we write

ele[rhima] |=s| () ] <s )]sl 02 ] 1]

But

4.17)

Fori, j € {1, 2},

o) o))
E YZ,wa,Z

Yz(lu);f 14+ N w (FlUJZQE).

By Theorem 1.3, E [(1 +/\fz,w(F|U))2] < const + const x Gy (z, w)2, where Gy
denotes the Green’s function for the Laplacian in the domain U. By the Koebe distor-
tion theorem, the Green’s function is in turn bounded by Gy (z, w) < const 4+ const X
max (0, log(CR(z; U)/|z — w])). Therefore,

o)\ 2 s lz—wl
E (yw) <E|O0|1+log® — —7~
CR(z; UZ”)
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n
ByLemma?2.5, —log CR (z; UZJ”) = —log e + X for some random variable X with

exponentially decaying tails. It follows that

o(1) 2 o)\ ?2 5 1z — wl
E ]E|:Yz‘w|21,w] =E (Yz’w) =0(1+10g T) (4.19)

For the index i = 2, we express Yz(zu), in terms of J; ¢ (;) and J; 4,(;) and use

Lemma 4.5 twice (once with ¢1(z) and once with &>(z) playing the role of ¢ in the
lemma statement) and subtract to write

o (2) 0(2) s
E |:Yz,w | Ez,w] =K I:Yz’w |U; “'wi| < const
0(@) 2
E|E [Yz,w | Zz,w] <C. (4.20)

for some constant C depending only on k.
Combining (4.17), (4.18), (4.19), and (4.20), we obtain

‘IE [;z;w]‘ < const + const x log”

lz —w|’
which implies
// ‘]E [;z;w” dz dw < const x area(K) x &”. 4.21)
KxK
lz—w|<e

For the far regime, we again condition on X 4, the loops up to and including the
first ones separating z from w, and use Cauchy-Schwarz, as in (4.18), but without first
expressing Y, and Yy, as sums:

o o o 271/2 o 271/2
E[y.r.]| <E [E Vel 200 } E [E [l %] } SN0
By Lemma 4.7, we have
o 2 £ ¢
E E[ > ] <C . 423
[ Vel ¥ew } - (minuz — wl|, CR(z; D))) @29
Integrating over {(z, w) € K X K : ¢ < |z — w|} gives (4.14). O
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5 Properties of Sobolev spaces

In this section we provide an overview of the distribution theory and Sobolev space
theory required for the proof of Theorem 1.1. We refer the reader to [15] or [16] for a
more detailed introduction.

Fix a positive integer d. Recall that the Schwartz space S(R?) is defined to be the
set of smooth, complex-valued functions on R? whose derivatives of all orders decay
faster than any polynomial at infinity. If 8 = (81, B2, ..., Bg) is a multi-index, then
the partial differentiation operator 37 is defined by 8# = 8'S ! 8’3 z .8,’?;. We equip
S(R?) with the topology generated by the family of seminorms

Iz, p:= sup |x|"|8ﬂ¢(x)| :n >0, Bisamulti-index ¢ .
xeRd

The space S’ (R?) of tempered distributions is defined to be the space of continuous
linear functionals on S(R?). We write the evaluation of f € S’(R%) on ¢ € S(R?)
using the notation ( f, ¢). For any Schwartz function g € S(R?) there is an associated
continuous linear functional ¢ — f]Rd g)p(x)dx inS’ (R?), and S(R?) is a dense
subset of S’ (R?) with respect to the weak™ topology.

For ¢ € S(R?), its Fourier transform qb is defined by

6 =/ e E g (1) dx for & € RY.
Rd

Since ¢ € S(RY) implies (})\ € S(Rd) [15, Section 1.13] and since (al,qbz) =
[f ¢1(x)e27ix Yoy (y)dx dy = (1, $2) for all 1, ¢ € S(RY), we may define the
Fourier transform f of a tempered distribution f € S’ (R?) by setting f o):=(f, ¢
for each ¢ € S(RY).

For x € R?, we define (x):=(1 + |x|*)!/2. For s € R, define H*(R%) c S’(R%)
to be the set of functionals f for which there exists R; € L2(Rd) such that for all
¢ € SRY),

(f,¢)=/ Ry (&) (§)(§) " db. (5.1
RS

Equipped with the inner product
(fs &) psray = /Rd FERy(§) dE, (5.2)

H*(RY) is a Hilbert space. (The space H® (R?) is the same as the Sobolev space
denoted W*2(R?) in the literature.)

Recall that the support of a function f : R? — C is defined to the closure of the
set of points where f is nonzero. Define T = [—m, ] with endpoints identified, so
that T¢, the d-dimensional torus, is a compact manifold. If M is a manifold (such as
R4 or T?), we denote by C °(M) the space of smooth, compactly supported functions
on M. We define the topology of C2°(M) so that ¥, —  if and only if there exists
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a compact set K C M on which each v, is supported and 0%, — 9% uniformly,
for all multi-indices o [15]. We write C2°(M)’ for the space of continuous linear
functionals on C2°(M), and we call elements of C2°(M)’ dzstrtbunons on M. For
fecC °°(']Td)/ and k € 72, we define the Fourier coefficient f (k) by evaluating f on
the element x > e~% of C°°(']I‘d ). For distributions f and g on T¢, we define an
inner product with Fourier coefficients f (k) and g(k):

(f &) pseray == D (> Fk)3(K). (5.3)

keZd

If f € S'(R?)is supported in (—, )¢, i.e. vanishes on functions which are supported
in the complement of (—, )¢, then f can be thought of as a distribution on T¢, and
the norms corresponding to the inner products in (5.2) and (5.3) are equivalent [16]
for such distributions f.

Note that H 5 (R%) can be identified with the dual of H*(R?): we associate with
f € H=5(RY) the functional g — (f, g) defined for g € H*(R%) by

(o= [ R ©OR@ .
Re T

This notation is justified by the fact that when f and g are in L>(R?), this is the same
as the LZ(R?) inner product of f and g. By Cauchy-Schwarz, g — (f, g) is abounded
linear functional on H*(R¢). Observe that the operator topology on the dual H*(R?)
coincides with the norm topology of H % (R?) under this identification.

It will be convenient to work with local versions of the Sobolev spaces H* (RY). If
h e S'(RY) and ¥ € CX(RY), we define the product yh € S'(RY) by (Vh, f) =
(h, ¥ f). Furthermore, if h € H*(R?), then Yvh e H*(R?) as well [1, Lemma 4.3.16].
Forh € CX(D)',wesaythath € Hj (D)ifyh € H* (R?) forevery € C* (D). We
equip Hy;, (D) with a topology generated by the seminorms ||+ || s (ra)» which implies
that h, — hin H (D) if and only if Yh, — vhin HS(RY) forall ¢ € C(D).

The following proposition provides sufficient conditions for proving almost sure
convergence in ngcd =8 (RY).

Proposition 5.1 Let D C RY be an open set, let § > 0, and suppose that ( f,)nen is
a sequence of random measurable functions defined on D. Suppose further that for
every compact set K C D,

[ Ellf@R]dx < o0

and there exist a summable sequence (ap),eN of positive real numbers such that for
alln € N, we have

/ /K IBIs1 00 = i) ) = HODN dx dy <@ (5

Then there exists a random element f € Hlocd s (RY) supported on the closure of D

such that f,, — f in H;_ —d- 3(D) almost surely.

loc
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Before proving Proposition 5.1, we prove the following lemma. Recall that a
sequence (K,),en of compact sets is called a compact exhaustion of D if K, C
Kyy1 C Dforalln e Nand D = {J, oy Kn-

Lemma5.2 Let s > 0, let D C RY be an open set, suppose that (Kj)jen is a

compact exhaustion of D, and let (f,),en be a sequence of elements of H ™ (R?).

Suppose further that (V) jen satisfies j € C2°(D) and Wj|1<» = 1forall j e N
J

If for every j there exists fVi e H_Y(]Rd) such that ; f, — f‘/’!’ asn — oo in

H~5(R?), then there exists f € H; *(D) such that f, — f in H oo (D).

Proof We claim that for all ¢ € C2°(D), the sequence v f,, is Cauchy in H ™ (R%).
We choose j large enough that suppy C K;.Forall g € H S(RY),

loc

W s 8) = (Wfms &) = (W (fu = fin), ¥&)I.

By hypothesis v/ f, converges in H ™* (R?) as n — 00, so we may take the supremum
over {g : [Igll sray < 1} of both sides to conclude ||y f, — ¥ fmll s ey — O as
min(m, n) — oo. Since H~*(R?) is complete, it follows that for every ¥ € C*(D),
there exists /¥ € H~%(R?) such that ¥ f, — f¥ in H—*(RY).

We define a linear functional f on C2°(D) as follows. For g € C2°(D), set

(f,e)=(f", g, (5.5)

where 1 is a smooth compactly supported function which is identically equal to 1
on the support of g. To see that this definition does not depend on the choice of i,
suppose that ¥y € C2°(D) and Y, € C2°(D) are both equal to 1 on the support of g.
Then we have

(V. 8) = (f72,8) = T (Y1 = ¥2) fu. 8) =0,

as desired. From the definition in (5.5), f inherits linearity from £V and thus defines a
linear functional on C2° (D). Furthermore, f € H,, (D) since Y f = f‘/’ € H*(R%)
for all ¥ € CZ°(D). Finally, f, — f in H, (D) since ¥ f, — ¥f = fY in
HS(RY). o

Proof of Proposition 5.1 Fix y € C°(D). Let Dy, be a bounded open set containing
the support ¥ and whose closure is contained in D. Since Dy, is bounded, we may
scale and translate it so that it is contained in (—, n)d. We will calculate the Fourier
coefficients of ¥ ( f,41 — f,) in (—m, )¢, identifying it with T. By Fubini’s theorem,
we have for all k € Z4

IE|wfn+1 1pfn(k”

2
:IEJ|:(/D Far1 OV (x)e K dx —/Dfn(x)Ip(x)e_ik"xdx) }
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<1V e, / [E[(far1 @) = Fa ) a1 () = fao))]| dxdy

Dy x Dy,
1V 117 0 () @ (5.6)

IA

by (5.4). By Markov’s inequality, (5.6) implies

P{Whn = A0 2 anll) | < 1 ) 0

The right-hand side is summable in k and n, so by the Borel-Cantelli lemma, the
event on the left-hand side occurs for at most finitely many pairs (7, k), almost surely.
Therefore, for sufficiently large n, this event does not occur for any n > ng. For these
values of n, we have

W f = W hait gacspay = D Wik — W1 ()2 () 204D
keZd
< Z arzl(k>d+8<k>72d725
kezZd
= 0(a,/9),

Applying the triangle inequality, we find that for m, n > nog

n—1
19 = Y fallg-a sy = 0 (672> ;). 5.7)

j=m

Recall that the H~49(T¢) and H~4~%(R%) norms are equivalent for functions sup-
ported in (—m, n)d [(see the discussion following (5.3)]. The sequence (a,),cN 1S
summable by hypothesis, so (5.7) shows that (¥ f,),cn 1s almost surely Cauchy
in H=4=%(R9). Since H~4~%(R?) is complete, this implies that with probability 1
there exists /¥ € H~?~%(R?) to which ¥ f, converges in the operator topology on
H—d—é (Rd)

By assumption f, € ngc(Rd ), so f, € H™473(RY). We may then apply
Lemma 5.2 to obtain a limiting random variable f € ngcd -3 (R) to which ( Jn)neN

converges in ngcd -0 (RY). O

6 Convergence to limiting field

We have most of the ingredients in place to prove the convergence of the centered
e-nesting fields, but we need one more lemma.

Lemma 6.1 Fix C > 0, > 0, and L € R. Suppose that F, Fy, and F, are real-
valued functions on (0, 00) such that

(i) F) is nondecreasing on (0, 00),
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(i) |F2(x +68) — F2(x)| < Cmax(§%, e™*) forall x > 0 and § > 0,
(i) F = F1 + F», and
(iv) Forall 6 > 0, F(nd) — L as n — oo through the positive integers.

Then F(x) — L as x — o0.

Proof Let ¢ > 0, and choose § > 0 so that C3* < ¢. Choose xq large enough that
Ce ™™ < gand|F(nd)—L| < eforalln > x¢/§.Fixx > x¢,and definea = §|x/§].
For u € {F, F1, F»}, we write Au = u(a + 8) — u(a). Observe that [AF>| < ¢ by
(ii). By (iii) and (iv), this implies

|AF|| = |AF — AF>| < |AF| + |AF| < 3e.

Since F] is monotone, we get | F1(x) — Fy(a)| < 3¢. Furthermore, (ii) implies | F>(x) —
F>(a)| < e. It follows that

|F(x) — L| < |Fi(x) — Fi(a)| + |Fa(x) — Fa(a)| + |F(a) — L| < 5e.

Since x > xo and ¢ > 0 were arbitrary, this concludes the proof. O

Theorem 6.2 Let h(z) be the centered weighted nesting of a CLE, around the ball
B(z, ¢), defined in (1.2). Suppose 0 < a < 1. Then (hyn),cN almost surely converges
. —2-6

in H (D).

Proof Immediate from Theorem 4.1 and Proposition 5.1. O

Proof of Theorem 1.1 We claim that for all g € C2°(D), we have (h¢, g) — (h, g)
almost surely. Suppose first that the loop weights are almost surely nonnegative and that
g € C°(D)isanonnegative test function. Define F (x):=(h,, g), F1(x):=(S;(e™),
g),and Fr(x):=—(E[S;(e7)], g). We apply Lemma 6.1 with « as given in Lemma 2.6,
which implies
linb(hs,g) = (h,g) for ge CX(D),g=>0. (6.1
E—>

For arbitrary g € C2°(D), we choose § € C°(D) so that g and g + g are both
nonnegative. Applying (6.1) to g and g + g, we see that

lim (he. g) = (h.g) for g€ CX(D). 6.2)
E—>

Finally, consider loop weights which are not necessarily nonnegative. Define loop
weights Szt = (&7)*, where xT = max(0, x) and x~ = max(0, —x) denote the
positive and negative parts of x € R. Define 1™ to be the weighted nesting fields
associated with the weights Eg (associated with the same CLE). Then (hgjE g) —
(h*, g) almost surely, and

(he,g) = (hf, g) —(h;.g) — (W, g) — (h™,g) = (h,g),

which concludes the proof that (h., g) — (h, g) almost surely.
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To see that the field 4 is measurable with respect to the o-algebra X generated by
the CLE, and the weights (§/) £<r, note that there exists a countable dense subset F of
C2°(D) [15, Exercise 1.13.6]. Observe that /1,-» is X-measurable and / is determined
by the values {h,-:(g) : n € N, g € F}. Since & is an almost sure limit of s,-», we
conclude that 4 is also X-measurable.

To establish conformal invariance, let z € D and ¢ > 0 and define the sets of loops

| = loops surrounding B(¢(z), €|¢’(z)|), and
loops surrounding ¢(B(z, €))
1A Ep,

o o0 0]
W [\S)
I

I
[x]

where A denotes the symmetric difference of two sets. Since either B C ZEj or
By C &y, )
he(2) = hep o (0(2)) =+ > &

§€ks

Multiplying by g € C2°(D), integrating over D, and taking ¢ — 0, we see that by
Lemma 2.7 and the finiteness of E[|£]], the sum on the right-hand side goes to 0 in
L' and hence in probability as ¢ — 0. Furthermore, we claim that

/D (et @1@@) = et | gy dz > 0
in probability as ¢ — 0. To see this, we write the difference in square brackets as

Bl (0 (9(2)) — hee(9(2) + hee(9(2) — he(9(2)),

where C is an upper bound for |¢'(z)| as z ranges over the support of g. Note that
fD [ECS (p(2)) — ﬁg(go(z))] g(z)dz — 0 in probability because for all 0 < &’ < ¢
and ¢ € C°(D), we have

Ellyhe = Vherlfy-a-spay = 2 BlWhe = Fhe ()P (k) 72+

kezd

< D IVl o ey / /D Bl 00) = her () (he (v)
keZd v
— hy (Y)]| dx dy (k) ~2@+D)

<Ry,

see (5.6) for more details. The same calculation along with Theorem 4.1 show that
| [fecto@) = hupitoen ] s@rdz — o,
D
in probability. It follows that (k, g) = (ﬁ op,g) forall g € C°(D), as desired. O
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7 Step nesting

In this section we prove Theorem 1.2. Suppose that D is a proper simply connected
domain, and let I be a CLE, in D. Let u be a probability measure with finite second
moment and zero mean, and define

b(2) =D &r, neN
k=1

We call (h,),eN the step nesting sequence associated with I and (§7) per-

Lemma 7.1 Foreachk € (8/3, 8) there are positive constants ¢, ¢a, and c3 (depend-
ing on «) such that for any simply connected proper domain D C C and points
z,w € D, fora CLE, in D,

CR(z; D)

Pr |:./\/zw > c1log —————
|z — wi

+cj+ C3i| < exp[—Jjl.

Proof Let X; be i.i.d. copies of the log conformal radius distribution, and let 7, =
>, X;. Then

Pr{T; < t] < E[e”*]%

CR(z; D
PHIT, < log(CRG: D)/l = wi)) = Ble ™1 <2,
Z—w
If T, > log(CR(z; D)/|z — w]|), then J2|z—w| < 0. But NV, < ch,lz—wl’ and by
Corollary 2.4, Jf‘ P erjlz—wl has exponential tails. O

Proof of Theorem 1.2 We check that (5.4) holds with f, = b,. Writing out each
difference as a sum of loop weights and using the linearity of expectation, we calculate
forO<m <nandz,w e D,

B[ (2) = ba (@) () — hu(w)] = 0> D" PN, > k.
k=m+1

Let §(z) be the value for which ¢y log(CR(z; D)/6(z2)) + ¢3 = k, where ¢ and ¢3
are as in Lemma 7.1. Let K be compact, and let § = max,cx §(z). Then

8 < exp[—O® (k)] x supdist(z, D) (7.1)
zek
and
// Pr\V..» > kldzdw < exp(—k) x area(K)>. (7.2)
KxK
lz—w|>=$
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The integral of PN, > k] over z, w which are closer than § is controlled by virtue
of the small volume of the domain of integration:

// PIN;.» > kldzdw < 8% x area(K). (7.3)

KxK
lz—w|=<$

Putting together (7.1)—(7.3) establishes

//P[Nz,w > k| dzdw < exp[-O (k)] x Ck.p (7.4)

KxK

as k — oo.
Having proved (7.4), we may appeal to Proposition 5.1 and conclude that h,, con-
verges almost surely to a limiting random variable f taking values in ngcz—a(D)'
Since each b, is determined by I" and (&) £, the same is true of h. Similarly, for
each n € N, b, inherits conformal invariance from the underlying CLE,. It follows
that  is conformally invariant as well. O

The following proposition shows that if the weight distribution p has zero mean,
then the step nesting field h and the usual nesting field / are equal.

Proposition 7.2 Suppose that D C C is a simply connected domain, and let u be
a probability measure with finite second moment and zero mean. Let I" be a CLE,
in D, and let (§7) cer be an i.i.d. sequence of u-distributed random variables. The
weighted nesting field h = h(T, (§¢) cer) from Theorem 1.1 and the step nesting field
h = b(T, (2) cer) from Theorems 1.1 and 1.2 are almost surely equal.

Proof Let g € CX°(D), ¢ > 0and n € N. By Fubini’s theorem, we have

E[((he. 8) = (Ba. g))7]
_ / /D B = ha() e 0) ~ b )] g@gw) dzdw. (1)

Applying the same technique as in (4.2), we find that the expectation on the right-hand
side of (7.5) is bounded by ' times the expectation of the number N, (n, &) of loops
L satisfying both of the following conditions:

1. £ surrounds B;(¢) or L is among the n outermost loops surrounding z, but not
both.

2. L surrounds By, (¢) or L is among the n outermost loops surrounding w, but not
both.
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Using Fatou’s lemma and (7.5), we find that

E[(¢h. g) — (. g))*] = E [lim lim ({e, 8) = (b, g>>2}

e—>0n—

< liminf liminf E[((h,, g) — (bn, g))z]

e—~>0 n—>o0

< lim 1nf lim inf // E[N; »(n,e)]g(2)g(w)dzdw
DxD

e—0 n— o0

< Jim sup lim sup / / E[N, (1. £)] (2)g(w) dz dw.
DxD

e—0 n— 00

If z # w, then N4, < oo almost surely, so E[N; ,,(n, ¢)] tends to 0 as ¢ — 0 and
n — oo. Furthermore, the observation N, ., (n, &) < N, implies by Theorem 1.3
that E[N; ., (n, £)] is bounded by veypical log |z — w] —1 4 const independently of » and
e. Since (z, w) — E[N; ,(n, ¢)]g(z)g(w) is dominated by the integrable function
(Veypical log |z — w| ™! + const)g(w)g(w), we may apply the reverse Fatou lemma to
obtain

E[((h. g) — (. g))*] < / / lim sup lim sup E[N (1, £)] g(2)g (w) dz dw
DxD

£—0 n—00

which implies
(h.g) = (b g) (7.6)

almost surely. The space C2°(C) is separable [15, Exercise 1.13.6], which implies
that C2°(D) is also separable. To see this, consider a given countable dense subset of
C2°(C). Any sufficiently small neighborhood of a point in C°(D) is open in C2°(C),
and therefore intersects the countable dense set. Therefore, we may apply (7.6) to a
countable dense subset of C2°(D) to conclude that 2 = h almost surely. O

8 Further questions

Question 1 Suppose that & is the nesting field associated with a CLE, process and
weight distribution . For each ¢ > 0 and z € D, let A;(¢) be the average of 4 on the
disk B(z, ¢). Is it true that the set of extremes of A (¢), i.e., points where either A, (¢)
has unusually slow or fast growth as ¢ — 0, is the same as that for S;(¢)?

Question 2 When k = 4 and p is the Bernoulli distribution, the nesting field 4 is a
GFF on D. In this case, it follows from [9] that the underlying CLE4 is a deterministic
function of &. Does a similar statement hold for x € (8/3, 4]? For k € (4, 8), we do
not expect this to hold because we do not believe that it is possible to determine the
outermost loops of such a CLE, given the union of the outermost loops as a random
set. Nevertheless, is the union of all loops, viewed as a subset of D and its prime ends,
determined by the (weighted) nesting field?
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Question 3 When « = 4 and u is the Bernoulli distribution, then the nesting field
is a Gaussian process (in particular, a GFF). We do not expect this to hold with the
Bernoulli distribution for any « # 4. Do there exist other values of x € (8/3, 8) and
weight distributions p such that the corresponding nesting field is also Gaussian?

Question 4 Does the nesting field in general satisfy a spatial Markov property which
is similar to that of the GFF? Is there a type of Markovian characterization for the
nesting field which is analogous to that for CLE [12,14]? The existence of a spatial
Markov property for the nesting field is natural in view of the conjectured convergence
of discrete models which possess a spatial Markov property to CLE,..

Question 5 There are several discrete loop models which are known to converge to
CLE. Do their nesting fields converge to the nesting field of CLE?
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9 Appendix A: Rapid convergence to full-plane CLE

In this appendix we prove that CLE, (for 8§/3 < « < 8) in large domains rapidly
converges to a full-plane version of CLE,.. This was proved in [7] when « < 4 using
the loop-soup characterization of CLE.

For a collection T" of nested noncrossing loops in C, let I'|p(, ,y+ denote the

collection of loops in I" which are in the connected component of C\{L € T :
L surrounds B(z, r)} containing z. If I is a CLE, in a proper simply connected domain
containing B(z, r), then I'| g, ,y+ = F'U‘IQ"_I'
Theorem 9.1 Fork € (8/3, 8) there is a unique measure on nested noncrossing loops
in C, “full-plane CLE, ”, to which CLE, ’s on large domains D rapidly converge in the
following sense. There are constants C > 0 and o > 0 (depending on «) such that for
any z € C,r > 0, and simply connected proper domain D containing B(z, r), a full-
plane CLE, I'c and a CLE, I'p on D can be coupled so that with probability at least
1-C(r/dist(z, dD))%, thereis a conformal map ¢ fromI'c| gz r)+ 10 U p| (7 r)+ Which
has low distortion in the sense that |¢'(z) — 1| < C(r/dist(z, dD))* on Cclpe i+
Full-plane CLE, is invariant under scalings, translations, and rotations.

For k < 4 Kemppainen and Werner showed that full-plane CLE, is also invariant
under the map z — 1/z [7].

Proof We first prove for that x > 0, the stated estimates hold for z = O and r = 1,
with C and D replaced by any two proper simply connected domains D and D, which
both contain the ball B(0, ).

Fori e {1,2}, let T; denote the CLE, on D;. Let xg.") = —log CR(0, £}(T'})).
Note that Xg) < —x fori € {1, 2}. Furthermore, [Ag.iil
tive sequence whose terms have a continuous distribution with exponential tails [13].

(,')} . .. .
— A is an i.i.d. posi-
J JjeN p
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Therefore, by Lemma 4.6, there is a stationary point process A9 on R with i.i.d. incre-
ments from this same distribution, and the sequences A1 and A®) can be coupled to
1@ 50 that AN (—%x, oo) =10n (— %x, oo) fori € {1, 2}, except with probability

exponentially small in x.
. ; ©0) 3
a:=min | A* N —Zx,oo . ©.1)

Let
By Lemma2.5,a € (—%x, —%x) except with probability exponentially small in x.

We shall couple the two CLE, processes I'; and I'; as follows. First we generate
the random point process A(?). Then we sample the negative log conformal radii of
the loops of I'1 and I'; surrounding 0, so as to maximize the probability that these
coincide with A on (—%x, o0). If either AV or A® does not coincide with ()
on (—%x, oo) then we may complete the construction of I'; and I'; independently.
Otherwise, we construct I'; and I'; up to and including the loop with conformal radius
e %, where a is defined in (9.1). Let EE,’) denote the loop of I'; whose negative log
conformal radius (seen from 0) is a, and let chi) denote the connected component of
(C\Eé') containing 0. Then we sample a random CLE, I'py of the unit disk D which is
independent of a and the portions of I'] and I'; constructed thus far. (We can either take
I'p to be independent of A(), or so that the negative log conformal radii of I'p’s loops
surrounding 0 coincide with A© —4) N (0, 00).) Then we let 1//“ ) be the conformal
map from D to U with ¥ (0) = 0 and (@) (0) > 0, and set the restriction of T';
to Uéi) tobe ) (I'p). If there are any bounded connected components of (C\,Cg) other
than U,Ei), then we generate the restriction of I'; to these components independently
of everything else generated thus far. The resulting loop processes I'; are distributed
according to the conformal loop ensemble on D;, and have been coupled to be similar
near 0.

Let v = 1/f(2) o (w(l))_l be the conformal map from Uél) to Uf) for which
¥(0) =0and ¥'(0) = 1. Assuming a € (—%x, —%x) anda € AV and a € A2, the
Koebe distortion theorem implies that on B(0, M, | — 1] s exponentially small
inx.

By [10, Lemma 3.6], except with probability exponentially small in x, both I';
and I'> contain a loop surrounding B(0, 1) which is contained in B(0, e/ It is
possible that ¢ maps a loop of I" surrounding D to a loop of I'; intersecting D or vice
versa. But since i has exponentially low distortion, any such loop would have to have
inradius exponentially close to 1. The expected number of loops of I'; with negative
log conformal radius between — log 4 and 1 is bounded by a constant, so by the Koebe
quarter theorem, the expected number of loops of I'{ with inradius between 1/e and 1
is bounded by a constant. Let D3 = ¢ D1 be a third domain, where u is independent of
everything else and uniformly distributed on (0, 1). It is evident that ¢“I"| has no loop
with inradius exponentially (in x) close to 1, except with probability exponentially in
x. On the other hand, we can couple a CLE, on D3 to I' in the same manner that we did
for domain D3, and deduce that I'; must also have no loop with inradius exponentially
close to 1, except with probability exponentially small in x. We conclude that it is
exponentially unlikely for there to be a loop of I'| surrounding B(0, 1) which v maps
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to a loop of I'; intersecting B(0, 1) or vice versa. Thus ¥ (I'1|p; 1y+) = [2lpi. 1+
except with probability exponentially small in x.

The corresponding estimates for general z and r and domains D and D, containing
B(z, r) follows from the conformal invariance of CLE,.

Given the above estimates for any two proper simply connected domains which
contain a sufficiently large ball around the origin, it is not difficult to take a limit.
For some sufficiently large constant ko (which depends on «), we let I'y be a CLE,
in the domain B(0, ek), where k > kg is an integer. For each k, we couple x4
and I'y as described above. With probability 1 all but finitely many of the couplings
have that T'y11| BO.ek2+ = Yi(Trlpo ekr2)+) for a low-distortion conformal map
Yk, so suppose that this is the case for all k > £. The conformal maps v (for
k > £) approach the identity map sufficiently rapidly that for each m > £, the infinite
composition - - - o Yy,41 o ¥y, is well defined and converges uniformly on compact
subsets to a limiting conformal map with distortion exponentially small in m. We
define I'c| g (m/2)+ to be the image of Iy | g ,m/2)+ under this infinite composition.
These satisty the consistency condition I'c|g(0,expini2)+ S I'ClB(0,expima/2))+ for
my > m1 > £, so then we define I'c = Umze I'clp(0,em/2y+- For any other proper
simply connected domain D containing a sufficiently large ball around the origin, we
couple I'p to I'{10gdist(0,ap)) as described above, and with high probability it will be
close to I'c in the sense described in the theorem.

It is evident from this construction of I'c that it is rotationally invariant around O.
Next we check that "¢ is invariant under transformations of the form z +— Az + C
where A,C € C and A # 0. Note that AI'c + C restricted to a ball B(0, r) is
arbitrarily well approximated by CLE on B(C, A2%) for sufficiently large k. But by the
coupling for simply connected proper domains, the CLEs on B(C, A2¥) and B(0, 2¥)
restricted to B(0, r) approximate each other arbitrarily well for sufficiently large k,
and by construction, I'¢ restricted to B(0, r) is arbitrarily well approximated by CLE
on B(0, 2¥) restricted to B(0, r) when k is sufficiently large. Thus full-plane CLE is
invariant under affine transformations.

Finally, if there were more than one loop measure that approximates CLE on simply
connected proper domains in the sense of the theorem, then for a sufficiently large
ball the measures would be different within the ball. Since for some sufficiently large
proper simply connected domain D, CLE on D restricted to the ball would be well-
approximated by both measures, we conclude that full-plane CLE is unique. O

10 Notation

We use the following notation.

e D is a simply connected proper domain in C, i.e. @ C D C C (Sect. 1)
e [" denotes a CLE, process on D (Sect. 1)
° AQ(&) is the number of loops of I" which surround B(z, ) (Sect. 1)

° Eé' is the jth loop of I which surrounds z (Sect. 2)
e U/ is the connected component of D\ £ which contains z (Sect. 2)
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S:(e) is the sum of the loop weights over the loops of I which surround B(z, ¢)
((1.1) in Sect. 1)

w is the weight distribution on the loops (Sect. 1)

Gp(z, w) is the Green’s function for the Dirichlet Laplacian —A on D (Sect. 1)

h (&) = S;(e) — E[S;(e)] (Sect. 1)

N (&) is the number of loops of I which surround both B(z, ¢) and B(w, &)
(Sect. 1)

erjr is the index of the first loop of £, which intersects B(z, r) ((2.1) in Sect. 2).

° Jf, is the index of the first loop of £, which is contained in B(z, r) ((2.1) in Sect. 2).
e [, (¢) is the set of loops of I which surround B(z, ¢) (Sect. 1)

° )o( = X — E[X] for any integrable random variable X (Sect. 4)

57 (z, w) is the expected number of CLE loops surrounding z and w but not neither
B(z, &) nor B(w, ¢) (Sect. 4)
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