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Abstract We report a semi-analytical theory of wave propagation through a vegetated water.
Our aim is to construct a mathematical model for waves propagating through a lattice-like
array of vertical cylinders, where the macro-scale variation of waves is derived from the
dynamics in the micro-scale cells. Assuming infinitesimal waves, periodic lattice configura-
tion, and strong contrast between the lattice spacing and the typical wavelength, the pertur-
bation theory of homogenization (multiple scales) is used to derive the effective equations
governing the macro-scale wave dynamics. The constitutive coefficients are computed from
the solution of micro-scale boundary-value problem for a finite number of unit cells. Eddy
viscosity in a unit cell is determined by balancing the time-averaged rate of dissipation and
the rate of work done by wave force on the forest at a finite number of macro stations. While
the spirit is similar to RANS scheme, less computational effort is needed. Using one fitting
parameter, the theory is used to simulate three existing experiments with encouraging results.
Limitations of the present theory are also pointed out.

Keywords Water Waves - Vegetated Waters - Coastal dynamics - Tsunami Protection -
Theory of multiple scales - Theory of homogenization - Eddy Viscosity model

1 Introduction

The fluid dynamics of wind and river current in the presence of plants or grass has been
the subject of extensive studies for a long time. Vast literature exists on field and laboratory
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observations as well as mathematical modeling of wind over a forest [27], river or lake flow
over canopy [26], or tides through coastal mangroves [18], etc. Vegetation of course affects
the direction and pattern of fluid flow. In turn the flow exerts forces on the plant branches
and alters the diffusion and convection of nutrients and chemicals, thereby affects the growth
and survival of plants and of the marine life around them. Because of its influence on coastal
inundation, beach erosion and the ecological health of coastal waters, the interaction of
vegetation and storm waves or tsunamis have also received increasing attention. For example,
wave flume simulation of kelps, seagrasses, and coastal trees have been conducted by [1,3,
6,7,23,29,33,34,38,40,42], among others. Mathematical models starting from macro-scale
(wavelength-scale) equations have been proposed by many (e.g., [5,16,22,17] etc.). Typically
the inviscid and irrotational theory is used as the basis. Drag and inertia forces via Morison’s
formula are added in an ad hoc manner to account for wave attenuation. The prediction of
attenuation rate depends on proper data fitting of two empirical coefficients. A depth-averaged
model for waves over a canopy of vertical cylinders with height less than the sea depth has
been reported by Lowe et al. [15]. In their model, the canopy resistance force is described
by the Morison equation and the shear stress at the top of the canopy is represented by the
parameterized quadratic friction. Vo-Luong and Massel [39] extended this approach further
by adding another empirical term to account for breaking.

Since the presence of vegetation is the main source of turbulence, a more fundamental
model needs to account for the micro-scale motion in the small space between the cylinders.
Moreover, the macro-scale transport of solvents or fine particles depend on the effective
diffusivity which may depend on the local flow in the interstices. Hence a theory accounting
for the micro-scale variations is needed. For a steady, uniform current passing through a
cylinder array, Stoesser et al. [32] have applied the numerical method of large eddy simulation
(LES) to model a current through a periodic array of many cylinders in an open channel, and
compared with laboratory measurements of Liu et al. [14]. Mo [24] developed a large eddy
sub-grid model to investigate a non-breaking non-periodic solitary wave interacting with
slender vertical piles. By employing Smagorinsky’s [30] model to relate the eddy viscosity
to the local dissipation rate on the sub-grid level, the free-surface profiles, simulated by the
volume of fluid (VOF) method, agree well with the laboratory data. However, the comparison
on the dynamic pressure is not as good. For periodic waves through vegetation involving many
vertical cylinders, Li and Yan [13] have developed a numerical model based on the Reynolds-
averaged Navier—Stokes equations (RANS). The eddy viscosity is obtained by solving a
transport equation proposed by Spalart and Allmaras [31] developed for aerodynamic flows
without vegetation. The presence of vegetation is accounted for by adding a source term in
the transport equation and by adding Morison’s force in the momentum equation. RANS
technique has also been applied by Wu et al. [42] to study periodic wave transmission and
reflection from an array of vertical cylinders. They employed the Smagorinsky model for
sub-grid turbulence and added Morison’s force with drag and inertia coefficients calibrated
by the measured wave amplitudes to incorporate the vegetation effects.

Both LES and RANS methods require closure schemes at the sub-grid level, involve
a number of empirical coefficients, and demand considerable computational effort for a
region with many cylinders. Furthermore, except in very shallow water where breaking
dominates, turbulence in waves owes its existence to vegetation. Hence the rationale of
adding Morison forces to a turbulence model established for non-vegetated flows appears to
be double counting. Direct superposition of the two amounts to assuming turbulence already
exists even in the absence of vegetation; this is rarely the case outside the surf zone. In order
to reduce the effort of numerical computation without totally glossing over the interstitial
dynamics, and to facilitate physical insight, the present authors have made use of the sharp
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contrast between wavelength and plant spacing, and applied the perturbation techniques of
multiple scales (homogenization) [21]. By this technique the macro-scale physics of wave
propagation is found to resemble a transient flow through a porous medium. Unlike the
classical approach in groundwater hydraulics, here the dynamic Darcy’s law and permeability
are derived from the solution of a micro-scale problem in a unit cell. A special feature of
this approach is that heavy numerical effort is focused only around one or a few cylinders
in a small cell without involving all cylinders at once. Wave motion on the macro scale is
predicted from cell-averaged equations, which can be solved either analytically or by less
cumbersome numerical schemes.

The homogenization method is most effective for linear problems. To conform with this
restriction the wave amplitude must be small. Although more sophisticated models are in
principle possible, we shall assume for simplicity that the eddy viscosity is constant in a
unit cell. In an earlier study of steady current through vegetation, an eddy viscosity was
introduced by order of magnitudes estimates of the cell-averaged dissipation and the work
done by the measured drag force on the entire array [26]. In principle, this eddy viscosity
is related nonlinearly to the local flow, hence its use in a linearized wave theory amounts to
quasi-linearization similar to the approximation of the quadratic wave drag on offshore piles
by a term linear in velocity [28]. Inspired by the evidence of damping of tsunami by man-
groves, Mei et al. [21] used this steady-state relation on long-period waves in shallow water
through a periodic array of many vertical cylinders, spaced at small distances comparable
to depth. By solving the macro-scale equations derived from the solution of a typical unit
cell, predictions on wave amplitudes are found to be in good agreement with data from wave
flume measurements.

In many coastal environments, vegetation often exists in water depth comparable to the
wavelength. For sustained waves of relatively short period we are only aware of the arti-
cles by Augustin [2], Huang and Zhang [11], and Wu et al. [42]. Limited experimental data
for non-periodic tsunamis through a Green Belt have been reported by Hiraishi and Harada
[9], Harada and Imamura [8], and Huang et al. [10]. In this article we extend the mathe-
matical model of Mei et al. [21] to waves of intermediate period and length. The unit cell
has horizontal dimensions much smaller than the height, hence the micro-scale problem is
now three dimensional. New macro-scale equations are derived with constitutive coefficients
calculated from the solution of the cell problems. A key point of this study is to compute
the eddy viscosity by making use of the drag force information from experiments. Since
extensive data for a large array of cylinders exist only for steady forces induced by a uniform
current [4], a time-independent eddy viscosity is found by combining an energy argument
with the drag force measured in steady flows. This eddy viscosity is then used for micro-
scale computations. As the eddy viscosity depends on the local averaged flow which varies
on the macro scale, the micro and macro problems are solved by sequential iteration. With
just one fitting coefficient, predictions of wave characteristics are in encouraging agreement
with available wave measurements from several experiments. It is hoped that comprehensive
data will become available in the future for wave forces on cylinder arrays, so that empiri-
cal information can be employed with greater confidence to give a micro-scale-based but a
computationally expedient model for predicting the interaction of waves and vegetation.

2 Formulation for infinitesimal waves

Let X = (x1, x2) and z denote the horizontal and vertical Cartesian coordinates respectively
with origin at the mean sea level. For simplicity we consider a sea of finite and constant depth,
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ho. The vegetation is idealized by a periodic array of vertical rigid cylinders taller than the
sea depth, and are fixed over a large area of the seabed. Infinitesimal waves of characteristic
frequency w and amplitude ag enter the emergent vegetation from the open sea. The scale of
the wavelength is 1/ ko where kg = w?/g is the characteristic wavenumber with g being the
gravitational acceleration. We assume that the sea depth is comparable to the wavelength, i.e.,
koho = O(1), but much greater than the cylinder spacing ¢, i.e., ko < 1. Throughout this
article 1/ ko and h are regarded as the macro-scale lengths, and ¢ and the cylinder diameter,
D, as the micro scales.

Let u; and w be the horizontal and vertical velocity components. Continuity requires that

du; ow
= =0, i=12. 2.1
ax,‘ + 0z ' ( )
Ignoring convective inertia for infinitesimal waves, the linearized Reynolds equations
read:
ou; 1 dp 8%u; 3%u; .
=——— , ,j=12, 22
ot 0 0x; He (8xj8xj + 972 ok 2
and
dw 1 ap 92w 92w
i — ), j=1,2, 2.3
ot p8z+ve(8xj8xj * 812> / 3)

where p is the constant fluid density, p denotes the dynamic pressure related to the the total
pressure P by

P =p—pgz. 24

As stated in the introduction we shall choose a model where the eddy viscosity, v, is a
constant within each cell obtained by using the averaged horizontal velocity solved from the
macro-scale problem at the previous iteration. The updated eddy viscosity is then used to
solve the micro-scale cell problem again to provide the constitutive coefficients of the macro-
scale problem for the next iteration. Details of this eddy viscosity model and the iteration
procedure will be discussed later in §7.2.

On the sea bed, the no-slip condition is imposed,

ui=w=0, z=—hp. (2.5)
On the free surface, the kinematic boundary condition requires
¢
— =w, z=0, 2.6
a0 F 26)

where ¢ denotes the free-surface displacement. For the dynamic conditions, we require that
both the normal and tangential stresses vanish,

ee—P 120, o -0, 2.7)
0 0z
and
ui W _ o _o. (2.8)
9z 3)65

On the surface of the rigid cylinder Sg, there is no slip,

ui=w=0, Xi,Z € Sp. (29)
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Let the following normalization be introduced:
x'=xi/t, Z*=koz, t*=wt, h*=koh,
p* = p/pgao), uf =u;/(wap), w*=w/(wap), ¢*=7¢/ap.
In particular the horizontal coordinates are scaled by the micro length ¢, but the vertical

coordinate by the macro length 1/ k.
The normalized continuity equation reads

* *
LY (2.10)
axi* AZ*
where
2y
e=— =kol < 1 .11)
g

is the small ratio of micro-to-macro lengths. Note that (2.11) implies that predictions for the
same € apply to a very dense forest if the waves are short.

Let us define
Ve
= — 2.12
o= (2.12)

which is expected to be no greater than O(1), as turbulence is caused by the narrow spacing.
The normalized horizontal momentum equations are

du* ap* 3%u’ 5 0%u} .
o =_M‘+60(3x’?8l)¢"f te ) =12 2.13)
i J J

The vertical momentum equation is normalized to
ow* ap* . 92w* n , %w* (2.14)
= — o € . .
o IZ* dx¥oxs 3z*?

The no-slip condition is required on the cylinder walls,

u =w* =0, x* Z*e Sp, (2.15)
and on the sea bed,
ul =w* =0, Z*=-—h" (2.16)
On the free surface, the kinematic boundary condition requires

a *
£ =w*, Z*=0. (2.17)
ar*

In the absence of wind, the normal and tangential stresses vanish

o~ 12200 _0. 7z =0 (2.18)

p Gz =0 Z'=0. .
oui 0w . zr=0 (2.19)
“9zr Toxr 0 O T '
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3 Two-scale expansions

For describing the physics over two sharply contrasting scales we employ fast and slow
coordinates, x;* and X7, in the horizontal plane where

X! =ex] =kox;, i=12only; Z"=koz. (3.1)

From here on only dimensionless variables are used with the asterisks (-)* dropped for brevity.
All dimensionless unknowns are expanded by

0 1
(i, w, p,¢) = (uf ) w©@ O §<0)) te (ul( ) w®, p) ;(1))

+ & (u®w®, p?,c@) 4o (B2

where u("), w™, p("), and ;’(”) are all functions of (x;, X;, Z, 1).

i

We get from continuity (2.10),

L S LAy (33)
o Cax, | Sax oz T '

which gives the perturbation equations at orders O(1) and O(e):

ou®
- =0, (3.4)
1
Bufo) n au,@ N ow® 0 3.5)
X, dx; az '

From the horizontal momentum equations (2.13), we get

(0) 1) 0 0 1 2..(0)
du, du ap®  ap®  fpd 3%u,
e—L 4 2L — P~ _ P _ P + €0 L+ 0. (3.6)
ot at 0Xx; 0X; ox; 3Xj3Xj

The perturbation equations are

95O
0=-2_ 3.7)
3)([
8u§0) Bp(o) Bp(l) 8214;0)
= — — +o . (3.9)
ot 90X ax; 0x;0x;
The vertical momentum equation, (2.14), gives,
aw® g ap©®  9pM 920 ,
=— - o . 39
or o 0z oz T ox0x, O 39)
Only the leading order approximation is needed, i.e.,
ow@ 3p(0) 92w @
= — +o . (3.10)
ot 0Z 3Xj 3Xj
The kinematic boundary condition, (2.16), gives
w? =u =w® =w® =0, zZ=-n (.11)

l
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on the seabed, while (2.17) gives

¢ ©
% —w®, Z=0 (3.12)

on the free surface.
From (2.18), the normal stress condition on Z = 0 reducesto { = p + 0O(€?), hence

¢© = pO (3.13)

From (2.19), the tangential stress condition on Z = 0 becomes

ou® w® | ow®  guw®
€

= 0(e?), 3.14
9z | ox, < ox, %, ) (314

€
which implies

w® =w@x;,0,0. (3.15)

This leads to the important simplification that ¢® and p® depend only on the macro scale
of waves:
(O =% 0, p@=p9x;, 2z, 0. (3.16)

Note however that w® (x;, X;, Z, t) can depend on the micro coordinate for Z < 0 (beneath
the free surface).
On the rigid cylinders, we have

uEO) = w(O) = 0, Xi, Z e SB. (3-17)

Because of (3.16), the micro-scale variation of the leading order velocity field, (qu), w(O)),
and the pressure fluctuation, p!), are forced by the macro-scale gradient of ¢ and p©.
Recall that by assumption v, is independent of time ¢ and the fast coordinates x;. Because
the array geometry is periodic, we can consider the area of vegetation as a union of unit cells
and treat the micro-scale problem in a typical cell first. By taking cell averages of the next
order, the effective equation for the macro-scale motion will be derived.
From now on we limit our attention to the time-periodic case only. All unknowns will be
written in the form of
F(xi,Xi, Z, 1) = RW{F (xi, X;, Z)e '}, (3.18)

where F represents location-dependent amplitude and the operator () denotes the real part.
All equations in this section can be rewritten for the complex amplitudes by simply changing
a/0t to —i.

4 The cell problem

Let us consider the fluid motion inside a typical cell €2 in a periodic array. The cell is bounded
by the horizontal planes, Z = —h, 0, and by vertical side planes. One or a few solid cylinders
sit inside the cell. In view of linearity, we assume the following solution for the micro-scale
variation in the cell
5O ~ _apO _ _ ap©

M — _A,(3 O _ _ W@ —=—, ¥ecQ 4.1
ax; p £ (X) aX w x) 5z " * N CRY)

where €2 ¢ denotes the fluid inside 2.

~0 >
1 = —Ki ()

@ Springer



242 Environ Fluid Mech (2014) 14:235-261

From (3.4) and (3.8), K ij and X.,- vary only horizontally and satisfy

0K 0, TeQ (4.2)
— =0, x , .
axi f
=~ dAL 2K .
ik = 8 — 2K 4 . feQr. 43
ik ik 0x; Gax,-ax,- * f )

Note that the last equation can be written as

k
ik =6 aA"+8() X eQ (4.4)
— 1K = i) — —L X , .
ik ik x; axj f
where

) IKix 8Ejk
= = 4.5
’] U( 8Xj + 8)61‘ ( )

is the stress tensor due to forcing by unit pressure gradient in the direction k.
On the solid cylinder S there is no slip,

Kix =0, % ZeSg. (4.6)

On the outer side boundaries of the cell, K ij and A j are periodic. For uniqueness, we shall
impose

(Aj) =0, .7

where (-) defines the cell average over the horizontal cross-section,

1
fr= 5/ fdxidx,. 4.8)

Projected on the horizontal plane, 2 denotes the total cross-sectional area of a unit cell.
In order to ensure no slip on the sea bottom, a Stokes boundary layer of small thickness
8§ = /2v./w = O(y/c¥) can be fitted in principle. However, its integrated effect on the
macro-scale motion is negligible, and will not be considered.

From (3.10), the vertical motion leads to the cell problem for W:

.
—iW=1+4o0o , XeQy, —h<Z<0, 4.9)
0x;j0x;
subject to the no-slip condition on Sp,
W=0, % Ze Sg, (4.10)

and Q-periodicity. The requirement for the vertical velocity to vanish on the seabed will be
met by 9p© /87 = 0.

With v, and o known from the previous iteration, the horizontal and vertical cell problems
above can be solved numerically by the finite element method for many stations on the macro
scale only. Details are similar to that of Mei et al. [21]. For a symmetric cell geometry, as
1llustrated in Fig. 1, 1t can be shown from the cell boundary-value problems (4.2)—(4.7), that:
6) K11 (x1,x2) = Kzz(xz, x1) and both are even in x| and x7; (ii) K12 = K»;. They are also
odd in x; and x; and symmetric with respect to the diagonals x; — x, = 0 and x; 4+ x = 0.
Sample results for the micro-scale variations in a cell are shown in Fig. 2.
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Fig. 1 Sample finite element

. R . 0.5
discretization of a symmetric cell

configuration: a circular cylinder

sits at the center of a unit square

cell. The cell porosity is 0.913

and 1799 triangular elements are

used
L2 0.0
-0.5
-0.5 0.0 0.5
I
Real part Imaginary part

‘ _____ B

_ 0
7 0.1 05
05 0.0 05 05 % -05 0.0 05 05 e
T2 Tz

Fig. 2 Sample results for the micro-scale IZ’ j(x1, x2) and VT’(xl , x2). In this demonstration, o = 0.0025 is
chosen and the corresponding cell configuration is shown in Fig. 1

5 Eddy viscosity for two-dimensional waves
For the special case of steady, horizontally uniform flow through aquatic vegetation, Nepf

[26] and Tanino and Nepf [36] have given the following relation between the eddy viscosity
and the drag force on the entire forest:
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1—n 1/3
Ve X |:CD, steady T] UneanD, (5.1)

where Uyyeqn 18 the averaged velocity through the vegetation,

L (52)
n=— .
Q
is the cell porosity, and Cp, steady 1s drag coefficient from laboratory experiments. This simple
relation has been used by Mei et al. [21] for long-period waves through emergent vegetation.
We note that (5.1) was derived by balancing the total dissipation rate and the rate of work
done by the drag force on the entire forest, with some order-of-magnitude estimates.
For an isolated cylinder in an oscillatory flow of ambient velocity U (¢), the force is
commonly calculated from Morison’s formula [25]:

dU 7D?

, 53
dt 4 (>-3)

Force = 2 CD s1ng]eU|U|D + oCu, single —5 .~
where the drag and inertia coefficients, Cp, single and Cpy, single, depend on the velocity
amplitude Uy, and period T. In addition, the relative importance of the drag and inertia
forces depends on the Keulegan-Carpenter number, Ngc = U4 T /D. Itis known that inertia
dominates if Nxc < 5 and drag force dominates if Nxc > 25 [35]. Using for estimates 7 =5—
10s, Uppgx = 0.1m/s, and D = 0.1 m, we get Nxc =5-10, suggesting that the two forces
can be comparable. Experimental information on wave induced forces on a large array of
cylinders is unfortunately lacking. In the absence of similar information of dynamic waves
forces on an array of cylinders, we propose a heuristic estimation of the eddy viscosity from
an energy argument.

Consider a unit cell with height £, the local viscous dissipation rate is, in physical dimen-

sions,
ou; ouj 2 ou; aw\> aw\?
&= — 4+ — — ) |dQdz. (54
pve///[ (G s 2y (B 20) s (2) e 5

On the other hand, the rate of work done by the surface wave over the volume of a unit cell
can be modeled by the macro quantity as

P—/ Lo uuim+c ARl P (5.5)
=/ |2%P M0 4 @ '
—h

if Morison’s formula is assumed for the wave force per unit cell of a cylinder array, where
U = (uy) is the cell-averaged horizontal velocity. Coefficients Cp and Cjs, which can be
functions of time, are to be determined empirically.

Since extensive experimental data for a large array of cylinders exist only for steady flows
[4, e.g.,], we rest content with time-independent Cp and Cyy. Therefore, a time-invariant
eddy viscosity, v, = v.(X;), can be obtained from the energy balance argument by equating
the time averages of £ and P,

— 1
5dt=73:?/73dt, (5.6)
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where the overbar denotes the average over a wave period 7. A detailed derivation of equa-
tion stating the balance of mechanical energy over the volume of unit cell can be found in
Mei et al. [19].

For the averaged dissipation rate, we shall use the computed uEO) and w© in the cell,
based on the eddy viscosity in the last iteration! (as to be discussed in §7.2). Adopting only
the leading order approximation, the time-averaged dissipation rate is

_ ’ au'® ? Ju? ’ Jw®\?
£ = ,ovg/dz//dxldxz 2 ! + —= +62( )
f & 3)(1 8)62 0z
- f
2 2 2
N 8u(10) N Buéo) N 8u(10) N dw© N Bu(zo) N dw©
€ €
dx2 dx1 0z 0X1 0z 0x2
’ au'? g aul” ’
= ,ovg/dz//dxldxz 2 1 + 2
axl 8x2
—h Qr

2
BMEO) 814&0) w2 dw©®\?
+ + + + + Of(e),
dxo dxq dx1 dx2

0 2
¢ / d // i Y (Y g (5.7)
&= pve < 0x; E)xi ax; ’ '

ey

Regarding the averaged rate of work done by the wave force, the inertia term has no
contribution due to time periodicity. Hence, P depends only on the averaged drag:

0
_ o2 ol
= 5pz>c,3/<u§°)> ’ Oy ‘dz—l—O(e) (5.8)
—h

Recently, Cheng and Nguyen [4] have collected from various sources comprehensive data
on the drag force on a cylinder array in a steady flow for a wide range of flow conditions
and vegetation density. In terms of the Reynolds number Re, defined by the depth-averaged
velocity U,y and the hydraulic radius r, which incorporates the vegetation density (or
porosity 1), all data in the range of 52 < Re, < 5.6 x 10° fall tightly on the empirical
curve

50 Re,
CD, steady R 043 + 0 7 l —exXp| — 157000 5 (59)
where
U, D
Re, = —velv T2 1 (5.10)
v 4 1—n

! Thanks to suggestions by Drs. Benlong Wang and Xiaoyu Guo of Shanghai Jiao Tong University, China.
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and r, is the hydraulic radius. Since we are not aware of any empirical formula for transient
flow through a cylinder array, we assume the time-independent drag coefficient in (5.8) to be

Cp = aCp, steadys (5.11)

where Cp, sieady 18 given by (5.9) and o = O(1) is a fitting parameter to account for the
possible difference between static and dynamic wave force coefficients. This choice amounts
to assuming that Cp and Cp, seeady have similar dependence on the flow rate and the porosity.

In calculating the Reynolds number Re,, the dimensional time-averaged horizontal veloc-
ity is given by

0
Uspe = 21/ K >8ﬁ(0)dz (5.12)
ave—waon_h 11 9x s .
—h

Recall (3.18) and (4.1), an eddy viscosity for two-dimensional waves can then be obtained
from (5.6) as

817(0 3
vy ECol®of || ez .
D 50) s (2 :
a0 fxf?h\aé”x “az + F [ | B[ az
where
F // 3K11 3E21 2+1 dK 1 : 9K :
k= x1 9 2\ | o 9x1
AK* 9K |
NEETY [ Rty W78 (5.14)
dxo  0xg
2
8W
J—‘W_// + aQ, (5.15)
3X1 8x2

in dimensionless variables and K 1} denotes the complex conjugate of K 1. We stress that the
eddy viscosity depends only on the macro-scale coordinate X and must be computed from the
pressure amplitude p© (X, Z) from the previous iteration. Finally, if experimental data on
the transient force on a cylinder array become available, the present scheme can be modified
by adding a time-dependent correction, vS°"" (¢), to the time-averaged part in (5.13).

We now turn to the macro-scale problem and the iteration procedure for eddy viscosity.

6 Macro-scale equations in the forest

Substituting (3.18) into the equation of continuity, (3.5), and averaging over the unit cell, we
obtain

L

aady  a(w®
( >+ (w”)
9X; 9z

=0, 6.1)
where Gauss’s theorem, 2-periodicity, and the no-slip conditions on Sp have been employed.
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Similarly, by taking the cell average of (3.8) and (3.10) and using Gauss’s theorem, we

obtain
_ 0 A, 92K; 50
— @) = -1 [7 Sk po K )aq |
8x, ax.,‘ 0x; k

350 ~ —(k ~(0)
=ﬂ%ﬁ—é(%QAmﬁqyy&w o (6.2)
SB
and

.
=0y 5O 1 °w 350
—w") = —n— — g o 'dQ >

0x;0x;
2y
ApO 1 ow s, 95O
—n 37 T O O'Wn] ds 97 (63)
J
SB

where nf“ is the unit normal to the cylinder wall Sp.

Equations (6.1)—(6.3) are the effective equations governing (u (0)) (W), and ]~;(0) in the
wave motion on the macro scale. We point out that p©@ = ( p(o)) is its own cell average
because of (3.16). Physically, the line integrals in (6.2) and (6.3) represent the horizontal and
vertical forces on the cylinder surface in the cell due to unit pressure gradient in waves.

Let us define the complex coefficients,

aAk , 02Kk .
My = dQ = —idix — i{Kix), 6.4
ax, ij ox;
and
1 2w
_ 7// o 2 g0 = 0 —itwy, 65)
Q 3)ijj‘
Qr
where (4.3) and (4.9) have been used. Equations (6.2) and (6.3) are rewritten as
B 3750 550
i@y = 22 g 2P (6.6)
! X 0 Xy
and
_ ap©®
i@y = —(n + N)—— 6.7
i(w") (n+ N) 37" (6.7)
respectively. It is convenient to define a complex potential ¢ (X;, Z) by
PV =ig, (6.8)
so that
~(0) ¢ ¢ ~(0) olo}
N =n——7 4+ My —— = N)—. 6.9
(u; ") naXiJr X (W) =mn+ )az (6.9)

In terms of these the continuity equation, (6.1), is transformed to
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9 RY 92
— M) — N)— =0, ik=1,2. 6.10
X, [(n+ zk)aXi:I+(n+ )822 i (6.10)

From (3.12) and (3.13), we obtain the dynamic and kinematic conditions on the free
surface at the leading order:

7O =70 x) = pOx;, 0, (6.11)
(@(O)> — —inﬁ(o), Z =0. (6.12)

On the sea bed, we have from (3.11)
@) =0, Z=—h. (6.13)

In terms of the potential ¢, they become

(X)) = ig(X;,0), (6.14)
hlo} n _ B
a7_n+N¢_0’ Z=0, (6.15)
Lo} _ _
37_0’ Z=—h. (6.16)

In general, M;; and N are complex functions of X and of w, and are to be evaluated from
the solutions of the cell problems. The linear macro-scale problem for the complex potential
¢ must be solved numerically. In the absence of vegetation, i.e., n = 1 and M;z = N =
0, (6.10)—(6.16) reduce to the familiar equations for linear water waves. For simple cells
illustrated in Figs. 1 and 3, symmetry of K;; dictates from (6.4) that M1} = M>; = M and
My = M =0.

Later we shall consider wave propagation through a forest of cylinders of large but finite
extent. In open water without the vegetation, n = 1 and M, = N = 0 we have

d d
=22 =2 6.17)
0X; 0Z
while the potential satisfies Laplace’s equation
¢ 3¢
— =0 6.18
0X,0X; + 0722 (6.18)
and the boundary conditions
d¢
— _¢$=0, Z=0, 6.19
57 ¢ (6.19)
99
— =0, = —h. 6.20
3Z z (6.20)

7 Two-dimensional scattering by a finite forest belt
Since relevant experimental data has only been found for unidirectional waves in a wave

flume, we shall limit our attention to the two-dimensional problem in the vertical plane,
i.e., the scattering of a plane wave normally incident on a forest belt in the finite region
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0 < X < Lp, where Lp is the thickness of the forest. The belt is infinitely long in the
transverse Y direction.

7.1 Numerical solution of the forest problem at one stage of iteration
We shall divide the domain into three regions: incidence zone (I), X < 0; the forest (F),

0 < X < Lp; and transmission zone (T), X > Lp. The formal solutions in incidence and
transmission zones where n = 1 and M;; = N = 0 are known to be

I ik Xcosh ko(Z + h) _ik. x coshk,(Z +h)
X,7Z) = 0 Bpe P — o ———— 7.1
i ) cosh koh + Z coshk,h 7.1y
and
> coshk,(Z + h)
T ik, X P
X, Z) = E R e 7.2
¢ ) Z e coshk,h (7.2)

respectively, where k), satisfies the well-known dispersion relationship
1 = kptanhkph. (7.3)

Note that kg is real and k,, p = 1,2, 3, ... are imaginary roots. From the given incident
wave profile, coefficient Ag can be obtained from (6.14)

Ap = —i. (7.4)

By = ApR and Eg = AgT are proportional to the reflection (|R|) and transmission (|7'|)
coefficients, respectively.
Inside the forest, qu(X, Z) is governed by (6.10) with M;x = M(X)éix, i.e.,

82¢F

57 =0 (7.5)

F

2 [( +M) i }+(n+N)
subject to the boundary conditions (6.15) and (6.16), and continuity of pressure and flux
with the open water potentials outside the forest. Numerical solution of these equations is
found by three-point second-order finite differences, and matched with the velocity potentials
in open waters outside. Requiring continuity of pressure and horizontal velocity at discrete
points on the interfaces at X = 0 and X = Lp leads to a matrix equation for the discrete
unknown inside and expansion coefficients outside the forest. The matrix equation is solved
numerically.

For constant M and N, the forest problem is similar to that for the classical scattering
problem in an open sea of constant depth [20]. In order to confirm our numerical scheme, the
series solution in incidence and transmission zones and analytical solution inside the forest
are presented in Appendix. The analytical solution has been used to verify the correctness of
our finite difference solutions.

7.2 Numerical procedure of iteration for eddy viscosity
We note from (5.13) that v, (X) needs to be computed at sufficient number of macro-stations,
0= X| < Xy <--- < Xy, = Lp. Using the wave pressure p© (X, Z) from the previous

iteration, v, (X,,) are first calculated from (5.13) at N. macro stations where the cell problems
must be solved by finite elements. These micro-cell results are used to compute the coefficients
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Fig. 3 Array configurations of three different laboratory forests. a NTU model employed by Mei et al. [21].
The cylinder diameter is D = 1cm, the spacing is s = 3cm, and the cell porosity is n = 0.913. b Augustin
[2]: D = 1.2cm, s = 10.2cm, and n = 0.978. ¢ Wu et al. [41] and Ozeren and Wren [42]: D = 0.94cm,
s =5.74cm (n = 0.976) or s = 4.31cm (n = 0.957). s_1 = 0.5s,5_2 = 5/+/3, and s_3 = 5/2+/3. In each
case, the unit cell is marked by the dashed polygons

M(X,) and N(X,) for the macro-scale problem of the wave field, which is then solved by
finite differences for the next iteration. The calculation is repeated until convergence is
achieved. Tests have shown that convergence can be achieved after less than ten iterations if
the maximum relative error of v, among all stations is less than 0.5 %.

8 Simulation of flume experiments

Three flume experiments with regular waves passing through periodic arrays of rigid and
vertical cylinders have been reported in the literature. The experiments at Nangyang Tech-
nological University (NTU), Singapore were for a mixture of long and intermediate waves
and have been simulated before for comparison with a long-wave theory [21], where the
eddy viscosity was taken to be constant everywhere despite the spatial variation of the mean
flow. Here we re-simulate the same tests by the present theory with a spatially varying eddy
viscosity free of order-of-magnitude estimates. The experiments by Augustin [2], Wu et al.
[41], and Ozeren and Wren [42] were all for intermediate wavelength comparable to the water
depth hence provide a more comprehensive comparison. In our simulation the parameter « is
chosen by fitting the wave amplitude record at one of the measuring stations, and predictions
are then compared with records at all other stations. The lattice configurations in the three
experiments are shown in Fig. 3.

8.1 NTU experiments

In the tests reported by Mei et al. [21] only the reflection coefficient, |R|, and transmission
coefficient, | T'|, of periodic waves were available. Figure 3aillustrates the lattice configuration
of the 1.08 m thick forest, composed of perspex cylinders of 1 cm diameter. The water depth
was constant at 12 cm while the wave period T varied from 0.8 to 3 s covering kh ~ 1-0.23
where k is the incident wavenumber. Hence most of the waves are rather long compared to
depth. Other conditions and parameters are shown in Table 1. The recorded and predicted
scattering coefficients |7'| and | R| are shown in Fig. 4. In our calculations, the eddy viscosity
is evaluated by (5.13) with the fitting parameter «, see (5.11), determined by best fit to the
measured transmission coefficient (i.e., the wave displacement ) at X = Lp. Values of o
range from 1 to 3 (see Table 1). To test the sensitivity of «, we have performed additional
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Table 1 Experimental conditions for periodic waves through a 1.08 m thick forest reported by Mei et al. [21]

Case T (s) A (cm) A (m) kh kag o Rey Cp o

TO8 0.8 1.16 0.76 1.00 0.096 2.55 3,195 4.36 0.0034
T10 1.0 1.27 1.00 0.76 0.080 2.46 3,665 4.02 0.0055
T12 1.2 1.36 1.23 0.61 0.070 2.43 4,026 3.86 0.0081
T14 1.4 1.23 1.46 0.52 0.053 2.28 3,814 3.67 0.0089
T16 1.6 1.20 1.68 0.45 0.045 2.69 3,599 4.42 0.0128
T18 1.8 1.22 1.90 0.40 0.040 1.77 4,055 2.79 0.0096
T19 1.9 1.22 2.02 0.37 0.038 1.07 4,444 1.64 0.0055
T20 2.0 0.34 2.13 0.36 0.010 2.13 1,272 5.05 0.0050
T25 2.5 0.33 2.68 0.28 0.008 3.02 1,160 7.44 0.0106
T30 3.0 0.25 3.23 0.23 0.005 2.32 985 6.22 0.0080

T, ap, and A denote the wave period, wave amplitude, and wavelength of the tested waves, respectively.
k = 2w/ is the wavenumber. In all cases, the water depth is fixed at 2~ = 12cm. Model coefficient « is
obtained by the best fit of measured transmission coefficients (see Fig. 4). The Reynolds number Re,, drag
coefficient Cp, and dimensionless eddy viscosity o are all functions of macro scale X as demonstrated in Fig.
5. Only their spatial averages within the forest are presented in this table to indicate their typical values

1.0 1.0
7| 0.8 ] 0.8} ]
0.6 {1 Tos ]
|
=
0.4 g I 0.4 |
R 0.2 ] 02} ]
%\W\@
[ ] ® o
0.04 : : — 0.0l : : : :
0.3 0.6 0.9 12 15 03 06 09 12 15
Lp/X Lp/A

Fig.4 Comparison of reflection coefficient, | R|, and transmission coefficient, | T'|, for periodic waves through
a 1.08 m thick model forest. 1 — |R|? — |T|? measures the percentage of energy dissipation by the forest.
Solid marks plot the measurements reported by Mei et al. [21]. Connected hollow symbols show the present
theoretical predictions with error bars indicate the results of «(1 £ 10 %). See Table 1 for the experimental
conditions and Fig. 3a for the forest configuration

calculations using «(1 & 10%), as illustrated in Fig. 4. The calculated reflection coefficient
|R| is shown to agree reasonably well with the experimental data. Overall, about 30-70 % of
incident wave energy is dissipated by the model forest.

Figure 5 illustrates the spatial variation of the calculated dimensionless eddy viscosity,
o (X), inside the forest. Values of o decrease gradually in X, indicating attenuation of wave
amplitude due to turbulence induced by wave-forest interactions. Undulations across the
forest suggest the presence of incident (right-going) and reflected (left-going) waves. Sample
variations of the coefficients M and N are shown for the shortest wave with 7" = 0.8 s (case
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Fig.5 Spatial variation of the calculated dimensionless eddy viscosity, o (X), inside the model forest. Dashed
lines indicate the corresponding mean values, as listed in Table 1
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Fig. 6 Sample variation of the calculated complex coefficients, M (X) and N (X), inside the model forest for
the case TOS listed in Table 1. Solid and dashed lines plot the real and imaginary parts, respectively

TO8 in Table 4) in Fig. 6. Again some undulations across the forest appear due to the presence
of partial standing waves. In Fig. 7 we plot both the dimensionless wave amplitude, | (X)]|,
and normalized o (X) across the forest for the case T08. Amplitude attenuation by the forest
is evident.

In addition to the macro-scale predictions, our theory also provides Reynolds-averaged
flow field in cells, which is needed in the study of transport and diffusion of solvents and
nutrients in vegetated waters. Using again the short wave case TO8 for demonstration, Fig. 8
illustrates the snapshots of velocity field around the cylinder in the middle of the forest (X =
0.5L p) at dimensionless time /T = 0.31 when the averaged velocity is near its maximum.
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Fig.7 Dimensionless wave amplitude, |¢| (solid line), and, eddy viscosity, o (dashed line), across the forest.
Results correspond to the case TO8 listed in Table 1

-0.5 0.0 -0.5

0.5
-0.5 7 -0.5 01?

Fig. 8 Instantaneous velocity field around the cylinder sitting in the middle of the forest (X = 0.5Lp)
at dimensionless time /T = 0.31 for the case TO8. Left column plots the projections of streamlines on
three horizontal planes at Z/h = 0, —0.5, —1, respectively. Arrows denote the directions of micro velocity,

ul(.o). White vectors at the center of the cylinder indicate the directions and relative magnitudes of the cell-
averaged horizontal velocity, (u©), at different levels. Mesh plots on the right show the distributions of the

corresponding vertical velocity component, w® . The origin of the micro coordinates, x;, is set at the center
of the unit cell

Projections of instantaneous streamlines at several depths Z/h = 0, —0.5, —1 as well as
the distributions of vertical velocity component, w®, inside this particular cell are shown.
The streamlines are computed by MATLAB function streamline with linear interpolation
from our velocity predictions at finite element nodes. As can be seen in Fig. 8, the density
of streamlines hence the horizontal velocity decreases with depth while the flow patterns are
similar at all depths. Furthermore, the vertical velocity w® (downward at this instant) is quite
uniform horizontally away from the cylinder, but drops to zero rapidly near the cylinder. The
flow reverses its direction after every half period. Figure 9 shows the horizontal flow patterns
on the free surface at various instants within a half period, also in a cell at X = 0.5Lp. At
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Fig. 9 Snapshots of free-surface streamlines in the middle of the forest for the case T08. From left to right
and fop to bottom, the dimensionless time is ¢/ T = 0.21,0.27, 0.3, 0.31, 0.32, 0.33, 0.34, 0.35, 0.38. Arrows
indicate the flow directions while the white vectors at the center show the directions and relative magnitudes
of (u®)

t/T = 0.21, when the averaged velocity (seepage velocity) is almost the greatest and the
averaged acceleration the smallest in magnitude, a creeping flow is seen. As time increases,
the surrounding flow slows down but the acceleration increases in magnitude. Symmetric
eddies begin near the cylinder due to the boundary effect, and then move away towards
the cell boundaries with diminishing intensity. This is followed by flow reversal and cyclic
repetitions.

We stress that turbulent fluctuations are masked in the predictions here which represent
only Reynolds’ averages.

8.2 Experiments by Augustin [2]
The wave-vegetation experiments conducted by Augustin [2] are used here to further test our

theory. Part of the data has been used by Augustin et al. [3] to calibrate the friction factor for
a numerical model based on the Boussinesq-type equations for long waves.
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Fig. 10 Spatial variation of normalized wave amplitude, |¢|/a;. Line present theoretical predictions. Symbol
laboratory measurements by Augustin [2]. The forest has a thickness of 6 m and a porosity n = 0.978. The cell
configuration is illustrated in Fig. 3b. Water depth is fixed at # = 0.4 m. Wave period, 7, and wave amplitude
measured at the entrance of the forest, a;, are:a T = 1.5s,a; =4.5cm;b T = 1.5s,a; = 6cm; ¢ T = 25,
ai =5cm;d T =2s,a; =6.5cm

In the experiments, the thickness of the model forest was 6 m. The lattice configuration
is shown in Fig. 3b. The cylinder (wooden dowels) diameter and tree spacing were 1.2 and
10.2 cm, respectively. This corresponds to a forest porosity of n = 0.978. The free-surface
elevation was recorded by five wave gauges spaced equally between two ends of the forest.
However, records at the second gauge were not reported. Figure 10 compares our predictions
with the measured amplitudes for four different cases (two water depths; two wave periods).
The corresponding experimental conditions and parameters are listed in Table 2. Note that
kh = 0.98 hence the waves are not long compared to depth. Again, in all calculations, the eddy
viscosity was computed by (5.13) with values of « obtained by fitting the predictions to the
measured amplitudes at the last station. As illustrated in Fig. 10, the quantitative agreement
between theory and data at stations inside the forest is acceptable. We note that the values
of macro Reynolds number (Re,) and micro Reynolds number (1/0) are all significantly
greater than those of Mei et al. [21] (see Table 1). In addition, Re, is close to the maximum in
the experimental data range of Cheng and Nguyen [4] corresponding to the empirical formula
of (5.9), Re, &~ 5 x 10°. Figure 10 shows that as much as 30 % amplitude reduction can
occur as waves propagate through this forest as thick as two wavelengths.

8.3 Experiments of Wu et al. [41] and Wu et al. [42]

Wu and his colleagues (see e.g.,[41,42]) used birch dowels of 0.94 cm diameter to model
emergent vegetation. The thickness of the laboratory forest was fixed at L p = 3.6 m, whereas
the porosity was either n = 0.976 or n = 0.957. Figure 3c illustrates the lattice pattern of
the cylinder array. We use a regular hexagon to model a unit cell, similar to Zhong et al.
[43] modeling blood flow in an alveolar sheet of lungs. Table 3 documents the experimental
conditions of selected laboratory tests reported by Wu et al. [41] and [42]. The corresponding
kh values ranged roughly from 1 to 4 representing a wide range of short incident waves. Drag
coefficients evaluated by (5.11) are also listed in the same table.
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Table 2 Experimental conditions of Augustin [2]

kh

Case T (s) a; (cm) A (m) ka; o Rey Cp o

a 1.5 4.5 2.62 0.96 0.108 1.36 45,948 1.58 0.0004
b 1.5 6.0 2.62 0.96 0.144 1.71 57,517 1.94 0.0009
c 2.0 5.0 3.70 0.68 0.085 1.05 55,233 1.20 0.0006
d 2.0 6.5 3.70 0.68 0.111 1.14 69,490 1.26 0.0010

Water depth is fixed at 2~ = 0.4 m. The forest has a thickness of L g = 6 m and a porosity of n = 0.978. q; is
the measured wave amplitude at the entrance of the forest. Re,, Cp, and o are the average values within the
forest

Table 3 Laboratory experiments conducted by Wu and his colleagues

kh

Case T (s) a; (cm) A (m) ka; o Rey Cp o

J1 0.7 2.65 0.77 4.11 0.218 2.35 7,263 3.23 0.0008
2 1.0 5.00 1.51 2.08 0.208 2.26 20,333 2.76 0.0025
J3 0.7 2.65 0.77 4.11 0.218 2.02 3,332 3.45 0.0011
J4 1.0 5.00 1.51 2.08 0.208 2.56 8,912 3.41 0.0037
N 1.0 1.90 1.46 1.72 0.082 2.55 10,733 3.28 0.0010
S2 1.2 3.90 1.94 1.30 0.127 2.95 21,301 3.60 0.0043
S3 14 3.05 2.39 1.05 0.080 3.40 18,248 4.18 0.0054
S4 1.0 3.10 1.51 2.08 0.129 243 13,687 3.05 0.0015
S5 1.2 4.25 2.05 1.53 0.130 2.73 20,310 3.34 0.0036
S6 1.4 3.40 2.57 1.22 0.083 3.84 17,325 4.73 0.0058

J1-J4: Wu et al. [42]. S1-S6: Wu et al. [41]. Water depth: & = 0.5 m for both J1-J4 and S4-S6; 7 = 0.4m in
S1-S3. The forest thickness is fixed at Lp = 3.66m. The porosity of the forest is either n = 0.976 (J1-J2,
S1-S6) or n = 0.957 (J3, J4)
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Fig. 11 Spatial variation of dimensionless wave amplitude, |¢|/a; , inside the forest. Symbols show the labora-
tory data reported by Wu et al. [42]. Solid lines plot our theoretical predictions. The corresponding experimental

conditions are listed in Table 3
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Fig. 12 Dimensionless wave amplitude, |¢|/a;, inside the model forest. Symbol (gauge record) and dashed-
dotted line (video imagery) are laboratory data derived by Wu et al. [41]. Solid linepresents our predictions.
See Table 3 for the experimental conditions

For all experiments, measurements of wave amplitude are available at four gauges across
the forest. Wu et al. [41] also reported digital video images of wave amplitude distribution
inside the forest for some cases. In Fig. 11 we compare the predictions of wave amplitude
with gauge measurements for cases J1 to J4 listed in Table 3. In this set of experiments,
kh ~ 2,4 and ka; ~ 0.2, where q; is the measured amplitude at the entrance of the forest.
The thickness of the forest, L g = 3.6 m, is about 2.4—4.7 wavelengths of the incoming waves.
Good agreements on the wave amplitude at gauge locations are evident for all four cases.
The eddy viscosity was again calculated from (5.13) with parameter « obtained by fitting the
measured data at the last station. Figure 12 compares the predictions of wave amplitude with
laboratory data for cases S1-S6 listed in Table 3. The predicted partial standing wave pattern
agrees qualitatively with the data derived from the videos. It should be mentioned that in the
experiments reflection from the beach and re-reflection from the wavemaker were noticeable,
as mentioned in Wu et al. [41]. Without more detailed records more precise simulation is
hard to achieve.

9 Concluding remarks

The main objective of this study is to propose a micro-scale based, yet numerically expedient
theory for modeling wave propagation through vegetated waters. For rigid and stationary
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vertical cylinders in a periodic array, the sharp contrast of lattice spacing and wave length
is exploited. By the use of homogenization technique (multiple scale perturbations), the
micro-scale mechanics in a unit cell and the macro scale of waves are solved separately
and not simultaneously. By reasoning that turbulence is primarily caused by the proximity
of the cylinders, the eddy viscosity is calculated from an energy argument equating the
averaged rate of dissipation to the work done by wave forces. Experimental data for forces
on a cylinder array available only for a steady and uniform current is used. For simulating
existing experiments, one fitting parameter appears to serve the purpose.

In existing numerical models of wave—vegetation interaction, the drag and inertia coeffi-
cients are obtained either by data fitting or using the values known for a single cylinder. It
would be desirable to measure in the laboratory transient forces on a large array of vertical
cylinders, so that the present theory can be extended to predict the time-dependent eddy
viscosity. Transient eddy viscosity has been applied before for oscillatory boundary layers
near the seabed by Trowbridge and Madsen [37], who treated cases where the transient part
is a small perturbation.

One of the advantages of the homogenization method is that the micro-scale physics can
be extracted after the macro-scale problem is solved, as shown by our sample predictions in
a typical cell. This should enable the further development of a theory of convective diffusion
which depends on the flow pattern in cells. It should be pointed out, however, that the
homogenization theory is effective for linear or nearly linear problems only, hence for small
amplitude waves. Under these restrictions, the method can be applied to elastic cylinders in
waves as long as the deformation is also small. These extensions can be of interest to shoreline
protection or to wave-induced spreading of pollutants or other solvents in vegetated waters,
and will reported in the future.
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Appendix: A constant eddy viscosity model for wave scattering by a finite forest belt

For checking the numerical solution for variable M and N (see §7.1), we give the analytical
solution for constant eddy viscosity.

The formal solutions in incidence zone and transmission zone are given by (7.2) and (7.3),
respectively. For constant eddy viscosity in the forest region, M and N are complex constants.
By separation of variables as for the open waters we obtain

o0

¢F(X, Z) = Z [Cq cos(ylgqx) + Dy sin(ylgqx)]
q=0

cosh lgq (Z+h)

- , (A1)
coshkyh

where y = /(n + N)/(n + M) and ng are complex roots of the transcendental equation
AW A
1= (1 + f)kq tanh kg h. (A.2)
n
Note that boundary conditions (6.14) and (6.15) have been used. C, and D,; are coefficients
to be determined.
Coefficients B, C4, Dy, and E, are to be determined by matching the pressure and the

horizontal velocity component at the interfaces between two adjacent regions. At X = 0, the
interfacial conditions are
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¢I = ¢F, —h<Z<0, (A.3)
ag! dg"
oy = +M)— “h<Z<0. (A.4)
At X = Lp,
PF=9", —-h<z<0, (A.5)
¢F 99" —h<Z<0 A.6

The following condition of orthogonality applies to both k;, and lgq:

0
0, m#n
/COSh km(Z + h) coshk,(Z + h)dZ = { 2, h+sinh 2,k men" (A7)
ey ’ -

where k = k or k. By truncating the series and using (A.7) in (A.3) and (A.6), we obtain

. Tog I'I(kq)
- =C —, =0,1,2,...,0, A.8
coshkoh Z pcoshk h qcoshkqh a 0 (A-8)
koTT (ko) - kpTT (kp) kgTpg
_— _37_ M Dy s =0,1,2,..., P,
cosh koh op ~1 coshk h v(n+ )z oshk h p g
(A.9)
at X =0, and
A (i)
[CqcosyiyLe) + Dy sin(yiyLp) | — > (A.10)
coshkyh
= Epelfrls P21 Lrg =0,1,2,...,0,
Z cosh k), h’ a4 Q
qrpq
y(n—i—M)Z[ Cy sm(yk L)+ Dy cos(yk LB)] — (A.1D)
7=0 coshk h
kpT (kp)
iEelfrls 2 __2P2 =0,1,2,.... P,
= 1Epe cosh k), h’ P
at X = L, where
0
Tpg = /coshkp(z+h)coshléq(z+h)dz (A.12)
—h
_ kpsinhkyh coshkgh — kg cosh kph sinh kgh
- 2_ 712 ’
kP kl[
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2ich + sinh 2ch )
(k) = T SIMAZKR +:m =k kg (A.13)
K

In addition, P,, Q, and, P; are the finite terms after truncation in zones (I), (F), and (T),
respectively. The expansion coefficients (B p,Cqs Dy, E p) can now be obtained by solving
numerically the above algebraic equations. Afterwards, |R| = |Bo| and |T| = |Eo| are the
reflection and transmission coefficients respectively.
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