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1 Introduction

Methods of formulating maximally supersymmetric gauge theories with all 16 supersym-
metries manifest have been developed, in the on-shell formulation [1] based on the algebra
of super-gauge covariant derivatives and its deformations [2-5], and in the off-shell formu-
lation based on pure spinor superspace by Cederwall and Karlsson [6, 7], after the work
of Berkovits [8]. The algebraic, on-shell approach was explored in our previous paper [9]
to classify infinitesimal deformations that preserve 16 supersymmetries, while allowing the
possibility of breaking either Lorentz or R-symmetry. In this approach, the problem of
finding higher order deformations (or identifying the obstructions) can be formulated sys-
tematically as a cohomology problem. In practice, however, it was very difficult to compute
the relevant obstruction classes and to verify their triviality.



In this paper, we adopt the off-shell approach based on pure spinor superspace. This
formalism was first developed in the context of superstring perturbation theory [10-24]. It
was known for some time that the standard two-derivative, undeformed, MSYM can be re-
formulated as a Chern-Simons-like theory in pure spinor superspace [1, 8], in close analogy
with cubic open string field theory [25]. Although, it was not immediately obvious how to
write down higher derivative deformations in this language. It was explained in [6] how the
Born-Infeld deformation, to first order, can be constructed in the non-minimal pure spinor
superspace formalism, and that the first order deformation in the Abelian case already
gives a consistent action to all orders. We will develop this construction further, and show
that the non-Abelian Born-Infeld deformation can be extended to all orders. (See [26-35]
for previous works in the conventional component field formalism.) This is achieved in
the BV formalism [36, 37|, where the question of finding higher order deformations of the
action that solve the BV master equation is turned into a problem of showing the triviality
of certain cohomology classes. We will see close analogies with the on-shell algebraic ap-
proach, and how introducing non-minimal pure spinor variables helps solving the problem.
We also describe similar constructions in other examples, including the noncommutative
deformation and the 5-form deformation (the latter in zero spacetime dimension only).

We note an important subtlety in dealing with the higher order deformations, as well
as the construction of D-terms, in the non-minimal pure spinor formalism. Inversion of
pure spinor variables is used in writing the descendant superfields, and the higher derivative
terms in pure spinor superspace. This could potentially lead to divergences in the integra-
tion over the tip of the pure spinor cone. Such divergences do not seem to appear in our con-
struction of F-term deformations, but this is not a priori obvious. We find it useful to con-
sider a regularization introduced by Berkovits and Nekrasov [24], which amounts to smear-
ing the superfields in pure spinor superspace in a manner that preserves the BV master
equation. This allows us to demonstrate the absence of divergences in simple examples. We
suspect that it is relevant for the construction of general D-terms in this formalism as well.

In section 2 we will review the pure spinor superspace and the descendant pure spinor
superfields of [6], and set up our notations and conventions. In section 3, we apply this
formalism to the Born-Infeld deformation, and demonstrate that the construction can be
extended to all orders in the deformation parameter, solving the BV master equation [36,
37] order by order. Other examples such as noncommutative deformations, and the 5-form
deformation in the IKKT matrix model [38], are discussed in section 4. We introduce the
Berkovits-Nekrasov regulator in the context of MSYM theories in section 5, and discuss
their role in regularizing potential divergences in the pure spinor integral, and possibly the
construction of D-terms. We conclude with some open questions in section 6.

2 Pure spinor superspace

In this section we review the construction of the action of maximally supersymmetric Yang-
Mills theories based on pure spinor superspace. A first attempt at constructing an action
based on the Yang-Mills superfield involves a Chern-Simons type functional defined by an
integration over the “minimal” pure spinor superspace. We will see that this action gives



rise to the correct SYM equation of motion up to pure gauge terms, provided that a trun-
cation on the superfield is implemented. The truncation condition breaks manifest super-
symmetry, however. To fix the problem, one extends the superfield to one defined over the
non-minimal pure spinor superfields [6]. Instead of a classical gauge invariant action, in this
formalism one find a Batalin-Vilkovisky action functional [6, 36, 37]. A conventional BRST
invariant action may be obtained by imposing the Siegel gauge condition that effectively
eliminates the BV anti-fields in the pure spinor superfield. Working with the BV action
has the advantage that deformations of BRST transformations need not be introduced
explicitly, but rather is determined via the BV anti-bracket. The problem of finding su-
persymmetric higher derivative deformations turns into the problem of constructing higher
derivative terms that solve the BV master equation [6]. We will also see later that the clo-
sure of BV master equation order by order can be reformulated as a cohomology problem.

2.1 Super-Yang-Mills theory and the pure spinor superfield

Let us begin by considering the classical action of N/ = 1 SYM in 10 dimensions. The
dimensional reduction to d dimensional (undeformed) MSYM will be straightforward. Let

(z™,0%) be superspace coordinates, m = 0,---,9, « = 1,--- ,16. The ordinary Yang-Mills
superfield is written as A, (x,#). The super-derivative is written as
0 0
It obeys the anti-commutator
do,dg} = =27 0 2.2
{om ﬁ}—— aﬁawim' (')

Let A* be a pure spinor variable, namely it obeys the constraint
ATIEN = 0. (2.3)
The ordinary SYM equation of motion can be written in the form [1]
AN (dyAg + AaAg) = 0. (2.4)

If we write a pure spinor superfield W(x, 0, \) as A*A,(z, d), then the equation of motion
can be put in the simple form
QY + ¥? =0, (2.5)

where!
Q - )\ada (2.6)

is a nilpotent differential, namely Q2 = 0, by virtue of (2.2) and the pure spinor constraint
on A. Super-gauge transformations d A, = do2+[Aq, Q] can be expressed in terms of ¥ as

ST = QO+ [T, 0. (2.7)

! Although @ is analogous to the BRST charge in the worldsheet formulation of pure spinor string theory,
here in the context of spacetime gauge theory it is merely a differential and should not be confused with
the BRST charge.



As an example, in the Abelian case, when A, (x,#) obeys the equation of motion, there is
a gauge in which A, can be put in the form

Aa(2,6) = 5 (T Dot (2) + 75 (OT™"P0) (Cpunphag® (@) + 1 (OT™"P0) (U)o + -+

(2.8)
where - - - involves derivatives of a,, and x®. a,,(z) and x“(x) are the component fields for
the gauge boson and the gaugino.

So far the pure spinor superfield W is by definition linear in A%, or in other words, it has
ghost number 1, where the ghost number here simply counts the degree in A (the notion
of ghost number will be extended later when we consider the non-minimal formalism). In
writing a BRST invariant action or a BV action functional, it will be useful to relax the
ghost number condition on ¥(z, 0, \), and allow for components of all degrees in A:

U (2,0, ) = C(x,0)+A" A (1, 0)+ (AP N) Ay (2, 0) + X NN CE g (,0)+- -+, (2.9)

mnpqr

where - - - stands for terms that involve more than 3 powers of A (such terms will not play

*
mnpqr

and Cgﬁy are BV anti-fields. Note that the pure spinor constraint implies that A%t ... A%

any role in the minimal formalism). Here C(z, ) is the ordinary ghost superfield, A

transforms under Lorentz group or Spin(10) in a single irreducible representation of Dynkin
label [0000n].

A first attempt of writing a superspace action in connection with the Yang-Mills su-
perfield equation is the following Chern-Simons-like action [§]

1 1
S:/dl%ﬂ<2\mw+3\p3>. (2.10)
Here Tr stands for the trace over the gauge index of W. (---) amounts to an integration
over the minimal pure spinor superspace, with a peculiar choice of measure. It is defined
to be nonzero only when evaluated on the spin(10) singlet constructed out of A365,

(AL )(AL™0)(ATPO) (6T 1) ) = 1, (2.11)

and vanishes on any other monomials of the form A*#¢. This seemingly ad hoc definition
has a natural explanation in the language of non-minimal pure spinor superspace, which
will be reviewed in section 2.3. Note that while this measure has the property that (Q(---))
is a total derivative, (Oga(---)) generally is not a total derivative.

If we restrict ¥ to its ghost number 1 component, of the form A“A,(x,#), then the
expression (2.10) reduces to a gauge invariant functional of A, (z,0). The problem is
that varying it with respect to A, (x,6) does not quite reproduce the equation of motion
QU + U2 = 0. For instance all terms involving 5 or more #’s in ¥ drop out of the action
functional. Such terms will end up as pure gauge, but still (2.10) is not quite the correct
action in the conventional sense. This problem will be resolved in the non-minimal pure
spinor formalism, where infinitely many more auxiliary fields are introduced.



2.2 Reducing to component fields

It is instructive nonetheless to inspect explicitly the functional (2.10) restricted to ¥ =
A*A,(z,0). Since the resulting functional is gauge invariant under dA, = d,Q + [Aq, ],
let us first restrict the form of A, (z,0) using such a gauge transformation. For simplicity,
we will illustrate with the example zero-dimensional MSYM (also known in its component
field form as the IKKT matrix model), where A, is a function of € only, and the gauge
transformation takes the form

5Aq(0) = agaﬁ + [Aa, Q. (2.12)

(n)

We can remove A, (0) with a linear gauge parameter in 6. Let Ay’ be the degree n

component of A, in . Now the minimal action can be written as

19} 0
ANINTY (AL — A(5) A@ 9 4@
o= < r( 065 [00030] 4o 068 ‘

® 4 ADAD 4G Agmgu@) > |

[10020] (2.13)

H
e
E
=

Note that here we only retain dependence on the representation component [00030] in A®)
(which contains A®[00001] = [00030] @ [11010]), and the component [10020] in A® (which
contains A*[00001] = [02000] @ [10020]). Varying with respect to A® and A® gives the
following equations

(1)

AN AY =0 = AW = (1™0)0am, (2.14)
AN AT =0 = AR = (0T p) (T™P) 53 '

These conditions remove some of the gauge redundancy in At(xl) and A((f) while retaining
the physical degrees of freedom, the gauge boson a,, and the gaugino x®. Varying with
respect to A®) gives
3 1
AC\P (8aA(B) + AW A )) —0, (2.15)

which is the precisely the degree 2 component of the equation Q¥ + U2 = 0 with A© set
to zero. Here we have used the fact that #3 contains only 1 irreducible representation of
spin(10), namely A3[00001] = [01010]. We have also used the fact that in the minimal pure
spinor superspace integral we can integrate by parts on @ (but not on dpa by itself). Next,
if we vary A® and AM, we obtain

ayf 1) 2@\ _
A% < [10020} + {4, Ag }) 0,
(2.16)
24 (0 Ay DAY 8 AP ) =
] [10020] [10020]

The first equation is the correct restriction of Q¥ 4+ W2 = 0 to degree 3, keeping only
the [10020] representation component of A, The second equation is the restriction of
QU+U? = 0 to degree 4 and the representation [10020], keeping only the [00030] component



of A®). Note that the degree 4, [02000] component of the equation of motion is missing
here. However, this component of Q¥ + ¥2 = 0 would have only involved the [11010]
component of A®) | which has dropped out the minimal superspace action altogether. As
a result, we do get the correct equation of motion for A®) |(00030] -

To summarize, once we have fixed on the gauge condition A(?) = 0, the only compo-
nents of A, () that appears in the minimal pure spinor action S are given by

Ao =AY [00001] + AV (00100] + AV (01010] + A [10020] + A7 [00030] (2.17)
The resulting equations by varying S with respect to these components are precisely the
restriction of the equation QW + W? = 0 to the relevant components. These equations then
give the correct SYM equations for a,, and x¢, in zero dimension.

The price to pay, if we make the restriction (2.17), is that the super-gauge invari-
ance is no longer manifest, since the gauge variation 0 A, generally does not maintain the
form (2.17). This is expected, since we cannot implement 16 off-shell supersymmetries with
finitely many auxiliary fields [39]. The way to cure this problem is to introduce the non-
minimal pure spinor variables, which allows for writing down the superspace action with a
conventional measure, and no restriction of the form (2.17) on the pure spinor superfield
will be needed.

2.3 The non-minimal pure spinor superspace

In order to write down higher order terms in the pure spinor superfield, one needs some
way of taking derivative with respect to the pure spinor variable A, as the naive 9/9\“
is generally not well defined due to the constraints. This is achieved through the non-
minimal pure spinor variables, as was first introduced in the context of pure spinor string
theory [23]. We must pay a hefty price however: infinitely many more auxiliary fields are
introduced, and generally we will need to work in the BV formalism [40].

One introduces a new “conjugate” pure spinor )\, of the opposite chirality as A%, that
obeys A"\ = 0. It will be also necessary to introduce a Grassmannian variable r, that
obeys Ay,r = 0. 7o can be identified with the differential d)\,, and we will sometimes use
this notation when it does not cause confusion. The differential @) will be modified to

Q= X%, + raaia. (2.18)
Note that the combination 705 _ annihilates Ay due to the constraint on 7, and thus is
well defined. This is also clear if we think of rod5 = dA.05_ as taking exterior derivative
on \.

Now we will extend the pure spinor Yang-Mills superfield ¥(z, 8, \) to one that depends
on \,r also, ¥(x,0, \, \,7). This introduces infinitely many more auxiliary fields, but does
not change the number of physical degrees of freedom because the cohomology of ) in the
(X, ) sector is trivial. The superspace integration will take the form

/ d'50[d\][d\][dr], (2.19)



where the spin(10) invariant measure factors [d)], [d\], [dr] are defined as

[AANNNY = (eT)2P7 X1 ... dA>t

Qo
[d}];\aj\ﬁj\fy - (ET)zlﬁ;/.allanl e dj\Qll’ (220)
o <5 O 0
[dr] = (eT)277 5, Aahs My T T
Here T is the spin(10) invariant tensor defined by
(AT™O)(AT"0)(ATP0) (AT 1nph) = Ty -as AN XTO - 925 (2.21)

and €7 its contraction with the 16-dimensional anti-symmetric tensor. T is the same tensor
with chiral and anti-chiral spinors exchanged. In performing the integration of (A, \) over
the pure spinor superspace, A, will be regarded as the complex conjugate variable of \°.
Note that we could have also simplified our notation by identifying 7, with d\, and write
the integration measure as

/ d*®g[a)], (2.22)

while the d''\ factor will be supplied from the integrand which is now regarded as a
differential form in \, rather than a function of r,.

The superfield will be regarded as an analytic function in the pure spinor variables
M\, . In order for the integration over the pure spinor space to converge as A, \ — 00, one
multiplies the integration measure with a regulator of the form

exp(—=¢{Q, A}). (2.23)

It is crucial that such a regulator formally differs from 1 by a Q-exact expression, so as to
ensure that Q-exact integrands integrate to zero. A convenient choice is

A=X0%  {Q,A} = N\ A™ +7,0% (2.24)

Note that the BV action constructed by integrating with this regulator, as a functional of
W, will generally depend on (, since the integrand isn’t ()-closed. Note that the dependence
on ¢ would drop out if we restrict to the part of integrand of homogeneous degree 3 in A
and r. Now the superspace SYM action is written as

S— / 103015\ [dN][dr]eCOM70) Ty (;m\p + ;\Iﬂ”) . (2.25)

If we restrict ¥ to be independent of \,7, then the (6, A\, \,r) measure factor may be
replaced by

/ d160[d)\]e_0"\(_cff\‘0)u (2.26)

which is nonzero only when evaluated with the integrand (A\36°), giving

~ (—rd)\p)11
/ aioglax]e M) yayayy / d'0(eT)3 1, 07 - 61

11! auan
0 0
90 9gos |,y

(2.27)
— TaByer-as




This is the minimal pure spinor superspace measure we have seen in the previous subsection.

Let us denote collectively Z = (A, 6, \,7), and the regularized non-minimal superspace
integration measure as [dZ] = d'0zd"00[d\][d\][dr]e~{@A}. Given two functionals F,G of
U, one may define a Batalin-Vilkovisky antibracket [40] by

(F,G) = —Tr / [dZ](foZ)(S\g?Z). (2.28)

The sign convention has to do with the fact that our measure factor [dZ] is odd. The
extension of the nilpotency of BRST transformation in the BV formalism is the (classical)
BV master equation

(S,5)=0. (2.29)
2.4 Descendant pure spinor superfields

A key ingredient introduced by [6] is the construction of descendant superfields from ¥ by
acting with certain linear differential operators. The first few descending operators are fla,
A, X%, Fron, n9. They obey the descending relations

[Q, As] = —do — 2(T""A) 0 Apy.

» L, e (2.30)
[an ]:_i(r )\> Fon,
Explicitly, they are given by
“ _ 1- 1 _
Aa:_()\)‘)_l Z)\aN + g(anA)aNmn ) (231)

A 1o~ 1<
A== ON T (Al md) + o5 AN T2 (AL )N,
1
192
R 1, < o~ L5 3
an = g()\A)_2(>‘anPT)8P+ 372()‘>‘)_3 (T‘anpr) ()\de)

a_ 1
64

1 - _
~ 956 (AN) AT ) (rTPI 1) N,

It will be convenient to introduce an

= LN T IR0 — — (AX) 2 (AT ) (T ) (AN (T A)* (1T ™"Pr) Ny,
2

where N = /\aa% and N,,, = )\O{(an)aﬁ%.

operator A,,,

1
32
A,, is analogous to 0, but has a nontrivial commutator with @),

Ay = O + i(ﬂ)*l(rrmd) (AN) 21T ) N (2.32)
Q. An] = SN (T NA, (2.33)

This property will be useful later in constructing deformations of the BV action. The
descending operators x¢, o om and N5, are related to A, by

_ _ N 1 - _
= 20N A A, Frn = (O T2 (ALmar) Ay,
2 : 8 . (2.34)
i = =76 AN T (T ™) Ap = =25 (AN 72 (rTonnpr) (T7X).



A useful fact is that all of Y* and an anti-commute or commute with one another.? Note
that A\I'"y and A\['"™¥ do not commute,® though they would commute when their indices
are contracted with Fj,,, or Fy,, - Fy,,---. The following relations are also useful:

KX =0, (AI™X)Fn = Ern(AT™Y) = 0,

A, Aa] =0, [Ap, AN =0. (2.35)

2.5 Recovering the on-shell Yang-Mills superfields

We will later construct deformations of the undeformed MSYM action in the sense of
Batalin-Vilkovisky in non-minimal pure spinor superspace, generally of the form

1 1 =
S = /[dZ]Tr <qu\11 + \1:3> +) sy, (2.36)
2 3
n=1
where S [¥] will be an integral over the non-minimal superspace of a function of linear
descendant fields xV, F U, etc. The BV master equation will be solved order by order in
the deformation parameter e. Since W(z,6,\, \,7) now contains infinitely many auxiliary
fields, here we would like to describe how to recover a deformed equation of motion for an
ordinary Yang-Mills superfield A, (z, ).

We will consider an analogous expansion of a ghost number 1 superfield W in e,

U =o(2,0,)) + Y _ " Up(,0,\ A7),  To=A"Aa(z,0). (2.37)

n=1

Suppose ¥y solves the equation QW+ ¥Z = 0 of the undeformed MSYM theory. We would
like to construct a nearby solution of the deformed theory. To first order in €, the equation
to solve is

551

QU+ {o, ¥} + 3T

=0. (2.38)
Yo

The key is to show that 55(1)/(5\11 evaluated on Wy can be put in the form

55
ow

=& [\I/()] + QA+ {\I/(), A}, (2.39)
Vo

where the term & [Uy] involves only the minimal variables, and A is a function of ¥y and
its derivatives that generally involves non-minimal variables. If we can do this, then we
would have recovered the first order deformation of the equation on minimal superfield
Uin (2,0, \) as

QUpin + U2, + €E1[Umnin] = O(2). (2.40)

Here ¥ simply differs from Wi, by €A.

“The LiE package [41] and the decomposition of tensor products of  and A into irreps of SO(10) listed
in [6] are useful in verifying the relations among the descendent operators.
3There appears to be an incorrect statement regarding this in [6].



In practice, we can construct & [Vo] from S (1) roughly by replacing the linear descen-
dant fields with the minimal descendant superfields. To illustrate this, let us consider the
example of Abelian Born-Infeld theory, with

55

5 = (AT W) (AT W) (Fppp W)

. (2.41)
= SO TR (A T0) (A o) (ApTo).

The expected &£;[¥y] is
E1[To] = (AT X) (A" X) Frns (2.42)

where x* and F,,,, are the minimal descendant superfields, related to A,(x,0) via
1 1

Apy = fﬁrgfdaAﬂ, X* = fﬁrgf(dﬂAm — OmAp),  Fon = 0mAn — OpAp. (2.43)
For A\*d,-closed ¥q(z,0), both (2.41) and (2.42) are Q-closed. Generally, the existence
of £[¥y] is a consequence of the statement that the non-minimal variables \,r do not
introduce new @Q-cohomology. What we need to see here is that (2.41) and (2.42) differ by
a (Q-exact term, thus verifying in particular that the off-shell deformation is a nontrivial one.

We can write

(TN L") B =T AT | =50 (T ) + 5 OO0 AT )

+Q [ 5O0 AT (T )AL (2.49)
= 500 TR AT ) AT+ |5 AT )BT )
This is now very close to (2.41), but there is still a little difference between A, ¥ and
Al x. We have

b
32

= ATy +Q -Am - i()\f\)_l(XPmd)(AA)

Ao = X0 Ao+ L OR) (Tnd) (M) — 2 (M) >(Tnir) (AT 4)

1 - _ g
— ?)Q(AA)_Q(AFmijr)()\FWA)}
+ (stuff that vanishes upon contraction with ")) (2.45)

= Npx +Q

BV 3 1, < _
§(AA)’1(AFmF’“)\)Ak ~ S(AA)Q(AFkar)()\FkA)}
+ (stuff that vanishes upon contraction with """ ).

Now we can put (2.41) in the form

59
o

= _%(Aj‘)_Q(Tanp/_\)()\FmX/)()\FnX,)()\FpX/), (2.46)

Yo

where

=X Q B(M)*(P’%Mk Lo orta) (2.47)

,10,



Using the identity
Q [N AL (AL™) 5 (AL )] = AN 2T P R) (AL )a(AT)5(AL)y,  (248)

which in particular implies that the r.h.s. commutes with @, we see that (2.46) is indeed
equal to (2.42) up to Q-exact terms.

3 The Born-Infeld deformation

A primary example of interest in this paper is the Born-Infeld deformation of MSYM
theory. At the infinitesimal level, this is an F-term deformation of the Lagrangian by a
dimension 8 operator. While this deformation is expected to preserve all 16 supersymme-
tries, in the usual component field formalism the Lagrangian deformation is only invariant
under supersymmetries up to terms proportional to the equation of motion, which must
be compensated by deformation of the supersymmetry transformations. Such a procedure
generally requires adding terms to all orders in the deformation parameter, and there could
be potential obstructions in finding higher order terms. The Abelian Born-Infeld theory to
all orders in the deformation parameter (a.k.a. o/? in the context of string theory) was first
constructed in [42] by gauge fixing a kappa symmetric D-brane action. It seemed difficult
to generalize this approach to the non-Abelian case.

In the conventional component field formalism, the second order Born-Infeld deforma-
tion was constructed in [34]. Using pure spinor superspace, an all-order Abelian Born-Infeld
deformation was constructed in [6]. It was not clear whether the action of [6] upon inte-
grating out auxiliary fields would coincide with the construction from the super D-brane
action. A priori they could differ by D-terms. The objective of this section is to extend the
construction of [6] in the non-Abelian case to all orders in the deformation parameter. In
principle this also gives a solution to the on-shell deformation problem, considered in Part
1 of the paper [9].

3.1 The first order deformation

Let us begin by recalling the construction of the infinitesimal Born-Infeld deformation in
BV formalism based on non-minimal pure spinor superspace [6]. This is described by a
quartic deformation of the MSYM action,*

Sy = Z/[dZ]Tr [\p o (AL"'{W) o (AT W) o (anq/)] , (3.1)

where o denotes the symmetric product. Variation with respect to W corrects the equation
of motion to

QU + W2 + c(AI{W) o (AI"YV) o (E,, ¥) = 0, (3.2)

which is cohomologically equivalent to the on-shell Born-Infeld deformation in terms of
minimal pure spinor superfields, in the sense explained in section 2.5. In showing this, one
integrates by part with respect to the differential operators (AI'"x) and Fpn, making use

“We shall use S, to denote the part of the BV action S with degree n in .
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of the identities (AT""X)(AT"™ %) (ATpnpr) = 0 and (AT™Y) Fj, = 0. Note that despite the
presence of the regulator e~ CONTO) iy [dZ], x* and Fn in fact commute with this regula-
tor. Note also that while Y does not commute with A\?, they satisfy A\I'"x = xI'""\. This
infinitesimal deformation actually does not depend on the value of the parameter ¢ in the

regulator. If we vary ¢ in (3.1), we obtain a term that can be written as (S2+ .53, G), where
G = /[dZ]S\adaTr [\IJ o (AT RW) o (ALY W) o (Fppp )| . (3.3)

The integrand inside (Sy + S3,G) is proportional to the undeformed equation of
motion (2.5); hence, it can be absorbed by field redefinition of W.

To see that the action of the form S 4 53 +.S4 obeys BV master equation up to order
€, one needs to show that (S2,54) = 0 and (S53,54) = 0. The manipulations needed to
verify these relations will be useful for the extension to higher order deformations later,
and so let us recall how this is done. Firstly, we have

(S2, S4) :i /[dzm [pr o (AL™{W) o (AL"YW) 0 (Epppl) — W 0 (AL RQE) 0 (AL RT) 0 (Eypn ¥)
+0 o (AL™X®) o (AL {YQW) 0 (Fpyn W) — W o (AL U)o (AT"{U) o (E,,Q¥)| . (3.4)

Using the fact that Q commutes with A%, {Q,Fpn}t = 2AT imln), and the basic
pure spinor identity (AI'"™)q(A'y)s = 0, we see that the integrand is Q-exact and thus
(S2,S54) = 0. A

To see the vanishing of (S3,5), it is useful to use the identity F,,, =
— 2N HrDnX), and rewrite Sy as

Si= 5 [ZION) T TN 0N a(Cnr ) T (Vo W0 PUo W) (35

Further using y* = %(AS\)*l(FmX)aAm, we can write
£
16

- /[dz](M)—2(rriikA)Tr (WA WA UALD).

Sy = [dZ](AN) " AL, T AL, TIN) (rT ™ X) T [W 0 Ay 0 AT 0 AT

(3.6)

In going to the second line, we used the pure spinor constraints on A, and 74, which in
particular implies (AT, DUA) (AL, TIN) (rT™F X)) = 4(AN)2(rT%F ). In the last trace we can
replace the symmetric product by ordinary, due to the symmetry on [ijk]. The BV bracket
with S3 is computed as

(S3,84) = _g /[dZ]()\/\)Q(rFijk)\)Tr (P2ATAUALT — UAUZAUA LT

FUATAT2ALY — WA DA TALT?) (3.7)
€

< /[dZ](AX)—2(rriﬂ"ﬁ)Tr (W2 0 AW 0 AjW o AyT).

We’ve chosen to rewrite the last line in terms of a symmetrized product once again, for
later convenience. The representation in terms of the A’s is particularly useful due to the
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properties [A;, Aj] = 0, [A;, A\A] = 0, and [[dZ]A;(---) = 0 which allows for integration by
parts on A;. Repeatedly applying integration by parts and cyclicity of the trace, as well
as the anti-symmetry on [ijk], we can make the following replacement on the integrand

Tr (\1’2 o AWoA;Vo Ak\IJ> — gTr ({¥, A0} oWoA;WoALY)

3
= 5T (AW o {T, W0 AjW o Ay TY) (3.8)

— 3Tr (AW o U2 0 AT o ApW) + 3Tt (AW o o AT o ApU?)
— 6Tr (0?0 A; T 0 AT o ApT) .
This shows that indeed (S3,.S54) = 0, thus completing the verification that the Born-Infeld

deformation (3.1) solves the BV master equation at order e. Now at order €2, there is a
potentially non-vanishing contribution to the BV master equation,

(S4,54) = —3€ / [dZ)(ON) TR X) (rT™ P ) Tr (A WA UALTA,, UA, UA,T).  (3.9)

Note that the combination 72\? appearing in the prefactor of the integrand can only trans-
form in the representation [00120] & [01011] of spin(10), due to the pure spinor constraints
on 7 and A. In the case of Abelian gauge theory, A;¥ - - - A,V lives in the 6th anti-symmetric
tensor representation, or [00011]. It cannot form a singlet by contracting with 72\?, and
hence (3.9) vanishes in the Abelian theory. It does not vanish in the non-Abelian case, and
a second order deformation of the action must be introduced to cancel this term in the BV
master equation. This will be analyzed next.
3.2 Non-Abelian Born-Infeld deformation at the second order
Let us now consider (S4,54) in the non-Abelian theory. Using Baker-Campbell-Hausdorff
formula, we can write the integrand in (S4, Sy) as
(AN) 4 (TR X) (D™ X) Tr {(Aiw 0o AjU o ARY) (A, ¥ oA, ¥oA,T)
= (AN TAETYEX) (rT™ P \) T [A,-\If 0A;ToALT oA, ToA, VoA,V

— gAi\If 0 AW o {A; U, AT} o {ALY, AT} +3A; W oAy, W oAU o [A; T, {ALV, AT}

+ %{Ai\y, AW} o (AW, [AL, (A, T, AgT}]} — i[Ai\y, (AU, AT} 0 [AT, {A, T, AL T)]

- %Ai\p o [AJT, (A, [A T, {A,T, A T)]}] —%Ai\lf o [AmT, (AT, [A, W, {A, 0, A, 0}])] .

3

= SO TR (T AT | A 0 AW o {40, A, W} 0 {ALT, A, T}

LA AU, AW 0 (8,0, {8, %, 8,9} | (3.10)

In above we used the fact that the term appearing in the second line is zero, for the
same reason as in the Abelian case, and simplified the rest using cyclicity of the trace. The
resulting expression is nonzero, and we would like to cancel it by an order €? deformation of
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the action. A priori, one may try to cancel it with either (S3, Sg), by adding to S some sextic
term Sg, or with (S3,.S5), by adding a quintic term Ss. It is easy to see that this cannot be
done using Sg. The reason is that we would have to construct Sg by taking 7A? contracted
with the trace of a product of 6 AU’s. However, 7\ consists of the representations [00040]®
[00120] of spin(10), and neither appear in the (unsymmetrized) 6-fold tensor power of the
vector representation, and so no such singlet exist as a candidate for Sg.

On the other hand, it is possible to cancel (S4,S4) by introducing a quintic term Sj,
such that (S4,S4) +2(Ss3,55) = 0. Let us first consider the term on the r.h.s. of (3.10) that
involves a 4-fold symmetric product. Firstly, we have the identity

/ [dZ)(AN) ~4(rTYFX) (D™ X) T [Ailll 0 AW o {A; U, A, U} o {ALT, A, T}
- /[dZ](M)4(rrijkA)(rrm"PA)Tr [3\112 0 AU o Ao {A,ALT, AGATY  (3.11)
— 8020 AW o AJA, Y 0 {ARA, T, Ai\If}] .

In this manipulation we used integration by parts on the A;’s (recall that A; also commutes
with A)), the cyclicity of the trace, and the symmetry on the indices [ijk][mnp]. It is now
easy to write down an S5 such that (Ss3,S55) can be used to cancel the term appearing
in (3.11). We must at the same time make sure that S5 has vanishing BV anti-bracket

with Ss. This can be achieved by rewriting expressions involving A;’s in terms of A"y
and (A" F),,,,

=g i (3.12)
ATy = L0 2O (30,711,

both of which commute with Q. One can verify that the quintic term that can be used to
cancel the r.h.s. of (3.10) is

Ss= = [ZION) T HERET AT [00 A o AT 0 (8,08, 4,8,7)

— W o AW o A;AL 0 {ARALT, AT} — éxy o [{A;U, AiAL T}, {AT, Ay AL U] }
= 18 [021 1[0 (LY © (LY & (AT B 0. (A0 P )
—2W o (AL X)W 0 (AT ) (ATn X)W 0 { Fj Fpnp U, (AT () U}

- 50 [{OT0W. (A0 Fn ), (0T 09, 00,09 |- 313)

The way we could solve for an S; with the property (S3,S5) = —%(54,84) is no
accident. The essential point is that (S4,S4) is closed with respect to (Ss, - ), and the
operation (S, - ), which is nilpotent and can be regarded as a coboundary operator on the
space of functionals of W, has trivial cohomology in this case. We will demonstrate this
more generally in the next subsection.
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3.3 No obstruction to all order

In this section, we will prove the existence of an all-order formal deformation that solves the
BV master equation, whose first order term in the deformation parameter € is Sy. Firstly,
note that the BV anti-bracket satisfies Jacobi identity

(A7 (Bv C)) = ((A7B>7 )+ (_1)‘AHB‘(Bv (Av C)), (3'14)

where A, B,C are functionals of W. We define an odd differential SA = (S3,A) on
functionals of W, that obeys 52A = 0 because of the Jacobi identity and (S3,S3) = 0.°
The BV anti-bracket of two d-closed functionals is g—closed7 and the BV anti-bracket
of a d-closed functional with a d-exact functional is d-exact. So in other words, the
BV anti-bracket defines a cup product on the cohomology of 5. Note that in fact, the
cohomology of 5 is defined already on the traces of products of derivatives of ¥, without
the need for integration over pure spinor superspace.

Now consider the vector space V spanned by functionals constructed by taking Fon's
and (AI'Y)’s acting on ¥, with all vector indices on the (AI'""x)’s contracted with those of
the F ’s, traced and then integrated over the pure spinor superspace. A typical functional
of this type looks like

/[dZ]tr [ B By UAT™ )W -+ (ATIR)T(AT™ )T - - - (ATPR)T - - ] . (3.15)

The virtue of this construction is that, due to (3.12), such a functional has vanishing BV
anti-brackets with Sy. Furthermore, the BV anti-bracket of two such functionals remains
in V.

The action of 8 on such functionals, on the other hand, is simplified if we express Fyn,
and AXI'"y in terms of A,,, using

A 1 - _ 1 - _
Fon = ”(AA)—2(rrmnrpA)AP, and A"y = f(AA)‘l(AFmF”)\)An. (3.16)
By construction, here the vector index on AI'y is always contracted with an index on an
an, and so the AI'"x will always appears in the combination (rI'y,,I", M)Ay, which can
be simplified as

_ 1 - _ _
(rTnDp )AL = i(M)—l(rrmnrpx)(xrmrumq s
- - i ) i .
= f()\/\)_l(anpI‘m)\)(/\Fqu)\)Aq = (rTypl i A)A™ = (1T DA A™

In other words, on any of the functionals in V, we can replace AI';,x by A,,. Next, because
A, commutes with A\ (and trivially commutes with r, \), after expressing F in terms of
A, we can move all explicit factors involving 7, A, X outside the A’s and outside the trace.
A functional in V can thus be rewritten as a linear combination of the terms

/[dZ]T“mlsntr [(Aiwu) "'Aiwm)‘y) (Aiw(m+1> "'Aiw(m)w) (Aiw(pmfl)w A, <pm)\1' ] )
(3 18)

°It is important here that the BV anti-bracket is even and Ss has odd degree by convention of (3.14)
(which is shifted by 1 from the usual convention). Of course, it is also easy to verify directly that §2 = 0.
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where 0 < p; < --- < p,, = 3n,% w is an element of the permutation group Ss, on
{1,---,3n}, and T B0 = (AX)72(pDii2is )) ... (pDisn—2i3n—1830 X)) Since T %n com-
mutes with Ay, we are free to integrate by part on the A’s.

The tensor T ~ T isn transforms in the overlap between the representation content
of r™ " (as listed in the table of [6]) and A™[00100]. We list these representations below:”

T € [00100],

T ¢ [01011],

TG € [02020] & [10022],
T™ € [00033] & [11031],
T0) € [01042] & [20140],
T € [10151] & [30060], (3.19)
T € [00260] & [20071],
T® e [10180],

T® €10,1,0,10,0],
719 € 10,0,0,12,0],
T =

The structures in S, 13 that we will encounter at the n-th order in the deformation param-
eter are of the schematic form T trA3 @3,

The cohomology of SonVis equivalent to a certain invariant cyclic cohomology. Let ¢;
be a set of commutative variables, i = 1,--- ,10 (they can be thought of as dual variables
to the A;’s that act on a single U inside the trace). Let h = (¢;) be the Abelian Lie
algebra generated by commuting variables ¢; (i.e. the linear vector space spanned by the
t;’s), and A = U(h) = C[t;] its universal enveloping algebra. Let C* = Hom(®"*'4,C) be
the Hochschild cochains. The cyclic complex Cl/{; is obtained by taking the part of C* that
is invariant under the Zj,; that shifts the k 4+ 1 arguments with sign, namely

Clj ={pe ck . vlag,ag, -+ ,a5-1) = (—1)kgo(a0,a1, s ag) b (3.20)
The differential 0 : C’f — Cl/\“'H defined by

k
(6p)(ao, -+ s ars1) = Y (=)' @lao, -+ aiaip1, -+ s aps1) + (=) olarsrao, -, ar)
i=0
(3.21)
is nilpotent. The cohomology of d at C’f defines the cyclic cohomology HC?(A). Next,
consider the complex C“* = A’h* ® C”/\€ with the chain map d : A’h* ® Clj — A-Th* @ C’f

STf ps_1 and pg coincide then by convention there is no A acting on ¥ in the /-th factor.

"Interestingly, the absence of T ensures that we do not have a term with ()\5\)711 pole in the integrand,
that would come with 11 powers of r. If such a term were present, it would lead to a log divergence in the
(X, \) integral, making the action ill defined.
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defined by
dim A~ Ane®p)(ag, - ,ar) (3.22)

0k
=3 (DT A A A A Ane @ @lao, - ago1,milag), g, ag).

Here h* is the dual Lie algebra of h, generated by 9/9t!, and 1(a) is defined as the derivative
map for a € A = C[t;], n € h*. In other words, with C} viewed as an h*-module as above,
the cohomology of the complex A‘h* ® Cf with respect to the differential d defines the Lie
algebra homology H,(h*, Cf) It is easy to see that dd = dd.

Now ¢ induces a map on Hy(h*, C’/\“),

8, : Hy(h*,C¥) — Hy(h*, CF ). (3.23)

The cohomology of &, on Ho(h*, C¥) defines the invariant cyclic cohomology HCE. (A).
The cohomology of § on the space of functionals V at the n-order (with n 4+ 3 ¥’s) lies in
HCﬁjQ(A); they correspond to the components that transform under spin(10) according
to the representations of 7).

The ordinary cyclic cohomology HCk(A) can be computed using a homology version
of Grothendieck’s algebraic de Rham complex [43],

HC"(A) ~ Kerd*|gry. @ Hi 2.ar(A) & Hy_g.4r(A) & --- (3.24)

where (2F)* is the space of de Rham k-currents in the #;’s. d* is the transpose of de Rham
differential. H, 4r(A) is the algebraic de Rham homology of A, which coincides with the
ordinary de Rham homology on Spec(A) =V ~ C!0, defined in terms of the codifferential
on polyvector fields. For odd k, HC*(A) ~ Ker d*|(qry+ is the dual vector space of the
cokernal of d : QF~1 — QF. In this case due to the triviality of de Rham homology we can
also identify it as the dual space of dQ* ¢ QFt1. These classes are in correspondence with
the (unintegrated) traces of derivatives of ¥’s of the form®

Jk+1

This statement is familiar in the context of counting BPS operators [44]. But since all of
these term will end up giving total derivatives, they will not be relevant in the invariant
cyclic cohomology of interest here. For even k, there is an additional part of HCF(A)
coming from Hpgr(A) ~ C. This corresponds to the element TrUk+! which is nonzero
only for even k.

8There is a canonical pairing between integrands of the form (3.26) and algebraic de Rham differential
forms in dQ*,

<f(Ai)Tr(AJ'1\IJ 00 A.jk:+1 U)|Okg(ti)dte A dtjy A--- A dtik> = 6?1 o '5;2f(ai)8jk+1]g(ti)' (325)

Note that expressions of the form (3.26) are not all independent: for intance, A Tr(Aj, Wo---0A;,  1¥) = 0.

This is precisely consistent with the pairing (3.25). Therefore, we can identify the set of operators (3.26)
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Now for the invariant cyclic cohomology HCE . (A), there is an analogous relation with
the invariant de Rham homology [45] (with respect to the action of h*, by translation on
the affine space in this case),

HOR. () = Kerd"|(gp ) © H g 4p(A) ® HY 4 gp(A) @ - - (3.27)

The invariant de Rham homology on the r.h.s. are simply represented by constant de Rham
currents, i.e.
HY 5 ap(A) = A2V (3.28)

Similarly, Ker d*|(ﬂﬁ*)* ~ A*V. So we conclude that
HCY. (A) ~ @ A2V (3.29)
>0

These class have clear interpretations in terms of the functionals of ¥, of degree n+3 = k+1.
The A*V consists of 0-closed integrals of the form

/[dZ]T&r(\I/ oA W0 o AinH\I/). (3.30)
The remaining A*~2V for £ > 1 are represented by integrals of the form
/[dzm(qﬂ“l oA Vool ,, U+ - ) (3.31)

where the - - - stands for terms of the same degree in A and ¥ but with different orderings
in the trace. The key point in conclusion is that the only nontrivial g—cohomology classes
are represented by functionals in V that involve fewer A’s than W’s. This is enough to
prove the absence of obstruction in solving the BV master equation for the Born-Infeld
deformation to all orders.

Now we show that there is an all-order formal deformation of the form

[ee]
S=2S+ 53+ Snys, (3.32)

n=1
where Sy is the first order non-Abelian Born-Infeld deformation (3.1), and S5, Sg, - - are
functionals in V. S, 43 is of order €”. We prove this by induction. Suppose S5, Sg,- -+, Sy

are all functionals of the form V, and solve the BV master equation up to order e . Namely,

n—1
1
(S3,5n) = = D (i, Snis-i), n=56,---, M. (3.33)

i=4

The order €+ term in the BV master equation takes the form

M
~ 1
0Sari1 = (83, Sm41) = =5 D _(Sn, Suran). (3.34)
n=4
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The r.h.s. of this equation is a functional of the type V, of degree 3M — 3 in A and M + 2
in ¥, and by (3.33) one sees that the r.h.s. of (3.34) is a J-closed. Namely,

M M
(53, Z(Sna SM+4—n)) =2 Z ((537 Sn)> SM+4—n)
=t S (3.35)
= — Z Z ((Si; Sni3—i), Smga—n) = 0.
n=>5 i=4

In above the Jacobi identity on the BV anti-bracket was used repeatedly. We have seen
that cohomology of § on V of such degrees in A and V¥ is trivial. This means that the r.h.s.
of (3.34) is d-exact, and a solution for Syr41 of the type V exists.

4 Other examples

In this section, we consider two examples of deformations that preserve maximal supersym-
metries, but break either Lorentz invariance (noncommutative deformation) or R-symmetry
(5-form deformation).

4.1 Noncommutative deformation

In every spacetime dimension d between 0 and 10, besides the Born-Infeld deformation,
there is only one class of maximally supersymmetric single trace F-term deformations
that preserve the Spin(10 — d) R-symmetry. This is the noncommutative deformation of
MSYM [46]. As was well known, it can be implemented by replacing the product of fields
in MSYM action (2.25) with a noncommutative associative x-product, defined by

F@) % g(w) = fl@)exp (w70, 8;) g(a), (4.1)

where w¥ is a constant 2-form (more precisely, a Poisson structure). We will fix w/ and
think of the coefficient € as an expansion parameter. Cyclicity of the trace is maintained
up to total derivatives. Consequently the noncommutative-deformed action still solves the
BV master equation. Expanding the deformed action in € to the first order, we obtain the
undeformed action So + S3 plus

2

Si=ze / 42) Tx (w7000, ). (4.2)

An alternative and equivalent way to write the first order deformation in e is”

This differs from S5 by a term that can be removed by field redefinition at the first order.
Namely, their difference is (Sy + S3)-exact:

S5 — (85 + Sf) = (S2 + S5,G), (4.4)

9Written this way, the Born-Infeld deformation looks like a noncommutative deformation with the field
strength Fj; replacing the non-commutativity parameter w;;. Though, of course, such a naive replacement
would have resulted in a non-associative star product.
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where @ is the functional
2 y . .
al) =2 / 42 Tr (W 0 A o () + (AL (4.5)
To see this, we can compute the BV anti-brackets of G with S5, S35 as

(82,6) = % / [dzwffTr (vo {?,Ai}w 0 (9 + (L)) o
(S5, G) = 66/[dZ]w”Tr<\I/3 0 Ey).

Eq. (4.4) follows from the descending relation {Q, A;} = 9;—AT';}. Now the r.h.s. of (4.4) is
an integral whose integrand is proportional to the undeformed equation of motion. There-
fore, the deformations by S5 and by S5+ S} are equivalent up to a field redefinition, modulo
O(€?) terms.

4.2 The 5-form deformation

An F-term deformation that is not an R-symmetry singlet exists in zero dimensional MSYM
(IKKT matrix model), transforming in the self-dual 5-form representation of the Spin(10)
R-symmetry.!? This arises in the world volume theory of multi-D-instantons probing the
AdSs x S° background of type IIB string theory, when viewed as a deformation of flat
spacetime. The first order deformation of the action is given by

Si+ )= / [dZ)wP Ty [xy((rmx)a/im\p)((P"A)BAH\IJ)}

1 (4.7)
+ me/[dZ]waﬁT&"[\Il?’([Aa, [Q,Aﬁnxp)],
where
W = WP st P (4.8)
Using [Q, Aa] = —do — 2(T\) g Ap, it is easy to verify that
(52, Sili) = (53, Sé) + (52, SA’L) = (53, Szll) =0, (4.9)

and so the BV master equation is obeyed at first order in e.

One may attempt to extend this deformation to all-order, by representing it as a
noncommutative deformation in the superspace, with the Poisson structure given by w®?.
Namely, we replace the ordinary product in the undeformed action (2.25) by a noncommu-
tative x-product defined as

70) % 9(0) = F(0) exp (e T 0 d ) 9(0). (4.10)

0There are other R-symmetry breaking F-term deformations in general d dimensions, that transform in
the symmetric traceless tensor representation of Spin(10 — d). They may be viewed as a generalization of
the Born-Infeld deformation. We will not discussion their off-shell constructions here.
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This is only well-defined on (0|16) superspace, because in higher spacetime dimensions the
superderivatives d,’s do not commute with one another. Expanding the action to first
order in €, one has

Sl = %e / [dZ] T (waﬁxy(daqf)(dﬁqf)) . (4.11)

~

This amounts to replacing (AI'),A,, in S% by d,. However, such a construction appears
problematic because d, does not commute with the regulator exp(—((A\ + r6)), and so
we would not be able to integrate by parts on d,. Perhaps a suitable ( — 0 limit can be
taken, or one may add terms that cancel the (-dependence in the BV master equation.

5 Regularization by smearing

In the non-minimal pure spinor descendant field construction, the factor (AX)~! appears
in the descending differential operators, which has a pole at the tip of the pure spinor
cone. With sufficiently many descendant fields in the integrand, one may worry about a
potential divergence in the integration over the pure spinor space. On the other hand, each
net factor of (A\)~! is accompanied by an 7,. When there are more than 11 r’s in the
numerator, the integrand vanishes due to the pure spinor constraint relating 7, and A,. A
priori, there could be a logarithmic divergence coming from integrating r!(A\)~!!. In the
example of Born-Infeld deformation, the coefficients of such terms appear to be zero, but
this isn’t immediately obvious.

It was suggested by Berkovits and Nekrasov [24] in the context of pure spinor string
theory that one can regularize a potential divergence in the pure spinor integral by smearing
the vertex operators in pure spinor space, in a way that preserves BRST invariance. In
this section, we will adopt the same smearing operator and consider superspace Lagrangian
terms built out of smeared descendant pure spinor superfields. In this way, one could
eliminate potential divergences in the pure spinor space integral from the start.

A related issue is the construction of D-term deformations. The three examples of
deformed BV action of MSYM we have constructed so far are all F-term deformations.
It is not clear whether D-terms can be expressed as the integral of a local expression of
the superfields over the pure spinor superspace. Naively one may try to apply enough

I appears and turns the fermionic superspace integral

descending operators so that r
into an integration purely over the 16 €’s. Such attempts seem to fail. In fact if we
could write such an expression using the descending operators, we would also encounter
a bosonic integration of (AX)~!! which is logarithmically divergent. It would seem that
the construction of D-terms must involve non-local terms on the pure spinor superspace,'!

where the smearing construction could be useful as well.

" This is not unfamiliar in the context of harmonic superspace.
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5.1 A smearing operator

First, one introduces a new bosonic pure spinor variable f* and its fermionic counterpart

g7, as well as their conjugate variables fas Ga, that obey the constraints!?
FoTusf” = [°Tasg” = fa(T™)* f5 = fa(T™)Pgs = 0. (5.1)

We may also identify ¢® with the odd differential df®, and g, with df,. The descendant
superfields generally contain terms involving some powers of r and (A\)~!. The idea is to
consider the exponential of a ()-exact operator that acts on the field, and effectively shifts
A and X by a small amount, roughly proportional to f and f, so as to smear out the pole
in (A\). The differential Q will be extended to

0 0

0
= A%y + 7o os * Jo g 5.2
Q +r 8Aa+f aga—l-g ar. (5.2)

Note that @ is well defined due to the pure spinor constraints on r,, f¢, and g,.

The smearing operator, which may also be viewed as a regulator, acts on a descendant
pure spinor field GV as

~

G, = / e~ T1=Ff o (10, X })OW. (5.3)

Here X is a linear differential operator in the non-minimal pure spinor variables that acts
on GV, and so is {Q,X}. €is a smearing parameter. In writing (5.3) we have made the
identification g = df, g = df, and the integral is understand as that of a differential top form
d* fd'' f over the pure spinor space of (f, f). Note that ff + dfdf = {Q, fg} is Q-exact.

It is somewhat nontrivial to construct the desired X, since various pure spinor con-
straints must be obeyed and only certain combinations of the derivatives with respect to
the pure spinor variables are allowed. The resulting expression is

X = ¢"Wa + fuV, (5.4)

where W< and V¢ are differential operators in A and r respectively,

Wa= —AN) |15 + 5™ b,
1

Ve — _(fA)! E 700, + S0 f)a(Armnar)}

Note that W, takes the same form as the descending operator fla, except that A has been
replaced by f. It is useful to write down the Q-commutator of W, and V¢, given by

[Q, Wa] = _da - Q(Fm)\)aUma

- - B ~ 5.6
Un = O () + - OF) () N™. o

120ne can also generalize this construction by introducing several copies of (f, g, f, g) variables.
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and

fr
R
T =~ ()7 [N + )N, (51)

{Qvey=w"

N =205 +710r, Ny = Aln0s + 100y

Be cautious that W is not the same as W, simply with A, f and X, f exchanged, as it has
the extra terms involving r-derivatives.

We omit lengthy algebra and record the final expression for the differential operator
in the regulator exponent

. _ 1 e
{@, X} = fIL0x + 1305 + gllad + | 115 + 7= (rIT™A) (A Ty /) Twd™)| 0y, (5.8)

where we used the notation

A=) e TH =0T (5.9)

IT, and IIj are projectors that ensures the A and A derivatives are well defined. Explicitly,
they are given by

1 1 1
(H)\)aﬁ = 55 - §(Fm)‘)a(rm)\_l)6 = _Z()‘_l)a)\ﬂ - g(rmn)\_l)a()\rmn)ﬂ7
(5.10)
()% = 67 — %(rmX)ﬁ(rmx—l)a _ —E(X—l)ﬂxa _ é(rmnx—l)ﬁ(nmn)a.

In (5.8) we have also defined F as a shifted version of f,

Y 1 £\— m m =\
FE= 1= SN T e () (5.11)
5.2 Shifted pure spinor variables

The operator exp(e{@,X}) acts on a field by shifting all superspace variables
™, 0% A\, Ny, To. First, consider the terms in {Q, X} that involve only bosonic deriva-
tives, dropping g, g dependence for the moment,

65{Q7X}‘ = exp e(fHAa)\ =+ ij\aj\)] . (5'12)

9,9=0

The shift of A and X by (5.12) was computed by Berkovitz and Nekrasov,

cel@.x} _ o A" )T f)
‘990 B T ey (5.13)
cl@.X) I O DT O '
o = O e = 5

As a consistency check, note that the r.h.s. obey the pure spinor constraint for any finite
value of e.
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Now let us include the g, g dependence. The notation is simplified if we now make the
identification r4 = d\y, ¢% = df®, and g, = df,. We can write

QXY R (2,0, \, X\, d)\) = F (e, 0c, Aes Aes dAe) (5.14)

for any superfield F, where (z, 0, A, Ac) are functions of (x,0, A\, \) (independent of d\),
that also depends on f, f,df,df. It follows immediately from the structure of {Q, X} that
re is recovered from A, by differentiation with respect to A and f, namely

(re)a = (@, (A)a] = d(Ae)a = (rd5 + 90F) (Ae)a- (5.15)

Thus, it suffices to consider the action of
1, - ~ _
f— 2()\f)1(df1“m)\)(df1“m)} 1\ + dfTIy (g — T™00,,) + fI1505 (5.16)

instead of {Q, X'}, on a function of (x,0, A\, \). The last term in (5.16) commutes with the
rest. And so we learn that

- ; ArTf
=T g

We do not know a simple closed formula for z., 0., Ac. They can be computed order by

Lo f1 - (5.17)

order in the fermionic variables df, df. We write below the first two terms in the expansions
of x¢, 0, A\e in df,df. Firstly A, which is independent of x, 6, \, takes the form

_ L
Ae=A+e {f 2(A+6f)frmf} (5.18)

e /1dt[(dffm)\ . (dmean)(AF"f)] [Fmdf_df(AHef)me O,
0

2 A+tef)f 2((\ + tef) f)? fO+tef)

Up to order df?df? terms in the expansion in df and df, this expression is exact in e.
Likewise, 0. and x. can be solved recursively,

1
(0% = 0° + ¢ /0 dt (I, df)°

— o oz_E m o ! dme)‘ o (dfrmrnf)(Aan) 27f
= 0 - edf® — (0 ) /Odt [f(Htef) o e | + o)

1
xt=a™ — 6/ dt (dfIIy, T 04). (5.19)
0

5.3 Superspace Lagrangian deformations using smeared fields

A simple class of smeared deformations is the following. Suppose S’ is a first order defor-
mation of the BV action, constructed out of a superspace integral of smeared descendant
pure spinor superfields, typically of the form

S = /[dZ] Tr {\1/ (G, (GG, } (5.20)
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It is useful to group several descendants together, and act on with a smearing operator, in
constructing a deformation that solves the BV master equation. Let us consider a total
action of the form Sy + S5 + S/, and the BV master equation at the first order in the
deformation parameter, which demands the vanishing of (Ss,S’) and (S3,5").13

Taking the BV anti-bracket (S2,S5’) amounts to computing the variation of S" under
0¥ = nQV, where n is an arbitrary odd parameter.'® Consider a smeared descendant
superfield that appears in the integrand of S,

(G, = /e—ff—dffef{QvX}@\I/, (5.21)

where X is the first order differential operator defined as in previous subsections, and Gisa
descending operator that involves the non-minimal variables (but only contains derivatives
on z,60 and A). If G commutes (when it is even) or anti-commutes (when it is odd) with
@, we would have

§|GY). = nQ[GY].. (5.22)

This is the case with the non-commutative deformation and the 5-form deformation, as
discussed before. Basic example of such G operators are AI'"x and ()\Fm”)o‘ﬁ’mn. It is also
possible that while not all @i’s commute with ), a suitable linear combination of products
of such descendant superfields has the desired property

(5[@1\1162\11]6 :nQ[él\IIaQ\P-”]E. (5.23)

We have seen this in the example of the Born-Infeld deformation, in the combination
(AT W) (AL"W)(Fypp ©). If all smeared factors in (5.20) have this property, then S’ obeys
(S2,5") = 0. On the other hand, it is easy to see by similar arguments that the e-dependence
is So-exact, which means that the deformation by smearing is independent of €, at least
when € is nonzero.

In the non-Abelian MSYM theory, we also need to demand the vanishing of (Ss,S’),
which is equivalent to the invariance of S’ under §¥ = n®¥?2. This is the translation-invariant
cyclic cocycle condition as discussed before. It seems difficult to satisfy this cocycle condi-
tion with the product of generic smeared superfields. On the other hand, the cocycle condi-
tion can be satisfied if we take e — 0 limit on [@\Il -+ +]e. Note that when the naive product
of such field operators vanishes due to more than 11 powers of r’s, the smeared product
can potentially be nontrivial in the € — 0 limit (after the pure spinor superspace integral).

We have seen that in the descending operators x<, an, etc., each pole factor (AX) 7! is
accompanied by a factor of r,. Whenever there is potentially an n-th order divergence com-
ing from integrating ()\/_\)*11*” over the pure spinor space, we also have a factor formally of

3For the deformation to be nontrivial (not removable by field definition), we also need S’ to be not exact
with respect to (S2, -) and (Ss, -).

14This variation is not to be confused with a BRST or gauge transformation; if one gauge fixes the BV
action by fixing the anti-fields, then the vanishing of (S2,.5’) implies that the BRST transformation can be
deformed in such a way that Ss + 5" is BRST invariant to first order in the deformation parameter of S’.
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147 41 the numerator that vanishes. After replacing some of the descendant su-

the form r
perfields by their smeared versions, some of the r’s will be shifted to r. = d), so that the nu-
merator is no longer identically zero, but of order ¢”. In the denominator, some of (A\)’s will
be replaced by (AcAe), and typically the divergent (\, \)-integral will be of order e ~". After
this “regularization”, the resulting functional can stay finite if we take € — 0 in the end.'

It is clear that the new terms in the integrand that arise this way in the ¢ — 0 limit
will always contain r!'!, which then absorbs the Grassmannian r-integral, leaving no room
for a #-dependent factor from the regulator e~COM10) - The result then looks like an
integral of descendant superfields over the full f-superspace. These appear to be D-terms.
We don’t yet have a proposal for the construction of the general D-terms, which we leave

for future work.

6 Discussion

The main result of this paper is a construction of an all-order Born-Infeld deformation
of the MSYM theory, in the non-minimal pure spinor superspace formalism. It would be
nice to produce the corresponding all-order deformed superfield equation of motion in the
ordinary superfield A,(z,#), after eliminating the auxiliary fields having to do with the
non-minimal variables. In practice, as explained in section 2.5, this amounts to finding the
minimal representatives of certain non-minimal pure spinor cohomology classes.

An unsatisfying aspect of the story is that we don’t know how to write the general
D-terms in the non-minimal superspace formalism (which one might have expected to be
the easiest thing). This question is also related to how to write the D-term deformation
of the equation of motion in terms of the on-shell superfield A, (z,0). The answer to the
latter question is nontrivial though in principle known: as explained by [4, 5] and also
discussed in [9], a gauge invariant expression tr(G) in component fields is mapped to a
deformation of the superfield equation by the composition of the Connes differential with
a map ¢ that amounts to performing a full superspace integral, but is constructed rather
inexplicitly through a spectral sequence argument that involves lifting the relevant chain
complex to a complex of vector bundles over the projective pure spinor space.

We suspect that the D-terms must be written as a non-local expression in pure spinor
superspace. This is presumably closely related to the regularization of [24], which is relevant
in computing the D-term contributions in higher genus string amplitudes. Though we have
constructed an all-order Born-Infeld deformation, in principle it may differ from the Born-
Infeld theory that arises as the o/-expansion of the low energy effective theory of open
strings on D-branes, by some D-term ambiguity. A potential application of our construction
of the all-order Born-Infeld action, as well as a test of its relation to the open string effective
action, would be to find some nontrivial nonlinear solutions to the equation of motion in
the non-minimal pure spinor superfields and compare it with D-brane configurations (along

'®One might worry about the terms that involve (A +ef)f)~" or (A +ef)f)~" in the formula for the
shifted pure spinor variables giving rise to extra poles in e. A more careful inspection of the A A. factors in
the denominator shows that this doesn’t happen.
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the lines of [47]). It would also be interesting to directly connect our construction to open
string disc amplitudes in the pure spinor formalism.

Ultimately, the non-minimal pure spinor formalism for constructing higher derivative
terms may be most useful in maximally supersymmetric supergravity theories. In [40, 48]
Cederwall wrote down a remarkable manifestly supersymmetric complete BV action for 11-
dimensional supergravity in pure spinor superspace. It would be interesting to construct
the R* deformation in this formalism.
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A Siegel gauge and the b ghost

In order to go from the BV action functional to a gauge fixed BRST invariant action, a
gauge fixing condition must be imposed that determines the anti-fields in terms of the
ordinary gauge fields and the ghosts. Note that the gauge fixing procedure in the BV
formalism is different from that of an ordinary gauge invariant classical action, in that
one should impose the gauge fixing condition before applying the variational principle
on the action functional to obtain the equation of motion. In the pure spinor superspace
formulation of the BV action of MSYM, it is a priori not clear how to separate ¥ (z, 8, A\, A, )
into ordinary gauge fields and anti-fields. It has been suggested that an appropriate gauge
fixing condition is the Siegel gauge [6, 7, 49]

b¥ =0, (A.1)
where b is a second order differential operator that obeys
{Q,b} = 0" 0,. (A.2)

The b ghost admits the following representation'6

1

b: ﬁ

1y~ 1oy
—i(A)\)_l()\Fmd)Om + 1—6(/\)\)_2()\Fm”pr) (Nmnap —

1 y)—3 mnp 3\ o 1
+674()\)\) (rT™™Pr) (AT d) Npp T0od

(AN)THAL™5 ) (rTP4 37) Ny Npg.-

'The signs in our formula differ slightly from those of [7].
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This expression can be expressed simply in terms of the descending operators
A 1 1 ~
b= 0,A" — §da>2" + ZNmnan- (A.4)

This is reminiscent of the form of the integrated massless vertex operator in pure spinor
string theory. Indeed it is easy to verify

A v 1 ~Qu 1 A'nqu/L 1 Amn
{Q,b} = 0 {Q, A™} 4 0, AT %) + §da[Q,X | — Z()\and)F + ZNmn{Q’ Fmn
= 8, 0™ + %warmﬁn = 0 d™. (A.5)

Another property of the b ghost operator is b> = 0. This is necessary for the Siegel gauge
condition to be compatible with BV master equation.

After fixing to Siegel gauge, the equation of motion may be obtained from the BV
action of the form Sy + Siyt as
6Sint
o

where A is an arbitrary Lagrangian multiplier superfield. Acting on this equation with b,

QY + +bA =0, (A.6)

using the Siegel gauge condition and the nilpotency of b, we obtain

5Sint
ow

Let us inspect the Siegel gauge condition more explicitly in the simple example of free

OW +b

= 0. (A7)

Abelian theory. Consider a solution to QW = 0 that involves only the minimal pure spinor
variables of the form

1
U(z,0,\) = (AI'"0)an(z) + Z(AFmG)(GFm””G)@naP 4+ (A.8)
Such a ¥ does not obey Siegel gauge condition, since

bl = —%(A;\)_l(;\FmF")\)Bman(x) +0O(6)

=~ Ona™(2)

. ) (A.9)
5 — 5(M)—l(Arm’u)aman(a:) +0(8).

While we can set 0,,a™ to zero by imposing Lorentz gauge condition on a,,, dna, is a
nontrivial field strength and cannot be removed this way. We would like to add to ¥
some @-exact terms to go to Siegel gauge. Using the non-minimal variables, we can write
(AI'"™@)a,, + - - - as an exact expression with respect to A*d, (which is not the same as @

in the non-minimal formalism)
1 - _
U(z,0,\) = (\%d,) [8()\)\)1(Aan/\)(0Fm"p9)am] +-- (A.10)
and now remove the term (AI'"0)a,, by shifting ¥ to

v ="v-Q %(AX)—l(XrnpA)(ermnpe)am + - ]

(A.11)
= —é()\j\)_l(rfnp)\)(ﬁfm”pﬂ)am + é(AX)—2(m)(XrnpA)(erm"Pe)am 4+
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The physical degree of freedom a,, is now moved to the 7 component of ¥'. By repeating

such a procedure we should be able to put the shifted ¥ in Siegel gauge. In the end, a,,(x)

will no longer sit in the r® component of W.
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