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1 Introduction

The sixteen supercharge SU(NN) gauged matrix quantum mechanics was famously pro-
posed by Banks, Fischler, Shenker and Susskind to give a non-perturbative formulation of
M-theory [1]. It was later recognized [2-5] that the precise holographic dual of the ma-
trix quantum mechanics is an asymptotically null compactification of M-theory, along the
general lines of gauge/gravity duality [6-8]. Despite intense efforts over a number of years
(see [9] and references therein), most of the successful tests of the duality were realized to be
consequences of supersymmetric non-renormalization theorems [10-14], while unsuccessful
attempts [15-17] in testing the duality involved comparisons of the gravity and gauge the-
ory results in regimes that do not overlap. It had become clear that in order to explore the
semi-classical gravity (either type ITA or 11-dimensional supergravity) regime in the bulk,
one must work in the genuinely strong coupling regime of the matrix quantum mechanics.



A strong coupling test of the duality within the ’t Hooft scaling regime was performed
by numerically computing the free energy of the matrix quantum mechanics at finite tem-
perature using Monte Carlo method [18-25]. The result was shown to be consistent with
the expected free energy of black holes in the gravity dual. In order for the black hole
horizon to lie in the semi-classical gravity regime, one needs to take the low temperature
and large N limits of the matrix quantum mechanics. However, these are precisely the
limits where the Monte Carlo computation becomes costly.

An alternative approach to the thermal free energy of the matrix quantum mechanics
was pioneered by Kabat, Lifschytz and Lowe, using the one-loop truncated Schwinger-
Dyson equations [26-28]. This is the approach we will follow, and refine, in this paper.
In place of the numerical solutions to the Schwinger-Dyson equations investigated in [26—
28], we will analyze the solutions to these equations analytically. We will see that in the
low temperature limit, intricate cancelation occurs due to an approximate restoration of
supersymmetry, which allows for nontrivial scaling behavior with temperature. Despite
the fact that the naive 't Hooft coupling goes to infinity in the low temperature limit, the
effective coupling parameter that controls the loop expansion of Schwinger-Dyson equation
could be finite, and the scaling behavior of solutions to the one-loop Schwinger-Dyson
equation could survive to all order in the 1/N expansion, when there are sufficiently many
supersymmetries.

Before describing our results, let us briefly review the connection between black holes
in the bulk geometry and the thermal free energy of the dual quantum mechanics. The
gravity dual of the SU(/N) BFSS matrix quantum mechanics at finite temperature is given
by type ITA string theory in the near horizon limit of a near extremal black hole carrying
N units of DO-brane charge [2-5]

dsipa = —f 12 Ade + [PAT N (dr? 4 r?d3),
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where dQ2 is the metric on a unit eight-sphere, and the black hole horizon is at r = ry.
The Hawking temperature of the black hole is
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where g2,\; = gs/4n?13. The free energy of the black hole is [29]
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The black hole horizon lies in the type IIA supergravity regime when giﬁN M« T
gi/l\iN 1/3Working in the 't Hooft scaling limit on the gauged quantum mechanics side, one
takes the large N limit while keeping the dimensionless 't Hooft coupling g%MN /T3 finite.



The T9/° scaling of the free energy or the entropy of the black hole is expected to hold in
the matrix quantum mechanics in the limit of large 't Hooft coupling, or equivalently, the
low temperature limit.

One must be cautious about the meaning of the free energy of the matrix quantum
mechanics at large N. Since BFSS quantum mechanics has exactly flat directions, at finite
N, the free energy is infinite, reflecting the continuum of scattering states. There are only
N flat directions, however, whereas the entropy of the black hole in the gravity dual scales
like N2 times a function of the dimensionless 't Hooft coupling. If we regularize the volume
divergence by an IR cutoff at distances much greater than the horizon size of the black hole

N we expect the black hole states to dominate the contribution

but much smaller than e
to the free energy. In particular, if we take the infinite NV limit first, and then take the
volume to infinity while maintaining that the volume grows no faster than exponential in
N, the N? coefficient of the free energy should remain a finite function of the ’t Hooft
coupling. This is the planar free energy of interest. The corresponding, finite, entropy of
order N? generally counts metastable states rather than exact energy eigenstates in the
quantum mechanics. Nonetheless, the lifetime of these metastable are expected to go to
infinity (exponentially) in the infinity N limit.

In the gravity dual, the metastable states are the microstates of the DO black hole,
which decays by emitting DO-branes via Hawking radiation. Note that the DO-branes and
their BPS bound states are the only particles that can escape to infinity in the type ITA
0-brane decoupling geometry. To see this, consider the Born-Infeld effective action for a

probe DO-brane in the background (1.1)

Spo = Tpo [/ dt fLAY2\/1+ fA-2%2 — /dt f—llJ;A] . (1.4)

While this effective action a priori holds only in the supergravity regime, there is strong
evidence that it in fact continues to hold at arbitrary large radial distance where the
curvature is at string scale (while the string coupling goes to zero). This is presumably
due to the supersymmetry preserved by the asymptotic geometry. Note that in the large
r limit, the mass of the DO-brane cancels the potential energy, and the action reduces to
that of a non-relativistic particle. The situation is in contrast to the Hawking radiation of
black holes in global AdS where all emitted particles bounce back in finite time, making it
possible for the black hole to be in equilibrium with a thermal bath. We conclude that the
black hole in the 0-brane decoupling geometry is unstable via the emission of DO-branes.
The Hawking decay rate of emitting a DO-brane is computed in appendix A. One finds
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where Ip = (2ﬂgs)1/3l5 is the 11D Planck length and Rjg = gsls is the radius of the M-
theory circle. The exponential factor can be understood in terms of the chemical potential
for the DO-brane charge. This formula is valid in the type ITA supergravity as well as in



the M-theory regime where the lift of the black hole solution to 11 dimensions is thermody-
namically stable. The latter is expected when ro > N'/91p. This is also the regime where
the decay rate is exponentially suppressed.

The metastable microstates of the D0 black hole should be counted, to leading order in
the 1/N expansion, by the planar free energy of the matrix quantum mechanics. Even in
the high temperature regime, where the black hole horizon spills into the stringy part of the
bulk geometry, and where one naively expects the matrix quantum mechanics to be weakly
coupled, one encounters infrared divergences in conventional perturbation theory. Similar
IR divergences were previously encountered in the two-loop computation of scattering
amplitudes on the Coulomb branch of the theory, and have been essentially ignored [30, 31].
The IR divergence can be cured (non-perturbatively) if one solves for the exact propagators
using Schwinger-Dyson equations. This is the approach of [26-28], where the authors
studied the self-energies of various fields, as well as the free energy of the theory at finite
temperature, using the one-loop truncated Schwinger-Dyson equations, which amounts
to a mean-field approximation. In [26-28], the solutions of the self-energies were found
numerically. While in a certain temperature range the result seemed to be consistent with
the expectation from the gravity side, the numerical solution appears to break down below
a certain temperature. From the gravity side, it is clear that (1.3) should be valid for
T/(g%MN)l/?’ > N~10/21 " and thus the temperature can be taken to be arbitrarily small
in the 't Hooft limit. It would be highly desirable to have an analytic understanding of the
T9/% scaling of the low temperature free energy/entropy in the gauged quantum mechanics.

Though broken at finite temperature, supersymmetry plays an important role in the
low temperature limit of the solutions to the Schwinger-Dyson equations. As pointed out
in [26-28], in working with a truncated set of Schwinger-Dyson equations, either to a certain
loop order or by including a certain finite subset of renormalized vertices, the equations
must be manifestly supersymmetric in the zero temperature limit (though the solutions
may be singular in the zero temperature limit) in order to have any chance of capturing
the correct low temperature limiting behavior. In particular, the self-energies of the auxil-
iary fields in a supermultiplet must be included in the S-D equations. In a gauge theory, the
solution to a truncated set of S-D equations will depend on the choice of gauge. While the
solution to the exact S-D equations should clearly be independent of the gauge-fixing condi-
tion, in working with the truncated S-D equations, a manifestly (off-shell) supersymmetric
gauge-fixing is necessary. The familiar Wess-Zumino gauge breaks all supersymmetries, and
cannot be applied for our purpose, namely to extract the low temperature physics from the
solutions to the truncated S-D equations. The authors of [26—28] considered a gauge fixing
condition that preserves manifest A/ = 2 supersymmetries, out of the N' = 16 supersymme-
tries of BFSS matrix quantum mechanics. This leads to rather unconventional kinetic terms
and fermion coupling. Alternatively, one may choose to work with gauge fixing conditions
that manifest N' = 4 or A/ = 8 supersymmetries. As a matter of fact, the A' = 4 gauge fix-
ing results in a rather complicated looking, fully nonlinear, action, and the N' = 8 gauge fix-
ing based on harmonic superspace requires the inclusion of infinitely many auxiliary fields.

As a first step towards understanding the low temperature scaling behavior in BFSS
matrix quantum mechanics, we study its truncation to the matter sector in the cases



of N = 2 and N = 4 gauge fixing. These may also be thought of as supersymmetric
deformations of the BFSS matrix quantum mechanics, by turning off the coupling of the
N =2 or N = 4 gauge multiplet. For instance, the truncation to N/ = 4 matter multiplets
results in the A/ = 4 quantum mechanics with three matrix matter multiplets ®* and
the cubic superpotential W = —%e“bCTr(@l(I)b(I)C). We refer to such a theory as an
N = 4 Wess-Zumino (matrix) quantum mechanics. The Schwinger-Dyson equations of the
N = 4 Wess-Zumino quantum mechanics have the particularly nice property that, going
beyond the one-loop truncation, there are in fact no two-loop contributions, and there are
no three-loop planar contributions (and the first planar correction to the one-loop S-D
equations shows up at four-loop order). It is conceivable that the solution to the one-loop

S-D equations in fact captures the correct scaling behavior of the planar free energy.

In this paper, we will find an analytic low temperature expansion of the solution to
the one-loop truncated Schwinger-Dyson equations for the N' = 4 Wess-Zumino quantum
mechanics. The key observation will be that loops containing the zero mode of the bosonic
field ¢* dominate the contribution to the self-energies of the nonzero modes and the auxil-
iary zero mode. This allows for the solution of the nonzero mode and auxiliary zero mode
self-energies in terms of the boson zero mode self-energy. The S-D equation for the boson
zero mode self-energy, on the other hand, is nontrivial only if we work to the next-to-next-
to-leading order contributions in the low temperature expansion. In the end we find a
nontrivial scaling behavior of the boson zero mode self-energy, which controls the scaling
of the self-energies of all other modes.

The matter multiplet of N/ = 4 Wess-Zumino quantum mechanics contains the follow-
ing component fields, schematically: the boson ¢, the fermion v, and the auxiliary field f.
At finite temperature, i.e. in the Euclidean theory where the Euclidean time is compactified
with periodicity § = 1/T, let the self-energies for the momentum modes of ¢, f and ¢ on
the Euclidean time circle be o, n,, and h,, respectively. Here n is an integer, whereas r
is a half integer, reflecting the anti-periodic thermal boundary condition for the fermionic
field. The self-energies for the nonzero modes are solved in terms of the boson zero mode
09, with the following results:

5 5 3/2 4
B [z Boo\** 1 3 0
M0 = 2xfn] \ Bog 1+ <2> - <s1gn(n)Cn | ’> +0(67), (1.6)
3/2
h,. = sign(r) ,é’io 1+ <6;D> %sign(r)Cr + 0B,

where Cp, = ) 4 ,, sign(k)sign(n — k)/k. Here we expressed the results in units where the
dimensionful 't Hooft coupling x?N is set to 1. For the zero mode self-energies o and 7y,



of the boson ¢ and auxiliary field f, we will find

1 BPog
7]0—?‘_3+ 24

™\ *° —7/5 -2
00:2<3> B +0(87).

+0(8%),

(1.7)

Somewhat surprisingly, the low temperature expansion parameter is a fractional power

3/5

of the temperature, namely 57°/°. The planar free energy can then be computed in the

mean-field approximation [26]. The result is

6/5

BF = const — Z(g) / NQNfB_G/E’ +0(B7Y5). (1.8)
where Ny is the number of chiral superfields. Curiously, this result differs from the expected
scaling of BF'SS matrix quantum mechanics (1.3) by one power of the expansion parameter
B_3/5'

While we have not evaluated explicitly the four-loop correction to the planar Schwinger-
Dyson equations and to the free energy, it appears that such higher-loop corrections could
contribute at the same order as the one-loop contributions to the self-energies, in the
low temperature limit, despite the fact that the naive dimensionless 't Hooft coupling
is infinite in this limit. It is conceivable that the T%/% scaling is exact for the large N
N = 4 Wess-Zumino matrix quantum mechanics with cubic superpotential, and that as
we continuously deform the BFSS matrix quantum mechanics to the N = 4 Wess-Zumino
model by turning off the gauge coupling, the low temperature scaling behavior of the planar
free energy interpolates between T9/5 and T6/5.

One might be puzzled by the following. Consider Model I, the N' = 4 Wess-Zumino
matrix quantum mechanics with a single matter multiplet ® and superpotential W = Tr ®3,
and Model II, the N' = 4 Wess-Zumino matrix quantum mechanics with three matter
multiplets X,Y, Z and superpotential W = Tr(XY Z). In the former case the spectrum
is gapped, whereas in the latter case there is a continuum of scattering states due to flat
directions. At finite N, the free energy of the former should be exponentially suppressed
in the low temperature limit, whereas that of the latter diverges due to the continuous
spectrum. How are these consistent with our claimed scaling as follows from the Schwinger-
Dyson equations? Our result suggests that in Model I, even though the spectrum is gapped
at finite NV, in the large N limit the gap in the spectrum becomes very small, and if we
take N to infinity first and then take the low temperature (or equivalently, strong 't Hooft
coupling) limit, the free energy exhibits power scaling in the temperature. In Model II, on
the other hand, there are different solutions to the Schwinger-Dyson equation. The scaling
solution we described above, in particular, treats X, Y, Z on equal footing. There are other,
singular, solutions that sets the self-energy of one of X,Y or Z to zero and giving infinite
self-energies to the remaining two fields. These singular solutions describe the phase of
the theory where one of the three fields acquires a large expectation value, while the other

4

two fields are very massive, in contrast to the “unbroken phase” described by the scaling



solution. We conjecture that these distinct phases exist in the infinite N limit, and the
tunneling between different phases are exponentially suppressed in the large N limit.

When vector multiplets, along with ghosts in the supersymmetric gauge fixing, are
included in the one-loop truncated Schwinger-Dyson equations, it appears that our low
temperature expansion scheme is spoiled. It is not clear to us whether the one-loop S-D
equation captures the correct low temperature physics in this case. It is likely that loop
corrections to the quartic and possibly higher vertices of the vector multiplet, which are
not taken into account by the one-loop S-D equation, are needed to obtain a nontrivial low
temperature scaling. We will nonetheless discuss preliminary results on the low tempera-
ture effective action of the vector multiplet by integrating out matter multiplets using the
one-loop truncated S-D equations, as well as the high temperature expansion. The hope is
that an improved S-D equation for vector multiplets will produce the T9/5 scaling of BFSS
matrix quantum mechanics. Perhaps more auxiliary fields need to be included in the S-D
equations, or a gauge fixing that preserves more manifest supersymmetries is needed. This
is left for the future.

We should also point out that there has been another attempt to understand the free
energy scaling behavior from the matrix quantum mechanics in [32]. By looking at the
weak coupling expansion for the effective Hamiltonian of the BFSS matrix model [30, 33],
the author of [32] claimed, in the large N limit, an emergent scale (g2,,N)'/3N~%/° (at
which the perturbative loop expansion also breaks down). This new energy scale serves as
a finer gap than the 't Hooft scale among the low lying discrete states. Upon some addi-
tional assumptions on the spectrum, the author was able to reproduce the scaling in (1.3)
by matching the mean energy density across T ~ (g% N YI/3N=5/9 In contrary to the
heuristic analysis in [32] which depends little on the detail dynamics of the matrix model,
we shall attack the strong coupling problem directly at least within the matter sector. The
temperature scaling will arise from a nontrivial solution to the (one-loop truncated) S-D
equations where subtle cancellations between various supersymmetric partners are crucial.

The rest of the paper is organized as follows. In section 2, we introduce the N' = 2
Wess-Zumino matrix quantum mechanics and derive its one-loop truncated Schwinger-
Dyson equations. In section 3, we solve the Schwinger-Dyson equations in the low tem-
perature limit using a “soft collinear” approximation scheme, and compute the mean-field
free energy. We then investigate the corrections from higher-loop diagrams, and argue that
although the temperature scalings appear to be spoiled by these corrections in the N = 2
Wess-Zumino matrix quantum mechanics, they should remain valid in the N' = 4 version
of the theory in the planar limit. In section 4, we introduce the N' = 4 Wess-Zumino
matrix quantum mechanics, and repeat the low temperature analysis. In section 5, we dis-
cuss how our results for the Wess-Zumino quantum mechanics can be extended to the full
BFSS matrix theory by coupling it to a vector multiplet; in particular, we present the su-
persymmetric gauge-fixing conditions and write down the corresponding Schwinger-Dyson
equations. We also discuss the various phases of solutions. In section 6, we explore the
high temperature limit of BFSS. In section 7, we discuss future prospects of this program,
including ways to write down the BFSS action that preserves more manifest supersymme-
tries, and applications of our methods to supersymmetric quantum field theories in other



dimensions such as the two-dimensional V" = (2, 2) Landau-Ginzburg model. The Hawking
decay rate of the black hole in the 0-brane decoupling geometry is derived in appendix A.
Details on the convention of N' = 2 and N = 4 superspace, the one-loop Schwinger-Dyson
equations, and the low temperature expansion of the solutions are given in appendices B—
F. Finally, the high temperature expansion of the Schwinger-Dyson equations for BFSS
matrix theory is analyzed in appendix G.

2 N = 2 Wess-Zumino matrix quantum mechanics

In the 1D N = 2 language, the BFSS matrix quantum mechanics consists of one vector
multiplet and seven matter multiplets. Its truncation to the matter sector is an N = 2
Wess-Zumino matrix quantum mechanics with the 7 matter multiplets interacting through
a Go-invariant cubic superpotential. The one-loop truncated Schwinger-Dyson equations
for this system have been studied numerically in [26]. In this section we recall the form of
the Schwinger-Dyson equations for the N' = 2 Wess-Zumino model at finite temperature,
and set up the notations for the analytic results in subsequent sections.

2.1 The action

Consider N' = 2 Wess-Zumino matrix quantum mechanics with flavor symmetry G. Let the
matter multiplets be in some N;-dimensional representation of G, labeled by index a. We

b

will assume that G has a rank-3 totally antisymmetric invariant tensor €**¢ normalized by

eabceabd — C(scd (2‘1)

in this N-dimensional representation. If G is the 7 of G as for the matter sector of BF'SS,
then Ny =7 and ¢ = 3/2. The 1D N = 2 superspace is introduced in appendix B. In this
language, the N = 2 Wess-Zumino quantum mechanics in Euclidean signature contains N
real superfields!

P = ¢ + i1)%0, + if0%, (2.2)
interacting through a cubic superpotential
W= 5 abery (@a[cpb @C]) (2.3)
N , . .

Here ®2 are matrix superfields in the adjoint representation of SU(NN)? and in flavor sym-
metry G. The coefficient for the superpotential is chosen so that the form of the Schwinger-
Dyson equations will not depend on the choice of G' (but the free energy will).

After integrating out the fermionic coordiantes, the action is?

1. . 1 . 1
s [arm {¢a¢a T Lyse 4L ey
2 2 2
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+Tﬁ6 f[¢,¢]+27\/66a,86

IThe 4 in front of f gives the right sign for the kinetic term of f.
2This SU(N) becomes the color symmetry once we embed this theory into BFSS.
3We let {T} be a basis for SU(N) such that Tr (T4T?) = §47, and write ¢* = ¢*AT4.

%awz,wg]},




where dot stands for Euclidean time derivative. The SUSY transformations are

[QOM ¢] = _Z"lpoca
{Qav ?/},8} = ieaﬂf + Z(Saﬂd), (25)
[Qom f] = _i6a6¢5.

2.2 Schwinger-Dyson equations

The perturbative field theoretic approach to a (classically) massless theory in one dimension
suffers from infrared divergences. In many examples, such infrared divergences are cured
non-perturbatively. A framework that improves the ordinary perturbation theory and
naturally resolves the IR divergences is the Schwinger-Dyson equations. While the usual
formulation of Schwinger-Dyson equations are a set of recursive integral equations that
express exact correlation functions or 1PI vertices in terms of higher point vertices, such
equations are often hard to solve due to the general momentum dependence in the exact
vertices. In this paper, we will work with the equations that express the exact self-energies
in terms of the integrals of exact propagators and tree-level vertices. We will make a
truncation on the loop order of these equations, study the solutions to the truncated
equations, and then discuss the validity of such truncations.

Starting from the action (2.4), the Schwinger-Dyson equations at finite temperature
are formulated as follows. We compactify Euclidean time on a circle of circumference g,
and expand the fields in their Kaluza-Klein modes along the Euclidean time circle?

a _ L a 2minT/B
¢ \/BZ%e ,

neL
1 .
%i = "5 Z ¢g,r€2mm—/ﬁv (2 6)
\/B TEZJr%
1 A
fa _ fge%rznT/B'
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The action (2.4) written in terms of these Kaluza-Klein modes becomes

S =T 1(2mn)\* a a1 2mir a 1 a fa
= Y{ZQ(,B) ¢_n¢n+2; 3 Va,—r a,r‘*’Q;f—n‘fn

' 1K K (2.7)
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Let us denote the exact propagators by
(G20h) = Dnd™6p i,
W&, 0% ) = —i9:0" 6050y, —s, (2.8)
<fgf7l7)1> = 6néab(sn,—m-

4Unless otherwise noted, throughout this paper n, k, £ are integral and r, s are half-integral.



Note that (¢f) is prohibited by the following Zs-symmetry (R-parity) of the action (2.4):

o= —¢, Y1 — 1. (2.9)

Working in 't Hooft units where the dimensionful 't Hooft coupling x?N is set to 1, i.e.,
(kN )1/ 33 — B, the “one-loop truncated” Schwinger-Dyson equations are”

Alnz <27Tn> 5ZAk€n k+/8§:grgn T

(see figure 1)

— =1 ARA
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The terminology here requires some explanation. The equations (2.10) are the Schwinger-
Dyson equations for the exact two-point functions, where the three- and higher-point func-
tions are approximated by their bare values. We refer to (2.10) as the “one-loop truncated”
Schwinger-Dyson equations. The higher loop corrections will be discussed in section 3.6.
This approach is somewhere in between a fully non-perturbative treatment and pertur-
bation theory, but the results clearly go beyond perturbation theory since the nontrivial
solution for the self-energies cuts off the IR divergence that would invalidate the conven-
tional perturbation theory.

Our convention for the self-energies o,, h,, and n,, for the boson ¢, fermion v, and
auxiliary field f respectively, is such that they are related to the exact propagators by

1
A, =——
n (27m) +0'n
1
gr = = (2.11)
1
€ = ,
where 0_,, = oy, h_, = —h,, and n_, = n,. The Schwinger-Dyson equations (2.10),

written in terms of the self-energies, are

2 1 2 1
=52 +5Z{m

_(2;]@) Jro-k [1+77n—k] T B +h}|: mn— )+hn r

\ —

1
B Z _(27rk) +Uk [(QW(%*k) )2 +0'n7k}7 (212)

\ [\)

1
B Zk: _(QEk) + ok [L(g_k) + hr—k} .

®The sign for the fermion loop is compensated by the factor of (—4)? from (1/@#1/);’373) = —ig6"60p0r,—s.
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Figure 1. The one-loop truncated Schwinger-Dyson equations with bare cubic coupling. The solid,
dashed, and double lines represent the boson propagator A,,, the auxiliary field propagator ¢,, and
the fermion propagator g,, respectively.

2.3 N = 2 SUSY Ward identities

Although supersymmetry is broken at finite temperature, one expects supersymmetry to be
“approximately” restored in the low temperature limit. This is subtle due to IR divergences,
as the self-energies in the strict zero temperature limit are singular. Nonetheless, as shown
later, the Ward identities we derive here assuming supersymmetry will hold approximately
for the self-energies of the nonzero frequency modes of the fields in the low temperature
limit. Such relations are useful in organizing the low temperature expansion of the solutions
to the Schwinger-Dyson equations (2.12).

Naively, at strictly zero temperature, where the momentum (in Euclidean time) is
continuous, we write the exact two-point functions (2.8) as

1
(p(p)d(—p)) = m,
 —ibas
(Ya(p)bp(—p)) = DT (2.13)
U@ D) = T

If SUSY is not spontaneously broken, then

0= ({Qa, $(T)¥s(T)}) = —i(Wa(T)s(r")) + ibap(d(T)o(r")), (2.14)

where we used (¢f) = 0. Similarly we have

0= ({Qa, F(T)¥5(T")}) = —iear (s (T)0s (7)) + ieas(f (1) F (7). (2.15)

In momentum space, (2.14) and (2.15) read

o(p) = ph(p) = p*n(p). (2.16)

- 11 -



At finite but low temperatures, if supersymmetry is only slightly broken, one may
anticipate that there exists a continuous function s(p) such that

e () ).

B B
hy = s<?> [1+0(B<Y)], (2.17)
o) [ o]

In particular, if we assume s(0) is finite, then one expects that oy should be much smaller
than 0;,49, and 1o should be much larger than 7,. This will indeed be the case. The
separation of zero modes and nonzero modes is the key to the scaling ansatz (3.1) that will
allow us to solve the Schwinger-Dyson equations at low temperatures.

3 The low temperature limit

3.1 A “soft-collinear” approximation

In the low temperature, or large 8 limit, we will demonstrate that the Schwinger-Dyson
equations (2.12) admit solutions of the following leading order scaling in 8 (here the mode
numbers n,r are assumed to be O(1))

oo~ BT g~ P

) (3.1)
On#0 "~ B 4/57 Tn£0 ™~ 66/57 hy ~ 61/5-

Note that the scaling of the zero modes ¢ and 79 are order 373/5 lower and higher, respec-

—3/5

tively, than their nonzero mode counterparts. This 3 turns out to be the appropriate

expansion parameter for the Wess-Zumino quantum mechanics at low temperatures.

One key property of the ansatz (3.1) is that at large 8 the boson zero mode propagator
Ag ~ B7/5 dominates the loop sums on the right-hand-side of the Schwinger-Dyson equa-
tions (2.12). Hence, to leading order in 1/3, the S-D equations reduce to simple algebraic
expressions for the self-energies of the nonzero modes and for 7y in terms of og. Once
we have the leading order expressions, we can compute corrections in 1/8 order by order.
Finally, substituting these expressions into the S-D equation for og, we find an equation in-
volving og only. If a solution for o9 with the assumed scaling exists, then we know that the
scaling ansatz (3.1) is indeed consistent. The consistency of the ansatz is highly nontrivial,
however, and as we will see require delicate cancelations. By a slight abuse of terminology,
we refer to our ansatz as a “soft collinear” approximation, where we regard the nonzero
modes as “hard” and zero modes as “soft”.

- 12 —



3.2 Nonzero modes o,, 1,, h, and the auxiliary zero mode 7

In the following we implicitly take n # 0. Let us reorganize the Schwinger-Dyson equa-
tions (2.12) for the nonzero modes oy, N, and h, and the auxiliary zero mode 7y in the form

2 1 2mn

On = + ATL;
Boo 1+, B
2 1 8
n = Bm
" Boo (332)? + o, " 2mn
9 1 (3.2)
h —+C
T /80' 27”, 7,. ()
1
no = + D,
/BU()
where
n:% ZAken k+zgr9n r |
k£0
2mn
Bn = F Z AkAnfka
k#0,n (3.3)
2
Cr = B Z Ak‘gr—kv
k£0
1
D= E Z AkA_k
k40
According to the scaling ansatz (3.1),
~ ) 7ATL ~ B )
Booltm " B
2 1 6/5 p 3/5
~Y 7Bn ~Y 5
Goo (B 10, 0 2
2 1 1/5 2/5 (34)
- 9mr ., 1 ’ CT ~ b )
ﬁ 27r7" —|—h ﬁ B
1
59/5 D~ 53/5‘
50'0

Since the terms on the r.h.s. involving A,,, By, Cy, and D are subleading in 1/, the leading
order Schwinger-Dyson equations (3.2) are simple algebraic equations as advertised earlier.
Notice that because we expanded in 1/8 while taking n,r ~ O(1), the loop sums where n
and r range over —oo to oo become divergent and will require regularization.

The fermion self-energy h, and the product o,n, can be directly read off

hy = sign(r), /Bi + O, (3.5)

%m=5;+0w1® (3.6)
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where sign(r) comes from the odd parity of h,. To find o, and 7, individually, let

2
Op = ﬂsn(l + xy),
g (3.7)

where

Sp = sign(n)y / 5200 +0O(672%). (3.8)

If the approximate SUSY Ward identities (2.16) are to hold in the low temperature limit,
then we expect x, to scale with a negative power in 5. In appendix D we solve for z,
directly from the Schwinger-Dyson equations, and find

3
_ (Boo\>_3 —6/5 -3/5
en = (%50) g + OO ~ 7 (39)
in accordance with (2.16).

3.3 Boson zero mode oy

Let us examine the Schwinger-Dyson equation for the boson zero mode g

’ 2 Boo\? o
Boo(l+m0) ' B Z Zm 57; <;0> +0(87195). (3.10)

R

oy —

If one substitutes the leading order expressions for the other self-energies into the above

—7/5

equation, then each term becomes order , and one finds that the two sides exactly

cancel. It turns out that the next order 82 terms also cancel, and therefore the solution

13/5 This requires expanding s, and h, to order S~ and

to o¢ is determined at order 8~
no to order §3/° (each two orders of 573/5> down from the leading piece).
For the auxiliary zero mode 1), the relevant correction is given straightforwardly by D

n (3.2), and we find

Z L Loy = L B0 oy 3
472n? s2 (1 + x,)? - Bag 24 | |

For s, and h,, let us write

2
Sp = sign(n)\/g_F 39) + 8%2) 4 0(5_8/5),

. (3.12)
h, = sign(r), [ — + A + n2) + O(78/5),
Boo
where sg), 7(}) are of order 572/% and 3512), hg) are of order 5~ !. Next, define
_ [Boo _ sign(¢)sign(k — ¢)
9=\ C= ), . , (3.13)

040,k

— 14 —



where k£ can take both integral and half-integral values. The computation for 5%1), 553),

h,(nl)7 and hf?) can be found in appendix E. The results are

(=20, 0@,

o = ’BUOC + oY,

5 5 . N .
o2 = T Sign(n)%Cﬁ B 4972 sign(n k)CkkJr sign(k)Cr—k
6 T d k#0,n
5
g s k g sign(k 81gn (n —k)xy
+ 47T2nkz (=) 81gn<n )Ck/z Z (3.14)
#0,2n k#On
LT Lo,
21212
5 . o .
h£,2) — _m + Sign( )703 _ % sagn(r k)ck]:‘ Slgn(k)crfk
p k40
2 ign(k)si —k
9”7~ sign(k)sign(r — k), + 0585,
2m k
k40

The relevant contribution to the Schwinger-Dyson equation for o is

Y s Zh 2=y ( - % +5g) +0(571). (3.15)
n#0

Using (3.11) and (3.15), the equation for o¢ becomes

s 3 _
00 =00+ —= Wi 8/25 12 _ EﬁgUé +O(B719/3), (3.16)
from which we obtain
™ % _T _92
00 = 2 <§> BE +0(872). (3.17)

To summarize, we solved the Schwinger-Dyson equations and obtained the self-energies
at low temperatures. Consistency of the ansatz (3.1) is thus verified. Note that although
we solved s, to second order in (3.14), x, is only computed to zeroth order in (3.9), so
according to (3.7) we only have first order expressions for o, and 7,. Fortunately, for the
purpose of solving oy and later on computing the free energy, we only need s, to second
order but not g, and 7, separately.

3.4 Continuum limit

Before computing the free energy, let us note the following property of our solution of self-
energies. In terms of the low temperature expansion parameter g, the boson self-energies are

2g2
/8 )

2m|n| 39° 9°|Chl 2
= 1 1

o) =
(3.18)

~15 —



where the first equation is the definition of g. If we write p = 27n/3, then the self-enengy
for the nonzero modes can be written as

In|
!M( 3g° > o
o(p) = 1+ ) |1 + = Z +0(872)
Blpl ok !p\ (3.19)
_ ol [ +Bf3| N HN(BIP\

where H N (z) is the analytic continuation of the harmonic function. Since H N (z) is regular

)+ 0" .

at z = 0, taking p — 0 gives
o(0) = 2+ O(g°). (3.20)

Curiously, o(0) coincides with o¢. In other words, the zero mode self-energy o( could be
regarded as the p — 0 limit of the self-energy function o(p) of a continuous momentum p.
This fact may be useful in applying the Schwinger-Dyson equation to Wess-Zumino quan-
tum mechanics coupled to gauge fields, where a continuous distribution of the eigenvalues
of the holonomy matrix along the thermal circle is involved.

3.5 Free energy

Having obtained the propagators from the one-loop truncated Schwinger-Dyson equation,
we can now compute the free energy in the mean-field approximation [26]. Let us define a
quadratic Fourier space “trial action” Sy, whose propagators are solutions to the one-loop
truncated Schwinger-Dyson equations:

SozTr{Z¢¢_ +i Z “TW‘“Jer’Z{E”}. (3.21)

n

Next we write the true action as S = Sy + S3, where Sy and S5 consist of the quadratic
and cubic terms, respectively. Then an approximate free energy is given by

BF = BFy+ (S2 — So)o — %<5§>0- (3.22)

The subscript 0 here indicates that the expectation value is taken with respect the trial
action, i.e.,

Y= [ DeDuDs S (3.23)

In the planar limit, and dropping an overall factor of N2Ny, we have

BFy = —;zn:lnAn — ;zn:lnen —i—;;lngf,
1 2mn )\ 2 1 2mr
<SQ - SO>0 = 5 Z [(ﬂ) An —1| + 5 Z(fn - 1) - Z (697’ - 1) s (3.24)

<SS ZA Ak€m+k+ ﬁzgr‘gs r+s-
7,5
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In appendix F, we compute these contributions to the free energy using solutions computed
in section 3.3, but without plugging in the explicit value of og in (3.17). The results are

BFy = const + ¢ Z Z h\r|

n#0
471'9 <nz>0n _ Z ) + @(60—0> + 0(5—9/5)’
. o 1/2
(S2=Soho=1- 7% <°> +0(579), (3.25)

-5 53 =g | sl — DA

n#0
- (Zn > ) + 155 (Bo0)® + O(570).

n>0

We see that the potentially divergent sums cancel between SF; and —%<S§>o, and thus

1/2
BF = const + i(ﬁao)3 - (?) + 0377, (3.26)

32 2V2

In [26], the one-loop truncated Schwinger-Dyson equations are obtained by extremizing
the mean-field free energy (3.22) with respect to the propagators in the trial action (3.21)
(which is why it was called the trial action in the first place). As a consistency check, we
should find that our solution for og (3.17) minimizes the free energy (3.26). This is indeed
the case as one can easily verify. Replacing o by its explicit solution (3.17), we get

6/5
BF = const — i(g) N2N; 3785 1 0=, (3.27)

where we have restored the overall N2N + factor.
To conclude, we solved the one-loop truncated Schwinger-Dyson equations in the large
8 limit, and found that the non-constant part of SF has 879/ scaling. We have also

6/5. For comparison, the

confirmed it numerically, including the coefficient in front of 8~
numerical analysis of [26] by fitting up to 8 ~ 28 gave the scaling ~ 3719, In fact, a
careful inspection of various terms in the oy S-D equation shows that the correct S~12
low temperature scaling is visible only when £ is greater than ~ 100 (in the normalization

convention of [26]).

3.6 Higher loop corrections

A priori, there seems to be no reason to expect the one-loop truncation of the Schwinger-
Dyson equations to capture the correct low temperature physics, since the dimensionless
't Hooft coupling is strong in the low temperature limit. Naively, one may expect two and
higher loop contributions to the S-D equations to overwhelm the one-loop contribution and
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Figure 2. The two-loop truncated Schwinger-Dyson equations with bare cubic coupling. The solid,
dashed, and double lines represent the boson propagator A,,, the auxiliary field propagator ¢,, and
the fermion propagator g,, respectively.

completely destroy the scaling behavior we found. However, due to the peculiar scaling
behavior of the propagators, the effective expansion parameter in the low temperature limit
is not the 't Hooft coupling. If we proceed with our ansatz for the one-loop self-energies, the
question is whether the correction to the S-D equation for og respects the scaling ansatz.
Let us look at the two-loop truncated Schwinger-Dyson equations, which are shown di-
agrammatically in figure 2. As it turns out, the two-loop diagrams contribute an additional

6
5 1 1 3/2
ZO<1+x/§ 1+x/5> (Bg()) lni”0(5_2lnﬁ) (3.28)

to the r.h.s. of the Schwinger-Dyson equation for oy (3.16). This is, up to a logarithmic

term

factor, the same as the next-to-leading order term in the one-loop contribution. How-
ever, as seen earlier, the scaling solution to the one-loop S-D equations requires complete

cancelation at next-to-leading order, and og ~ B=7/5

would be determined only at next-to-
next-to-leading order. This is now spoiled by the two-loop contribution. This means that
either the ansatz (3.1) is incorrect, or that z, is at least of order O(1) which invalidates
the approximate SUSY Ward identities (2.17). So it appears that the two-loop truncated
S-D equation of the N' = 2 Wess-Zumino quantum mechanics does not give rise to a simple
scaling solution in the low temperature limit.

Inclusion of three- and higher-loop diagrams would give corrections that even over-
whelm the one-loop leading order terms in the low temperature limit, and hence completely
invalidates the ansatz (3.1). Figure 3 shows two diagrams appearing in the pertubative
expansion of the exact three-point vertex that are larger than their tree-level counterparts.

5The log comes from cutting off the harmonic sum at /3/00.
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(a) (b)

Figure 3. Diagrams that appear in the pertubative expansion of the exact three-point vertex.

Diagram (a) does not exist at tree-level, and Diagram (b) is of order
5_3/2(A0)26n ~ /8_3/2(57/5)25_6/5 ~ ,8_1/2B3/5, (329)

which is 8%/% larger than tree-level (5=1/ 2). Tt is possible that a scaling behavior of the
type we found still holds in the full theory at large N,” but if so, an alternative truncation
of the Schwinger-Dyson equation would be needed to reveal the correct low temperature
scaling beyond the one-loop result.

4 N = 4 Wess-Zumino matrix quantum mechanics

The N = 4 Wess-Zumino matrix quantum mechanics, whose one-loop truncated Schwinger-
Dyson equations take an identical form as those of the A/ = 2 theory, on the other hand does
not receive two-loop contributions, nor planar three-loop contributions. Moreover, the per-
turbative expansion of the exact three-point vertex only contains diagrams that are at most
of the same order as the leading order at one-loop. It is therefore conceivable that one-loop
truncated S-D equations serve as a better approximation of the A' = 4 model. An ' =4
Wess-Zumino matrix quantum mechanics can also be obtained as a truncation (or deforma-
tion) of the BFSS matrix model. In the N = 4 language, the BFSS matrix model consists of
one vector multiplet and three chiral multiplets,® with an SU(3) invariant cubic potential.

4.1 Action, Schwinger-Dyson equations, and free energy

Consider an N = 4 Wess-Zumino matrix quantum mechanics with a flavor symmetry group
G. Suppose the chiral multiplets are in an Ny-dimensional representation of GG, governed
by a cubic superpotential of the same form as in explained at the beginning of section 2.1
(except that the real A/ = 2 matter multiplets are now replaced by the holomorphic N' = 4
chiral multiplets). For the A' = 4 WZ model coming from the matter sector of BFSS,
G =SU(3) and Ny = 3, ¢ = 2. Our conventions for the 1D N = 4 superspace are defined
in appendix C. We have Ny chiral superfields

DU = ¢ (y) + V20L(y)0* + if*(y)o? (4.1)

"We will comment on the relevance of the large N, i.e. planar, limit in the next section.

8Since 1D N = 4 is the dimensional reduction of 4D N = 1, we name the supermultiplets using the 4D
language.
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in the adjoint representation of SU(NN) and in the fundamental representation of the flavor
symmetry GG. The superpotential is given by

W= —#mabm <<I>a[<1>b, @C]) , (4.2)

and the action is

S = /dT Tr {gb'“q'ﬁa + P+ fOre
) (4.3)

abc pay b c ozB abc a c

+ (el 6T+ eyt ug) +he. ) b

Let us write the finite temperature propagators in momentum (frequency) space as

(P2¢0) = N6%5,,
(o ) = —ig.0™ 550, s, (4.4)
(Fafl) = €,6%6, —m

The self-energies are defined as in (2.11). The N' = 4 SUSY Ward identities, given in (C.24),
take an identical form as the A/ = 2 identities (2.16). We have normalized the coupling con-
stant k in (4.3) such that the one-loop truncated Schwinger-Dyson equations are identical
to the N' = 2 ones (2.12), whose solution is given in section 3.3.

The free energy can also be computed to be

6/5
BF = const — Z(g) N2Nfﬁ_6/5 +0(37Y%). (4.5)

which is twice that of the N' = 2 free energy (3.27) because the fields are now complex. To

2 1/3

restore the dependence on k2, one replaces 3 by the dimensionless combination 3(k2N)

4.2 Higher loops

A key difference between the N' = 2 and N' = 4 Wess-Zumino quantum mechanics is the
holomorphicity of the superpotential. In the Feynman diagrams of the N' = 4 model,
propagators carry arrows since the fields are complex, and vertices have either all three
propagators pointing inwards or all pointing outwards; in other words, the Feynman di-
agrams are bipartite graphs. It is not hard to see that no two-loop or planar three-loop
diagrams can appear on the r.h.s. of the Schwinger-Dyson equations for the self-energies.
Thus without taking the planar limit, the first nontrivial corrections come from non-planar
three-loop diagrams, and in the planar limit, the first nontrivial corrections come from four-
loop diagrams. Examples of these non-planar three-loop and planar four-loop diagrams are
shown in figure 4.

Although we have not explicitly evaluated the four-loop contributions and its effect on
the scaling solution in the low temperature limit, a naive counting of powers of propagators
of zero modes versus nonzero modes based on the one-loop scaling ansatz suggests that the
higher loop contributions are of the same order as the one-loop contribution. While such
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Figure 4. Corrections to the auxiliary self-energy 7, from (a) a non-planar three-loop diagram
and (b) a planar four-loop diagram.

e = e = =
r r r r r

Figure 5. A leading order correction to the fermion self-energy h, from a planar L-loop diagram
(L has to be even). There are L boson zero mode propagators (solid line).

contributions are expected to correct the coefficient of the self-energies and the free energy,
it is conceivable that the scaling behavior found in the solution to the one-loop truncated
equations continue to hold when all-loop contributions are included, at the planar level.
The large N limit is potentially important here, in order for the loop expansion in the
Schwinger-Dyson equation to converge. At L-loop order, there are roughly L! O(CF)
diagrams that contribute to the Schwinger-Dyson equations at leading order in 1/43, but
only O(C'F) planar diagrams that do so, where C' and C’ are some constants [34]. For
example, figure 5 shows an L-loop correction to the fermion self-energy h,. Assuming the
scalings in (3.1), the scaling of this diagram is

B_Lgf_lA(L)/gg ~ B—L/@(—L+1)/557L/55—L/5 ~ 61/57 (46)

which indeed is the leading order in the Schwinger-Dyson equation for A,. There are two
such planar diagrams, coming from the two (alternating) assignments of the R-symmetry in-
dex a = 1,2 at the vertices in the fermion loop. On the other hand, there are 2(L/2)!(L/2—
1)! non-planar diagrams, where the extra (L/2)!(L/2—1)! comes from inequivalent permu-
tations among the boson propagators. While summing over all non-planar diagrams gives
an asymptotic series, restricting to planar diagrams may give rise to a convergent sum.
We conjecture that the S~%/°-scaling of the free energy is preserved to all loop or-
ders for the N/ = 4 Wess-Zumino quantum mechanics in the planar limit, with only the
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coefficient to be corrected. Further, it is possible that such scaling behavior holds when
perturbative 1/N corrections are included as well, and is only violated by non-perturbative
effects in 1/N. One reason to anticipate this is the existence of exponentially long lived
metastable states in BFSS matrix quantum mechanics, which dominate the thermodyamics
as predicted by the gravity dual. As explained in the introduction section, the scaling be-
havior cannot possibly hold for the exact free energy in the general Wess-Zumino quantum
mechanics at finite N: depending on the precise matter content and the form of the super-
potential, the model could be either gapped, in which case the free energy is exponentially
suppressed in the very low temperature limit (for fixed N), or infinite, when there is a
moduli space (flat directions of the superpotential). Nonetheless, in the infinite N limit,
we expect that there is at least a phase of the theory in which the free energy exhibits
the nontrivial power scaling in the temperature, as we found from the one-loop Schwinger-
Dyson equation. In A/ = 4 theories where the superpotential is such that the spectrum is
gapped at finite IV, we expect a near-continuum is developed in the large N limit, and if
we first take N — oo, and then take the temperature to be small in 't Hooft units, the free
energy should exhibit the scaling behavior. In N = 4 theories where the superpotential
has flat directions, there are alternative, and singular, solutions to the Schwinger-Dyson
equation, where the self-energies of the bosonic fields corresponding to the flat directions
are set to zero, while the self-energies of the fields along the non-flat directions diverge.
Such singular solutions may be regularized by introducing an IR regulator that cuts off
the volume divergence in the target space. In such theories, at infinite N, we expect our
scaling solution to describe an “unbroken” phase (the flavor group is unbroken), as opposed
to the “broken” phase describing the flat directions of the potential. The different phases
correspond to different solutions to the Schwinger-Dyson equations.

5 Towards the low temperature expansion of BFSS

In the previous sections we have studied the low temperature expansion of the N = 2
and N = 4 Wess-Zumino quantum mechanics. To extend our results for the Wess-Zumino
quantum mechanics to BFSS matrix theory, we need to couple the vector multiplet to it
and perform the appropriate supersymmetric gauge fixing, which also introduces the ghost
multiplet. In this section we discuss some preliminary results toward understanding the
planar free energy of BFSS.

5.1 N = 2 gauge-fixed BFSS

The BFSS action can be decomposed into one N' = 2 vector multiplet I, plus seven matter

multiplets ®¢, a = 1,---,7 in the fundamental representation of the G2 flavor symmetry,
1 1[4 . .
Svec + Smatter = 2/d7’d29TI'{ - (eaﬂ) VQPVBP}
Pm A2 (5.1)

+/drd29 Tr (—Z’leaﬁvaqﬂvﬂqﬂ - Zg;mea%a[@b,@co ,

where F! is the field-strength superfield for the real connection superfield I',. See ap-
pendix B for our notations.
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The N = 2 gauge-fixing condition is
€apDal'sg =0, (5.2)
If we expand the real connection superfield I', as
To = Xa + 14000 + X'V 505 + deasls + 2e45730°. (5.3)

Eq. (5.2) becomes

Ay=0, d=0, Io= 5 Xo- (5.4)

The N = 2 gauge-fixing introduces a ghost multiplet
C = a+ Baby + in6? (5.5)

with a and + complex fermonic fields and £, a complex bosonic field. The ghost action is
Sehost = / drdf* Tr {;ea/gDaévﬁc}. (5.6)
Eq. (5.1) together with (5.6) gives the complete BFSS action in the NV = 2 gauge (5.2).

5.2 The N = 2 ghost determinant

In the usual Wess-Zumino gauge-fixing, which breaks all supersymmetries, the eigenvalues
of the zero mode of Ay have the 27 periodicity coming from the large gauge transformation.
Or equivalently, the eigenvalues of the holonomy matrix U = exp (f dTAo) are gauge
invariant. However, there is no such periodicity for the A" = 2 gauge-fixing. To see this,
let us note the coupling between X?, B, and the gauge field A in the BFSS action,

Svee 3 (0, X"+ i[Ag, X)),

_ /. i 1 . _ . (5.7)
Sehost 2 Ba (5a + 2[140,5040 + 5’7&5@1[4}(1,5&]7
where v! = 01,7? = 03. Note the curious 1/2 factor in the coupling between the 3-ghost
and the gauge field. Suppose we shift one of the eigenvalues of Ay by 47, then this can be
undone by shifting the momentum modes of X? and B, by 2 and 1, respectively. However,
the coupling between X and 3, is not invariant under this shift, so the 1/2 factor in the
gauge coupling of 8, completely destroys the periodicity of the eigenvalues of Ajg.

In fact, the NV = 2 gauge condition (5.2), (5.4) leaves no residual large gauge transfor-
mations (except for the constant gauge rotation). First consider the zero temperature case.
Recall the infinitesimal N/ = 2 gauge transformations form appendix A.2.1, generated by
A = Q +iwab + W2 The ones that preserve the gauge condition (5.2) obey

d (. i
= — [ Q+i[40, Q] + 3{Xa Wa} |,
0= 4 (90 140,90+ L)
1
0=-W-— ieaﬁ{meb’}a (5.8)
0= o+ L[ Agswa] + Seasbim W] — Do @+ - Lo ] — 2o (X7, wg]
= Wq 9 0, Wa 26aﬁ XB> o 2 dr Xavs 2704[3 , Wp|-
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The last equation can also be written as

1

~Vhs[ X", wgl. (5.9)

i )
_ OHQ _
[Xa» €] 5

1
760‘6[)(,87 W] + 2

. 7
0=wq+ §[A0,wa] + 5

For generic x,, these conditions are satisfied only if w, =0, W =0, and Q) = 0. Therefore,
the residual unfixed gauge transformations are constant bosonic gauge rotations. This is
in contrast with the non-supersymmetric gauge fixing (Wess-Zumino gauge together with
Ay = 0) where Q can be linear in time 7, provided that it also commutes with Ag. In the
finite temperature case, the finite gauge transformations must be such that the bosonic
components of e is periodic on the Euclidean time circle while the fermionic components
are anti-periodic. While in the case of non-supersymmetric gauge fixing, there are residual
large gauge transformations of the form €7 with [Ag, (] = 0 and €’¢ = 1, in the case of
N = 2 gauge fixing the only residual gauge transformations are ef? with constant bosonic
Q). Therefore, in the latter case, the eigenvalues of Ag are not periodically identified, and
in the path integral we must integrate over all range of Ay.

If we set Xxq to zero, the N' = 2 ghost determinant as a functional of (constant) Ao
and X' is

det’(9; + i[Ao, -])
det (0 + 5[40, Do + 375X, ])

As already mentioned, if we further restrict to X* = 0, this ghost determinant is invariant

(5.10)

under the shift of eigenvalues of 5Ag by 47, but not by 2w. The path integral measure in
Ap can be written in terms of the integration over its eigenvalues «o; (j =1,2,--- ,N) as

sm (05/2)
doy; —_— 5.11
/ H cos4 (e /4) (5:11)
In the large N limit, in terms of the eigenvalue distribution function p(a)) (whose integral

is normalized to 1), the effective potential for o due to the ghost determinant is (when x4
and X' are restricted to zero) N? times

1 A A
2/dada’p(a)p(a') [—hrlsin2 (a 2a > + 21n cos? <a 4a )]

© o n/2 s 0, (5.12)
— n_ 9 — ,
-3 5 S g
where
Pn = /dap(a) cos(na). (5.13)

Note that the coupling of matter multiplets to the vector multiplet still respects the shift of
BAg by 27, and consequently, the effective action due to integrating out matter multiplets
should depend only on pj, for integer n and not p,, 1. To minimize the effective action, one
would set p,, 1 to zero for all integer n, and effectively the eigenvalues no longer repel one
another. This is rather surprising. Let us note cautiously, however, that we have essentially
ignored the scalar X’ and fermion y, in the vector multiplet, in the above discussion.
Integrating them out could have important consequences on the effective action of Ag.
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5.3 The free energy

To obtain the free energy for BFSS, one needs to incorporate the vector sector in a con-
sistent manner. For example, one could try to derive the effective action for the vector
multiplet by integrating out the matter multiplets, using the solutions to the one-loop
truncated Schwinger-Dyson equations of the Wess-Zumino quantum mechanics, around a
certain background of Ay. It turns out that the Schwinger-Dyson equations are not partic-
ularly useful in solving the vector sector with the effective potential V(Ag) generated by
the matter sector. The difficulty lies in that, the soft collinear approximation doesn’t hold
for the vector and ghost multiplet. Nonetheless, we can infer some properties of V(Ay)
from our results.

Assuming that the matter sector has the same scaling behavior as in the N = 2 Wess-
Zumino matrix quantum mechanics, integrating out the matter sector to leading order in
B~! generates an effective mass term for the vector multiplet

m%//d’r Tr (A5 + (X% + XaXa), mi ~ 6(170 ~ 325, (5.14)

In the more familiar case of non-supersymmetric gauge fixing, while typically the
effective potential for Ay drives the eigenvalues of Ag toward the origin, there is a competing
repelling effect between the eigenvalues due to the ghost determinant (or the measure in
the integration over the eigenvalues). Naively, the effective mass my would be too small
to overcome the repelling of the eigenvalues. However, as seen in the previous subsection,
in the N/ = 2 gauge fixed path integral, the eigenvalues of Ay in fact do not repel, as
far as the coupling to matter multiplets is concerned, as the latter only knows about the
eigenvalues of Ay up to shifts by 27/8. It then seems plausible that the free energy of the
vector multiplet coupled to matter multiplets is dominated by the contribution from the
matter multiplets alone, with the vector multiplet turned off. If this is the case, the free
energy of BFSS matrix quantum mechanics would have the same low temperature scaling
as the truncated Wess-Zumino quantum mechanics, and we would have SF ~ —CT%/5.
We do not know the source of the discrepancy between this 6/5 scaling exponent and the
9/5 as predicted from the gravity dual. Clearly, a better understanding of the dynamics of
the gauge multiplet, through perhaps a better set of truncated Schwinger-Dyson equations
that do capture the correct low temperature behavior, is needed.

Let us also note that, unlike the typical large N gauged matrix models with adjoint
matter, where one expects a Gross-Witten-Wadia phase transition [35, 36] going from high
temperatures to low temperatures, such a transition should be absent in the planar limit of
BFSS matrix quantum mechanics, because there is no Hawking-Page transition of the DO
black hole in the gravity dual, for temperatures of order 1 in units of the ’t Hooft coupling.

Previously, the authors of [26-28] studied the Schwinger-Dyson equations of this NV = 2
gauge-fixed BFSS model (presented in appendix B.4), and produced numerical results for
the free energy. A BF ~ B~17 scaling was found there, which appeared to be close to the
18 predicted by the dual black hole. However, this scaling was obtained by fitting the
numerical results within the inverse temperature range 1 < 8 < 4. If one modifies the fitting
range to, say, 0.25 < 8 < 4, the result already changes drastically. In addition, the numerics
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break down at 8 ~ 6, essentially due to the ghost multiplet. In fact, the Schwinger-Dyson
equations for just the pure gauge system (B.57), (B.56) do not admit a real solution due to
the negative signs in the equations for II¢ and ©¢. When 3 > 6, the terms from coupling
to matter become smaller than the pure gauge terms, and it appears that no real solution
exists in this regime. Further, it is unclear to us why [27, 28] treated the gauge field as a
holonomy matrix model after gauge-fixing and including the ghosts in the S-D equations:
such a treatment would seem to double-count the ghost determinant. Though, this double-
counting turns out to have little effect on the numerical result for the free energy computed
from the S-D equations in the temperature range considered in [27, 28].

5.4 N = 4 gauge-fixing

As mentioned before, the N/ = 4 Wess-Zumino matrix quantum mechanics with SU(3)
flavor can be regarded as a deformation of BFSS. In A = 4 language, the BFSS action can
be written as

1 _
Lprss =Tr (— - eaﬁwawﬂ’ - h.c.> + 0% 2V
4gYM F D

where V' is a real superfield representing the vector multiplet and W is the field strength.
The advantage of writing the BFSS action in N' = 4 language is that we can impose a

(5.15)

v abcFardmb HC
+|{—-——= 7P D7 D
< 6\/§gYM | ]

manifestly N' = 4 supersymmetric gauge fixing condition
e9DsD;V = 0. (5.16)
where V is the real superfield representing the vector multiplet. Dy is defined as

Dy = _agd —076,4,0- (5.17)

Expanding the real superfield V (7,6, 0) as

V(7,0,0) = R(1) + 0x(7) + 0x(1) + 00M () + 00 M (7)

. o - __ 1 (5.18)
+0°0° (i6,540(7) + 0", X' (7)) + 099N(7) + 00OA(7) + 50000D(7),
then (5.16) implies
M= N =0,
1 LIB' S 1 ]
Aa = *§5QBX , Aa = §5ﬁa'X (5.19)
1.

Note that since the lowest component field R(7) is not zero in the N' = 4 supersymmetric
gauge-fixing condition (5.16), there are infinitely many terms involving R(7) in the action.

For now, we wish to decouple the vector multiplet and only study the matter (chiral)
multiplets described by the N' = 4 Wess-Zumino quantum mechanics. This can be done by
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deforming the BFSS action with a superpotential 6W = 67'§ﬁeabcTr (®2[®°, d°]) and taking
k/gym — oo. Note that this deformation is in the same supermultiplet as Tr (®*®%), which
is presumably dual to a stringy mode in the bulk. Hence the gravity dual of the deformed

theory has a very stringy description.

5.5 Phases of BFSS

There can be different solutions to the one-loop truncated Schwinger-Dyson equations. In
section 4, we have only considered the solution to the A' = 4 matter sector WZ model that
respects the SU(3) flavor symmetry. To obtain a solution where the SU(3) flavor symmetry
is spontaneously broken, we can take the zero mode self-energy oq of, say, ®! to be very
small, which corresponds to ®! being massless and can acquire a large vacuum expectation
value. This in turn generates large masses for ®2 and ®3. We can then integrate out ®2 and
®3 and obtain some effective action for ®'. In the effective action there are scattering states
described by wave packets at large ®!, that becomes just that of the free theory of one
chiral superfield ®'. The free energy is then given by N? times the volume divergence from
the scattering states, which is certainly different from the [-scaling we found in section 4.
As already discussed, we expect these different solutions to the planar Schwinger-Dyson
equation to describe different phases of the theory at infinite /N; the tunneling from one
phase to another, which resembles the Hawking radiation of DO black holes in the gravity
dual of BF'SS matrix theory, is expected to be exponentially suppressed in the large N limit.

When the matter WZ model is coupled to the gauge multiplets, the ~ N2 flat directions
are reduced to ~ N flat directions, due to gauge symmetry. From the perspective of the
planar Schwinger-Dyson equation, there is no longer the singular solution that breaks the
SU(3) flavor symmetry, as the loops of gauge multiplets contribute to the self-energy of
all matter chiral multiplets. Given that the planar free energy is supposed to capture
metastable microstates of the DO black hole, an intriguing question is whether one can
study quantitatively the tunneling amplitudes which are non-perturbative in 1/N, in the
framework of the Schwinger-Dyson equations. This is left for the future.

6 The high temperature limit

Compared to the low temperature analysis of BFSS in the previous sections, the Schwinger-
Dyson equations in the high temperature limit are much simpler to deal with, because the
nonzero modes are weakly coupled (the zero modes remain strongly coupled). Prior work
in this aspect includes [37], where the high temperature behavior of BFSS was studied
by first dimensionally reducing to IKKT matrix model, and then utilizing Monte Carlo
method to extract the two point functions. Here, we shall employ the one-loop truncated
Schwinger-Dyson equations to perform the integrating out procedure. Similar techniques
have also been applied to the bosonic IKKT matrix model in a 1/D expansion [38].
While the low temperature limit of BFSS matrix model describes a black hole in the
bulk, its high temperature limit corresponds to the stringy regime in the dual theory.
Therefore the high temperature analysis should tells us about the stringy black hole in the
bulk. Note that while the horizon size of such stringy black holes are small in units of
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the string length, they are large with respect to the Planck length determined by the local
string coupling (which goes to zero at large radii).

For the following analysis, we will work with the N' = 2 gauge fixing, solve the one-
loop truncated Schwinger-Dyson equations in the 5 < 1 limit pertubatively, while keeping
the next to leading corrections to the self-energies of both zero and nonzero modes (the
appropriate expansion parameter in the high temperature turns out to be 33/ 2), and obtain
the free energy up to O(3%). Note that to obtain the next to leading correction to the free
energy, we only need to know the 33/2 corrections for the zero mode self-energies. We shall
also calculate the “size” of the bound state (R?)g, and compare with the Monte Carlo
result from [37].

6.1 Schwinger-Dyson equations

At leading order, the Schwinger-Dyson equations reduce to those involving only the zero
modes, and those which determine the nonzero mode self-energies from the zero mode
self-energies. The equations for zero modes at leading order are

4 2 12
I = ——+ — + —r =
OBy Bu T BIYI(EY +1)
2 14 2
Y =0+ + =,
Coopy oyt B
6 (6.1)
:84 — .,
p(IIG")?
2 7
5= =+ =
2 plly  PIL
whose solution is given by
b a
vV _ _ M _ =M __
I _M_W7 ITy —W7 = =d, (6.2)
with 14 6
b=c=4.78511 = = 3.54504, d= — = 0.477429. .
c 78511, a b—4/b 3.54504, 2 0.477429 (6.3)
Then one can readily obtain the leading self-energies for the nonzero modes
60 38 8 3
Boson: M~ (= _22)371/2 Y~ (b—=)g1/2 EM~ 2 3/2
27r 13\ _ 8 6 9\, _
Fermion: %Yo~ ——(b—_")g7 12 uM~ = Z(p 5712 6.4
GO &y =g ( 2b>5 T vt 1 k79 (64)
2 B 1 1
host : TG ~—=p71/2 nG~ 2 3m1/2 20~ 3
Gihos " bﬁ " 2wy 2bﬂ ’ " 167r2n2ﬂ
Proceeding to next order in 4%/2, we find for zero modes,
oMM = —2528, VY = —0.328, =M —0.688%% ) =5538, (6.5)
while for nonzero modes, we have
A IIM = 524183 + %, A DY = 4.86502 + %. (6.6)
n n

The detailed calculation is presented in appendix G.
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6.2 The free energy

Now that we have the self-energies, we can immediately obtain the free energy in the high
temperature limit. To leading order, we have

BF ~ const + 6logf. (6.7)

This agrees with the numerical result in [28].

Taking into account the nonzero modes, and also the subleading correction to the
zero mode self-energies, we compute the free energy to the subheading order O(3%/2) in
appendix G,

BF = const + 6log3 — 3.898728%/% + O(B%). (6.8)

6.3 Size of the wave function

From the knowledge about the self-energies of the scalar fields, we may calculate the ob-

servable that measures the size of the wave fun(:tion,9
(R*)g = N—(TrX ‘X% + 3 <Tr ), (6.9)
where
N2 (Tr X'X%) 5 =28~ 12%
(6.10)
<Tr ¢°6")p =75~ 1ZA
which to the leading order in high temperature expansion become
1 i i 2 2
m(TrXXMﬁW 55 12,
1 70 7 b 2 (6.11)
7T1” ¢ p? ~ — _1/2: - — _1/2
Hence we have,
b 1
(R*) 5 =~ 50 V22 (N)2 = 2.392gy\ NV/2T1/2, (6.12)

where we have restored the ‘t Hooft coupling g%MN , which was set to 1 previously, by
dimensional analysis.'® In the dual supergravity geometry, the IIA DO black hole has
radius r ~ NY5T2/5 in the gym = 1 unit, which agrees with the spread of the wave
function \/(R2)4 in the 't Hooft region T ~ N1/3,

In appendix G we continue to compute (R?)s to the subleading order O(3),

(R*)p = wi1B'2 +waff + O(B?), (6.13)
where "
b 7 7

9Note that our normalization for the fields differs from [37] by a factor of v/N.
10Recall that X* has mass dimension 1 and gZ,; has mass dimension 3.
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and p) is the next-to-leading correction to the Ay self-energy. Note that w12 will receive
corrections from higher-loop diagrams.

In [37], the authors computed (R?)s numerically. To match the notation there, we
have wi = x1, and wy = w + 2, where y1 = 2.298, x3 = 0.719 and x4 = —0.082
according to Monte Carlo method, leading to w; = 2.298 and wy = 1.818 in [37].

7 Further discussions

7.1 More supersymmetric gauges

As discussed in [26—28], manifest off-shell SUSY is essential for solving the Schwinger-Dyson
equations. The importance of having an off-shell description can be seen from the fact that
our final solutions for the nonzero modes (1.6) respect the SUSY Ward identity (2.16),
which only makes sense for an off-shell SUSY formulation, to leading order in large 5.

A related fact is that having kept the auxiliary field f explicit, all the couplings in the
N = 4 Wess-Zumino quantum mechanics are cubic. That is, the quartic interaction ¢? is
represented by the cubic coupling f¢?. It appears that having cubic couplings only is the
key for the soft collinear approximation (3.1) to work.

If we want to apply the soft collinear ansatz to Schwinger-Dyson equations for the
BFSS matrix model and thus solve them analytically, it seems crucial to trade every quartic
interaction with cubic couplings by “integrating in” auxiliary fields. Recall that the BFSS
action can be decomposed into a N/ = 4 vector multiplet V and three N' = 4 chiral
superfields ¢ with superpotential W = —iﬁgYMe“bcTr (<I>“[<I>b,<1>c]), see (5.15). The
quartic interactions among ¢’s are already traded with cubic interactions involving the
auxiliary fields f. However, there are still quartic interaction between the vector and chiral
multiplets, e.g. from D, ¢*DH¢*. It would be desirable to trade these quartic couplings
with cubic couplings as we did for the self-interaction in the chiral multiplet.

Manifest N' = 8 supersymmetric formulation using the harmonic superspace [39] pro-
vides a natural solution. In the A/ = 8 language, the BFSS matrix model consists of one
vector multiplet and one hypermultiplet. The action for the (gauged) hypermultiplet takes
a particularly simple form,

Styper = — / dud(-Ogt (DT + Vgt (7.1)

q* is the (analytic) superfield representing the hypermultiplet and the + superscript labels
a U(1) charge which is not important here. D™ is a derivative acting on the u-space and
dud¢(—" is the measure on the analytic superspace (the analog of chiral superspace in the
N = 4 case). " is a special conjugation whose details are again not important. At last,
VT is the superfield for the vector multiplet.

The key observation here is that, in the harmonic superspace formulation, the couplings
between the hypermultiplet ¢ and the vector multiplet V™" are cubic. Note, however,
that vector multiplet self-interactions involve quartic and higher couplings.

The complication about the harmonic superspace formulation is that each superfield
contains infinitely many component fields when expanded with respect to u. Therefore, to
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preserve manifest AV = 8 SUSY, we necessarily have to deal with infinitely many coupled
Schwinger-Dyson equations. An A/ = 8 supersymmetric gauge fixing condition

DTVttt =0 (7.2)

will kill all but a finite number of component fields in V. However, the hypermultiplet
superfield ¢ still contains infinitely many component fields.

It may also be possible to formulate Schwinger-Dyson equations for BFSS matrix
theory with all N/ = 16 supersymmetries manifest, by working with a gauge fixed version
of the Batalin-Vilkovisky action written in terms of pure spinor superfields [40]. These are
left to future investigation.

7.2 Schwinger-Dyson equations for supersymmetric field theories in other di-
mensions

As another potential application of the technology we developed, one may employ the
loop truncated Schwinger-Dyson equations to supersymmetric field theories in more than
one dimension, and compute correlation functions and free energy along an entire RG
flow trajectory. We illustrate this with the example of the two-dimensional N' = (2,2)
Wess-Zumino model with ®3 superpotential.

It is well known that the N' = (2,2) Landau-Ginzburg model, with the superspace
action

k+2 Hk+2

S = / d2zd'0 & — / d2zd%0 glirz — / d22d%0 gkq’+ - (7.3)

flows to the k-th N' = 2 minimal model in the infrared [41, 42]. The equivalence between
the IR fixed point of the Landau-Ginzburg model and the A’ = 2 minimal model has been
checked in many ways: the central charge of the SCFT at the fixed point was derived in [42],
the elliptic genus of the two theories were shown to agree [43], the integrable RG flow of the
2d N = 2 LG model was worked out in [44], and the exact S-matrices and the central charge
were determined along the entire RG trajectory [45]. However, apart from numerical results
obtained via lattice simulation [46, 47], the understanding of this RG flow is based on either
symmetry arguments (exact scaling dimension of ® in the IR limit from the R-charge [42])
or very special integrable structure of the theory at the IR fixed point. The computation
of correlation functions along the entire RG flow is not straightforward in such approaches.
The loop truncated Schwinger-Dyson equations for the A/ = 2 LG model, on the
other hand, appear to provide a useful approximation and expansion scheme along the
entire flow. In particular, the one-loop Schwinger-Dyson equation already gives the correct
scaling dimension of the fields in the IR limit. For the moment, let us consider the zero
temperature limit of the one-loop truncated Schwinger-Dyson equations for the self-energies
of the matter multiplet. Unlike in the case of supersymmetric quantum mechanics, here the
solution to the S-D equations is non-singular in the zero temperature limit. Clearly, SUSY
Ward identity (C.24) is obeyed for the zero temperature solution, and we can express the
fermion and auxiliary field self-energies in terms of that of the scalar field. The one-loop
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S-D equation then takes the simple form
p? 2m)? (¢®+0(9) (p—a)* +o(p—q))
In the p — 0 limit, the equation reduces to
o(p) 2 / d*q 1
— 7.5
» "9 @ d@elr—0) 79

Hence we find the solution for the self-energy in the IR limit,

F(%> g%p‘ . (7.6)

SIS

a(p)%m

Indeed, we have rediscovered the % scaling dimension of ® in the IR. While it may seem

that this simple computation of the IR scaling dimension is essentially equivalent to the
statement that the cubic superpotential is marginal in the IR, the Schwinger-Dyson equa-
tion is not specialized to the IR fixed point. One may solve (7.4) at all momenta p, which
gives an approximation for the self-energy of ® along the entire RG flow. It appears that,
by taking into account higher loop corrections (the two-loop correction is absent and the
first correction comes in at three-loop), we will be able to obtain an expansion for exact
correlators along the RG flow.

In addition, one can calculate the free energy by solving the Schwinger-Dyson equations
at finite temperature. In this case, we discretize the momentum p’ — (p, 2”7") The S-D
equations become an infinite set of coupled integrable equations. In the low temperature
limit, scale invariance determines the free energy up to an overall constant, F = —mcVT? /6.
Here c is the central charge at the IR fixed point. It would be interesting to compute the

value of ¢ by solving the loop truncated S-D equations, and compare the result to the k =1

3k
k+2

be interesting to see how the two-point function for ® flows using the Schwinger-Dyson

N = 2 minimal model value ¢ = 1 (¢ = for the k-th minimal model). It would also

equations. We leave these for future development.
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A Hawking decay rate of D0O-branes

As argued in the introduction, a DO black hole decays by emission of DO-branes. The fact
that these emitted DO-branes are unbounded by a DO black hole background (1.1) is due to
the cancellation between the gravitational potential and the Ramond-Ramond potential in
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the DBI action for DO-branes. The decay rate of the black hole is governed by Hawking’s

formula [48] i
3 d°k OabsV

where k is the spatial momentum, w the energy, v = dw/dk the speed (given by the

dispersion relation at infinity), and n the D0-brane charge; o5 is the absorption cross
section and g is the chemical potential for the DO-brane charge. The phase space and
thermal factors make the spectrum of the Hawking emission strongly peaked at w ~ 1/8.
The absorption cross section in the regime of interest can be obtained through a classical
computation of the capture cross section, or a semi-classical (WKB) computation of the
greybody factor and then summing over all partial waves. Here we present the latter.

A.1 Greybody factor

Consider a scalar field propagating in the D0 black hole background (1.1). Because su-
pergravity can only be trusted for ro < N'/3p, and this background is only a stable
solution rg > N1/9lp, we shall take N1/9%p < rg K NY31p 11 To incorporate the effects
of the graviton, the dilaton, and the Ramond-Ramond 1-form background altogether, it is
convenient to lift (1.1) to M-theory:

ds3; = f(dzio + C1)? + f~Y2ds?, ,

1— A2 _
= fdaly — (14 A)dxiodt + (4)f Yar? + A7 Var? 4 r2d0Z, (A.2)
&GN 15 rg
f R%OT77 €0 9 7

where x1g is periodic under z19 ~ x19+ 27 R10, R10 = gsls, and Ip = (27rgs)1/3l5. Note that
we have written all quantities in the M-theory scales [p and R1p. To simplify the notation,
let us set the Planck length Ip to 1, and rescale

10 — xloRlo, t— t/Rlo, EoN — N. (A3)

The Hawking temperature (1.2) is then

1 7 [rd
Ty =—=—/ 2. A4
a 8 4m VN (A-4)
In this background, the Klein-Gordon equation for the n-th Kaluza-Klein mode ¢ is
7 AL2
(—ATS&TSA@T — 2nw (1 + R7> + 2) ¢ =0, (A.5)
r r
where L? = ((¢ + 1) is the total angular momentum and
Nw nrl \°
7 0
=—(1- . A.
R 2n < 2Nw> (4.6)

"When 0 < 79 < Nl/g7 the solution (1.1) is unstable against the inhomogeneous 11D black hole back-
ground [5].
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Under a redefinition q~5 = Vr8A¢, the Klein-Gordon equation turns into a standard wave-
in-an-effective potential problem

~2p+Up=0, (A.7)

where

R7 A—1L2
) n

U=A"Y2"492(r*AY?) — 2nwA~2 (1 + = : (A.8)
T

r2
The greybody factor is then just the transmission amplitude T of an incoming plane wave
in this potential. Due to the complicated form of U, we cannot solve the wave equa-
tion (A.7) exactly; instead, we will solve it for large and small r using the WKB method,
and then match the solutions in an overlapping region. We show the existence of such a
region presently.

The potential U (A.8) involves two natural scales, 79 and R. When w < nr{/N,

14 7 7
nry o g Nry

7 ) 7 A
B 8Ne = aaNe T (A.9)
and when w > nrl /2N,
Nw rf2Nw
R~ —— =232 C s f (A.10)

2n 4 nr

In either case, R > rg, so if we define the far region to be r > 7y and the near region to be
r < R, then we have an overlapp;ng region 19 < r < R. The only part of the spectrum
nro TL’I"O

where this fails is when w ~ 53. However, for w ~ 53¢ > 1/3, the thermal factor

suppresses the emission of D0-branes exponentially, so the contribution from w ~ %g is
negligible. Similarly, the phase space factor suppresses the contribution from w < %RQ,
so we may neglect this region and assume nwR? > 1. We will examine these two regions
more carefully at the end of the section.

In the far region r > 1y, we can set A ~ 1. In terms of p = r/R, the wave equa-

tion (A.7) becomes

27 T
where )
12+ L 1
V= +2 — 2nwR’ (1 + 7> : (A.12)
P P
To check if WKB is valid, let us compute
1 2 l4nwR?
= —2< Ehatl ) | Ll (A.13)
p p

For L? ~ 1, each of V and 0,V is dominated by the second term since nwR? > 1, and so the
WKB criterion |0,V|?/|V|? is small for all p. Hence WKB is valid, and the far solution is

WKB p74(_V)71/4eiifdpm_ (A14)

far

In the near region ry < r < R, let us define p’ = r/ro. Then the wave equation (A.7)
becomes
— %0+ Wé =0, (A.15)
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where

1+4(24 + L?)p" + (8nwRT/rd)p’® — 4(12 + L?)p'**
40/2(1 _ pl7)2 ’

If L? ~ 1, then the p’® term dominates over 1 and the p’7 term because both R/rg and nwR?

W =— (A.16)

are large, and because the range of p’ is bounded below by 1; the p™ term also dominates
over the p/1* term because p’ < R/ro. Thus the potential can be approximated by

2nwR”T  p7
o (1=p7)?

W~ — (A.17)

The WKB criterion
WP rd 49(1+ 7
W13 = 2nwR” PP

is peaked near p’ ~ 1, the value thereof is small since both R/rq and nwR? are large. Hence

(A.18)

WKB is valid, and the near solution is

near

WKB =4 _py)=1/4eEi [ 4=V (A.19)

Now we match the two solutions in the overlapping region rg <« r < R, which cor-
responds to p < 1 and p’ > 1. But the two sides match trivially, since the two solu-
tions (A.14) and (A.19) become the same in this region. The WKB method can give a
nontrivial reflection amplitude only if there exist turning points in the potential. Under our
assumptions, the potential (A.8) is well below 0 for the entire range of r, and therefore the
transmission amplitude 7 is just 1. However, the potential (A.8) has turning points when
L? is large. From the approximate potential in the far region (A.12), this happens when

o\ 1/7
12+ L2 > <5) L%.., L2, =2nwR% (A.20)

It is not hard to see that the exact potential (A.8) gives the same bound up to multiplication
by an O(1) constant and subleading order corrections. If L? exceeds the threshold, then
the potential barrier will provide an exponential suppression of the transmission amplitude.

A.2 Partial wave summation

The absorption cross section is related to the greybody factor by [49]

Oabs — Zgﬁbsa (A21)
=0
where
oly. = 27720 (7/2) (¢ + 7/2) (ﬁ Z 6) ;?7; (A.22)

is the absorption cross section for each partial wave. Let £y be defined such that L2, =

lmax(Pmax + 1), then because T ~ 1 for ¢ < lyax and T is exponentially suppressed for
£ > lpax, we can approximate the sum (A.21) by a hard cutoff

/.

iy 277 7/20(7/2) £

~ Iy max

Oabs ™~ E Oabs = ryvT 18 (A.23)
=0
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where

lmax =~ /L2, ~ V2nwR. (A.24)

Note that even though we have kept the prefactor, corrections to the hard cutoff approx-
imation will multiply this prefactor by an O(1) constant, so one should not take its value
too seriously.

A.3 Decay rate

We are now ready to compute the decay rate. The dispersion relation at infinity is w =
k2/2n, so v = k/n = \/2w/n and d°%k = ((2n)*27%2/T(9/2)) w"/2dw. The chemical
potential is'?

7
pdt = Clpey, = —%dt. (A.25)
Putting these together, the decay rate is
24 = 4 7 o0 wiR8
~ 2 —npr{/2N
I‘_S!Wz:ln@ nprg /0 dw B 1 (A.26)
—

Due to the exponential suppression from the thermal factor, the dominant contribution to
I’ comes from w < nr{/2N, where (A.6) can be approximated by
14

nr
R~ -0 A.27
SNw ( )

Then
04/T 16 ] 0
T~ 0 E 36/7 —nﬁrO/QN/ d
8t N8/7n:1n © 0 weﬁw_l

L 2TREUTCRTYT) g (A.28)
8l N8/7327/7 ’

4
_ 2@/ 7)(27/7) ( 7 >27/ T R

8l 4 N43/14

where the sum over n is replaced by the n = 1 term because ﬂrg/N ~ \/’I“g/N > 1. To con-
form with the units in the rest of the paper, one can undo the rescalings (A.3) and restore I p.

Now let us examine the regions w ~ nr{ /2N and w < 1/nR? where the computation of
T in appendix A.1 fails. For w ~ m‘g /2N, we lose the overlapping region because the two
terms in the brackets in (A.6) may cancel to give a small R. However, looking at the range
of L? (A.20) for which 7 becomes exponentially suppressed, we see that a smaller value of
R only lowers the hard cutoff and makes the contribution to I' smaller. Since we already get
an exponential suppression from the thermal factor, we can safely neglect the contribution
from this region. For w < 1/nR?, the cutoff is at most O(1), so the suppression from the
phase space factor again allows us to neglect its contribution.

121t is the difference between the gauge potential at the horizon and that at the “far-horizon” infinity,
which is 0 by our gauge choice. Alternatively, without going to far-horizon, it can be fixed by the first law
where one uses the regularized ADM mass for the black hole.
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B 1D N =2 SUSY

In this appendix we will discuss the structure of 1D N = 2 SUSY, the vector and the matter
multiplet. It is previously discussed in [26]. We will work in the Euclidean signature.

B.1 Superspace

The (Euclidean) 1D N = 2 superspace consists of one bosonic coordinate 7 and two real
Grassmann coordinates 6, in the vector representation of R-symmetry group SO(2)r. We

! = 1 and 72 = 03, where

choose the SO(2)r Dirac matrices to be real and symmetric,
o' are the standard Pauli matrices.

There are two invariant symbols, 6,3 and €,3, which represent the inner and exterior
products for 2D vectors. We normalize them by 417 = do2 = 1,012 = do1 = 0, and
€19 = —€91 = 1,€11 = €90 = 0. If we were to distinguish upper with lower indices, there is
a potential confusion whether one uses d,g or €,5 to raise and lower the index. To avoid
this ambiguity, we will write every index downstairs.

Let us define

92 = %eaﬂeaeﬂ & 0a05 = —ieasb?, (B.1)

so that #2 is real.'®> We define our fermionic integral measure such that

/d20 6% = 1. (B.2)

Given a 2 x 2 matrix B,g, we can expand it as

1 1 . . 1
Bog = §Bpp5a6 + 57;703,007&5 + eraBpaeaﬁ- (B.3)
Some useful identities are
€ay€oy = Oap) €ay€8s = Oapdy; — Oas0py,
€arVyp = € ogs Vo Tap = 267, (B.4)
7357,25 = 60406&7 + 604066p - 5a65p07
ew(g’yé,yfyé(s = —eijéalg — 6”6,15.
The supercharges and super-derivatives are
0
Qa = % - 90167'7 (B5)
0
D, = 90, + 0,0-, (B.6)
They obey the algebra
{QOM QB} = _25(1687'7 (B7)
{Qa, Ds} =0, (B.8)
{Da, D} = 20,30-. (B.9)

13By real we mean the it is real when we Wick rotate to the Lorentzian signature. This will always be
assumed implicitly in the following.
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B.2 Vector multiplet

B.2.1 Connections

The vector multiplet is constructed as follows. We first introduce a real connection on

superspace

Va = Da + Faa
V=0, +1il;.

(B.10)
(B.11)

Note that I'y, is an anticommuting real superfield while I'- is a commuting real superfield.

For reason that will become clear in a minute, I'; is determined by I', by a constraint

equation, so we only have to expand the real connection I',, as
To = xa +i400, + Xi%iﬁ@g + deaﬂeﬁ + 25046)\5‘92-
The super gauge transformations are

AT = iVaA = iDoA + i[Ta, A,
ATy = VoA = 8, A + [T, A,

with A a real superfield. If we expand
A = Q+ iwabq + W62,
then the super gauge transformation in the component form is
OAXa = Wa + i[Xa, €],
r Ao = O+ il A0, O] + L {xeowal
X" =i[X", Q) - %’Vég{xa,wﬁ},

1
(5Ad =-W + i[d, Q] — QGOA,B{XCHW,B},

7

6A>\a = —iwa—feaﬂ[xg,W]+z[>\a,Q]+§[A07wa]+§va5[X 7wﬂ]_§6043[d’ wd.

2

B.2.2 Supersymmetry transformations

The SUSY transformations are generated by @, in the following way
65Fa = 5BQﬁFa
= J:Xa = i€ A0 + agfyéaXi + egeapd,
i

0 Ag = €ara — 5&15{%

A . 1.
5. X" = —1’7&58a)\,8 + 57&56a></5,

. 1 )
5€d = —zeagsa)\g — §6a56a)(5,

66)\(1 = 5504140 + ifﬁXZ’YéB - igﬁdﬁaﬁ.
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B.2.3 Field strengths
The field strengths F,g and F, are

{Va, Vﬁ} = 2008V r + Faps (B.26)
[V, Vo] = —iF,. (B.27)
Explicitly, they are given by
faﬁ = Dal“ﬁ + Dgl_‘a + {Fa, Fﬁ} — 2i5a5F7—, (B.28)
Fo =10:Ty + DT — [I'7, T4 (B.29)

Under super gauge transformations, the field strengths transform covariantly:

InFap = i[Fap, A, (B.30)
OAFo = i[]:a,A]. (B.31)

Note that the lowest component (6 = 0) of the field strength is neutral under the super
gauge transformations which depend on 6.

Next we impose the constraint d,gF.3 = 0, from which we can express I'; in terms of
others

I, = —= (Dal'a 4+ Tala). (B.32)

v
2
Note the super gauge transformations (B.13) and (B.14) are compatible with the con-

straint (B.32). Now F,p is a symmetric traceless matrix, so it can be viewed as a vector
in SO(2) g by defining F* as

1

F' = VapFas = 575 (Dal's) + T(al's) (B.33)

B.2.4 Action
The 1D N = 2 super Yang-Mills action is given by
Sym = —5— [ drd"0Tr { — — | s€ap | VaF 'VgF (B.34)
IIM 4\ 2

In the Wess-Zumino gauge, the component fields y, and d in I', are gauged away by
appropriately choosing the super gauge parameter w, and W. While the part of the super
gauge symmetry is fixed by the Wess-Zumino gauge, we still have the conventional bosonic
gauge transformation generated by ). In the Wess-Zumino gauge, the expansion of the
real connection superfield reduces to

Lo = iAoba + X' 505 + 2€apA50°. (B.35)
The field strength F* in the component form is then

Fi= X' —inj Al + € (zXJ - [Ao,Xj]) 6. (B.36)
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The Yang-Mills action in the WZ gauge is

1 1 1 ; ;
Sym=—— [ dr Tr{ SAaDoAa — 5 AaYasl X", Agl (B.37)
IIM 2 2
1 , A
+ 5 DoX' DoX' — J1X7, XX, XJ]}, (B.38)
where Dy = 0; + i[Ap, - ]. Note again that (B.38) is only invariant under the conventional

(bosonic) gauge transformation, but not under the super gauge transformation.
Next we want to write down the action without fixing a gauge. Define the “covariant”
component fields to be

. . 1 .
X' ecov = F'lg=0 = §'Yzzxﬁ (D(arﬁ) + F(OéFB)) lo=0

1.
= X7+ 9k sxaXs (B:39)

1
A0|cov = F‘r|6:0 = _’55 (Dara + Fara) ‘9:0
1
=Ag— ZiXaXoa (B'4O)
)\a|cov = ]:a‘O:O = ia‘rra + DaFT - [Ffa Fa”H:O
L
2

i

5Xaxpxs]  (B.41)

VQ,B[XZa X,B] + S€aB [da Xﬁ]

1. 1
=X+ =Xa — i[AOaXa] - 9

2
To obtain the vector multiplet action without fixing a gauge, one has to find a extension
of (B.38) such that it is invariant under the full super gauge transformation. Suppose we
replace every X, Ag, and A, in (B.38) by X?|cov, Aolecov, and Ay|cov defined above, then
the action is still invariant under the conventional gauge transformation because the gauge
indices are properly contracted and the derivatives always appear in the form of gauge
covariant derivatives Dy. In addition, since the covariant fields are the lowest components
of Fi, F,, and I';, they are neutral under gauge transformations that depend on . As
a result, the new action is invariant under the full super gauge transformation as desired.
Thus the 1D A = 2 super Yang-Mills action is given by (B.38) with every component field
replaced by the covariant component fields defined in (B.39)—(B.41)

B.3 Matter multiplet
Consider a real scalar superfield ® in the adjoint representation of the gauge group:
D = ¢+ ol +if0°. (B.42)

where the i in front of f is such that the kinetic term for f has the right sign. The SUSY
transformations are

5. = £4Qa® (B.43)
= 55¢ = _igawaa (B'44)
0o = —iggfeas +icad, (B.45)
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0. f = cacapip. (B.46)
The super gauge transformation is
AP =[P, A] (B.47)

Written in terms of the component fields, we have

5A¢a = i['@baa Q] + Z[gb, Wa]a (B'49)
SAf = €ap{tba,wp} +ilf, Q) +i[p, W]. (B.50)

The action we will consider is
Sy = /deQQH (—iﬁagvaq)aV[g@a - Zg%eab%ba[@b, @C]) : (B.51)

where @ is in some representation of the flavor symmetry G and €2 is a totally antisymmet-
ric G-invariant tensor. If we write the BFSS action in the N' = 2 language, then it consists
of one vector multiplet and the matter multiplet in the 7 of the the flavor symmetry Gb.

B.4 Schwinger-Dyson equations for BFSS in the A/ = 2 language

Let us write down the one-loop truncated Schwinger-Dyson equations for BF'SS with mani-
fest N = 2 supersymmetry. The full action is Syec + Smatter + Sghost given in (5.1) and (5.6).
Let us denote the propagators for the vector, matter, and ghost multiplets by

2

vector : o, ar,
matter : A2, g, €2, (B.52)
ghost :  sn, tr, Up,
and write them in terms of the self-energies as
2 1 i
On = gy v O = Tamrg o
n (2271) +HV T (27rr) —FZV
1 1 1
2 4L _ v 2
An_ (%Tn)Q—i-H%’ g?“_ 27FT+EM’ En_ 1_'_5%3 (B53)
1 ; 1 1
Sn =~ mmmg T =5, Up= —.
"To(Ee2+ng 7 E4n¢ " I4E]

There is also a propagator for the zero mode of the gauge field, (AgpAo0) = pg = 1/u,
where Agg is normalized by Ag = 57%1400.
The one-loop truncated Schwinger-Dyson equations are
1
10, ﬂz % +HV ﬂz 27rr) +2£T2y Z M2+H%I

14 1 1
+ —
B zrz(zémn+2£\/[)(2ﬂ(g—T) +2nM ﬁz 2wr+EG) 27r(n ) +EG )
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+2_8 1
" Bu Bul+ (52-)21y’
3 2mr 1 4 27r 14 27r 1
.
X ey - T 3§ 2 mme g
Rl A D e e DI
L2 5 2mr 8 27‘(’!‘; Z 1
28 5 ﬂﬂ B 14 ( ﬁr)?’EV QHM)(Q‘/T(T n) S
14 1 1
+ P
e (L+EN G+, 62 )(ZE 158 )
1 1
3 ) B.54
/32 <1+< 22 (2 59 ) .

12 1
I 52 (Zm)2 411y, +HV Bzm ?; ((F2)2 + I (L+E3L,,)

1 4 (2mn\> 1
Z zﬂr )(27r(n T)—FEM )+B<5) Z((Z‘n’r) +EV)(2”(” T)_|_EM )

L2 2 8 1
Bu Brl+ (52 )2’
e | 2
o Z (B i) 6 A (1 (I T 5 )

1 4 1
W; (T ey, 52 (302 + W) (G 4+ 50

2 1
Bu 25 + BM

6 1 4 1
=M
= = 5 “m + = 2n(n—r ’
72 (B2 + I ((Fe2 +10L,) - 8 2 (32 + =)+ 20
(B.55)
1(?) L 2 1
AT ((37)% +37) (=5~ +2G Q) Pel+ (g
1 1 1
6 zn: 27m + HV)(27T(I" n) + ZG Qﬂ Z 1 += ”G 271'(;—'”))3 + Zy,n)
Z 1 S
26 QHG)((W)‘? +3V ) 28p% LT STek
1
=20 = = Z : (B.56)
B4 () +x)(2e=) 1+ 0G )
w2 1 7 1
L — R, + —
2T 3L R 32 (e fwy T 0L G
4 1 4 1 14 1
- + —_ JE—
P2 T I TR G B (s
7 1 1 1 1
=y _— =) B.57
62(2%+ BZ (2 + L11g)? 252(2;4+2§)2 (237

_ 492 —



B.5 Free energy of BFSS in the N' = 2 gauge-fixing condition

The free energy can be approximated using the mean-field method [26]. It consists of four
parts,

BFy = —%logu—ZIOga?—i—Zlogar — ;ZlogA?+7ZIOggr

—fZIOgel —i—Zlogsl—QZlogtr—i—Zlogul, (B.58)

140

BF, :2 ((?) a?—1> +; <Z<2gr> ar+1> +gz <<2;l>2A%—1)

l

+7Z(—z gr+1)+gz —1) +Z<(> sH—l)

15£0

+2Z( 2nry >—Z(ul—1), (B.59)

l

Z 2mr 27rs ~“—ayas+ Z 27r7’ar0l Z olol + — 1 Z Alo?,
142 9 27‘("/“ 7 2 27Tr aT Ul
Z Afgar + 3 Z Z +3 Z (B.60)

I+r+s=0
14 o2l * A}
z g, z o2g.0: - z( )
l+7‘+s 0 l+r+s 0
21
—52&43 S Al 2—— S Al (B.61)
T K I+m~+n=0 l+r+s 0

9 271\
Z ojtrts — witras + ? Sitrag
l+r+s 0
27l 31
s (5) ]

Here BFj is the free energy of the trial action, SF5 is that from the difference between the
quadratic part of the BFSS action and the trial action, and 8F3 and SFy from the cubic
and quartic couplings.

C 1D N =4 SUSY

The 1D N = 4 superspace is the same as the 4D A = 1 superspace, so we will mostly
adopt the 4D notations here. We will work in the Euclidean signature.
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C.1 Swuperspace and convention

Let us start with the 4D N = 1 superspace. We will denote (2,1) and (1, 2) of 4D rotation
group SO(4) = SU(2), x SU(2), by the lower « and &, respectively. The SO(4) invariant
symbols €,g, € &b and their inverses are normalized by

e? = 612 =41, €2 = €is = —1. (Cl)

We also have two other SO(4) invariant symbols o, . and T with p = 0, 1,2, 3 defined as
ol = (il,d),

Ghoa — B aBon (il,—7&) (©2)

BB ’ ’

Under dimension reduction, the time direction is singled out and the SO(4) rotation group

is broken to the SO(3)r = SU(2) p R-symmetry of the 1D quantum mechanics. In addition,

the 4D A = 1 SUSY theory has an U(1)g symmetry, so the full R-symmetry of the 1D

N = 4 quantum mechanics is U(1)g x SU(2)r. Note that the SU(2)p is embedded in the

4D rotation group SU(2), x SU(2), in such a way that the zeroth component of ¢* and
ot ie. Ma[ﬂ? is its invariant symbol.

The supercharges @, Qs and the supercovariant derivatives Dy, Dy are defined as

0

-9 _5 .98

L

Qa =~ + 033870,
0 ©3)

Da = 8@ +5a59 87,

— 0

Dy = ——= — 05a0°0-.
o6 °

The only nontrivial anticommutators are
{Qaa Qa} - 25(10'467'7 {Daa @a} - _26(10'467—- (04)

As opposed to the N/ = 2 case, we will distinguish the upper index with the lower one.
The indices are raised and lowered by the invariant symbols €.z, €% and their inverses,

v =g, Yo = eapt?’, (C5)
and similarly for the dotted indices. We introduce the following notation for the spinor
bilinear,

XY = X = _EaﬂXawﬂ = PX, (C 6)
X = PaX” = € PaX; = XU
In particular,
1 1
Ol = —00cas,  0%0° = —=00c°,
2 2 (C.7)

1_-_ . 1-- .5
0. _ = . apB _ ~ af
00y = =500, 0°0° = 007,
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C.2 Chiral multiplet
The chiral superfield ®(7,0,0) satisfies

D®(7,0,0) = 0. (C.8)
We can solve this constraint by first introducing

Y =T+ 6aal®0°. (C.9)
By using D40, = 0 and Dy = 0 we find that any superfield ®(y, §) that is a function of y

and 6 is chiral.
We can expand ®(y, 6) in terms of component fields,

% (y,0) = ¢ (y) + V205(y)0" + if*(y)6>, (C.10)

with a being the index of some flavor symmetry group G. Note that we are working in the
Euclidean signature so there is an i for the auxiliary field f(y) to make its quadratic term
in the action positive.

The SUSY transformations are

[Qaa ¢a] = Z\/iwgv {QOH ¢g} = \/iea,@faa [Qou fa] = O
Qa1 =0, {Qu¥3} = —iv20,;0%, [Qu. [ = V20,
[Qén d’a] = 07 {Qda wg} = _i\/idﬁd(z;av [
[Qda (Z_)a] = @\/5&37 {Qda &g} = _ﬂedﬁfa? [ &y fa] = 0.
The Lagrangian with a general superpotential W (®) is given by!*
L= /d2ed2é PP + (/ d?0 W(®) + h.c.) : (C.12)
C.3 Vector multiplet

Consider a real superfield V (7,6, 0) in the adjoint representation of some gauge group with
the following component field expansion

V(1,0,0) = R(1) + 0x + 0x(7) + 00M (1) + 00 M (T)

s N i s L (C13)
+ 099" (i6,540() + 71, X' (7)) + 00OX(7) + OOOA(7) + 50000D(7).
The gauge transformation is
2V _y o 2ih =2V 2iA (C.14)
where A and A are chiral and anti-chiral superfield, respectively.

The field-strength superfield is defined by

1. _.
W, = _ngDaesza(w (C.15)

The kinetic action for the vector multiplet is then given by

L="Tr </d2 1 W+hc> (C.16)
9

MNote that the complex conjugate is defined by first Wick rotating to Lorentzian signature, taking the

complex conjugate, and then Wick rotating back to the Euclidean signature.
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C.4 N =4 SUSY Ward identities

The N' = 4 SUSY Ward identities for the chiral multiplet can be similarly derived as in the
N =2 case. We define the self-energies o(p), n(p), and h(p) for the boson ¢“, the auxiliary
field ¢, and the fermion ¥2, 9% to be

F D) = o

PO )
ab

(W) = s (c17)
ab

(I = =il

respectively. Note that o(—p) = o(p), n(—p) = n(p), and h(—p) = —h(p).
The SUSY Ward identity is an exact relation between the exact propagators for fields
in the same SUSY multiplet. Suppose the SUSY is unbroken in the model, we have

0= ({Qa, " (NYZ(r)}) = iV2(Wa(T)Y(r)) —iV26,5(6%(7)9 F()). (C.18)
Going to the momentum space, this implies
(W3 (p)Ya(-—p)) = —ipS,5(0" (1)¢"(—p)) (C.19)

that is
a(p) = ph(p). (C.20)

This is an exact relation between the self-energies for the boson ¢* and the fermion 2.

Similarly, we can consider

0= ({Qu ¥S(1) FP(7)}) = V2eas(fA(1) (7)) — V2003 (W(7)0 7). (C.21)

In the momentum space it is

€as (P2 (D) F*(—P)) = ~ipbas (05 (p)Y(~D))- (C.22)
Using ew’émém = —€n8, We have
n(p) = h;p). (C.23)

In summary, we have obtained the exact relation

a(p)

h(p) = R m(p), (C.24)

which takes exactly the same form as in the N = 2 case (2.16).



C.5 Vector multiplet zero mode action under N = 4 gauge-fixing

In this subsection we will truncate the vector multiplet action to the zero mode sector in
the N' = 4 gauge-fixing condition (5.16). We only need to focus on the component fields
Ap, X%, and R since D = Ag — %R is set to zero in the zero mode truncation. We will write
Ag and X' collectively as A, with 1 =0,1,2,3.

The field-strength superfield is

1. _.
W, = —gpdz)%wpae—w. (C.25)

To get the terms with only zero modes, we can replace every D in (C.25) by 9/06 and
similarly for D. Using

exp (ZR + 20(19_’80225-14“)
1 .
=t 4 / ds e?sft 200‘6_’30“514“62(1_5)]%
0 «
1 s . .
+ / ds / du > 20°6° " BAueQ(S_“)R 29V95055AV62<1—8>R (C.26)
0 0
1 .
=t ¢ 2/ ds e?sft 90‘6_?’30“6-14#62(1_5)1%
0 o
1 s
- 29252/ dS/ du eQuRA#eQ(s—u)RAu€2(l—s)R’
0 0
we then expand

1 s
Wy = —26a/ ds/ du62(17U)RA“€72(57U)RA“672(173)R
0 0

| ) ) (C.27)
- 97666'0#505&/ d8€28RAM62(1_5)R/ due_QSRAl,e_Q(l_s)R.
v 0 0
We can simplify the above equation by using the identity
65(&0'550'26- = eagaiféa”‘m = —€qy 0" — 22’6&5(5’5”%5, (C.28)
where .
(84 2 = i(a“&” — "M B (C.29)
Now
1 s
Wy =04 (—2/ ds/ du62(1_“)RAue_Q(S_“)RA“e_Q(l_S)R
0 0
1 1
+/ dseQSRAHeQ(l_S)R/ due_QSRA“e_Q(l_S)R> (C.30)
0 0
1 1
_ 21’(5(2”/)@5‘95/ dse2sRAH€2(1—s)R/ du€_2SRAZ,€_2(1_S)R,
0 0
where we have used e,e?’ = —507555 + 5a55ﬂ7 and (S7"),> = 0. Note that in the case of

R =0, only the term with Sg” survives and is contracted with [A,, A,], as expected in the
usual Wess-Zumino gauge.
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The zero mode terms in the Lagrangian can then be written as

1
L= eaﬁwawﬁ‘p + hee.

B 49\2(M
1 s
> _QL <_2/ dS/ du 62(17u)RAuefQ(sfu)RAuefQ(lfs)R
g 0 0
e X ) (C.31)
+/ d562SRAM€2(1_S)R/ due—QuRAp6—2(1—u)R>
0 0
2
= o (07577 = 517G - T AT AL AT A,
Iym
where .
Ai = /0 dseiZSRA#eiQ(l_s)R. (C.32)
We have used . )
(SZV)OC’Y(SE/U)’YQ — 5(6up(sua _ 5pa(sl/p) + 5E/ujpo" (C33)
with e#*P? normalized as €9123 = 1.

D Computation of x,,

In the following we will frequently encounter divergent sums over integers or half-integers.

Since these divergences come from expanding propagators in series of say (;3751 , the sums
should be understood as regularized sums cut off at n ~ /3/0y.

Using (3.5), (3.7) and (3.8), the equation for x,, is

-1
(1+2p)? 2 ! + A 2 ! +B (D.1)
Tp) = — , .
" 60-0 %r?n +5n(1+xn)71 " ﬁOU%Tn‘FSn(l‘Fl'n) "

where

A= Zn_k ! 1+$n_k+zh,i11n_r+ P bao [1+O(ﬂ*6/5)}

™m oy k  SpSp—r l+xy 27 |n|no 2
Bo=2 Y ! [1+0(577)]. (D.2)
" ™ kOm ksksn_k (1 + $k)(1 + xn_k)

Since A,, contains 19, to solve for x, we also need to know 79 to the relevant order,

o = 5108 ) (D.3)

The Schwinger-Dyson equation for x, can thus be written as

2 (2mn (1+xn)2—1_ 2 —11/5
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or

B \’2 "y 1 (lt+aes  (L4)?
2mn ) B i kspSp—r \ 1+ xp (T+zk)(1 4+ zp—k)
1+ z,_ 1
- 1x k+zLul +2ﬂ ﬁ?
k0 SkSn—k + xk - Mrfin—r 7T|n|770
= (1+az,)2=1+0(87%).

(D.5)

Note that the correction in replacing s, by s\ is of order O(B73/%) because A, — (1 +
x,)2 B, ~ Bt Write

2 2
sy, = sign(k)y/ —— Bou + s,(gl), hy = sign(r)y/ oo +hb), (D.6)

where s](gl), h&l) are of order ~2/5,

37(11) can be determined by expanding the Schwinger-Dyson equation for s, as written

earlier. Let us also write for now the Schwinger—Dyson equation for h, to the relevant order,

-1
- : D.
50’0h Z/{:sk 1+(Ek +O(6 ) ( 7)
We have 5 en(O)sign(k — )
o sign({)sign(k — _
D +O(67):
(£0,k (D.8)
(1) _ Boo sign(f)sign(r — £) 1 )
W =22 ; +0(87").
00
The equation for z,, can be written as
(1+x,)% -1
(B 22 Boo Z sign(k)sign(n — k) (1+xng (14 x,)?
S \2mn ) B | 2 nk;é()n k 1+ xy (1+ )1+ zp—k)
BO-O . . 1+ Tn—k
—7 k;):n 51gn(k)81gn(n — k) T{L‘k —1 (Dg)

+2<6;0> Z sign(n—k)s Zsagnn T) +27T’i’no | Boo +(9(5—3/5).

k#0,n

Note that we have set x,, to zero in the third line since it is already of order 8°. Using

Z sign(n — k:)s,(gl) — Z sign(n — r)h{M (D.10)

k#0,n

= ,BU(] Z Z sign(n — k)sign(k — ¢) — Z sign(n — r)sign(r — £) | + O(871),

f;éo k#£0,n,0 T
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we have

2720 [(1+1,)% 1] zﬁzaonzﬁgn“@)ﬁgn(n—k) <1+xnk_ (14 2n)? )

Ko k 14 (l—l—a:k)(l—i—:cn,k)
500 ip : : : .
Z 7 Z sign(n — k)sign(k — ¢) — Z sign(n — r)sign(r — )
s k£0,n,0 r
| 500 + O3, (D.11)

where we have used 1y = 1/5%0¢ + O(3%/°). Note that on the r.h.s., even though the 520q
term is naively of order 83/5, but the two pieces in the bracket cancel to leading order,
and so the term is actually of order 8°. Without further cancellation, the whole r.h.s. is of
order 1. On the other hand, the Lh.s. is of order 373/%. Therefore we have an inconsistency
unless the r.h.s. vanishes to leading order.
Write 5

" (5; 0> o), (D.12)

where a,, — 0 as n — co. We assume that a,, is of order 1. The equation for x,, becomes

0=9n Z sign(k‘)siin(n - k) (an—k . an) + % + 0(573/5)' (D.13)

k#0,n | |

Here we used

Z Z sign(n — k)sign(k — £) — Z sign(n — r)sign(r — ¢)

E;AO k;«éO,n,Z r (D.14)
1
Z 7 (sign(n)sign(f) + dpe) = ek
(0
a, now obeys the equation
1
4 [sign(n)HN(]n] -1)+ 2} an = s1gn +2 Z stgn(k ak. (D.15)
" k#0,n
where
1
HN = —. D.1
=35 (.16)
A solution is given by
3
n = o7’ Dl
a ol (D.17)
that is,
3
Boo\2 3 —6/5
n= =2 O(B~%/5). D.18
oo = (550) 5o + 057 (D.18)

This confirms our intuition that SUSY Ward identity should hold for the nonzero modes to

leading order in the low temperature expansion (2.17) (x,, essentially measures the violation
of the the SUSY Ward identity). Together with (3.7), (D.6), and (D.8), we have solved oy,
M, and h, to the next-to-leading order in large 8 expansion in terms of .
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E Computation of s, h{(Y), s(2) and h(»

In this appendix we will compute s, and h, to the second order, O(3~!). These terms are
relevant for solving the Schwinger-Dyson equation for og. Let us collect the equations for
sp and h, to the relevant order.

2
— (2> 1<1—4m 1>+A”B”+ 2 1[ An B+ 2| + OB

S

3

Bog 3% B s Sn Boo s2 1+,
2 \? 1 dmn 1 A,B 2 1
= (=) = (1 - =—— n=—m A, + B 10) —8/5
(500> B < E sn>+ K ¥ Bog g U+ Bu) + OFT),
2
h, = —8/5
B 271'7‘ —|—h Z k‘Sk +$k h + O(ﬁ )
T 20
2 1 4mr 1 1 Boo sign(k)sign(r — k) _s/5
_ — + = — xr + O )
Boo hy  [2ogh? Wgokskhr_k 2 kz#o k k (B )
1
A _
" ™ k;éZO ksksn k k;éz() SkSn— k: - T
5
ﬁao —k 2sign(n) (Boo \ 2 _8/5
> 3 s oy )+ ZEE (5 057
1 1 o sign(k)sign(n — k _
Bn = T Z ksis B 627:) Z wlds Ii ( )(xk+xn—k)+0(ﬁ 8/). (E.1)
kO - kOn—k k£0.n
Define
_ [Bog B sign(¢)sign(k — )
g=1\l7%" Ci=), ; . (E.2)
040,k

We can then write

2
Sp = sign(n)g_1 + gTTC" + sg),
5 (E.3)
hy = sign(r)gi1 + 2707, + hg)’
T

with 522) and hg) of B! order. A, and B,, can be expanded as

2 5 : _ : 5
d=C0 - L % sign(n — K)Cy. + sign(k)Ct g 3 (_1)ksign<n_k>0k

T o7 k m2n 2/ 3

k#0,n k#0,2n

2 —k 2si
+Z ) E Tsign(k)sign(n — k)(zn_r — zx) + Zsign(n) g° + O(g*),
kn

k#0,n mn?
2 5 . .
g g sign(n — k)Cy, + sign(k)Cp—k
Bn = —Un—3 5
0 ¢ 272 Z k
k#0,n
2 sign(k)sign(n — k
Ly enbeEn =) )+ 0, (B.4)
k#0,n
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The equations for s, and h, are equivalent to

4dm™n

(gsn)4 - ﬁT + 94Aan3$L + 923n(An + Bn) + O(gg)
n
47n

=1-— C’2

Bsn + m T

29*5,Cp g"sp, sign(n — k)Cy, + sign(k)Cp_g
) Z k
k#0,n
"Sn . k 45 sign(k)sign(n — k
+g Z (—1)k81gn<n— 2>Ck _9 Z gn(k)sign )(ﬂfk + Tp_k)

m2n 2 T k
k#0,2n k#0,n

4 n —k 2
FOn S R G kysian(n — K)o - ) + o) g7
m kn
k#0,n
4mg|n| N 2g3sign(n)Cy, n 2¢5C2
3 ™ w2
6 . _ .
—g—sign( ) Z sign(n — k)C}, + sign(k)Cr—i

k#0,n k

6 3 . .
g E ] k 29 . sign(k)sign(n — k
+71'27\n\ (_1)k31gn<n - 2> C% — ——sign(n) E (F) - ( )l“k

T
k#0,2n k#0,n

2 6 9
E.
t 339 +O(g7), (E.5)

2rr  ¢h, 1 g . sign(k)sign(r — k
(ghs)? = 1— + Z Tor — —mgn(r)z (k) . ( )xk +0(g%)

95n+o( )

—1-

3 6,72 6 : _ :
2mg|r| g—ig 9°C: g sign(T)ZSIgn(r k:)Ckk—l—s1gn(l<:)an_/LC

3 sign(k)sign(r —
_g?sign(r)z gtk /f ( k)iﬁkJrO(gg)- (E.6)
k#0

5512) and h,(?) can then be solved to be

6
gs® = — 9 2 sign(n — k)C}, + sign(k)Cp—i
+ sign(n )87r2 n 4772 k;:n A
6

6
g k. k Z sign(k)sign(n—k)xy g 9
+47r2n Z (=) sign <n >Ck/2_k¢0 - k t+ 2m2n?2 +0(g"),

k#0,2n

6 6 . .

gh£2) - _gmr + Sign(r)%(]f _ % 81gn(7“ - k)cklj Slgn(k)cr—k
I5} T T P

_i sign(k)sign(r — k)xg + 0@, (E.7)

2 P k

It follows that

3 6
D gsa) 7 = Y (ghe) 2 = 3 (-1) = LY (1) sign(00y + 5 Y (-1)'CE

n#0 r L#0 L#0 L#0
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. kN
_i 1)hC, sign(n — 5)sign(n)  2mg Z(—l)g‘*|
272 2 n 6]
k0 n#0,% 00
6 sign( — k)Cj, + sign(k)C.
g 0 . k
to2 (—1)"sign(¥) Z 2 2
L#0 k#0,% £
3 . . .
g ) sign(k)sign(n—k)x g sign(k)sign(r—k)
S ) 3 L5 5 e,
n#0 k#0,n k#0
1
—ggﬁ +0(¢%)
g 5g°
-1 29 E.
5 (.9
where we have used
2
n T
Z(_) 0127,/2 - _E)
e (E:9)
. E.9
sign(k)Ce_, 2

££0 k#0,5
F Computation of the free energy

We will drop the overall N2N factor in the following. Let us compute 8Fp first, the free
energy for the trial action Sy,

BF) = 71 5200 11n(1 +10) (F.1)
—i—;ln [B+sn(1+xn ]—i—;ln [54-3” 14+2,)” } 2%201 (W+h )
4 o0
= const +g ;} - | 4o (;n— > ) + 105 (Bo0)® + O(8~0%),

We leave the second and third term in the last line undone because they will be cancelled

by the terms in —3(52)o.
To compute —%(Sg)o, it will be convenient to recall our solutions for the propagators,
1
A, = p 5
21N 7/;," + sn(l + xn)
-1
_ B (2) 27|n| -1
— 2ﬂn‘g + C|n| + 951 (I+z,)+g 3 +0O(57)
= A0 L A 4 Aﬁ? +0(671), (F.2)
3
0_ P w—_ b8 (9
" 27r]n\g’ L 27r|n|g <27r ol )
3 6
- B (_ @ 9 _ 2l 0 e o
A = 27r]ng< 98, + 27TC‘n‘xn g 5 + 47r20‘"| + x;,
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2m™n 1

€n = B 27r7l + Sn(l + xn) 1
27r|n| 27|n|] "
B O RO
= (0) + e 4+ @ 0B, (F.3)
27|n| _ 2mn| < )
(0) = (1) = Ie!
ETL - ) 6’)7, - n
g7 ? "
2l ol | o
2) — 2 _ 9 _ Y 2
€ = 3 g< 9ISn ~ o C|n|:cn 3 + 47T2C|n\ .
g
9r = 27r'r+h _gSign(T) |:]'+ C|T|+gh\r| | ‘:| —gr +g1(41)+g7(~2)+0(5_2)5

. . . 6 2|7
g9\ =gsign(r), gﬁl)E—SIgn(r)g;Cm, 952)5981@&(7’)( ghiy +5C7—g B‘ |>-
(F.4)
Using the above,

o0

1 1
_§<S§>O - 2ﬁ‘7§(1+770 500 ZAnen— Bog Z S 1+770 Z1
Z Z Aplpnee + - Zzgrgf AY;
ﬁf#()n;é[)f Bims
_ 1 S 1 (1)
B 2503(1 +10) ﬁ00922 1+m0) 47T2 Z m ' 500 ZA 1

Z AV = 5o Zgro) gV + % Z AP0 % Z ADD
n=1 n=1
2
50 Z AQ? ZQT 9" = 3o 2 S (g2

n=1 r>0

3
g . . . 14 ig s1gn
_EE sign(¢) E sign(¢—n)sign(n) (= 2n E sign(r)sign({—r)

0#£0 n#0,0 040
L DID DFSUNUNLET S D SN INUNLEED D) DL Lt

£#0 n#£0,¢ 8750 n#0,0 Z;é[) r
523 a9, A +0(5)

{#£0 T

n#0 =1 r>

We see that the first two terms above cancel with the second and third term in SFjp.
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G High temperature analysis of one-loop truncated N/ = 2 gauge-fixed
BFSS

In this appendix we will present the high temperature expansion to the subleading order
of the N' = 2 Schwinger-Dyson equations in appendix B.4.
G.1 Subleading corrections to the self-energies

For the zero modes, the next-to-leading correction to the self-energies satisfies the following
equations (see appendix B.4), with a, b, ¢, d defined in (6.2),

W _ 4 B\ 4 B\ 12 B\ 1 12«~( 8\
W =52 ) 5w 5 2 o) T o)

20 4w 12 " =
“ G AR B\ WrEr D T IEr 1

88 2uM 4tV o’ 12 z(WM

3 T@2d+1) BZa(d+ 1)
v 2 B \? 3 B \? 14 B \? 13 B \?
53 (o) 32 (m) 7 2 (o) ~ 72 (o)
ou® 21" 1am(VM

Bk B(HV) B2
8 2u®  om(MV 14m(MM

o
—
—

(G.1)

3 b2 2 g2
—()M _ 12 H( M _ _1261/2H(()1)M
=T @
1 1)M
pt _ap oV T
2 3 b2 a2 '’

where we have used 1 1
2 o =y
#0
" . (G.2)
Z 1272 L.
T
The solution to these algebraic equations are,

VM = —2528, TV = —0.328, =" =0.688%2, u) =5533. (G.3)

Now for nonzero modes,
1 12 3 B
Z (27rm> 1+=M +Fz2ﬂ'r2ﬂ'(n—r)

wm _ 4 BN 4 (5>
I _BZ (27rm) ﬁzr: 2mr m#)

4 (2mn B\ B 2u® g 8/ BN\,
6<ﬁ) Z<27T7“> (1) Bt | B2 +6<2W) o
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)% M —(1)M
v m(wpv s
B2 A \IRN)2EM+1)  IY(EN +1)
6’u(l) 4H(1)V H(l)ﬂ/[
_ pM 0 0
- ﬂon + b2 - b2 —12 a2 9
3 B\, 14 BN MU B8 8
" 6 Z <27rm) _BXT:(QWT> +ﬁmz;;0(27rm> EZTQW(TL—T)
B 72 ﬁ ﬂ 2”’(1) n 8”’(1) N i i 2HV B g H(l)V 14 H(l)l\/f
8 2rr2n(n—r)  Bu? Bu?  Bu\2mn npIY)? B (HM)2

6u oMY 14

— BV _
=BG b2 b2 a
=M = 0(87),
MO 2N (BN 56N T (B A () A (B
2 /8m7é 2m 2/ - 27r Bm#) 2mm ﬁm#) 2Tm 154 - 27r
14 527262+1 621262
?m 2tm E - 2mr Bm;&o 27m ﬁ - 2mr
2 v 7 v
B2 B (ILY)?
1\ oMV oMM g oWV (VM
~25(1-5) - T - T = - T - T (G0
where
v 42 9 2(a—6b)
"3 w22 \a?2+6 ab? ’ (G.5)
7 2 8 ’
1%
=t 2 (1-2).
Cn 2 2n? ( b2>
We have used )
1 1 s
B ——— 0 — - = —F=. G.6
2t " L e (G5
Therefore, from (6.3) and (G.3),
gopon _ 4 1 18 d(a—6b)\ oM amVY L 60
"3 w2n2\a2+6 ab? Ba? Bb2 Bb2
027424
(G.7)
)M %
gy T2 (18 M oY L 60
T T T e B Ba? B2 B
0.131842

= 4.86502 + ——
n

G.2 Free energy in the high temperature limit

To leading order in [, the free energy receives only contribution from the bosonic sector
Using the fact that I} and 1Y scales as 5~/2 (6.4), the same as their corresponding zero
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modes, we have

7
0) _ 2 2
BE© = f(n) — pouf — El log oy — 3 El log A

Vy1/2 My1/2
~ ~log i + 2log sinh (ﬁ(ng)) + 7log sinh </3(1102)>

~ const + 6 log 3.

(G.8)

N[ —

The subleading contributions to the free energy come from the (9(53/ 2) corrections to the
zero mode self-energies and also the leading nonzero mode self-energies (relative to the

kinetic energy),

)% M —(1)M
gy T TV 0
(O)V 2 H( M2 4= ~(0) 2 p(0)
s % M
Zyavo i
+Z7AZO(27TZ> ! ; 27r P 3 Z 7227r7“ "
+ZZ:M—Z b HG+2Z— (G.9)
2 £t oml ) 2 '
1£0 10 T
2 3 2
(1) B8 v B v T B8 M B «m
FY = — 2\ S IS ) g ) Ly
bE, Z(m) ! +Z<2m> r 22<27rl ! +7Zz r
1#0 r 1#0 r
—7Z:M+Z b —22 2o _ 7 = G.10
2 — ol 2mr §1+EM' (G-10)
140 10 0
Note that to this order
=M :(()I)M :(()I)M:(()O)M
= ~ const + — -=0 = . (G.11)
1+ 5y 1+20M (14 20My2
Hence
v (LM =M (1)
(1) (1) _ z3/2 | o 71, TS d 1p
BEy +BF, " = 5 T2 ga T2 BRI ) 55 | (G.12)
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BF3 and SF, can be similarly computed to be

Mo AN (BN 4 B B
Py = ﬁu;<2ﬂl> +6u§;<27ﬂ”) BHMZ<2 )
2 4y 3 2 3
BHVZ<27”“> oty (o)
s+ i o (o)~ g 2 (o)
B(IIA1)2 5HM P 2ml ﬂHM 27r (G.13)
1 B\ 1 B\* 1 B\?
g (am) w2 (o) *a s (am0)
- gyl | T(Ta+366) 21="Ma?  g2m{M
- 24ab ﬂ3/2(a2 +6)2  PBa(a®+6)

~ —2.387663%/2.
Up to an additive constant,

(Hv

3 2 omVV 2 2 14 (1 O™
BF{ =~ VZ(B) T 3mve v Z(Bl) — v v g
Bllg <= \27r BIIY)3 ALY = 2w BILy IL" \ 11 I
(1M (1)
14 7 (1 [
HV HM 0
* By o 1o %(2 l> 5HMZ(2W) MHM< " u)

7 8\> 5 8\
2 (51) 2 2 o)
9 1-I(()l)\/ (1) 9 ; 2
T By ( Ty +5 +Buz<l>

10
1M 1M nHv
o 1o _3115) b e om0 b LY
- 7803 2303 78b Bb  28b 6 8b
~ —0.1421725%/2. (G.14)
Therefore,
b
FO ~ 105b* — 2338b% — 2220) B%/2
p 864 ( )5 (G.15)
~ —3.898723%/2,
Hence

BF = const + 6logf — 3.898728%/2 + O(8%). (G.16)
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