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ABSTRACT: Quiver quantum mechanics describes the low energy dynamics of a system
of wrapped D-branes. It captures several aspects of single and multicentered BPS black
hole geometries in four-dimensional NV = 2 supergravity such as the presence of bound
states and an exponential growth of microstates. The Coulomb branch of an Abelian three
node quiver is obtained by integrating out the massive strings connecting the D-particles.
It allows for a scaling regime corresponding to a deep AdSs throat on the gravity side.
In this scaling regime, the Coulomb branch is shown to be an SL(2,R) invariant multi-
particle superconformal quantum mechanics. Finally, we integrate out the strings at finite
temperature — rather than in their ground state — and show how the Coulomb branch
‘melts’ into the Higgs branch at high enough temperatures. For scaling solutions the
melting occurs for arbitrarily small temperatures, whereas bound states can be metastable
and thus long lived. Throughout the paper, we discuss how far the analogy between the
quiver model and the gravity picture, particularly within the AdSs throat, can be taken.
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1 Introduction

When studying the extremal limit of black hole solutions in gravity one immediately en-
counters a rather unusual geometric feature. The geometry develops a throat which be-
comes infinitely deep at extremality. This can be seen in the simple example of a d-
dimensional Reissner-Nordstrom black hole whose metric is:

82—l7“—?” rT—7Tr 2 T2dr2
R N S [

~3 +1r7dQG_, . (1.1)
The inner and outer horizon lie at » = r_ and r = r4 > r_. In the extremal limit r; tends

to r_ and the proper distance between some finite distance r and the horizon diverges. One
can isolate the geometry parametrically near the horizon within the infinitely deep throat
and find a new solution to the Einstein-Maxwell system, namely the Bertotti-Robinson
geometry AdSy x S92, The AdS; structure is not contingent upon supersymmetry but
rather extremality, i.e. that the temperature of the horizon vanishes. Turning on the
slightest temperature will destroy the precise AdSs structure and bring the horizon back
to a finite distance. In the extremal near horizon region, the R x SO(d — 1) isometry group
is enhanced to an SL(2,R) x SO(d — 1). While the Hawking temperature of the black hole
vanishes, the entropy, given by one-quarter of the size of the horizon in Planck units, is still
macroscopically large. It is interesting that a full SL(2,R) symmtetry (rather than just a
dilatation symmetry) emerges in the near horizon region given that we are only loosing a
single scale, the temperature. From a holographic point of view, the surprise stems from
the fact that in quantum mechanics invariance under dilatations does not generally imply
invariance under the full SL(2,R) conformal transformations [1].

We can study such extremal, and in addition supersymmetric, black holes in string
theory. They are given by wrapping branes around compact dimensions such that they are
pointlike in the non-compact directions. The electric and magnetic charges of these branes
are (schematically) given by the number of times they wrap around various compact cycles.
A simple and beautiful example [2] is given by taking type IIA string theory compactified on
a small S' x T* and wrapping N4 D4-branes around the 7% and sprinkling Ny DO-particles
on top. In the large Ny and N4 limit, this gives an extremal D0-D4 black hole with an
AdSs x S3 near horizon. Using T-duality on the S', we can map this system to a D1-D5
system in type IIB string theory. Since the circle becomes effectively non-compact in the
IIB frame, our former black hole now becomes a black string. This black string has an
AdS3 x S? near horizon with an SL(2,R)1, x SL(2,R) isometry group. We can express the
AdS3 as a Hopf fibration of the real line over an AdSs base space. The SL(2,R) isometry
of the AdSs base space is the left (or right) moving part of the isometries of the AdSs. The
real line becomes the T-dual direction and thus we see how the original AdSy naturally
fits inside the AdSs. From the point of view of the AdS/CFT correspondence, the AdS; is
dual to a certain two-dimensional CFT and the large black hole degeneracy is counted by
the supersymmetric ground states of the CFT which only excite one of the two SL(2,R)’s.
The isometry of the near horizon supersymmetric AdSs reflects the remaining SL(2, R).

There is another class of extremal black holes which arise in string theory which can
be obtained by considering a Calabi-Yau compactification, with generic SU(3) holonomy,



of eleven dimensional M-theory down to five non-compact dimensions. Typically, such a
Calabi-Yau will not have U(1) isometries that we can easily T-dualize along. Yet, wrap-
ping branes around the supersymmetric cycles of the Calabi-Yau yields extremal five-
dimensional black holes [3, 4], which again have an SL(2,R) isometry in the near horizon.
This AdS, does not naturally fit inside an AdSs with a two-dimensional CFT dual.! Re-
markably, attempts to count the microstates of such supersymmetric black holes have faced
significant difficulties [11]. In fact, whenever the precise counting of microstates has been
successful it has involved a Cardy formula [2, 12, 13]. Lacking the larger Virasoro structure,
one may wonder where the ‘isolated’ SL(2,R) of these black holes originates and to what
extent it is robust.

Perhaps an additional motivation for understanding such an ‘isolated’ AdSs geometry
is the emergence of an SL(2,R) symmetry in the worldline data of the static patch of de
Sitter space [14, 15]. It is interesting to note that the static patch of four-dimensional de
Sitter space is conformally equivalent to AdSy x S2, whose ‘isolated” SL(2, R) does not seem
to reside within a larger structure containing a Virasoro algebra.

One particular way the SL(2,R) isometeries of the black hole manifest themselves is
in the worldine dynamics of D-particles propagating in the near horizon region. We might
then ask whether there are microscopic models, such as matrix quantum mechanics models
with a large number of ground states, whose effective eigenvalue dynamics describe an
SL(2,R) invariant multiparticle theory.?

Some insight into these issues can be provided by studying certain quiver quantum
mechanics models, which capture the low energy dynamics of strings connecting a collection
of wrapped branes [20-26] in a Calabi-Yau compactification of type IIA string theory
to four-dimensions. Under certain conditions these quiver theories have an exponential
number of (supersymmetric) ground states whose logarithm goes as the charge of the
branes squared, which is the same scaling as the entropy of a supersymmetric black hole
in N/ = 2 supergravity. It has been argued [22, 23] that the near horizon AdSy of these
supersymmetric black holes is related to the exponential explosion in the number of ground
states in the quiver quantum mechanics. The states in question are referred to as pure-
Higgs states since they reside in the Higgs branch of the quantum mechanics, where all the
branes sit on top of each other. Interestingly, going to the Coulomb branch after integrating
out the massive strings stretched between the wrapped branes, leads a non-trivial potential
and velocity dependent forces governing the wrapped brane position degrees of freedom in
the non-compact space. Moreover, whenever the Higgs branch has an exponentially large
number of ground states, the Coulomb branch exhibits a family of supersymmetric scaling
solutions [21, 22, 27] continuously connected to its origin. The equations determining the

!One might also consider this AdSs as a degenerate limit of the warped AdS;/NHEK near horizon
geometry of the rotating black hole, in the limit of vanishing angular momentum. The SL(2,R) might then
be a global subgroup of the full symmetries associated to the duals of such geometries [5-10].

2The original N x N Hermitean matrix models [16] in the double scaling limit has eigenvalue dynamics
described by free fermions which naturally have an SL(2, R) symmetry. Of course, such models contain only
the eigenvalue degrees of freedom due to the U(NN) gauge invariance that allows for a diagonalization of the
matrix, and hence do not have O(N 2) degrees of freedom. These models are dual to strings propagating in
two dimensions (for some reviews see [17-19)]).
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Figure 1. A 3-node quiver diagram which captures the field content of the Lagrangian L =
Ly + Lc + Ly, each piece of which is given in (2.1), (2.2), and (2.5). This quiver admits a closed
loop if k!, K2 > 0 and 3 < 0.

positions of the wrapped branes in such supersymmetric zero energy scaling solutions are
reproduced in four-dimensional N' = 2 supergravity [21], believed to be the appropriate
description of the system in the limit of a large number of wrapped branes.

In this note we would like to touch upon some of these issues. We do so by discussing
two aspects of the Coulomb branch of such quiver theories, particularly those describing
three wrapped branes containing scaling solutions.

First we derive the Coulomb branch Lagrangian of a three node quiver model (see
figure 1), and establish the existence of a low energy scaling limit where the theory exhibits
the full SL(2, R) symmetry of conformal quantum mechanics [28-31]. These scaling theories
have velocity dependent forces, a non-trivial potential as well as a metric on configuration
space. It is also worth noting that the full quiver quantum mechanics theory is itself not a
conformal quantum mechanics (and most certainly not a two-dimensional conformal field
theory). The emergence of a full SL(2, R) symmetry rather than only a dilatation symmetry
in the scaling limit is not guaranteed, and is reminiscent of the emergence of a full SL(2, R)
in the near horizon geometry of extremal black holes.

Second, we study the behavior of the Coulomb branch upon integrating out the strings
in a thermal state, rather than in their ground state. At sufficiently high temperatures,
the Coulomb branch melts into the Higgs branch. This is reminiscent of the gravitational
analogue where increasing the temperature of a black hole increases its gravitational pull,
or a particle falling back into the finite temperature de Sitter horizon.

2 General framework: quiver quantum mechanics

In this section we discuss the quiver quantum mechanics theory and its Coulomb branch.
These theories constitute the low energy, non-relativistic and weakly coupled sector of
a collection of branes along the supersymmetric cycles of a Calabi-Yau three fold. The
wrapped branes look pointlike in the four-dimensional non-compact Minkowski universe.



2.1 Full quiver theory

The N = 4 supersymmetric quiver quantum mechanics comprises the following fields: chiral
multiplets & = {qb%, Vs Fg} and vector multiplets X; = {A4;,x;, A\;, D;}. The Yf; are the
fermionic superpartners of the qﬁ?j, the \; are the fermionic superpartners of the scalars x;,
A; is a U(1) connection, and F and D; are auxiliary scalar fields. The ®f; transform in
the (1;,1;) of the U(1); x U(1);. The index o = 1,2,...,|k;;| denotes the specific arrow
connecting node i to node j (see figure 1). The chiral multiplets encode the low energy
dynamics of strings stretched between the wrapped D-branes of mass m; sitting at three-
vector positions x; in the non-compact four-dimensions. The index ¢ = 1,2,..., N denotes
the particular wrapped D-brane. The electric-magnetic charge vector, I'; = (Q(Ii), P[(i)), of
the wrapped branes depends on the particular cycles that they wrap, and the Zwanziger-
Schwinger product of their charges are given by the x;; = (PI(i)Q(Ij ) Q(Ii)PI(j )). The k;;
count the number of intersection points in the internal manifold between wrapped branes
7 and j. In what follows we measure everything in units of the string length Ig which we
have set to one.

The Lagrangian L = Ly + Lo + Ly for the three-node quiver quantum mechanics [21]
describing the low energy non-relativistic dynamics of three wrapped branes which are
pointlike in the (3 4+ 1) non-compact dimensions is given by:

3

Ly = Z; % (ql g + DD+ mw) — 9D, (2.1)
and,
Lo =Y Dbl — (d' -’ + s:D") |94 + [Fil* + i, Dy,
=1
— sila(o - @)y + V2 (sidu N el — hoc.) . (22)

In (2.1)—(2.2) and what follows we will mostly work with the relative degrees of freedom
(i.e. x4 = x;—xj, Dijj = D;— Dj, etc.) since the center of mass degrees of freedom decouple
and do not play a role in our discussion. The notation we use is somewhat non-standard
(for example (q', q%, %) = (x12, X23,X13)) and is given in appendix A along with all of our
conventions. We note that the relative Lagrangian is only a function of two of the three
vector multiplets, since q°® = q' + q2, D? = D' + D? and A3 = A\ + A\2. The s; encode the
orientation of the quiver. For the majority of our discussion we choose s1 = s9 = —s3 = 1,
corresponding to a closed loop like the one in figure 1. The reduced masses u’ (which we
denote in superscript notation in (2.1)—(2.2)) are related to the masses m; ~ 1/gs, where
gs is the string coupling constant, of the wrapped branes sitting at the x; by:

1 mi1ms 2 moms 3 mims
m1 + mo + ms m1 + mg + ms3 m1 + mg + ms3
The superpotential, which is allowed by gauge invariance only when the quiver has a closed

loop, is given by:

W(p) = Z waﬁvqﬁagb%gbi + higher order terms, (2.4)
By



(where we take coefficients wqs, to be arbitrary) and contributes the following piece to the
Lagrangian:

(WD) ) : (aQWw) ‘ol )

Ly = —F" + h.c. ———=le h.c.|. 2.5
W ;( 0. ot +i;1 8%8%1%1%"‘ (2.5)
In this note we only consider cubic superpotentials and ignore the higher order terms. This
is consistent so long as the ¢! are small, which in turn can be assured by taking the ||
sufficiently small [22].

The theory contains a manifest SO(3) global R-symmetry. In the absence of a su-
perpotential, the Lagrangian is diagonal in the arrow (Greek) indices and thus the theory
also exhibits a U(|x!|) x U(|x?|) x U(|x3|) global symmetry under which the ¢} trans-
form as U(|x‘|) vectors. The superpotential explicitly breaks this symmetry down to the
U(1); x U(1)2 x U(1)3 gauge symmetry.

The theory can be obtained by dimensionally reducing an N/ = 1 gauge theory in
four-dimensions to the (0 + 1)-dimensional worldline theory. It can also be viewed as the
dimensional reduction of the N/ = 2 two-dimensional o-models studied extensively, for
example, in [32]. In order for the theory to have supersymmetric vacua we also demand
that the Fayet-Iliopoulos constants sum to zero: 61 + 65 + 63 = 0.

In units where i = 1 is dimensionless, and where we choose dimensions for which
[t] = 1, the dimensions of energy are automatically set to [E] = —1. We also find the
following dimensional assignments: [¢] = 1/2, [D] = =2, [x] = —1, [u] = 3, [wapy] = —3/2,
[] =0, [\] = —=3/2, [F] = —1/2 and [#] = 1. The mass squared of the ¢’ fields upon
integrating out the auxiliary D fields is given by Mizj = (|xij|* + 0;/m; — 0;/m;). For
physics whose energies obey E?/M? < 1 we can integrate out the massive ¢!, fields and
study the effective action on the Coulomb branch. Finally, notice also that the coupling
Wap~y has positive units of energy and is thus strong in the infrared limit since the natural
dimensionless quantity is wag/ E3/2. The contribution from ¢°, loops grows as k' and thus
the effective coupling constant at low energies is given by geg ~ gsk. In the large geg limit,
the wrapped branes backreact and the appropriate description of the system is given by
four-dimensional N' = 2 supergravity [21].

2.2 Some properties of the ground states

An immediate question about the above model regards the structure of the ground states
v, [<I>f1, Q’] of the theory, satisfying: H v, [@g, Q’] = 0. Though an explicit expression for
the full ¥, [@fx, Qi] remains unknown, the degeneracy of ground states has been extensively
studied [21-26]. In particular, the degeneracy of ground states localized near Q' = 0, i.e.
the ground states of the Higgs branch of the theory, were shown to grow exponentially in
when the theory contains a superpotential, the quiver admits closed loops (e.g. k', k2 > 0
and % < 0) and the k% obey the triangle inequality (i.e. |x?| + |x3| > |x!| and cyclic
permutations thereof). This growth is related to the exponential explosion in the Euler
characteristic of the complete intersection manifold M [22] given by imposing the con-



straints from the F-term (8 L|pi_g = 0) onto the D-term constraints (8piL|pi—g = 0).
Since k! goes as the charge squared of the associated U(1) gauge symmetry, the number of
ground states scales in the same way as the Bekenstein-Hawking entropy of the associated
black hole solutions in the large geg limit. Though a complete match between the ground
states of a single Abelian quiver model and the entropy of a BPS black hole in N' = 2 su-
pergravity is not known,* the vast number of microstates makes these systems potentially
useful candidate toy models to study features of extremal or near extremal black holes.
Other pieces of ¥, localized near ®, = 0, i.e. the (quantum) Coulomb branch of the
theory, have also been studied [21]. Unlike the Higgs branch quiver with a closed loop,
superpotential and an exponential growth in its number of ground states, it was found
that the number of Coulomb branch ground states grows only polynomially in the .
Interpreting the q° as the relative positions of wrapped branes, these ground states can
be viewed as describing various multiparticle configurations, as we will soon proceed to
describe in further detail. To each ground state in the quantum Coulomb branch there
exists a corresponding ground state in the Higgs branch, but the converse is not true.
Another way to view this statement is that whenever a given ¥, has non-trivial structure
in the Q' directions and peaks sharply about ®! = 0, it will also have a non-trivial structure

in the ® directions and peak sharply about Q = 0 but not vice versa.

3 Coulomb branch and a scaling theory

For large enough |q’| we can integrate out the massive ®%’s (in their ground state) from the
full quiver theory (2.1). This can be done exactly given that the ®¢, appear quadratically
in (2.1) whenever the superpotential vanishes. One finds the bosonic quantum effective
Coulomb branch Lagrangian (up to quadratic order in ¢‘ and D?):

2 3 ;
| P, ndg i i (sl N
_ = . LA e AN At Al . &F ? i i
Lep. =3 ;G,] (' - ¢/ + D' DY) ;sm@ |AYq") - ¢ <2|ql.‘ +6") D' (3.1)
The terms linear in ¢ and D* follow from a non-renormalization theorem [21], whereas the
quadratic piece in ¢’ is derived in appendix D.1. Recall that the system is only a function
of q' and q? since q® = q' + 2. The three-vector A% is the vector potential for a magnetic
monopole:

-y . x N
2r(z £ T')x - 2r(z £ T)y’

Al(x) = (3:2)

3As an example, we can take #',60? < 0. Then the complete intersection manifold is given by setting
¢2 =0, imposing the x> F-term constraints: wa@wﬁiqﬁ% =0, inside a CP*' ~1 x CP~° 1 space coming from
the D-term constraints: |¢5|? = —0' and |¢2|> = —(6% — 6'). The space is a product of CP*’s since we
have to identify the overall phase of the ¢ due to the U(1) gauge connection. When |&'| 4 |k%| — 2 > |3,
which for large x amounts to the ' satisfying the triangle inequality, the number of constraints become
less or equal to the dimension of CP*' 1 x (CP"””2717 allowing for more complicated topologies for M.

“Indeed, there are several quiver diagrams with the same net charges and one might suspect that all such
quivers are required to obtain the correct entropy of the supersymmetric black hole (see for example [33]).



and Gj; is the two-by-two metric on configuration space:

1 3 10s 1 |&8 3,1 |s%
(Gii] = P AqTs T a TP Wt a gt (3.3)
K 31 s 243 11~ 41 | ' '
M 1Tal+a23 1% H 17q7[3 a1+ a7

Upon integrating out the auxiliary D’-fields, we obtain a multi-particle quantum mechanics
with (bosonic) Lagrangian:

2 3
LMLZQZ;GUq-q?—E:&MLA(qVQm—VM)- (3.4)

=1

That the quantum effective Coulomb branch theory has a non-trivial potential V' (q*) should
be contrasted with other supersymmetric cases such as interacting D0-branes or the DO0-
D4 system [34] where the potential vanishes and the non-trivial structure of the Coulomb

branch comes from the moduli space metric. The potential V(q") is also somewhat involved
and is given in appendix D.2.

3.1 Supersymmetric configurations

The supersymmetric configurations of the Coulomb branch consist of time independent
solutions which solve the equations V(q’) = 0. For (3.1), this amounts to:

S |/€Z| S3 |’f3|

+200=0, i=1,2. (3.5)

21
o’ a3

In appendices B and C we review that these supersymmetric configurations are robust
against corrections of the Coulomb branch theory from the superpotential and from inte-
grating out higher orders in the auxiliary D fields.

Bound states. There are bound state solutions [21, 35] of (3.5) which are triatomic (or
more generally N-atomic if dealing with N wrapped branes) molecular like configurations.
Of the original nine degrees of freedom, three can be removed by fixing the center of
mass. Then the bound state condition (3.5) fixes another two-degrees of freedom. Thus,
bound state solutions have a four-dimensional classical moduli space. Due to the velocity
dependent terms in the Lagrangian, the flat directions in the moduli space are dynamically
inaccessible at low energies — the particles resemble electrons in a magnetic field. Several
dynamical features of the three particles were studied in [36, 37].

Scaling solutions. There are also scaling solutions [22] of (3.5) which are continuously
connected to the origin |qi| = 0. They occur whenever the x’ form a closed loop in
the quiver diagram (e.g. k',x% > 0 and x® < 0) and obey the same triangle inequality
(|x%| + |k3| > |x!| and cyclic permutations thereof) that the |qf| are subjected to. These
solutions can be expressed as a series:

'] = KD anX",  A>0. (3.6)
n=1



The coefficient a; = 1, while the remaining a,, can be obtained by systematically solv-
ing (3.5) in a small \ expansion, and will hence depend on #°. The moduli space of the
scaling solutions is given by the three rotations as well as the scaling direction parameter-
ized by A. Though the angular directions in the moduli space are dynamically trapped due
to velocity dependent forces, the scaling direction is not and constitutes a flat direction
even dynamically.

Requiring that the series expansion converges, i.e. (a,11A""!)/(a,\") < 1, leads to
the condition:

1
A< (3.7)

Because of this condition on the A’s, one should be cautious when dealing with such scaling
solutions. They occur in the near coincident limit of the branes where the bifundamentals
that we have integrated out become light. In order for the mass of the bifundamentals,
ij = (|x45|? + 6i/mi — 0;/m;), to remain large we require:

(Z)UZ < |q. (3.8)

Taking p' = vt and |q'| = |q’|/v® the inequalities (3.7) and (3.8) can be satisfied in the
limit v — oo, with i*, §*, x* and €' fixed and furthermore o € (0,1/2).

Notice that (3.7) implies that the distances between particles in a scaling regime ~ Ak
is much less than the typical inter-particle distance of a bound state ~ /6.

3.2 Scaling theory

To isolate the physics of the Coulomb branch in the scaling regime we take an infrared
limit of the Lagrangian (3.1), pushing the g’ near the origin and dilating the clock ¢. In
particular, we would like the ~ x/|q’|® part of the metric in configuration space to dominate

lq'| < (Z) " (3.9)

Additionally we must satisfy the inequalities (3.7) and (3.8). Again taking pu! = v,

over the ~ p piece leading to:

q’ = q'/v® and in addition t = v* ¢ with fixed fi*, §', x* and 6, we can also satisfy (3.9) in
the limit v — oo, so long as we also ensure « € (1/3,1/2).5 The rescaling of t is required
to maintain a finite action in the scaling limit. In type II string compactifications p ~
1/lp ~ \/v/gsls, where Ip is the four-dimensional Planck length and v is the volume of the
Calabi-Yau in string units [21], therefore the ¥ — oo limit corresponds to a parametrically
small string coupling. Furthermore the scaling throat deepens as we increase the mass of
the wrapped branes.

The rescaling above amounts simply to setting the # and ' to zero in (3.1) and
replacing g’ and ¢ with q* and t. We call the remaining Lagrangian with vanishing §* and
pt the scaling theory. Notice from equation (D.18) that the potential V(q’) in this limit

)1/3

® Another limit one might imagine is given by: |q‘| > (k/u)"/?, |q’| < x/0. In this case the metric on

configuration space remains flat while the potential scales like ~ 1/|q]|?.



becomes a homogeneous function of order one, i.e. V(v q') = vV (q’) and the linear in
velocity term is retained.

3.2.1 Consistency of the small D? expansion

One can infer from the supersymmetry variations [21] that supersymmetric configurations
have vanishing D?. Furthermore, as we have already noted, we have performed an expansion
in small D’ fields prior to integrating them out (see appendix C for more details) in order to
obtain the Coulomb branch. Thus, in order for a scaling theory to exist and be consistent
with a small D? expansion, it must be the case that zero energy scaling configurations exist.

Had we considered a two-particle theory, where no such scaling solutions can exist,
taking a small q limit would be inconsistent with the small D expansion. That is because
the dimensionless small quantity in our perturbation series is actually D/|q|? and the
supersymmetric configuration D = 0 occurs at |q| = —x/260. Expanding the non-linear D
equation (C.1) (see appendix C) in powers of e = D/|q|?, while imposing |q| > (6/p)'/2,
one finds the following consistency condition:

Q) Gl boe) o

Indeed, the first term on the right hand side is negligible by construction, since we took
la| > (6/1)Y/? to keep the strings massive. Smallness of the second term in the equation
would require |q|® > k/u, in contradiction with the condition (3.9) required to isolate the
scaling theory.

We now consider the three-node case for s; that admit a closed loop in the quiver.
For small e; = D?/|q?|? (taking all masses the same and 6; = 6 = 6 and again imposing
|a?| > (6/p)'/?) the equation of motion of the auxiliary D?-field (in the form of (C.2)) is
given by:

30 |12 < 1 9
€ = + d— —ea+ O(e3) (3.11)
2ulg??  2p|q?? 2 ?
where § = 1 — 2'?:21‘ (% + %) measures how close the configuration is to the scaling

solution. For sufficiently small § ~ € < 1 we can consistently satisfy (3.11) in addition to
imposing the scaling inequalities (3.9).

In this sense the scaling theory is in fact a theory of the deep infrared configurations
residing parametrically near the zero energy scaling solutions. This is consistent with the
dilation of time required to obtain the scaling theory.

4 Conformal quivers: emergence of SL(2, R)

In this section we uncover that the bosonic scaling theory action, i.e. (3.4) with the ¢!
and g set to zero, has an SL(2,R) symmetry. This is the symmetry group of conformal
quantum mechanics [31]. The group SL(2,R) is generated by a Hamiltonian H, a dilatation
operator D and a special conformal transformation K, with the following Lie algebra:

[H,D| = —2iH, [H K|=-iD, [K,D]=2K. (4.1)
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As we have already mentioned, the full SL(2,R) symmetry is not guaranteed by the ex-
istence of time translations and dilatations alone [38]. This is suggested by the fact that
the H and D operators form a closed subalgebra of the full SL(2,R). The presence of a
full SL(2,R) is actually quite remarkable, particularly given the specific form of the scaling
theory Lagrangian which has velocity dependent forces and a non-trivial potential.

As discussed in the previous section, it is not true that, for any finite %, u* and 6?, the
Coulomb branch can be described precisely by the scaling theory action. There will always
be small corrections that break its manifest scaling symmetry: q° — v q’, and t — t/7.
This is comforting, given that the full quiver theory has a finite number of ground states
— yet a conformal quantum mechanics has a diverging number of arbitrarily low-energy
states, with a density of states that behaves as dE/E. The corrections serve as a cutoff
for the infrared divergence in the number of states, such that the Coulomb branch can fit
consistently inside the full quiver theory (related discussions can be found in [23, 39)]).

4.1 Conditions for an SL(2,R) invariant action

The conditions under which an action will be SL(2,R) invariant (up to possible surface
terms) have been studied extensively in [1, 38, 40]. Showing that a general theory with
bosonic Lagrangian describing N degrees of freedom:

1 . . .
inq'lGijq']—Aiq'l—V(q), 7;:1,2,...,]\[ (42)

has an SL(2,R) symmetry is equivalent to finding a solution to the following equations [40]:

2V Z; = Gij, (4.3)
-7V =V, (4.4)
27Z; = if, (4.5)
(4.6)

ZF; =0,  Fj;=03A;.

Equations (4.3) and (4.4) ensure the existence of a dilatation symmetry. In particular,
equation (4.3) implies that the metric on configuration space allows for a conformal Killing
vector field (also referred to as a homothetic vector field). Equations (4.5) and (4.6) ensure
the that the action remains invariant under special conformal transformations, where f is
an arbitrary function of the ¢*. Indices are raised and lowered with the metric Gij.

Interestingly, equation (4.5) imposes that the conformal Killing form Z; of the metric
be exact, which is generically not the case. Hence the existence of a dilatation symmetry
does not necessarily imply the symmetry of the full conformal group.

Once a solution to (4.3)—(4.6) is found, the three conserved quantities are then given
by [40]:

Q= %t”“ i Gijd —(n+W"Z' Gy ¢ +t""'V(g)+F,, n=-101 (47)
where F_1 = Fy = 0 and F; = f. The charge Q_; is the Hamiltonian, whereas Qg and 9y
are related to dilatations and special conformal transformations, respectively. These three
charges generate the SL(2,R) algebra (4.1) (up to factors of ¢) under the Poisson bracket.
In what follows, we find Z% and f for the scaling theory described in section 3.2.
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4.2 Two particles

As a warm up, we can study a simple model consisting of a two node quiver with an equal
number of arrows going to and from each node, with a total number x > 0 arrows altogether.
This is the theory describing, for example, the low energy dynamics of a wrapped D4-D0
brane system (see [34]). The bosonic Lagrangian for the relative position q = (¢*, ¢¥, ¢%)
on the Coulomb branch, in the scaling limit, is given by:

Kk G2
=2 Taf (4.8)
The above Lagrangian is also the non-relativistic limit of one describing a BPS particle in
an AdS; x S? background. The wordline theory has three degrees of freedom and a diagonal
metric on configuration space: g;; = K lq|~3 dij. In addition to the Hamiltonian H, the

above theory has a dilatation operator D and special conformal generator K given by:
D=i(q oi+la~20lal?q ),  K=2xla", (1.9)

such that the SL(2,R) algebra is satisfied. It is thus a simple example of a conformal
quantum mechanics.

4.3 SL(2,R) symmetry of the full three particle scaling theory

For our particular problem, it is useful to note that the index structure of the relative
coordinates, i.e. 1 = 1,2,3, is trivially tensored with the spatial index implicit in bold
vector symbols (e.g. q = (¢%,¢Y,¢*)). Introducing Q% = (ql,qQ), with @ = 1,2,...,6,
our Lagrangian (3.4) (with p’ and €' set to zero, and s; that admit a closed loop) takes
the form:

Lo, = 5 Q% Gas @7 = AQ Q* V(@) (4.10)

where Gyop and the six-dimensional vector potential can be extracted from (3.4). An
expression for the vector potential is simple to write down and is given by:

AQ = (s |sM AN + 53 K AN G + a?) s s |K2|AN Q) + 53 [6F AN G + @) ) .
(4.11)
where A4(x) is the vector potential for a magnetic monopole and is given in (3.2). It is
straightforward to check, using Mathematica for example, that the conditions (4.3)—(4.6)
are indeed satisfied. We find Z% = —Q% and f = 2 QaGagQB . The explicit generators of
the SL(2,R) are given by:

1/ 1
H=— <@aa\/é — z'Ag@) GP (aﬁ - z‘AgQ)) +V(QY), (4.12)
- a L fe
D=i (Q D + \/aaa\fGQ ) : (4.13)
K =2 Q%GupQ", (4.14)

where we have used that QQA&Q) = 0. The generator K simplifies to:

S ol B

2lq?]  2|g?|

_ Ik
2|q!|

K

+ (4.15)
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We thus conclude that the bosonic scaling theory is an interacting multi-particle
SL(2,R) invariant conformal quantum mechanics with velocity dependent forces. The
theory admits a further SO(3) symmetry acting on the spatial three-vectors.

4.3.1 N-particle case

Though we do not prove it here, it is natural to conjecture that the N-particle scaling
theory will be an N-particle conformal quantum mechanics. Indeed, for any closed loop of
N;-particles we expect that in the corresponding throat there will be a conformal quantum
mechanics with D and K as in (4.12) except Q% runs over all the 3N; bosonic degrees
of freedom. The one loop metric on configuration space in the Coulomb branch, i.e. the
coefficient of ¢ - ¢/, will be equivalent to that of D’ D’ (which is far easier to compute)
upon integrating out the massive strings for general quivers. Interestingly, when there
are more than three nodes, there may be several distinct closed loops allowing for their
own scaling throat and several distinct scaling throats may coexist, within its residing a
decoupled conformal quantum mechanics theory.

4.3.2 Superconformal quantum mechanics

It is worth remarking that the Coulomb branch is in fact a supersymmetric quantum
mechanics with four supercharges qu and an SO(3) global R-symmetry group. This follows
from effective field theory. We are integrating out the heavy chiral ®!, multiplet in its
supersymmetric ground state. Thus, the low energy effective theory of the vector multiplet
will be endowed with the four supercharges of the parent quiver theory. Of course, there
could be anomalies that arise in the process. For instance, the discrete time reversal
symmetry of the full quiver theory is violated in the Coulomb branch by the linear in
velocity terms. This is an anomaly which does not spoil the supersymmetry of the Coulomb
branch, and occurs due to a zero mode in the functional determinant of the v¢, fermions.
As shown in [41] for the two node case, one can compute the supercharges of the low energy
effective theory in a systematic fashion using perturbation theory.

We have shown above that the bosonic Lagrangian of this theory exhibits an SL(2,R)
symmetry. In order to establish that this extends to a superconformal quantum mechanics
we must establish the existence of four supersymmetric special conformal generators S°.
These will be given by the commutator S* = i[Q%, K]. As discussed in [1], one must also
ensure that the commutator [qu, D] = —iqu is satisfied in order to have a superconformal
system. This is guaranteed due to the manifest scale invariance of the supersymmetric
action: @ — v qf, X' = v¥/2\ with ¢t — t/~.5 Hence the scaling theory is a superconformal
multiparticle theory.

Gravity. As discussed in the introduction, the emergence of a full SL(2,R) in the deep
scaling regime is reminiscent of the emergence of a full SL(2,R) in the deep AdSy throat

5Though we have not presented the piece of the Lagrangian quadratic in A?, which will be of the form
~ Kk AM/|q)® in the scaling region, the linear piece is fixed by supersymmetry [21] to be (B.1), which is
enough to read off the scaling dimension of A°.
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in gravity, which could end at a horizon or cap off at the locations of entropyless D-
particles. The symmetry group manifests itself in the dynamics of wrapped branes moving
in a ‘geometry’ resulting from integrating out the interconnecting strings and extends
upon similar observations made for other multiparticle systems in [1, 38, 42]. However,
we must point out that the conformal quantum mechanics obtainde here comes directly
from the low energy dynamics of strings interacting with wrapped branes, i.e. the quiver
theory, rather than from a gravity calculation of the moduli space of a multi-black hole
system. It would in fact be interesting to repeat such gravitational Ferrel-Eardley type
calculations [38, 42-45] for the low energy velocity expansion of the corresponding one-half
BPS scaling solutions [35] in N' = 2 supergravity. This might give an operational meaning
to the AdSy/CQM correspondence [46-50] (particularly in the large gsx limit and within
the AdS, scaling region). Recall that in the classical supergravity limit, the gravitational
backreaction of a brane becomes parametrically small given that its mass goes like 1/Ip.”
Furthermore, as emphasized in the introduction, our system is a quiver quantum mechanics
that does not necessarily reside inside a larger two-dimensional conformal field theory, and
thus the SL(2,R) may be of the ‘isolated’ type.

4.4 Wavefunctions in the scaling theory

Given the existence of an SL(2,R) invariant scaling theory, one natural question is whether
a quantum state will stay localized within the scaling regime or if its wavefunction will
spread away from the scaling regime, or even fall back into the Higgs branch (where (|q’|) =
0). One particular direction in which a wavefunction might easily spread is the scaling
direction where the potential is identically zero and where there are (classically) no velocity
dependent magnetic forces.

Studying the quantum mechanics problem of the full three-particle scaling theory is
difficult. Instead, we will look at the wavefunctions of the simpler wrapped D4-D0 model
discussed in section 4.2. The zero angular momentum piece of the Schrodinger equation in
spherical coordinates (i.e. ¢* = gcosfsin ¢, ¢V = gsinfsin ¢ and ¢* = gcos ¢, ¢ = |q|) is:

1 y 1 d
_ ) ij 9. _ 5/2
2\@6“@9 0;VE 5 34

which can easily be solved: 1g(q) ~ \/qexp (:|:2i\/2/€E / q) .8 These energy eigenstates are
non-normalizable at small ¢ with respect to the covariant inner product:

0
122 oy =FE 4.1
q 34 YE YE, (4.16)

(1) = / &g VG Ui(Q) va(a). (4.17)

Non-normalizability of energy eigenstates is common for scale invariant theories [31], the
non-normalizability means that energy eigenstates leak into the Higgs branch.

"This approach is reminiscent of attempts to match the Coulomb branch of the BFSS matrix model [51,
52] with eleven-dimensional supergravity calculations. A basic difference is the presence of the ability to
zoom into a deep AdS; throat in the geometry and that the microscopic quiver model is vector like rather
than matrix like.

8If we include the angular variables we would find ¥} = QF (q)Y;™ (8, ¢) with Y;™ spherical harmonics
and QF can be written in terms of Bessel functions. Here we only look at I = 0 modes, ¥r(q) = Q¥ (q).
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Figure 2. Examples of H + a K eigenfunctions. Left: plot of zz)\(m) for n € (0.2,5.2) in unit
increments. Right: plot of 45 (z) for n € (—5.7, —0.7) in unit increments.

As in [31], we can consider instead eigenstates 1)(q) of the H + aK operator with
eigenvalue A\ = /a (n + %) € R, where a is a constant with appropriate dimensions. If
we define a variable x = q/(k+/a), then the zero-angular momentum wavefunctions ()

satisfy
. il 4= = - ) 4.18
2(91: 8mx 8:1:+x 2 n—|—2 A ( )
The normalizable wavefunctions are given by confluent hypergeometric functions:
_ 1-n 3 4
dalw) = Ne2/2U ( 2 x) , (4.19)
where N is a finite normalization factor that depends on x and a. Whenever n € N,
the expression for U (1_T", %, %) simplifies significantly. We can also obtain asymptotic
expressions near x = 0 and z = oo:
1-— 3 4
U < > n = ) e (2”‘%/5+ 0 (a:3/2)> , for  x~0, (4.20)
T

__ Vrz 27 - )
T 2T[(1-n)/2] T[-n/2 +O($ 1/2>, for 7' ~0. (4.21)

The dependence on x and a drops out of all expectation values of operators as a function
of z labeled O(z), hence we can instead normalize the wavefunctions ¥y (x) = ()

Kr,a=1
and reinstate the dependence on s and a in expectation values of operators by looking at
the dependence of O(x) on the variable x and how it transforms when we take ¢ — xk+/a.
Examples of JA (z) are displayed in figure 2.

To understand whether these states leak back into the Higgs branch, we consider for
example (z)). This is only finite if n is an odd positive integer for which (x)y = 8 (or
equivalently (¢)x = 8k+/a), otherwise (x), is infinite. This can be seen from the fact
that for positive and odd n, T'[(1 — n)/2] diverges and the O(y/x) term in the large x
expansion (4.21) dissappears. However, for any A(n) there exists a number s < 1 such that
(x®) is finite. Similarly, when n is an odd positive integer, there exists a number s > 1
such that (x®), is infinite. Thus a large class of H + aK eigenstates do not leak into the
Higgs branch for large k.
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Finding the wavefunctions in the three-node Coulomb branch is clearly more compli-
cated. There are now six-degrees of freedom and a non-trivial potential V(q’). However,
at the classical level, the scaling direction remains flat and motion along it is uninhib-
ited, neither by the potential nor by any velocity dependent magnetic forces. So if the
wavefunction has any chance of spreading, it will do so along the scaling direction. Our
previous analysis of the two particle wavefunctions, which deals essentially with the scal-
ing direction, suggests that at least some H + aK eigenstates do not leak into the Higgs
branch.”

SL(2,R) in the Higgs branch? We end this section with an important question. The
SL(2,R) symmetry we have been discussing so far resides in the Coulomb branch of the full
quiver theory. In particular it resides in the scaling regime of the Coulomb branch which is
connected to the Higgs branch at its tip, i.e. where all the g’ become vanishingly small. How
does the SL(2,R) structure act on (if at all) the Higgs branch degrees of freedom? Perhaps
a way to answer this question is via the Higgs-Coulomb map of [53] (further developed in
the context of quiver theories in [23]). Indeed, an SL(2,R) symmetry acting on the states
residing in the Higgs branch would resonate closely with the appearance of an SL(2,R)
isometry of the AdSy in the near horizon region of the extremal black hole.

5 Melting molecules

We have seen that the low energy excitations of the scaling regime in the Coulomb branch
are described by a multiparticle SL(2,R) invariant quantum mechanics. It was noted that
this is reminiscent of the SL(2,R) that appears in the near horizon geometry of an extremal
black hole or the AdSs geometry outside a collection of extremal black holes that reside
within a scaling throat. If we heat up such a collection of black holes (for example by making
the centers slightly non-extremal) they will fall onto each other due to gravity’s victory
over electric repulsion. Naturally, then, we might ask what happens to our scaling theories
and more generally the Coulomb branch configurations upon turning on a temperature?!?
This amounts to integrating out the massive strings, i.e. the chiral multiplet, in a thermal
state as opposed to their vacuum state. In this section we assess the presence of bound
states and scaling solutions as we vary the temperature. Roughly speaking, this is the
weak coupling version of the calculations in [65-68] where the multicentered solutions were
studied at finite temperature.!! We find that the bound (but non-scaling) configurations

9We also note that the quantization of the classical solution space of scaling configurations was considered
in [39], where it was found that the expectation value of the total angular momentum operator was non-
vanishing.

10 Aspects of supersymmetric quantum mechanics at finite temperature are discussed in [64-56]. An
incomplete list of more recent studies including numerical simulations is [57-64].

1T fact, [65, 68] explored how the effective potential of a D-particle/black hole bound state changed as
the temperature of the black hole was increased. Hence, a closer analogy to [65] would be to consider a
four-node mixed Higgs-Coulomb branch as in figure 8. One node is ‘pulled’ away from the remaining three,
such that one can integrate out all connecting heavy strings in some thermal state. The remaining three
nodes, which we choose to contain a closed loop (and hence have exponentially many ground states), are
in the Higgs branch which is also considered to be at some finite temperature. One could then study the
Coulomb branch theory for the position degree of freedom of the far away wrapped brane as a function of
the temperature.
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persist at finite temperature until a critical temperature after which they either classically
roll toward the origin or become metastable. This amounts to the ‘melting’ of the bound
state. Scaling solutions on the other hand do not persist at finite temperature and instead
the potential develops a minimum at the origin, even at small temperatures.

As was alluded to, what we find is somewhat analogous to heating up a collection of
extremally charged black holes, known as the Majumdar-Papapetrou geometries [69, 70],
by making the masses of the centers slightly larger than their charges. Doing so will cause
the black holes to collapse into a single center configuration upon the slightest deviation
from extremality.

5.1 Two nodes — Melting bound states

Consider the low energy dynamics of two wrapped branes, which is given by a two node
quiver. There can be no gauge-invariant superpotential in this case since the quiver admits
no closed loops. The relative Lagrangian is:

Ly :g(q2+D2+2iM) — 6D,

Lc = |Dt¢a|2 - (|q|2 + D) |¢a|2 + MEaItha - &aq "0 — iv2 (QEQ@DQE)‘ - 5\61!304%) )

where Do = (0 +1iA) ¢po. The matter content is given by a chiral multiplet &, =
{ba, Yo} and a vector multiplet Q = {A,q, D, A} (A is a one-dimenional U(1) connection).
The index o = 1,2,...,k (where £ > 0) is summed over.

If we keep |q| constant and set to zero the fermionic superpartners A, we can integrate
out the ¢, and v, fields to get the effective bosonic action on the position degrees of
freedom:

Leg = %Dz — 0D — klogdet (—(815 + ’iA)z + |Q‘2 + D)

+ klogdet (—(9; +iA)* + |q]?) . (5.1)

If we wish to study the system at finite temperature 7 = B!, we must Wick rotate to
FEuclidean time ¢t — itg and compactify tg ~ tg + 8. Notice we cannot set the zero mode
of A to zero since one can have non-trivial holonomy around the thermal circle. The ¢,
fields have periodic boundary conditions and the 1, fields have anti-periodic boundary
conditions around the thermal circle. The operator 0y, has as eigenvalues the Matsubara
frequencies w,, = 27nT for the bosonic case and w,, = 2w(n+ 1/2)T for the fermionic case,
where n € Z. Hence, it is our task to evaluate:

K
L = 5D* — 0D — Slogdet (47 (n + 0T + |af* + D)

+ glog det (47 (n +1/2 4+ a)*T? + |q|?) , (5.2)

where we have defined a = A/27T'. Notice that Li? depends on the connection A which we

eventually need to path-integrate over. Upon evaluating the determinant (see appendix E

17 -



for details), one finds the effective thermal potential is given by:

v/lal>+D
cosh <T>

— cos(2ma)

V(T,D,a) = —gDQ +0D + kTlog . (5.3)

cosh (l—%l> + cos(2ma)

which has the correct low temperature limit limy o V (T, D,a) = —uD?/2 + 0D — k|q| +
k+/]q]? + D, in accordance with the results of [21]. Our task is to now perform the path

—,BV(T,G,)

integral of e over D and a. In doing so, we must be careful to ensure that D > —|q|?

such that integrating out the string is justifiable. Differentiating (5.3) with respect to a we
find that V(T, D,a) has a minimum at cos(2ra) = 1 for all T and D > —|q|?. Solving the
saddle point equations for D must be done numerically.

The potential V' has two scaling symmetries associated to it. Configurations related by:

T—~T, laf=~lal, D=~+"D, p—~vy26pu, 0560, n—=7y5r, (54)

have respective potentials related by: V(u, 0, &, |q|, D,T) — 6v*V(u, 0, %, |q|, D,T). The
qualitative features of the potential thus only depend on scale invariant quantities:

i 1/2 N i 1/2 i 1/2
K=k|—% , T=T|— , ﬁzq() , 5.5
(|9|3> <|er) lal = lal { 15, (5:5)

and the scaling-invariant potential is given by V= Vﬁ. Note that our finite temperature
analysis breaks down for 1" ~ 1 in string units, where the effects of massive string modes
start to kick in. However, we may still consider large T as long as we restrict ourselves to
parameter regions where our approximation remains valid, e.g. T < 1 and u/|0] > 1. We
use the scaling symmetries to fix 4 = |6] = 1 and study the thermal phases of the theory
as a function of T and K, noting that we can always extract physical quantities by properly
rescaling p and 6.

5.1.1 Thermal phases

Having derived the thermal effective potential we can now describe the different thermal
configurations for the two-node quiver. The physically distinguishable phases have poten-
tials V' with the following distinct properties:

1. A single stable minimum away from |q| = 0.

2. Two non-degenerate minima away from |q| = 0.
3. Two degenerate minima away from |q| = 0.

4. Two minima with one at |q| = 0 where:

(a) the minimum at |q| = 0 is the global minimum,

(b) the minimum at |q| > 0 is the global minimum.
5. A single minimum at |q| = 0.

Examples of each of these thermal configurations are displayed in figures 3 and 4.
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Figure 3. Thermal effective potentials of a two node quiver (§ = —1 and pu = 1). As the

temperature is increased the system explores various thermal configurations of stable and metastable
minima. From top left to bottom right the system is of type 1 — 2 — 3 — 2 — 4a — 5.
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Figure 4. Thermal effective potentials of a two node quiver (for § = —1 and p = 1). Left: an
example of phase type 4b. Right: a case where the potential of the supersymmetric minimum
decreases as the temperature is increased. A similar observation was made for supersymmetric
bound states in [65].

Depending on the location in the (&, f)—plane, the system will be driven (either through
thermal activation or quantum tunneling) to the most stable configuration. If the system is
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in a metastable configuration, such a process can take exponentially long. At high enough
temperatures, the system will eventually fall back to |q] = 0 where the Higgs and the
Coulomb branch meet, mimicking gravitational collapse or the melting of the molecule.

Note that for bound states in N/ = 2 supergravity, the effective potential of a small
probe around a large hot black hole, as studied in [65], never exhibited two minima away
from |q| = 0 (that is we never noticed potentials of types 2-4b). Since supergravity is a
good effective description at large ge ~ gsk, it would be interesting to see if this behavior
matches qualitatively in the Coulomb branch as & is increased. An example of this is shown
in figure 5.

High temperature behavior: an entropic effect. A way to think about the high tem-
perature melting transition is to integrate out the auxiliary D-fields first, which induces a
quartic interaction (]¢a|2)2 /p for the bifundamentals. Since this interaction is relevant, it
will play a minor effect at sufficiently large temperatures, namely for 7> p~'/3. Thus, at
high temperatures we are dealing with a collection of x non-interacting complex bosonic
and fermionic degrees of freedom with square masses (|q|? + 6/m) and |q|? respectively.
In addition, due to the U(1) connection we must only consider the gauge invariant states:
the spectrum is constrained to those states annihilated by the U(1) charge operator. A
particularly convenient gauge is the temporal gauge, A = 0. At some fixed high temper-
ature, the number of gauge invariant modes that aren’t Boltzmann suppressed increases
with decreasing mass and thus the dominant contribution to the free energy will come from
for the lightest possible mass, i.e. |q| = 0. This can be viewed as an entropic effect [71].

5.2 Three nodes — Unstable scaling solutions

A similar analysis for three nodes gives rise to the following effective thermal potential:

o 3 po ' cosh <W> — cos(2ma’)
V(T,D',a’) => ~-D'D'+6' D'+ x| T log - . (5.6)
= 2 cosh (‘q—Tl) + cos(2ma?)

Our main interest to understand the behavior of the scaling potential at finite tem-
perature, and in particular the flat scaling direction. Thermal effects will kick in when
|q’| < T. Since zero temperature scaling solutions occur for arbitrarily small |qf|, it is suf-
ficient to perform a small temperature expansion. The dimensionless quantities capturing
the thermal transition are |q‘|/T". As in the two-node case, one must integrate out the U(1)
connections a’ and the D?. For the case where the k! = k2 = —k% > 0 we can identify a
critical point along the scaling direction |q‘| = A\|«‘|: a! =1, a®> =0, D! = 0 and D? = 0.
On this saddle the potential becomes:

VNT)=2T 23: kY| log [tanh (2";')] , (5.7)

=1

which is negative definite. Of course there could be more dominant saddles that make
the potential even lower than the above. So more generally, this procedure must be done

—90 —



0.1

-0.1

=02

-03

0.15

0.10

0.05-

2 a4 6 3 1w 4

Figure 5. Thermal effective potentials of a two node quiver ( = —1 and p = 1). As & is increased
we note that the first minimum disappears.

numerically, even in the small temperature expansion, as the equations governing the con-
nections are intractable analytically. It amounts to numerically minimizing a function of
four variables, namely a', a?, D' and D? (recall that a® = a' + a? and D3 = D! + D?).
Since we are interested in the scaling branch we can set # = u* = 0 in our analysis.
The resulting potential (with §° = u* = 0) then exhibits the following scaling relation:

12

K=ok, T—ooT, |d|—=~vld], D' —=~*D, (5.8)

such that V (¢, |q'|, D', T) — v 6 V (K%, |q’|, D*, T). From the scaling symmetries we observe
that the numerical value of the temperature is of little meaning, all that matters for the
thermal phase structure is whether or not it vanishes. This is to be expected since we are
dealing with a scale invariant system.

In figure 6 we display the potential at 7' = 0 (left) and 7" # 0 (right) in the scaling
direction |q’| = A\ |k| for k! = k? = —k3 = 1. At T = 0, we naturally find that it is
vanishing for all A. At T # 0 we see that for radial values larger than the temperature,
the scaling direction is still effectively flat, but for radii of order the temperature the
thermal potential quickly falls. The numerics are in good agreement with the analytic
expression (5.7). Hence, at finite temperature the system falls back into its Higgs branch.
It would be interesting to explore this phenomenon in more generality for a larger number
of nodes.

12The reason we set §° = 0 is for computational simplicity and numerical clarity. We could have started
a Coulomb branch with non-zero 6*’s which has scaling solutions for |q‘| = A&’ + ©O(A?) in the limit A — 0
and found similar results.
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Figure 6. Thermal potential along the scaling direction |q‘| = A &* for k! = k? = —k% = 1 at

T =0 (left) and T' # 0 (right).

6 Outlook

We have observed the emergence of a full SL(2,R) symmetry from a quiver quantum me-
chanics model which itself is not a conformal quantum mechanics. The SL(2,R) manifested
itself in the effective theory of the position degrees of freedom of the D-particles, once the
heavy strings were integrated out. Supersymmetry played an important role in the pre-
vious discussion given that the form of the quiver Lagrangian (2.1) is heavily constrained
by it. But as was mentioned in the introduction, the SL(2,R) symmetry appears for ge-
ometries that need not be supersymmetric. In this final speculative section, we consider
the idea that randomness (in the Wignerian sense) is behind the SL(2, R) and observe that
dilatations imply special conformal transformations for one dimensional systems whose di-
latation symmetry is geometrized into an additional radial direction. Finally, we discuss

some possible extensions.'3

6.1 Random Hamiltonians and emergent SL(2,R)?

It would be interesting to understand whether the emergence of such an SL(2,R) from
systems with large numbers of degrees of freedom, such as matrix quantum mechanics,
could be more general. For instance, if there are a large number of almost degenerate
vacua in the putative microscopic dual of AdS2, one might imagine an approximate scale
invariance emerging at large N due to the formation of almost continuous bands of low
energy eigenvalues.

More generally, if the Hamiltonian is sufficiently complicated due to the multitude
of internal cycles being wrapped by the branes, one might imagine drawing it from a
random ensemble Hpy of N x N Hermitean matrices. We can then formulate the following
problem. Draw an N x N Hermitean matrix H € Hy and assess (under some as of
yet unspecified measure, perhaps the Frobenius norm is a possibility) how well the matrix
equations (4.1) can be satisfied, given arbitrary Hermitean matrices D and K. In particular,

13We would like to acknowledge Frederik Denef, Diego Hofman and Sean Hartnoll for many interesting
discussions leading to these ideas.
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are the equations better satisfied as we increase N.1* The emergence of an SL(2, R) from a
random ensemble of Hamiltonians, if true, would be similar in spirit to the emergence of the
Wigner distribution of eigenvalue spacings from random matrices that is almost universal
to quantum systems that become chaotic in the classical limit.

Interestingly, an ensemble of random Hamiltonians with a scale invariant distribution
of eigenvalues was found in [72]. We hope to return to this question in the future.

6.2 Holographic considerations

If one assumes that there exists a gravitational dual to the theory, and in addition that a
scaling symmetry ¢t — \% exists along with a radial transformation z — A2z one obtains
the two-dimensional metric (see for example [73]):

2 2
ds? = —‘iia dZiQ, (6.1)
which is nothing more than AdSy (albeit in unusual coordinates). The isometry group
of AdSs is SL(2,R) and thus, holographically a dilatation symmetry seems to imply the
existence a full SL(2,R) symmetry. This is not true in higher dimensions unless one also
assumes Lorentz invariance of the boundary metric.

Another feature of conformal quantum mechanics that contrasts with higher dimen-
sional conformal field theory is that there is no normalizable SL(2,R) invariant ground
state. On the other hand, d-dimensional conformal field theories have an SO(d, 2) invari-
ant ground state wavefunctional. We view this as a hint that whatever the holographic
description of AdSs is, it is not necessarily a conformal quantum mechanics off the bat.
Indeed, the quiver quantum mechanics whose ground state degeneracies count a large
fraction of the microstates of a black hole with an AdSs near horizon are not conformal
quantum mechanics in and of themselves. Instead, the SL(2,R) symmetry of AdS; might
only become exact in some kind of large N limit,'® as opposed to the SO(d, 2) symmetries
of AdS4y1 which should persist at finite N (assuming the S-function of the dual CFT

vanishes at finite NV as is the case for ' =4 SYM).

6.3 Possible extensions

As a final note, we would like to mention some open questions and extensions to our
discussion. We have left question of superpotential corrections to the Coulomb branch
of the three-node quiver untouched. Though the superpotential will not affect the ground
state energy or existence of scaling solutions, it will correct the higher powers in the velocity
expansion and it would be interesting to understand whether the SL(2,R) symmetry is
preserved by such corrections. The quartic interaction coming from integrating out the D-
terms, (\¢QI2)2 /1, is dominated by an expansion in cactus diagrams in the large x limit.
There is no such cactus diagram expansion for the interaction coming from integrating out

10f course, given the fact that SL(2,R) has no finite dimensional unitary representations, the equations
can only be satisfied exactly for N = oco.

15This SL(2,R) might persist in a perturbative treatment of a supergravity solution but not at finite IV,
unless of course it resides in a much larger Virasoro structure.
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Figure 7. 2-loop Feynman diagrams contributing to the dxdx term of the effective Lagrangian.
Solid lines represent ¢, while dotted lines correspond to i propagators.

the F-term, the quartic bosonic interaction being;: Za’ 8B wamwzg:ﬁ%q%(b%q;%. Thus we
are confronted with how (if at all) does one organize a large k expansion in this case. By
dimensional analysis, and inspection of the two-loop Feynman diagrams (see figure 7), we
expect the velocity squared piece of the Coulomb branch Lagrangian in the scaling regime
to become (up to O(1) coefficients):

(1 (K] w])? 5[l
6Lc.b. ~ |ﬁ| q-q <|q‘5 + W +O |q‘9 s (62)

where |w|? ~ |k|™3 > apn |wapy|?. In order for the superpotential contribution to be sub-
leading we would further require:

laf > (”{|wa,3’y)2/37 (6.3)

in addition to the condition (3.9) that forces the system into the scaling regime. Thus, we
clearly see that the effect of the superpotential (a relevant deformation) becomes important
in the deep infrared region of the scaling regime, where detailed stringy physics begins to
manifest itself and potentially destroys the SL(2,R).

We have also left untouched the issue of larger numbers of nodes. In such a case one
could consider mixed Higgs-Coulomb branches. For example, we could consider a four-node
quiver where three nodes are in their Higgs branch and the remaining one residing far away
in the Coulomb branch (see also [74, 75]), as shown in figure 8. Given the exponentially
large number of ground states in the Higgs branch of a three node closed loop quiver,
heating such a system up might provide a useful toy model for a D-particle falling into a
black hole.
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Figure 8. A schematic representation of a system in a mixed Higgs-Coulomb branch. The long
arrows represent very massive strings. Note that there is a closed loop connecting I'y, I's and I's.
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A Notation

For convenience, we have used a compact notation whereby latin superscripts denote rel-
ative degrees of freedom or arrow directions in the quiver, for example: (q!,q?,q?®) =
(x12, X23,X13) O (d)é,d)%,q&%) = ( %2,¢§3, 15). The supermultiplets in this notation are:
o' = (oL, 17, Fl) and the relative vector multiplet is denotes as Q' = (A", q", A\, D*). The
only exception to the rule is given by 8' = 6;, > = —#3 and 63 = 0.

Furthermore, we have: q = q' + g2, D3 = D' + D%, A3 = A 4+ A2, So with respect
to the vector multiplet fields, the relative Lagrangian is only a function of q', q2, D!, D?,
Al and A2, We also have: |¢4 |2 =, oL |2

The orientation of the quiver is encoded by the s. For three nodes we deal with the
case of a quiver with a closed loop, and without loss of generality the particular choice
s; =1, s = 1 and s3 = —1, corresponding to k', k% > 0 and % < 0. An example of a
quiver without closed loops is s1 = —1, s9 =1, s3 = —1.

The spinors (%), and (A", with a = 1,2 transform in the 2 of the SO(3) and the
anti-symmetric symbol €'2 = +1 is such that Ney!, = (A\)e®(¢l)y. The o = (0%, 0Y,07)
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Figure 9. Example of Feynman diagram contributing to D;D; from the superpotential.

are the Pauli matrices:

. (o1 , [0 . (10
U—<10>, U_<—i0)’ 0-(0_1>. (A.1)

For example ¢%o%y! = (1) (0%),"(4%),. Finally the U(1) covariant derivative Dy, =
(0 +iA") ¢,

We will occasionally revert back to the original x; notation, particularly in the appen-
dices.

B Superpotential corrections of the Coulomb branch

It is interesting to compute the effects on the Coulomb branch dynamics due to quantum
corrections from the superpotential. This amounts to a two-loop calculation. It is im-
portant to note that due to a non-renormalization theorem in [21], the linear piece of the
N = 4 supersymmetric quantum mechanics Lagrangian is constrained to be of the form:

L(l) = Z (—UZ‘(X)DZ' + AZ(X) . Xz) + Z (CZJ(X);\Z)\] + Cij(x) . j\iO'Aj) , (Bl)
i ij
with: )
Cij = Vin = v]’Ui = 5 (VZ X Aj + Vj X Al) y C’ij =0. (B.Q)

This form receives no corrections due to quantum effects originating from the superpoten-
tial. This means, in particular, that the supersymmetric configurations of the Coulomb
branch which solve U; = 0 for all 7, both bound and scaling, are unmodified in the presence
of a superpotential.

On the other hand, the quadratic piece can receive quantum corrections in the presence
of a superpotential. An example of a Feynman diagram contributing to the D;D; term is
given in figure 9.

C Finite D-terms

When going to the Coulomb branch one integrates out the massive scalars, expands in small
D/r?, solves for the D equations of motion and feeds the solution back into the action. We
would like to show here that the supersymmetric configurations are in fact preserved for
finite D.
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In the case of two node quivers, upon integrating out the chiral multiplet degrees of
freedom (pq, Fo, o) one finds the following non-linear equations for D (we take 6;4+602 = 0

and xk > 0):
K

2/]a?+D’

Given that the above equation is a cubic equation in D, one can find analytic solutions,

/,LD—QZ 9501—92. (Cl)

which we are given in appendix C.1. It is straightforward to see that at |q| = —x/(26),
D =0 is a solution to the non-linear equations. Plugging D = 0 back into the Lagrangian
(which for zero velocity is the potential itself) shows that at |q| = —/(26) the system has
a zero energy. Away from |q| = —x/(260) the Lagrangian receives finite D corrections. It
is not hard to convince one’s self, however, that the potential will never acquire another
minimum due to finite D effects. We argue this in appendix C.1.

For three nodes the non-linear equations of D? become (we take 61 + 63 + 63 = 0 and
pick the x’s to form a closed loop in the quiver diagram):
'l

|k |°]

N CU RN

and cyclic permutations thereof. These equations can no longer be solved analytically. If

prDY 4 3D — 9t = (C.2)

we set the 6’s to zero we can see that at |q’| = \|&?|, D! = 0 solves the linear equations
and so the scaling solutions persist at finite D for zero #. For non-zero 0’s, setting |q’| =
MK+ O(N?) and expanding in small A\, we find that again D® = 0 is a consistent solution
order by order in the A perturbation theory. The existence of new bound states or scaling
solutions which are non-supersymmetric due to finite D effects becomes far more intricate
in this case. A preliminary numerical scan seems to suggest there are none and we hope
to report further on this in the future.

C.1 Non-linear D-term solutions for two-node quivers

For two-nodes, the D-term equation is given by (C.1). This equation can be solved analyt-
ically for D. Supersymmetric bound states are found when k0 < 0 at |q| = —x/(20). In
what follows, we choose £ > 0 and allow 6 to have any sign. Equation (C.1) is equivalent

to solving
2

0\ 2 9 K
(D—/J (D+|q|)—m—0, (C.3)

which can be turned into a depressed cubic of the form x®+pz+s = 0 using the subsitution
D—a—4(jaf -2

1 A K> 2 A
=_= Z d =_ 4= ). 4
P 3(ql +u) , an s 4u2+27 q +u (C.4)

) and identifying

Since p < 0, the three roots of this equation may be written as [76]:

1 20 1 2
Dy, = —3 (!q\z — M) + QHCOS (3 arccos (g; —2) — k;) ) (C.5)
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Figure 10. Plot of Dy for 4 = —0 = k = 1. Notice that the solution is real for all values of |q.

Re[D;] (D]
| m D

0.5 1.0 1.5 2.0 2.5 3.0 lq1

Figure 11. Left: plot of R[D;] (blue) and R[Ds] (violet). Right: plot of I[D4] (blue) and I[Ds]
(violet). Both plots are for y = —0 = k = 1. Notice that when complex, the solutions form a
conjugate pair.

for k = 0,1,2. For all roots to be real, the arguments of the arccos must be between [—1, 1],

1/3
) / . The k£ = 0 branch is real for all

which implies 4p® + 27s? < 0 or |q|? > —% + % (%
values of |q|.

In figures 10 and 11 we show some plots of the solutions. In figure 12 we display the
effective potential for the Dy solution and its comparison to the effective potential obtained
by expanding D to second order in D/|q|? and then evaluating the potential on-shell. We
notice that the position of the minimum is unaffected. Evaluating the potential on the D1
and Dj results in an unphysical complex potential for small values of |q|. Scanning the

parameters for all possible combinations of signs of (k,#) results in no other bound states.

D Three node Coulomb branch

In this appendix we present some details leading to the Coulomb branch Lagrangian of a
three-node quiver. As was shown in [21], the N' = 4 supersymmetric quantum mechanics
of a U(1) vector multiplet has a Lagrangian whose linear piece in the velocity and D fields
is completely fixed by supersymmetry. Explicit expressions are given in (B.1) and (B.2).

In section D.1 below, we show that the coefficient of the x; - x; term of the Lagrangian
is the same as that of the D;D; term, upon integrating out the chiral matter. In section D.2
we integrate out the auxiliary D fields in the Coulomb theory and obtain an expression for
the effective potential on the position degrees of freedom.
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Figure 12. Left: plot of V evaluated on Dy for y = —0 = k = 1. Right: plot of V evaluated on
the perturbative D solution in violet, compared with the full non-perturabative Dy in blue.

D.1 Second order Lagrangian for three-node quiver

Recall the Lagrangian of a n-node quiver theory, after setting the fermionic A fields to zero,
is given by:10

L= 20 (il + DF) = 0:Di + Y (165l + F3 + ity
¢ J—1

Jj—1

For the case n = 3 there are three pairs of (7, j) to be considered: (1,2), (2,3) and (3,1). We
do not consider contributions from the superpotential in this appendix. We take k12 > 0,
ko3 > 0 and k31 > 0.

The ¢;; propagator is given by:

i

Dy, . = D.2
and the 1);; propagator is given by:
—i W= zij  —Tij + 1Y
Dy (W)= —— , ) D.3
vol) = o x| (—Zyz‘j T W zi > (0-5)

where x;; = (xi;, yij, 2i;) (recall that each lower index denotes its corresponding node). We
evaluate our momentum integrals on the imaginary axis, which is guaranteed to give the
same result had we evaluated the integral along a real contour with the usual Feynman
pole prescription, to lowest order in the the external momenta [. Higher order terms in the
external momenta will differ by factors of <.

5For the purposes of this subsection we use the original notation, i.e. x;, \i, ¢ij, Vij, Xij = (Xi — X;).
and so on. We also supress the Greek indices on the chiral multiplet fields. Also, we do not decouple the
center of mass degrees of freedom and switch off the superpotential.
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Figure 13. 1-loop Feynman diagrams contributing to the D? term of the effective Lagrangian.

D; Dj term. First let us consider the diagonal terms and more specifically the contribu-
tion to D1 D;. The two diagrams that contribute are shown in figure 13. The first diagram,
series expanded for small external momentum I, is given by

1 dw K12 k1o

2
—(— —D D )= - D4
2( Z) K12 o P12 (w) 012 (W + ) 8‘X12|3 32‘X12|5 ) ( )
while the second is given by
1, . dw K31 PR3
(— =D D ) = — . D.5
2( Z) K31 o $31 (w) 31 (w + ) 8|X31|3 32|X31|5 ( )

Therefore, ignoring the % terms, the total contribution to the effective Lagrangian is

D? [ K3 K12 >
L =1 < + . D.6
eff, D? 3 |X31|3 |X12|3 ( )

The D3 and D? terms can be obtained by cyclic permutation.
Now let us consider the off diagonal terms and more specifically D1Ds. The only
diagram that contributes to 1-loop order is:

P12

This diagram differs only by a sign and a factor of 2 compared to (i) of figure 13. Therefore,
the DDy term of the effective Lagrangian is

K
Let,p,p, = —D1Ds <4IX:112|3> : (D.7)

Other off diagonal terms can be obtained by cyclic permutation.

0x; - 0x; term. In order to obtain the correction to the quadratic velocity terms in the
Lagrangian, we consider fluctuations the bosonic degrees of freedom x; + dx;. Terms of this
form can be divided in terms that are diagonal in the quiver such as dx; - dx; and others
that are off diagonal such as dx; - 0xo. For each of these there is a further subdivision to
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Figure 14. 1-loop Feynman diagrams contributing to the dz1dys term of the effective Lagrangian.

terms that are diagonal in the vector component such as dx10x1 and dx1dxe and terms
that are off diagonal in the vector component such as dx1dy; and dx10ys.

We begin by considering terms that are off diagonal in the quiver index, and off diagonal
in the vector index. For concreteness we will study dx10y2. The diagrams that contribute
are shown in figure 14. The first diagram, series expanded for small external momentum
l, is given by:

. dw T1oy12  PT12012 3
49312:912(_2)“‘312/27FD¢12(W)D¢12(W +1) = =K1z < |x12]3 o 4|x12]? +0(). (D.8)

The second diagram, series expanded for small external momentum [, is given by:

N, [dw T12Y12 lz12 Pz12y12 3
— —t D D ))=— — O(l°).
"512( 1)7’ /27r I‘(Ul 7/112(w)02 7/112(w+ )) K12 < |X12|3 + 2|X12’3 + 4‘X12|5 + ( )
(D.9)

Summing the two, the only term that remains uncancelled is the term linear in I.

Next we consider term off diagonal in the quiver index, but diagonal in the vector
index, for example dx]dx3. The contributing diagrams are shown in figure 15. The first
diagram is given by (D.8) with y12 replaced by x12. The second diagram gives:

L. fdw 9 2 1 I? 3
K12(—1)i /%tr(UIsz(w)Ulleg(WH)):“12 (lyr2]*+]z12[%) <‘X12|34‘X12|5 +O(1°).
(D.10)
The third diagram is given by:
. dw K12
2 —D = —. D.11
th12 on 012 (w) |%12] ( )

Let us now consider terms that are diagonal in the quiver index. The Feynman dia-
grams contributing to 6x¢ 6x? are shown in figure 16. One finds after similar calculations
the following contribution to the effective Lagrangian:

. <lz125x15y1 l1120Yy1021 ly125215901>
4lx1o? 4lx1o? 4lx123
+ K31 <lz31(5m15y1 lx315y16z1 ly315215x1> _ Iilng(le . (5X1 _ I<:31125X1 . (5X1
4|X31’3 4|X31’3 4|X31’3 8’X12‘3 8‘X31|3
(D.12)
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Figure 15. 1-loop Feynman diagrams contributing to the dx;0x2 term of the effective Lagrangian.
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Figure 16. 1-loop Feynman diagrams contributing to the 6x¢ 6x4 term of the effective Lagrangian.

Quadratic Lagrangian. Having computed all relevant Feynman diagrams that amount
to integrating out the ¢;; and v;; fields we can now write the resulting quadratic piece of
the effective Lagrangian:

@ _ mi . 12 2 1 Kigl g1 o2 2
LYy = Z > (I%i|* + D) + 3 Z i (1% — %4|* + (D; — D;)?). (D.13)
% i—j

Notice that the coefficient of x; - x; indeed matches that of D; D; . This can be simply
generalized to the N-particle case, where the Lagrangian takes the same form as (D.13).
As was noted before, the linear piece was fixed by supersymmetry and given by (B.1)

and (B.2) [21].

D.2 Coulomb branch potential

In this appendix we give the necessary formulae for the three-node Coulomb branch po-
tential. Upon integrating out the chiral fields ®* in (2.1), while keeping the q' fixed and
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time independent, and expanding up to quadratic order in the D’ fields, the D-dependent
piece of the Lagrangian is:

3

[ i i e
Lp = K pipi—gipi — s, 1 pi .
p=2, < 2 ST RTIE

D! D’) . (D.14)
i=1
Noting that D? = D' + D?, we must integrate out D' and D? from Lp. The resulting
on-shell Lagrangian is simply the potential —V (q). The equations of motion for D?, using

S§1 = s = —s3 = 1, are given by:
1 3 3 1 3
1 3 K] I ) 1 < 3 K7 ) 2 1 sie | oss|k”
w4 p” + + D+ (p’+ - | D" =6+ + - (D.15)
< Ag'® - 4lg?P 4|33 2lgt[  2|g?

2 3 3 2 3

2 3 k7| |17 ) 2 < 3 k7| ) 1 o, s2|lk| | s3|R?
po+ o+ + D* + ( p” + D =0+ + . (D.16
( 4g?® - 4|q3)3 4lq3)3 2lq?  2|q? (D-16)

Writing the above equations as: a;; D" = ¢;, the solution is simply given by:

Dl _ @12C2 — G22C1 D2 _ @12€1 — Q11C2

5 , 5 ) (D.17)
ajy — a11022 ajy — a11022

Notice that the supersymmetric solution D? = 0 is indeed given by ¢; = ¢3 = 0 which is
nothing more than equation (3.5).

Scaling limit. In the scaling regime, where u’ = 0, #* = 0, and «' > 0, k2 > 0 and

k3 < 0 (or equivalently s; = sy = —s3 = 1), the potential can be written as:
' 1 atp aty B+ 14
Vigh) = 314 4 214 4 1
(@) = e (O e g T a
Pl - Pl - ). (D.18)
where o'’ a2’ o[’
q q q
a="5, B = 2 and v = — 3 (D.19)

E Thermal determinant

The thermal effective potential for the two-node quiver at finite temperature can be derived
from (5.1):

Leg = gDQ — 0D — klndet (—(0; +iA4)* + |a|* + D) + rIndet (—(9; +iA4)* + |q|?) .

Wick rotating t + ity and periodically identifying tg ~ tg + (3, introduces the thermal
ensemble. The operator J;, has eigenvalues on the Matsubara frequencies: w, = 27nT for
bosons and w,, = 2w (n + %)T for fermions, with n € Z. With a = A/27T and denoting
|q|?> = s this yields:
LG = 5D =D — =% I (4n*(n+a)*T* + s + D)
nez
—i-ﬁZln (4#2(n+1/2+a)2T2+s) , (E.1)
ﬂ nez

where we have now included a 1/8 in the coefficient of the sums to cancel out the con-

tribution from the integral over Euclidean time in Sp = foﬁ dtg Lé?. Taking a derivative
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with respect to s:
Z fn . Z 1
ds B ﬁ = 4m2(n+ a)?*T?+ s+ D

neE”L
1

oy
B Ar?(n+1/24a)?T? + s~

(E.2)

We will treat the two sums separately using contour integration methods. We write (E.2)
as f(n) = —fi(n) + fa(n), denoting the two summands respectively. Consider:

féﬂfl(z) cot(7z) :%:F(z)dz = 27 (ResF(z)|Z:Z+ + ResF(z)],—,- + Z ResF(z)|Z:n> )

nez
with 2+ = si=v/s+ D and ResF(2)],—,+ = :l:iCOt(iiT\/STDDJrM) and C a circle of

radius R around the origin with R — oo. Given that F'(z) decays rapidly enough, the
integral evaluates to zero along C and we obtain:

=Y filn) = —m (Cot (2;\/s+7D+m) — cot (—Qér,\/eriDer)) . (E.3)

For the fermionic sum, the procedure is completely analgous, and (using cot(x + 7/2) =
—tan(x)) we find:

%fz = 4T\[< <M+m>—tan<—i2\£+ )) (E.4)

We need to integrate these two sums with respect to s to obtain Lg). Using the following
identities: [ M\/\/iﬂb)dl‘ = 2logsin(ay/z + b)/a and [ %dm = —2log cos(a\/z +
b)/b, we find:

cosh <V|Q|;+D) — cos(2ma)
LD =EDp2_ 9D - kTlog

2 cosh (l%) + cos(27a)

as claimed.
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