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Abstract. A wide range of problems can be modeled as Mixed Integer Linear Programming (MIP)
problems using standard formulation techniques. However, in some cases the resulting MIP
can be either too weak or too large to be effectively solved by state of the art solvers. In
this survey we review advanced MIP formulation techniques that result in stronger and/or
smaller formulations for a wide class of problems.
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I. Introduction. Throughout more than 50 years of existence, mixed integer
linear programming (MIP) theory and practice have been significantly developed, and
it is now an indispensable tool in business and engineering [68, 94, 104]. Two reasons
for the success of MIP are linear programming (LP) based solvers and the modeling
flexibility of MIP. We now have several extremely effective state-of-the-art solvers
[82, 69, 52, 171] that incorporate many advanced techniques [1, 2, 25, 23, 92, 112, 24]
and, since its early stages, MIP has been used to model a wide range of applications
[44, 45].

While in many cases constructing valid MIP formulations is relatively straightfor-
ward, some care should be taken in this construction as certain formulation attributes
can significantly reduce the effectiveness of LP-based solvers. Fortunately, construct-
ing formulations that behave well with state-of-the-art solvers can usually be achieved
by following simple guidelines described in standard textbooks. However, more ad-
vanced techniques can often perform significantly better than textbook formulations
and are sometimes a necessity. The main objective of this survey is to summarize
the state of the art of such formulation techniques for a wide range of problems.
To keep the length of this survey under control, we concentrate on formulations for
sets of a mized integer nature that require both integer constrained and continuous
variables. We hence purposefully place less emphasis on some related areas such as
combinatorial optimization, quadratic and polynomial 0/1 optimization, and polyhe-
dral approximations of convex sets. These topics are certainly areas of important and
active research, so we cover them succinctly in section 12.
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Throughout this survey we emphasize the potential advantages of each technique.
However, we should note that given the complexities of state-of-the-art solvers, it is
hard to predict with high accuracy which formulation performs better. Some guide-
lines can be found in computational studies (e.g., [163, 91, 155]), but the formulation
that performs best can be strongly dependent on the specific problem structure or
data. Fortunately, there is a high correlation between certain favorable formulation
properties and good computational performance. In addition, it is often easy to con-
struct several alternative formulations for a preliminary computational test. Finally,
we refer the reader to [78, 88, 138, 164] for complementary information on the topics
covered in this survey and their relation to other areas.

The rest of this survey is organized as follows. We begin in section 2 with a
motivating example that allows us to precisely define the idea of an MIP formulation
or model. This same example serves to illustrate one of the most important favorable
properties of an MIP formulation: the strength of its LP relaxation. Through this
section we also introduce basic MIP concepts and notation that we use in the rest of
the paper. The construction and evaluation of effective MIP formulations also requires
some basic concepts and results from polyhedral theory, which we review in section 3.
Armed with such results, in section 4, we introduce the use of auxiliary variables as
a way to construct strong formulations without incurring an excessive size. Then in
section 5 we show how these auxiliary variables can be used to construct strong for-
mulations for a finite set of alternatives described as the union of certain polyhedra or
mixed integer sets. In section 6 we discuss how to reduce formulation size by forgoing
the use of auxiliary variables. We show how this can result in a significant loss of
strength, but also discuss cases in which this loss can be prevented. Then in section 7
we consider the use of large formulations and an LP-based technique that can be used
to reduce their size in certain cases. Sections 8 and 9 review some advanced techniques
that can be used to reduce the size of formulations and to improve the performance of
branch-and-bound-based MIP solvers. After that, in section 10 we discuss alternative
ways of combining formulations and in section 11 we consider precise geometric and
algebraic characterizations of sets that can be modeled with different classes of MIP
formulations. Finally, section 12 considers other topics related to MIP formulations.

2. Preliminaries and Motivation.

2.1. Modeling with MIP. Modeling non-convex functions has been a central topic
of MIP formulations since its early developments [119, 120, 122, 121, 85, 84, 81, 91, 89],
so our first example falls in this category. Consider the mathematical programming
problem given by

(2.1a) Zpmp i=min Zfi(xi)
i=1
s.t.
(2.1b) Ex <h,
(2.1c) 0<mz <u Vie{l,...,n},

where f; : [0,u] — Q are univariate piecewise linear functions of the form

miz +c1, « € [do,d],
moX + C2, T € [dl,dg],

(2.2) fz) =

mix + ¢, T € [dr—1,dg],
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for given breakpoints 0 = dy < d; < -+ < di_1 < di = u, slopes {mi}le C Q, and
constants {ci}le C Q. We assume that the slopes and constants are such that the

functions are continuous, but not convex. For instance, one of these functions could
be

x+2, z€]l0,1],
(2.3) flxy=< —2z+5, ze€]l,2],
1, ze[23],

which will be our running example for this section.

Because the functions we consider are non-convex, we cannot transform (2.1) into
an equivalent LP problem. However, we can transform it into an MIP problem as
follows.

The first step in the transformation is to identify a set or a constraint that we want
to model as an MIP problem. In the case of a piecewise linear function f, an appro-
priate set to model is the graph of f given by gr(f) := {(z,2) e Q x Q : f(x) = z}.
Indeed, we can reformulate (2.1) by explicitly including gr(f;) to obtain the equivalent
problem given by

(2.4a) ZMp (= min Zzz
i=1
s.t.
(2.4Db) Ex <h,
(2.4c) 0<z;<u Vie{l,...,n},
(2.4d) (xs,2) € gr(fi) Yie{l,...,n}.

Now, as illustrated in Figure 2.1 for our running example, the graph of a univariate
continuous piecewise linear function (with bounded domain) is the finite union of line
segments, which we can easily model with MIP. For instance, for the function defined
in (2.3) we can construct the textbook MIP formulation of gr(f) given by

(2.5a) Mo + 1A1 + 2X + 33 = =,

(2.5b) 220 + 3A1 + 1o + 1A = 2,

(2.5¢) Ao+ A+ A2+ A3 =1,

(2.5d) Ao < Y1,

(2.5€) A <Y1+ Yo,

(2.5f) A2 < Y2 + ys,

(2.5g) Az < ys,

(2.5h) y1+y2+ys=1,

(2.51) Aj >0 vj e {0,...,3},
(2.5§) 0<y; <1 vje{1,2,3},
(2.5k) y; €L vj € {1,2,3}.

Formulation (2.5) illustrates how MIP formulations can use both continuous and inte-
ger variables to enforce requirements on the original variables. Formulations that use
auxiliary variables different from the original variables are usually denoted extended,
lifted, or higher-dimensional. In the case of formulation (2.5) these auxiliary variables
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Fig. 2.1 Graph of the continuous piecewise linear function defined in (2.3).

are necessary to construct the formulation. However, as we will see in section 4, aux-
iliary variables can provide an advantage even when they are not strictly necessary.
For this reason we use the following definition of an MIP formulation that always
considers the possible use of auxiliary variables.

DEFINITION 2.1. For A€ Q™*", B Q™*%, D € Q™*¢, and b € Q™ consider
the set of linear inequalities and continuous and integer variables of the form

2.6a) Ax+ BA+ Dy < b,

2.6b) x € Qn,
26C) A S Q87
2.6d) y €7

We say (2.6) is an MIP formulation for a set S C Q™ if the projection of (2.6) onto
the x variables is exactly S. That is, if we have x € S if and only if there exist A € Q°
and y € 7' such that (x,\,y) satisfies (2.6).

Note that generic formulation (2.6) does not explicitly consider the inclusion of
integrality requirements on the original variables z. While example (2.5) does not
require such integrality requirements, it is common for at least some of the original
variables to be integers. Formulation (2.6) implicitly considers that possibility by
allowing the inclusion of constraints of the form z; = y;. Hence, we can replace (2.6b)
with z € Q" x Z"* without really changing the definition of an MIP formulation.

Using Definition 2.1 we can now write a generic MIP reformulation of (2.1) by
replacing every occurrence of (x;,z) € gr(f;) with an MIP formulation of gr(f;) to
obtain

n
(2.7a) ZMIP :=min Zzi
i=1
s.t.
(2.7b) Ex <h,
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(2.7¢) 0<z <u Vie{l,...,n},
Z;

(2.7d) Al <Z

(2.7¢) yiezZb Vie{l,...,n},

)+BiAi+Diyigbi Vie{l,...,n},

(3

where A%, B, D?, and b’ are appropriately constructed matrices and vectors, and k
is an appropriate number of integer variables. There are many choices for (2.7d), but
as long as they are valid formulations of gr(f;), we have zpp = zyrp and we can
extract a solution of (2.1) by looking at the x variables of an optimal solution of (2.7).
However, some versions of (2.7d) can perform significantly better when solved with
an MIP solver. We study this potential difference in the next subsection.

2.2. Strength, Size, and MIP Solvers. While all state-of-the-art MIP solvers are
based on the branch-and-bound algorithm [102], they also include a large number of
advanced techniques that make it hard to predict the specific impact of an alternative
formulation. However, there are two aspects of an MIP formulation that usually have
a strong impact on both simple branch-and-bound algorithms and state-of-the-art
solvers: the size and strength of the LP relaxation, and the effect of branching on the
formulation. Instead of giving a lengthy description of the branch-and-bound algo-
rithm and state-of-the-art solvers, we introduce the necessary concepts by considering
the first step of the solution of MIP reformulation (2.7) with a simple branch-and-
bound algorithm. For more details on basic branch-and-bound and state-of-the-art
solvers, we refer the reader to [22, 36, 131, 166] and [1, 2, 25, 23, 92, 112, 24], respec-
tively.

The first step in solving MIP formulation (2.7) with a branch-and-bound al-
gorithm is to solve the LP relaxation of (2.7) obtained by dropping all integrality
requirements. The resulting LP problem given by (2.7a)—(2.7d) is known as the root
LP relazation and can be solved efficiently both in theory and in practice. Its optimal
value zrp == min {>.1" | 2z : (2.7b)—(2.7d)} provides a lower bound on zj;;p known
as the LP relazation bound. If the optimal solution to the LP relaxation satisfies the
dropped integrality constraints, then zp;;p = zpp and this solution is also optimal
for (2.7). In contrast, if optimal solution (5:, Z, ;\,gj) is such that for some ¢ and j we
have g ¢ 7, we can eliminate this infeasibility by branching on y;. To achieve this we
create two new LP problems by adding y; < ng;J and y; > [gjﬂ to the LP relaxation,
respectively. These two new problems are usually denoted branches and are processed
in a similar way, which generates a binary tree known as the branch-and-bound tree.
The behavior of this first step is usually a good predictor of the performance of the
whole algorithm, so we now concentrate on the effect of an MIP formulation on this
step. We consider the effect of different formulations on subsequent steps in section 8.

To understand the effect of a formulation on the root LP relaxation we need
to understand what the LP relaxation of the formulation is modeling. Going back
to our running example, consider the LP relaxation of (2.5) given by (2.5a)—(2.5j).
Constraints (2.5a)—(2.5¢) and (2.51) show that any (z,z) that is part of a feasible
solution for this LP relaxation must be a convex combination of points (0, 2), (1, 3),
(2,1), and (3,1). Conversely, any (z, z) that is a convex combination of these points
is part of a feasible solution for the LP relaxation (let A be the appropriate convex
combination multipliers, y1 = Ag, y2 = 1—Ag— A3, and y3 = A3). Hence, the projection
onto the (z,z) variables of the LP Relaxation of (2.5) is equal to conv (gr (f)), the
convez hull of gr (f). As illustrated in Figure 2.2(a), this convex hull corresponds to
the smallest convex set containing gr (f). Now, if we used this formulation for f; in
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(2.1) (for simplicity imagine that all these functions are equal to f), the LP relaxation
of (2.7) would be equivalent to

n
(2.8a) ZLp :=min Z oi(x;)

i=1

s.t.

(2.8b) Bz <h,
(2.8¢) 0<z;<u Vie{l,...,n},

where ¢; : [0,u] — Q is the convex envelope or lower convex envelope [80] of f;. This
lower convex envelope is the tightest convex underestimator of f and is illustrated for
our running example in Figure 2.2(b).

z = f(x) z = f(x)

3 - 3

2 2

11 1L

0 ' ' I x 0 I | [
0 1 2 3 0 1 2 3

(a) gr(f) in red and conv (gr (f)) in light blue. (b) conv (gr(f)) in light blue and lower convex
envelope of f in dark blue.

Fig. 2.2 Effect of the LP relazation of formulation (2.5) of f defined in (2.3).

This reasoning suggests that, at least with respect to the LP relaxation bound,
formulation (2.5) of our example function is as strong as it can be. Indeed, the
projection onto the (x, z)-space of any formulation of f is a convex (and polyhedral)
set that must contain gr(f) and the LP relaxation of (2.5) projects to the smallest
of such sets. By the same argument, the projection onto the x variables of the LP
relaxation of an MIP formulation of any set S C Q" must also contain conv(S)
and formulations whose LP relaxations project precisely to conv(S) yield the best
LP relaxation bounds. Jeroslow and Lowe [90, 113] denoted those formulations that
achieve this best possible LP relaxation bound as sharp. Other authors also denote
them convex hull formulations.

DEFINITION 2.2. An MIP formulation of set S C Q" is sharp if and only if the
projection onto the x variables of its LP relazation is exactly conv(S).

It is important to note that sharp formulations yield the best LP relaxation
bound among all MIP formulations for the sets we selected to model. However, the
LP relaxation bound can vary if we elect to model other sets. For instance, in our
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example, we elected to independently model gr(f;) for alli € {1,...,n}. However, we
could instead have elected to model

2= fulw),
i=1

Ex <h,
0<z;<u Vie{l,...,n}

(2.9) S=4(z,2) Q" xQ :

to obtain a formulation that considers all possible nonconvexities at the same time.
A sharp formulation for this case would be significantly stronger as we can show that
for S defined in (2.9) we have min{z : (x,2) € conv (S)} = zpp = zpm1p. Because
the LP relaxation of a sharp formulation of S is equal to conv(S), we have that calcu-
lating the optimal value of (2.4) could be done by simply solving an LP problem. Of
course, unlike our original piecewise sharp formulation, constructing a sharp formula-
tion for this joint S would normally be harder than solving (2.4). Furthermore, this
approach can result in a significantly larger formulation. Selecting which portions of
a mathematical programming problem to model independently to balance size and
final strength is a crucial and nontrivial endeavor. However, the appropriate selection
is usually ad hoc to the specific structure of the problem considered. For instance,
Croxton, Gendron, and Magnanti [42] study the case where (2.1) corresponds to a
multicommodity network flow problem with piecewise linear costs. In this setting,
they show that a convenient middle ground between constructing independent formu-
lations of each gr(f;) and a single formulation for the complete problem (2.9) is to
construct independent formulations for each gr (Zz‘e I, fz(xz)), where I, corresponds
to the flow variables of all commodities in a given arc a of the network. From now
on we assume that a similar analysis has already been carried out and we focus on
constructing small and strong formulations for the individual portions selected. How-
ever, in section 10 we will succinctly consider the selection of such portions and the
combination of the associated formulations.

As we have mentioned, sharp formulations are strongest in one sense. However,
if we consider the integer variables of our MIP formulation we can construct even
stronger formulations. To illustrate this, let us go back to our example and consider
an optimal solution (:E, Z,\, gj) of the LP relaxation of (2.7) given by (2.7a)—(2.7d).
Because the root LP relaxation is usually solved by a simplex algorithm, we can ex-
pect this to be an optimal basic feasible solution. However, analyzing basic feasible
solutions of (2.7b)—(2.7d) can be quite hard, so let us analyze basic feasible solutions
of the LP relaxations of the individual formulations of gr(f;) (i.e., (2.5a)—(2.5j)) as a
reasonable proxy. We can check that one optimal basic feasible solution of minimizing
z over (2.5a)(2.5j) is given by Ao = A3 = 1/2, \o =\ =0, 1 = §3 = 1/2, 72 = 0,
Z = 2.5, and zZ = 1. Because (2.5) is a sharp MIP formulation, it is not surprising
that this gives the same optimal value as minimizing z over (2.5). Indeed we have
that 1 = f(2.5) = ¢(2.5) and = = 2.5 is a minimizer of f. However, the basic feasible
solution obtained has some of its integer variables set at fractional values. Because
a general purpose branch-and-bound solver is not aware of the specific structure of
the problem, it would have no choice but to unnecessarily branch on one of these
variables (let’s say ¢1) or to run a rounding heuristic to obtain an integer feasible
solution. Hence, while sharp formulations are the strongest possible with regard to
LP relaxation bounds, they can be somewhat weak with respect to finding optimal
or good quality integer feasible solutions. Fortunately, it is possible to construct MIP
formulations that are strong from both the LP relaxation bound and integer feasibility
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perspectives. These formulations are those whose LP relaxations have basic feasible
solutions that automatically satisfy the integrality requirements on the y variables.
Such LP relaxations are usually denoted integral and formulations with this property
were denoted locally ideal by Padberg and Rijal [136, 137]. Ideal comes from the fact
that this is the strongest property we can expect from an MIP formulation from any
perspective. Locally serves to clarify that this property refers to a formulation for a
specifically selected portion and not to the whole mathematical programming problem
(following this convention, we should then refer to sharp formulations as locally sharp,
but we avoid it for simplicity and historical reasons). For simplicity, here we restrict
our attention to MIP formulations with LP relaxations that have at least one basic fea-
sible solution, which is the case for all practical formulations considered in this survey.

DEFINITION 2.3. An MIP formulation (2.6) is locally ideal if and only if its LP
relaxzation has at least one basic feasible solution and all such basic feasible solutions
have integral y variables.

As expected, the following simple proposition states that a locally ideal formu-
lation is at least as strong as a sharp formulation. We postpone the proof of this
proposition until section 3 where we introduce some useful results concerning the
feasible regions of LP problems.

PROPOSITIONS 2.4. A locally ideal MIP formulation is sharp.

Finally, formulation (2.5) shows that being locally ideal can be strictly stronger
than being sharp. However, one case in which the converse of Proposition 2.4 holds is
that of traditional MIP formulations without auxiliary variables (i.e., (2.6) with s =0
and such that for all ¢ € {1,...,t} constraints (2.6a) include an equality of the form
xj = y; for some j € {1,...,n}). We again postpone the proof of this proposition
until section 3.

PrOPOSITIONS 2.5. For A € Q™*", b € Q™, and ni,ne € Z4 such that n =
ny + no, let

(2.10a) Az <b,
(2.10b) r€eQ™ xZ",

be an MIP formulation of S C Q™ (i.e., S is precisely the feasible region of (2.10)).
If the LP relaxation of (2.10) has at least one basic feasible solution, then (2.10) is
locally ideal if and only if it is sharp.

3. Polyhedra. Most sets modeled with MIP are of the form S = Ule P?, where
P? are rational polyhedra (e.g., the graph of a univariate piecewise linear function is
the union of line segments). Sets of this form usually appear as the feasible regions of
certain disjunctive programming problems [10, 11, 13]. For this reason we refer to such
sets as disjunctive constraints or disjunctive sets. While in the theory of disjunctive
programming these terms are also used to describe a slightly broader class of sets, in
this survey we concentrate on disjunctive sets that are the union of certain unbounded
rational polyhedra. To construct and evaluate MIP formulations for these and other
sets it will be convenient to use definitions and results from polyhedral theory that
we now review. We begin by considering some basic definitions and a fundamental
result that relates two natural definitions of polyhedra. We then consider the relation
between polyhedra and the feasible regions of MIP problems. After that we study
the linear transformations of polyhedra, which will be useful when analyzing the
strength of MIP formulations. Finally, we consider the smallest possible descriptions
of polyhedra to consider the real sizes of MIP formulations. We refer the reader to
[22, 131, 145, 166, 170] for omitted proofs and a more detailed treatment of polyhedra.
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3.1. Definitions and the Minkowski-Weyl Theorem. Polyhedra are usually
described as the region bounded by a finite number of linear inequalities, such as
the feasible region of an LP problem. However, formulation (2.5) of the graph of
the piecewise linear function defined in (2.3) can be more easily described using the
endpoints of the line segments of this graph. These two aspects of the description of
polyhedra can be formalized through the following definition.

DEFINITION 3.1. We say P C Q" is a rational H-polyhedron if there exist
Ae Q™™ and b € Q™ such that

(3.1) P={zeQ": Az <b}.

In this case, we say that the right-hand side of (3.1) is an H-representation of P.
We say P C Q" is a rational V-polyhedron if there exist finite sets V C Q™ and
R C Q™ such that

(3.2) P = conv (V) + cone (R),

where cone (R) is the set of all nonnegative linear combinations of elements in R and
+ denotes the Minkowski sum of sets (i.e., conv (V) + cone(R) := {z+7r : = €
conv (V), r € cone (R)}). In this case, we say that the right-hand side of (3.2) is a
V-representation of P.

Both H- and V-polyhedra can also be defined in R™. However, some results in
section 11 require the polyhedra to be rational. For this reason, from now on we
assume that, unless specified, all polyhedra considered are rational and we often refer
to them simply as polyhedra.

One of the most important results in polyhedral theory shows that the definitions
of H- and V-polyhedra are indeed equivalent (i.e., every rational polyhedron has both
an H- and a V-representation). To formalize this statement we need a few definitions
and results. We begin by considering the boundedness properties of polyhedra.

DEFINITION 3.2. For an H- or V-polyhedron P we have the following definitions.

e Polyhedron P is a cone (or more precisely a polyhedral cone) if and only if
Ax € P for all A\ >0 and x € P.

e Polyhedron P is a polytope if and only if it is bounded.

e The recession cone of P is given by

Po:={d€Q" :2+XEP YoeP, \>0}.

The following simple proposition characterizes the recession cone of H- and V-
polyhedra.

PROPOSITION 3.3. The recession cone of a polyhedron is always a cone. Further-
more, a nonempty polyhedron P is bounded if and only Ps = {0}.

If P is a nonempty H-polyhedron of the form (3.1), then P, = {x € Q™ : Az < 0}.
If P is a nonempty V-polyhedron of the form (3.2), then P, = cone(R).

The last concept needed for the equivalence is a geometric characterization of basic
feasible solutions and certain directions of unboundedness that are not dependent on
the H-representation of a polyhedron (remember that 2 € P is a basic feasible solution
of H-polyhedron P C Q" if and only if it satisfies n of its linear inequalities at equality
and the left-hand sides of these inequalities are linearly independent).

DEFINITION 3.4. Let P be an H- or a V-polyhedron. Then the following hold:

o A point x € P is an extreme point of P if and only if there are no z', > € P
and X € (0,1) such that x = Ax' + (1 — N\)z? and 2! # x2. We let ext(P)
denote the set of all extreme points of P.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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o A direction r € Py \ {0} is an extreme ray of P if and only if there are no
r r? € P \ {0} such that r = r* + 1% and r* # X\r? for any X > 0. We say
two extreme rays r and v’ are equivalent if and only if there exists A > 0 such
that = Ar’. We let ray(P) denote the set of all extreme rays of P where,
for each set of equivalent extreme rays, we select exactly one representative
to be in ray(P).

o If P has at least one extreme point, we say that P is pointed.

The definitions of extreme point and basic feasible solutions immediately coincide
for H-polyhedra and we also get an alternative characterization for extreme rays that
is analogous to basic feasible solutions.

LEMMA 3.5. Let P C Q" be an H-polyhedron. Then the following hold:

o A point x € P is an extreme point of P if and only it is a basic feasible
solution of P.

o A direction v € Py, \ {0} is an extreme ray of P if and only if it satisfies
n — 1 of the linear inequalities of P at equality and the left-hand sides of
these inequalities are linearly independent.

Of course, as the following theorem finally shows, focusing on H-polyhedra is not
really a restriction.

THEOREM 3.6 (Minkowski-Weyl). Let P C Q™ such that P # (. Then P is a
pointed H-polyhedron if and only if P is a pointed V-polyhedron.

Furthermore, for any nonempty pointed polyhedron P we have that ext(P) and
ray(P) are finite and a valid V-representation of P is given by P = conv (ext(P)) +
cone (ray(P)).

The Minkowski-Weyl theorem can also be stated for nonpointed polyhedra (e.g.,
see [145, section 8.9]). However, for simplicity, from now on we assume that all poly-
hedra considered are pointed and nonempty. Such an assumption is naturally present
or can be easily enforced in most applications. For instance, the assumption holds
if all variables considered are nonnegative, which can be assured through standard
LP modeling tricks (e.g., through the reformulation x = v — v with u,v > 0 for any
variable x with unrestricted sign).

While equivalent, both definitions of polyhedra have their advantages and, in
particular, provide alternative ways of describing sets to be modeled through MIP
formulations. We illustrate this using piecewise linear functions since modeling them
will be a running example for almost all formulations considered in this survey. The
following definition naturally extends piecewise linear functions such as the one defined
in (2.3) to the multivariate setting. In section 11.1, we will see that this definition
almost precisely describes the functions that have binary MIP formulations.

DEFINITION 3.7. Let f: D C Q" — Q be a multivariate function. We define the
graph of f to be

gr(f) :=={(z,2) €eQ"xQ : € D, f(z) = 2}

and the epigraph of f to be

epi(f) = {(z,2) € Q" x Q : w € D, f(z) < z}.

We say f is a bounded domain continuous piecewise linear function if f is con-
. . . i1k .
tinuous, D is bounded, and there exist {ml}izl c Qr, {ci}le C Q, and rational
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polytopes {Qi}le such that

k
(3.3a) D= U Q.

mlz +c1, z€Q,
(330) Fla) = '

mFx 4+, =€ QF.

The following proposition describes the H and V-representations of the graphs
and epigraphs of bounded domain continuous piecewise linear functions.

ProposITION 3.8. Let f : D C Q" — Q be a bounded domain continuous
piecewise linear function for which Q' = {x eqQr: Az < bi} forallie {1,... k}.
Then the graph of f can be described, respectively, as the union of H- and V-polyhedra
as follows:

(3.4a)

n=Ye
(3.4b) ij conv ({ < f (v)) }Ueexuczi)) '

Furthermore, the epigraph of f can be described, respectively, as the union of H- and
V-polyhedra with a common recession cone as follows:

(,2) Q" xQ : Alg < b, mm—i—czfz}

(3.5a) epi(f (2,2) €eQ" xQ : Azm<bzmm+cz<z}

<{( <v)>}veext<@>> reone({1(17)}):

where in both cases the recession cone of all polyhedra considered is equal to

cone({( o )}) — {(2,2) €Q"xQ:2=0, z>0}.

3.2. Fundamental Theorem of Integer Programming and Formulation
Strength. The finite V-representation of any polyhedron guaranteed by Theorem 3.6
yields a convenient way to prove Proposition 2.4 as follows.

PROPOSITIONS 2.4. A locally ideal MIP formulation is sharp.

Proof. Let (2.6) be a locally ideal MIP formulation of a set S and let @ C
Q" x Q* x Q! be the polyhedron described by (2.6a). We need to show that the
projection of @ onto the x variables is contained in conv(.S).

By Lemma 3.5 and locally idealness of (2.6) we have that ext (Q) C Q" x Q® x Z'.
Then, by Theorem 3.6 and through an appropriate scaling of the extreme rays of Q,

we have that there exist {(ij,ﬁj,gjj)}izl C Q" x Q° x Z' and {(', ﬂl,gjl)}f e
Z™ x 7 x 7! such that ext (Q) = {(ij,ﬁj,gjj)}izl, ray (Q) = { (&, @ gjl)}l b a

Q = conv ({(i.j’ﬁj,g}j)};;:l) + cone ({(fl,ﬁl,:&l)}j:l) :

(3.5b) epi(f

- Ut
-U
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Then for any (z,u,y) € Q thereexist A € AP := {A e Qf : Y7 A\ =1}andp e QL
such that

P d
(w,u,7y) Z)\] (a7, 4, A')—i—Zm(&?l,ﬂl,gjl)
Jj=1

Let (x',ul,y!) = PPV (27,47, 97). Because points { (27,47, g}j)}5=1 satisfy (2.6),
we have 27 € S for all j and hence x! € conv(S). Now, without loss of generality,
assume A\; > 0 and let

p d
(1[,’ ’LL 7y ZAJ (E] ujvg +C¥Z,LL[ CL‘ U,y)
= =1
p . . .
:>‘1 (jvﬂvg)—’_Z)‘j (ﬁjvﬂjvgj)a

Jj=2

where a> 1 is such that (a/A1) 27:1 wit € Zt and

(z,u,9) = (&', 0", 9") a/Al

”M&
8
l
l

Then y = ' + (a/)\l)zgizl wy € Z!' and (z,1,7) satisfies (2.6) by Theorem 3.6.
Hence, z € S and 22 € conv(S). The result then follows by noting that » = (1 —
1/a)zt + (1/a)2®. 0

To show Proposition 2.5 we need the following consequence of Theorem 3.6 known
as the Fundamental Theorem of Integer Programming. The theorem states that
the convex hull of (mixed) integer points in a rational polyhedron is also a rational
polyhedron and gives further structural guarantees on its V-representation.

THEOREM 3.9. Let P C Q™ be a nonempty pointed rational polyhedron and let
ni,ne € Zy be such that n = ny + ny. Then there exists a finite set V.C PN
(Q™ x Z"*) such that

(3.6) conv (PN (Q™ x Z"*)) = conv (V) 4 cone (ray (P)) .

Theorem 3.9 shows that conv (P N (Q™ x Z™?)) is the LP relaxation of a sharp
(by definition) formulation of PN (Q™ x Z"2). Furthermore, through Proposition 2.5
it shows that this formulation is additionally locally ideal.

PropoOSITIONS 2.5.  For A € Q™*™, b € Q™, and n1,ny € Z4 such that n =
ny + no, let

(2.10a) Ax < b,

(2.10b) T EQM x Zm,

be an MIP formulation of S C Q™ (i.e., S is precisely the feasible region of (2.10)).
If the LP relaxation of (2.10) has at least one basic feasible solution, then (2.10) is
locally ideal if and only if it is sharp.

Proof. Locally idealness implying sharpness is direct from Propositions 2.4. For
the converse assume sharpness of (2.10) so that

Q:={zeR" : Az < b} = conv(S) = conv ({x € Q" x Z"* : Azx <b}).
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Then by Theorem 3.9 there exist {ﬁj};):l C PN(Q™ x Z™) and {il};i:l C Z" such
that for any x € ext (Q) C @ there exist A € AP := {)\ eQh : YP N = 1} and p €

4 such that z = P ;@7 +Ef:1 wal. Ifd > 0and p > 0 for somel € {1,...,d},
then, assuming without loss of generality that such [ = 1, we have x = z1 /2 + 2%/2,
where 2! =37, Nidd + (1/2)mat + 27:2 il and 2% = - Ni#d + (3/2)mat +
27:2 it are such that z', 22 € Q and 2! # 22. This contradicts the extremality of
T, so we have x = Z§:1 A\;&9. If there are i,j € {1,...,p} such that i # j, \; > 0,
and A; > 0, then, assuming without loss of generality that i = 1 and j = 2, we have
x = Mt/ (A + ) + A2/ ()\1 + A2), where o' = (A +X2) @' + 328 5 A;d7 and
2?2 = (M1 +A2) 2% + E§:3 A\;#7 are such that z',22 € Q and 2! # 2. This again
contradicts the extremality of z, so we may assume without loss of generality that
M =1, N =0forali>2and g =0. Hence, z = 2! € S and (2.10) is locally
ideal. O

3.3. Linear Transformations and Projections. A convenient way to analyze the
strength of an MIP formulation is to show that its LP relaxation is the linear image
of the LP relaxation of another strong formulation. The following simple proposition
shows that the extreme points of the image LP relaxation are contained in the image
of the extreme points of the original LP relaxation. Hence, if the original formulation
is locally ideal and the linear transformation preserves integrality, then the image
formulation is also locally ideal.

ProroSITION 3.10. Let P C Q" be a rational polyhedron and L : R™ — RP
be a linear transformation (i.e., L(ax + By) = aL(x) + BL(y) for all o, € R and
x,y € R"). Then ext (L (P)) C L (ext (P)), where L(S) := {L(x) : x € S} for any
set S CQ".

Proof. Let y € ext (L (P)) and let © € P be such that y = L(z). By Theorem 3.6
there exist {ﬁj}izl C ext(P), {il}le C ray(P), A € AP, and p € Q% such that
T = E§:1 &g+ 27:1 ' and hence y = E§:1 ML (29) + 27:1 wL (2. Ifd>0
and p; > 0 for some [ such that L (fl) # 0, then we contradict the extremality of y as
in the proof of Proposition 2.5. Then, y = Z?:l AL (@J) If there are 4,5 € {1,...,p}
such that i # j, A\; > 0, A; > 0, and L (i:’) #L (i:j), we again reach a contradiction
with the extremality of y. Hence, y = L (i:j) for some j € {1,...,p}, which concludes
the proof. O

Since the projection onto a set of variables is a linear transformation, Proposi-
tion 3.10 shows that the extreme points of the projection of a polyhedron are contained
in the projection of the extreme points of the same polyhedron. Hence, because pro-
jection preserves integrality, the projection of locally ideal formulations is also locally
ideal. However, in section 5 we will show that projecting a polyhedron (or formula-
tion) can result in a significant increment in the number of inequalities. To achieve
this we will need the following proposition that gives a more detailed description of

an H-representation of the projection of a polyhedron.
PROPOSITION 3.11. Let A € Qm™*™, D e Q™*P, b € Q™,

P={zeQ" :3we QP s.t. Av+ Dw <b},
(dez{uEQm :DTpu=0, ,uZO}. Then

P={zeQ": plAz < pu'd Vue ray(C)} .
In particular we have that Poo = {x € Q™ : Jw € QP s.t. Az + Dw < 0}.
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3.4. Implied Equalities, Redundant Inequalities, and Facets. The number of
constraints of an MIP formulation is equal to the number of inequalities used in
the specific H-representation of the polyhedron associated to the LP relaxation of
that formulation. However, the size of an H-representation of a polyhedron can be
artificially inflated by adding redundant linear inequalities. Hence, to evaluate the
real size of an MIP formulation (without redundant inequalities) we need to calculate
the size of the smallest H-representation of a polyhedron. The following definition
formalizes some concepts that will allow us to describe such a smallest representation.

DEFINITION 3.12. Let A € Q™ ", b e Q™, P:={x € Q" : Az < b}, and a’ be
the ith row of A. We say FF C P is

e ¢ face of P if and only if F = {a:EP calz =1 VZEL} for some L C
{1,...,m};

e q proper face of P if and only if F is a face of P, F # 0, and F # P; and

e ¢ facet of P if and only if F' is a proper face of P that is mazimal with respect
to inclusion.

We also say that an inequality a*xz < b; of P is

e an implied equality of P if and only if a*x = b; for all x € P;

e ¢ facet-defining inequality of P if and only if F := {x €EP:adzx= bi} s a
facet (in such case we say the inequality defines F); and

e o redundant inequality of P for subsystem L C {1,...,m} withi € L if and

only if
P={zeQ":dz<b VieL\{i}.
Finally we say that subsystem L C {1,...,m} is a minimal representation of P if
P:{me(@” calz < by VZEL}

and there is no | € L such that a'x < by is a redundant inequality of P for L.

Note that redundancy is strongly dependent on the selected subsystem, which
can lead to the existence of multiple minimal representations when implied equalities
are present. This is illustrated in the following example.

EXAMPLE 1. Let

0 1 0

0 -1 0

1 0 1

A= -1 -1 {’ b= 0
-1 1 0

-1 0 0

ansz{xGQQ : Axgb}:{xe(@2 txe =0, nglgl}, The faces of P are
Fo:=0, Fp := {(0,0)}, F3 := {(1,0)}, and Fy := P. The facets of P are F» and
F3. We also have that a’z < b; is an implied equality for i € {1,2}, is facet defining
for i € {3,4,5,6}, and is redundant for system L = {1,...,5} for i € {4,5,6}.
However, facet Fy is defined by a’x < b; for any i € {4,5,6} and at least one of these
inequalities is necessary to describe P. In fact, P has three minimal representations
given by L1 = {1,2,3,4}, Lo ={1,2,3,5}, and L3 = {1,2,3,6}.

Constructing a minimal representation can be complicated even in the absence of
implied equalities. Fortunately, as shown by the following proposition, the concept of
facet-defining inequality and some linear algebra allows us to give a precise charac-
terization of the number of inequalities in a minimal representation of a polyhedron.
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PROPOSITION 3.13. Let A € Q™*™, b € Q™, and P := {x € Q" : Az < b}.
Then for any facet of F of P there exists i € {1,...,m} such that a’z < b; defines F.
Hence the number of facets of a polyhedron is always finite.

Let F C {1,...,m} be the set of facet-defining inequalities, f be the number
of facets of P, E C {l,...,m} be the set of implied equalities of P, and r =
rank ([A)],cp) (i.e., the mazimum number of linearly independent vectors in {A;},c ).
Then there exist F' C F with |F'| = f and E' C E with |E'| = r such that

, - alw <b VleF
ERYAS :
adr=0b VieF

is a minimal representation of P. In particular, every minimal representation of P
has 2r + f inequalities (or r equalities and f inequalities)

Determining what inequalities of a polyhedron are facet defining can be done using
linear algebra techniques, but this can still be a highly nontrivial endeavor. We will
present several examples of facet-defining inequalities throughout this survey, but a
detailed description of the techniques used to show that they are indeed facet defining
is beyond the scope of this survey. For more details, we refer the interested reader
to the references on polyhedral theory [22, 131, 145, 166, 170] and to [146] for a wide
range of examples, techniques, and applications from combinatorial optimization.

4. Size and Extended MIP Formulations. Strength and small size can some-
times be incompatible in MIP formulations. Fortunately, this can often be conciliated
by utilizing the power of auxiliary variables in extended formulations. We first il-
lustrate this by showing an example where the incompatibility between strength and
small size can be resolved by using the same binary variables that are required to
construct even the simplest formulation.

EXAMPLE 2. Consider the set S := |J;_, P* where, for each i € {1,...,n},
we have P = {x € Q" : |x;| <1, z; =0Vj #i}. It is easy to check that an MIP
formulation of S is given by

(4.1a) yi—1<ax; <1—y; Vie{l,...,n}, j#1,
(4.1b) > yi=1,

i=1
(4.1¢) 0<y; <1 Vie{l,...,n},
(4.1d) y €Z".

Formulation (4.1) in Example 2 can be easily constructed with simple logic or
with a basic application of a well-known formulation technique (see Example 8). Un-
fortunately, in this case the resulting formulation is not sharp. Indeed, for n = 3
we have that x; = 2/3 for ¢ € {1,...,3} and y1 = y2 = ys = 1/3 is feasible for
the LP relaxation of (4.1) given by (4.1a)—(4.1c). However, for n = 3, conv(S) =
{zeQ?®: Zle |zj| < 1}, which does not contain (2/3,2/3,2/3). This is illustrated
in Figure 4.1(a), which shows in blue the projection onto the x variables of the LP
relaxation of the formulation (4.1), and in Figure 4.1(b), which does the same for the
convex hull conv(S). Both figures show S in red.

From Figure 4.1 we can see that formulation (4.1) can be made sharp by adding
the 8 inequalities defining the diamond depicted in Figure 4.1(b). In fact, we can

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/02/15 to 18.51.1.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

18 JUAN PABLO VIELMA

X3

1.0 0.5 00 -05 -10 10

0.0 0.0 »
05 0.5
X1 10 X1 10

(a) LP relaxation of formulation (4.1) for n = 3. (b) Convex Hull.

Fig. 4.1 Geometric view of formulation strength.

show that the n-dimensional form of these inequalities is

(4.2) > rw <1 Vre{-1,1}",

i=1

and that for any n,

conv(S) = {m eQ” : Z|m3| < 1} ={zeQ": (4.2)}.

i=1

Then, the formulation obtained by adding (4.2) to (4.1) is automatically sharp. How-
ever, formulation (4.1)—(4.2) has two problems. First, it is not locally ideal because,
for n = 3, we have that 1 = x5 = y2 = y3 = 1/2, x5 = y1 = 0 is an extreme point of
the LP relaxation of (4.1)-(4.2). Second, the formulation is extremely large, because
the number of linear inequalities described by (4.2) is 2". Unfortunately, each one of
these inequalities defines a different facet of conv(S) and together they form a min-
imal representation of conv(S). Thus removing any of them destroys the sharpness
property. Fortunately, careful use of auxiliary variables y allows constructing a much
smaller and locally ideal formulation for .S.

EXAMPLE 3. A polynomial-sized sharp formulation for set S in Example 2 is
given by

(4.3a) —yi <z <y, Vie{l,...,n},
(4.3b) > yi=1,

i=1
(4.3¢) yi >0 Vie{l,...,n},
(4.3d) y € Z".

Formulation (4.3) is locally ideal and can be constructed using a well-known LP
modeling trick or by using standard MIP formulation techniques (see Examples 6
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and 8). Formulation (4.3)’s only auxiliary variables are the binary variables that are

used to indicate which P! contains z. The following example shows that these binary

variables might not be enough to construct a polynomial-sized sharp formulation.
EXAMPLE 4. Fori € {1,...,n}, let vi,w’ € Q" be defined by

i n, .7 = ia i _]-a .7 = ia
= . . w; = . .
_]-a J # Z, 07 J # Z,
for all j € {1,...,n}. In addition, let v°,w® € Q™ be defined by v? = —wg-) = —1 for
all je{1,...,n}.
YN
Let S = (V x{0}) U (W x {1}) € Q"*!, where V = conv ({v'}_ ) and W =
conv ({wz}izo). S and conv(S) are depicted for n = 2 in Figure 4.2, where S is
shown in red and conv(S) is shown in blue. By noting that

n
(44a) Vx{0}=q2€Q"™ :zm1 =0, z; <1, —z; <1Vje{l,...,n}
j=1

and

$n+1=17—za?jél,

_ n+l . J=1

(4.4b) W x {1} =z e Q" : N

(n—i—l)xi—ijSlViE{l,...,n}
j=1

we can check that a valid formulation of S is given by

(4.5a) —x; <1 Vie{l,...,n},
(4.5b) > ap <14 (n—1)(1 ),
j=1
(4.5¢) Tpy1 =1—y1,
(4.5d) (n+ Dz =Y a2, <1+ +n-2)1—y2) Vie{l,... n}
j=1
(4.5¢) =Y wy <1+ (n—-1)(1—-p),
j=1
(4.5f) Tnt1 = Y2,
(4.5g) Yy +y2 =1,
(4.5h) y € {0,1}2

Now forn =3, 1 =x92 = —1, 23 =0, and x4 = y1 = y2 = 1/2 is feasible for the LP
relazation of (6.8), but violates x1 + x2 — x4y > —2, which is a facet-defining inequality
of conv(S).

Although Figure 4.2 shows that conv(S) has few facets for small n, the following
lemma shows that the number of facets of conv(S) grows exponentially in n. Further-
more, the lemma shows that the two binary variables used by (4.5) are not enough
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X3 05

Fig. 4.2 Set for Ezample 4 for n = 2.

to yield a polynomial-sized sharp formulation even if a constant (independent of n)
number of additional auxiliary variables is used.

LEMMA 4.1. Let S be the set defined in Example 4. Then the number of facets
of conv(S) grows exponentially in n. Furthermore, there is no sharp formulation of
S of the form

Az + BA+ Dy <b, z € Q" N e QF, y e 22,

where A € QP> (1) B e Qrxk D e QPI*2 and b € QP for some polyno-
mial p and a constant k € Zy independent of n.

Proof. To prove the first statement we note that V and W are two n-dimensional
simplicies that are dual to each other. Then, conv(S) is the antiprism of V [28] and V
satisfies the conditions for Theorem 2.1 in [28]. Hence, by this theorem, the number
of facets of conv(S) is exactly two more than the number of proper faces of V. The
number of proper faces of an n-dimensional simplex is Z?;OI (?:11 ) =2ntl — 2 [63],
so we conclude that the number of facets of conv(S) is precisely 2" 1.

For the second statement we note that by Propositions 3.11 and 3.13 the number
of facets of the projection of the LP relaxation of the proposed formulation onto the
x variables is at most the number of extreme rays of cone

{ue(@ﬂ(”) DT =0, BT,u=O}.

By Lemma 3.5, the number of extreme rays of this cone is at most (p(n];(—@— k), which
is also a polynomial. Hence, no formulation of this form can have an LP relaxation
that projects to conv(S). O

Fortunately, by allowing a growing number of auxiliary variables, the following
proposition by Balas, Jeroslow, and Lowe [13, 90, 113] yields polynomial-sized formu-
lations for a wide range of disjunctive constraints that include the set in Example 4.
We postpone the proof of this proposition to section 5.1, where we consider a slightly
more general version of this formulation.

PROPOSITION 4.2. Let {Pi}le be a finite family of polyhedra with a common
recession cone (i.e., Pi = PL for alli,j), such that P* = {x €eqQn: Alx < bi} for
all i. Then, a locally ideal MIP formulation of S = Ule Pt is given by

(4.6a) Atz <bly; Vie{l,... Kk},

k
(4.6b) Saioa
=1
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k
(4.6¢) > yi=1,
i=1

(4.6d) yi >0  Vie{l,... k},
(4.6¢) ' eQ” Vie{l,...,k},
(4.6f) y €z

EXAMPLE 5. Using formulation (4.6) for characterization (4.4) of set S in Eux-
ample 4 results in the following polynomial-sized sharp (and locally ideal) formulation
that uses a linear number of additional continuous auxiliary variables:

(4.7a) zh ., =0,
(4.7b) > al <y,
j=1
(4.7¢) —zl <y Vie{l,...,n},
(4.7¢) — Zx? < o,
j=1
(4.7f) (n+ 127 = a3 <y, Vie{l,...,n},
j=1
(4.7g) r=al +ax? Vie{l,...,n+1},
(4.7h) y1+y2=1,
(4.71) y €{0,1}?,
(4.79) ot 2? e QY
(4.7k) reQntt,

The use of a growing number of auxiliary variables in Proposition 4.2 and similar
techniques allows the construction of polynomial-sized sharp extended formulations
for a wide range of sets. However, there are cases in which these formulations cannot
be constructed. Most examples of sets that do not have polynomial-sized extended
formulations arise from intractable combinatorial optimization problems (e.g., the
traveling salesman problem considered in [53]). However, the following recent result by
Rothvof [140] shows that this can also happen for polynomially solvable combinatorial
optimization problems.

THEOREM 4.3. Let G = (V,E) be the complete graph on |V| = n nodes where
V =ALl...,n} and E = {{i,j} : i,7€{L,...,n}, i#j}. Let S be the set of
incident vectors of perfect matchings of G given by

(4.8) S=qxe{0,1}¥: Y aun=1 Vie{l,... n}
je{1,...n}\{i}

If n is even, then there is no polynomial-sized sharp extended formulation for S.

The proof techniques used to show results such as Theorem 4.3 are significantly
more elaborate than those used in Lemma 4.1 and are beyond the scope of this survey.
We refer the reader interested in these techniques to [53, 140] and their references and
to [35, 95].
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5. Basic Extended Formulations. Disjunctive constraints can model a wide
range of logical constraints. However, there are other aspects of MIP formulations
that are generally encountered in practice, such as feasible regions of knapsacks or
other problems with general integer variables. One class of sets that combines these
two aspects is that of the unions of mized integer sets of the form

k
(5.1) S=JPn@xzv),

i=1
where {Pi}f:1 is a finite family of polyhedra with a common recession cone. Hooker
[76] showed that such sets can be modeled through a simple extension of formulation
(4.6). Hooker also showed that this extension is sharp if the formulations of these
mixed integer sets are sharp (i.e., if P* = conv (PN (Q™ x Z™2))). However, achiev-
ing this could require a large number of inequalities in the descriptions of the P’s.
Fortunately, as noted in [37], we may significantly reduce the number of inequalities
by using auxiliary variables in the description of P?. This results in the following
generalization of formulation (4.6) that also yields a locally ideal or sharp formulation
when locally ideal or sharp extended formulations of P! N (Q™ x Z"2) are used.

ProposiTION 5.1. Let {Pi}le be a finite family of polyhedra with a common

recession cone (i.e., Pl = P for all i,j € {1,...,k}) and p € Zi be such that
Pi={zeQ": JweQ¥ st (r,w)cQ"}, where

Qi = {(wi) € Qn X Qpi : Aiil:—f—Diw < bz}

for A" € Qmi*n D € QMi*Pi and b* € Q™ for each i € {1,...,k}. Then, for any
ni,ne € Zy such that n = ny +nq, an MIP formulation of S = Ule Pin(Qm™ x Z")
is given by

(5.2a) Atz + Diw' < by, Vie{l,...,k},

k
(5.2b) sz =z,
i=1

k
=1

(5.2d) y;i >0 Vie{l,...,k},
(5.2e) e Qr Vie{l,... k},
(5.2f) w' € QP Vie{l,...,k},
(5.2¢) y ez,

(5.2h) zeQm x 7",

Furthermore, if P* = conv (P*N(Q™ x Z"2)) for all i € {1,...,k}, then (5.2) is
sharp, and if ext (Qz) C Q™ x2Z" x QP forallie{1,...,k}, then (5.2) is locally
ideal.

Proof. For validity of (5.2), without loss of generality, assume y; = 1 and y; =0
for all 4 > 2. Then z' € P! and by Proposition 3.11 we have that z? € Pgo for all
i > 2. Then by the common recession cone assumption we have z* € PL for all i > 2
and hence x € P!,
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To prove sharpness let (z,w,y) be feasible for the LP relaxation of (5.2) and
I'={ie{l,...;k} : y;>0}. Then x = >, ;i (¢"/y;), Yservi = 1, ¥y > 0, and
(xi/yi,wi/yi) € @ for all i € I. By the assumption on P’ we then have that
@' /y; € conv (P'N (Q™ x Z™2)) and hence

k k
x € conv <U conv (P' N (Q™ x Z”2))> = conv (U Pin(Q™ x Z”2)> = conv(S).

i=1 i=1

To prove locally idealness first note that if (z,w, y) is an extreme point of the LP
relaxation of (5.2) and y € {0,1}*, we may again assume without loss of generality
that y1 = 1 and y; = 0 for all ¢ > 2. Then by extremality of (z,w,y) we have
that 2° = 0 and w’ = 0 for all i > 2, = ', and (x wl) € ext (Ql) Then, by
the assumption on Q! we have x = 2! € Q™ x Z"2 and hence (z,w,y) satisfies the
integrality constraints. To finish the proof, assume for a contradiction that (z,w,y)
is an extreme point of the LP relaxation of (5.2) such that y ¢ {0, 1}*. Without loss
of generality we may assume that y1,y2 € (0,1). Let € = min{y1,y2,1 —y1,1 — 92} €
(0,1),

Yi T €, Z:]-v Yi — &, Z:]-a
gi: Yi — &, 1227 yi: Yyi + ¢ 2225
Yis otherwise, Yi otherwise.
= (y,/y)a’s w' = (y,/y)w', T = @i/yi)e’, and @ = (F;/yi)w" for i € {1,2},

:cz T =r'andw' =w' = w' foralli ¢ {1,2}, 2 = Ele 2t and 7 = Zlefi. Then
(z,w,y) # (7,0,7), (z,w,y) = (1/2)(z,w,y) + (1/2)(7,@,7), and (z,w,y), (T,70,7)
are feasible for the LP relaxation of (5.2), which contradicts (z, w, y) being an extreme
point. ]

Formulation 5.2 can be used to construct several known formulations for piecewise
linear functions and more general disjunctive constraints. The following proposition
illustrates this by constructing a variant of (5.2) that is convenient when P° are
described through their extreme points and rays. The resulting formulation is a
straightforward extension of a formulation for disjunctive constraints introduced by
Jeroslow and Lowe [90, 113].

COROLLARY 5.2. Let {Pz} C Q" be a finite family of polyhedra with a com-
mon recession cone C. Then, for any ni,ne € Zy such that n = ny + no, an MIP
formulation of S = Ui:1 PN (Qm x Z™) is given by

k
(5.3a) Z Z v+ Z T, =,

1=1 vEext(P?) reray(C)

(5.3b) Yo No=u Vie{l,... kb,

vEext(P?)

k
(5.3¢) D=1,
i=1

(5.3d) Xo>0 Vie{l,...,k}, v €ext (P,
(5.3e) pr >0 Vr € ray(C),

(5.3f) y € {0,1}%,

(5.32) z e QM x 7",
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Furthermore, if P* = conv (Pi N Q™ x Z”2)) foralli € {1,...,k}, then (5.3) is a
locally ideal formulation of S.
Proof. By Theorem 3.6 we have that P’ is the projection onto the z variables

of
Z VAy + Z Ty =
vEext(P?) reray(C)
Q' ={ (2,1 € Q" x @) x @) >, M=l
vEext(P?)

Ao >0 Yo €ext (Pi)
pr >0 Vr eray (C)

for all i € {1,...,k}. Using these extended formulations of the Q% we have that
formulation (5.2) for S is given by

(5.4a) Z VAL + Z rul =t Vie{l,...,k},

vEext(P?) reray(C)

(5.4D) Yoo XN=u Vie{l,...,k},

vEext(P?)
k

(5.4¢) Zx’ =z,
i=1

k
(5.4d) Z yi =1,
=1

(5.4e) MNo>0 Vie{l,...,k}, v €ext (Pi),
(5.4f) pi >0 Vie{1,...,k}, reray(C),
(5.4g) y; >0 Vie{l,...,k},

(5.4h) i eQ” Vie{l,... k},

(5.4i) XoeQP)  wie{1,... k),

(5.4j) pt e Qv Vie{l,...,k},

(5.4k) y € ZF,

(5.41) zeQ™M x Z"™.

We claim that the LP relaxation of (5.3) is equal to the image of the LP relaxation
of (5.4) through the linear transformation that projects out the x* and p’ variables
and lets p = Zle pt. We first show that the LP relaxation of (5.3) is contained
in the image of the LP relaxation of (5.4). For this, simply note that any point in
the LP relaxation of (5.3) is the image of the point in the LP relaxation of (5.4)
obtained by letting 2! = > veext(Pi) AL+ (1/k) > reray(c) THr and pi = (1/k)pr
for all 4 € {1,...,k} and r € ray (C). The reverse containment is straightforward.
Validity then follows directly from Proposition 5.1.

For locally idealness note that by Proposition 2.5 and the assumption on P! we
have that ext (PY) € Q™ x Z"2. By noting that (z,p,\) € ext (Q") if and only
if v € ext (P")7 pw =0, =1, and \, = 0 for v € ext P*\ {x}, we have that

ext (Qz) C Q™ xZ" x Qav(©) x Qe"t(Pi). Then by Proposition 5.1 we have that (5.4)
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is locally ideal and hence so is (5.3) by Proposition 3.10 and the linear transformation
described in the previous paragraph. d

To distinguish extreme point/ray formulation (5.3) from inequality formulation
(5.2), we refer to the first one as the V-formulation and to the second as the H-
formulation. While V-formulation (5.3) can be derived from H-formulation (5.2),
their application to specific disjunctive constraints can yield formulations with very
different structures. The following two examples illustrate this for the case ny = 0 in
both formulations and p; = 0 for all ¢ € {1,...,k} in Proposition 5.1.

EXAMPLE 6. Consider the set S = J_, {z € Q" : =1 <z; <1, 2; =0Vj #i}
from Ezample 2. H-formulation (5.2) for S is given by

(5.5a) —y; <axt <y, Vie{l,...,n},
(5.5b) al =0 Vi,je{l,...,n},i#j,
(5.5¢) > yi=1,
=1
(5.5d) wi=» al Vie{l,...,n},
j=1
(5.5¢) y €{0,1}".

Similarly to the proof of Proposition 5.1, we can show that the projection of (5.5) onto
the © and y variables is precisely formulation (4.3) from Ezample 3, which is given

by

(5.6a) —yi <z <y, Vie{l,...,n},
(5.6b) > yi=1,

i=1
(5.6¢) yi >0 Vie{l,...,n},
(5.6d) y € Z"

If we instead use V-formulation (5.3), we obtain the alternative formulation of S given
by

(5.7a) N\ = Vie{l,...,n},
(5.7b) LN =y Vie{1,...,n},
(5.7¢) Zyl =1,

i=1
(5.7d) ML >0 Vie{l,...,n},
(5.7¢) y € {0,1}™

It is interesting to contrast formulations (5.6) and (5.7). We know that conv(S) =
{z € Q" : !  |z;| < 1} and that both formulations are sharp. Hence the LP
relazations of both formulations should contain lifted representations of Y .|| <
1. H-formulation (5.6) does this using the standard trick of modeling |x;| < y; as
—yi < x; < yi, while V-formulation (5.7) does it by the alternative trick of modeling
lz;| < i as o = NP — A5, AL+ Mb=y,, and A, Ny > 0. The latter trick uses the fact
that x =t — 2~ and |z| = 2t + 2~ , where 1 := max{x,0} and 2~ := {—x,0}.
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EXAMPLE 7. Let f : D C Q% — Q be a piecewise linear function defined by (3.3)

for a given finite family of polytopes {Q*}£_,. Formulation (5.2) for characterization
(3.4a) of gr(f) results in the MIP formulation of gr(f) given by

k
(58&) Z = Zziv
i=1

(5.8b) 2 =mizt + ¢,
k
(5.8¢) x = in,
=1
(5.8d) Alzt < yb’ Vie{l,... k},
k
(5.8¢) > yi=1,
=1
(5.8f) y € {0,1}*.

If we replace (5.8a) and (5.8b) in (5.8) by

k
(5.9) z = Zmixi + ¢,
i=1

we obtain a standard MIP formulation for piecewise linear functions that is denoted
the multiple choice model in [155]. Similarly to the proof of Proposition 5.1, we can
show that the multiple choice model is the projection onto the x, =, y, and z variables
of (5.8). If we instead use formulation (5.3) for characterization (3.4b) of gr(f), we
obtain the formulation of gr(f) given by

k
(5.10a) Z Z oA = x,

1=1 v€ext(Q?)

k
(5.10b) Y fwA =z

1=1 v€ext(Q?)

(5.10¢) Y No=u Vie{l,... kb
vEext(Q?)
k
(5.10d) Zyi =1,
i=1
(5.10e) N> 0 Vie{l,....k}, vEext(Q),
(5.10f) y € {0,1}F,

which is a standard MIP formulation for piecewise linear functions that is denoted the
disaggregated convex combination model in [155].

For examples of formulation (5.2) with p; > 0 and ng > 0 we refer the reader to
[37] and [76], respectively.

6. Projected Formulations. One disadvantage of basic formulations (5.2) and
(5.4) is that they require multiple copies of the original z variables (i.e., the x? vari-
ables) or of some auxiliary variables (i.e., the A\’ variables). In this section we study
formulations that do not use these copies of variables and are hence much smaller.
The cost of this reduction in variables is usually a loss of strength, but it some cases
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this loss can be avoided. We begin by considering the well-known Big-M approach
and an alternative formulation that combines the Big-M approach with a formulation
tailored to polyhedra with a common structure. We then consider the strength of
both classes of formulations in detail.

6.1. Traditional Big-M Formulations. One way to write MIP formulations with-
out using copies of the original variables is to use the Big-M technique. The following
proposition proven in [164] for the bounded case and in [76] for the unbounded de-
scribes the technique.

ProposITION 6.1. Let {Pi}le be a finite family of polyhedra with a common
recession cone (i.e., Pi, = PJ for all i,j), such that P* = {x eqQ: Alx < bi},
where A" € QM *™ and b* € Q™ for all i € {1,...,k}. Furthermore, for each
i,je{l,... .k}, i#j, andl €{1,...,m;}, let M}’ € Q be such that

(6.1) Mli’j > max {ai’lx CAlp < bj} ,

where a®' € Q™ is the [th row of A*. Then, for anyny,ny € Z, such that n = ny+na,
an MIP formulation for S = Ule PN (Q™ x Z™) is given by

(6.2a) Alg <V + (M =b)(1—y;) Vie{l,...,k},
k
(6.2D) S yi=1,
i=1
(6.2¢) y;i >0 Vie{l,...,k},
(6.2d) y e ZF,
(6.2¢) x€ Q™ x 7",

where M* € Q™ are such that M} = max;; Ml” for each l € {1,...,m;}.

Proof. 1If all M; Jare finite, validity of the formulation is straightforward. To
show their finiteness, assume for a contradiction that for a given ¢, 7, and [ the left-
hand side of (6.1) is infinite. The unboundedness of this LP problem is equivalent to
the existence of an r € PL = {z € Q" : Alz <0} such that a™!r > 0 [21, Theorem
4.13]. However, by the assumption on the recession cones, such an 7 is also in P
and hence the LP problem given by max, {a“x D Alg < bi} is unbounded, which
contradicts b being finite. 0

The strongest possible version of formulation (6.2) is obtained when equality holds
in (6.1), which, as illustrated in the following example, can sometimes yield sharp or
locally ideal formulations.

ExaMpPLE 8. Consider the set S from Example 2, which corresponds to the case
Ai — [—II] c Qann and
i {1, le{ik+i},

! 0 otherwise

foralli,l € {1,...,k}, and no = 0. A valid Big-M selection is to take M} =1 for all
i, €{1,...,k}. For this choice, (6.2) is equal to the nonsharp formulation (4.1). In
contrast, the strongest choice of M* given by

Mi_{o, L€ {i,k+i},

7Y otherwise

yields locally ideal formulation (4.3).
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Unfortunately, as the following example shows, even the strongest version of (6.2)
can fail to be sharp.

EXAMPLE 9. The strongest version of formulation (6.2) for S from Example 4 is
precisely the nonsharp formulation (4.5).

For more discussion about Big-M formulations for general and specially structured
sets, we refer the reader to [18, 76, 79, 164].

6.2. Hybrid Big-M Formulations. A different class of projected formulations was
introduced by Balas, Blair, and Jeroslow [12, 26, 87] for families of polyhedra with
a common left-hand side matrix (i.e., where A’ = AJ for all 4, ). Balas, Blair, and
Jeroslow showed that such formulations can have very favorable strength properties.
However, while the common left-hand side structure appears in many problems (see
Example 10), these formulations still have more limited applicability than the tra-
ditional Big-M formulation from Proposition 6.1. For this reason we here combine
the projected formulation of Balas, Blair, and Jeroslow with the traditional Big-M
formulation to introduce the following hybrid Big-M formulation that generalizes the
former and improves upon the latter. While this formulation does not require the
common left-hand side structure, it is equipped to exploit it when present.

PROPOSITION 6.2. Fork € Z | let U, {Ps’i}fil be a finite family of polyhedra
with a common recession cone (i.e., P = PLJ for all s,t,i,7) such that

Pt = {a: eqQm™: A%z < bs’i} ,

where A®> € QM=*" and b>' € Q™ for each s € {1,...,p} and i € {1,... ks}.
Furthermore, for each s,t € {1,...,p}, i € {1,...,ks}, and | € {1,...,m,}, let
Mls’t’l € Q be such that

(6.3) Mls’t’i > max {as’lx D Alx < bt’i} ,

where a®! € Q™ is the lth row of A%. Then, for anyni,ny € Zy such that n = ny +na,
an MIP formulation for S =JV_, Uf;l P3N (QM x Z"2) is given by

P ke

(6.4a) Are <Y N Moy Vs e {1, p),

t=1 i=1
ks
(6.4D) SN wei=1,
s=14=1
(6.4c) Ysi >0 Vse{l,...,p},ie{l,..., ks},
(6.4d) Ysi € L Vse{l,...,p}, 1€ {Ll,... ks},
(6.4e) x€Q™M x 7.

In particular, we may take M =b%" for all s € {1,...,p}, i € {1,... ks}. A

Validity of this formulation is again straightforward from finiteness of the M, f’t’z,
which can be proven analogously to Proposition 6.1. Furthermore, the strongest
possible version of formulation (6.4) is again obtained when equality holds in (6.3).
In particular, M**% = b%? is the strongest possible coefficient unless some P’ has
a redundant constraint. Of course, even in the case of a redundant constraint, it is
always valid and convenient to use Big-M constants such that A% < b%?. For this
reason, we assume this to be the case from now on.
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Hybrid Big-M formulation (6.4) reduces to the formulation introduced by Balas,
Blair, and Jeroslow when all left-hand side matrices are identical (i.e., for p = 1), and
we take M*55*% = b>* for all i. An advantage of this formulation is that it can be
constructed without solving or bounding any LP problem in (6.3). In what follows
we refer to this formulation as the simple version of (6.4). An example of what can
be modeled with this simple version of the hybrid Big-M formulation is the following
class of problem that includes the SOS1 and SOS2 constraints introduced by Beale
and Tomlin [17].

ExXAMPLE 10. For given {li}le , {ui}le C {0,1}", consider the family of poly-

topes P' := {x eqQm: l;- <z; < u; Ve {1,.. ,n}} forie{1,...,k} and its union
S = Ule P?. For instance, if we let Z;- =0 for alli,j and k =n and

uz _ ]-7 ] = iv
J 0 otherwise

ork=n—1 and

; 1, je{ii+1
uz_{, jefivi+1,

J 0 otherwise,

we have that S corresponds, respectively, to the SOS1 and SOS2 constraints introduced
by Beale and Tomlin [17]. For the cases of SOS1 and SOS2 constraints, formula-
tion (6.4) with p = 1 reduces, respectively, to

ngzgyz Vi€{1,...,]€},

k
Zyi = ]-a
=1

y € {0, 1}",
and
0 < w1 <y,
0<a; <yi1+y: Vie{2,... k}
0 < zp+1 <y,

k
Zyi =1,
i=1

y € {0, 1}",
which are the standard MIP formulations for such constraints.

We end this section by showing how the simple version of hybrid big-M formu-
lation (6.4) can be used to obtain a smaller version of V-formulation (5.3). This
results in the extension of a known formulation for piecewise linear functions (e.g.,
[45, 91, 113, 106, 165]).

COROLLARY 6.3. Let {P"}f=1 C Q" be a finite family of polyhedra with a common
recession cone C' and V := Ule ext (Pz) Then, for any ni,ne € Z4 such that
n = ny + na, two MIP formulations of S = Ule PPN (Q™ x Z™) are given by

(6.5a) Z vy + Z T, = T,

veV reray(C)
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> =1,

veV
Ay <

yi Yv eV,

iiw€ext(P?)

y €{0,1}%,

Yv eV,
Vr € ray(C),

e Q™ x Z™2,

Z Ay + Z Ty = T,

veV reray(C)

> =1,

veV

Z )\'u Zyi

vEext(P?)

k
Zyi =1,
i=1

Ay >0
pr >0

y € {0, 1},

Vie{l,..., k},

Yo eV,
Vr € ray(C),

x€ QM x Z™.

Furthermore, if P' = conv (Pi N Q™ x Z"Q)) foralli € {1,...,k}, then both formu-
lations are sharp.
Proof. Let

Qi

(2, 1) € Q" x QY x Q¥

ZU)\U—F Z Ty =X

veV reray(C)

D=1

veV
1 Vv € ext (P
0 VveV\ext(P)
A >0 YoeV
0 Vreray(C)

Validity of (6.5) follows by noting that Ule P is the projection onto the z variables
of Ule Q' and that (6.5) is the simple version of (6.4) for Ule Q*. Validity of (6.6)
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follows by noting that Q° can be described alternatively as

Zv)\v—l— Z Ty =T

veV reray(C)

> =1

veV

A Ao > 1
Q' =< (z,Ap) €Q"x QY x QO Z

vEext(P?)
Y A0 Vi#i

vEext(P7)
>0 YoeV

pr >0 Vreray(C)

For sharpness, note that the projection onto the z variables of the LP relaxation
of both formulations is contained in conv (V') + C. The result then follows because,
under the assumption on P* and by Theorem 3.6, we have

k
conv(S) = conv (U PN (Q™ x an))

i=1

k
= conv U conv (Pi N (Qm X Zn2))>
=1

conv (ext (P')) + c)

<
Il
—

=

conv (ext (pi))) +C

<
Il
—

<
Il
—

I

Q

]

j}

<
N
=

ext (Pz)> + C = conv(V) + C. a

While (6.5) and (6.6) are equivalent, their LP relaxations are not contained in one
another. Of course this can only happen because neither formulation is locally ideal.
In fact, Lee and Wilson [106, 165] show that constraints (6.6¢) are valid inequalities for
the convex hull of integer feasible points of (6.5) and hence can be used to strengthen
it. These inequalities are sometimes facet defining and are part of a larger class
of inequalities that are enough to describe the convex hull of integer feasible points
of (6.5). Unfortunately, the number of such inequalities can be exponential in k.
However, in section 7 we show how an LP-based separation of these inequalities allows
us to construct a different formulation that ends up being equivalent to (5.3). If
we specialize formulation (6.5) to piecewise linear functions, we obtain the following
formulation from [106, 165].

EXAMPLE 11. Let f: D C Q% — Q be a piecewise linear function defined by (3.3)
for a given finite family of polytopes {Q'}r_,. Formulation (6.5) for characterization
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(3.4b) of gr(f) results in the MIP formulation of gr(f) given by

(6.7a) Z VA, = T,

velUk_ | ext(Q?)

(6.7b) Yo =z

velUr_; ext(Q?)

k
(6.7¢) Ay < Z yi Yv € U ext (Q'),

iv€ext(Q?) i=1
k
(6.7d) dwi=1,
=1
(6.7¢) A >0 Yo € ext (Q'),
(6.7f) y € {0,1}%,

which is a standard MIP formulation for piecewise linear functions that is denoted the
convex combination model in [155].

6.3. Formulation Strength. The traditional Big-M formulation has been signif-
icantly more popular than the simple version of the hybrid Big-M formulation. One
reason for this is the somewhat limited applicability of the latter formulation. The
general version of the hybrid Big-M formulation resolves this issue as it can be used in
the same class of problems as the traditional Big-M formulation. In addition, the hy-
brid Big-M formulation provides an advantage over the traditional one with respect to
size, even if only partial common left-hand side structure is present in the polyhedra.
Indeed, both formulations have the same number of variables, but the hybrid formu-
lation has 1 + Z€=1 m, constraints while the traditional one has 1 + Z§=1 mg X kg
constraints. Of course, such an advantage in size is meaningless if it is accompanied
by a significant reduction in strength. For this reason we now study the relative and
absolute strengths of these formulations. In particular, concerning the hybrid Big-
M formulation we show that it is always at least as strong as the traditional Big-M
formulation, that its simple version can be sharp and strictly stronger than the tra-
ditional formulation, but that even its strongest version can fail to be locally ideal
or sharp. We begin with the following proposition that shows that one case where
the hybrid and traditional formulations coincide is when S is the union of only two
polyhedra.

PROPOSITION 6.4. If S is the union of two polyhedra whose description does not
include any redundant constraints, and equality is taken in (6.1) and (6.3), then the
LP relazations of formulations (6.2) and (6.4) are equivalent.

Proof. For (6.2) the case of two polyhedra corresponds to k = 2, and in this case
(6.2a) is equal to

Atz <b'+ (MY =bY) (1—y1),
A <B4 (M>' = b%) (1 —ya).

For (6.3) the case of two polyhedra corresponds to p =1 and ky =2 or p =2, k; = 1,
and ko = 1. In the former case (6.4) is equal to

Alx S Ml’l’lyl +M1,1,2y2
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and the equivalence follows from 7; + y» = 1 by noting that for this case A' =
A%, MY2 = MLY2 = b2 and M?! = MY = bl because of the nonredundancy
assumption. In the latter, (6.4) is equal to

AICL' S Ml’l’lyl +M1,2,1y2’
A2x < ]\42,1,1y1 +M2,2,1y2,

and the equivalence follows from %1 + y» = 1 by noting that for this case M b1 = !,
M2l = p2 ML = M2 and M?DY = M?!, because of the nonredundancy
assumption. O

Unfortunately, as the following example shows, this equal strength can fail to
yield sharp formulations even for the case of equal left-hand side matrices and no
redundant constraints.

ExamMpLE 12. For

1 0 1 1 2
-1 0 1 1 2

A= 0 1 11, p=|2], vt=]1],
0 -1 1 2 1
0 0 -1 0 0

let P! = {x € Q% : Az <b'} and P2 = {zx € Q3 : Az <b?}. The strongest versions
of formulations (6.2) and (6.4) for S = P1 U P? are equal to

1
1
(6.8a) Ar<b + (1 —y) | -1 |,
-1

0

(6.8b) Az <b? + (1 —yo) 1,

(6.8¢) y1+y2 =1,
(6.8d) y € {0,1}>

Formulation (6.8) is not sharp because ©1 = xo = 0, x3 = 3/2, y1 = y2 = 1/2 is
feasible for its LP relazation and x3 < 1 for any x € conv(S).

The lack of sharpness of formulation (6.8) in Example 12 can be corrected by
simply adding x5 < 1, as conv(S) is exactly the projection of the LP relaxation of
(6.8) onto the z variables plus this inequality. However, this correction cannot always
be done with a polynomial number of inequalities (e.g., see Lemma 4.1). Furthermore,
as the following theorem by Blair [26] shows, recognizing sharpness of even the simple
version of hybrid Big-M formulation (6.4) is hard.

THEOREM 6.5. Let p =1 and M“%" = bY? for all i € {1,...,k} in formulation
(6.4). Deciding whether the resulting formulation is sharp is NP-hard.

Fortunately, Balas, Blair, and Jeroslow gave some practical (but not exhaustive)
necessary and sufficient conditions for sharpness of the simple version of (6.4) [12,
26, 87]. An extremely useful example of such conditions is given by the following
proposition.
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DEFINITION 6.6. Forbe Q™, Ae Q™ ", and I C {1,...,m} such that |I| =n
and det(Ayr) # 0, we let Ay (br) be the submatriz (subvector) of A (b) obtained by
selecting only the rows (components) indexed by I. We also let x(I,b) € Q™ be the
unique solution to Ayx = by. That is, x(I,b) is the basic solution associated to basis
I for polyhedron {x € Q™ : Ax < b}.

Let {P"}f:1 be a finite family of H-polyhedra such that for each i we have P* :=
{x eQm: Ax < bi}. We say that {P"}f:1 have the same shape if for all I C
{1,...,m} such that |I| = n and det(A;) # 0 we have either z (I,b') € P for all i
or x (I,bi) ¢ P for all i. In other words, polyhedra with a common structure have
the same shape if and only if for every basis the associated basic solution is feasible
for all polyhedra or is infeasible for all polyhedra.

PRrOPOSITION 6.7. If p = 1, polyhedra {Plﬂ'}k:l have the same shape, and

(2
MUt =bY for alli € {1,...,k}, then (6.4) is sharp.

One case in which these shape conditions hold are the sets in Example 10, as
the polyhedra considered are all rectangles (possibly degenerate ones). In particular,
this partially explains the success of the standard formulations for SOS1 and SOS2
constraints and gives an alternative proof of the sharpness of formulation (4.3) in
Example 3.

Unfortunately, as the following example shows, the shape condition does not
necessarily imply that formulation (6.4) is locally ideal.

EXAMPLE 13. Let

[1 1 1 1] 1 1 1
-1 -1 -1 -1 -1 -1 -1
1 0 0 0 1 0 0
0 1 0 0 1 1 0
0 0 1 0 1 0 9 1 3 1
A= 0 0 0 1]° b= 0|’ b" = 0|’ b= 1|’
-1 0 0 0 0 0 0
0 -1 0 0 0 0 0
0 0 -1 0 0 0 0
L0 0 0 -—1] 0 0 0

and P' = {x € Q* : Ax < b} fori € {1,...,3}. These polyhedra satisfy the shape
condition of Proposition 6.7 and hence the associated version of formulation (6.4) is
sharp. However, we can check that x5 = x4 = 1/2, ©1 = 2 = 0, y1 = y3 = 1/2,
and y2 = 0 is a fractional extreme point of the LP relaxation of (6.4) and hence the
formulation is not locally ideal. Finally, note that this formulation is precisely parts
(2.5¢)~(2.5k) of the standard formulation (2.5) for piecewise linear functions, we saw
in section 2.1.

Nevertheless, Proposition 6.7 can still be used to construct the following example
that shows how simple hybrid Big-M formulation (6.4) can be strictly stronger than
big-M formulation (6.2).

EXAMPLE 14. Letk=n—1 and {ui}kzl C {0,1}™ be such that

i

J 0 otherwise,

; 1, je{ii+1
uz_{, jefivi+1,

and let P' := {er" 10 < x; gué Vj € {1,...,n}} forie{1,...,k}. Formula-
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tion (6.4) for S :=J;_, P* reduces to
(6.9a) 1 < Y1,
(69b) Z; < Yi—1 + Yi Vi € {27"'ak}7
(6.9¢) Trt+1 < Yk,
k
(6.9d) S yi=1,
i=1
(6.9¢) y € {0,1}%,

and the strongest version of Big-M formulation (6.2) for S reduces to

(6.10a) x1 <,
(6.10b) vi<l—y; Yje{l,.. k+1},ie{l,.. . k}\{j—17},
(6.10¢) Th+1 < Yk,

k
(6.10d) Zyi =1,
=1

(6.10¢) y € {0,1}".

LEMMA 6.8. Hybrid Big-M formulation (6.9) is always sharp, while traditional
Big-M formulation (6.10) is not sharp for k > 4.

Proof. The first formulation is sharp by Proposition 6.7.

For the lack of sharpness of the second formulation, note that 1 = zx11 = 1/k,
zj=(k—1)/kfor j €{2,...,k}, and y; = 1/k for i € {1,...,k} is feasible for its LP
relaxation.

For k > 4 this solution is not in conv(S) and hence this Big-M formulation is not
sharp (e.g., note that this z does not belong to the projection of the LP relaxation of
(6.9) onto the = variables). O

Finally, the following proposition shows that the hybrid formulation is always at
least as strong as the traditional formulation if equivalent Big-M constants are used.

PROPOSITION 6.9. If the Big-M constants in (6.1) and (6.3) are identical and
such that M*%" < b then hybrid Big-M formulation (6.4) is at least as strong as
traditional Big-M formulation (6.2).

Proof. Using the notation of formulation (6.4) (i.e., accounting for the possible
common left-hand side matrices), (6.2a) from the traditional Big-M formulation is
equal to

ASz < b5 4 (H - b) (1—yes) Vse{l,....p},ie{l,... k),

where MIS’Z = MAXpe (1, p}, J€ {1, ke ), (£.5) £ (i) Mls’t’j. Using the fact that in this case

(6.2b) is equal to >_7_, Zf;l Ys,; = 1, we can rewrite this equation as

Asx < b¥iyg; + Z Ms’iyt,i Vse{l,...,p},ie{l,... ks}.

te{l,...,p},
JE{1,. ke }
(t,5)#(s,1)

The result then follows from assumption M**5* < b%% and because, by definition,
M >Mst0
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Proposition 6.9 and the formulation sizes suggest that, at least from a theoretical
perspective, hybrid Big-M formulation (6.4) is always preferable to traditional Big-
M formulation (6.2). This theoretical advantage often results in a computational
advantage [156]. However, the complexities of state-of-the-art solvers could still allow
the traditional formulation to outperform the hybrid one, particularly when the size
and strength differences are small.

7. Large Formulations. The aim of the techniques reviewed in this survey is
to construct strong, but small MIP formulations. However, there are many cases in
which all known MIP formulations (strong or weak) are large. If these formulations
are such that the number of variables is small and the number of constraints is large,
but can be separated fast, it is sometimes possible to use them in a branch-and-
cut procedure [131, 39, 128]. Similarly, when only the number of variables is large,
the formulations can be used in column generation or branch-and-price procedures
[15]. These procedures can be very effective and so can extensions such as branch-
and-cut-and-price [48] and branch-and-price for extended formulations [142]. For this
reason, when both large and small (usually extended) formulations are available it is
not always clear which is more convenient. Sometimes it is advantageous to solve the
large formulation with one of these specialized procedures [40, 50, 32], and other times
it is more convenient to solve the small extended formulation directly [31]. Exploring
these alternatives is beyond the scope of this survey, so in this section we restrict
our attention to one class of large formulations from which alternative small extended
formulations can be easily constructed. Such a construction was introduced by Martin
[115] (see also [30]) and can be summarized in the following proposition.

PROPOSITION 7.1. Let Q := {zx € Q" : Ax <b, Dx < d} and suppose there is a
separation LP problem for R := {x € Q™ : Dx < d}. That is, there exist F € Q"*™,
HeQ™™ ceQ™, and g € Q" for which the LP problem given by

n m
(7.1a) z(T) :=max Z@-m + Z CiPjs
i=1 j=1
(7.1b) Fr+Hp <y,
(7.1c) p; >0 Vje{l,...,m},

is such that T € R if and only if 2(T) < 0. Then an extended LP formulation of Q is
given by

(7.2a) Az < b,
(7.2b) Flw =z,
(7.2¢) Hw >,
(7.2d) gTw <0,
(7.2¢) w; >0 Vjied{l,...,r}

If @ is the LP relaxation of an MIP formulation such that R has a large number
of constraints but a small separation LP problem, we can replace Dx < d with (7.2b)—
(7.2e) to obtain a smaller extended formulation. Proposition 7.1 was used by Lee and
Wilson in [106, 165] to obtain an extended formulation that strengthens (6.5) and
(6.6). To describe this approach we need the following proposition from [106, 165].
For simplicity, we concentrate on formulation (6.5) for no = 0, which we restate in
the proposition for convenience.
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PROPOSITION 7.2. Let {Pi}f:1 C Q™ be a finite family of polyhedra with a com-
mon recession cone C', ext (Pi) be the finite sets of extreme points of polyhedron P?,
ray(C) be the finite set of extreme rays of polyhedral cone C, and V := Ule ext (Pi).
Then S = Ule P? can be modeled with formulation (6.5) given by

Sont Y -

veV réray(C)
Sa-t
veV
W<y WweV,
iw€ext(P?)
k
Zyz - ]-7
i=1
Ay >0 Yv eV,
>0 Vr € ray(C),
y € {0,1}"

While (6.5) is sharp, it is not always locally ideal. However, all facet-defining in-
equalities of the convexr hull of solutions to (6.5) are of the form A, > 0, p, > 0,
or

el velU

for some I C{1,...,k} and U C V. Furthermore, for a given (g, \) a separation LP
problem for (7.3) is given by

k
(7.4a) max Zyiai + Z AoBo,
i=1

veV
(7.4b) ai— B, <0 Vie{l,...,k},ve P,
(7.4c) a; >0 Viedl,... k},
(7.4d) By >0 YveV.

The following example shows how Propositions 7.1 and 7.2 can be used to strengthen
(6.5) to a locally ideal formulation.

EXAMPLE 15. Lee and Wilson [106, 165] gave a precise characterization of sets
I and U for which (7.3) are facet defining. By adding these inequalities to (6.5) or
(6.6) we would immediately obtain a locally ideal formulation. Unfortunately, Lee
and Wilson also gave examples in which the number of facets defined by inequalities
(7.3) can grow exponentially in |V|. However, using Proposition 7.1 and the fact that
constraints (7.3) can be separated with LP problem (7.4), Lee and Wilson adapted
(6.5) to the locally ideal formulation given by

(7.5a) Z VA + Z Ty = T,

veV reray(C)

(7.5b) > =1,

veV
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(7.5¢) > wl >y Vie{l,... k},
veP?
(7.5d) > wh <A, Yo eV,
itv€ Pl
k
(7.5e) doui=1
=1

7.5f) Ao >0 Yo eV,
7.5g) r >0 Vr € ray(C),
7.5h) w >0 Vie{l,....,k},YveV,

(
(
(
(7.51) y € {0,1}*.

It is interesting to note that by eliminating variables \, and renaming w’ to \! we
obtain formulation (5.3). In other words, as expected, if we try to strengthen (6.5) or
(6.6) to recover what we lost by eliminating the copies of A variables of (5.3) through
Corollary 6.3, we recover (5.3).

Similar formulations for the case in which the separation problem can be solved
using dynamic programming and other extensions can be found in [96, 116]. How-
ever, note that having a generic polynomial time algorithm for the separation is not
sufficient to obtain a polynomial-sized extended formulation. For instance, if S cor-
responds to the incidence vectors of perfect matchings of a complete graph as defined
in (4.8), then all inequalities of conv(S) can be separated in polynomial time [146].
However, Theorem 4.3 shows that S does not have a polynomial-sized sharp extended
formulation. Finally, we note that another way to obtain small formulations from
large ones in a systematic way is to define approximate versions that are slightly
weaker, but significantly smaller [161].

8. Incremental Formulations. All formulations for disjunctive constraints we

have considered so far include binary variables y such that Zle y; = 1. The problem
with such a configuration is that it can be quite detrimental to branch-and-bound
algorithms. To see this, imagine that the optimal solution to the LP relaxation at a
node of the branch-and-bound tree (e.g., the root LP relaxation) is such that 3, ¢ Z
for some ip € {1,...,k}. As described in section 2.2, a branch-and-bound-based MIP
solver will branch on y;, by creating two new LP problems by adding y;, < |7, ] to the
LP relaxation in the first branch and y;, > [%;, ] in the second branch. Because the LP
relaxation includes constraints 0 < y;, < 1, we have that this branching is equivalent
to fixing y;, = 0 in the first branch and y;, = 1 in the second one. These branches
are usually denoted down-branching and up-branching, respectively, and have very
different effects on the branch-and-bound tree. The difference is that up-branching
(i.e., fixing y;, = 1) automatically forces all other y; variables to zero, while down-
branching (i.e., fixing y;, = 0) does not imply any restriction on other y; variables.
This asymmetry results in what are usually denoted unbalanced branch-and-bound
trees, which can result in a significant slow-down of the algorithm [141].

One way to resolve this issue is to use specialized constraint branching schemes
[141]. In our particular case, an appropriate scheme is the SOS1 branching of Beale
and Tomlin [17] that can be described as follows. Because Zle yi =1 and y > 0,
we have that for a fractional 7 there must be i9 <1 € {1,...,k} such that 3, ,7; €
(0,1). We can then exclude this fractional solution by creating two new LP problems
by adding y1 = y2 = -+ = y;, = 0 in the first branch and y;;+1 = Yig42 ==y =0
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in the second one. In contrast to the traditional up-down variable branching, this
approach usually fixes to zero around half the integer variables in each branch and
hence yields much more balanced branch-and-bound trees.

An alternative to constraint branching is to use a well-known MIP formulation
trick that uses a redefinition of variables y (e.g., [27, 111, 132, 149, 33, 129, 110]).
This transformation can be formalized in the following straightforward proposition.

PROPOSITION 8.1. Let Ay := {y € Qi : Zle TS 1} and L : QF — QF be the
linear function defined as

k
L(y); = Zyz

Then L(AR) =Ty :={w € QF : 1 =w; > wy > -+ > wy > 0} and the inverse of L
8

_ W; — W; i<k
L 1(’(1))1 — ) 1+1 ) .
Wk, otherwise.

Hence L is a one-to-one correspondence between Ay and I'y, and, in particular, L is
a one-to-one correspondence between A N {0,1}* and 'y N {0,1}*.

Then, in any formulation that includes the constraint y € Ay N {0,1}* we can
replace such a constraint by w € T';, N {0, 1}* and every occurrence of y; by L™ (w);.
This is illustrated in the following example from [168], which shows that variable
branching on the w variables can be much more effective than variable branching on
the y variables.

EXAMPLE 16. Let k be even, a € Q¥ \ {0} be such that

a1<~-<av:—1<O<a§+1:1<-'-<ak,

(NE

and for S := {a1,az,...,ar} consider the problem ming {|z| : = € S}, which has an
optimal value of 1. This problem can be solved through the standard MIP formulation
given by

(8.1a) min 2,
(8.1b) r <z,
(8.1c) —z < z,

k
(81d) T = Zaiy’i7
=1

k
(8.1e) 1= Zyz‘,
(8.1f) y € {0,1}%,

However, using Proposition 8.1 we can construct the alternative MIP formulation of
S given by

(8.2a) min z,
(8.2b) r <z,
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(8.2¢) —x < z,
k
(82(1) r =ajwi + Z(az - ai_l)wi,
i=2
(8.2¢) w; > Wit Vie{l,...,k—1},
(8.2f) wy = 1,
(8.2g) w € {0,1}F.

We can show that a pure branch-and-bound algorithm requires branching in at least
k/2 of the variables of (8.1) to solve it (see [168] for more details). However, a
pure branch-and-bound algorithm can solve (8.2) branching in a single variable as
follows. The optimal solution to the LP relazation of (8.2) has z =2 =0, w; =1
for all i € {1,...,%}, Wiy = 1/2, and w; = 0 for all i € {%—l—Z,...,k}. Adding
Wy = 0 to this LP relaxation results in an optimal solution with z =1 and x = —1,
while adding Wy = 1 results in an optimal solution with z =1 and x = 1. Hence
branching on Wk 4y is enough to solve the problem. Finally, it is interesting to note
that variable branching on w has essentially the same effect as SOS1 branching on y.
For instance, branching on Wy = 1 and Wy = 0 has the same effect as branching
onyr=ya=--=yr =0andys, =yx o= =yp =0.

The reason for the effectiveness of branching on w comes from the fact that both
down- and up-branching on w; fix the value of many other w variables (around half
the variables depending on 7). This behavior is usually denoted double contracting
[66, 67, 150] to contrast it with the behavior of branching on y (only up-branching fixes
other variables), which is denoted single contracting. The fact that double contracting
incremental formulations result in solves with fewer branch-and-bound nodes was
confirmed computationally in [155, 157].

The transformation from Proposition 8.1 can be used on any formulation that
includes y € {0,1}*. However, in some cases, an additional transformation of the
continuous variables can result in an ad-hoc incremental formulation. An example of
this is the following formulation introduced in [168] that generalizes a formulation for
piecewise linear functions introduced in [165].

PROPOSITION 8.2. Let {Pi}f:1 C Q™ be a finite family of polyhedra with a
common recession cone C and let {v;};=1 = ext (Pz) and ray(C) be the finite sets of
extreme points and rays of polyhedron P and polyhedral cone C, respectively. Then
a locally ideal MIP formulation of S = Ule P is given by

k
vy + Z (v} = ol ) w
i=2
k7
PILACELY
i=1 j=2
(8.3a) + Z Ty = T,

reray(C)

(8.3b) > 6
j=2

IA
\.H
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T
(8.3¢) > s <w; Vie{2,...,k},
j=2

8.3d) 6L >wi Vie{l,....k—1},

8.3e) 6; >0 Vie{l,....,k},5€{2,...,r},

8.3f) pr >0 Vr € ray(C),
8.3g) w; €{0,1} Vie{2,...,k}.

When S = gr(f) for a piecewise linear function f defined by (3.3) for polytopes

{Qi}le that satisfy a special ordering condition, formulation (8.3) reduces to a stan-
dard MIP formulation for piecewise linear functions that is denoted the incremental
model in [155]. For more details, examples of incremental formulations, and their
advantages, we refer the reader to [168, 20].

9. Logarithmic Formulations. Standard MIP formulations for the union of k
polyhedra use k binary variables, while incremental formulations essentially reduce
this to k — 1 variables (one of the k variables is fixed to 1). In this section we review
techniques that allow us to reduce the number of binary variables to [log,(k)].

The simplest technique for using a logarithmic number of binary variables con-
siders S = Ule P C Q where P = {i — 1}. In this case, basic V-formulation (5.3)
reduces to

k
(9.1a) z =Y (i— 1y,
i=1
k
(9.1b) 1= "y,
i=1
(9.1c) y € {0,1}*.

We can think of formulation (9.1) as a unary encoding of = € {0,1,...,k — 1}. If we
instead use a binary encoding, we can obtain the formulation given by

floga ()]
(9.2a) x = Z 20 Ly,
i=1
(9.2b) r<k-1,
(9.2¢) w € {0,1}Mee2(k)T,

This technique appeared in the mathematical programming literature as early as [162]
and, while it is not an effective way to deal with general integer variables in MIP
[134], it has been used as the basis for effective MIP formulations of mixed integer
nonlinear programming problems (e.g., [162, 58, 72]). A similar technique is used in
[105, 103, 41] to model the constraint programming all-different requirement [75] in
problems such as graph coloring. For more general problems, MIP formulations with
a logarithmic number of binary variables were originally considered in [81, 148] and
have received significant attention recently [155, 127, 156, 107, 74, 6, 125, 159, 160].

One way to construct MIP formulations with a logarithmic number of variables
is to use the following proposition.

PROPOSITION 9.1. Let {hi}le C {0,1} 201 pe such that h* # h? for any

i # j. Then a locally ideal formulation of S := {y €{0,1}* : Zle Yy = 1} is given
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by
k
(9.3a) Zyi =1,
=1

k .

(9.3b) > by =w,
=1

(9.3¢) w e {0, 1}Mee(R)T
(9.3d) yi >0 Vie{l,...,k}.

Recently, formulations that are essentially identical to this one were independently
proposed in [6, 74, 107, 159, 160]. However, the basic idea behind formulation (9.3)
has in fact been part of the mathematical programming folklore for a long time. For
instance, Glover [58] attributes (9.3) for a specific choice of {hi}le to Sommer [148].

The following proposition from [74, 6] shows how to use (9.3) to construct formu-
lations for simple disjunctive constraints.

PROPOSITION 9.2. Let {hi}le C {0,1}Mos2(M1 be such that h' # b7 for any
1 # j. Then a locally ideal formulation for S = {a1,aq,...,ar} is given by

k
(9.4a) > yi=1,
i=1
k .
(9.4b) Z h'y; = w,
i=1
k
(9.4c) Z aiy; = x,
i=1
(9.4d) w € {0,1}Mes(k)]
(9.4e) y; >0 Vie{l,..., k}.

If log, (k) € Z and there exists (co,c) € Q x Q°82(F) sych that

log, (k) )
(95) a; = co + Z h;-Cj ViE{l,...,k},

j=1
then formulation (9.4) can be reduced to the locally ideal formulation given by
log, (k)
(9.6a) co + Z cjw; =z,
j=1
(9.6b) w € {0, 1}ek),

An advantage of (9.6) over (9.4) is the elimination of y variables. However, unlike
(9.4), (9.6) requires log, (k) € Z. For the case logy(k) ¢ Z, formulation (9.6) remains

valid only if we add the constraint w € {hi}le. If h' corresponds to the binary

expansion of i — 1, this constraint can be enforced through Zi(flgz(kﬂ 27l <k —1.
The resulting formulation is a generalization of (9.2) and, unfortunately, it can fail
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to be locally ideal. Stronger methods to implement w € {hi}le can be found in
[9, 41, 130].

One way to use Proposition 9.1 to construct MIP formulations for more general
disjunctive constraints is to combine it with formulation (5.3). The resulting formula-
tion was introduced in [155] for piecewise linear functions and its extension to general
polyhedra was introduced in [168].

ProposiTION 9.3. Let {Pi}f=1 C Q" be a finite family of polyhedra with a

common recession cone C' and let ext (Pi) and ray(C) be the finite sets of extreme
points and rays of polyhedron P' and polyhedral cone C, respectively. Furthermore,

let {hi}le C {o, 1}“03%’2(’“ﬂ be such that h' # h? for any i # j. Then a locally ideal
MIP formulation of S = Ule P is given by

(9.7a)
k
Z Z oA+ Z Ty = T,
i=1 veext(P?) reray(C)

k
(9.7b) Y =1,
1=1 v€ext(P?)
k

(9.7¢) SN miM =,

1=1 v€ext(P?)

(9.7d) No>0 Vie {1,....k}, v €ext (P,
(9.7¢) e >0 Vr € ray(C),
(9.7f) w € {0,1}Mee2(M)T,

The following proposition shows an entirely different technique that was intro-
duced in [81].

PROPOSITION 9.4. Let {Pi}f:1 be a finite family of polyhedra with a common
recession cone (i.e., PL, = PL for alli,j), such that P' = {x eQr: Az < bi} with
At € QmiX" and bt € Q™ for alli € {1,...,k}. Also, let {hi}le C {0, 1} Tog=(R)] pe
such that h' # b7 for any i # j. An MIP formulation for S = Ule P' is given by

[log, (k)]
(9.8a) Alx < b 4+ M* Z h;— Z w; + Z wj Vie{l,..., k},
j=1

jihi=1 §:hi=0
(9.8b) w e {0,1}1ee(R)T

for sufficiently large M € Q™.

Formulation (9.8) does not require any auxiliary variables besides w. However,
because it is an adaptation of Big-M formulation (6.2), it is not necessarily locally
ideal or sharp.

Other logarithmic formulations for specific constraints were introduced in [127,
125, 159, 160]. Further comparisons between logarithmic and incremental formula-
tions can be found in [168].

10. Combining Formulations and Propositional Logic. Another way to keep
the sizes of MIP formulations controlled is to construct them for different parts of
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a mathematical programming problem independently and then combine them. This
combination of formulations, which was denoted model linkage by Jeroslow and Lowe
[91], can reduce the strength of the final formulation, but can also result in a significant
reduction in size.

The simplest way to combine formulations is to intersect them. For instance, if
S =(;_, 5% we can obtain an MIP formulation of S by intersecting MIP formulations
for S*. However, alternative formulations can be obtained by considering the specific
structure of parts S°. One example of this is

k

<)

T
(10.1) s= P,
j=11i=1

where P%J are given polytopes. In this case, (10.1) can also be written using the
single disjunctive constraint,

(10.2) 5= U ﬂ pivi.

s€lTr_, {1,....k; } 5=1

Formulating this single combined constraint directly results in stronger, but larger
MIP formulations than when combining formulations for each constraint. However,
using the rules of propositional calculus we can construct other variations between
extreme cases (10.1) and (10.2) [11, 86]. Systematically constructing such variations
can lead to formulations that effectively balance size and strength (e.g., [139, 143,
144]). Furthermore, in some cases formulations based on (10.1) do not incur any loss
of strength [159, 160].

The reverse transformation from (10.2) to (10.1) is not always evident and some-
times requires the addition of auxiliary variables. Examples of this include the formu-
lations for joint probabilistic constraints introduced in [101, 114, 157]. In this case,
auxiliary binary variables that keep track of violated constraints are used to combine
formulations for single row or k-row probabilistic constraints into a formulation for
the full row joint probabilistic constraint.

For more information on propositional calculus, logic, and other techniques from
constraint programming with MIP formulations, we refer the reader to [78, 88, 164,
76, 79, 77].

11. MIP Representability. A systematic study of which sets can be modeled as
MIP problems began with the work of Meyer [118, 119, 120, 122, 121] and Ibaraki
[81], and the first precise characterization of these sets was given by Jeroslow and
Lowe [90, 113]. For general MIP formulations with unbounded integer variables this
characterization is quite technical, so Jeroslow and Lowe [90, 113] also introduced a
much simpler characterization for MIP formulations with binary or bounded integer
variables. This characterization was later extended by Hooker [76] to consider a
restricted use of unbounded integer variables that nevertheless allows for the modeling
of most sets that are used in practice, while preserving most of the simplicity of
Jeroslow and Lowe’s characterization. The first simple characterization to correspond
precisely to the sets modeled by basic formulations (4.6) was denoted bounded MIP
representability by Jeroslow and Lowe.

DEFINITION 11.1. § C Q™ is bounded MIP representable if and only if it has an
MIP formulation of the form (2.6), where y is additionally constrained to be a binary
vector.
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Jeroslow and Lowe showed that bounded MIP representable sets are precisely the
union of a finite number of polyhedra with a common recession cone.
PRrROPOSITION 11.2. A set S C Q™ is bounded MIP representable if and only if

there exists a finite family of polyhedra {P"}f:1 such that Pi, = P for all i,j and

k
(11.1) s=Jr,
i=1
or, equivalently, if and only if
k .
(11.2) s=c+JP,
i=1

where {Pi}le is a finite family of polytopes (i.e., Pi, = {0} for all i) and C is a
polyhedral cone.

Proof. The fact that a set of the form (11.1) is bounded MIP representable follows
from Proposition 4.2.

For the converse, let (2.6) be an MIP formulation of set S such that y is bounded.
Then the feasible region of this MIP formulation is a finite union of polyhedra (one
for each possible value of y) with the same recession cone. The result then follows by
projecting this union onto the x variables. O

Of course, through unary or binary expansion, bounded MIP representability is
equivalent to asking for y to be bounded in (2.6). However, we can extend the class
of MIP representable sets by allowing unbounded integer variables. If we restrict
these unbounded integer variables to be part of the original variables x, we obtain
the second simple characterization introduced by Hooker. Because this representation
does not allow unbounded integer auxiliary variables, we denote it “projected MIP
representability.”

DEerFINITION 11.3. S C Q™ is projected MIP representable if and only if it has
an MIP formulation of the form

(11.3a) Az + BA+ Dy < b,

(11.3b) z€Q™ x Z",
(11.3¢) A e Q,
(11.3d) y € {0,1}".

Note that (11.3) is a special version of (2.6) in which the linear inequalities are
such that every integer auxiliary variable is either bounded or identical to one of the
original variables. Projected MIP representability certainly subsumes bounded MIP
representability, but as shown by Hooker [76] it can model a much wider class of sets.

PROPOSITION 11.4. A set S C R"™ is projected MIP representable if and only if

there exists a finite family of polyhedra {Pi}le such that Pl = PJ, for alli,j and
k

(11.4) S=JPn@xzv).
i=1

Proof. The fact that a set of the form (11.4) is projected MIP representable
follows from Proposition 5.1.
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The converse is analogous to Proposition 11.2. O

Projected MIP representable sets are then precisely those sets that can be formu-
lated by (5.2) and (5.3). While projected MIP representability covers most sets that
are used in practice, it does not characterize all sets that can be modeled with MIP
formulations. We now consider the most general version of the MIP representation
theorem introduced by Jeroslow and Lowe [90, 113], for which we need the following
definition.

DEFINITION 11. 5 A finitely generated integral monoid is a set M C Z™ such

that there exists {r } C Z™ for which M = {ZZ LTt € Z(fr} We say that

M is generated by {7“ }

General MIP representablhty is obtained by simply replacing cone C by a finitely
generated integral monoid M in bounded MIP characterization (11.2).

THEOREM 11.6. A set S C Q™ is MIP representable if and only if

k
(11.5) S=M+|JP
i=1
for a finite family of polytopes {Pi}f:1 and a finitely generated monoid M .
Proof. For necessity assume S has a MIP formulation of the form (2.6) and let

Q C Q" xQ*xQ! be the polyhedron described by (2.6a). By Theorem 3.6 and because
@ is a rational polyhedron, there exist points { (27,47, §7) }521 C Q" xQ° xQand

scaled rays { (z',a', 7') }7:1 C Z" x Z* x 7' such that for any (x,u,y) feasible for (2.6)
there exist A € AP and p € Qi such that

P
(z,u,y) Z)\] (37,4, A')-f—ZMz(fl,ﬂla??l)
Jj=1
Now, for such A and p define
(x*,u*,y*) = Z/\J (‘%37’0’])@]) + Z (lu’l - I_/-”J) (il7’a’lvgl)
j=1
and

d
(11.6) (@,u,y>) =Y ) (&, @,7).

N
I
—

Then, (z°°,u>,y>) € Z" x Z* x Z! and (z*,u*,y*) belongs to bounded set

d

P
Z)\] xJ uj,zj +Zm #al y) cXNEAP, pe0,1]¢
j=1 =1

Also, because y = y* + y> and y € Z' we have y* € Z'. Hence (x*,u*,y*) €
So N Q™ x Q* x Zt, which is a finite union of polytopes (one for each possible value
of y* in Sp). Let {Pz} be the projection of such polytopes onto the x variables,
so that z* € Ui=1 P The result then follows from x = 2* 4+ 2 and the fact that
(11.6) implies 2*° belongs to the integral monoid generated by {il}le.
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For sufficiency, let S be of the form (11.5), let (4.6) be an MIP formulation for

Ule P, and let M be generated by {ri}jzl C Z". Then an MIP formulation for S
is given by

(11.7a) Alzt < by, Vie{l,...,k},
k ) d

(117b) ZJT’L—FZZI’IJ =z,
i=1 =1

k
(11.7¢) dwi=1,
i=1

(11.7d) e Q" Vie{l,...,k},
(11.7¢) y €{0,1}",
(11.7f) zezZi. O

By comparing (11.2) and (11.5), we see that general MIP representability replaces
the continuous recession directions of polyhedral cone C' with the discrete recession
directions of monoid M. The fact that this replacement gives further modeling power
stems from the following lemma, which shows that continuous recession directions
can be obtained from discrete recession directions and a polytope through Minkowski
addition of sets.

LEMMA 11.7. Let C' = {Z?Zl wirt o€ Q(j_} be a polyhedral cone generated by

{ri}jzl CZ"™ Then C =M+ P, where P := {Zle PYAIED W= i} 1]d} is a polytope
and M = { Zle wirt c € Zi} is a finitely generated integral monoid.
Proof. The result follows from noting that

d d d

Dot = Ll Y (= L))t O

i=1 i=1 i=1

Using this lemma we have that bounded MIP characterization (11.2) is equivalent
to

k
(11.8) S=M+Q"+J@
=1

for a finite family of polytopes {Qi}fzo and a finitely generated integral monoid M.
We then obtain general MIP characterization (11.5) by noting that Q° + Ule Q' =
Ule (Qo + Qi) and that P = Qg + Q' is a polytope for every i. We could carry
out the reverse transformation if we could factor out a common polyhedron Q° from
polytopes P! from bounded MIP characterization (11.2). However, as the following
example from [90, 113] shows, this factorization cannot always be done and general
characterization (11.5) includes more cases than bounded characterization (11.1)-
(11.2) and than projected MIP characterization (11.4).

EXAMPLE 17. Let S = ({0} U[2,00)) NZ. S is a finitely generated integral
monoid and a general MIP formulation for S is given by

T —2y; —3y2 =0,
2
yEeZ,.
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However, S does not satisfy bounded characterization (11.1)—(11.2) or projected MIP
characterization (11.4).

Bounded, projected, and general MIP representability can sometimes be hard to
recognize (e.g., see Example 20). One way to check the potential for MIP repre-
sentability is through the following necessary conditions proven in [90, 113].

PROPOSITION 11.8. If S C Q" is MIP representable, then S is closed and conv(S)
is a polyhedron.

Unfortunately, the following example from [153] shows that these conditions are
not sufficient for MIP representability.

EXAMPLE 18. Let

S:{xe(@n : xn:ie{ll,r.l.?ifl}xi, z; >0 Vje{l,...,n}}

n—1
=J{zeQ" i wn=1;, z,>2;>0 Vie{l,...n}}.
=1

We have that conv(S) = {z € Q" : z, < Z?;ll zi, an>x; >0 Vie{l,...,n}}
is a polyhedron, but S is not MIP representable.

We now illustrate some of these representability concepts by considering MIP
formulations of piecewise linear functions. However, we first introduce the following
example, which shows that rationality is crucial to the presented representability
results. For more information concerning MIP representability for nonpolyhedral or
nonrational polyhedral sets, we refer the reader to [49, 73].

ExaMpPLE 19. Consider the MIP formulation with irrational data given by S =
{x ER? : x5 — V22, < 0,2z, >0,x € ZQ}. We have that S is closed and the closure
of the convex hull of S is the nonrational polyhedron given by the LP relaxation of
this formulation. However, conv(S) is not closed. Furthermore, we have that S is an
integral monoid (it is composed by integer points and is closed under addition), but
by Lemma 3 in [83] we have that S is not finitely generated.

I1.1. MIP Representability of Functions. Functions that have MIP formula-
tions include most piecewise linear functions. The study and use of MIP formulations
for piecewise linear functions has been and still is a very prolific area of research with
a wide range of applications. While it is beyond the scope of this paper to include
a detailed survey of the literature on such formulations, we have included several
MIP formulations of piecewise linear functions and we now cover some issues con-
cerning representability of piecewise linear functions. For more details we refer the
reader to [155] and the references therein. Some recent work concerning piecewise
linear functions that are not referenced in [155] include [151, 51, 57, 124, 62, 123,
126, 127, 43, 156, 153]. Finally, we note that there is also a vast literature on in-
corporating piecewise linear functions into optimization models without using MIP
[17, 54, 55, 56, 38, 99, 158, 47, 169, 46]

Functions with bounded MIP representable graphs and epigraphs include most
piecewise linear functions. In particular, for continuous multivariate functions with
bounded domain we can give the following precise characterization.

PROPOSITION 11.9. Let f: D C Q% — Q be a continuous function.

1. If gr(f) is bounded MIP representable, then epi(f) is bounded MIP repre-
sentable

2. gr(f) is bounded MIP representable if and only if there exist {m'}F_, C Q",
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{e;}F_, € Q, and a finite family of polytopes {Q*}F_, such that

k
(11.9a) D= UQ",
=1

mlz +c1, z€Q,
(11.9b) flz) =

mFr +cp, =€ QF.

Proof. For item 1 we first note that epi(f) = Cy + gr(f), where Cy := {(0,2) €
Q" xQ : z > 0}, and that for f with bounded domain gr(f) is bounded. Now, if gr(f)
is bounded MIP representable, we have by Proposition 11.2 that gr(f) = Ule P? for
a finite family of polytopes { P*}¥_,. Then, epi(f) = C; —|—Uf:1 Pi = Ule (Cy + P
and {C’+ + Pi}f:1 is a finite family of polyhedra with common recession cone C. .
Hence, by Proposition 11.2 epi(f) is bounded MIP representable.

For the “if” part of item 2 let P := {(z,2) €e Q" x Q : z € Q%, 2 = mlx +¢;} for
eachi € {1,...,k}. Then {P*}*_| is a finite family of polytopes and gr(f) = Ule P
hence by Proposition 11.2 gr(f) is bounded MIP representable. For the only if part,
if gr(f) is bounded MIP representable, then, by Proposition 11.2, gr(f) = Ule P
for a finite family of polytopes {P'}¥_ ;. Let Q° be the projection onto the z variables
of polytope P and let {v7 }§=1 be the extreme points of polytope Q¢. We claim that
there exists a solution (mi,ci) € Q" x Q to the system m‘v/ + ¢; = f(v7) for all
je€A{1,...,p}. If such a solution exists we have that P* = {(z,2) € Q" xQ : z €
Q!, miz + ¢; = z}, which gives the desired result. To show the claim first assume
without loss of generality that v¢t! = 0. After that, assume again without loss of
generality that {v7 }?:1 are linearly independent where 1 < d = rank ([v? ]?:1) (ifd =
0, then Q° = {v¥*1} = {0} and the claim is straightforward). Let m’ € Q" and ¢; € Q
be such that ¢; = f (v**!) = f(0) and m‘v? = f(v7) —¢; for all j € {1,...,d}, which
exist by the linear independence assumption. To arrive at a contradiction assume
without loss of generality that miv?*+2 +¢; > f (vdﬂ). Because of the assumption on
{vi}4_,, there exist A € Q% such that v*+? = Zgzl A\;v®. Furthermore, without loss
of generality we may assume that Ay < \; for all i € {1,...,d}. Let

d+1 1 d
S(8) — i _ d+2 _ 3. i
() .5<;d+1v>+(1 ) ;)\z(é)v,

where \;(d) := 5% + (1 =9\ forall i e {1,...,d}. If \y > 0, let 4, := 0, and if
A1 <0, let

A1
[

I A <1, let 6y := 0, and if 30 A > 1, let

= € (0, 1)
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Then, for ¢* = max{d1,d2} we have E?Zl Xi (6%) < 1 and X (6%) > 0 for all 4 €
{1,...,d}. Hence, ¥(6*) € conv ({1)]}21':"11) Now, because gr(f) = Ule Pt we
have (v', f(v')) € P* for all i € {1,...,d+ 2}. Then, by the definition of % (6*) and
convexity of P?, we have (17 (6*), E;iill 5#f(vi)+(1—5)f(vd+2)) € P*. Furthermore,
by the definition of (mi, ci), the assumption on f(v9+2), and the fact that 1 —6* > 0,
we have m'® (6*) +¢; > f(9(6*)). However, because o (6*) € conv ({vj}?ill) and
due to the definition of (m?,c;) we also have m'® (6*) + ¢; = f (9 (0*)), which is a
contradiction. d

Conditions (11.9) imply that a function with a bounded MIP representable graph
is automatically continuous. However, if we only require the epigraph of a function to
be bounded MIP representable, we can also model some discontinuous functions and
some functions with unbounded domains. This is illustrated in the following example,
which also shows that to recognize bounded MIP representability it is sometimes
necessary to have some redundancy in characterization (11.1) (i.e., the interiors of
some polyhedra must intersect to comply with the common recession cone condition).

EXAMPLE 20. Let f:[0,00) — Q be defined as

- +2, xe€l0,1),
f) = {x -1, ze€][l,00).

This function is depicted in black Figure 11.1(a), where its epigraph is depicted in
red. The function is discontinuous at 1 so its graph is not closed and hence cannot
be MIP representable by Proposition 11.8. However, epi(f) = P! U P? where P! :=
{(z,2) 2 +2>2,2z—2>0,2 >0} and P?> := {(z,2) : z—2 > -1, 2> 1} are
polyhedra with a common recession cone. This is illustrated in Figure 11.1(b), where
P is depicted in green and P? is depicted in blue. Proposition 11.2 then implies that
epi(f) is bounded MIP representable.

Some continuous functions with unbounded domains also have bounded MIP
representable graphs, but the necessary conditions for this to hold are more restrictive.
For more details concerning functions with unbounded domains, we refer the reader
to [84, 113, 120], and for discontinuous functions to [155] and the references therein.

12. Other Topics.

12.1. Combinatorial Optimization and Approximation of Convex Sets. An
important part of LP or polyhedral methods for combinatorial optimization can be
interpreted as the construction of sharp or locally ideal formulations for such prob-
lems [146]. The use of extended formulations for such constructions is a mature and
yet extremely active area of research. For instance, in 1991 Yannakakis [167] raised
the question of the nonexistence of a polynomial-sized sharp extended formulation
for the traveling salesman problem (TSP) and for perfect matchings. This nonexis-
tence was only proven recently for the TSP by Fiorini et al. [53] and for matching by
Rothvo8 [140]. In addition, the construction of extended formulations for combinato-
rial optimization is strongly related to approximation questions in convex geometry
(e.g., [98]). For example, the recent paper by Kaibel and Pashkovich [97] develops
a technique for constructing extended formulations that generalizes and unifies ap-
proaches for the polyhedral approximation of convex sets [19] and for formulations of
combinatorial optimization problems [61].
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(a) Epigraph of function from Example 20 (b) Epigraph as union of polyhedra.

Fig. 1.1 Discontinuous Function with Unbounded Domain.

For more information on extended formulations in combinatorial optimization we
refer the reader to [35, 154, 95] and for more on polyhedral approximations of convex
sets we refer the reader to [14, 16, 152] and [93, Chapters 8 and 17].

12.2. Linearization of Products. Another important MIP formulation technique
that we omitted because of space is the linearization of products of binary or bounded
integer variables and the products of these variables with bounded continuous vari-
ables. These linearizations are some of the oldest MIP formulation techniques [58,
7, 100, 133, 59, 162, 60, 70, 8, 117, 72, 135] and continue to be a very active area
of research [5, 3, 71, 64, 65, 4]. They are an important tool for nonconvex mixed
integer nonlinear programming [29] and have been extensively studied in the con-
text of mathematical programming reformulations [109, 108]. In particular, many of
these linearized formulations can be obtained through the reformulation-linearization
technique of Sherali and Adams [147].
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