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ABSTRACT

Recently developed techniques for finding embedded pairwise mode couplings in high order

systems and calculating the transmission coefficient in linear mode conversion for passive,, stable

plasmas are extended to the treatment of coupling of positive and negative energy waves in

nonuniform plasmas. In particular, the coupling of positive and negative energy waves in

co-streaming, nonuniform electron beams is treated in detail and the ensuing spatial amplification is

determined.
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I. INTRODUCTION

Many studies have recently dealt with the propagation of general N-component perturbations

of form Z(x) = Ai(x) exp[ivi(x)] (i = 1,2,..., N) defined on space-time [x = (r, t)] in a weakly

inhomogeneous and time-dependent plasma.1 Often, the space-time evolution of the amplitude

A(x) = (Ai, i = 1,..., N) and of the generalized wave vector ka(x) = 4/iax of such

perturbations is slow and is governed by the transport equation of the form 2

-iDeA= D aA + 1 d D)
- ax 2 dxak A (1)

where D(k,x) is a Hermitian dispersion matrix and d(.. .)/dxa = a(.. .)/axa +

[(... )/ak][akp/x0]. Following Ref.3, we shall refer to this type of problems as "Hermitian

problems". For example, cold, nonstreaming plasmas;I warm, maxwellian-fluid plasmas;4 and

even the unreduced Maxwell-Vlasov system for a perturbed maxwellian equilibrium, 5 all, comprise

a Hermitian problem.

Hermitian problems are of a special importance because they have several important

properties. First, Eq.(1) for a Hermitian dispersion matrix D yields a conservation law,

i.e.,

aJg/ax"=O , J = -At*aD *A (2)

Secondly, Eq.(1) allows a successive, systematic elimination of some components of A, so

that if, for example, one eliminates component A,, the remaining reduced amplitude A' =

(A2, A 3,.. .AN) is again described by the equation of form (1), but with D replaced by a

new reduced , Hermitian dispersion matrix D'(k,x) of dimension N-1. This is the essence

of the congruent reduction technique. 6 The elimination of the amplitude components can

usually be continued, one-by-one, until the final, irreducible system of order M (M < N),

characterized by a final reduced MxM dispersion matrix D, is obtained. All elements of this

final matrix are small (of O(S), where 8 is a small , dimensionless inhomogeneity parameter).

The salient feature of the congruent reduction procedure is that not only the form (1) of the

transport equation is preserved at each reduction step, but also the "action flux" J is both

conserved
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J'/ax" = , J' = - AIt W * A' (3)
IL IL k

and preserved, to O(S),

J' = J + 0(b) (4)

throughout the reduction procedure.

Despite the above-mentioned advantages of dealing with Hermitian problems, one can

notice that only systems with no free energy (i.e. passive, stable plasmas) were so far

formulated in the Hermitian form. The present work is devoted to the Hermitian description of

a different type of a problem, i.e. that of electrostatic perturbations in interacting,

inhomogeneous electron beams. The free energy in an electron beam leads to its small-amplitude

perturbations exhibiting both positive and negative energy waves. We shall show that the

presence of the free energy in this problem still allows the Hermitian description, but, nevertheless,

lead to mode couplings different from those described previously in systems with no free

energy. In particular, in contrast to embedded pairwise couplings of modes with the same energy

sign, the positive-negative energy mode interactions in Hermitian systems may lead to a localized

amplification of the modes (see the example in Sec. IV). The scope of the presentation will be

as follows: In Sec. II, we shall formulate the simplest single beam, nonrelativistic problem in

the Hermitian form. We shall apply the congruent reduction technique to this problem and

generalize to the relativistic case in Sec. III. Finally, the Hermitian coupled beam problem will be

considered in Sec. IV.

II. SINGLE, NONRELATIVISTIC BEAM PROBLEM

Consider a nonrelativistic electron beam propagating in the x-direction in a neutralizing

ion background. Assume the following time independent one-dimensional equilibrium of the

ions and electrons

voi = 0 ' i0 i = n0i(x)

(5)
y, = v0(x) , nl, = no (x)

where

-d no v0) = 0 (6)
"Fdx 

6
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(Mv)= - e[ E (x) + E, (x) (7)

Co = - e [no(x) - ni(x)] (8)

and Eoext(x) is the externally generated electric field. Perturbing the electron equilibrium and

leaving the ions stationary

n,(x,t) = no (x) + n, (x, t)

y, (x,t) = v0 (x) + v (x, t ) , (9)

E (x, t) = E0 (x) + E (x, t)

we obtain the following complete set of linearized Maxwell, continuity and momentum equations

describing the perturbed quantities

eo E
ZW - e = 0 (10)

an ar
+ = 0 (11)

[) + eE1 =0, (12)

where

r, = n v1 + ni v0  (13)

is the linearized electron flux.

Eq. (10)-(13) yield the small amplitude conservation equation. Indeed, from Eq.(10) we

obtain

- eEir, = 0 (14)

which on using (12) and (13) to express El and r I becomes

aw + as 0 (15)

where

W = + no + m v i n1  (16)

and

S = mvyv, r, (17)
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are the small-amplitude energy density and flux of the electron beam system.7

Our aim now is to cast Eqs. (10)-(12) into the Hermitian form (1). As a first step

to this goal, we replace n1 in (11) by the expression (17 - n0v1)/v0 obtained from Eq.(13).

This substitution replaces (11) by

arI/at + v0arI/ax -noavlIat = 0 . (18)

Now we introduce new dependent variables

1/2
E % o El

U = (in)2 vi (19)

r = (m/nd) U2r

Then Eqs. (10), (18) and (12) become (on using nodvoddx = - v0dn/dx)

S- OIF = 0 (20)

+ir 1 r - aU= 0 (21)
t + ax 2 dx Tt

+ + + U + CI)E =0 (22)

where we use the usual notation coo,=(noe2/me)1/2 . Finally, we use the eikonal representation

for the unknown 3-component vector Z = (E, U, 0)T, i.e.,

Z=( =Re e-iwt+iY(x) =Re A(x)eiwt+ i(x)] (23)

Then, if (by definition)

k(x)= dy/dx , (24)

we can rewrite Eqs.(20-22) in the standard form (1):

~iD. a~ D dA 1 da~
- i D 9 A = 7 + w (k e)Y A (25)

where dispersion matrix D (kx) is Hermitian and given by

) 0 -icOp

D 0 -0  w-kvo-iv' (26)

io (o-kvo+iv 0

where vo'=dvo/dx. Thus, we have a Hermitian problem. Now, we shall make the'

geometric optics assumption regarding the slowness of variation of the equilibrium parameters
5



and therefore, view E, U, r, and k as slowly varying quantities, in the sense that if (

represents one of these quantities, then

-0() , (27)

where 8 << 1 is a small, dimensionless parameter. Then. Eq.(25) can be solved perturbatively

and yields the conventional Hermitian transport equation for the slow amplitude A = ( E, U,

r )T.

At this stage, we calculate the conserved action flux in the system:

J = -At* *A = vo ( u*r+ur*)= 4mvo<v rt> (28)

where <...>a, means averaging over time. But, the action density is usually defined as

Q = Ate aD. eA (29)
aco

so that, in our case

2 2

Q=1E1- U +(U*r + Ur*)= 4 <- 1+ no +Mv nv,>
2 2 0 n1  a,,(30)

It can be seen [compare to Eqs.(16) and (17)] that, to within a factor of 4, Q and J are the time

averaged small-amplitude energy density and flux in the system.

III. CONGRUENT REDUCTION AND RELATIVISTIC GENERALIZATION

Here, we shall apply the congruent reduction procedure6 to the single, inhomogeneous

beam problem described above. We consider the third order system (25) characterized by

dispersion matrix (26), view the right hand side of Eq.(25) as small (of 0(8)) and eliminate

(reduce) component E of A from the problem. The remaining two component vectors AMl)

= (U, 0 )T after this first reduction step is again described by the transport equation of form

(25) with D replaced by

S co-k6- i v']

o-kvy+i v0' -W o]

More generally, the elements of the reduced matrix [as (29), for example] are obtained from D by

using the rule

D "'') = D - D D /D + i, j #k (32)
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if component Ak associated with the diagonal element Dk of D is eliminated. Aj in (30) is of

O(S) correction given by

iA = ('ia - ' (B- i,j*k (33)
Pkk L kI kiki

In the transition from (26) to (31) A =0.

Our next (second) reduction step is the elimination of the component U of A(1)=

(U,I)T [this is allowed since we view -c (=Dk) as an object of 0(8)]. Transformation (32)

applied to matrix (31) then yields a scalar dispersion function

D = - o ,/W + [(co-kvy)2+(v 0 ')2i/o (34)

associated with the remaining component AM =17. Finally, to O(S) [(dvd/dx) 2 - (82)]

22
DP)- [o - (co-kv) / o (35)

while r is described by the scalar transport equation of form (25) with D replaced by D(2),

i.e.,

-i D (2 r= -d d + d D ( (36)ak dx 2 dx jr(6

This equation can be easily solved by using the usual geometric optics approach', i.e., by

first defining k(x) via

D (2)[k(x), x] = 0 => k(x)=( cop vo (37)

Then, since k(x) is already known, Eq. (36) becomes

aD(2 ) dl 1 d (D3
+ 17=0 (38)

yielding the solution for the slow amplitude component

aD 12(X)--

R(x) ak (v(x) .(x) ( 4v(O)- = =.L - - = ~x -- (39))

17(0) aD 2) (0) v()no,()J n0(0)f v(x)

'J- D =2

The two remaining components of the original amplitude A can now be found by reversing

the congruent reduction procedure, i.e.,
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co-kvy
U =- I + 0(8)

Ci) (40)
E = i..O.E F + 0(8)

Co

Finally, we observe that Eq.(37) yields two possible modes in the system. These modes

differ by their energy density sign. Indeed, to the lowest order in 8 [see (29)]

Q= At aD A = In =2 (41)

where the upper sign corresponds to the positive sign in (37). We shall see in the next

Section that the possibility of having the negative energy mode is of crucial importance when mode

coupling of two inhomogeneous interacting beams is considered.

The last topic being considered in this Section is the relativistic generalization of the theory.

In the one-dimensional relativistic case the exact momentum and energy equations are

+v a 7 - E ,(42)

+v Y=- e2Ev ,(43)
Tax) mc

where the relativistic factor y (1 - v21c2)-1/2. We use Eqs.(43) and (42) and rewrite the

latter as

7 + v E = E (44)
mc

or

+Ea v (45)

Linearization of (45) yields

av a \ e3eE 0
m(a. + avvi)) + E -E0-. 1=0 (46)

where

2

-= 1- , (47)
2 2

70 c

1= vjyvI/c2  (48)

and
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- =E 1 dy a dy
myoc -0 dt YO dx

On using (48) and (49) in Eq.(46) we obtain

"n + (v )+ I yO +e E =0

Finally, we define a new variable

V 1, ' 3
=70 yV,

(49)

(50)

(51)

for which (50) becomes

ra' a (V ')+a[xF I~(~1 ) + eE =0 (52)

This equation must be combined with linearized Maxwell and continuity equations [Eqs. (10)

and (11)]:

c aEi/at - er, =0
an,/at + ar /ax = 0

(53)

where now [compare to (13)]

By introducing, similarly to the

n, = (1/v 0)(F1 - nov' /?)

nonrelativistic case, new dependent variables

E = 1/2 E2

U =(mno) v'

r (m/nI)

we transform (52), (53) into

aF/ot - %T' = 0

adyat + val'/x - (1/2) dvddx - (1/)aU/ax = 0
0

oU/Dt + voaU/ax + (3U/2) dvjdx + coE = 0

which is the desired Hermitian form for the relativistic case [compare

characterized by the dispersion matrix [compare to (26)]:

j0

D= 0

iO,

0

-0/9iv
o-kv0 iv

&-kv0d ]

(56)

to Eqs.(20)-(22)

(57)

9
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In conclusion, we see that formally the transition to the one-dimensional relativistic theory is

equivalent to the replacements

V1  0 (58)
no = notV3

in the nonrelativistic description. For example, in the reduced relativistic case r is again

described by the scalar transport equation of form (36), where (see Eq. (35)

D2 [ 2t9- (o -kvo) 2 1/ (59)
P 0

so that

k(x) = (o± c w/72) /v 0  (60)

Then Eq.(39) yields

-1/2 1/4
r(x) VW(x)C(x) 2() (x)ng(x)

- =- (61)
r(0) v(0)w,(0)(x2() ( n (6)

Also, Eq.(58) allows us to use directly results (28) and (30) for calculating the relativistic energy

density and flux (Q = At 9 DD/ao . A and J= -At 9 aD/Ak 9 A ). The results are

2 ~ 2
Q = 4< EE/2 + jn mv /2 + mvn >av (62)

and

J = 4mv ?yO<vl>av (63)

This check (again within a factor of 4) with what one would obtain from the small-amplitude

conservation of energy for relativistic e-beams. 7

IV. COUPLED BEAM PROBLEM

Consider two coupled thin sheet beams propagating parallel to each other in x-direction

with a free space separation between the beams. The coupling between the beams is assumed to

be the result of the extension of the electric field in free space. We shall also restrict ourselves,

for simplicity, to the nonrelativistic case.

The linearized momentum equations describing the beams can be written as

m[avjI/at + a(vgivli)/ax] + eE = 0 (64)

where E1 is the electric field perturbation acting on the i-th beam. We write Eli as a linear

combination

10



Ei= R Ei + C2Ej , (65)

where either i=1, j=2, or i=2, j=1 and Eli' are the electric fields one would have for fully decoupled

and infinite cross section beams, i.e., by definition,

seaE' /at - ern = 0 (66)

The "heuristic" parameters Ri2 and C2 in our model are slowly varying self-field reduction factors

resulting for the thin-sheet beam i and the coupling coefficient, respectively. The rigorous

derivation of the expressions for these parameters is out of the scope of the present study. Finally,

we write the linearized continuity equations for the beams

an/at + aTr1 /ax = 0 (67)

or, on using n1i = (Fri - noivi)/voi ,

ai/t + vogrl /ax - ne; av1 /at = 0 (68)

In order to symmetrize the momentum and Ampere-Maxwell equations (64) and (66) we

now introduce new fields EIi defined by the linear transformation

El = otjEl + PE' , (69)

where ai and $ are parameters to be related to R 2 and C2. The new fields are described by the

equations

%EaE1 /at - e (Otirn + $Pri) = 0 (70)

At this point we make the choice of ai and $ so that Eq.(64) expressed in terms of Eli becomes

m[avi/at + a(vo0 vi)/ax] + ctieEi + PeE = 0 . (71)

The proper choice is

I + $2= R
1 (72)

s((a+a 2)=C
2

Note now that the complete system of equations (70), (71) and (68) in the new variables yields the

conservation law in the general form (15), where W and S are:

2

W =l + no-i -i + mvoiviin)
i=1,2 22i

(73)

S= YSmyev v
i=1,2

At this stage, similarly to the single beam case, we define new dependent variables
11



E, % 11r2 Eli

U =( 1

r= (ni/na) 1 2J7

and use the eikonal representation for the unknown 6-component vector

El El

U1  U1

Z = Re exp[-imot+iy(x)] = Re[A(x) exp(-iCO+iN

U2  U2

r r
r2 J ~ 2J

The slow amplitude A in (75) is again described by the Hermitian

form (25), where in the present case [compare to Eq.(26)]

0 0 -iaX1pi 0 0

0 -_i o -kvo1 -ive'1  0 0

i o-kv -iv-' 0 iB A1 Pi jI UI

0 0

0 0

-ip 1

0

PI

CO 0

0 -0) 0

(74)

(x))] (75)

transport equation of

-iPo(p2

0

0

-i2 p2

-kv0 2-iv' 2

(76)

i1pcO 2  0 0 ia2cp 2 cO-kv0 2+v0 '2  0 1

Now, in searching for embedded pairwise mode coupling situations, we proceed to

the reduction of order, assuming slow variation of the equilibrium beam parameters [noi(x)

and voi(x)]. We eliminate components El and E2 of A first. The reduced amplitude AO)

= (U1, r, U2, 72)T after this reduction step is described by the reduced dispersion matrix

(the rule (32) was used twice to get this result):

-) c-kyv0 -1 i 0 0

co-kv 1 +iv 1  -(z2+p 2)Dp /CO 0 -( +2 ppI PI ~o'2P(OplOp21
D - k/1)

0 0 -O o-kv 0 2-1v0 2

0 -(a 1 +aP2)P"p2"p 0kvo2+i02 -(a 2+p2)-2CO]

Next, we reduce UI and U2 [the corresponding diagonal elements (-CO) are assumed being of

0(1)]. The two-component reduced amplitude A( 2) = (rF,r 2 )T is then described by the

12



dispersion matrix

D (2)= D ] (78)
11 D 2

where to 0(8)

1= [(w - kv)Oi2 -cc + i2)c2 I/c (79)

1 (a + a2PORp 1Op 2/w (80)

Hermitian dispersion matrix D(2) has the standard form allowing local pairwise linear mode

conversion situations. The mode conversion happens when in some region in space, TI -

0(b) (normal degeneracy 6) and both Dl[k(x),x] and D2[k(x),x] become simultaneously small

[also of O(S)]. In our case this happens when, for instance, the coupling constant P is of

O(S) (the beams are sufficiently far away from each other) and, simultaneously,

D - [(o - kv() 2 8- czeco2 ]/w - 0(6) (81)
i-1,2 kv~i) I Pi

These conditions are always satisfied near the crossing point xO such that DI[k(xo),xo]=

D2[k(xo),xo]. An interesting situation occurs when the crossing is between the negative

energy mode of beam 1 and the positive energy mode of beam 2 , i.e., when [see the definitions in

Eqs.(37) and (41)]

((o - kv + a,5) =, (o - kv02 - =2 02  (82)

Near the crossing

D, = - (2 a 1(oP /)(o - kv01 + at IcA 1) (83)
D2 M+ (2a 2Co 2/w)((O - k02 - p2Co2)

Therefore, if one initially excites mode 1, the transmission coefficient for this mode after passing

the crossing point is [see Eq.(15) in Ref.8 with the substitution (-1)=exp(±i)]

Ir 2
T= I on= exp(± 2 mr2/Bx.x ) (84)

I in
where B is the Poisson bracket

B D al ID2 al) I Di
B x =k -k

In the final result of Ref.8 it was stated that, based upon causality, the negative sign in the-

expression for T should be used. However, this is in general not correct. In addition to causality,

one must take into account the conservation of energy flux, especially in systems where the
13



small-amplitude energies may be both positive and negative. Indeed, for the two coupled waves of

Eq.(81):

t D(2)t aD() (2)
J=-At 0 Tk A -A 0 5k 9Am

= (2/co)(o 2a2 v 02l7 2
2 - (opl czivo ir,2) = Const(x) (85)

If vol, v02> 0 and before the crossing r1 = li and 2 = 0, then, after the crossing and

excitation of r2 (11-212> 0) 1 rI 2 must also grow to satisfy Eq.(85). Thus, the sign in

(84) is positive and we have an "amplification" of mode 1 resulting from the coupling. The

reason for such an "unstable" coupling are the opposite signs in the contributions of modes in

Eq.(85), which, in turn, is the result of the opposite energy density sign of the two coupled

modes. The calculation of the transmission (amplification) coefficient (84) can now be

completed by using approximation (83) for local dispersion functions of the coupled modes.

After some algebra one obtains

T =Coip2(aI+a2)22/2aa2(
T=exp 2k(22kvon (86)Vi 2kO2 a 2 - V02O 2kol+ (XI

p2 pi

Much simpler expression for T is obtained when, for instance, vo2=0. Then

T=exp 2 (87)
2a a 2  (87)

In the Appendix we give an independent derivation of this result by solving the differential equation

for the small-amplitude beam current density in a thin-sheet beam coupled to a thin sheet plasma.

Finally, let us consider the conditions for the mode crossing in our system. First,

in Fig. 1, we show the typical dependence of k(x) (positive and negative energy mode

wave vectors) on op. Obviously, the two modes don't cross ( unless, op-+ 0). In the two beam

case, in contrast, the crossing is possible at a point xo at which

03+a I = c0 2 C 01 2 p2 + vo2a% 1  (88)-'=p1.P==> m= (28)
Vol V02 01V02

The only necessary condition for (88) is vol > v02. Furthermore, it follows from the

characteristic dependences of kt on (op (see Fig. 1), that the crossings for the two-beam system

when the beams are decelerated in the x-direction are as shown in Fig. 2. We observe that, in

some cases, two coupling events (Fig. 2b) are possible here. The analysis above was

14



related to a single crossing and initial excitation of only one mode at the entrance to the

crossing. Only the crossing in Fig. 2a corresponds to this case. The crossing of the two

excited modes (Fig.2b) and further flux redistribution, possibly accompanied by an additional

energy gain due to the coupling, comprises a more difficult problem lying outside the scope

of the present work.

ACKNOWLEDGEMENT

We would like to acknowledge discussions with A.N. Kaufman that stimulated this work.

The work was supported in part by the U.S.-Israel Binational Science Foundation Grant #

87-00057 and in part by the U.S. National Science Foundation Grant # ECS-88-22475.

15



APPENDIX: INHOMOGENEOUS PLASMA-BEAM COUPLING

In this appendix we formulate and solve the differential equation for the beam current

density in a weakly coupled system of a thin-sheet electron beam and a thin-sheet plasma. The two

thin-sheet systems can be imagined separated by free space. They are then coupled by the fields

from one thin-sheet extending to and acting on the electrons of the other thin-sheet.

We use a cold-plasma model for both sheets and assume one-dimensional dynamics in (x,t),

as would be the case in a strongly confining, external magnetic field. Also, for simplicity only, we

ignore here relativistic effects. For comparing the results with Eq.(87) we consider the unperturbed

beam density to be a constant, nbo, and the unperturbed beam velocity to be also a constant, vo, and

in the x-direction; however, the unperturbed plasma density, npo(x), is allowed to vary in the

x-direction of beam fluid.

For the small-amplitude, perturbed variables it is convenient to use the beam kinetic voltage

Ub=(mvo/-e)vb, where vb is the perturbed beam velocity, the beam current density

Jb=-e(nbovb+nbvO), where nb is the perturbed beam density, and plasma current density

Jp=-enpo(x)vp, where vp is perturbed plasma velocity. Assuming a time dependence exp(-icot) for

all perturbed variables, including the electrostatic fields, the small-amplitude continuity and force

equations (68) and (64) with (65) for the thin-sheet beam weakly coupled to the thin-sheet plasma

are

LJb - kU -iw(A.1)
L~b =RE+C

L b RbE+C 2, (A.2)

Here Lx=[(d/dx)-i(w/v 0)I with cob=(e 2nb0/me0) 1/2 the beam plasma frequency; Rb2 is the field

reduction factor for the thin-sheet beam, which we allow to be a function of x (more generally it is

an operator in x); and C2 is the weak-coupling coefficient between the beam and plasma thin-sheets,

which we can also allow to vary in x. The force equation for the thin-sheet plasma weakly coupled

to the thin sheet beam is

-iEoJp = we(x)(R E +C2Eb) (A.3)

where co P=[e2np0(x)/mE0/2, R, 2 is the fluid reduction factor for the thin-sheet plasma (also

allowed to be a function of x), and C2 is the same as in Eq.(A.2) to assure an overall conservative

coupled system. Finally we have the Maxwell-Ampere equations (66):

iEOEb =b (A.4)

ie 0Ep= J, (A.5)
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Equations (A.1-5) describe the small-amplitude dynamics of the coupled system.

The differential equation for Jb is obtained as follows. Take LA(A.1) and in the resultunt

equation use (A.2) with (A.4) and (A.5) to obtain

L,(L1J,= - (g+ (C2/R )JI (A.6)

where kbR=WbR/vO with obR=Rb(Ob the reduced plasma frequency of the beam. Next, use (A.4)

and (A.5) in (A.3) to find

EPR(P ( p/R 2 (X)/Ojb (A.7)

where wpR=Rpop, and

ER(x) =1- / ( 2 (A.8)

is the permitivity function for the thin-sheet, inhomogeneous plasma. Combining (A.6) and (A.7),

and letting

1 b= Jb(X) eXP(icoX/v 0 ) (A.9)

we obtain the sought-after differential equation:

2A 22 A 2bR(x (A.10)e PR(x)(d Jb/dx +kbRjb) = X (A2 2O)
V001)

where

X = C/RbR P (A.11)

and X2<<l by the initial assumption of weak coupling. Note that (A.10) represents the coupling

between the plasma oscillations modes EpR= 0 and the two beam modes, the negative and positive

energy waves [(c/vo)±kbR] in the beam.

We can now proceed to solve (A.10) for a simple example to compare with Eq.(87).

Assume X2 is independent of x, and let

R(x) = m+ ax (A.12)

where a is a constant. The plasma sheet permitivity (A.8) becomes

C / = - ax/)2 (A.13)

and note that a=2(opR(dcopR/dx). Introducing (A.13) into (A.10) and changing to a normalized

coordinate

= (1-x 2 1/2 kbRX kbRx (A.14)

we find
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2A 2 A^A.5d J/dt +(1-/4)Jb =0 (A.15)

where

1 = X2 0)2k (d1-X2 "2  XC MkR/a (A.16)

Thus we obtained the Budden equation with asymptotic solutions giving

2

I 2 =e4.(C2) (A=Le = xb -- R- (A.17)
1Jb(4=-**) 2 2 R0R by )

where we have used (A.11) and (A.12), written [dop(x=0)/dx]=CoO'. The sign in the exponent in

Eq.(A. 17) depends on whether one excites the positive or negative energy beam modes at 4=-o

with the positive (amplification) sign corresponding to the unstable coupling between the negative

energy beam mode and the positive energy plasma oscillations. Using the relations in Eq.(72), we

find that (A.17) with the positive sign is exactly the same result obtained in the text, Eq.(87), for the

same problem.

In conclusion, it should be noted that the cold beam-plasma interaction is rather singular.

When both the beam and the plasma are homogeneous, small-amplitude perturbations evolve in an

absolute instability manner and the assumption of a steady state response is meaningless. When the

electrons in the plasma are given a finite drift velocity in the direction of the beam (or a finite thermal

spread in velocities)9 the instability becomes convective and solving for a response at a given

frequency is meaningful. For the inhomogeneous plasma and uniform beam treated in this

Appendix we have found the response of the weakly coupled system at a real frequency. For the

plasma with an arbitrarily small velocity in the direction of the beam and the negative energy beam

mode excited at x=--o the result of Eq.(87) is then appropriate.
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FIGURE CAPTIONS

Fig. 1 The typical variation with o, - [n0 (x)] 1/2 of the positive and negative energy mode

wave vectors k±(x) -% 2(orop) in a single beam case and for a fixed frequency co.

Fig. 2 Possible crossing events in the decelerating two-beam system.
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