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ABSTRACT

Recently developed techniques for finding embedded pairwise mode couplings in high order
systems and calculating the transmission coefficient in linear mode conversion for passive, stable
plasmas are extended to the treatment of coupling of positive and negative energy waves in
nonuniform plasmas. In particular, the coupling of positive and negative energy waves in
co-streaming, nonuniform electron beams is treated in detail and the ensuing spatial amplification is

determined.
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I. INTRODUCTION

Many studies have recently dealt with the propagation of general N-component perturbations
of form Z;(x) = Ay(x) expliy(x)] (@i =1,2,...,N) defined on space-time [x = (r, t)] in a weakly
inhomogeneous and time-dependent plasma.! Often, the space-time evolution of the amplitude
Ax)=(A;,i=1,.,N) and of the generalized wave vector ky(x) = dy/9x® of such

perturbations is slow and is governed by the transport equation of the form 2

iDeA=9D ,2A , 1 d[3D
iDe A Wa ax“ +i['(;;z(ak) s A (l)
o

where D(k,x) is a Hermitian dispersion matrix and d(...)/dx® = 9(...)/dx* +
[a(...)lakp][akp/ax“]. Following Ref.3, we shall refer to this type of problems as "Hermitian
problems". For example, cold, nonstreaming plasr'nas;l warm, maxwellian-fluid plasmas;4 and
even the unreduced Maxwell-Vlasov system for a perturbed maxwellian equilibrium, all, comprise
a Hermitian problem.

Hermitian problems are of a special importance because they have several important
properties. First, Eq.(1) for a Hermitian dispersion matrix D yields a conservation law,

i.e.,

ak/xt =0, 1 = -A*o%}m @)
W

Secondly, Eq.(1) allows a successive, systematic elimination of some components of A, so
that if, for example, one eliminates component A,, the remaining reduced amplitude A’ =
(Aj, A 3,...AN) is again described by the equation of form (1), but with D replaced by a
new reduced , Hermitian dispersion matrix D'(k,x) of dimension N-1. This is the essence
of the congruent reduction technique. The elimination of the amplitude components can
usually be continued, one-by-one, until the final, irreducible system of order M (M <N),
characterized by a final reduced MxM dispersion matrix Df, is obtained. All elements of this
final matrix are small (of O(3), where 8 is a small , dimensionless inhomogeneity parameter).
The salient feature of the congruent reduction procedure is that not only the form (1) of the
transport equation is preserved at each reduction step, but also the "action flux" J is both

conserved '



' no_ Yo . ot aD '
aJ"/ax =0 , Ju_ A .5§ e A 3)
and preserved, to O(3),
J'=]+00 “)

throughout the reduction procedure.

Despite the above-mentioned advantages of dealing with Hermitian problems, one can
notice that only systems with no free energy (i.e. passive, stable plasmas) were so far
formulated in the Hermitian form. The prcscnt'work is devoted to the Hermitian description of
a different type of a problem, i.c. that of electrostatic perturbations in interacting,
inhomogeneous electron beams. The free energy in an electron beam leads to its small-amplitude
perturbations exhibiting both positive and negative energy waves. We shall show that the
presence of the free energy in this problem still allows the Hermitian description, but, nevertheless,
lead to mode couplings different from those described previously in systems with no free
energy. In particular, in contrast to embedded pairwise couplings of modes with the same energy
sign, the positive-negative energy mode interactions in Hermitian systems may lead to a localized
amplification of the modes (see the example in Sec. IV). The scope of the presentation will be
as follows: In Sec.II, we shall formulate the simplest single beam, nonrelativistic problem in
the Hermitian form. We shall apply the congruent reduction technique to this problem and
generalize to the relativistic case in Sec. III. Finally, the Hermitian coupled beam problem will be

considered in Sec.IV.
II. SINGLE, NONRELATIVISTIC BEAM PROBLEM

Consider a nonrelativistic electron beam propagating in the x-direction in a neutralizing
ion background. Assume the following time independent one-dimensional equilibrium of the

ions and electrons

Voi = 0 v By =m0
(5)
Vo = Vo®) My, = ng(x) ,
where
£ (50%) = 0 O ®



2
d | mv
= (_52) = -¢[E® + B ®] Q)

dE
807‘;‘.’. =-¢ [no(x) - ni(x)] , ®

and Egex¢(x) is the externally generated electric field. Perturbing the electron equilibrium and
leaving the ions stationary

ne(x,t) = no(x) +n (x,t) ,

v (x,t) = vo(x) + v, (x,t) , )

E(x,t) = Ej(® + E, (x,t) ,

we obtain the following complete set of linearized Maxwell, continuity and momentum equations

describing the perturbed quantities
e oE,
o5 - [, =0 (10)
on ar
1 =
= tw O an
T+ 2 ()
m|=5-+ 357 VoViJ{ + ¢E =0, (12)
where
I‘1 = nyv, + 0, v, 13)

is the linearized electron flux.

Eq. (10)-(13) yield the small amplitude conservation equation. Indeed, from Eq.(10) we

obtain
2
d &
= -12'5 - ¢ET, =0 (14)
which on using (12) and (13) to express E; and I' | becomes
9%’ + g% =0 @15)
where
eoEi mv, 2
W= -2— + n°T + mvyv n, (16)
and )
S = mvyv, T, (17)

4



are the small-amplitude energy density and flux of the electron beam system.”

Our aim now is to cast Egs. (10)-(12) into the Hermitian form (1). As a first step
to this goal, we replace n; in (11) by the expression (I'; — ngv;)/vy obtained from Eq.(13).
This substitution replaces (11) by |

ar llat + voal‘l/ax -noavllat =0. (18)

Now we introduce new dependent variables
1/2

E = & ]5.l
U = (v, (19)
T = (wny T,
Then Egs. (10), (18) and (12) become (on using ngdvg/dx = - vydn/dx)
JE _ =
or 3L 1% 23U
RN TR A @l
ou oU 3 dv
_Bt_+ Vo—a-x—+5-a;‘gU+Q)PE=0 (22)

where we use the usual notation wy=(nge?/mey)2 . Finally, we use the eikonal representation

for the unknown 3-component vector Z = (E, U, DT, ic,,

o ()

U e-imt+iw(x) =RC[A(x)c-im+iv(x)] (23)

=1 Gt tm

Then, if (by definition)
k(x)= dy/dx , (24)
we can rewrite Eqs.(20-22) in the standard form (1):

. _9D ,dA 1| d(oD}|
°1D.A-'5k_ Ti;(""'f['&x_(qé?)] A (25)

where dispersion matrix D (k,x) is Hermitian and given by

[0} 0 -imp
D= 0 -0 o)-kvo-iv(', (26)

imp m-kv0+iv6 0

where vg'=dvg/dx . Thus, we have a Hermitian problem. Now, we shall make the’

geometric optics assumption regarding the slowness of variation of the equilibrium parameters
5



and therefore, view E, U, T, and k as slowly varying quantities, in the sense that if §

represents one of these quantities, then

1
k

din§
dx

~0® @7

where 8 << 1 is a small,,dimensionless parameter. Then. Eq.(25) can be solved perturbatively
and yields the conventional Hermitian transport equation for the slow amplitude A =(E, U,
)T

At this stage, we calculate the conserved action flux in the system:

D
J=-ATe Smeh = vy (UST+UT*) = dmvy<v, T, >, @9

where <...>,, means averaging over time. But, the action density is usually defined as

Q-= A’f.g%- A (29)
so that, in our case _
2 2
2 2 * # e.E myv
Q=g|" |u]+(v*r + Ul")=4<-g—1+no—-i-l+mvon1vl > (30)

- It can be seen [compare to Eqs.(16) and (17)] that, to within a factor of 4, QandJ are the time

averaged small-amplitude energy density and flux in the system.
III. CONGRUENT REDUCTION AND RELATIVISTIC GENERALIZATION

Here, we shall apply the congruent reduction procedure to the single , inhomogeneous
beam problem described above. We consider the third order system (25) characterized by
dispersion matrix (26), view the right hand side of Eq.(25) as small (of O(8)) and eliminate
(reduce) component E of A from the problem. The remaining two component vectors A(1)
= (U, DT after this first reduction step is again described by the transport equation of form
(25) with D replaced by

-0 a)-kuo- i vo'
p = ‘ G1)

st 2
©-kvgH v, - l/ ®
More generally, the elements of the reduced matrix [as (29), for example] are obtained from D by
using the rule -
(reduced) _ . . !
Dij = Dij -Dy ij /Dy + Aij i, j=k (32)

6



if component Ay associated with the diagonal element Dy, of D is eliminated. Ay in (30) is of
O(d) correction given by

2iA, _ 0 (an) d (2&) d (Dik) 0 (ﬂq_) .
Zif, % |k - —| ij=k (33)
D, % \D,,)ox\D,) ~ ax|\D,J3k\D,
In the transition from (26) to (31)Aij=0.
Our next (second) reduction step is the elimination of the component Uof A()=

(U,IDT [this is allowed since we view -0 (=Dy,) as an object of O(3)]. Transformation (32)

applied to matrix (31) then yields a scalar dispersion function
D? = - @ + [(@kvp +(ve) Voo (34)
associated with the remaining component A@ =T, Finall&. to O©®) [(dvy/dx)?~0(32)]
@_ .2 2
D"'=- [a)p- (m-kvo)]/m (35

while T is described by the scalar transport equation of form (25) with D replaced by D®,

i.e.,

4p@r=2D?dr .14 (oD?
iDT=3 & *2ai o T (36)

This equation can be easily solved by using the usual geometric optics approachl, i.e., by
first defining k(x) via

D?[kx),x]=0 = k® =(miwp)/vo (37)

Then, since k(x) is already known, Eq. (36) becomes

o I\ (38)

yielding the solution for the slow amplitude component

-} 1 s

@ ~(2
oD drr 1 d(aD )I'=O

2) 1 1
oD (x) - T <
I'x) ok V@) “ 0y} [ve(©)
ro || adPo | ve@0,0] = | %@ (Vo) 39

The two remaining components of the original amplitude A can now be found by reversing

the congruent reduction procedure, i.c.,



kv,
U= I+ 0@
w

o
E=i—f I'+ 00
©

Finally, we observe that Eq.(37) yields two possible modes in the system. These modes

(40)

differ by their energy density sign. Indeed, to the lowest order in & [see (29)]
_ .t oD P |2, okvp 142 . D2
Q=AT82ea = 2 | =220 |rl'=; 2r” @n

where the upper sign corresponds to the positive sign in (37). We shall see in the next
Section that the possibility of having the negative energy mode is of crucial importance when mode
coupling of two inhomogeneous interacting beams is considered.

The last topic being considered in this Section is the relativistic generalization of the theory.

In the one-dimensional relativistic case the exact momentum and energy equations are

0 d _ £
(§+V'5;)('YV)—-m E ’ (42)
(%+V§a;) y=.L2 Ev , (43)
me
where the relativistic factor y= (1 - v2/c2)'12, We use Egs.(43) and (42) and rewrite the
latter as
2, \2ly. o k.2
'y(-§+vax)v-mc2 E=- - E , (44)
or
L 4vd)vsl E=
m(-§{+vg)v+¢ E=0 (45)
Linearization of (45) yields
ov d e 3eE,
1 0 _
m(_st..,s;(vovl)) +-‘;3- El - -7— 'Yl =0 (46)
0 0
where
1 V2
—=1.= @
%
0
= /e 48
T, = VolVi/e (48) -
and

(-]



B 1 Y 49)
myc” Y dt Y dx
On using (48) and (49) in Eq.(46) we obtain
P 3v, d
0 'Yo
Finally, we define a new variable
v =Y (51)
for which (50) becomes
ov, P '
m|—~ * -a;(Von) +eE=0 (52)

This equation must be combined with linearized Maxwell and continuity equations [Egs. (10)
and (11)):

eanllat - cl"l =0

on /ot + arl/ax =0 ©3)
where now [compare to (13)]
ny = (VT = ngv) ) (54)
By introducing, similarly to the nonrelativistic case, new dependent variables
E = st)1/2 E,
U = (mny"v, (55)
T = ()T,
we transform (52), (53) into
Rt - o =0
or/ot + v dr/ox - (I72) dvfdx - (llyz)aU/ax =0 (56)

du/ot + voaUlax + (3Uf2) dvyfdx + mpE =0

which is the desired Hermitian form for the relativistic case [compare to Eqs.(20)-(22)

characterized by the dispersion matrix [compare to (26)]:

. . 1
® 0 "lmp
D=]|o0 -m/'yg kv -iv, (57)
i, oy 0|



In conclusion, we see that formally the transition to the one-dimensional relativistic theory is

equivalent to the replacements
v, = 73"1
n, = no/'r;

in the nonrelativistic description. For example, in the reduced relativistic case I' is again

(58)

described by the scalar transport equation of form (36), where ( see Eq. (35)
D’ = - (- (- kvp)'l/® (59)
so that
k(x) = (@t 0 %) /v, (60)
Then Eq.(39) yields

-12
Ix) vo(x)mp(x)ygfz(O) yg(x)no(x)

= = 5 61
0 | v@u 0| |10 n0 b

Also, Eq.(58) allows us to use directly results (28) and (30) for calculating the relativistic energy
density and flux (Q=AteoD/dwe A and J=-AtedD/dke A ). Theresults are

2 2
Q =4<gER2+ ygnomvlﬂ + mvgdnv, >, (62)
and
J= 4mvoyz)<vll"l>“ (63)

This check (again within a factor of 4) with what one would obtain from the small-amplitude

conservation of energy for relativistic e-beams.”

IV. COUPLED BEAM PROBLEM

Consider two coupled thin sheet beams propagating parallel to each other in x-direction
with a free space separation between the beams. The coupling between the beams is assumed to
be the result of the extension of the electric field in free space. We shall also restrict ourselves,
for simplicity, to the nonrelativistic case.

The linearized momentum equations describing thebcam§ can be written as

m[dv /ot + A(vv,)ox] + °£1i =0 (64)

where £; is the electric field perturbation acting on the i-th beam. We write Lyjasa linear

combination ,

10



2.0 [
£,=RE, + C2Elj . (65)
where either i=1, j=2, or i=2, j=1 and E;' are the electric fields one would have for fully decoupled
and infinite cross section beams, i.e., by definition,
g 0E /ot - el =0 (66)
The "heuristic” parameters R;2 and C2 in our model are slowly varying self-field reduction factors
resulting for the thin-sheet beam i and the coupling coefficient, respectively. The rigorous
derivation of the expressions for these parameters is out of the scope of the present study. Finally,
we write the linearized continuity equations for the beams
on fot + o' Jox = 0 ©67)

or, onusing ny; = (Ty; - Ngiv) / Voi »
oI, /ot + v dI' fox - ny dv, /ot = 0 (68)
In order to symmetrize the momentum and Ampere-Maxwell equations (64) and (66) we
now introduce new fields E{; defined by the linear transformation

E;=oE; +BE, (69)

where o; and B are parameters to be related to R;2 and C2. The new fields are described by the

equations
g,0E, /ot - e (a1 + Bl"lj) =0 70
At this point we make the choice of &; and P so that Eq.(64) expressed in terms of E;; becomes
m[av“/at + a(vmv“)/ax] + aeE;. + BeElj =0 . 71
The proper choice is
aiz + [52 = Ri2 '
(72)

Ba, +a)= c

Note now that the complete system of equations (70), (71) and (68) in the new variables yields the

conservation law in the general form (15), where W and S are:

2
e.E
0 11 ll
W= 2 =3 + 0y —— + mvgvny;
i=1,2

(73)

S= zm"o. ll li

i=1,2

At this stage, similarly to the single beam case, we define new dependent variables
11



12
E=¢"E;

Oi)m"u a4
I;= (m/ “Oi)mrn

U, = (mn

and use the eikonal representation for the unknown 6-component vector

- . - -
E, E,
1 U]
I‘l rl
Z= E =Re E |expl-iwt+iy(x)] | = Re[A(x) exp(-i+iy(x))] (75)
2 2
U, U,
L, L,

h o e - C

The slow amplitude A in (75) is again described by the Hermitian transport equation of

form (25), where in the present case [compare to Eq.(26)]

® 0 -ia o, 0 0 -iBo)p2
0 —w  Okvyivg, 0 0 0
ic @ kv, -iv, 0 iBow 0 0
1 o1 Voi 1
0 0 -iBo,, o 0 -, o,
0 0 0 0 - kv ,=iv,
i i[Scop2 0 0 i@, O-kvy+vy 0 ]

Now, in searching for embedded pairwise mode coupling situations, we proceed to
the reduction of order, assuming slow variation of the equilibrium beam parameters [ng;(x)
and v;(x)]. We climinate components E; and E, of A first. The reduced amplitude A®M)

=(U,, T, U, )T after this reduction step is described by the reduced dispersion matrix
(the rule (32) was used twice to get this result):

-0 @-kvy,-ivy, 0 0
a-kvy +Hvy,  —(02+B)w? /o 0 ~(o +0, )Bo o /o
01 Vo1 1 1 27 plp2
p® . reoe . an
0 | 0 - (.o—kvoz—w(;2
L 0 —(a 1+02)B(°,,1C°p2/m w—kv ,+ivy, —(a§+[52)m§2/co |

Next, we reduce U; and U, [the corresponding diagonal elements (-w) are assumed being of”

O(1)]. The two-component reduced amplitude A(2) = (I"'|,I))T is then described by the

12



dispersion matrix

D, M
p® =[ 1 ] a8)
1 D,
where to O(5)
Dijp=l@-kv Oi)2 - (@} + Pl Voo (79
=- (al+ az)ﬂ(ﬂplwpzl(o (80)

~ Hermitian dispersion matrix D@ has the standard form allowing local pairwise linear mode
conversion situations. The mode conversion happens when in some region in space, 1 ~
O(8) (normal degeneracy®) and both D[k(x),x] and D,[k(x),x] become simultaneously small
{also of O(5)]. In our case this happens when, for instance, the coupling constant P is of
O(8) (the beams are sufficiently far away from each other) and, simultaneously,

D,y ~ @ - kv’ - 2w Jiw = O@) @81)
These conditions are always satisfied near the crossing point xo such that D;[k(xg).xo) =
D,[k(xq),Xol. An interesting situation occurs when the crossing is between the negative
energy mode of beam 1 and the positive energy mode of beam 2 , i.e., when [see the definitions in
Eqs.(37) and (41)] |

(- kvg, + °‘1°’p1) x=x0= (®=-kvg,~ 0 0 ) =x0= 0 (82)

Near the crossing

D, =- (2alco pl/co)(o) -kvy, +0 1°’p1) @)
D,=+ (Zazcopzlm)(co -kvg, - °‘2‘°pz)

Therefore, if one initially excites mode 1, the transmission coefficient for this mode after passing

the crossing point is [see Eq.(15) in Ref.8 with the substitution (-1)=exp(ir)]
2

ir
QL -, 2Bl ) (84)
lrl in
where B is the Poisson bracket
_ BDl aD2 ) E)Dl E)D1
ox ok ok ox

In the final result of Ref.8 it was stated that, based upon causality, the negative sign in the_
expression for T should be used. However, this is in general not correct. In addition to causality,

one must take into account the conservation of energy flux, especially in systems where the
13



small-amplitude energies may be both positive and negative. Indeed, for the two coupled waves of
Eq.(81):

2
t, D%
ok

= Q) (®,@, V)T P~ @, 0 vy, IT B =Const(x) (85

dD
=.A1.W.A~_A OA(2)=

I vpy, Vo> 0 and before the crossing'y =T'jgand I, =0, then, after the crossing and
excitation of I', (II‘2|2> 0) |T!2 must also grow to satisfy Eq.(85). Thus, the sign in
(84) is positive and we have an "amplification” of mode 1 resulting from the coupling. The
reason for such an "unstable” coupling are the opposite signs in the contributions of modes in
Eq.(85) , which, in turn, is the result of the opposite energy density sign of the two coupled
modes. The calculation of the transmission (amplification) coefficient (84) can now be

completed by using approximation (83) for local dispersion functions of the coupled modes.

After some algebra one obtains

2Q2
O, 0 pz(ct1+m2) B°20. %

(86)
' 2kv02 a ' 2kv01 ‘o
V0192 2] T V%) o 1

mP2 pl

T = exp

Much simpler expression for T is obtained when, for instance, v, =0. Then

no_ o (o +o_)2p?
19p2
T=ex e ¢.1))

2 '
2a 1“2"01‘%2

In the Appendix we give an independent derivation of this result by solving the differential equation
for the small-amplitude beam current density in a thin-sheet beam coupled to a thin sheet plasma.
Finally, let us consider the conditions for the mode crossing in our system. First,
in Fig. 1, we show the typical dependence of ky(x) (positive and negative energy mode
wave vectors) on @y, Obviously, the two modes don't cross ( unless, ©,— 0). In the two beam
case, in contrast, the crossing is possible at a point x, at which
malmpl _ w—-0,_ M os Vo1 %,0 +v02a 1)

o1” Vo2
The only necessary condition for (88) is vg; > vgy. Furthermore, it follows from the
characteristic dependences of k; on j (see Fig.1), that the crossings for the two-beam system
when the beams are decelerated in the x-direction are as shown in Fig. 2. We observe that, m‘
some cases, two coupling events (Fig. 2b) are possible here. The analysis above was

14



related to a single crossing and initial excitation of only one mode at the entrance to the
crossing. Only the crossing in Fig. 2a corresponds to this case. The crossing of the two
excited modes (Fig.2b) and further flux redistribution, possibly accompanied by an additional
energy gain due to the coupling, comprises a more difficult problem lying outside the scope

of the present work.
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APPENDIX: INHOMOGENEOUS PLASMA-BEAM COUPLING

In this appendix we formulate and solve the differential equation for the beam current
density in a weakly coupled system of a thin-sheet electron beam and a thin-sheet plasma. The two
thin-sheet systems can be imagined separated by free space. They are then coupled by the fields
from one thin-sheet extending to and acting on the electrons of the other thin-sheet.

We use a cold-plasma model for both sheets and assume one-dimensional dynamics in (x,t),
as would be the case in a strongly confining, external magnetic field. Also, for simplicity only, we
ignore here relativistic effects. For comparing the results with Eq.(87) we consider the unperturbed
beam density to be a constant, ny, and the unperturbed beam velocity to be also a constant, vg, and
in the x-direction; however, the unperturbed plasma density, npo(x), is allowed to vary in the
x-direction of beam fluid.

For the small-amplitude, perturbed variables it is convenient to use the beam kinetic voltage
Up=(mvg/-e)vy, where vy, is- the perturbed beam velocity, the beam current density
Jp=-e(npgvb+nyvg), where ny, is the perturbed beam density, and plasma current density
Jp=-enpo(x)vp, where vy is perturbed plasma velocity. Assuming a time dependence exp(-iwt) for
all perturbed variables, including the electrostatic fields, the small-amplitude continuity and force

equations (68) and (64) with (65) for the thin-sheet beam weakly coupled to the thin-sheet plasma

are
L,J, = -iwe U, (A1)
2 2
LU, =RE+CE, (A2)

Here L,=[(d/dx)-i(w/v()] with wy=(e2nyo/meg)!/2 the beam plasma frequency; Ry,2 is the field
reduction factor for the thin-sheet beam, which we allow to be a function of x (more generally it is
an operator in x); and C2 is the weak-coupling coefficient between the beam and plasma thin-sheets,
which we can also allow to vary in x. The force equation for the thin-sheet plasma weakly coupled
to the thin sheet beam is
-ive) = W (RRE+CEy (A3)

where cop=[c2npo(x)/meol 12, R2 is the fluid reduction factor for the thin-sheet plasma (also
allowed to be a function of x), and C2 is the same as in Eq.(A.2) to assure an overall conservative
coupled system. Finally we have the Maxwell-Ampere equations (66):

ivgE =T, (A4)

iweoEp =] p (A.S5)

16



Equations (A.1-5) describe the small-amplitude dynamics of the coupled system.
The differential equation for J}, is obtained as follows. Take L;(A.1) and in the resuitunt
equation use (A.2) with (A.4) and (A.5) to obtain

L,(LJy) =- Kl + (C/RDI | (A6)

where kyr=0pr/Vo With W,r=R},0;, the reduced plasma frequency of the beam. Next, use (A.4)
and (A.5) in (A.3) to find

e R0 = (TR (VY A7)
where wyr=Rpwp, and
e =1- a2 (e’ (A8)
is the permitivity function for the thin-sheet, inhomogeneous plasma. Combining (A.6) and (A.7),
and letting
3, =5, (%) explioonivy) (A9)

we obtain the sought-after differential equation:

2
A 2 2 A 20, (X) A
€ RO T X g ]) = X' T, (A.10)
VOO)
where
x=CRR, (A.11)

and %2<<1 by the initial assumption of weak coupling. Note that (A.10) represents the coupling
between the plasma oscillations modes €,r=0 and the two beam modes, the negative and positive
energy waves [(@/vg)tkyr] in the beam.
‘We can now proceed to solve (A.10) for a simple example to compare with Eq.(87).
Assume 2 is independent of x, and let
R () = &2 + ax (A.12)

where a is a constant. The plasma sheet permitivity (A.8) becomes

= 2 '
epR--ax/m (A.13)
and note that a=2wpr(dwpr/dx). Introducing (A.13) into (A.10) and changing to a normalized
coordinate
12
£ = (1) Pk px = kX (A.19)
we find
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d*J JdE? + 1-n/E)l, =0 (A.15)
where

N = X0k /a1 P Y07k /2 (A.16)

Thus we obtained the Budden equation with asymptotic solutions giving

2
"b_@fﬁ=e*m=cx .E( ¢ ) o Zp0. A.17)
U, €m0}l 2
where we have used (A.11) and (A.12), written [dep(x=0)/dx]=wpg". The sign in the exponent in
Eq.(A.17) depends on whether one excites the positive or negative energy beam modes at E=-co
with the positive (amplification) sign corresponding to the unstable coupling between the negative
energy beam mode and the positive energy plasma oscillations. Using the relations in Eq.(72), we
find that (A.17) with the positive sign is exactly the same result obtained in the text, Eq.(87), for the
same problem. |
In conclusion, it should be noted that the cold beam-plasma interaction is rather singular.
When both the beam and the plasma are homogeneous, small-amplitude perturbations evolve in an
absolute instability manner and the assumption of a steady state response is meaningless. When the
clectrons in the plasma are given a finite drift velocity in the direction of the beam (or a finite thermal
spread in velocities)? the instability becomes convective and solving for a response at a given
frequency is meaningful. For the inhomogeneous plasma and uniform beam treated in this
Appendix we have found the response of the weakly coupled system at a real frequency. For the
plasma with an arbitrarily small velocity in the direction of the beam and the negative energy beam

mode excited at x=-oo the result of Eq.(87) is then appropriate.

18



REFERENCES

W 0 NN AW N

An example of such theory is the general geometric optics formalism in plasmas [see,
for instance, I.B. Bernstein, and L. Friedland in the Handbook of Plasma Physics, ed. A.
Galeev and R. Sudan (North-Holland, Amsterdam, 1983), Vol. 1 pp. 367-418]; also
A. Bers in Plasma Physics Les Houches 1972 ed. C. DeWitt and J. Peyraud (Gordon and
Breach, New York 1975) pp. 208-211.

H.L. Berk and D.L. Book, Phys. Fluids 12, 649 (1969).

L. Friedland, and G. Goldner, Phys. Fluids 29, 4073 (1986).

L. Friedland, Phys. Fluids 31, 2615 (1988).

L. Friedland, Bull. Am. Phys. Soc., 34, 1978 (1989).

L. Friedland, and A.N. Kaufman, Phys. Fluids 30, 3050 (1987).

A. Bers and P. Penfield, Jr. IRE Trans. on Electron Devices ED-9, 12 (1962).

L. Friedland, G. Goldner, and A.N. Kaufman, Phys. Rev. Lett. 58, 1392 (1987).

G. Francis, A.K. Ram, and A. Bers, Phys. Fluids 29, 255 (1986).

19



FIGURE CAPTIONS

Fig. 1 The typical variation with @y, ~ [ng(x)] 12 of the positive and negative energy mode

wave vectors ki(x) ~ a)p2(m:l:(op) in a single beam case and for a fixed frequency .

Fig.2 Possible crossing events in the decelerating two-beam system.
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