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An alternate representation of the dielectric tensor ¢&j(k,0) for a
relativistic magnetized plasma in thermal equilibrium is presented. This
representation involves an infinite series expansion in powers of
Czki/ aa)g, as well as an asymptotic expansion for large czki/ aw?. Here,
o, =eBymc 1s the nonrelativistic cyclotron frequency, &, is the
wavenumber perpendicular to the magnetic field Bg€,, and « is the
dimensionless parameter defined by a=mc?/kgT. The present work
generalizes Shkarofsky's representation [1966, Phys. Fluids 9, 561].
Moreover, unlike Trubnikov's formal result [1958, in Plasma Physics and
the Problem of Controlled Thermonuclear Reactions, Pergamon, New York]
in which the k, - and k,-dependences of &;(k,w)are inexorably coupled, 'the
present representation naturally separates the k, -and k,-dependences of
&;j(k,w). As an application, the general expression is simplified for the case
of a weakly relativistic plasma, and the dispersion relation is obtained for
electromagnetic waves including first-order relativistic effects. The
method developed in this paper can be used for other nonthermal

distributions.



1. INTRODUCTION

The relativistic dielectric tensor &;(k.w) for a magnetized plasma in
thermal equilibrium was first derived by Trubnikov (1958). Trubnikov's
formulation leads to an elegant representation of &j(k,w)(see Appendix
A), but unfortunately the results are very difficult to simplify in limiting
regimes of physical interest. For the case of weakly relativistic plasma
(= mc?/xsT >> 1), Dnestrovskii, et al. (1964) have simplified Trubnikov's
result. However, their analysis is applicable only to the case of
electromagnetic waves propagating exactly perpendieular to the applied
magnetic field By = Bye,- Generalization of Dnestrovskii et al.'s method to
the case of arbitrary angle of propagation was carried out by Shkarofsky
(1966). Since Shkarofsky's work, similar methods have been used for a
wide range of applications (Bornatici et al. 1983; Lee & Wu 1980;
Pritchett 1984; Robinson 1986; Wong, Wu & Gaffey 1985) to weakly
relativistic plasma both in thermal equilibrium and for other choices of
distribution function. Other attempts have been made to simplify
Trubnikov's original expression (Shkarofsky 1986), or to express the
dielectric tensor &;j(k,w) in a more tractable form (Airoldi & Orefice 1982).

In the present analysis, we obtain an alternate expression for the
dielectric tensor &;({k,w) utilizing a representation that naturally separates
the k:-dependence and the ki-dependence in an infinite series expansion

?. An asymptotic expansion of &j(k,w) for large

in powers of ¢,/ aw
values of c2ki/ aw? is also presented. The series expansion in powers of
c2kJ2_/ aw? is exact, and is a generalization of Shkarofsky's result obtained
for the weakly relativistic regime. Moreover, unlike Trubnikov's

expression, which cannot be directly manipulated to give an expansion.



for large values of czki/ aw?, the alternative formulation presented here

leads to a large-czkf_/ aw? asymptotic expansion of &;(k,w).
In the present analysis, we make use of the following notation

a=mc2/1c3 T,

wj=4nner/m

w.=eBy/mc. (1)
Here, mc? is the electron rest mass energy, -e is the electron charge, c is
the speed of light in vacuo, T is the electron temperature, kB is the
Boltzmann constant, n=const. is the ambient electron density, and Bo = Boe,
is the uniform applied magnetic field. For simplicity, the positive ions are
treated as an infinitely massive background providing overall charge
neutrality. The final expressions for &;j(k,w)are readily generalized to the
case of several active plasma components.

The organization of this paper is the following. In Sec. 2 and
Appendix B, the expressions for ¢;(k,w) are derived for a relativistic
plasma in thermal equilibrium. These elements are simplified in the
weakly relativistic regime in Sec. 3. As an application of the formal result,
the dispersion relation for transverse and longitudinal electromagnetic
waves in a relativistic plasfna is obtained including first-order relativistic
effects. For completeness, Trubnikov's expression for &;(k,w) is presented

in Appendix A.

2. DIELECTRIC TENSOR FOR RELATIVISTIC MAGNETIZED PLASMA .
IN THERMAL EQUILIBRIUM

In this section, we obtain formal expressions for the elements of the

dielectric tensor. The positive ions are assumed to form an infinitely



massive, neutralizing background. In equilibrium ( d/9r =0), it is assumed
that the electrons are distributed according to the relativistic thermal

equilibrium distribution

fow=aexp(-ay)/dn Ky (a), (2)

where o =mc?2/ xgT is defined in (1),

y=(1+u2)!? (3)
is the relativistic mass factor,
u=p/mc (4)
is the normalized momentum, and p is the mechanical momentum. In
(2), K, () is the modified Bessel function of the second kind of order n.
Following a standard analysis of the linearized Vlasov-Maxwell
equations (Trubnikov 1958; Davidson 1983), the dielectric tensor &;;(k,w)

for the thermal equilibrium distribution in (2) can be expressed as

y s O g2 ) d3u
8,1 (k,w)—5,1+15m A art T

X u;Djexp - (a-i1) Y] (5)

| .cky [ [O }9_12
xexp‘ la)c uy sm(¢+ a)T) sin ¢ lwuzr.

Here, the indices i,j denote x,y,z, and Dy, Dy and D, are defined by

Dy = uy cos (0. T/@) - uy sin (0. T/@) ,



Dy = uycos (0. T/®) + ux sin (@ T/@) , | (6)

D,=u, .

Moreover, making use of the standard Bessel function identity

-]

exp (z sin 6) = Z Ja(2) exp (inB) ,
SR (7)

where J,(z) is the Bessel function of the first kind of order »n, the

expression for &;(k,®) in (5) can be expressed as

2 > [ '

PP s

& (k,w) 6‘j+la)24”K2 @ fo drexp( is coT)
§=-o00

3 * . . ck
xdeUVfV jexp[—(a—tf) Y—I%uﬂ]~

(8)
In (8), V* is defined by
s_[osIb) ]
vo=luy 22O iy g o), w1 0), ©)
and the argument b of the Bessel function J;(b) is given by
b=cku /o . (10)

In obtaining (5), it is assumed that Im @ > 0 and k =k & + k, €, . Moreover,
Js' (b) =(d /db) Js (b) in (8) .

In the nonrelativistic regime, the relativistic factors 7 in (5) and
(8) are all set equal to unity, except when ? appears in the combination
aYEa(1+u2/2). Moreover, the modified Bessel function K («) is replaced
by its asymptotic form K (@) =(n/2m"2exp (- ). In the nonrelativistic
regime, it is customary to carry out the orbit integral over 7 first in (8),

and the resulting expression leads to an infinite summation over



gyroharmonics (Davidson 1983). In the present relativistic treatment,
however, the summation over gyroharmonics is not a particularly useful
representation, because of the relativistic mass dependence of the
gyrofrequency. For sufficiently energetic electrons, the individual
harmonic structure is smeared by relativistic effects. In the present
formalism, we first carry out the momer~tum integration over u in (5) and
(8), and the resulting elements of the dielectric tensor are expressed as a
series expansion in powers of the dimensionless parameter
/lzczkf/awc =k_12_K'BT/m(DCZ, or in terms of an asymptotic expansion for large

values of l=c2kf_/awc2.
A. Series Expansion in Powers of A=c2]/ aw?

For present purposes, we begin with the expression for &;(k,@) in
(8). The elements of the tensor V{ V’j are proportional to J2(b), J; (b) J; (b)
or [J; (b)), and use is made of the following series representations

JE)= Y, AsbEm,

m=0

Js(b) Js (B)= >, B3 b2s+2m-1,

m=0

[Js' (b)}2= E C’sn b2s+2m -2 ,
m=0 (11)

where
D™ (2s+2m)!

22542m (25 +m ) [(s + m)!]2

AL =
BS, = (s + m) AS, ,

2s+m)m As

s — 2
Cm=|(s+m) 2s+2m-11""" (12)



In (11), care must be taken when applying the series expansions to the
case where s = 0. In this case, we make use of Jq(b) Jy' (b) =-Jo (b) J; (b) and

[Jo (W] =J% (b) to express

oo

JoB)YJo' (b)y= Y, (m+2) AL b?m+1,

m=0

J b) Alb2m+2
o' 20 (13)

Using (11)-(13), we rewrite (8) as

xem{(a—w)yl—”mr} (14)

215l + 2mpsm
u; T;;

2k2)|sl+m-1

. S0, CK |

X ex Lr—ir)
> expixT) D (w2
§=- oo m=0 I

Here, the elements T;/" are defined by
Tsm S2 Alsl

ctk]
T;/;z Al 4 5s0+Cr|rst](1‘650)a
W

T§m=-T¢=-isBY,

_ _ o alsi Cky
Tir=T%=sAn —= U,

0% (15)

3 3

) ck . ck

TSy = - TSy =i(m+2) A 3i uiuz 6s0-zBl,§'—c—o$uz(l - 850) »
Wy c

Ick
w?

Tsr = A =L u2 .



Note that the double summations b2 § - in (14) can be expressed as

oo oo 2 st+m-1

D exp( chr( kL) 2[s|+2m sm
ij

s=-00m=0 a)g'

T om -1 WF o . SO Is!
= z 2~L f’” T mole L+ 2 exp( wCT)TS R (16)
m=1\ 0% k s=-m(s20)

The expression in (16), which involves a single infinite summation and a
finite summation for each m, is substantially simpler than a
representation in terms of double infinite summations, for obvious
reasons.

The momentum integral required in the evaluation of the dielectric

tensor &; is typically of the form (see Appendix B)

L, 2 172
a3 . _ K +1[(§ +772) }
j4; Jf’ p(-éy-muz)-zfiq! (qé2+n2)<q+1)/2 ) (17)

Using the integral representation in (17) and its derivatives with respect
to 7, we can readily obtain the desired expression for the dielectric tensor
€; in terms of an infinite series expansion in powers of )L=c2ki/aw§.
Before prdééeding further, it is convenient to introduce the following

notation

A= czki/a w? ,
n,=ck,/ o,
z=aw./o. (18)
Here, /’L=c2ki/aw§ is proportional to the Larmor radius-squared of an

electron with thermal energy «x37, n,=ck,/o 1is the field-aligned



component of the index of refraction, and z=ow./ @ is proportional to the
ratio of the cyclotron frequency to the wave frequency. Furthermore, we

introduce the functions ¢qs and ¢; defined by
@) =i [ ac e isen S0,
0

o0

) K, (x
(pQ(a’nZ)'_'(pl?(a’nZ,Z):'lf dr—li'q—é:}" (19)
0 4
where
£F=(1-it) + (nT)?. (20)
The desired series representation for &; is then given by
£~-=6~-—ﬂ’2———&—— 5 A" o 71
i (3] szz(a)m=1 ij - ( )
Here, making use of (14)-(20), the quantity ©j is defined by
Ofx = Z s2a§"g0fn+1,
Ss=-m
ml
R =2A(m+1)al nsa+ 2, (m2ap+ar-1)¢ ..,
S=-m
O.,{(n =-dn =-i r fn ’
y yx ’ms;msas Om +1 (22)



0yz = - Ozy

.C2k k +1 a m 0

1 m
o= (1+nza )[1 (m,; ) T Ome2t+ A SZ' as' ¢fn+2il'
n; =-m

In (22), the notation z denotes L(s#0), and the coefficients ap are defined

by
m_(-l)m+s(2m-l)!!
= n s imesyr 0SS <m (23)
For example, for m =1,al =1 ;form=2,at =-1/2,and a3 =1/8 ; form =
3,3 =5/16,a3 =-1/8,and a3 = 1 / 48 : ... etc. This shows that the

series representation of &; given by (21) converges rapidly. For example,
if we are investigating the behavior of a mode (®.,k) which satisfies the

condition for small Larmor radius A << 1, then it is necessary to retain

oo

only the first few terms in the infinite series X -

m=1

B. Asymptotic Expansion for Large l=c2kf/aw3

For A>>1, it is useful to start with the representation in (5). The
momentum integral in (5) can be carried out in closed form, and the
resulting expression for the dielectric tensor has been derived previously
by Trubnikov (1958). However, for many practical purposes, Trubnikov's
result is not very simple to apply, even though it has many elegant
features. For this reason, the present paper focuses on the derivation of

simplified expressions for &; , which are particularly useful in regimes
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where A<<1 (previous subsection) or A>>1 (this subsection). Moreover,
the techniques developed here can be generalized readily to the case of
nonthermal distribution functions, for which closed-form simplifications
of the Trubnikov integrals are generally not tractable.
Returning to (5), we define the following quantities
E=oa(l-in),
Ny = (ck /@) sin (z7),
Ny = (ck /w) [cos (zT) - 1], (24)

n,=an,t,

where z= oaw./w and n,= ck,/w are defined in (18). Using (24), it can be

shown that (5) can be expressed as

i T U eyr (Ey- i
&= 0 i Kz(a)L drTuJMyexp(é’y inu, (25)
where the elements of T;; are the differential operators defined by
2 2
Ty =cos (zT) ——-sin (z7T) ,
onz 9Mx01,
2 2
Tyy =cos (zT7) —— +sin (27) R
ony N1,
2 2
Tyxy=-Tyx=sin (2T) ——+c0s (z7) , 26
onz 0107y (26)
2
)
Tw=Txi= s
o107,
2
0
Ty,=-Ty=



a2
Tzz =

o}

Again note that the u-integration in (25) can be carried out in closed
analytical form. Indeed, the the u-integration in (25) is a specialq case of
the more general result in (17). As mentioned earlier, if the u-integration
in (25) is carried out by means of (17), then we recover the well-known
result of Trubnikov. However, it is not straightforward to understand the
properties of the resulting integral in the parameter regime
corresponding to large values of /1=c7-ki/aa)2. For this reason, we
reformulate the u-integration in order to obtain an asymptotic expression
valid for large A, or equivalently, valid for large values of M. =(n% +n3) 2,

This reformulation is not exact, but it gives a satisfactory asymptotic

result. We proceed by expressing

B p—

Ary

- 00

f—dgleXp(-é}’-imuyimuzF f dx (1+x2) Y2 exp (- i nx)

x| dy —L——expl- & 1 +x) 214y in (1 +x2) 2y ]

”'*'}’2 ) 1/2
z'_%{KO(V§2+Uz2)+%I défv 4’ ko (Ve %en?)+ ko (VE %3] *} 27)
77_1_ r’J_: 4

To leading order, after some straightforward algebraic manipulation, we

obtain the following approximate expression for the dielectric tensor

2 ” M (T)
€j=0;+1i 1% _« dt - '
j = Yy 22 ? ZKz(a)fO [1-cos (z7))? (2%)

Here, Azczki/oca)c2 and z= aw./w, and the elements of the tensor M;(T) are

defined by
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M, =[2 +cos (z7)] Ko (@),
My =-[2-cos (z7)] Ko (af)
Mxy= 'Myx= sin (ZT) KO (aC) ’

2 K
My, = My, —C—CO%T sin (zT )%C), (29)
My, -szz-czk-'-kzr[l-cos(zr )]M,
w W 4
_ 1 |Ki@) Ko (af)
Mzz" 2a C a( zT) 2 ’

where n,=ck,/® and 4‘2:(1 -it)? + (n,7)>.
Note that (28) and (29) can also be expressed in terms of the
function ¢ (a.,n2) defined in (19). Upon making use of the series

expansions of cos (z¢ ) and sin (zt ), we obtain
ej=8- L2 _C_% mMy, (30)

where

2
My, =My = O)-él_)c a_z(Pl s (31)

_ c%k k, 0
My, = - M,y #Tww —o7,
c oz

2
<m~6-1>(¢>1 +§__¢,

M, =-
Y4 o az

To summarize, in this section we have presented an alternate
representation of the elements of the dielec-ic tensor for a relativistic
plasma in thermal equilibrium. The electrons have been treated as the

only active component; however the present analysis can be extended to
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a multispecies plasma in a straightforward manner. The alternate
representation developed in this paper involves a series expansion which
is useful for small values of 7L=c2kf/aw3<l [see (21) in Sec. 2.A], and an
asymptotic expansion valid for large values of A=c2kf/aw§ >>1 [see (28)
or (30) in Sec. 2.B]. Although the present formalism is equivalent to
Trubnikov's approach (Appendix A), the expressions in (21), (28) and
(30) are tractable in various limits (A >1, A <1, a >1 or a <1), whereas
Trubnikov's results do not simplify in a straightforward manner. It
should be noted that Trubnikov's result can be manipulated to give a
series expansion in A in the weakly relativistic regime (o >1). By
comparison, the present formalism leads to an expansion in A which is
valid for all values of a . Moreover, the large-A asymptotic expression in
(30) is particularly useful because Trubnikov's formal result cannot be
simplified directly in this regime. We also note that the present technique
can be applied to other nonthermal distributions (Davidson & Yoon 1989)
for which the closed expression for integrals of the Trubnikov-type are

generally not tractable.
3. DISPERSION RELATION IN THE WEAKLY RELATIVISTIC REGIME

In this section, we take the weakly relativistic limit of the results
obtained in Sec. 2, which 1is characterized by the inequality
o=mc? kgT >>1. In the vweakly relativistic regime it is possible to express
the various quantities in the definition of &; in terms of functions which
are mathematically tractable. For example, following Dnestrovskii et al.
(1964) and Shkarofsky (1966), one can approximate the function ¢ by
the Shkarofsky function
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1 s
K> (o)

22
(& ,n3,2) —>Fq+1/2{0€(1 -SZC),%CC;ZJ, (32)

where Fg+12 is defined by

=]

— y ) #
‘ Fq+1/2(z,/,l)—-lCXP (’;u)fo ﬁﬁ_l/zexp{l (Z-N)T+(1 -iT)]

(33)

with Im(z-#) > 0. The Shkarofsky function is related to the Fried-Conte
plasma dispersion function. This approach is extensively used in various
physical applications, and it is particularly useful in studies of the
detailed properties of the absorption of plasma waves near the
gyrofrequency. In the present section, however, we concentrate on the
dispersive behavior of electromagnetic waves with weak dissipation,
including first-order relativistic effects. For present purposes, the

function ¢ is approximated by (Imre 1962)

A s 1 q*-4 q+12 1  n} 1
Kz(a)(pq(a’nz’ﬂ‘—)l-sz b+ 20 o 1-sz+a(1_sz)2 ’ (34)
which is valid provided
(35)

a >> 1, and I1-c%2w < a .
With this approximation, we obtain the following approximate

expressions for the dielectric tensor in the weakly relativistic regime :

22 @3 (0? +302) 3%} 2
a (@2 @2f o (0?- )(w?-40)’
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;22 w3 (302 + wd) & 2%} w? ’
¢ (w?- 0ff & (02 - 2){w?- 402f (36)
2
—e —_2 .2 @y
Exz = &Ex=-=¢C k_l_k ,
XZ X o z (wz ] wc2)2

= 2L 2p k. Y wP2

Ey; = - Ey =4 —r
yz zy z »
@ (2 - 2f
2 2 ~2%2 2
eo=1- (1.5 2k S Ch &
w? 20 o b o wz(wz_wcz)2

Using (36), the dispersion relation for electromagnetic waves in a weakly

relativistic plasma is given by

D (kw)=0=det |g- 2[5, K (37)
j wz L k2

The dispersion relation (37) can be solved exactly for c2%k%/w? and
c2kf/w2 in the two limiting cases corresponding to electromagnetic waves
propagating parallel to the magnetic field Boe, and perpendicular to the
magnetic field, respectively. For waves propagating exactly parallel to the
magnetic field (k;#0, &, =0), three independent solutions are found, which
correspond to right-hand and left-hand circularly polarized

electromagnetic waves, and to longitudinal (electrostatic) plasma
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oscillations. For longitudinal plasma oscillations, the dispersion relation

for k, =0 and a>>1 is given by

22 '
w2=w3(1-55-07+%———cw;)- (38)
P

On the other hand, for right-hand and left-hand circularly polarized
electromagnetic waves with k, =0, the index of refraction-squared c2k%/w?

is given by

C2k22={1+L.._wP2L]1{1- w; 1__5__@_}
? o+ of o (o w) Z“wiwc) (39)
Here, the upper (+) and lower (-) signs correspond to left-hand and right-
hand circular polarizations, respectively, and a>>1 is assumed.

For waves propagating exactly perpendicular to the magnetic field
(k, #0,k,=0), the solutions to (37) consist of the electromagnetic
extraordinary mode (X-mode) and ordinary mode (O-mode) branches,
and the electrostatic upper-hybrid mode. For &,=0 and o>>1, the O-mode

branch (SE parallel to By€,) is described by the dispersion relation

2 -1
ﬂ: 1+l_ 0)3
w? O ? - w?

For the X-mode branch (§E perpendicular to Bye,), the dispersion relation

1-9’-’%—(1-—5—).

(155 (40)

for k, =0 including first-order relativistic effects (e >>1) is given by

c_"-k_f_= ,1 L1 w?  o?e? “df + 4w3[w§(w2 -@?)- 2 ? a)f,)z}} !

o W (- s02)a? ]
y Il ] ﬁ),i aﬂ-w& 1.5 wg(aﬂ +@2) 5 w? ((g2+a)§ - 20)3) P . (41)
| 0?0?02 20(w?-wi)(e?-w?) 2% (0?-wp)(w?-w?d) f
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2
Here, = w?

+w? is the upper-hybrid frequency-squared. Finally, an
electrostatic upper-hybrid mode also exists (SE parallel to & €;). For thé
upper-hybrid oscillation the dispersion relation for k,=0 and a>>1 1is
given by

2 272
o =(1 S)wﬁ-ﬁ—wz(l-ﬁi"f’-——————”‘l . (42)

20l 20 5 02 @f- 4o

Finally, for general propagation angle, the dispersion relation for
a>>1 is determined as follows. For the longitudinal branch, the oscillation
frequency o is determined in terms of k, and &, from the dispersion

relation

2

k 2
0= Exx_i‘*‘ &z l(L + 2€xzklk2 . (43)
k2 k2 k2

For the two branches with mixed polarization, the index of refraction-

2
squared nl=c2(k] + k}/w* can be expressed as

5 20A-B+C)
ny=1- 5 172"
24 - B+(B2-4AC) . (44)
where
2
k 2
A=Ex—L+¢, ki, 2£x2klkz ,
k2 kZ k2
k k k
B=Aty + &utu + 8”75(8”?* 23"72) ! (45)

C=(enty,y + &%) en.
In (45) we have neglected terms proportional to 1/a? In the above, the
upper sign (+) corresponds to the branch that reduces to the left-hand

circularly polarized wave (L-mode) in the case of parallel propagation,
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and to the O-mode in the case of perpendicular propagation. On the othér
hand, the lower sign (-) corresponds to the branch that reduces to the
right-hand circularly polarized wave (R-mode) for parallel propagation,
and to the X-mode for perpendicular propagation.

To summarize, in this section we have simplified the dispersion
relation for electromagnetic waves in weakly relativistic plasma including
relativistic effects to first order in 1/o. The influence of relativistic effects
on the dispersive characteristics can be important (for example) in the
problem of synchrotron maser amplification of electromagnetic waves by

energetic electrons (Yoon 1989).
4. CONCLUSIONS

In this paper, we have presented an alternate representation of the
dielectric tensor &;(k,w) for a relativistic magnetized plasma in thermal
equilibrium. The representation involves an infinite series expansion in
powers of c2k;‘i/otcoc2 [see (21) in Sec. 2.A], as well as an asymptotic
expansion valid for large values of c2ki/06wc2 [see (28) or (30) in Sec. 2.B].
As an application, the dispersion relation is simplified in Sec. 3 for
electromagnetic waves propagating with weak dissipation in a weakly
relativistic plasma. In Sec. 3, relativistic effects are included to first order

in 1/c.
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APPENDIX A. TRUBNIKOV DIELECTRIC TENSOR

Trubnikov's expression for the dielectric tensor for a relativistic
plasma in thermal equilibrium in a uniform, applied magnetic field is

given by

&= 5,'j +1

@R g fdtlmac) Cz"lK““‘:)s,-j. (A1)

=P _a T -
w? Ka(a) | ¢? aw? {3
Here, a=mc?/xgT is the ratio of the electron rest mass energy to the

thermal energy, and Cz, Tij and Sij are defined by

2
2 2. CHL 22 ,
{F=01-1it) +2a2 wg[l cos (ozcocr/ca)]+—————w2 T4, (A.2)
Tyx=Tyy=cos (a@.T /@), T;=1,
Tyy=-Tyx=-sin(Q0.T/@), Ty =Tox = Ty,=T; =0, (A.3)

and
Sxx = sin?(aw,T/®) , Syy=-[1 - cos (aw.T/w)}?,
Sxy = - Syx =-sin (¢, T/@) [1 - cos (aw.T/w)],
Sxz = Sox = (k k(w7 /w) sin (w.T/@), (A.4)
Syz = - Szy = (kofk (0T /@)[1 - cos (w.T/w)], |

Sz = (kofk DX QT /0 )2 .
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APPENDIX B. REDUCTION OF THE MOMENTUM INTEGRAL (17)

Consider the following integral

3 .
f ﬁ;“&uf’ exp (- &y- inu,)

oo 1
=%f du#exp(-g,af e (1 - ¥ exp (- e (B.1)
o 1

where x=cos 6, and 6 =tan"! (u; /u,) is the pitch angle. The x-integration in

(B.1) can be expressed as

1
, - o |'sin (mu)
dx (1 - x2)7 exp (- inux) = 2941 gt & . B.2
L F (- e i) T non) T (B.2)

Substituting (B.2) to (B.1) gives the desired result used in (17), i.e.,

Py 29 exn (- Ey-
f aryL exp|(- &y- inu,)

q [ .
=2qq!(-—a——)j dui‘iexp(-ﬁy)sm(zu)

non/ Jo 7 n
+1
=294! (-_a...q K({(§2+n2) 1/2}
non

=24 K‘”l[(g ) 1/2] : (B.3)
(£2em2f 02 :
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