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Abstract

A moment approach to the transport theory of impure tokamak plasmas with strong
rotation velocity Vi, in the Pfirsch-Schliiter regime is presented. When V, < ¢, (sound
speed) strong poloidal variations of the impurity density in the flux surface, first order
poloidal flows and up-down asymmetric density variations are found. The radial particle
flux and the radial flux of toroidal angular momentum are evaluated. Corrections to

Braginskii’s viscous tensor due to the large rotation are also found.
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I. Introduction

The problem of neutral beam produced toroidal rotation of tokamak plasmas has
been studied extensively, experimentally!'? and theoretically.3* The surprising experimen-
tal observations are a momentum confinement time much shorter than corresponds to
Braginskii’s® classical perpendicular viscosity, up-down asymmetries of the main ion and
impurity density® and a strong dependence of particle confinement time on co- vs. counter-

injection.

Theoretically, one approach is a systematic extension of the Larmor radius expansion
of the neoclassical drift kinetic equation”, the other is the fluid approach®® based on the
Braginskii’s viscosity tensor. Previously, Stacey and Sigmar!® proposed a gyroviscous
damping mechanism in plasmas containing impurity ions (such that a = l‘Jf—’ ~ 0(1)),
depending on an O(e) up-down asymmetric variation of the particle-density in the flux
surface and finite poloidal flow velocities for the ions and impurities. Connor et al®,
focusing essentially on the zeroth order (in Larmor radius expansion) fluid momentum
balance, have concluded that to this order the poloidal flow velocity and therefore the
up/down density variations must vanish. To first order, however, they considered mainly a
pure plasma. Also, Wong’ has studied the impure plasma system with large rotation and
carried out the formal Larmor radius expansion of the transport equations in the banana

regime.

With this background in mind, in this work, we study the transport theory of a
strongly rotating, impure tokamak plasma in the Pfirsch-Schliiter (P-S) regime, adopting
the Larmor radius expansion in conjunction with a moment approach (cf. Grad,!! Herdan
and Liley'? ). The general description of the systematic moment approach to transport
theory is given elsewhere.!® In this approach one (i) derives the set of moment equations
for each order in §,; = 28 (where p,; is the ion Larmor radius and L the radial length
scale); (ii) solves the set of moment equations including the higher rank moments such as
the viscous tensor

II= /dv m(vv — E;I)f
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and the heat flow
2
v
= / dv ‘m—2—v f,
the flow velocity V and the up-down variations of density n and temperature T in the flux
surface; (iii) determines the radial transport fluxes. Here we only remark that, according

to the well known H-theorem, unless there exists an O(1) momentum source, the Coulomb

collisions will force the O(1) distribution function to be a purely shifted Maxwellian'*

fm= 221%3/-2"_% (1)

This implies that, in the absence of an O(1) source, all moments (except for n, T, and V)
must be < O(6p:).
An additional constraint on the zeroth order flow velocity V in an axisymmetric

system is given briefly as follows. Adopting the usual flux coordinate system (¥,6,¢),

(cf. Fig. 1) using the lowest order 0(6, ') momentum equation
ZjnjeVQS(‘l) = m,-n,-n,-vg.” x b.
and the O(1) continuity equation
(0)ys(0) _
V.n; 'V =0,

one finds that in an axisymmetric system

‘°’<¢)

nJ

v =

9= 2B +uwORVy (2)

Here ¢(~1) = ¢(~V)(4),
(0) — (-1
w —— 3
3¢¢ (3)
is the zeroth order toroidal rotation frequency which is a species independent flux quantity,
and %K §°) (1) is the zeroth order poloidal flow. However, as described in Appendix A,
a nonvanishing K §0)(¢) will generate an O(1) parallel viscous force which will then damp

2
K J(p) at a rate ~ =t (where w, is the transit frequency and v the collision frequency).

Therefore, K }0)(¢) must vanish and
vgo) = wOR?T, (4)
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is species independent. That is, the zeroth order flow V(%) ~ O(1)v,; in an axisymmetric

system must be purely in the toroidal direction and will induce a large radial electric field

such that *2%) ~ O(s ).

We note that the up-down variations of density and temperature are essential for
the neoclassical transport in a toroidally confined plasma because the radial fluxes arise
from the radial drift of particles due to the poloidal gradient forces and only up-down
symmetric forces (which come from the parallel gradient of up-down asymmetric pieces
of n and T) can survive the flux surface average. Since the present work is restricted to
plasma systems with radially constant temperature, the remainder of the paper will then
concentrate on the derivation of the up-down variations of density, the poloidal flows, and
the radial transport fluxes.

Consider a plasma system with electrons, main ions and one impurity species with
the impurity charge Z ~ %{- > 1. Due to the largeness of Z and the smallness of £, it is

!

useful to write the momentum equations for ions and impurities in the following form

m;V;-VV; + n P 4 T,V(Inn;) = eV + miQ (Vi x b) + —n"" (5)
mr V-II; Ty Ris
v, .vv g = —eV DV xb) — =L

7 VI I+ .y +5 (Inny) eVeo +m;Q(Vy x b) - (6)

such that the driving centrifugal force and electric force in both equations appear to be
comparable, independent of Z. However, it will become clear in the next section that
the centrifugal force can only drive the in-out density variation; and the up-down density
variation can only be driven through a nonvanishing parallel friction which, in the P-S

regime, can be written as (see Appendix A)
Ripy = bRy = mingvit Dyi(Vyy — Vyy) (7a)

where v;; = V2av;; is the i — I collision frequency and Dy; is given in Eq. (A22). Further-

more, from Egs. (3) and (4), V(%) is found to be species independent and scales as

Ry ~ minivirbpiveni (7b)
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and
fir—(9)

ny

~A.

Here 7i;_(0) denotes the up-down asymmetric part of impurity density, overbar denotes

the flux surface average and
_ 6iZ%0V2

Wiy

A (8)

Consequently, we have two interesting cases, namely (1) A ~ §,; which leads to
ﬁ’glo ~ O(6p:) and will be studied with finite € (the inverse aspect ratio) in Section II;
and (2) the case A ~ 1 which leads to '-—ﬂﬁ‘-fﬂ ~ O(1); this strong ordering case will be
studied assuming small € for simplicity in Section III. The second case with small rotation
has been previously studied®). In Section IV, the radial transport fluxes of particles and of
toroidal angular momentum will be evaluated. In Section V, conclusions will be given. In
Appendix A, we obtain the parallel friction and parallel viscosity, which contains nontrivial

corrections to Braginskii’s viscosity tensor.®



IL. Usual é,; ordering

In this section, we assume that A ~ §,;, that is, the friction is omitted in the zeroth
order equations. Therefore, one needs to first solve the O(1) equations for the in-out
density variations, and then solve O(é,;) equations for the up-down density variations and
poloidal flows.

II.LA. The Zeroth Order Solution
The zeroth order of Egs. (5), (6), (Al) can be written as
min V. VO + OnlOTO = —n{Z,eV6@ + min{PQ, VY xb,  (9)
nOTOW, [vv§°)] = K, = (Y x b+t 1,). (10)

Here tensor operator W,{A] = (A+ 12) — 2(TrA)I and 1, means transpose, also
cf. Egs. (A2) and (A3). The parallel projection of Eq. (9) yields

T;B- Vinn{ = Zu@'B. VR? - Z;eB - V4, (11)

and thus

(12)

™ 0O’ B2 _ 7.66()
ny = Nj(¢)eXP( - T 1@ )
j

By using the small-mass-ratio 7:¢ and quasineutrality, the electrostatic potential satisfies

)
B.V¢® = %—B . VInn?(1 + 32——), (13)
where ©
o® = 2
=5

)

Then, for a two ion species plasma, Egs. (11)-(13) yield

A (0) (ZTT,‘ -0 7w’ g2 T + L
(0) a _ migw " _eTZ 14
a (1 += ) a(w)exp[ 5T, (u 77T | (14)
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where u = E"—:—'{: which is = 2 for a fully ionized impurity. The densities are thus determined

by
T 2
(0) _ (0)TT-TT mi(1 — p)w(®” R?
n;’ =n(¥)a ) ' exp ( 2oT; - .7_}) ) (15)

(16)

o (1 — p)w©®’ R2
ng°>="§f)a<o>m—‘ﬁexp(m,(1 pw R).

ATi - %)
The flux functions n(¢) and a(y) can be determined by taking the flux average of
Eqgs. (15) and (16). Denoting the flux surface average by

f=<f>y

and the impurity strength parameter by

one finds that a(y) is determined implicitly through

s (1—u)(9)? B2
(0)2%i-T1 mi(l—p)w R
<a exp ( 2ATi- ) )>¢

&= -
a(® ?'!! exp m;(1—p)w®)? R3
ATi-F)
¥
and n(y) is determined by
n;
n(y) = s
a(o) ‘:._ 1 exp mi(l—p)w(o)’ni
2(Ti— o) v

Here, w(®) (%), fi;(¥), and therefore &, are assumed to be prescribed. Henceforth, we shall
drop the subscript ¥ on all flux surface averages, for simplicity.

It is important to note that Eqs. (14)-(18) give the exact solution of the zeroth
order moment equations without assumptions on the inverse aspect-ratio € or the impurity
concentration. When the impurity species is super-sonic, i.e., V ~ veai 3> venr, one finds,
as shown in Figs. 2a-2f, that

max(n(Io)) —nr ~Ay.
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Therefore, the small € expansion
n(IO) =fi; + efifcosf

is no longer appropriate. Note that Figs. 2a-2f refers to a numerical solution of Egs. (14)-

(18), with

1 1
w(O)RO = (.7v,;.,-, .9v¢h,~), €= 6, Z = 6, a= 1, H = ‘°6°
The significance of the above result, as shown in Figs. 2, is that the super-sonic impurity
is strongly pushed out (in the flux surface toward larger R) and becomes very dilute for a
large domain in the surface. The ion density, on the other hand, varies much more slowly
in the surface. Therefore, the friction force will not be able to vanish everywhere on the

surface no matter how strong the i-I collisional coupling is. Hence, we expect substantial

up-down asymmetric density variations, to be shown in the next section.

It is interesting to discuss the hollow profile of the main ion density near the outboard

side where 8 = 0 (cf. Figs. 1-2). By using Egs. (11) and (13), we obtain

(0)
m;w©’ (1 + 7a® + 97—) ~ 1Oy

2T; (1 + “—2’1) T; + (1 + %‘a(”) T.

B-Vinn{” = B.VR?, (19)
which shows that (i) when a(%) peaks strongly near § = 0, the term in the large parentheses
of (19) becomes negative, and (ii) the degree of the hollowness strongly depends on u. This
can be understood from the fact that the density distributions of both species are due to
the centrifugal force and ambipolar field while the heavier species has the larger centrifugal
force, which is proportional to the mass, and therefore has a larger chance to peak near the
outboard side. When this peak becomes so high that it induces an ambipolar field stronger
than the centrifugal force on the lighter species, the lighter species will be pushed away
from the outboard side and peak at the position where the ambipolar field is balanced

with the centrifugal force.

So far, the derivation is general. In particular, radial, and thus parallel temperature

gradients which may induce thermal friction, and therefore strongly alter radial transport,
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have not been ruled out. However presently, in the 0(6,) equation, we will neglect these
effects and concentrate on the impurity induced transport in a strongly rotating tokamak

plasma without temperature gradient effects which will be included in a separate work.

IL.B. The First Order Solution: Poloidal Flow and Up-down Asymmetry

First, from Egs. (9)-(10), the 0(6,) perpendicular moments, the diamagnetic flow

and the gyroviscous tensor become

m_ _1 , © _ ™ (o)’ .0
V8 = gt (B n - T VR 1 2,694, (20)

(0

1) -y in; 1; 0
PR

nS-O)Tj 8uw(®
40; oy
where e, = R?*Vy and W is defined in Eq. (A2). Here, I1; is decomposed into parallel

K(Ib — Be,)(e, + %b) + %ww) + Tz] , (21a)

and perpendicular components

Iy, =b-II; - b, 21b
Ilj j
_ 3 1
H_L_.,' = Hj — §H||j(bb - 51) (216)
Moreover,
- 1
K; V[A] = 7 (b x A-(I+3bb))+ 1] (21d)

is the inverse tensor operator!® of K, defined in Eq. (A3). We note that the rank-3 inverse
tensor operator Kg_l) of

Ks[A] = A x b+ T3

has also been derived in Ref. [17]. By taking the Vi projection of Eq. (20) and adopting
Eq. (11) one finds

As mentioned, the general solution of the continuity equation
v. njVj =0
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in an axisymmetric system has the form, to 0(5,),

v _ (1/))

j (o
nJ

—L "B +w" R?Vy (22)

which, by using Eqgs. (12) and (20), leads to

B

o2, = -2 (T Ny + R Zw0"). (23)

g

(1)
Here, K J(1)(1/)) corresponds to the first order poloidal flow VS-) (= fﬁg(;ﬁ—)B,) and is to be

n.
J

determined.

It will be shown that this species dependent wgl)

, which induces the i-I friction,
generates the 0(4,) poloidal flow and the up-down asymmetric density variations. On the
-other hand, near the quasi-static state, 3 -— ~ 0(62), the super-sonic-impurity poloidal flow
becomes much smaller than the ion poloidal flow, in contrast to the small rotation case.
This is due to the fact that %B should not be much larger than its driving term wgl)R

anywhere in the surface, while the extremely large variation of ny, compared with that of

n; and R, keeps %B very small.
We now proceed to study the 0(6,) terms of the parallel momentum equation

~min{w®uVB . VR? - 5m mnPw®'B.vR?+B.vII{) + B. vII{Y) - §n‘1’(b VB)

{F} Wi
+B- Vn{'T; = ~Z;e (n{"B - V¢V +n{"B - V4) + BRy;. (24)
Here, similar to ¢(®), one has

B V¢ = Z;EB - ¥ (In(n; + Zn;))V

and from Eq. (29)

(0) (0) B?
(1) 3w n,
B-V-H_LJ. =—-—Q T- (BZB V—B4) +0(——BZ). (25)
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By using Egs. (4), (21), (A12), and (A13), the parallel viscosity, in the P-S regime, becomes

(©)
W__p, M pgm (VB 25 o 1
M = =Dz~ TiK; ( o T35V m (26)
J J

and the parallel friction becomes
Iz
BRy; = ~RysB = +mi 2L Dy (o Ks - n{7K)B? + nPnP(wf - 1) (27)

Note that HI(I;) is different from Braginskii’s not only in including the i-I collisions but also

in carefully including corrections due to the large rotation.

Noticing that w§1) = wg-l)(R, ¥), n.(,.o) = ngo)(R,gb) are both up-down symmetric, we

(1)

can decompose the first order density n; into up-down symmetric (e\}en) and up-down

asymmetric (odd) portions

(1) _ (v
n;=n; +n;_.

The even part of Eq. (32), by using Eqs. (19)-(22), yields

(1) 3

(0 - (1) (1)
Tin{"B- V=5 + B VI - 0D (b- V)
j
= -Z;enl”B. V¢ + BR{).. (28)
In the P-S regime, by using Eqs. (34)-(35) and performing the flux-surface average,
n; 1
m;n;v;1 B, <n§~°) b (36)>
one obtains the coupled equations for K ;1)
o©
(@0 + (% 4:)) vi - (40 Vs = (B0, (290)
and
(1@n + () s - 400 = - (ED. (29%)
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Here,

S

ﬁio_.Dh(w(l) (1))/6’"_, (29¢)

w;

EjE

) 2
8n,;T; n; B n;
= ——oniod Iy, vE L 2R .UM
QJ T 2minivirvi; D2I (n‘(’.")b VB, + 3B,B Vn(.o)) !
3

\

where the coefficients D;; are defined in App. A. I(¥) = RB,, is a measure of the toroidal
magnetic field, defined through the representation

B=I(%)Ve+ Ve xVy.

The flux surface average is

and J is the Jacobian,

J=|Vex Vi V8.

It is now clear that the non-vanishing term w?) —wiM

;’, which can be written as

w_o__ B (Tt _ .0 mi(p —1) o2 8 (o)
w;p w, = ey ((Z T.)az/)lnrr.(z/))-}-————2 wa , (30)

drives the first order non-zero poloidal flow even in a up-down symmetric magnetic con-

figuration, in contrast to the pure plasma case.? n(y) was determined in Eq. (18).

It is interesting to note that, by summing Eq. (28) over species and then flux aver-
aging, we have
e
Q) i- 3 W .
ZT, < B.V (0)> > <n"J (b VB)> . (31a)
j j

For a slowly rotating, impure plasma, this reduces to the well known relation!®

PIRQRICE VB)> = 0. (316)

j
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Before proceeding to solve for Eq. (28), it is noticed in this equation that for each

species there exists an odd function G;(v, ) which satisfies

1

(1) ) , 3.
B-VGj—Z Q (BR. - B.VI +§H ._(b-VB)>.

fti+ 15— 1F;

in;
Because it is an odd periodic function, we expand
[~ -]
G; = Z Gk sin kb,
k=1
whence

Gjir =

ov' [ BR{), -B. v + 20! (b.VB) o

. 7.0 cos
inj

In the P-S regime, using Egs. (26)-(30), this becomes

2V'm;n;7;1 B
k

Gir = 05,,,' { <E,' cos k@) + (A; cos kO) Ur

+ ((Q.;k sink@) — (Q; cos k) — <—-(—O—A cos k0>) U; }

and
' D .
G = 2V mln’V'IB"é’” — (Eycos k) + (A; cos k) U;
n]ZIk
+ ((Q,;ksinka) — (Q coskb) — < (o)A cosk0>) UI},
where

a;T; Dy (7 B 7
v = —id ’(’bV—+ BV(O))—-——.

mn U vy J (0) B, 3B, 5 )

Now, by defining

Eqgs. (28) and (32), after some manipulations, yield

T
T.B . Vi, — 7’13 . Var = B V(G; - Gy),

13

(32)

(34a)

(34b)

(34c)

(35a)



(0) (0)
3 (nT;B - Va;) + (n{ + Zn{)T.B - v( * 2ty )
- (
=3 (Z;n{"B - VG)). (355)
i

It is then straightforward to obtain the solutions

(14 Ea9 +22) G- B0,

mT (1+ °‘§”) T, + (1 + %a(O)) T, (362)
al®
A (s L 22 Ik -

(1+ 9‘—‘291) T+ (1+ %a@) T.
Here, we have obtained the solution for K; from Eqs. (29) and ngl_) from Eqs. (36),
namely, the poloidal flows and up-down asymmetric portions of the densities, which have

been shown to be essential for the radial transport®:!°.

To determine them from given values of w(%) (1), 7i;(¢), one needs ngo) whose analytic
form is highly nonlihear (cf. Egs. (14)-(16)). Nevertheless, it is numerically straightforward
to calculate ngo) from Eqs. (14)-(16), and therefore w}l) - w§1), K;, ngl_) The results are
shown in Figs. 3-4 with the same parameters as given before. The results shown in Figs. 3
agree with those of Ref. [19] in which a particle and momentum conserving, 1-D (poloidal)
time dependent code is used.

The ion poloidal flows for both cases are O(5p) and the impurity poloidal flows are too
small to account for. This difference from the rotationless case, in which the ion poloidal
flow are usually much smaller than the impurity poloidal flow, can be understood from
Egs. (31). The small increase of the ion poloidal flow for larger rotation is due to the
inertial contribution to the diamagnetic flows as shown in Eq. (30).

From Figs. 3b and 3d, one also notices that the odd portion of the impurity density
increases with the rotation as expected from Egs. (36). Moreover, Figs. 3 show that not

only the first but also second poloidal harmonic (sin28) dominates the up-down density
(0)2 g3

modulations. This is a result of the nonlinearity arising from the finite value of *——=
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To estimate the result analytically, we assume a strong supersonic impurity and
subsonic main ion, i.e.

Vint K wOR, < Vi, Z > 1,

whence, from Eq. (15)

One finds, from Eqs. (14)-(16),

w_,mw_ B (Tt 0 _ _(__ 2 _ g2y 9 oy
wpl —w ey ((Z ﬂ)wlnn,+ (R - <R> w (37)

The super-sonic impurity makes the coefficient

<BzD1, (0)>

very large. The parallel viscous term, which can be smaller than the friction force in the

P-S regime, i.e.
_ ezwf,- ezwf,-
vir > — > oI
Uii 2%

can be neglected for simplicity. We then find, neglecting O(e) terms, for U; defined in
(29c¢),

(o)
LD,
BI T, <"' > o, -
U' ~ Tm (T: _ '—)—""———_lnnl ~ Vthi. (38)

Note that unless the toroidal velocity profile is much steeper than the density profile

i Inw@® > _3__ Inn;

oy H

or unless

WO R > vy,

Eq. (38) gives a fair estimation.

Therefore, we have obtained the poloidal flows and up-down density modulations
driven by the relative diamagnetic flow between main ions and impurities (1 — I), using
the ép; ordering scheme while keeping important nonlinear effects. Nonetheless, since
1%(;0—) ~ O(6pi), one will not expect very strong transport from the results obtained here.

Hence, the strong ordering calculation, which is expected to induce 1';5(‘-9-2 ~ O(1), is of

particular interest.
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III. Strong Impurity Ordering A ~ 1

In this section, we consider the strong ordering case A ~ 1 (where A is defined in
Eq. (8)); therefore, the parallel friction term is kept in the zeroth order of the impurity
Eq. (6) but neglected in the 0(1) ion Eq. (5). This is because of the smallness of o=
#5 < 1. Note that, even for a light impurity such as C*® or O*®, the ordering A ~ 1 in
the P-S regime is still appropriate. Now, taking the parallel projection of the 0(1) terms,
Eq. (5) and Eq. (13) yield

mw(©)? ., T.B Vin(l+ <)
B'Vlnni—mB'VR - T¢+T, - ) (390)
and the subtraction of Eq. (6) from Eq. (5) yields
Tz-‘(u ~1)w?B . VR? +(T; - -T-Zi)B Vinn © TZ’B - Vina®
(1 - (1)
= \/-m,Zx/“Dl.{B2 (K c(xo) K_: >
nr a i
BI n [m; 8 Tr, 8 T; 8
— [7(,1 - NP R+ (- g, n nn{” - Z 5% lna(o)] . (39b)

Here, the right hand side of Eq. (39b) is ﬂgz_ It is also useful to combine Eqgs. (39a) and
ny

(39b) into
m; Ti(1 - 7%)
__' — [ (0)2 . 2
(;L 1+ T AT w“B-VR

T; Ty, ZT, a®  Tr. o) _B-Ris

Note that Eqs. (39) form a closed 2-D nonlinear system, which can be reduced to a 1-D
system by assuming that 585 f(6) ~ r§— £(8), that is,

A

ZVanmn ?‘—f( )l
B- V£(6)

Therefore, 3¢ In n(o) and —OF In a(® on the right hand side of Eq. (39b) can be replaced by
ln fi; and 5 lna whlch become pure driving terms. Then, the 1-D nonlinear system

can be solved numerlcally.
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To further proceed with the analytic study, however, we linearize the equations by

assuming € < 1 and neglecting O(1/Z) terms. Equations (39) thus yield, to O(1)

1 4., _ T 0
Ur—-U; = Aq = -3 {r-a—rlnng 7T, ra lnnI} , (40a)
and to O(e)
F) —1\2
—aa(Aa+ Us)y = —b,sinf +aa | 244 — (v - D)w? cosf . (400)
56" VA
Here,
(0)2 p2 © _ 4 KB,
=t ez, y=2 2 U=, (40c)
Vs ae 7;6piVini
2ADy;
ap = - ’ ’ (40d)
(1- %)T-iTFT.a + %'1
and

T
2p— 1+ ZF)w?

b, = i+Te : (40e)
(1- %)T‘i,‘ a+ ,1;.1
We therefore obtain

Yy =yccosb +y,sinb (41a)

with .2
yo = b m oAl D24 - B) (41b)

€ 1+ azA(Ad + U;)? !

b, (A J) 4+ 244 — (p-1)?

wzaﬂ (Ag + Ui) +244 — E55] (41¢)

1 +a% (A4 + Ui)?

Here, y. measures the in-out density modulation and y, measures the up-down den-
sity modulation. The ion density modulation can then be derived from Eqgs. (39a) and
(41), and the impurity density modulation can be obtained from

~y+0(5 ) (41d)

eng en;

The importance of the parameter A, influencing the parallel friction, can be seen from
the dependence of y on as. That is, if A ~ §p; < 1, then the O(1) density modulation,

which reduces to the O(1) solution in Section II for small ¢, is up-down symmetric and is
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driven purely by the centrifugal force via b,. On the other hand, for finite A, y. and y, are
strongly coupled to each other. It is interesting to note here that the strong ordering A ~ 1
does not explicitly depend on the impurity concentration, and therefore Egs. (41) are still
valid and useful for impurity species with a < 1; however, the ion dynamics, eg., Ui, n;,
reduce to that of a pure plasma system. In this case, one may expect that both y, and y,
increase with rotation through b,,, as predicted from a simple minded argument: since y, is
basically driven by centrifugal force and y, basically by parallel friction, increasing rotation
increases y., and increasing y. induces an increasing parallel friction which then drives an
increasing y,. However, this simple minded story will not be relevant for impurities of
strength a ~ 1, because the ion poloidal flow will be strongly coupled to the impurity flow
through friction. In other words, simple mindedly assuming the ion poloidal flow to be
driven by the temperature gradient as in a pure plasma system?? is totally inadequate for
an impure plasma. In fact, it will be shown later that by self-consistently evaluating U,
one finds that y, decreases with increasing rotation for a ~ 1 and & > 1.

To evaluate the ion poloidal flow self-consistently, one needs to utilize the O(6,;) ion

momentum equation Eq. (5) which yields

(1) (1)
2T = (2 ) (42
n; ) n;
where, using Eq. (39c¢)

B. R(}) m-w(°), T: - Izl (0)
) = = - B-VR?) . 43
< Py  GRERE w KG ) (43)
Note that, using the fact that Eq. (23) is still valid for ions in the strong ordering case,

(B - (V- VYV,)) has been neglected from Eq. (42). Hence, by using Egs. (21), (25), (26)
and (43), Eq. (42) yields

tantid (14 2T 24T, )’+( 24T, )’ 2
aati 3Z(T, +1.) 3Z(T,+T.)* 3Z(T.+T.)) ¥

= _d(gw + bw)yl (44)

where

"7 442 Dyi(6)P
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represents the parallel viscosity, and

8 T
(7‘ Br lnw(o))épgzl/zﬁ

T T.é T

I-zF)mimm + 7
represents the gyroviscosity which can become important only when the rotation is of

0(6;,{)‘[)”,,:.

~

9o =

,

Therefore, the normalized ion poloidal flow U; and the density modulation y can
be determined straightforwardly by solving Egs. (41) and (44). The results are given in
Figs. 4a-4d as functions of parameters &, A, and §; defined after Egs. (40)and Eq. (44),
for Z = 8, ép; = 0.05 and A4 = 1. From Eq. (44) and Fig. 4c, it is noticed that the results
are sensitive to the parameter §; arising from parallel viscosity. Since our derivation of the
parallel viscosity (cf. Appendix A) is based upon the assumption of high collisionality, it is
adequate to set £; = 0.2 as in Fig. 4d. However, the main ion in a typical tokamak plasma
is mainly in the plateau regime. By analogy with neoclassical transport theory in the small

rotation case,!®

we conjecture that taking é; ~ O(1) will give a reasonable estimate for the
main jon plateau regime with & =~ O(1). The results for £ = 1.5 are given in Figs. 4a-4b.

Although there is no direct validity restriction on the value of rotation in Egs. (41b,c)
and (44), the linearization leading to Egs. (40) comes from a large aspect ratio assumption

3
relying on the smallness of 9—(33)—4:5 = wo’e. This implies that if uw?e becomes finite,

Eqgs. (41) and (44) are no Ionge‘rh:ra.lid, and as indicated in Section II nonlinear effects via
In n§°’ and In a(® in Eqs. (39) become significant, and higher poloidal harmonics can be
important. In that case, one needs to solve the nonlinear equations numerically. However,
this case will not be included in the present work. Also note that for large rotation (& > 1)

and finite &, Eqs. (41) and (44) yield

. -1 1
Uiz —As+ ——+0(=3) (45q)

- §ian(Aaq — ﬁ%&%‘”—’) (1 N 39__2_ T; % —(u - l)d% )2 (45b)
T algu +b) 37 (Tt T) (1- ) glrat+ &)
This explains the decrease of y, with increasing &2 shown in Fig. 4a.

On the other hand, for small rotation, Eqs. (41) and (44) yield

_ aAA¢(2+bw)
T 1+ a3 A2

T.’ + Tc

(46a)

k)
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aAq(2 +b,)

T aap

+b,). (46b)

That is, y, increases with w? for small rotation. The turning point at which y, starts to

decrease with rotation occurs near the point

(r—1)
Z

w?=0.

bw(Ad + Ut) -

For 44 ~ 1 and Z > 1, this occurs when U; = A4 + U; changes sign, i.e., when the
impurity poloidal flow reverses direction (cf. Fig. 4a).

Moreover, it is of particular interest to study the case of a heavy test impurity (i.e.,
a= i%i < 1) using our strong ordering scheme. This is because the ordering parameter
A= éi:,:‘/—izﬂ is independent of & but is proportional to Z2. It is worth mentioning that
although Eqs. (39a) and (44) do not give an adequate description of the ion dynamics for
a S 6p;, they nonetheless provide the correct description to O(6p;) in the limit & = 0. One
obtains o

Ui=0 and n; xe T+l | (47a)
as predicted by other authors.®® Also, the impurity density modulation can be determined

by taking & = 0 from Eqs. (41) which yields

_ aa[Ag(2 +b,) — 5167
v = 1+ a3 A2 '

(47b)

With Ay ~ 1 and Z > 1, this implies that y, increases with &2 as shown in Fig. 5.
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IV. Radial Transport

In this section, we evaluate the radial transport flux using the moment approach and
the strong ordering results obtained in Section III. The detailed formalism of the moment
approach to the transport theory of magnetized plasma is given elsewhere;!3 here, we only
briefly describe the approach and present the results.

Due to the neglection of temperature variations, only the particle diffusion and to-

roidal momentum damping is considered. We start with the moment equations

gt‘nj +V. n,-Vj = N,J' (48(1)

gt_m"n"v" + V. (m,-n,-VjVj + Pj) = njerE + m,-n,-ﬂ,-V,- X b+ Rj + M,J’ (486)

0
ét— (P,‘ + m,-n,-V,-V,-) +V. Q_,' = n,-Z,-e (EV_,' + V,‘E) + (R_,'Vj + VjRj)
+Q; [(P; + mjn; V;V;) x b + transpose | + Il; (48¢)
Here, N,; is the particle source, M,; the momentum source,
Q;= /d" mi(v + V;)(v + V;)(v + V;)f; (484)

(with v the particle velocity in the rest frame of the fluid moving with velocity V;)

I, = / dv mi(vv — ——I)C i) - (48¢)

C; is the collision operator, and R; is the collisional interspecies friction, and P is the

pressure tensor. Hence, the particle ~onservation for species j is

<a >+1 9
8" TV 8y

and the flux surfaced toroidal momentum conservation is

V'F,‘ =< N,j >, (49(1)

Z<gt-(mjn,-V,~-e¢)> V,—V'Zn —Z <M,;- e.,,>+ <J-Vy> . (49b)

j
Here, e, = R?Y,
Fj =< njVj -V > (50)
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is the particle flux, and

HJ' =< e, - (mjnjVjVj + H]) . V‘w >

(51)

is the toroidal angular momentum flux. Concerning the radial current in the right hand

side of Eq. (49b), it has been shown by many authors!®? that

2

0
—<J V¢>~—6t

<mjn;V;.e, >

which is therefore negligible in low beta plasmas.

Using the identities
< n,-V,- VY >=< njVj x B ‘€, >

1
<e, II-Vi >= - <eye, : (II x B + transpose) > ,

2
and the largeness of {2; in magnetized plasma, ;‘% < e, Eq. (48a)> yields
B IB /[ Ry; > B
rj=- R, - = — - j .
J m,ﬂ, < "€ >= m;Q; < B m;§l; (Rij-ey)

and similarly % < e, Eq. (48c)> yields

IB R? 312 — B%R?
m; = - n,-{ (°’< Rn;> <——4‘§5—ch;'>}

1
—QE {w(o) < R2RJ_J' "€y >+

, 2<e¢'nclj'e¢>}.
J

(53)

Here, the terms involving the parallel collisional moments, such as R); and II.j; -:orrespond

to the neoclassical fluxes, and terms such as R, ; and II. ; correspond to the classical

fluxes. Here,
Hc",’ Eb-Hc,--b,

1
HCJ_j = l'Ic,- - Hc”j(bb - -5) .

The classical fluxes, which are smaller than the neoclassical terms by a fac or Bﬁ /B?,

can be determined straightforwardly using Eqs. (52)-(53), (A8), (A15), (22

that is

il

1 B V|2
Fflass 76 <n V:II B2 (wJ ;11))> ’

22

la);

(54)



ncla.ss = Z HJqlass = (p- l)ﬁB:w(O) <mm,u, R2| '/’l (w! (1 _ t(1))>

j=i,I
3(B 2 aW(O)T- n'(u-- +y; )R2|V¢’l2 (55)
5 Qi aw i 1\ Vid il B2 ’
where 721, Z > 1 has been used. It is also worth mentioning here that Eqgs. (52) and (53)

agree with results obtained in the standard 6, ordering scheme, and all the terms omitted

are carefully justified as negligible when considering the strong ordering A ~ 1 by noticing

that Z > 1. For instance, in deriving Eq. (52),

PagV' <ep-(mn;V;V;+P;)- VY >
< Rj -

OR
5,"'(4) 2 &1
Uthi

~

has been used to drop the non-ambipolar piece of the particle flux.
For neoclassical fluxes, using the parallel collisional moments derived in the Ap-

pendix, small € expansion and Eq. (39c), Egs. (52), (53) yield the neoclassical particle

flux
neo __ neo __ Ivthl' — TI T a TI b
[P*? = —ZT}* = g -weinize [(1—ZT Tart T](1+ Sy, (56)
and the neoclassical momentum flux
Fﬂ!o — II?CO + H?CO =
= ;TN - 1 - — = | (14+—)+= 6, 2°°—
2, wamite R (u-1) |(1 - Z) e + o | U )t &

(57)

Thus, the neoclassical fluxes appear to be driven explicitly by the up-down density mod-
ulation y,, as expected.

One can then estimate the particle confinement time 7, and angular momentum

confinement time 7, by

1 8 1 -
1 vagV Lj Ar T; . T.a TI] bo
— = - ] njWti Tl T = —)Ys » 58
|7 o i Lo (0= g [ (4 g (59
and
1 [FEEV 5 T, Ta  Trl,, . b

T M OR P L”“’“{(“ 1)[(' LT+ T T T]( +3)
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2 T, U;
+§ T + T 6,,,'23/2;;-}% ) (59)

with the profile factors

1 8
LnjE Ergln(V'Fj) y
and
1 8
L«,E Ergr‘ln(V'H)l .

Note that the classical contributions are neglected from Egs. (58) and (59) for simplicity.

By noticing that both ;i and —T%’- scale as %6,,‘62(0“', one finds two interesting fea-
tures: (i) For finite &, A, and £; the momentum damping rate is of the same order of
magnitude as the ion particle diffusion rate which agrees with the experimental observation;
(ii) The damping rate scaling %6,,-524.:“ coincides with that of the “gyroviscous theory”!?
(if it was assumed that impurity gyroviscosity prevails over ion gyroviscosity owing to the
strong impurity density modulation). However, it is obvious that the physical origins in
the present work are of collisional nature.

In Figs. 6a-6c, the normalized damping rates (rniwﬁ%fé,,.-esz-)‘l and
(vat;%fép,-e?L‘p)‘l are presented as functions of parameters w, A, and &;. It is also
interesting to note here, from the observation of Fig. 5b, that ('rvu},;%fép.-ezL,,)‘l ~ 4A
which leads to a familiar scaling ;1: ~ 46:552L¢U; 1. Thus, if one takes U;; = v267;; ~ by
and g ~ 10, then an enhancement of the momentum damping rate by two orders of magni-
tude over the previously derived classical damping rate,? (using Braginskii’s perpendicular
viscosity tensor in a pure plasma), is not difficult to find.

Since the radial fluxes are explicitly proportional to y,, their limiting behaviors at
large or small rotation are similar to those of y, discussed in Section III. In addition the
particle diffusion flux for a test impurity also behaves quite similar to the behavior of y,

vs @w?

, as shown in Fig. 5.

Finally, it is of considerable interest to discuss the difference of radial transport due to
the direction of momentum input occurring in Neutral Beam Injection (NBI) experiments;
namely, the co- vs counter-injection. It is observed? that the toroidal rotation V,,; changes

sign when the beam direction is changed from co- to counter-going with respect to the
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plasma current. However, noting that

V; = %B +wP RV + w O RV,
one has
K.
Vei = — By +w;"R, + w®R, + O(e) .
1
That is

1T, &8, _ w
Vw = 6pt(Ut + Aq — ’2’21—-,‘_7'5;111”1) + ﬁ Uthi

In Figs. 7a -7b, we present the radial fluxes vs v/Z J;‘?Lh“-l for co-injection (V,, > 0) and
counter-injection (V,; < 0), using Eqs. (60), (41), and (44).

(60)

To give an analytic estimation of the difference between radial fluxes due to co- and
counter-injection, we take the case of a test impurity (& — 0). Assuming the radial profile

remains the same for co- and counter-injection and using Eqs. (47a), (47b), (60), and (56),

one finds
Ivg; _ , T .
(T7°)coune = (TF%)eo = = G wnifire® 7126,V Z AasV,
-1 - -1
4A4b, — E—Z— + 2bo (V2 + 62,2 A%,)(244bo ”—Z—-)] : (61)

That is, for both co- and counter-injection the impurity has an inward flux, but much
less for co-injection than for counter-injection. The difference is given in Eq. (61) and is

increasing with increasing &,;.
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V. Conclusions

The transport phenomena induced by ion-impurity friction in strongly rotating toka-
mak plasmas have been studied, assuming constant temperature profile. First, using the
standard ordering scheme, up-down density variations which drive the neoclassical trans-
port have been found driven by parallel i — I friction. These variations are of order §e,
even for up-down symmetric equilibrium configurations. Then, by recognizing that §,;Z2
is of lower order than 6,; itself and therefore implementing a strong ordering

6pi 22V 205

Wiy

A

~1,

strong up-down density variations of order € have been found in Eqgs. (41). One also finds
that for plasmas with & = i%f—’ > 6,i, the main ion dynamics is strongly coupled with
the impurities through the i — I friction. Hence, the ion poloidal flows are determined seif-
consistently via Eq. (44). Moreover, the transport fluxes driven by the strong up-down
density variations of order € derived in Section III are calculated.

The strong ordering calculation presented in this work allows for arbitrary rotation
as long as 9%53?—2—5 <« 1 and € < 1 are satisfied. We then find that for large rotation,
the up-down density variation (and thus the radial transport) decreases with rotation
(cf. Eq. (45b)) while for small rotation, it increases with rotation (as one would expect).

In addition, a brief discussion on the effects of co- and counter-injection on radial
transport is given. One concludes that for both injections the impurity species diffuses
inwardly, but with co-injection the inward diffusion flux is smaller than that in the counter-
injection. (This tendency has been observed in the NBI experiments,? but a detailed
comparison is beyond the objectives of this paper.)

Finally, remarks can be made on the two restrictions imposed in the present work:

(i) uniform temperature profile; and
(ii) Pfirsch-Schliiter regime for main ions and impurities.

First, since the radial transport obtained here is induced by the parallel friction, when

temperature variations are included, a “thermal friction” term can enter which is expected

to enhance the up-down variations and thus the radial transport. (A calculation extending
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the present work to include the temperature variations is in progress.) Secondly, although
the present work is developed in the collisional regime, by analogy from the neoclassical

18 one can expect the present calculation to

transport theory in the small rotation case,
be qualitatively adequate for the main ion plateau regime except for the Pfirsch-Schliiter
definition of §; < 1 in Eq. (44) due to the parallel viscosity. In the plateau regime one
can take §; >~ O(1) to roughly estimate the radial transport. The results fof £ = 1.5 are

shown in Figs. 4a, 4b, 6a and 6b.
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Appendix A

In this Appendix we present the derivation of the first order moments th) and
Rl(lt} in terms of measurable quantities such as n, T, and V, using the moment approach
developed elsewhere. Particularly, the effects of strong rotation and i-I collision have been
included in the parallel viscosity II;. As a consequence, corrections to Braginskii’s parallel
viscosity owing to the inclusion of zeroth order rotation are found. In addition, a general
form of parallel friction for arbitrary a = mf_’. = 7";:: is obtained and agrees with the
result in Table I. of Ref. 21. In the end, a brief discussion on III(S.) in a system with fast

time evolution in the P-S regime is given for instructive purpose.

First, the equation of moment IT;

d; 2
d—;l’l,- + l'I,(V . V_.,) +V. @,‘ + W, [anjVVj + l'I,~ . VVJ + SVq,-

= Qng[n] + ch + II,j, (Al)

is obtained by taking [dv m(vv — "—;I) over the kinetic equation. Here, %’t'- =2 +V;.V,

©= /dv m (vvv - ”g(vpr Ta)) £(¥),

1, denotes the cyclic permutation components (without repeating) that make the rank-k
tensor (A+ 1i) cyclically symmetric. Note that the rank-3 tensor © corresponds to the
order-3 Legendre polynomial of pitch angle and is important only with the inclusion of
particle trapping effects which is outside the scope of the present work. Moreover, for any

rank-2 tensor A, define

WlA] = (A+ T2) — -§-(A : DL (A2)
and
K:[A]= A xb+ 1. (A3)

For two ion species, the main ion collisional moment Il ; defined in Eq. (48e) can be

expressed as

. = —vs /dv H{z)m <vv _ ';—31) £ (44)
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where

2 z 3
= -y
ﬂ'ﬁA@e

is the error function, and z = the unlike collision operator?!

N v (Vi = V)
Cir = 3 —— U iT { 5 U(v) - T o3y2 fMi}

thi

Vehi

(deduced by assuming both species are nearly Maxwellian, %f ~2Z>1,Tr ~ T, and
|V — V| < v4p;), and the linearized like collision operator C;; are used; where

v — vv

U(v) = 3

v

The fact that the integrand in Eq. (A4) is « (vv - -";—I) correspond to the rotational
symmetry property of the Fokker Planck collision operator??

Letting

and defining
= B favm (w- 51) @) (45)
Eq. (A4) becomes
Il = —vy Z coeIT{. (46)

Here ”!"denotes the factorial and ng (z?) the Sonine polynomials. Using the orthogonality

of Sonine polynomials, cos can be determined from

2 * 6 —g?
Cot = (—_557‘/0 dz z H(z)Lf(zz)e . (A7)

Moreover, from the fact that the distribution function f is reasonably smooth in

speed v owing to the energy diffusion piece of the collision operator, only the first two
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terms in £ are worth keeping. Actually, as also pointed out in Ref. 5, very small correction
but high complexity will arise from keeping higher order terms in £. Hence, Eqs. (A6) and
(A7) yield

II.; ~ —g (vii + vin)IL; + g(uﬁ +2u;)II |, (A8)

where IT} = IT{=! defined in Eq. (A5).

By assuming the transport ordering (whence both the time evolution term and the
source term are negligible) and high collisionality (v > w;), and neglecting the effects of
particle trapping and temperature variations, to O(1), Eq. (A1) reduces to Eq. (10), while
to O(8,) its parallel component becomes

bb: (V. vnt) + 0{)(v- Vi) + W, 21,9V +1¢)  wv®] | = 0f)).

(49)

The neglect of all I terms on the left hand side of Eq. (A4) is justified if the collision
frequency is larger than the transit frequency as in the case in the collisional regime.
However, it is important to emphasize that terms with HS_I), deduced in Eq. (21a) from

Eq. (10), must be kept to retain the effects of large rotation.

To evaluate the parallel viscosity from Eqs. (A8)-(A9) the equation for the moment
IT} is needed. To O(6,:), this equation has the form

1

«(1)
0=, (410)
where
m, =g,
and

e U o (o= 50) er

1
Using the same procedures yielding II.; except for an extra weighting function L;_,(z?)

in the integrand of Eq. (A4), IT7; is obtained as

205 204

. 9
HC;' = -5 |:(V'u + 2Vzl)n 36 (Vn + 205

2 ua)nz] . (411)
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Eqgs. (A8)-(A11) thus yield

D
iy = ~ 5o bb: {vi.vn) + 0@ v + W, [hOnwv® + ) vvO] ],
(A12)
where
1025 + 10202
2 = +1020v2a (413)
534 + 903v/2a + 576a2
Note that the limiting values
Dz' = 0.96 fora=0
2
and
—% = 0.73 fora=1
2v;; vir

agree with Braginskii's ion viscosity in a pure plasma and electron viscosity (with the
analogy of the small mass ratio between e-i and i-I), respectively. Moreover, the terms
involving the perpendicular viscosity mn _L, on the right hand side of Eq. (A12), owing to
the effects of large rotation, give extra corrections to Braginskii’s viscosity. As a conse-
quence, as shown in Eq. (26), the first order parallel viscosity is driven only by the poloidal

component, but not the toroidal component, of the flow velocity.

Similarly, the impurity parallel viscosity is obtained

_ D2y
vII

(1)
0y =

bb: {V{? . vi{} + n)(v. V") + W, [nOT,vv(D + 1) vy}
(A14)

Here, Dy = 1503";5 >~ 1.92 because of the largeness of 72

Using a procedure similar to the one for deriving Eqs. (A7)-(A8) (except that order-3
Sonine polynomials LE are used to generate the coefficients) the parallel friction can be

expressed as
3 5
R > manvr (V5= Vo) + (i + o)) (41)

where q; = q¢71, q! = ‘72, and

5

qt = FT 2 dv vL )fi(v). (A16)



Thus two more moment equations for q; and q to O(6p;) are needed to determine the

parallel friction, i.e.,

(1)

0=1q,;

and 0=gq (A17)

Here, the collisional moments are defined, similar to Eqgs. (16), as q.; = 4%, q%; = q2

and
§
ol = - T, 2 /dv vL} (22)Ci(fo)- (A18)
Following the same derivation leadlng to Eq. (A15) Eq. (18) yields
3 4 13 3 23
qei = ‘Z'VilniTs‘(vi -Vi)- E(Vii R e '(Vii + -—V.'I)Qf, (A19)
. 15 12 23 433
q.; = IZViInxT (V VI) - -'(Vu + 'é‘ ) ( i 0 tI)qu (A20)
It is then straightforward to obtain
1 0
Rl(l‘) = mmg )uan(V"(,1 - V”(,O)), (A21)
where,
576 + 488+/2 128a?
Dy = + 488+v2a + 128a (A22)

4 576 + 1208v2a + 434a2’
Note that Eq. (A22) is general for arbitrary a and agrees with the results given in Table

I of Ref. 21.

It is also of interest to study the relaxation of poloidal flow due to the parallel
viscosity in the P-S regime. Assuming that there exists a zeroth order poloidal flow, the

O(1) parallel projection of Eq. (A1) becomes
6 qo) _ o
i — ey =

Eqgs. (A8), (A23), and (2) then imply that for a given K (©) the parallel viscosity will relax

— —bb: wz[ (°>T,-vv§.°>]. (423)

to be constant with respect to time in a short time of O(2). This relaxed zeroth order

parallel viscosity is thus obtained as

©0) _ _ Daj © oy ()
) = - 22 bb: W [O1 9V ] (424)

by further imposing & < v and using Eqs. (A8), (A11), and (A23). Eqgs. (A24) and (48b)
indicate that the poloidal flow will damp due to the parallel viscosity at a rats ~ 9;; for
tokamak plasma in the P-S regime. A recent calculation?® shows that this relaxation rate

for poloidal flow is still basically true in the banana-plateau regime.
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Figure Captions

Fig. 1: [Illustration of the flux coordinates system (3, 4, ¢).

Figs. 2a-2f: O(1) solutions for a = 1‘%’, n; and ny (with e = 1/6, Z = 6, & = 1,
p = 16/6) vs the poloidal angle § (cf. Egs. (14)-(18)). In Figs. 2a-2c
“R — 0.7, and in Figs. 2d-2f, 2& = 0.9,

Vthi Yehi

Figs. 3a-3d: O(6p:) up-down asymmetric modulation of n; and ny vs 8 (cf. Egs. (33)-
(36)), for ;“’:% = 0.7, (Figs. 3a-3b) and ;"Z% = 0.9 (Figs. 3c-3d). Also, the
magnitudes of the normalized poloidal flows U; are given (cf. Egs. (29)).

Other parameters are the same as in Figs. 2.

Figs. 4a-4d: Normalized density modulation and poloidal flow (cf. Eqs. (40)-(44)) for
§pi = 0.05, Z = 8, 44 = 1,& = 1 plotted vs &? (with & = 1.5 in Fig. 4a
and with §; = 0.2 in Fig. 4d), vs A (with & = 1.5 in Fig. 4b), and vs §;
(in Fig. 4c).

Fig. 5: Normalized impurity density modulation and diffusion flux in test impurity case

(& = 0) plotted as functions of &2.

Figs. 6a-6¢c: Normalized diffusion rates (cf. Eqs. (58)-(59)) plotted vs &2, A, and &;.

Other parameters are the same as in Figs. 4a-4c.

Figs. 7Ta-Tb: Normalized diffusion rates plotted vs vZ ff: (cf. Eq. (60)) for co- and

counter-injection. In Fig. 7a, @ = 1, in Fig. 7b, @ = 0.
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