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Free Electron Lasers with Electromagnetic
Standing Wave Wigglers

T. M. Tran,* B. G. Danly and J. S. Wurtele
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Massachusetts Institute of Technology
Cambridge, Massachusetts 02139

A detailed analysis of the electromagnetic standing wave wiggler for free-electron lasers (FELs)

is conducted for both circular and linear wiggler polarizations, following a single-particle approach.

After determination of the unperturbed electron orbits in the wiggler field, the single-particle spon-

taneous emission spectrum and subsequently the gain in the low gain Compton regime (using the

Einstein coefficient method) are explicitly calculated. This analysis results in a clear understanding

of the resonance conditions and the coupling strength associated to each resonance of this type of

FEL. In particular, a striking feature obtained from this investigation is that the electromagnetic

standing wave wiggler FEL, under certain circumstances, exhibits a rich harmonic content. This

harmonic content is caused by the presence of both the forward and backward wave components

of the standing wave wiggler field. In addition, the nonlinear self consitent equations for this type

of FEL are also presented, permitting its further investigation by the theoretical techniques and

numerical codes developed for conventional FELs.

*Permanent address: CRPP, Association Euratom-Confedration Suisse, EPFL, 21, Av. des Bains, CH-1007
Lausanne, Switzerland

1



I. INTRODUCTION

In a free-electron laser, the coherent radiation is produced by a periodic transverse acceleration

of the relativistic electrons. This acceleration (or "wiggle" motion) is imposed by a transverse

periodic magnetostatic field (the "wiggler") in conventional free-electron lasers [1-3]; the frequency

of the induced radiation is given by the well known resonance condition [3]

5,/c = k., = k km, (1)
1-311 1 + a2

where k, = 27r/A, is the wiggler wavenumber, y = (1 - 2- W)-/ 2 is the relativistic factor and

a, = eBw/(kemc) is the dimensionless vector potential of the wiggler field. Higher odd harmonics

of the fundamental frequency given by Eq.(1) can be produced in a planar magnetostatic wiggler

[4]. Because the magnetostatic wiggler period A,, usually cannot be made much smaller than a

few cm, the conventional free-electron laser requires a very high voltage electron beam to reach the

visible region of the spectrum.

Recently the backward (relative to the electron propagation) traveling wave electromagnetic

wiggler has been considered by many authors [5-14]. The resonance condition in this free-electron

laser can be expressed as will be shown later

w8 /c~k5 =+ 2-, 2 ()
w,"/c = k, = k + 31 (k + kgl) ~- k + a 2 (k + kgl),()

1 - i +
where k = w/c is the total wavenumber and kii is the longitudinal wavenumber of the wiggler

field or pump wave. For kl1 ~- k (free-space mode), the induced radiation frequency for an elec-

tromagnetic wiggler is approximately twice that for a magnetostatic wiggler. Since millimeter and

sub-millimeter sources based on cyclotron resonance interactions are capable of producing high

power (several MW) with high efficiency [15-17], the electromagnetic wiggler appears attractive

for very short wavelength free-electron lasers. To increase the pump wave amplitude aw, (and

consequently improve the FEL gain), the wiggler field can be stored in a high Q resonator [14]. In

such a standing wave, the resonance condition driven by the backward component of the wiggler

field is still given by Eq.(2); in addition, due to the presence of the forward component, a second

resonance can take place in the low frequency region and is given by

w,/c = k, = k + 1 (k - kl). (3)
1 - #

It should be noted here that the electron axial motion is not uniform (3 11 5 const.) in the standing

wave wiggler. As will be shown later in this article, strong coupling between the electron transverse
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motion and the oscillatory longitudinal motion can occur when the dimensionless pump amplitude

a, is not small (a, > 0.5), leading to a complicated spectrum of possible resonances. This be-

havior occurs in the linearly polarized standing wave (LPSW) wiggler as well as in the circularly

polarized standing wave (CPSW) wiggler (in the latter case, the resonance spectrum is somewhat

less complicated) in contrast with the magnetostatic wiggler and the traveling wave wiggler where

only the linearly polarized wiggler exhibits such a multiple resonance spectrum. To our knowledge,

the free-electron laser interaction in a standing wave wiggler and in particular, the effects of the

forward component of the pump field on the free-electron laser characteristics have not yet been

considered. The analysis of these effects constitutes the main purpose of this work.

This paper is organized as follows. The CPSW wiggler and the LPSW wiggler are analyzed in

detail in section II and section III respectively. In each case, the electron trajectories in the pump

field are derived analytically. Using these trajectories, the spontaneous emission [18] is calculated,

from which the resonant frequencies can be deduced. Then the low gain in the Compton regime is

derived, using the Einstein coefficient method [19]. The self-consistent equations describing the high

gain regime and the nonlinear free-electron laser interaction are presented, as well as a discussion of

the power depletion of the pump. Finally, section IV concludes the paper. Throughout this work,

the SI units are used.

II. THE CIRCULARLY POLARIZED STANDING WAVE (CPSW) WIGGLER

A. Electron trajectories in the wiggler field

The CPSW wiggler field is completely defined by the vector potential expressed as follows

A, + iAy e aw~ flkr~± + e-I~w) (4)

where the pump frequency w is related to the longitudinal wavenumber k1l by w/c = k = k + kI.

The first term and the second term in the rhs of Eq.(4) represent respectively the backward wave

and the forward wave of the CPSW field. In open mirror resonators, we can take k1 = 0 (k k);

however in practice, a slight misalignment between the electron beam and the resonator axis results

in a finite value of k1 . It is straightforward to show that the pump electric and magnetic fields

derived from the vector potential (A,, Ay) given by Eq.(4) satisfy the boundary conditions at the

resonator end walls.

In Eq.(4), we assumed that the wiggler amplitude a, is independent of the transverse coordi-
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nates (x, y), which is accurate if the electron's trajectory is confined near the resonator axis. In

this case the electron transverse canonical momenta are constants of motion and assuming ideal

injection (zero canonical momentum) yields

-yO. + -a.~ -a, [i(kiiz+wt) + e-i(kiJZ-Wt)] 1 (5)

and consequently

72o2 = 2a2 (1 + cos 2k 1z). (6)

The longitudinal equation of motion can be deduced by adopting the canonical momentum p1 1 011

as the Hamiltonian with (ct, -y) as the canonical coordinates and Z the independent variable [2]

h(ct, y; z) = p1 = 2 - [1 + 2a2 (1 + cos2k1z)]. (7)

Since the Hamiltonian does not depend on ct, y is constant (d-y/dz = -h/Oct = 0) and the

longitudinal motion is completely determined from the differential equation

d =h 1+2a2,(1+2cos2kz) 2
-ct= - -. (8)

[ L.'-(8dz 49- I-

This type of equation can be solved in terms of the elliptic integrals [20]; however, for simplicity

we assume that -y > 1 so that Eq.(8) can be approximated by

dct 1+ 99 [ + 2a2(1 + cos2klz)] , (9)

which can be solved easily. The electron longitudinal motion is then explicitly given by

ct(z) = (+1 +az,) a sin 2kiZ

+ 2a 2  a2  (10)
1/ 11(z) = 1 + ., + + -+ cos 2k z.

Note that at cut-off (kII = 0), the vector potential given by Eq.(4) is similar to a helical magneto-

static wiggler, in which case, the longitudinal motion is uniform [see Eq.(10)]. For nonzero values of

kg, we can define a longitudinal velocity averaged over the pump axial characteristic length 27r/kII

21 + 2a2
1/g=1+ 2-y2. 11

Inserting Eq.(10) into Eq.(5) to eliminate the time t, and using the Bessel identity

0

e±ibl si" (&, (12)
n=-00
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we obtain
00

3 (z)+ iy(z) = a, E [J.(6)+ J"+(b)] e [klA+(2n+l)k]Z, (13)

with
Sa%, k

2'y2 
kii

Integrating Eq.(13) in z gives finally the electron orbits in the transverse plane

00 ~ ~ ilk0l+(2n+1)kii]z _ 1
a(z) + iy(z) = i a [J(b) + Jn+1 (5)] -1 (14)

iy Z [h( k/#g + (2n +1k

From Eq.(13) we can see that the transverse motion in the CPSW wiggler is in general a combination

of several harmonic motions, in contrast to the magnetostatic wiggler [211. The forward wave -

and not the electromagnetic nature of the wiggler - is responsible for this behavior as can be

deduced from Eqs.(5)-(10) after dropping the forward wave term in Eq.(4). Note that the n = 0

term and the n = -1 term in the summation can be identified as the respective contributions of

the backward wave and the forward wave. For small values of 6, both contributions are equally

dominant. With increasing 6, the higher harmonic motions could not be neglected.

Another important feature of the electron dynamics in the CPSW wiggler is that the maximum

excursion of the electron (due to the forward wave) away from the axis, deduced from Eq.(14) as

a. |J 1 (S) + Jo(6)I
IX + ylmax, = - - , (15)

y k//3d - k1 (
could be considerable when ki -+ k. Thus, the assumption of one-dimensional motion made

previously is valid only when

am k1  a~, k - k 1- < or - < . (16)
y k - k Y k + k

For example, for a y = 10 electron beam and a CPSW wiggler having k11/k = 0.99, a, should be

less than 0.71. This treatment would apply to higher values of a, by decreasing kli/k and (or)

increasing the beam energy -y.

B. Spontaneous emission - Resonance spectrum

By using the method of the Li~nard-Wiechert potentials, the spontaneous emission by a single

electron undulating close to the wiggler axis can be expressed as [18]

d 2  2  + ia.(kz---t) dz
dg dL, 16r .cS ()3. + i )e ( -11 (17)
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where we have introduced (w,, k,) to designate the frequency and the wavenumber of the emitted

radiation. The integration of Eq.(17) extends only over the interaction space of length L. In the

denominator of the integrand, 3 given by Eq.(10) can be approximated by 1. Using the electron

trajectory specified by Eqs.(5),(10) and the Bessel relation (12), the integration can be performed

in a straightforward manner

d2I (ekL)2 al" e2in _- 1 2
fn .,(18)

ddw., 16r 3Ec y2 n__ 2n

where the coupling coefficient fA and the resonance parameter Vn are defined according to

a k - k
fl a J--(Q) + J-(.+)(Q), 2y ki; (19a)

u [jk + kii + 2nkII - (k, - k) 1 + 2a] (19b)

The resonance condition can then be derived as

1 + 2a 2

2-y w (k, - k) = k + kii + 2nkii, (20)

1 +2a2L
or 1 2 k, = k/01 + kI + 2nk , n = 0,±1,...

where only the values of n such that k, w/c is positive are meaningful. Note that the squared

sum in Eq.(18) can be written as

00 sin 2Vn 0

s2 + Cm,n,

where the cross terms Cm,n which can be written as

Cm,n = fn fm [1 + cos 2(v n - vm) - cos 2vn - cos 2v,]
4vnvm

describe the interference between the nth resonance and its neighbouring resonances n ± 1, n ± 2,...

They can be neglected when the resonance peaks given by Eq.(20) are well separated, i.e. when

Ivn - vnal I> 27r a LkII > 2r. (21)

In that case, in evaluating each individual term of the sum, the argument of the Bessel function Q

can be approximated by its value at the resonance

fn ~Jn(Qn) + J-(n+l)(Qn),

a k (22)
Q~Q = W 1+2n++ -

1 + 2a2 kI
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For very small values of a,, all the f, except f-1 and fo vanish, leading to a double peak spectrum.

However, if kjj/k is also small, the amplitude of the other peaks (- f,) starts to increase rapidly

with increasing a, [see Eq.(22)]. Moreover, the n = 0 and n = -1 main resonance peaks can

disappear completely at relatively small values of a, since f-1 and fo are zero respectively at

1.3kll/(k - 1.7k 1 ) and a 2 ~ 3.1kl/(k - 7.2kj). These features are illustrated in Fig. la

for kil/k = 0.1. Figure lb shows that the higher n resonances (with frequencies about twice the

fundamental) already appear at a, ~ 0.5.

When k11 /k increases, the behavior of fn as a function of aw is somewhat more regular as shown

in Fig. 2. Up to aw = 3 (which is large for the aw expected for most electromagnetic wigglers [14]),

the n = 0 peak is still dominant, apart from the low frequency n = -1 peak. As kl -> k (with the

inequality (16) satisfied so that the one-dimensional assumption is still valid), we have a spectrum

of peaks centered at the harmonic frequencies of the n = 0 resonant frequency [see Eq.(20)]. We

shall see below that the free-electron laser gain is indeed proportional to f'. Therefore, as far as

high radiation frequency generation or amplification is concerned, it is noteworthy that a CPSW

wiggler with a large k11 is more advantageous than a CPSW wiggler with a small k1j.

C. Free-electron laser gain

One way to obtain the free-electron gain in the approximation of low gain (G < 1) is to employ

the Einstein coefficient method which states that the gain - relative change of the radiation power

G = [P(z = L) - P(z = 0)]/P(z = 0) - is related to the spontaneous emission function

=c d21
77w = L d 21,'(23)

L d~ldw8'

by the following relation [19]

G Jw(Y') [F(') - F(y) dy'. (24)

In writing Eq.(24), we assumed that the electron distribution F is only a function of y and nor-

malized according to

F dy = Ne, (25)

Ne being the electron beam density. In Eq.(24), -y' and y designate the electron energy before and

after the radiative process; they are related by the energy conservation equation

mc2 (-y' - T) = h(w, - w). (26)
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Expanding F(y) about F(y') and going to the classical limit h - 0, Eq.(24) can be written as

4wr3L w8 - ,G = 3 3 F(-y) (wd, (27)
m w I Y

after performing an integration by parts. To proceed, we restrict ourselves to the case of a cold

electron beam F(y) = Ne6(y - yo,). Then, on inserting the relations (23),(18) and (19b) into

Eq.(27), we obtain

WLa 2 1 + 2a 2  f d sin2' x'98
G = 2 3 2 (k, - k) 2_f;; L'2 + 0,m n , (28)

4c I 2-y 8v v;' n=0 Mt

where the cross terms Cmn are

Cm n = -" f'f sin 2vn + sin 2vm -VnVm [1 + cos 2(v,, - vmr) - cos 2vn - cos 2v] ,
' 2 vn/m I 2vu c

andw, = e 2 N,/meo is the non-relativistic electronic plasma frequency. In deriving the above

expression, we assumed that the interaction length L satisfies L(k + k1l + 2nkll)/2 > 1. Indeed,

the interference effects (already discussed in the previous section on spontaneous emission) can

be neglected when the inequality (21) is satisfied. In that case, the gain associated with the nth

resonance is approximated by

w 2La , d sin 2 V
G,= -4 3(k+ k +2nkjj)f, , . (29)

4c 2 d d v;

Note that the same result can be also obtained by applying Madey's theorem [22]. The derivative

of - sin 2 vu/v,2 has its maximum value equal to 0.5402 when v, = 1.303. Thus, the maximum gain

G, can be expressed in terms of the current intensity I (in Amperes) of the electron beam and its

cross section Ab as
IL3 a2

Gn,ma = 0.996 x 10 4  A y 7(k + k1l + 2nkii)f,. (30)

We note that the gain expression for the n = 0 resonance coincides with the gain (see Eq. 2.21 of

ref.[21]) for the helical magnetostatic wiggler by making the substitutions a22 - K 2 and k+kii

k,, K and k, being the dimensionless rms vector potential and the wavenumber of the magnetostatic

undulator. In addition, the CPSW wiggler can amplify more than one frequency provided the pump

strength aw is not too small [see Figs.(1) ,(2)] in contrast to the helical magnetostatic undulator.

D. Self-consistent equations of motion

So far, we have analyzed the small signal regime which requires only the knowledge of the

unperturbed orbits of the electrons in the pump field. In this section, we are interested in a more
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detailed description of the mechanisms of radiation generation and its nonlinear saturation. To this

end, we derive a set of self-consistent equations for the CPSW free-electron laser, following closely

the methodology used in refs.[2,4].

We assume that the electron beam is sufficiently tenuous that the collective effects are negligible.

Hence, the single particle model employed in section ILA is still valid after adding a radiation field

(having the same polarization as that of the wiggler field) given by the following vector potential

A,, + iA=ma 5 E -(k,:-wt+<h) (31)
e

to the pump field in Eq.(4). The radiation dimensionless amplitude a, and phase 4, are slowly

varying functions of z by virtue of the single frequency assumption. For a highly relativistic electron,

the longitudinal motion can now be derived from the dimensionless Hamiltonian

h(ct, y; z) -pl = I - {1 + 2a, 1 + cos 2kgi Z + a.- 2aa, cosV4 + cos(O - 2k 1 z)]}, (32)

where we have introduced the phase 0 defined by

,0 (k, + kII)z - (w, - w)t + ,. (33)

In Eq.(32), we can drop the term a2 because usually a, < am. From the canonical equations, we

obtain

dy Ah ksk awa{, sin ) + sin() - 2kjz) (34a)
dz act I Iy

d =h - 1+ 2a2i 1+cos2kz] - 2aa, cos7+cos('- 2kz) (34b)
dz Oy 2=y2 .1

The term containing ip - 2k1 z describes the contribution from the forward wave component of the

pump field. The energy equation (34a) suggests that it is more convenient to choose the phase 4' as

a dynamical variable instead of the electron transit time ct. Taking the derivative of 4 as defined

by Eq.(33) and making use of the second canonical equation yield then

dO 1+2a2  k -k 2-= k+k- 2w(k, -k)- a, cos2kiiz
dz 2j 2  'Y2 k

+ k 2 kaa, [cos V + cos(O - 2kI z) + d, (35)

which replaces Eq.(34b). For finite values of k1l, 4 can be decomposed in a slow z-variation term

and a fast oscillation. This can be seen by inserting the unperturbed electron trajectory obtained

in Eq.(10) into Eq.(33)
k - k a2

0 - 2 w sin 2kIZ + , (36)
'Y 2kI1
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where the "slow phase" 9 is

1+2[kI 8 - (k., - k) I z =k, + k - (w, - ) Z, (37)
2-y2 q311

the last equality being obtained by using Eq.(11). The expression describing the evolution of the

slow phase 9 as given by Eq.(37) can be regarded as the lowest order approximation in the limit

where a, -+ 0. A better estimate in which the effects of finite values of a, [resulting in the "force

bunching" term as opposed to the "inertial bunching" described by Eq.(37)] are included, can be

obtained by considering Eq.(36) as a definition for 9 and using Eq.(35) to derive the equation for

the slow phase. Repeating the same operation on the energy equation (34a) and using the Bessel

relation (12) yield the following coupled nonlinear equations

d-I k, - k 0
-=- k -k aE f, sin(9 + 2nkliz + 48), (38a)

dz

d- k + 2a, k.-k
= k + kii - (k, - k) 2 2 + awa, E f, cos(9 + 2nkllz + 4,), (38b)

where f, is the coupling coefficient defined in Eq.(19a). With only a few terms retained in the sums

(for example n = 0 and n = -1), the coupled differential equations (38) describe the interaction be-

tween the electrons and the single frequency radiation wave in resonance with the n = 0 component

of the electron wiggle motion: k + k1l - (k, - k)(1 + 2a 2)/2Y
2  0. The generalization of Eq.(38)

to an arbitrary resonance is made straightforwardly by the substitution 9 - 0, = + 2nkljz. This

yields

d-y k - k
dz - 1. fn+n sin(9n + 2n'k z + O,), (39a)

d9n k. - k
pn + k awa., f +n COS(A + 2n'kllz + 0,), (39b)

n,=-oo

where we have introduced the detuning parameter M, which is related to the dimensionless resonance

parameter vn [see Eq.(19b)] by

2 1+ 2a 2

pn = k +k 1 + 2nkj-(k.,-k) 2 2 (40)

In Eqs.(39), the sums contain both the nth resonant term and the non-resonant (n' # n) con-

tributions. The detuning parameter Pn can be also expressed in terms of the resonant energy -y.
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as

y - 1 (k k + 2nk1) (- ,)
(41)

2_1 + 2a k, -k
2 k + kii + 2nki'

In terms of the new canonical coordinates [2] (0,&y), where 6y = Y - y,., and assuming that

b-y < 'yr, one can show that the Hamiltonian for the electron dynamics - given originally by the

equations of motion (39) - can then be approximated by

(42)

which describes the motion of a particle in a non-stationary potential given by

F(On, z) = " - kwa, f, cos(On +,0,) + E f.n COS(On + 2n'kjjz + (43)

The equation of motion following the Hamiltonian (42) can then be written as a second order

differential equation

d22  ds( = k2  + , sin(On + 2n'kl z + 4P)
d 2

_ dp Z s in(On + 0,; + nO si(A . +I

where kyn = 2(k + kg + 2nkI) fI . (44)
k 1 1  2k 11 )1 + 2a2,(4

If kjL > 27r,we can drop the term containing the sum in Eq.(43) by taking an appropriate average

of F; the (average) motion can then be regarded as an anharmonic oscillation (like a pendulum) in

a quasi-stationary potential well, provided the radiation amplitude and phase a,, 4, change slowly

in z. When k11L is small, we should retain the terms in the sum with n' such that In'Ikj1L ~ 27r;

these terms introduce a slow distortion of the stationary potential and might detrap the otherwise

trapped particle. This non-stationary effect is the nonlinear analog to the interferences discussed

previously in the small signal regime. Assuming that both the change in a, and its magnitude are

infinitesimal (low gain approximation), one can recover the same gain expression as that given in

Eq.(28), by solving Eq.(44) using perturbation theory [21]

The equations governing the self-consistent evolution of the radiation amplitude a, and phase

4, can be obtained in a standard manner [2]; by inserting Eq.(31) in the Maxwell equations and

using Eq.(5) to determine the transverse current density, we obtain

de La2aw e-"- + e -(-2kjjz)
- 2 = a e '. (45)

dz 2c2k, y

11

h,(On,bY; Z) = (k + kl + 2nkly + F(6, z),



where & = a. exp(iO.) is the complex amplitude of the radiation field, 7P is given by Eq.(33) and

( ... ) denotes an ensemble average over the electrons. Using Eq.(36) and the Bessel relation (12)

yields finally

dz 2c2k +n (46)

This complex wave equation describes the self-consistent evolution of the radiation field whose

frequency satisfies the nth resonance p, = 0 [see Eq.(40)]. Together with the pendulum equations

(39) or their simplified version Eq.(44), they form the basic equations for the analysis of the

Compton CPSW free-electron laser in the one-dimensional single frequency regime. When the

resonance is well isolated, we observe that these equations are analogous to those derived for a

conventional free-electron laser; therefore, the numerous theoretical results and numerical codes

worked out for the latter can be applied with slight modifications to the CPSW free-electron laser.

E. Power balance - Pump depletion

From the energy equation (39a) and the wave equation (46), it is straightforward to derive the

following conservation equation

(1 - k a, + -7 = constant. (47)

In Eq.(47), the term k2a2 is proportional to the radiation energy flux (Poynting vector) and the

second is proportional to the electron beam energy density. Denoting the electron beam power

and the laser power by Pb and PL respectively, this relation implies that the changes of Pb and PL

should satisfy the power balance expressed as

-Ap = APL - APL. (48)
W,

The second term in the rhs of Eq.(48) is obviously the pump depletion; in the quantum picture of

the FEL process, this pump depletion is caused by the Compton scattering pump photons from

the wiggler field into the laser field by the electrons. Using the definition of the resonant energy

1,., Eq.(41), the depletion of the pump can be expressed as

= U" APL APL 1 + 2a. (49)
;, 2-f,2 1 + (2n + 1)k 1 1/k

Note that the relation (49) can also be derived by the law of conservation of the photon number

since nLaer ~ PLIW,, and np,,,,p P./w. We observe also that AP. is in direct proportion with
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the laser power gain and, therefore, is a potentially important saturation mechanism in the high

gain regime (G > 1). Although the power depletion of the pump represents only a small fraction

of the laser power gain, since the energy -1, is large, it should be taken into account (in addition to

the ohmic and diffractive losses in the CPSW cavity) in determining the injected power required

to obtain a desired a,, which can be expressed by the following phenomenological relation

wW w
Pi =W + A PL, (50)Q La,

where Q is the quality factor of the cavity and W is the time averaged stored energy of the CPSW

[14].

III. THE LINEARLY POLARIZED STANDING WAVE (LPSW) WIGGLER

A. Electron trajectories in the wiggler field

The electron dynamics in the LPSW wiggler is analyzed by using the same technique as that

already presented in section II.A. The linearly polarized pump field is specified by the following

vector potential
MC i(kllz+wt) ik±zutA = e aw ee + e- - + c.c. (51)

Assuming perfect electron injection into the interaction space, the transverse motion, confined on

the (x, z) plane is then determined by

-t, = -a. [cos(kllz + wt) + cos(kljz - wt)] , (52)

while the longitudinal motion is described by the coupled differential equations

d1 + a~ cs k ~ t 5a
d = 1 + .2 + a.cos 2kj1Z + (1 + cos 2k11 ) cos 2kct (53a)

d k a2

-= - -- (1 + cos2k 11z)sin2kct. (53b)
dz 'y

Note that the dependent variable ct appears in the rhs of the differential equations; consequently,

it is not possible to obtain a straightforward explicit solution to Eq.(53). However, assuming that

both Ei (1 + a)/(2-y2 ) and 2 E a'/(2-y2 ) are small, these equations can be solved by the

perturbation method. To the second order in both El and E2, this yields

ct()= 1+ 2 +a) z+

222 [sn2 kk)z sin 2(k + kil)
+a. sin 2kl z sin 2k- 1 [sin 2(k-k ) sn2(+k )

+ 2 srI + k + -k 1 '+ ,+ , (54a)

and
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1 + a 2
1/#3j(z) = 1 + 1 2 +

+ 2-, {cos 2kii + cos 2kz + 2cos 2(k - k z) + cos 2(k + k z)]. (54b)

The longitudinal motion is now a combination of four harmonic oscillations instead of one as has

been found in the CPSW. For later reference, note that for values of kll/k sufficiently far from 0

and 1, the average longitudinal velocity can be expressed as

1 + a 2
1/i=1 + + 2 . (55)

Inserting Eq.(54a) into Eq.(52) and using again the Bessel relation (12) yield for the transverse

velocity

0 (z) = a b,,m cos (k/ -+ kll + 2nk1 + 2mk) z, (56)
n=-oo m=-oo

where

00 
00

bn,m E [Jn+n'-m'(61) + Jn+n'-m'+1(61)]Jn-n'-m'(6)Jni(6 3 )J,(6 4 ), (57a)
n=-oo m' =-oo

a2 k a: aw k a- k
8~~6 - 6.=* S 4 = W (57b)

4-y2 ka' 4k 2' 87 2 k -kii' 87 2 k+k(

In sharp contrast to the magnetostatic undulator in which the electron transverse motion is a simple

harmonic oscillation [21], in the LPSW wiggler the electron has a complex transverse motion which

can be decomposed into a discrete spectrum of harmonic oscillations labeled by two integer indices

(n, m). This feature suggests that the spontaneous emission and consequently the FEL resonances

will have a spectrum very rich in structure. When a, -+ 0, only the n = m = 0 and n -1, m = 0

Fourier components of #, have non-zero values. It is easily seen from Eq.(56) that the former

component describes the motion in the backward wave of the pump and the latter component

describes the motion in the forward wave.

Integrating Eq.(56) once more to obtain the electron trajectory x = x(z), one can see that the

maximum excursion of the electron away from the z-axis is determined by

Xmax = .- -,o (58)
y k/#311 - kl

which is similar to the expression (15) obtained for the CPSW case; therefore, the same condi-

tion Eq.(16) should be satisfied for the validity of the one-dimensional assumption (no transverse

inhomogeneities of the pump field) we made in the above calculations.
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B. Spontaneous emission -Resonance spectrum

Substituting the electron trajectory specified by Eqs.(52), (54) into the spontaneous emission

32 fL _ d (59)
dfdw, 161r3 c3 C IC$ Oil'

and using the Bessel relation (12) yield, after lengthy algebra,

d21 = (ekL )2  a 2,, e ,2i; - + C -2-2i4 . _ i( 2

d2dw, 167r3ec 4y 2  _ _j [f 2ivir ';'" -2ivm+

where the i-esonance parameters vym and the coupling coefficients fTm are given by

= k/J 11 + k1l + 2nk1i + 2mk T k, 22 , (61a)

fm - ')=( ) ,(SF)J-m(TT) (61b)
n =-OO m'=-0o

with

a2 kT k a k,Tk
Q-~ RF =k

4-/2 k~ 4-y2  k

ST =V 2 k, a k8Tk (61c)
8-f2 k - kll 8-y2 k+ kil'

and

p(z) = 4(z) + JPI(z). (61d)

The Eq.(60) indicates that the spontaneous emission spectrum is a combination of two distinct

spectra denoted by (-) and (+); they represent the respective contributions of the two circularly

polarized waves (of opposite helicity) that constitute the LPSW pump field as defined by Eq.(51).

It can be easily seen from Eq.(61a) that the spectrum of resonant frequencies generated by one

of the two helicities (frequencies satisfying e.g. v-m = 0) are in exact symmetry about the origin

k, = 0 with those generated by the other helicity (V,+ 0). Furthermore, for highly relativistic

electrons (,311 - 1), the two spectra almost overlap as implied by

Vr-,m -_ _+ _ (62)

for any given pair of integers (n, m). This fact permits us to simplify the spontaneous emission

given in Eq.(60) into the following form

d21 (ekL)2 a, f 2 sin V"'" (63)
dfd., 167r3 c 4y 2 n . n,m V(6
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where Vn,m and fn,m are now approximated by

L [- 1+ al1
Vn,m 1k/ 11 -+ kl + 2nkl + 2mk - k, , (64a)

00 
00

fnn - '-m')(Qnm)(m-n'-m'(Rnm)J-n'(Sn,m)J-m,(Tnm), (64b)
n?-o 00 ?1=-00

with the arguments of the Bessel functions evaluated at the resonance vnm= 0

a2k
- a= 1 + 2n + (1 + 2m) ,

2(1+ a.) k
a2kII

Rn,m = a 2m + (1+ 2n) ,
2(1 + a; ;,

2 Fk k l(65)
a 2 k11+(1+2 k

Snm (1+2n)"'4(1 + a2 ) k - kil k -- k

a2 kgl k
T = w 2 + + 2m

4(1 + aw) k + ki, k + ki

In Eq.(63), we neglected the cross terms describing the interferences, by assuming that

Lkii > 27r and L(k - k1l) > 27r, (66)

because the minimum spacing between the resonance peaks is Lk1 or L(k - k1l) as implied by

Eq.(64a). It is easily seen that the indices n = 0 = m label the resonance due mainly to the

interaction with the pump backward wave while the forward wave contribution is identified by

n = -1, m = 0.

In view of the lengthy algebra carried out to obtain Eq.(63), an independent check has been

done by computing directly the spontaneous emission as defined by Eq.(59) with the trajectory

characteristics 3.,(z), ct(z) given by Eqs.(52),(54). To this end, the integral in Eq.(59) is rear-

ranged into a Fourier integral so that a Fast Fourier Transform algorithm can be used for the

numerical integration. Examples of this direct computation are shown in Fig. 3 and Fig. 4 where

the spontaneous emission (divided by the square of the frequency w,) is plotted versus the (nor-

malized) frequency for kI/k = 0.9, y = 20 and L = (k + kl)L/(27r) = 50. Strictly speaking, the

quantity L can be viewed as the number of wiggler periods only when considering the n = 0 = m

resonance. In Fig. 3, a, = 0.1 and, as expected, the resonance spectrum exhibits only two peaks

centered at vo,o = 0 and v-to = 0 respectively. For a, = 1, Fig. 4 shows a more complex multiple

peak spectrum. A close examination reveals that (a) the positions of the peaks are exactly defined

by the resonance conditions vn,m = 0 [see Eq.(64a)], and (b) the amplitude of each peak agrees with
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the analytic expression obtained for fn,m as given by Eq.(64b) and plotted in Fig. 5 as functions

of a, for the peaks that are labeled in Fig. 4. In particular, the fundamental peak (n = 0 = m)

almost disappears, in agreement with the (0,0) curve shown in Fig. 5.

Increasing k1l /k up to 0.99, for example, with L = 50, we would expect the interferences between

the resonance peaks to become important because the condition expressed in Eq.(66) is being

violated: (k - k11 )L ~ 7r/2. The spontaneous spectrum obtained from the numerical integration

for this case is displayed in Fig. 6 for a, = 1. Indeed, the interferences appear only when a, is

sufficiently large that the amplitudes fn,m with n 7 0, -1 and m 5 0 are significant. For a, = 0.1,

for example, (the others parameters remaining the same as those of Fig. 5), the computed spectrum

has only two peaks and is similar to that shown in Fig. 3.

C. Free-electron laser interaction in the LPSW wiggler

In this section, the analysis of a FEL utilizing the LPSW wiggler will be presented. In view of

the analysis conducted in Sec. II.B-II.E for the CPSW case, the key quantities are the resonance

parameters vn,m and the coupling coefficients fn,m. Therefore, because the methodology is identical

to that employed previously in Sec. II.B-II.E, we will give below only the final results, omitting

most of the lengthy details of the derivation.

C. 1. Free-electron laser gain

Applying the Einstein coefficient method to the spontaneous emission given by Eq.(63) as

explained in Sec. II.C, the free-electron laser gain associated with the (n, m) resonance in the low

gain Compton regime for a cold electron beam can be expressed as

w L3 a2  d sin 2 V',
Gnm=--- (k 1l + 2nkjj + 2mk)fim (67)

4c23 4 dvnm nV,m

We recall that the (n, m) resonance is given by the condition vn,m = 0 with vn,m defined by Eq.(64a).

The coupling coefficients f,,m are given by Eq.(64b).

C.2. Self-consistent equations of motion

The radiation electromagnetic fields in the LPSW wiggler are specified by the vector potential

Ax = 1 m a,e-i(k z--.t+4 .) + c.c. (68)
2 e
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The electron dynamics in this field combined with the pump field given by Eq.(51) is then described

by

d k 0k0

S=w -a, E E fni+n,'+m Isi(On,m + 2n'kl + 2m'kz + ,), (69a)
dz 2-y n'=-oo m'=-oo

dn,m =n,m + k-k afa, f.'+n,m'+ m COS(On,m + 2n'klz + 2m'kz + 0,), (69b)
dz 2y n'=-oo m'=-oo

where
2 1+02

Ln,m = k/ 1 + k1 + 2nkj + 2mk - ka 2-2, (70)

is the detuning parameter. When the electron energy -y evolves close to the resonant energy

/ (1+ a2,)k,

2(k/)411 + kl + 2nki + 2mk)' (71)

the equations (69) can be reduced to the second order pendulum equation

2 O =d

dz2 n~m dz

-k2 sin(9n,m + 0,) + f fn'+n,m '+m sin(On,m + 2n'kllz + 2m'kz + , (72)(n In m' nmm f")}

where k,yn = 2(k + kii + 2nkj| + 2mk) n,mlawa,

2(1 + a;;,)

Finally, the self-consistent radiation field a a, exp(io,) evolves according to

d a ** e--i(O,_ +2n'kz+2m'kz)(73)
- = fn'n~m'm .(73)

dz 4c2 k, E E
n'--oo m--oo nm+

It can be readily verified that Eqs.(72),(73) yield in the low gain Compton regime the same gain

expression given in Eq.(67).

C.3. Pump depletion

The depletion of the LPSW pump power can be determined by the law of conservation of the

photon number in the interaction space, as noted in Sec. II.E. Then, using the definition of the

resonant energy -,. gives an expression for the pump power depletion which is analoguous to Eq.(49)

U; APL 1 + a 2
AP", = APL ~ - '" . (74)

W, 2-y,2 I + (2n + 1)kl /k + 2m*
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IV. CONCLUSION

In the present work, we have derived and analyzed the electron motion in an electromagnetic

standing wave pump field in circumstances where the transverse gradient of the pump as well as

the collective space charge forces are negligible (1D Compton regime). The circular polarization

(CPSW) and the linear polarization (LPSW) were both considered in detail. The electron trajecto-

ries were used to calculate the single-particle spontaneous emission from which the basic properties

of the FEL resonance spectrum along with the coupling strength associated with each resonance

were deduced. A striking feature of the standing wave wiggler is that the spontaneous emission (and

consequently the gain) spectrum is very rich in harmonic content, with resonance peaks located at

(1+2a2)k,/(2, 2) = k/j01 +2nkii for the CPSW wiggler, and at (1+a2)k.,/(2y 2) = k/j,31+2nk11+2mk

for the LPSW wiggler. As a result, under certain circumstances, deleterious effects of the inter-

ference between neighbouring resonances can take place, reducing the FEL gain. This happens,

however, only in the very special situations where k11L < 27r [or (k - k1 )L < 27r for the LPSW

wiggler] and when a,,, is not small (a,,, > 0.5).

Another noteworthy result is the FEL gain behavior at moderate values of the wiggler dimen-

sionless amplitude (a,,, > 0.5). It was found that under certain conditions (see Fig. la, 5a), the

gain associated with the fundamental resonance (n = 0 = m) not only becomes smaller than the

gain at higher harmonics, but can also vanish. This effect might be advantageous for operation

of an FEL at higher harmonics. However, as pointed out in Sec. II.A, one should bear in mind

that for very large values of a,,,, the effects of the transverse inhomogeneities of the pump field are

no longer negligible. Furthermore, finite values of the electron beam emittance might introduce

another constraint in the high pump regime because the transverse profile of the pump field is such

that it has a defocusing effect [14] on the electron beam instead of a focusing effect (inducing the

betatron oscillations) which occurs in a magnetostatic undulator [23,24]. Such non-ideal effects as

well as others three-dimensional effects (diffraction, finite electron beam radius, etc...) are beyond

the scope of this paper and will be addressed elsewhere.

In addition, the single-particle single-frequency nonlinear self-consistent equations describing

the free-electron laser interaction in both the CPSW wiggler [Eqs.(39) and (46)] and the LPSW

wiggler [Eqs.(69) and (73)] are derived for an arbitrary resonance. Making use of the conservation

law derived from these equations, we obtained then an expression for the depletion of the pump

power, which is shown to agree with that obtained from the quantum picture of the Compton
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scattering process. These equations form a convenient basis for the extension of this work to

include the non-ideal effects discussed above.

In conclusion, the basic characteristics of the electromagnetic standing wave wiggler FEL have

been investigated, using the single particle spontaneous emission. The important feature of this

analysis is that the effects of the wiggler forward wave can be neglected when the pump amplitude

a, is small (a, < 0.5). As a result, the methods employed for the optimization of the conventional

FEL gain [23] can still be applied for the CPSW and LPSW FELs, as has been done in Ref.[14]. For

higher values of a,, a wide range of frequencies (higher than the fundamental resonant frequency)

can have appreciable gain when the criteria expressed in Eq.(21) and Eq.(66) (respectively for

the CPSW wiggler and the LPSW wiggler) are satisfied in order to avoid the interference due to

the forward wave component of the wiggler. This resonant behavior makes the electromagnetic

standing wave wiggler an interesting approach to the short wavelength FEL, using very high power

microwave sources coupled to a high Q resonator.
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Figures

Fig. 1. The coupling coefficients f, versus the CPSW wiggler amplitude a,, as calculated from

Eq.(22) for k1 /k = 0.1. The numbers shown in the parenthesis denote the dimensionless resonant

frequency (1 + 2a,)(k, - k)/[292(k + k1j)].

Fig. 2. The coupling coefficients f,, versus the CPSW wiggler amplitude a,, as calculated from

Eq.(22) for kg /k = 0.9. The numbers shown in the parenthesis denote the dimensionless resonant

frequency (1 + 2a.2)(k, - k)/[2-/2(k + k1 )].

Fig. 3. The (normalized) spontaneous emission spectrum for a LPSW wiggler (with a, = 0.1 and

k1 /k = 0.9), as obtained from a direct calculation (using an FFT algorithm) of Eq.(59). The

peaks are identified by the pair of integers (n, m) [see Eq.(64)]. Only the fundamental peaks

n = 0 = m and n = -1, m = 0 are present because the wiggler amplitude is small.

Fig. 4. The (normalized) spontaneous emission spectrum for a LPSW wiggler (with a, = 1 and

k11/k = 0.9), as obtained from a direct calculation (using an FFT algorithm) of Eq.(59). The

peaks are identified by the pair of integers (n,m) [see Eq.(64)]. Observe that the (0,0) peak

almost disappears.

Fig. 5. The coupling coefficients fn,m versus the LPSW wiggler amplitude a,, as calculated from

the analytical expression, Eq.(64b) for ku/k = 0.9. The (absolute) amplitude of the peaks

shown in Fig. 3 and Fig. 4 should be compared to the square of f,,m for different (n, m).

Fig. 6. The (normalized) spontaneous emission spectrum for a LPSW wiggler (with a, = 1 and

k11/k = 0.99), as obtained from a direct calculation (using an FFT algorithm) of Eq.(59). The

interference effects are no longer negligible because (k - ki )L ~ 7r/2 in this case [see Eq.(66)].
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