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Variational Quadratic Form for Low Frequency Electromagnetic Perturbations:

(II) Application to Tandem Mirrors

H.L. Berk and B.G. Lane

Abstract

In this paper the low frequency quadratic form governing the linear
response of electromagnetic trapped particle modes is applied to a tandem
mirror geometry and several problems are treated. It is shown that the long
wavelength MHD wall stabilization mechanism persists even when the line
bending energy is suppressed by allowing an electrostatic response. In
another problem, the amount of charge uncovering needed to suppress
electrostatic trapped particle modes is determined as the beta of the plasma

rises to its critical MHD beta value, f__, and the required charge

cr

uncovering is shown to increase substantially as beta approaches ﬂcr' A

third problem treats trapped particle instabilities driven by rotation and
field line curvature in diffuse and steep boundary models. The steep
boundary model offers the possibility of an enhanced "robust" FLR
stabilization due to an amplification of the finite Larmor radius magnetic
compressional term when steep pressure gradients are present. Otherwise,
one finds relatively small regions of stability in parameter space when

electric field drifts are comparable to diamagnetic drifts. Detailed



stability plots are presented for parameters applicable to the Tara

experiment.



(1) Introduction:

In this work we apply the formalism developed in reference (1) to
describe the low frequency linear response of a tandem mirror. We shall use
an equilibrium model shown in figure (1) which is characterized by a three

cell system. The relatively long solenoidal central cell of length L.

confines plasma having a uniform azimuthal rotational frequency. This
region has an unfavorable field line curvature. At each end of the cell
region are magnetic and electrostatic plugs which are characterized by good
curvature. These plugs will be referred to as the magnetohydrodynamic (MHD)
anchors. This region can in practice be quite complex being made up of
quadrupole coil sets, choke coils and coils for thermal barriers. However,
for our theoretical model, we will avoid these ;onplczdtics. and consider
the anchor regions as single cell mirrors that are nearly square well in
- shape as shown in figure (1). Besides having a favorable MHD curvature,
these cells have a positive potential with respect to the central cell, and
the plasma has 2 mean rotational frequency that can be different than the

plasma rotational frequency in the central cell.

We analyze the linear stability of this system with respect to trapped
particle modes taking into account the complete electromagnetic response of
the aystem for non-eikonal perturbations assuming the bounce frequency of
the plasma is arbitrary and that the plasma is collisionless. This analysis

2

generalizes the work of Berk, et.al.” in that non-eikonal modes are treated



and the bounce frequency is not assumed to be high. Kesner and I.auu3
developed a non-eikonal treatment of this problem under the assumptions that

the perturbations were electrostatic and that the wave frequency was small

compared to the bounce frequency. Liu and Horton® have also developed a
non-eikonal analysis for electrostatic trapped particle modes for a plasma
with a Gaussian radial pressure profile. In their analysis, electrons are
treated in the high bounce frequency limit and the ions in the low bounce

frequency limit. They also have studied the role of conducting walls on

rotational modes. Byers and (:ohcn5 recently pointed out a new axial
rotational shear driven mode for a very special geometry. In the formalism
presented here, this mode is described in a fairly general geometry.

In this work we analyze tandem mirror stability in a non-eikonal limit.
We consider two types of radial pressure profiles: a flat pressure profile
with a steep, but finite pressure gradient at the edge and an isothermal

Gaussian density profile. We first of all consider whether the MHD wall

stabilization condition found for displacement like modes 6.7 in regions of
unfavorable curvature, which require line bending energy for stabilization._
can be destabilized by allowing for excitations that are purely
electrostatic. It is this type of excitation that produces trapped particle
instabilities in the eikonal limit in systems that are MHD stable. We show
that these "electrostatic" modes are in fact of larger magnetic energy than
the MHD displacement-like modes in systems with somewhat steep pressure

profiles. Thus, for long perpendicular wavelengths, the basic wall



stabilization principle appears not to be altered by considering the
electrostatic type oscillations that produce trapped particle instabilities
at short wavelengths. Although we have not proved that this is true for a

general diffuse pressure profile, we conjecture that it is true.

We then consider a system that has large MHD stabilization terms in the
anchor but with a low ideal MHD critical beta such that the eigenfunction at
_marginal stability is nearly zero in the anchor region and nearly constant
in the central cell. We then show how bending energy transforms the
"electrostatic mode,” to an ideal MHD mode, as the beta varies from very low
values to values comparable to the critical beta value for MHD instability.
This analysis shows that the marginal stability condition can be reduced

significantly from the one obtained by conbining"i:ho ideal MHD criterion

with the zero beta charge uncovering stabilization2 criterion of trapped
particle modes. ‘

Finally we consider the problem when equilibrium plasma rotation and
finite Larmor radius effects compete with the MHD drive in a tandem mirror
with strongly stabilized anchor regions so that the excitations are only in
the central cell region when the plasma beta is well below the critical MHD
beta ballooning limit. We then analyze stability with the above three
effects. We point out that for the steep pressure profile model, a robust
stabilization term can arise from the finite Larmor radius term at finite

beta. This term is only of minor consequence if the profile is diffuse. We



present detailed stability boundaries when this finite beta FLR term is
unizportant. We emphasize parameters associated with the Tara experiment,
which is designed to form an equilibrium for which the passing particles are
all electrons and thereby produce a negative charge uncovering response. We

show that if one neglects the resonant dissipation, stability is possible,
but the bands of stability are rather narrow.

We will not consider the effect of resonant particle dissipation in

this paper. This effect is considered elsewhere and it generally leads

to a further reduction in the instability threshold but at a much reduced
growth rate.

In section II we present the basic equations that will be analyzed in
this paper. The equations were derived in Ref. (1). In section III we
analyze effects of the line bending on the trapped particle modes. In
section IV we consider trapped particle modes driven by field line curvature

and rotational drives. In section V we summarize our results.



II. Variational Quadratic Form

We begin with the variational quadratic form derived in reference (1).
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We list below the definitions of the various quantities appearing in
Eq. (1), '

j refers to species

nj = mass qj = charge ¢ = velocity of light
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The quantity ¢ refers to the conventional ExB displacement and all
perturbed quantities are assumed to vary as exp (if¢) where g is the

perturbed electric field. The equilibrium is taken here to be axisymmetric
and the curvature small. Thus terms of order xr have been dropped in the
calculation of the finite Larmor radius (FLR) terms. Equation (1) is

strictly valid only for an axisymmetric tandem mirror as & is taken only in

the Va direction. However, the formalism is still valid for a situation in
which strongly stabilizing non-axisymmetric minimum-B anchors force the mode

to vanish in the anchors. In this case if the passing fraction is small and

w>> w_ . wom, the non-axisymmetry does not enter the problem in the order to

which we work.
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The further assumption has been made that there are no "hot" species
whose drift frequency exceeds the drift frnquo;zcy or MHD growth rates of the
background core species. In the absence of such a hot species the

compressional ’magnoticform QL‘ is generally forced to be of order «r

compared to ¢s/1:'2 and the most unstable perturbations are incompressible.

Terms proportional to QL in the calculation of the FLR contributions have

been neglected. We note that the MHD limit is recovered when d¢/38 = 3x/as,

while the electrostatic limit is recovered when 3x/ds = 0. If we treat

qj¢(t) w  * [m QL(t) << qj ?_ (¢ - x). so that the curvature terms can be
dt

neglected in the kinetic terms, the eigenfunctions will have either even or

odd symmetry about the midplane. Specifically for even modes we can rewrite

wki.x'x as.

2 2
8r°q aF aF
DD j /dadedp w_Jd et
j m?c2 de qj da
% %
/dt / dt’ d_ (¢ (£) -~ x (B)] d_ (¢ (£°) - x (£9)]
5 b dt at”

)cos [n(tb.t<)] sin [n(tb.t>)]
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- cot [n(tb.O)] sin [ﬂ(tb.t)] sin [n(tb.t’)] (2)

where t~ = max (t.t°), t< = min (t.t°).

We shall consider eigenfunctions ¢ and x that are nearly constant in
the central cell and anchor regions but change rapidly in the transition
region from the central cell to anchor by amounts A4 and Ay respectively.

Then for the evaluation of the kinetic term we have

d

— (¢ 'X) 'vll (M-AX) 5 (".o)

dt
where 3 is a point in the transition region. We consider the distribution
functions Fj in the center cell (which consists of trapped and passing

particles) to be Maxwellian, and for simplicity, without temperature

gradients, so that

nj(a) /D)
F, = 2 exp (-¢/T) .
j @ 7a) 3/2

Then wkin can be written as,
axijzw - a0

wkin "_Z = /da (w-ch ‘w*jc) /Fjdedp,
j mj < Tj
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cos [ (tb. to)] sin [n (tb. to)] - cot[n(tb.O)] :inz[n (tb.lto)] . (3)

where t, = t(s,), wp = ¢c 3(s = 0.a)/3a = electric field drift in central

cell, “age® (tch/anjc) Dnjc/D° = diamagnetic drift in the central cell.

In this paper we neglect resonance contributions, and thus the term

containing cot [2(t,.0)] is considered small. This is the case if the

anchor length is short compared to the length of the central cell. In this

approximation we have,

2
Mg = <2r [datas - Ax)zzj‘. ?.% (0 = ugem wyg) (o= ug) | ;Enpjgj(u).
¢ Tj anchor 2
(4)
where
_4’_; / Fy dedu cos [ty tp)] sin (2(ty.t0)]
gy W - : (5)

ds
(w 'ulga)/ — npj
anchor a
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B, is the magnetic field in the anchor region and npj is the passing
particle density in the anchor region. Note that gj (w) = 1 it

n (tb. to) << 1.

1II. Finite Beta Coupling of Electrostatic and Electromagnetic Modes.

We consider in this section the transition from a low beta plasma
where ¢ ~ 0 (1) and 3x/3s ~ 0 (e¢) to a plasma whose beta permits an
electromagnetic balooning mode in which dx/ 38 ~ 3¢4/9s. For simplicity we
2

assume w > wn and we will neglect terms of 0 (¢”) with ¢ = |xr|. Further,

2

we order x'c':)zlaa2 ~ x, and w° = & VAzlr ~ wzz

o~ oig where Vi = Bz/(4mimi).

In this/limit the quadratic form to zeroth order in ¢ only involves QL and
the constraint QL' 0 solves the lowest order variational equation. To next

order in ¢ we obtain the variational form,

2
QR - FAR G- ) Rl
B 4rx r2 ds bz ds \ da B

2.2 2 2 2
¢ l_)_ (P, + Tl) - nimiw2 r2<B a_ <f)) .« L ¢
Br Da <+ 3 \B 2 2
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(6)

’ 2 2.y .2
- n;m, Ai[r4 p? a_(i) + (____t b ¢ ]
da \ rB 82 r2

+ W

kin + 0 (62) »

with ¥, given by Eq. (2).

A. Bending Energy in Trapped Particle Mode

In the original analyses of the trapped particle it was shown that if
the plasma beta is appreciably below the critical beta for MHD stability, an
electrostatic trapped particle mode arises with x = O to allow for a mode to
isolate itself in the unfavorable curvature riéions without expending
bending energy. The quadratic form of Eq. (6) shows that in a non-eikonal
analysis bending energy cannot be entirely eliminated: If we choose x = O,

then there still persists a bending energy term

2
_ f[dsda 2|93 (¢ 0B
W = Bor — | - — .
bend / 4 [a;(s 3a )]

We note that this term contributes positive energy and can be important

at low ¢ when compared to the destabilizing curvature drive term

W =~ g2 /ds da 2. D@ o.p

curv 21' -D_a-l— ||)'

o
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Even if ¢ is constant we find that at moderate beta, where § > «x A4,

wbcnd is given by
2 8, \2
v . = /d-daa"_“ i.(.fl) *0(‘3)
bend 8 as \ da
L
where
P 8xP
ala B | ) - _L. a=Bria.
F.’L da 82

For a sharp profiYe where A/rp« 1, (t'p = r at the plasma edge), we observe

that 'bonci is greater than the ¢ = 1 line bending stabilization terms

recently calculated for a radial rigid displacement nod06'7 by roughly a
factor rp/A. Thus, if the beta required for wall stabilization can be
achieved for the ¢ = 1 mode for a plasma with a relatively sharp
pressure profile, the ¢ = 1 "electrostatic" mode will also be stabilized.
This argument suggests (though it is not proved) that for an arbitrary

radial profile, the lowest energy state of a nearly rigid displacement ¢ = 1

mode requires the condition ¢ = y.

We also notice that since the additional bending energy is due to the

term a(¢B'1aB/aa)/as. there is a limit on how sharply the electrostatic

17



portion of the eigenfunction can vary in a region of finite beta. If we

-1

denote ¢-1 3¢/3s = L oig

and compare W, ., to W, . we ses that the mode

will be stable when

2 2 8

r 52 & M|<1+_‘_|>. n
2 ] 8 -

Loig L L

Unfortunately, the electrostatic portion of the perturbation varies rapidly
in a region where the bulk of the particles reflect. This is typically near
the magnetic mirror throat where the pressure is low and \vhnro'the magnetic
field is high. Thus the rapid variation in ¢ appears to occur naturally in
a region of low beta and probably an accurate oigoiifunction does not produce

much field line bending energy.

B. Interaction of Flectrostatic and Elsctromagnetic Ballooning Modes.

We now consider the interaction of MHD modes for which ¢ = x is
normally assumed and electrostatic modes for which x = 0 is normally
assumed. At finite beta these two polarizations interact. To demonstrate
this interaction we consider a tandem configuration with the following
properties: (1) a strongly stabilizing anchor of relatively high beta
produced by magnetically trapped particles, (2) a relatively short
destabilizing region in the central cell which could arise from a choke coil

and (3) a well pumped transition region between choke coil and anchor that

18



is relatively long compared to the choke coil length. The eigenfunction

x at A = ﬁcr' the MHD marginal itability point, is then small in the

anchor to avoid the anchor stabilizing effect, rises through the transition
region and is constant through the center cell. The critical beta is then

2

2 .
of order L%, . /L% .nsition "BOF® LipoxeLtransition’ 18 the scale length

of the choke coil (transition region). This type of eigenfunction resembles
the shape of the electrostatic eigenfunction. We denote y = A¢ and we

assume ) is a constant. We determine ) in the eikonal limit where
V.L = {¢/r6 + s Va, with ¢ an integer and k constant along a field line and

ki/B = 12/2a + 2akz. then from the quadratic form given in Eq. (6) with

wg = O, one finds,
(W= w,,) (w+ ﬂw*i) + [Q 3. Pa's) ] (1';\)2(1( )-2
i - w g -Lr (8)
B
72mm (1 - 1\2 -_C.:' =0
)
where
2
B¢ / ds 3
2
- = & T (P, +P )¢
vfﬁm‘ k12°32" ° L
ds 2
/ g2 "
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B / d‘tz!f?x’
Azqng'Z tr

B ds_ 2
/ g2 MM ?

c

with Ber the critical beta for MHD stability and 41A' Brgl!Bz. .We have used
2

the fact that %i{ﬂ and Br” are constant along a field line. The "c" ("tr")

under the integral sign refers to integration over the entire central cell

(an end transition region). In the limit where ﬂ(tb.to) << 1 and gj(u) = 1

2 2
T B
<%

with npj the density of passing particles, e is the central cell value of

2
) 2 ds "pjdy dsmym; o
q ?wc a/ < c / s

¢.and the "a" symbol under the integral sign is for integration in the

anchor.
n qzu dsn.m
AQw,i=z4a¢2 /’ds Pt *cj / i7i ¢2
p —_— N,
] a B c2‘1'j c 32

with w,, = [tc‘ri Dnc/Da]/(qi n), n, is the central cell density.
We note that ) enters in two ways, First in the field line bending term

in which finite A acts to stabilize the mode and second in the charge

separation term, w w4 @ (1-A)2. in which finite ) destabilizes the mode.
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If we now extremize with respect to A, we find

2 .
. 8 (Q° - AQu )
A= ’ e (9)

p W2 - M ) - B gkl

- and the dispersion relation becomes,

k)™ g a
?-Qapnp - L (n+fn*)(n-n*)*1-_ﬁ"(nz- 4 o, | = o,
Q M 2 B Q

(10)

with 2 = “/7MHD a, = w,/ Yygp: 1B the analysis below we neglect the

ﬁ“’*i term. To solve this dispersion relation, we first neglect 1, terms. We

then find for the unstable root,

2 2
k

Pt "cr(1+i’)-1
Q

) _

45 k 2 ) 1/2

..‘.a.ci:!'_ + [1 - '.gfr (1 + k 2r2/0>jl .
B8

For conditions for which the inequality
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ﬁkzr2 k2 r

Lael -p?<t.
b, @

»

is satistfied, 02 can be written approximately as

2 2
kT r
. 1 it P o1 L (11a)
1+ Q(l'ﬂ/ﬂcr)/ki1.'2 Ber q
ﬂzz
2 2 2.2
B ki r kic”.
-1*_5_‘_'(10-'— ).1tﬁ_>1+_l_ (11b)
-] qQ B qQ

Eq. (11) demonstrates instability for S both greater than and less than Ber

in the absence of ion FLR. For ﬂ/ﬂcr of order one, instability in the

absence of ion FLR is also present. We can explicitly evaluate 02 when

8/ Bee™ 1+ K2 r2/Q whereupon we have that

1
P - . ] (12)
1+ Q/ki %) 1/2
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In summary, in the limit when 2, can be neglected, we always have

instability and when 5/58 < 1 the growth rate 4 (in units of "MHD) is

k2 2 1/2

T
7" 1 ' (13)

2.2

k.Lr + Q (1 - ﬁ/ﬂcr)

with the g dependence arising from the coupling of bending energy to the

oloctrdstatic modes.

To investigate stabilization we consider 7, finite and |4Q/Q(<i. We

first consider Q/ki r? large, and if we first assume /7, and < 1, Eq. (10)
becomes,
2.2
Per 172 aN Per ﬂcrk_]_r =0 :
(1-ﬂ ) -Qn*(i-ﬂ)n- I (14)

The stability condition is then

2 4k

(aQ)
— ﬂ3>

Q

(16)
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and as 2=~ A 0,/Q, the assumptions /7, and @ < 1 are valid if A/Q < 1.

We observe that the charge uncovering term AQ, needs to become larger as

beta increases and the assumptions leading to Eq. (15) fail as § — ﬂcr'

For § = A__ we return to Eq. (10) and find that if kir’/q << 1 and 4Q/Q = 0

we always get instability with

2.2\1/3
,z(“f ) <3
%, 2

With AQ/Q < 1 but finite and g = .o Eq. (8) can be written approximately

}
as

22
3 kir

i n‘:> L . (16)
27 Q Q

which indicates the most pessimistic limit of Eq. (15) as g approaches Per:

If we assume Q << kirz. Eq. (10) becomes

24



nn)) +1=0 (17)

with the usual FLR stability condition for a flute mode in the central cell

n,>2. (18)

For ﬂ/ﬂcr > 1 (where we find 49 = 4Ax), Eq. (18) would appear to be the FLR
stability criterion for a flute mode in the central cell for arbitrary.
Q/kirz. However, as shown in reference (9), for ﬂ/ﬂcr > 1, the mode tends

to localize in the bad curvature region of the central cell and the

stability condition is actually more pessimistic than Eq. (18).
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IV. Non- Eikonal Analysis of FElectrostatic Ballooning Modes

We now analyze the quadratic form assuming f << ﬂcr' 80 that we can

consider modes with x = 0. We shall also assume the anchor length is small
compared to the central cell length, and that the passing particles are
Maxwellian in the anchor region (a reasonable model for electrons, and a
marginal but simplifying model for ions). We consider parameters such that

beta is sufficiently low that we can neglect the term proportional to

B"aa/aa in the bending inertia and FLR terms and that the anchor region is
strongly MHD stabilized so that the destabilizing eigenfunction is small

there. We also use that a = Br2/2 which follows from the long thin and low

beta approximations. The quadratic form given in Eép. (1-4) then becomes

2 2
- dads _ Uk ¢ D
5W x/B [ @ e
c

82r2
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2
q
e [398 AT T - g0, - ugy) g (19)
a

B j c21j

where the "c" and "a" under the integral signs refer to integration over the

central cell and anchor respectively, and 53(“) is given in Eq. (5).
A.__Equation for Sharp Houndary Model

To proceed further, we shall consider two radial profiles. The first
is the sharp profile shown in fig. (2). Here the pressure and density
profiles are taken as constant to a flux ap. and then abruptly drop to zero.
The equilibrium electric field is assumed to vary linearly with values

- y1/2
E E, r/(2ap/Bc)

in the central cell, and

' 1/2
E=E, r/(QaP/Bc)
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in the anchor. Hence “Ee and wp 4 aTe independent of radius. We can then
solve the variational equations of the quadratic form for (-numbers

satistying the condition tda/a, < 1 with &l Prap o .

In the region a < aps the Euler-Lagrange equation for the radial

~ variation of Eq. (19), is

2 o~
8 % .. 0 ., (20)
ar ar r r2
P

where r refers now specifically to the rﬁdius~at the mid-plane, r

(20/8%1/2, r, = (2ap/82)1/ 2, 8Y = B(z = 0). The quantity Q contains the
effects of passing particles,
ds - 2
_ 2 / = jqj 8y(w) (= ug)/Tye )
a
ds
(w - ch) / ° ni
¢ B

(w - wg.)
-q =,
(W-WEC)

We note that in specific limits that we shall study quantitatively, Q will

be independent of w.
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The solution for ¢ in the region r < rp is then,

. (31/2 :..) ‘
é r
4=24 P (22)

~1/2
1,0"%

where I, (x) is the Bessel function of imaginary argument of index ¢ and 4o

is a constant.

In the sharp gradient region the Euler-Lagrange equation becomes,

4 «3_5 rd 4- .‘.5_ W 4
ar ar
VA rVA

1 8 A 39 (3- 1) A
+ - o (¢/1) - ¢

r 4 2 or r

VA "i
r [ q 2 Yy T ‘2"1%131)
-l L wrwe ) - - A (wrwy ) ¢ =0 (23)
2| 2 Ee 2 Ec 2
rlvVv v v
PL A A A
where



~ ds B 2 d'nini i
M0 -?2/ =~ _25_2 149 (w - “’Ea) rpgj(w) / (w (24)
a
: ¢

- [% 2 e vp | [t (25)
- 3 1
chrp da c Bsrg
2
. e
A [ ]
4m1ni

and we assume no temperature gradients for the sake of algebraic simplicity.

We also define

~ (0= wn)
A = N Ec

(W - UE&)

and note that in the specific limits that we will analyze 4AQ will be

independent of w. In the layer A >> w2 ~ wg (note, however, that A =~

wzoutlidu the layer). Then, to the lowest order we have the equation

rr _ (¢/r) =0 (26)
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with the solution ¢ = %0 r/rp. If novw we set ¢ = %0 r/rp * 4y and

integrate over the layer, we obtain the relationship,

3 rsr- re
AE 2 gm | P ,_/l’drram2 [P, %
XTI M wla e
1'; A P
22
e MHD'#O 2 A r2 ¢O -~ 4
- (- 1) 0 bt Z ow,, A (wews ).
0 L3 1 Ec
v2 v2 2 v
A A P A

(27)

o
+ 0 (__E)
*p

where we use tAap/ap ~ u/w*i and wp ~ . We assume the plasma density

10

vanishes for r > rp. B. Cohen, et.al.” ~ have investigated the effect of

density on the outside with walls for a similar model profile but without
trapped particle effects.

+ - 2
Then using that n, (r = rp) =0, A(r= rp) = wp.” upw,

the continuity of 9¢/4r at r = r;
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¢ 3¢ 1/2 ¢ 1/2
Prarya 2. 1.0 ““ ), (28)
ar rp ar rp It (q1/2)
and that ¢1 << ¢o. we find,

~1/2
I Q"
% (2, - z.uzc)[n"’ —_ - 1]
1, @3
. (1/2 -2
~ I, (@9 - Bu,.T .
= - ¢o [uqulz ¢ '~ - (t2 -1) [“'ti(“' - ch) + _‘_12]* £21521HD
Itmx/z) 24
Gygd O (w -up )+ O <‘_“_ )} (29)
!'p o

- 2 -
where wyy = CLP l( niqucrp. we assumed Wwyy =w , and we have defined

and
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-r B aP
4.1 = _g_: _-L
P a
1

Thus we obtain the dispersion relation,

o + 0 (g~ (B2- 1) o, -0, A

+ 2 Sz - (2 - D g_ £ 520 (30)
where
~1/2 1,"% |
= Q N2 w ~wn .
1 — Ec
1, @3

We also notice that it is a good approximation to use

a2 1O
1, @3

1/2, 5
~ le] + 2

as this expression is valid for Q small and Q large.

33



B._Equation for Diffuse Profile

For the diffuse profile we take all pressures and densities to vary
as exp (- r2/2 rg) 80 that w,, is independent of r . We also take wg

independent of r and assume that the equilibrium magnetic field is a
constant through the center cell region. Then, variation with respect to ¢

of the quadratic form given in Eq. (19), after some manipulation yields,

2r 2r:
2 \.2 :
+ exp (- il >’_ G ()¢ =0 (31)
2/ 2
2rp rp
with
w2 ¢2 72MHD + Q(w'wsc)z' Aﬂ(w°wgc)w*i
G (w) = - (32)

(w-ch) (“-ch- Yy

~ ~

where Q, AQ and 7., are defined by Eq. (21), Eq. (24) and Eq. (25)

respectively and w,, = (tcT/qini)ani/Ba.



11,12

Eq. (31) has been analyzed elsewhere . (using a simpler form for

G(w)) and the eigenvalue condition is found to be,

where kirg = |¢| + 2 |n| with |n| an integer and k.]. can be interpreted as

the perpendicular wave number in the eikonal approximation.

The dispersion relation for this profile can then be written as

. 2.2 ~
q P+ (2up, - (klrp'i) Wey - Wy A - Qawg]

22 2 : - : :
+ ( IMHD + WEe + AdEu*iAQ 0o (33)
2.2 =
where q° = k_LrP + Q, and A"E Wpa T Ype

If one compares the dispersion relation for the two models one observes

similar features but with several significant modifications. 1In the steep
pressure model, q =~ |¢]| + . while q = |¢| + Q (for n = 0) for the

diffuse profile. In the steep model a term linear in 2 (the FLR term) is
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proportional to (12- 1)0*1 whereas the dispersion relation for the
diffuse profile is proportional to (|¢| - 1)“'*1' Finally, the sharp
boundary profile has an additional stabilizing term proportional to

2

(¢ - l)ﬂuzirp/md) which can be significant if A/rp << 1. The

i:orresponding term for the diffuse profile is always small if § << 1.

The dispersion relation for the sharp boundary model simplifies

somewhat kif we take Avp= 0 so that E = Q and AE = AQ. There are two
important limits that can be considered to evaluate & (w) explicitly. One
is where w < Ypa for all species where “pa is the .axial bounce frequency in
the anchor region. In this case 8 (w) = 1 and AQ is proportioﬁal to the

difference of the passing ion and electron populations .in the anchor region.

If most of the passing particles are ions, then AQ =~ Q, while if most of the

passing particles are electrons then AQ ~ - Q 're/'ri.

The other important limit is where Wpi S W < Wy In this case
sj (w) = O for ions and unity for electrons. Above some moderate value of ¢,

this approximation can be expected to hold. For these ¢ numbers one can

formally treat the equations as if there were no passing ions in the anchor

region.



In addition, in these limits gj (w) has a small imaginary part, that is

discussed in Ref. (1). In the applications studied here we neglect the
imaginary contribution. However, these imaginary contributions can produce
additional stabilizing and destabilizing mechanisms, and are discussed

elsewhere 8.9 .

Now, with the further approximations, x I, (x)/1 ¢ (x) ~ |£] + x (this

is an interpolation formula that is asymptotically valid if x/|¢| << 1,

x/|t| >> 1), Eq. (30), the dispersion relation for the sharp profile,

becomes,

(el + @2 @+ 0 2wy - (- D o~ 0, a0

Pa2 =0 (34)

"We then find that there is a band of stability in IZE = wE/m %i which is given

by

Max [ -A,- |B,|] < r'zE <Min [-A, + |B,|] (35)
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where,

A et @1

L
2 (le] -1+ q1./2)

: 2
2 _ 2 r- (¢°- 1) pr /24
Bi R q1./2) (¢ 1 +4) - P .
acie) -1*Q1/2)2 |t]*1*Q1/2
82 :72MHD
r= _____ (36)
;2
*i

and we minimize and maximize with respect to ¢. One observes that there is

no stability band in IIE it

Br_ 2. 2
F>Min|(2-1) _P.(-1+M)
24

4 (e -1+Y3

where the minimization is with respect to ¢ - number.

If AQ is positive, one achieves a wider range of stability with <0
(radial equilibrium electric field inward) but with flp not too large in

magnitude. For I and S negligible, the stability in rzE is
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1/2
, W@ B0 e (e s e’ e .
Max 1- __ < <
2 T, - 1. Q2

2 1/2
min |1 1A= 1D H 4 gl/3

2

sg(x,)- 1) (37)
(l¢:-1+Q1/2)

wheroxt-AQ*tz-land

1, x>0
sg (x) = .
-1, x<©0
Note that with fIE> O stability cannot be achieved with Q = O, but at finite

Q and wg sufficiently small, stability is also possible. For moderate values

of Q and AQ, the ¢ = 1 condition tends to be the most stringent stability
condition.

It AQ is negative, there is a range of values where stability is

particularly difficult to achieve, viz. A ~ -t2+1 where the negative charge

uncovering from the anchor region balances the positive charge uncovering

finite Larmor radius terms. For -AQ -¢2+1 > 0, IZE> O is most favorable to

stability (an outward electric field) while if -AQ -t2+ 1 <0, ﬂE <0 is
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most favorable for stability (an inward electric field); apparently
conflicting requirements.

The Tara oxperimntis is designed to have AQ < 0. However, stability
can still be achieved over limited parameter regimes, if |AQ|<3. In this
case, for typical parameters, (= 2 determines the most stringent inequality
of the right side of Eq. (36) and ¢ = { determines the most stringent
inequality of the left hand side of Eq. (36). The stability condition for
B = 0 is then found to be,

1/2 2 1/2
SR i T A . Y ¥
4Q Q1/2 2q'1/2 :
- 1/2)1/2 3+ a? _ r 12 3. o
< +Q YT (38)
4 (1+qH2 44 gl/2 2 (1 + g%
For example if I is negligible we find the stability range of L) is
172,12, AR <0 < [sg(3+a0) (2 +\q1/2)1/2< - 1) G4
-lsg(a@) (1 +@V/%) "+ 11— < Fp < 1%8 — 7
2Q 2(1+ Q7°9)
(39)
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In Fig. (2) we present the numerical evaluation of the stability band

in g given by Eq. (35) as a function of Q for 4AQ/Q = -.5. This choice

is appropriate for the Tara geometry as we discuss in Section V. The cross-

hatched regions in the figure indicate for which values of nE as a function

of Q the model predicts stability for various values of the stability

2

parameter I = (tqm/w*i) . The sides of the stable regions are labeled by

the mode number ¢ which imposes the most stringent constraint on stability

in that region of parameter space. Note that when Q = 2(t2-1) the negative
charge uncovering due to electrons cancels the positive charge uhcovering
due to the ion finite Larmor orbit and the system is unstable for all values

of IZE As I' increases, the islands shrink and vanish altogether for a

critical value of I'. The stability island corresponding to the lowest

values of Q completely disappears for I'~ .18. The last stable point occurs

at nE = 0 and Q =~ 2.7. The width of the stability band for this value of Q
at ' = 0 is -.25<l‘2£< .28.

W§ now analyze the dispersion relation of the diffuse profile, Eq.(33).
We note that if kirg >> 1 this dispersion relation is identical with the

dispersion relation one would derive in the eikonal approximation. First we

consider A"E = 0, 8o that A0 = A and Q = §. We then find that the band of

stability in 1, = wE/w*i is given by

41



me%m-mmq<%<angm+mmq (40)

_1.(J¢] + 2(n} -1+aQ)

c, -
& 2 (1) + 12n| -1+ @
, 2 r
,D%ng (It‘ *2‘n| *Q)E“l *anl‘l*&) 2_ d }
. 4 (|¢|+ 2|n] -1+Q)

l£]+ 2|n]-1+Q

r 22

q = ¢ qm/ wzi.and we minimize and maximize with respect to ¢ and n.

If A>0, one achieves the best stability with Z2.< O, but with £ not

too large in magnitude. For I negligible the stability in nE is,

, (@in|e |t|-1)[1*(|t|+2|n{*Q)1lzlg(xn’t)]

2 (|t] +2 n]-1 +Q

< nE < (41)

(A +jt] +2|n] - 1) [(|¢|’2|n| + Q)1/238(xn.t) ) 1]

1
2 (|¢]*+ 2|n|-1+Q)

where X, 4 2in| + A3 + |¢|- 1. The stability band disappears if

¢

2
r,> {¢* 3n] - 1+ AD (42)
a2 (¢l* 2n- 1+ Q@

42



It AQ is negative, there is a range of ¢ and n values where stability
is particularly difficult to achieve, viz. 4AQ = |¢|+ 2|n| - 1 where the
negative charge and positive charge uncovering mechanisms cancel. If Q and
-A] =~ 1, there is a limited range of parameters where stability can be
achieved. If in Eq. (41) we take £ = i, n = O for the left hand side and
¢ = 2 for the right hand side we obtain the following stability band,

2 r,]1/2
-(1"2)1/292_-.3 -in<ng<-(1*m)+
@2 0 20 21 +0)
1/2
2+Q [(1 « a? - ary (@) 1/2 (43)
21 + Q

It Ia is negligible, the stability band is

- [(1*‘2)1/283(40) +1] A gl [(2+Q)1/2 sg(l‘*AQ)-l] (44)
2 20+

In Fig. (3) we present a numerical evaluation of the stability bands in

nE for the diffuse profile given by Eq. (40), again for 4Q/Q= -.5. The

stability criteria given by the diffuse profile are more stringent than the

criteria of the steep profile. Note the change in scale in nt from the

corresponding scale and the relatively low values of I which cause the

islands to shrink to a point. The stability island at I' = O between Q = 0
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and Q = 2 vanishes altogether for I'~ .027 at Q ~ .92. For this value of {
the width of the stability band at I'= 0 is -.1 < nh < .1.

We now consider the case when Avp = wp, - wp. # 0. The stability

condition found from Eq. (33) is,
2.2 2
(Qan+ (fl o " 1) + 4 - 20 ]

2 2
>4 0 £+ ) [y + @+ a0m) (45)
where Aﬂh = ANE/w*i and ﬂhc = ch/w*i

If we set I'; = 0 and 72, = O the only instability drive present is due to the
axial shear in the electric field rotation. This drive for the instability

of 2 non-flute mode was first treated by Byers and Cohencs)for a somewhat

special equilibrium with zero ion temperature.

The present dispersion relation is for a more general equilibrium,
albeit in the small anchor-length approximation. For AQ < O, which is

negative charge uncovering, instability is possible if Ag < 0, which

corresponds to an inward electric field in the anchor. We assume gi-rg >>
1, and that the frequency will be high enough so that ions do not contribute
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to Q or AQ (therefore Q = - Ti/Te AQ = - rAQ). It then follows from Eq.

(45) that the instability band in k3 r= is

K| Tp determined from the condition,
4 4 2 .2 - 2 2
I:Lrp*m(LrPAQ (1 AﬂE(2* r)] + Q°(1 + fAﬂE) <0. (46)
The k-spectrum of the instability is then
k2 r2
-Y<lPorem@ency (47
jaq|

with

Y -[(1 -an@ s M- fms)’] 1/2

Real values for Y exist for -nt > 1, which dofinon the threshold for

instability. Note that the gl.valuos for instability must satisfy

2 2
ki r
:..L_.p>3"'1'-
AR

80 that the assumption ki rg >> 1 is valid if |4Q] > 1.

The importance of this instability is that the drive is due to electric

fields in the anchor which can be large compared to central cell electric

fields, since the temperature of the plasma in the anchor can be much larger
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than the plasma in the central cell. If the electric field is inward, the
stabilizing effect of the MHD anchor is subverted by the formation of an
eigenfunction with a negligible amplitude in the anchors.
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V. Summary

We have applied the variatiénal form derived in Ref. 1 to several
stability problems relevant to tandem mirrors; especially to tandem mirror
trapped particle modes. The analysis in this paper is primarily applied to
long wavelength modes. The problems studied and their results are

summarized here.

(a) Wall Stabilization

Previous calculations of wall stabilization6'7 assumed ¢ = yx, or

equivalently, when there is no rotation, zero oiectri.c field along the field

line. Wall stabilization of the ¢ = 1 displacement mode then causes an

induced line-bending term. The initial work on trapped particle modes>
observed that if x = O, the stabilization due to line bending is removed for

eikonal modes. However, in the non-eikonal theory, additional line-bending
energy exists even if x = 0. Further, if tA/rp < 1, where A-1 is the
pressure gradient, rp the plasma radius and ¢ the mode number, this bending

energy is larger than the bending energy arising from the MHD wall-
stabilization for displacement-like modes. Hence, if a system is stable to
an MHD displacement-like mode, it will be stable to the "electrostatic"
(x = 0) displacement-like mode. Our proof depends on the assumption

4 << rp. We have not as yet proved that x = ¢ is the lowest ehergy

perturbation for the ¢ = 1 displacement mode in the case A ~ rp. However,
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we conjecture that when there is sufficient beta to achieve wall
stabilization of the ¢ = 1 displacement mode, x = ¢ will be close to the

minimizing energy perturbation when an arbitrary pressure profile is

considered.
(b) Charge-Separation Stabilization of Trapped Particle Mode at Finite Beta

The original theory of trapped particle modes obtained a charge
separation stability condition in a low-beta limit. Tandem mirror designs
are based on satisfying the trapped particle stabilization condition for
beta values approaching, and even exceeding the MHD critical beta limit,
B

er- We have treated the stability of a finite beta trapped particle mode
for the following type of geometry: an anchor region that strongly
stabilizes flute modes with the lengths in the anchor and transition regions
much shorter than the overall central cell length and with the length of the
transition region larger than the bad curvature region of the ceﬁtral cell.
We then find that the charge separation stability criterion becomes more
severe as the beta aproaches the critical beta for marginal stability. If §

is not too close to pcr' we find in the eikonal limit that the stability

condition is,

2.2
(ﬂ)znz>_'__f‘l’__.
Q (1 - 4/8_)0

which is identical to that given in Eq. (15). The reader is referred to the

. text for definitions. We note here that AQ/Q is the relative charge
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separation of the passing particles. The formula was derived with the
assumption, AQ/Q;%ileq << 1. The factor, 1/(1-ﬂ/ﬂcr). indicates the

enhanced difficulty of satisfying the stability condition as beta aproaches
the MHD beta condition. The most stringent condition on the charge

separation parameter, (12,4Q/Q), occurs as g approaches Per- At this value

of g the stability condition is

” 2‘? (27 kirzn >1/2
—_— Pl e = .
('n> * Q

It the goal of a tandem mirror design is to operate near or above the
critical beta for MHD stability, the above criterion should be satisfied

during build-up to eliminate the non-resonant curvature-driven trapped

particle mode.

In the analysis used to obtain the above results, it was assumed that
the anchor region strongly stabilizes flute modes and that the anchor length
is much smaller than the central cell length.

(c) Rotation and Curvature Driven Modes

We have analyzed trapped particle-rotational driven modes in the
presence of curvature for two pressure profiles: (1) a steep pressure

profile at a radius r = rp where we performed the analysis when LA/rp <1;

49



(2) a diffuse pressure profile where exact analytic solutions can be
obtained. We found that the steep pressure profile is considerably more
stable than the diffuse profile. One reason is the possibility of a robust

stabilization mechanism, for ¢ > 2, that arises from the finite beta FLR
term. This term becomes extremely important if ﬁrP/A > 1, in which case a

robust stability arises for electric field rotational rates comparable to
the diamagnetic drift frequency. As pointed out in Ref. 6, this robust
stabilization term, together with wall stabilization of the £ = 1 term, can

provide for a strongly stabilized system which has only positive energy

excitations.

At low beta, when ﬁrp/A << 1, the sharp boundary model still gives a

stability condition that is nearly an order of magnitude more favorable
than the diffuse profile. The reason for the improvement is not clear, and
seems to be the result of detailed quantitati;ve calculations. Nevertheless,
even with a steep pressure profile, stringent stability constraints arise
for the trapped particle mode driven by the combination of rotational and

curvature drives.

We can apply our results to the Tara experiment, which is designed to
operate with only electrons passing from the center cell into the anchor

region.13 We note that our analysis is restricted to conditions in which

the plasma can be treated as collisionless which requires w ~ Wei > Ve



where Ve is the electron collision frequency. Such a collisionality

condition has not yet been fulfilled for ¢ = 1 in the current unplugged mode
of operation of Tara, but the collisionless regime is expected to be
achieved in upcoming experiments. Analysis of the Tara experiment in terms
of our model is complicated by the addition of axisymmetric plug cells
between the solenoidal central cell and the stabilizing minimum B anchor.
Ions with an average energy of 12 keV are injected into these plugs which
provide the main MHD destabilizing drive. The longer center cell plasma
with an ion temperature of 400 eV contributes to the inertia and to the FLR
terms. To apply our analysis we treat the plug region as part of the center
cell. This is appropriate to the extent that the mode is flute-like through

the two regions. From Eq. (19) we note that the drive and inertié terms in
each region are weighted by the factor /dt/Bz. Using the steep pressure
gradient model and the long-thin expression for the curvature, x =~ r/Lgv.

where ch is the characteristic length of the curvature region we obtaiﬁ

L L P
R .
72 ~ B. L_, B L
i7i B B
¢ P
where we assume n, is constant axially. Using Lc = 5m, Lp = im, ch = 1im,

Bc = 2kG and Bp = BkG, we obtain
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Tvip = 2 x 105 sec:-1
In evaluating the expression for Weyr the contributions from the

pressure on the center cell and plug must be weighted by the appropriate

factor of /dt/Bz. We account for this by introducing an effective

temperature, T off

~ 760 eV

eff =

for rp ~ 10 cm. We note that AQ defined by Eq. (24) must be evaluated for

T, = T ¢e+ while Q defined by Eq. (21) is evaluated only for electrons and
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hence involves the center cell electron temperature, approximately 400 eV.

Thus AQ/Q ~ - .5 assuming that 4u, = O.

E

We thus conclude that the stability parameter, I E(lqmb/w*i)z. is

approximately equal to .25. We note that this is greater than the value of
.18 at which the stability island in the steep profile model disappears for
Q = 2.7. The prediction of the Gaussian profile theory is yet more
pessimistic. We note, however, that the numbers are sensitive to the values

chosen for rp and Ti c The value of the stability parameter shows that the

excitation of a trapped particle mode in a configuration of the Tara design

is probable.
(b) Axial Shear Driven Mode

We have generalized the description used in Ref. 5 to describe the
trapped particle mode obtained by axial shear in the equilibrium electric
fields when the electric field is inward in the MHD anchor region. 1In our
description, the geometry is more realistic than given in Ref. 5, and the
analysis is valid even in the non-eikonal limit. Thé onset for stability is

roughly the same condition as in Ref. 5. However, the large k

L

stabilization condition differs. We do not obtain their condition as we

have considered a limit of small anchor length. Our stabilization mechanism
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depends on finite Ti/'l‘.. which was not predicted in Ref. 5, which treated

Ti/Te = 0.
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Fig. 1.

Fig. 2.

Fig. 3.

Eigure Captions

Equilibrium model of tandem mirror. The quantities B e’ Lc. P wg.

denote the magnetic field, length, equilibrium electrostatic
potential and equilibrium ExB drift frequency in the center cell.
The corresponding quantities subscripted by the letter "a" refer to

the anchor region. The quantity Blll denotes the maximum magnetic

field, s labels distance along the field line from the origin at
the mid-plane.
Stability windows in HB as a function of Q for the steep pressure

profile model for AQ/Q = -.5 and (evm/;o*i)z = 0., .1, .18. The

boundaries of the stable region are labelled with the mode numbers
¢, which give the most stringent stability criteria at that point

in the (nE. Q) parameter space.

Stability windows in OE as a function of Q for the diffuse

pressure profile for 43/Q = -.5 and (v /v, )% = 0., .01, .027.
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