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ABSTRACT

The linearized Vlasov-Maxwell equations are used to investigate the influence
of intense equilibrium self fields on the cycliotron maser instability. A uniform
density (ﬁb) electron beam propagates parallel to an applied axial magnetic field
Boéz with average axial velocity By,C- The particle trajectories are calculated
including the influence of the radial self-electric field and the azimuthal self-
magnetic field. Moreover, the linearized Vlasov-Maxwell equations are analyzed
for body-wave perturbations localized to the beam interior, assuming electromag-
netic perturbations about the equilibrium distribution function fg = (Ab/an )

x G(pL-meVL)G(pZ_meBbC)' Near the beam axis (w;irz/c2<< 1), it is found that
the transverse electron motion is biharmonic, with oscillatory components at the
frequencies wy and wp defined by wy = (u p/2){1-[1- (z%zb/ mci)(l-eg)]*}. Simi-
larly, the electromagnetic dispersion relation for waves propagating parallel

to Boéz exhibits two types of resonance conditions: a high frequency resonance
(HFR) corresponding to w-Kkgyc = w;, and a low frequency resonance (LFR) corre-
sponding to w-kac = wB. Both the HFR branch and the LFR branch exhibit insta-
bility, with detailed stability properties depending on the value of the self-field
parameter s = m;i/wéi. Moreover, the LFR branch is entirely due to self-field
effects, whereas the HFR branch represents a generalization of the conventional
cyclotron maser mode to include self-field effects. The full dispersion reiation
is analyzed numerically, and the real oscillation frequency 0, = Rew and growth
rate w; = Imw are calculated for both types of modes over a wide range of system
parameters s, 8 , By and kc/mCb Analytic est1mgtes are made of the cyclotron
maser growth propert1es in circumstances where B RE /2 is treated as a small param-
eter. [Here, Y, = (1- Bb) 4 .] It is found that the maximum growth rate is given
by w; = (2y ) 1[5(282y4--s)]2 b which occurs for wavenumber k = k = ygsb cb/c.

m
As the beam density ( ) is increased, the growth rate ws increases to the maximum
value wTax = YZBZwa/Z for beam density s = 82y4 As s is increased beyond

Sm
Sp? the growth rate w; decreases to zero for s = Sp = 262y4 Similarly, the
-1

jnstability bandwidth Ak = (2y W b/c)[y - B8, (s/2) ]% approaches zero as s
approaches 5o



I. INTRODUCTION AND SUMMARY

1-3 4-9

and theoretical’ ~ evidence that the

There is growing experimental
cyclotron maser instability is an effective mechanism for coherent
radiation generation by intense electron beams. For the most part,
gyrotron devices have been operated at relatively low current, where
equilibrium self-field effects are negligibly small. However, with the
increasing interest in high-power gyrotron applications, it is important

to investigate properties of the cyclotron maser instability under

conditions corresponding to high beam current and density. For suffi-

ciently high beam density, as measured by the dimensionless parameterlo’11
w 2
s- 22,
“cb

it is anticipated that equilibrium self fields will have a large influence

on detailed stability properties. Here, wep = eBo/ybmc is the relativistic
cyclotron frequency, w;i = 4nﬁbe2/ybm is the relativistic plasma frequency-
squared, ﬁb is the electron density, ybmc2 is the characteristic electron energy,
and BO is the strength of the axial magnetic field. Previous theoretical studies of

4-9,12,13

the cyclotron maser instability have assumed s<<1. However, a recent

calculation by Davidson and McMu]]inlo

shows that the spontaneous emission by a
test electron in a nonneutral electron beam is significantly modified by
equilibrium self-field effects at moderate values of the parameter s.

The purpose of the present analysis is to develop a kinetic description

of the cyclotron maser instability which includes the influence of
equilibirum self fields in a self-consistent manner.

The equilibrium configuration and particle trajectories are discussed

in Sec. II. A uniform density (ﬁb) electron beam propagates paraliel
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to the applied magnetic field Boéﬁ with average axial velocity By,C. With-
in the electron beam (r<rb), the particle trajectories are calculated in
Sec. II including the influence of the radial self-electric fie]d,ggQé) and

azimuthal self-magnetic fie]drgg(é) [Eq.(7)]. Near the beam axis

(w;irz/cz << 1), it is found that the electron motion transverse to Boéz

is biharmonic with oscillatory components at the frequencies w, and w_
defined in Eq.(19). For electron energy ymc2 strongly peaked around
Y=Yy = const., and axial velocity B,C strongly peaked around 8,8, = const.,

x

the frequencies w, [Eq.(19)] reduce to w, defined by [Eq.(37)]

s Uch 2‘*’2b nk
w5=—2— 1+ 1-—-5—(1-sb) )
“eb

For negligibly small equilibrium self fields, the inequality (ZmJi/wgi)(l-Bg)
<< 1 pertains, and Eq.(37) reduces to w; > W and w; > 0.

In Sec. III, including equilibrium self-field effects, the linearized
Vliasov-Maxwell equations are used to investigate electromagnetic stability
properties for body-wave perturbations localized to the beam interior.

Neglecting transverse spatial variations (3/3x = 0 = 3/3y), and assuming

perturbations about the uniform beam equilibrium [Eq.(6)]

6(p¢ - meVL) §(p, - vym8c) »

the resulting dispersion relation for right-circu]ar]y-polarized electro-

magnetic waves propagating parallel to Boéz is given by [Eq.(36)]



2 2 2
u-)? i k2 i u—)%t_) (w-kaC)
c c (w-kaC)2 - wcb(m-ksbc) + w;i(l-sg)/z

2,22

wop o (w8kE)[(w-ke c)?

2 2 2, 2
- (wZ/2)(1-80)] + (a-k8, )22 /2)
[(umksye)® - wep(u-kye) + (w3/2) (1-62)17

Here, B_L = V¢/C’ k is the axial wavenumber, and w is the (complex)

oscillation frequency with Imw > O corresponding to instability. In the

2
b

for the cyclotron maser

Timit of a tenuous electron beam with (ZwSi/wéi)(l-B
' 12,13

) << 1, Eq.(36)
reduces to the familiar dispersion relation
instability, which exhibits resonant behavior when the cyclotron resonance
condition w-kaC = Wep is satisfied. However, for finite, non-zero values
of (Zw;i/wéi)(l-eg), it is found that the dispersion relation exhibits two

types of resonances. These are: a high frequency resonance (HFR)

corresponding to [Eq.(41)]

w-kaC = w; .

and a low frequency resonance (LFR) corresponding to [Eq.(42)]

w-kaC = w; .

The high frequency condition w-ksbc = w; is a generalization of the
cyclotron resonance condition w-kebc = w.p to include equilibrium self-
field effects. The low frequency resonance condition w-kaC = w; is new
and is entirely associated with self-field effects.

In Sec. IV, the dispersion relation (36) is solved numerically for

the real oscillation frequency w, = Rew and growth rate wy = Imw over a

) 2, 2 .
wide range of system parameters s wpb/wcb’ B s B and kc/wcb. It is



found that both the HFR branch and the LFR branch exhibit instability.
Moreover, detailed stability properties are strongly affected by the
equilibrium self fields, even at relatively modest values of s(> 0.1).
While the majority of the unstable LFR branch corresponds to slow-wave
propagation (lwr/kl < c), it is found that the HFR branch corresponds
primarily to fast-wave propagation (Iwr/kl > ¢) with w.-KBpC = wep for

a wide range of system parameters. This mode is identified with the
cyclotron maser instability, appropriately modified by equilibrium self-
field effects. In Sec. V, the solution to Eq.(36) corresponding to the
cyclotron maser instability is investigated in considerable detail,
treating nyz/Z as a small parameter. A careful analysis of the dispersion

relation shows that the maximum growth rate is given by [Eq.(62)]

1
SR [s(28%v3 - 5)Ttuy
Z

which occurs for wavenumber [Eq.(63)]

_ _ 2
k = km - Yszwcb/C'

Here, s = w;i/wéi and Y, = (I-BEY%, and Eq.(62) includes the full influence of
equilibrium self fields. The instability bandwidth Ak is also estimated

in Sec. V. We obtain [Eq.(70)]

c(8k) , 1 s\
co - - (5]
C 4

As the beam density (s) is increased, it is evident from Eq.(62) that w,

increases to the maximum value [Eq.(64)]
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max 1 2,2

wyooF ZY 28.9%b
for beam density satisfying [Eq.(65)]
_ _ 4
s = Sm = 8 Y, -

As s is increased beyond s=s_, the growth rate w; in Eq.(62) decreases to

zero for s = S = ZBiyg. From Eq.(70), there is a concomitant decrease

2.4

. . 2
in bandwidth Ak from Ak = 2yzmcb/c for s << 28¢7z’

to ak=0 for $54-
Finally, the derivation of the analytic estimates in Egs.(62)-(65)

and Eq.(70) assumes YEBE << 2. Correspondingly, Zsm/yg = 2(w;i/wéi)m(l-8§)

= Zeiyg is assumed to be a small parameter in the derivation of the
estimates in Eqs.(62)-(65) and Eq.(70). Strictly speaking, the

full dispersion relation (36) should be solved numerically (Sec. IV)
to determine stability properties in a regime where 25/75 + 1, and the
equilibrium self fields are even more intense.

To summarize, depending on the value of s = w;i/wéi, the present _
analysis indicates that equilibrium self fields can have a large influence
on the cyclotron maser instability as well as introduce a new unstab]e
mode (the LFR branch discussed in Sec. IV). In this regard, a more
precise description of self-field effects will require a stability analysis

for perturbations about a radially confined self-consistent beam equilibrium

0
fb(H’Pe ’pz)'
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II. EQUILIBRIUM CONFIGURATION AND PARTICLE TRAJECTORIES

We consider an intense relativistic electron beam propagating parallel
to a uniform applied magnetic field Boéz’ The mean motion of the electron
beam is in the axial and azimuthal directions, and the applied magnetic
field provides radial confinement of the electrons. In equilibrium
(3/at = 0), the beam is assumed to be azimuthally symmetric (3/96 = 0),
infinitely long, and axially uniform (3/8z = 0). To make the analysis
tractable, we also assume that the diamagnetic self field associated with
the beam rotation is negligibly small, i.e., IBz(r)l << By. Therefore,
for this equilibrium configuration, there are three single-particle

constants of the motion. These are the total energy

H= (e + cBpP)t - eoglr) , (1)
the canonical angular momentum
Py = rpg - eBOrz/Zc , (2)
and the axial canonical momentum
Pz =p, - (e/c)AO(r) . (3)

In Eqs.(l)-(3),'R = (pr,pe,pz) is the mechanical momentum, ¢O(r) is the
equilibrium electrostatic potential associated with the beam self-electric
field, Ao(r) is the axial component of vector potential for the equilibrium
azimuthal self-magnetic field, ¢ is the speed of light in vacuo, and -e

and m are the electron charge and rest mass, respectively. Without loss

of generality, it is assumed that the self-field potentials ¢O(r) and

Ao(r) are zero at r=0. For uniform beam density (ﬁb), it will be shown

lTater in this section that the self-field potentials in Egs.(1) and (3)
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scale as w 2rz/c2 within the electron beam (r < r_). Here, & Z . 4mn ez/y m
pb b’* > Tpb b b
is the relativistic plasma frequency-squared, and ybmc2 = const. is the
characteristic electron energy. Therefore, near the axis of the electron
2/C2

beam (m;ir << 1), it follows from Egs.(1l) and (3) that

P, »

-2, 24
p, = (P * pg)

’

are approximate single-particle constants of the motion. Evidently, the
approximate constants of the motion in Eq.(4) are applicable only for
electron mbtion near the axis of the beam.

The purpose of the present analysis is to investigate the influence
of self-field effects on the cyclotron maser instability in the
beam interior. Therefore, we consider the class of uniform beam equi-
libria of the form
£ = f0p%,p,) (5)
That is, the influence of finite radial geometry is neglected in the
present equilibrium and stability analysis. In addition, although the
stability analysis is formulated for general choice of fg(pi,pz) in

Sec. III, detailed stability properties are calculated for the specific

choice of equilibrium distribution function

0o_ b
fb = an G(p_,_ - meV_L) $ (PZ - mevb) » (6)
L

where ﬁb = const. is the beam density, the constants Vb and V_L are related
to the relativistic mass factor y, by vy = (1 - Vg/c2 - VE/CZ)-%, and

the constant Vb can be identified with the average beam velocity in the
axjal direction. Equation (6) is a good representation of the beam

distribution function in many gyrotron experiments.
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As indicated earlier, we assume a uniform density (ﬁb) nonneutral
electron beam propagating parallel to the magnetic field Boéz‘ It is also

assumed that the current density is uniform with ng(r) = -ﬁbesbc within

the beam interior. Neglecting the diamagnetic self field associated
with beam rotation, the equilibrium radial self-electric and azimuthal
self-magnetic fields associated with the beam space charge and axial

current can be expressed as

COx, +¥8,)

£ - (vgm/2e)uy y

2 . .
B - (vpm/ze)u 8, (v8, - *&,)

inside the electron beam (r < rb). Here, éy and are unit Cartesian

e
fvy
vectors in the plane perpendicular to Boéz’ By = Vb/c is the average axial
velocity,

" 2
9 4nnbe

(8)

me
is the relativistic plasma frequency-squared,
W = —— (9)
cb ygme
is the relativistic cyclotron frequency, and mec2= const. is the character-

istic electron energy. In the present analysis, it is assumed the electron

energy ymc2 is strongly peaked about ybmc2 = const., where
2 2
(1 o 2 )5 (10)
Y = IR
mzc2 m-c

is the relativistic mass factor. Making use of Eq.(7), the electron

trajectories [x'(t'), y'(t'), z'(t')] are determined from



d 1 2 vé
a;T Py E me“pbx (1 ;; Bb) mewcbvy ’ (11)
d 1 2 vé
7o Py 7o oMepeY (1 T Bb> * YpMugpVy (12)
d 1 2 ’
(; pé = 5 mewpbBbC(X'V;( + y'V.;I)/C ’ (13)

within the electron beam. Here, v'(t') = dx'(t')/dt' and R'(t') =
y'(t')mx'(t'). Moreover, the "initial" conditions are chosen such that
(1f,g') passes through the phase space point (5,2) at time t' = t.

It is readily shown that Egs.(11)-(13) poésess the single-particle

constants of the motion

d d 1 mzb(x'2+y'2)] -
— P! = — |p! - - y.mB. C —E———?-——-— =0, 15
dt'z,dt'[z 4 Db c

corresponding to conservation of total energy and axial canonical
momentum [Egs.(1) and (3)]. Certain lowest-order simplifications in the

particle motion are evident from Eqs.(14) and (15) for electron motion

near the axis (w;ir2/4c2 << 1). For these electrons, it follows from

2

Egs.(14) and (15) that y'mc“~ const. and pé = y'mvé =~ const. to lowest

order. Therefore, expressing p; = y'mv; and p} = y'mv§ with v' ~ v

(treated as constant), and expressing Bé = vé/c with eé:: B, = vZ/c
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(treated as constant), the transverse orbit equations (11) and (12) reduce

to
Y_I._c.i__v' =} wzx'(l-BB ) - w V', (16)
y, dt’ X pb z"b cb'y
' d . 1, ' '
vy dt' Yy = 5 opnY (1Bg8p) *achyy - )

Equations (16) and (17) can be integrated exactly to give for the perpen-

dicular ve]ocity,11

vt +ivi(e) = (w,me) {[w+v¢exp(i¢)

+ w,w_rexp(ie - in/2)]exp(iw, 1) (18)

- [w_vlexp(i¢) + w+w_rexp(ie-1n/2)]exp(iw_r)} ,

11

where T =t'-t, and w, and w_ are defined by
2
YW 2yw 3
w, = L ’1 + [1 - —Bb (1 - ezsb)] {. (19)
2y ‘ Yb¥h

For a sufficiently narrow energy spread, y =~ vy = const., and the axial velocity

g

; =V, /¢ = p,/yme in Eq.(19) is approximately equal to the average value

Bb const.

In Eq.(18), the initial conditions are chosen such that v;(t’=t)~+iv}(t'=t)
= vx-+ivy = v exp(is¢), and x'(t'=t)+iy'(t'=t) = x+iy = rexp(ie). Moreover,
4
. . . 2 2 . ,
the contribution proportional to (Zprb/ybwcb)(l-BZBb) in Eq.(19) is
associated with electric and magnetic self-field effects. If we take Y=Yy

and B, = B in Eq.(19), it is clear that
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(205 /0 ) (1-8) < 1 (20)

is required for the equilibrium to exist and for the orbits to be radially
confined. In the 1limit at a very tenuous electron beam with (Zw;i/wéi)

x (l-Bg) << 1, it is clear from Eq.(19) that w _~ w, = eBy/yme and

w_~+ 0, and Eq.(18) reduces to the familiar result v; + iv} =

vlexp(i¢ + imcr). For finite values of w;i/wéi, however, equilibrium
self-field effects modify the particle trajectories, and the perpendicular
motion is biharmonic with oscillation components at frequencies w, and w_.
For particles sufficiently near the axis that Wr <<V, Eq.(18) is

1
further simplified to give

V(e + () = (wyme )] {w4gLexp[1(¢+w+T)]

(21)
- w_YLexp[1(¢+w_r)]}.
In a similar manner, we obtain
VI(E') - v (') = (w-w )7t {w v exp[-i(¢+u 1)]
X y + - +_L +
(22)

- w_vlexp[-1(¢+w_r)]}
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IIT. LINEARIZED VLASOV-MAXWELL EQUATIONS

In this section, we develop the general formalism to investigate
cyclotron maser stability properties for perturbations about the class of
beam equilibria described by Eq.(5). For present purposes, emphasis is
placed on wave perturbations interior to the electron beam. All perturbed

quantities &y(z,t) are expressed in the form

sv(z,t) = Syexpli(kz-ut)} , (23)

where Imw > 0 corresponds to instability, and perpendicular spatial variations
are assumed to be negligibly small (3/351 = 0). The transverse electromag-
netic field perturbations 6E = -(1/c)3/at(8A) and 6B = ¥ x68A can be

expressed as

A

sE = i(w/c)(6A 8 + 6A & Jexpli(kz-ut)} ,

X’%X y~y

58 1k(-éAy§« + éAxgy)expgi(kz-wt)}

Moreover, the vector potential 6A = GAxéx + aAyéy is determined self-

consistently in terms of the perturbed distribution function dfb(z,p,t) =

~

d?b(p)expii(kz-wt)} from the Maxwell equation

( 1 9 ) 4re 4 : ) (25)
- 6A = — Jd pyvsf, (z,p,t) . 25
;;? 2 ;;? c b 2K

C

Making use of the method of characteristics, the linearized Vliasov equation

for sfb(z,p,t) can be integrated to give

t
Fy(p) = e [t explik(z'-2)-iu(t'-t)]

v'ng] 3

- ~ T 0, .2

< 5£+ o —— f (p' ,p') .
[ c op! b*" 17"z
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where the particle trajectories (5'{3') solve Eqs.(11)-(13) with "initial"
conditions x'(t'=t) = x and p'(t'=t) = p = ymv. Substituting Eq.(24)
into Eq.(26), we obtain
t
e
i -.,at'exp[ik(z'-z) - jw(t'-t)]
c

-0

A

GbeE)

x [v;(t')éﬁ + v'(t')éﬁy]

x y (27)
y'mw 9 ] p. 3
R et Y e e e fg(P'z’Pé) -
p.L ap_L apJ.. p..L apJ. *
In the subsequent analysis, we define
6A, = GA * 15‘Ay . (28)

where the upper sign (+) corresponds to the branch with left-hand circular
polarization and the lower sign (-) corresponds to the branch with right-
hand circular polarization. The combination [v;§Ax + v'gAy] in Eq.(27)
can then be expressed as
WEYRYY WOYRYY
[vx(t )GAX + vy(t )GAy]

(29)

% [vi(t')sA_ + v'(t')éA,] ,

I+

where v;(t‘) = v;(t') iv}(t') are defined in Eqs.(21) and (22) to the
level of accuracy required in the present analysis.

In the curly-bracket factor {---} fg(piz,pé) in Eq.(27), we now
assume that (pi,pé) can be approximated by (pL,pz) near the axis of the
electron beam (see Sec. II). This factor is then taken outside of the
t'-integral in Eq.(21). After some straightforward algebra that makes

use of Eqs.(24), (25) and (27)-(29), we obtain the eigenvalue equation
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32 1 8%\ _
(7 -3 —?) 5A+exp {](kZ-mtn
ot -

9z c

-

4n€2 N
= - — §A_ expli(kz-ut)]
R +

N
—
w
o
~——

0

0 0
ymw of af p, of
X '/‘d‘gp\/.L — .....9 + k ..._.b - L .._b
p-L ap..L apZ pJ_ ap.L

0
x vlhrexp[-i(w-kvz)r]vi(t‘)exp(ii¢) R

-0

where t = t'-t, and v;(t') = v;(t') + iv}(t') are defined in Egs.(21) and

(22). Here, z'(t') has been approximated by z'(t') = z + v_1, and use has

z
2n ®
3 -
fd peee = J‘d(bfdeJ‘dP-Lp_L...
0 = ¢

and _/1wexp (£2i¢) = 0 to simplify the right-hand side of Eq.(30). Note

been made of

2n

from Eq.(30) that the two equations for dA are completely decoupled.
Therefore, without loss of generality, we consider the Tower sign in Eq.(30)
corresponding to right-circular polarization. Substituting Eq.(21) into

Eq.(30) gives the dispersion relation

w2 1 4ne Y M Bfg Bfg P, afg
7-|<---—-2—f<:1 ——+k——-———-
c 3P %, P, 3,
(-1
x Jhrexp[ i(w=-kv ) 1w exp(iw, 1) (31)

(0 =w_)
- w_exp(inw_t)] .

Introducing the re-normalized distribution function Fb(pi,pz) defined by
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n
_ b 2
L,pz) = E’ Fb(pLspz) s (32)

it

and carrying out the time integration in Eg.(31), the dispersion relation

can be expressed as

where the orbit integral I is defined by

Y (yw-kp,/m)
I = . (34)

(Yw-kpz/m)2 - w glyw-kp,/m) + w;%(Y-Bbpz/mC)/Z

In Eq.(34), w.g = eBO/mc is the nonrelativistic cyclotron frequency, and
w;% = 4wezﬁb/m is the nonrelativistic plasma frequency-squared. In obtaining
Eq.(34), use has been made of the definition of w, in Eq.(19).

For present purposes, we specialize to the choice of distribution

function in Eq.(6), which corresponds to

1
2 -
Fb(p¢’pz) - = a(pL-meVL)G(pZ-meBbC) . (35)
pJ.
R . . _ 2,2 .2, 2\%
Here, the relativistic mass factor y, is defined by v, = (1- Vb/c -V /c )2
where Vb = Bbc is the average velocity in the axial direction. After

some tedious but straightforward algebra that makes use of Eqs.(34) and

(35), the dispersion relation (33) can be expressed as

w2 k2 i wzb (w-kaC)2
2 - -%? 2 : 2 2
c c (w-kaC) - wcb(w-kaC) + wpb(l-Bb)/Z
(36)
2 2,272 2 2 2 2, 2
) fE% B2 ( -k"c )[(w-kaC) = (wpb/z)(l'eb)] + (w'ksb;) (wpb/z) ,

2c [(wkBye)® = ugplo-kBye) + (uy/2)(1-85)1°
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2 - .
where BL = vL/c, Wep =‘eBO/ybmc, and “pb = 4nnbe2/yb/m. Introducing

the frequencies wg defined by

L1
o = = vgy {12 - (2f b))t} (37)

the dispersion relation (36) can be expressed in the equivalent form

w2 5 W 2b (w‘kaC)Z
- - k= T -
C c (w-kaC-wb)(w-kaC-wb)
(38)
_ _ezg 2 (5 Lm0 - (o /2) (180T + (amkbyc)“(uge/2)
ct + (w-kaC-wg)Z(w-kaC-wB)z

i-— -
Note from Egs.(19) and (37) that wy = wi(Y-yb, Bz=6b).
Equation (36) [or EQ.(38)] consititutes one of the main results of this
paper and can be used to investigate stability properties for a broad range
of system parameters. In this regard, we emphasize that Eq.(36) has been

derived with no a priori assumption that Bi'<<1 or that Bg << 1.
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IV. ANALYSIS OF THE DISPERSION RELATION

We now investigate the stability properties predicted by Eq.(36). In
the limit of a tenuous electron beam with(Zm;iﬁuéi)(l-Bg) << 1, the self
fields are negligibly small and w; > w.p, and wg > 0 in Eq.(37). The
corresponding dispersion relation (36) [or Eq.(38)] for the cyc]otronh

maser instability in the tenuous beam limit reduces to the familiar

resu1t12’13
w2 k2 ) wzb (w-kaC)
— - = —————
c c w-kac-wcb
(39)
“iéts ) u)2_k2c2
- 8 .
cc * (w-kaC-wcb)Z

Note that Eq.(39) exhibits resonant behavior when the cyclotron resonance
condition
w-ksbc = wgp (40)

is satisfied. We refer to Eq.(39), valid for (Zin/wéi)(l-sg) << 1, as

the reference dispersion relation (RDR).

On the other hand, for finite, non-zero values of (Zw;i/wci)(l-sg),

it is clear from Eq.(38) that there are two resonance conditions. These

are:
+ _ Yb [ % 2,13
w-kB,.C = w, = =—=<¢1 +]1 - (1-8;) R (41)
b b 5 L b
“eb
and
- b ! 2‘*’2b‘ 213
w-kg,c =, = —1/{¢1 - |1 - (1-8;) . (42)
b b P L b
“eb
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The resonance condition in Eq.(41) represents a generalization of the
cyclotron resonance condition in Eq.(40) to include the influence of
equilibrium self-field effects. The resonance condition in Eqg.(42), which
also occurs in calculations of the spontaneous emission from a test elec-
tron,10 is entirely associated with self-field effects. It should also

be pointed out that the term proportional to Bf on the right-hand side of
Eq.(38) drives the instability, whereas the first term [the term propor-
tional to (w-k8,c)?] on the right-hand side of Eq.(38) has a stabilizing

influence.

For the case of relatively low beam density satisfying

- wpzb/wczb <1 , . (43)
Eq.(38) can be approximated by
2 2 + _
) ) kz _ wpbwb (w-kaC)
;? Cz(w;-wg) (w-kaC-m;)
(44)
2 2 2.2 2 2 2 +2, 2
e 2 WEHEI6D? - /21801 + (o) o2
2cc * (w;-wg)z(w kaC-w;)z
for the high frequency resonance (HFR) w-kaC:zw;, and by
2 2 -
W ) k2 - Wb (w-kac)
2 c2ur-up) (w-kgyc-or)
(45)
-\2; 2
u% 2 (2 k2) [op)® - (0 3/2)(1-80)] + (w]) (0 2 /2)
2cc *+ (w;-w;)z(w-kﬁbc-w;)z

for the low frequency resonance (LFR) w-kacczwg. Note that the final

term in Eq.(45) is proportional to (wB)Z, which vanishes in the limit of
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negligibly small self fields with (Zw;i/wéi)(l-sg) + 0. Thus, for relatively

low beam density satisfying Eq.(43), the dominant stability behavior is
governed by the approximate dispersion relation in Eq.(44).

The growth rate w; = Imw and real oscillation frequency w, = Rew have
been calculated numerically from the complete dispersion relation in Eq.(36)
[or Eq.(38)] for a broad range of system parameters, B s Bps S = w;i/w;i,
and kc. Because most gyrotron experiments operate at relatively small
axial wavenumber satisfying k2c2/wéé < 1, in the present analysis the
allowable range of the wavenumber k is restricted to ugp < ke < wepe
Shown in Fig. 1 are plots of (a) the normalized Doppler-shifted real
frequency (wr-kac)/wcb, and (b)‘the normalized growth rate wi/“cb Versus
kc/wCb obtained from Eq.(36) for B, = 0.5, By, = 0.2 and s = 0.05. In
Fig. 1(a), the solid curves correspond to stable oscillations with Imw = O,
and the broken curves correspond to the real frequency of the unstable
solutions to Eq.(36) with Imw = ws > 0. For each real value of kc, Eq.(36)
supports six solutions for w, with the complex roots occurring in conjugate

pairs. Several features are noteworthy from Fig. 1. First, the unstable solu-

tion with Doppler-shifted real frequency close to Wep in Fig. 1(a) corresponds to

to the high frequency resonance (HFR) defined in Eq.(41). The unstable solu-

tion with small Doppler-shifted real frequency in Fig. 1(a) corresponds to

the Tow frequency resonance (LFR) defined in Eq.(42). This general feature
(two classes of unstable modes) persisté over the entire range of system
parameters s, B, and By, - Second, for small positive values of wavenumber

> 0, the LFR branch in Fig. 1 exhibits two unstable

~

satisfying kc/wcb
solutions. In this regard, the unstable LFR mode with mr-ksbc > 0 in
Fig. 1(a) originates from the interaction between the two mbdes w=kc and

w=kebc+mb This interaction is expected and the instability persists as

the beam density (as measured by the self-field parameter s) is increased.
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On the other hand, the unstable LFR mode with w.-kByc < 0 in Fig. 1(a)

originates from the interaction between the two modes w = -kc and w = kac+wB.
this is a weak interaction and the instability occurs only over a limited
range of s and By As evident from Fig. 1(b), the growth rate of this
particular LFR mode is small. Therefore, this mode is neglected in the
subsequent analysis. Third, as evident from Fig. 1(b), even at moderately
Tow beam density (s = 0.05), the maximum growth rate of the low frequency
resonance mode can be a substantial fraction of that of the high frequency
resonance mode.

Introducing the wave phase vé]ocity Vp defined by Vp = wr/k we

identify "fast" and "slow" waves by Vg > c2 and V§

< c2, respectively.

A careful examination of Fig. 1(a) shows that a portion of the HFR branch
corresponds to fast-wave propagation and a portion corresponds to slow-
wave propagation. For example, in Fig. 1(a), the region kc/wCb < -0.9
(kc/wCb > -0.7) corresponds to slow-wave (fa;t-wave) propagation for the
HFR branch. Because gyrotron experiments typically operate in a waveguide
or cavity, only the fast-wave solution corresponds to a propagating electro-
magnetic mode where the azimuthal bunching mechanism dominates. On the
other hand, the slow-wave solution, with phase velocity smaller than the
speed of light, is a non-propagating mode in a waveguide, at least in the
limit of a tenuous electron beam. In addition, the instability mechanism
for the slow-wave solution is axial electron bunching in the direction of
wave propagation. We also find from Fig. 1(a) that most of the low
frequency resonance branch corresponds to slow-wave propagation. More-
over, the fast-wave portion of the high frequency resonance branch in

Fig. 1 can be identified with the conventional cyclotron maser instability,
modified by equilibrium self-field effects. In practical circumstances,

the slow-wave portion of the low frequency resonance branch may deteriorate

the beam quality in high-current gyrotron operation.
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As a reference calculation, in Fig. 2 we present solutions of the
reference dispersion relation (RDR) in Eq.(39), valid in the limit of
negligibly small self fields with (Zin/wéi)(l-Bg) + 0. In particular,
Fig. 2 shows plots versus ke/w.y Of (a) the Doppler-shifted real frequency
(“r'ksbc)/wcb’ and (b) the growth rate wi/wc obtained from £q.(39) for
B = 0.5, 8, = 0.2 and s = 0.05. Comparing Fig. 2(a) with Fig. 1(a), it
is evident that the low frequency resonance mode is absent in the reference
dispersion relation (39). Moreover, for the low beam density (s = 0.05)
assumed in Figs. 1 and 2, the real frequency and growth rate of the high
frequency resonance mode calculated from Eq.(39) are almost identical to
those calculated from the full dispersion relation in Eq.(36).. At higher
beam densities, however, the stability properties calculated from Egs.(36)
and (39) can differ substantially.

Of considerable practical interest are the growth rate and real
oscillation frequency of the high frequency resonance (HFR) mode as the
self field parameter s = w;i/wgi is increased. Typical results obtained
from Eq.(36) [or Eq.(38)] are shown in Fig. 3, where (a) the Doppler-
shifted real frequency (wr'ksbc)/wcb’ and (b) the growth rate “i/“cb are
plotted versus kc/wCb for B, = 0.5, By, = 0.2 and several values of s
ranging from 0.1 to 0.5. In Fig. 3, the solid and dashed curves represent
the fast- and slow-wave solutions, respectively, for the HFR branch.
Remarkably, the Doppler-shifted real frequency (wr'ksbc) of the fast-wave
solution (corresponding to the cyclotron maser instability) is approximately
equal to w.p, Over the entire range of wavenumber k corresponding to insta-
bility (wi > 0). Equally remarkable, the real oscillation frequency of the
cyclotron maser instability satisfies wr-ksbcszwcb for beam densities
ranging from s = 0.1 to s = 0.5 [Fig. 3(a)]. For B, = 0.5and g, = 0.2, we

also note from Fig. 3(b) that the maximum growth rate of the cyclotron maser
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instability increases as the beam density is increased from s = 0.1 to
s = 0.3, and then decreases for s = 0.4 and s = 0.5.

In order to complete the numerical analysis of the dispersion relation (36),
we now present stability results for the low frequency resonance (LFR) mode
for s ranging from 0.1 to 0.5. Shown in Fig. 4 are plots versus kc/mCb of
(a) the Doppler-shifted real frequency (wr'ksbc)/wcb’ and (b) the growth
rate “i/wcb obtained from Eq.(36) for the low frequency resonance mode for
B, = 0.5, By = 0.2 and several values of s. In Fig. 4, the solid and dashed
portions of the curves represent the fast- and slow-wave solutions, re-
spectiVe]y; Although the growth rate of the low frequency resonance mode
is substantial for the values of beam density assumed in Fig. 4, the real
oscillation frequency is much less than that of the cyclotron maser insta-
bility considered in Fig. 3. In addition, most of the low frequency re-
sonance mode with sizeable growth rate corresponds to the slow-wave solution.
That portion of the low frequency resonance mode corresponding to the fast-
wave solution does have substantial growth rate at moderate beam density.

This fast-wave solution may be a plausible candidate for microwave generation,
in addition to the cyclotron maser instability (appropriately modified by

self-field effects).
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V. CYCLOTRON MASER INSTABILITY

In Sec. IV, we identified the cyclotron maser instability appropriately
modified by seif-field effects as the fast-wave portion of the high frequency
resonance branch in Eq.(36) [or Eq.(38)]. Because present-day gyrotron
experiments operate in a regime corresponding to the cyclotron maser
instability, in this section we make use of EqQ.(36) to investigate detailed
properties of the cyclotron maser instability including the important
influence of self-field effects. For notational convenience in the sub-
sequent analysis, we introduce the frequency w' and axial wavenumber k'
in a frame of reference moving with the axial velocity BLC of the electron
beam. The frequency w and wavenumber k in the laboratory frame are related

to w' and k' by

€
]

Yz(w' + lebc) ’ (46)

and

k= v, (k' + w'g/c) , (47)

where Y, = (l-sg)'% is the relativistic mass factor associated with the
axial motion. Substituting Eqs.(46) and (47) into Eq.(36), it is straight-

forward to show that the dispersion relation in the beam frame is given by

w|2 wz w|2
2 _ pb

;? i i%(fz - w' + w2/2

cbYz pb
(48)
[} ] ] 2 1 2
) W % 32Y2 (w 2-k 2c2)(w 2-wpb/Z) + w 2wpb/Z

2cc +¢ (w'® - wcbyzw' + wp2b/2)2

As evident from Fig. 3(a) in Sec. IV, the real oscillation frequency

w, of the cyclotron maser instability is approximately equal to Y,9h
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over a wide range of system parameters B,s By and s = w;i/wéi. That is,

w' o~ Y% (49)

is an excellent approximation for the range of system parameters investigated
in Sec. IV. A more detailed analysis (later in Sec. V) shows that Eq.(49)

is generally valid provided
-y BT << 1 (50)

The inequality in Eq.(50) is easily satisfied in the parameter range of
present-day gyrotron experiments. We now introduce the normalized wave-

number ¢ and eigenfrequency Z defined by

z =k c/wcb . (51)
and
w 2
2
(w-kB, C-w_, )y 1
- b” ¢z, .
Wep 2

Making use of Egs.(49), (51) and (52), it is straightforward to show that

the dispersion relation in Eq.(48) can be approximated by

2

L

(Yg-cz)zz - sy
(53)
1

2.2 ¢ 4 2, 2
+ > B v, sly, - oy, -

2 %S)]=0,

where s = w;i/wéi is defined in Eq.(43). Equation (53) is a quadratic

equation for Z and can be readily solved.
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Introducing the function h(;z,s) defined by

4 2,2
2, 2 _ 1 22 YZ‘C (YZ - 5/2)
h™(z%,s) = - sBlv, A
YZ‘C
, (54)
1 Szyg
4 (Yé -z%)

the necessary and sufficient condition for Eq.(53) to exhibit instability

(Ime' > 0) is given by

h®(z%,s) > 0. (55)

In addition, when Eq.(55) is satisfied, the normalized growth rate

Zi = ImZ = Imw'/wCb for the unstable branch can be expressed as

7. = h(z2,s) (56)

for specified wavenumber (z) and beam density (s). A careful analysis of

the function hz(cz;s) defined in Eq.(54) shows the following properties.

(a) The values of hz(gz,s) at CZ = -= and ;2=0 are given by
n2(wmys) = 0 = - 5y262(2¢%-) (57)
’ °°4YZ.LYZ ’
and
1
2 2 24
h“(0,s) = hy = ; S(ZB;YZ s) . (58)

(b) The function hz(gz,s) assumes its maximum value

hz(cé,S) = hﬁ
(59)
1 1
_ 2.2/, 2 2,4 4
= ; SB;YZ(ZYZ-S) + IE SBY,

at
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2= 2= - (2sh) - vRl2) . | (60)

2(22,s)

(c) For specified values of s, v, and B the function h“(z,s

vanishes for normalized wavenumber satisfying
2 ) YE_(ZYE - s/2)
g = Co = )
2(y, = s/2)

2(v2 - s/2)(2v38% - 5) |

2 2 2 2
B ¥,(2v, - s/2)

x 1-1]1-

(d) Finally, we note from Eq.(54) that hz(;z,s) exhibits singular

behavior af ;2 = yg.

Shbwn in Fig. 5 is a schematic plot of hz(;z,s) Versus ;2 assuming
ygﬁi < 2, which is consistent with Eq.(50). In Fig. 5, only the region
2

- > 0 is physically acceptable. Moreover, the region ;2 > yg corresponds
to slow-wave solutions, which are excluded in the subsequent stability
analysis.

In the region 0 < ;2 < yg corresponding to the cyclotron maser insta-

bility, the function hz(gz,s) assumes its maximum value h2( S
2

z¢ = 0. Therefore, making use of Eqs.(47), (49), (51),(52), and (58), it can be

0,s) = h; at

shown that the maximum growth rate of the cyclotron maser instability is

given by
1
4
o; = pls(28ly - $)]ugg (62)
Yz

which occurs for axial wavenumber

- -2 i
k = km = yszwcb/C (63)
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in the laboratory frame. As a function of s, the maximum growth rate
in Eq.(62) increases with increasing beam density (s), and achieves the

maximum value

1
max _ 2.2
wy = EYZB.Lwa s (64)
for beam density satisfying
_ _ .2 4
S =S, =8Y, . (65)
For s > Sp = nyg, the maximum growth rate in Eq.(62) decreases to zero

as s approathes Sp = ZBEYg.

Shown in Fig. 6 are plots of the maximum normalized growth rate “i/wcb
versus the parameter s for z=0, B;=0'5 and 8b=0.2. The dashed, solid,
and dotted curves are obtained from Egs.(62), (36) and (39) respectively.
The two curves obtained from Eqs.(36) and (62) are almost identical. We
therefore conclude that Eq (62) is an excellent estimate of the maximum
growth rate of the cyclotron maser instability. It is evident from the
dotted curve in Fig. 6 that the reference dispersion relation (39), which
neglects self-field effects, gives an increasingly poor estimate of the
maximum growth rate for s > 0.2.

As indicated earlier, gyrotron experiments are typically carried
out in a waveguide. To maximize the growth rate and efficiency of micro-
wave generation, it is required that the group velocity of the vacuum

waveguide mode be approximately equal to the beam velocity, i.e.,

The condition for cyclotron resonance is

W~ kaC + mcb . (67)
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Solving Egs.(66) and (67) simultaneously gives k = ko = ygﬁbwcb/c, which
is identical to Eq.(63). This is an alternate way to estimate the wave-
number k = km corresponding to maximum growth.
The condition for existence of the equilibrium in Eq.(20) can be
expressed in the equivalent form
Yz

s < = (68)
2

In circumstances where y§ exceeds 2s by a sufficiently large amount, the
quantity ;S defined in Eq.(61) can be approximated by

1 /s\ 4 |

¢(2)=Y§-—-<-) : (69)

B \2

L
From Fig. 5 and Eq.(56), we conclude that the cyclotron maser instability
exists only for ¢ in the range “tp <& < Lge 0f considerable practical

interest is the bandwidth of the instability. In this regard, we define

the effective wavenumber bandwidth Ak by

Ak = ZYZCOwa/C

3
1 /syv3}% w
_ 2 cb
= ZYZ[YZ - 8_<£> ] —c ) (70)

which represents the range in k-space for which instability exists (wi > 0).
Shown in Fig. 7 are plots of the normalized bandwidth c(Ak)/wcb Versus

the parameter s for B = 0.5 and By = 0.2. The solid, dashed, and dotted
curves correspond to the bandwidths calculated from Egs.(36), (70) and

(39), respectively. Evidently, the analytic estimate of ak in Eq.(70)

gives good agreement with the bandwidth calculated from the full dispersion
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relation in Eq.(36). On the other hand, the reference dispersion relation
(39), which neglects equilibrium self-field effects, gives an overestimate
of the bandwidth which becomes increasingly poor at larger values of s.

Note from Fig. 7 [and from Fig. 3(b)] that the bandwidth ak of the cyclotron
maser instability decreases as s increases.

Finally, we make use of Eq.(53) to estimate the real frequency shift

dwr = A(wr - kac - wcb) from exact cyclotron resonance (mr - kac - W T 0).
The frequency shift Gwris directly associated with the efficiency of
radiation generation. From Eq.(53), it is readily shown that
1 Syg
Zr=ReZ=é—m (71)
YZ‘C

in the unstable region of parameter space [hz(;2

»$) > 0 in Eq.(55)]. Making
use of the definition of Z in Eq.(52), the frequency shift Sw, can be
expressed as
Swep &

Gwr = A(wr - kaC - wcb) = ?'Z 5T . (72)
From Eq.(72), we note that the frequency shift Suw, increases from zero as
the parameter c2 increases. Shown in Fig. 8 are plots of the normalized
frequency shift 6wr/wcb versus s for B_L = 0.5, Bb = 0.2, and =0
corresponding to the maximum growth rate. The solid and dotted curves are
calculated from Egs.(34) and (39), respectively. The analytic estimate of
Sw, in Eq.(72) predicts zero frequency shift (i.e., Sw, = 0) for ¢ = 0.
Given the sizeable deviation of Sw, from zero calculated from Eq.(36) for
s > 0.1, it is clear from Fig. 8 that the analytic estimate of Sw,. in

Eq.(72) fails at moderate beam density. Moreover, the reference dispersion

relation (39), which neglects equilibrium self-field effects, gives an even
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larger error (as well as the incorrect sign) in estimating the frequency
shift Gwr (compare the dotted and solid curves in Fig. 8).

The maximum frequency shift calculated from Eq.(72) is given by

Sy % 1 /s\%
S () 8 - () o (73)
r ) i ;; > cb
which occurs for C2 = cg, corresponding to the stability boundary
h(cg,s) = 0 in Fig. 5. In obtaining Eq.(73), use has been made of Eq.(69)

and (72). The frequency shift S, in Eq.(73) assumes the maximum value

1

max _ 2.2
Swy = ; Y28, Wep (74)
which occurs at the beam density
1
- YgBi . (75)

Provided YEBE << 1 [see also Eq.(50)], we note from Eqs.(64) and (74) that
both the real frequency shift S, and the growth rate w; are sufficiently
small that the approximation in Eq.(49) is valid. Moreover, because the
estimate of CS in £q.(69) has assumed 2s << yg, it should be reiterated
that the expression for the wavenumber bandwidth Ak in Eq.(73) breaks down

for sufficiently high beam density that s » y§/2.
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VI. CONCLUSIONS

In the present analysis, we have made use of the Vlasov-Maxwell
equations to investigate detailed properties of the cyclotron maser insta-
bility including the important influence of intense equilibrium self fields.
Following a discussion of the equilibrium configuration and particle tra-
jectories (Sec. II), the general stability formalism was developed
(Sec. III) for body-wave perturbations localized near the axis (r=0) of
the e]éctron beam. The resulting dispersion relation in Eq.(36) [or
£q.(38)] includes the influence of 1ntensé equilibrium self fields on
stability behavior. In Eq.(36), two distinct types of resonance were
identified, namely, the high frequency resonance (w-ksbcczm;), and the low
frequency resonance (w‘kaC:=wB)- In Sec. IV, the dispersion relation (36)
was solved numerically over a wide range of system parameters. While the
majority of the low frequency resonance (LFR) branch corresponds to a sltow-
wave solution, it was found that the high frequency resonance (HFR) branch
corresponds primarily to a fast-wave solution with wr-ksbc:zmcb over a wide
range of system parameters. This mode was identified with the cyclotron
maser instability, appropriately modified by equilibrium self-field effects.

In Sec. V, the mode corresponding to the cyclotron maser instability
was investigated in considerable detail. After a careful analysis of the
dispersion relation, treating nyE/Z as a small parameter, it was shown

that the maximum growth rate is [Eq.(62)]

1
] 2.4 _ .y}
(*’1' = ZT[S(ZB.LYZ 5)] wa ’
YZ

. _ _ 2 - 2 2
which occurs for wavenumber k = km = YZBbwcb/c. Here, s wpb/wcb’ and

the influence of intense equilibrium self fields is fully incorporated
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in Eq. (62). In Sec. V, the instability bandwidth Ak was estimated to
be [Eq.(70)]

Evidently, the bandwidth Ak decreases monotonically to zero as the self-

field parameter s approaches Sg = ZQEY :. Moreover, from Eq.(62),
maximum growth occurs for s = Sm = Biyg.

To summarize, depending on the value of s = w;i/wéi, the present
analysis indicates that equilibrium self fields can have a large influence
on the cyclotron maser instability as well as introduce a new unstable
mode (the LFR branch discussed in Sec. IV). In this regard, a more precise
description of self-field effects will require a stability analysis for

perturbations about a radially-confined self-consistent beam equilibrium

0
p(HsPgsp, ).
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FIGURE CAPTIONS

Plots of (a) the normalized Doppler-shifted real frequency
(wr'kac)/wcb’ and (b) the normalized growth rate wilwgp
versus kc/wcb obtained from Eq.(36) for B, = 0.5, By, = 0.2
and s = 0.05. The solid curves in Fig. 1(a) correspond to

stable oscillations with Imw = 0, and the broken curves

correspond to unstable modes with Imw = w; > 0.

Plots of (a) the normalized Doppler-shifted real frequency
(w.-kByc)/w > and (b) the normalized growth rate wi/w.
Versus kc/wcb obtained from the reference dispersion

relation (RDR) in Eq.(39) for B = 0.5, By, = 0.2 and

s = 0.05. The solid curves in Fig. 2(a) correspond to stable
oscillations with Imw = 0, and the broken curves correspond

to the real frequency of the unstable modes with Imw = w; > 0.

Plots of (a) the normalized Doppler-shifted real frequency
(wr'ksbc)/wcb’ and (b) the normalized growth rate wi/“cb
Versus kc/wCb obtained from Eq.(36) for the high frequency
resonance (HFR) mode for B, = 0.5, By, = 0.2 and several values
of s. The solid and dashed curves correspond to the fast-

and slow-wave branches, respectively.

Plots of (a) the normalized Doppler-shifted real frequency and
(b) the normalized growth rate versus kcﬁucb obtained from
Eq.(36) for the low frequency resonance (LFR) mode for

8 = 0.5 By = 0.2 and several values of s. The solid and
dashed curves correspond to the fast- and slow-wave branches,

respectively.
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Schematic plot of the function hz(cz,s) versus cz assuming
2.2
Y8 <2 [Eq.(54)].

Plots of the normalized maximum growth rate wi/wcb versus s
for B, = 0.5, Bb = 0.2 and ¢ = 0. The dashed, solid, and
dotted curves are obtained from Egs.(62), (36), and (39),

respectively.

Plots of the normalized bandwidth c(Ak)/wcb versus s for
3_L = 0.5, and Bb = 0.2. The solid, dashed, and dotted curves

are obtained from Egs.(36), (70), and (39), respectively.

Plots of the normalized frequency shift dwr/wcb versus s

for B, = 0.5, By = 0.2, and ¢z = 0 corresponding to the
maximum growth rate. The solid and dotted curves are obtained
from Eqgs.(36) and (39), respectively. The solution to

Eq.(72) for ¢ = 0 is the straight line éu, = O.
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